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L.OI NOI DAU

(‘uon sach nay dude soan thao theo chuong trinh co hoc 1y
thuvet dung cho sinh vien vat 1y dude truong Dai hoc Khioa hoc
Tu nhien thuoe Dai hoec Quoc gia Ha Noi duyét.

Cudn sach gom 3 phan: Co hoc phi tuong déi tinh. co hoc
titong doi tinh (ly thuvét tucng dér hep) va phan bai tap.

Muc dich ctia cuén sach nay la gitp cho sinh vién hiéu sau

sac hon co hoe kimh dién.

T su thita nnan tién dé tong quat "nguyeén ly tac dung toi
thieu". ti nguyveén ly do1 xtmg cua khong gian va thoi gian ta
xay dung dudge toan bo hé thong cac kién thic co ban ctia co hoc

kinh dién phi tuong d6i tinh.

Tu su thtta nhan hai tién dé cua Einstein (nguyén ly tuong
do1 va nguyen 1y hang <6 van téc anh sang) ta xay dung dude ¢

hoc tuwong doi tinh.

Cudn sach nay dude soan thao dua vao cac bai giang vé cd
hoc 1y thuyét ma chung toéi da trinh bay trong nhitng nim gan
day ¢ Truong Dai hoc Khoa hoc Tu nhién. Dai hoc Qudc gia Ha
Noi. Chung té1 cuing tham khao cac sach giao khoa vé co hoc ly
thuyét da xuat ban & trong va ngoai nude. Tai lieu tham khao
chinh 1a hai cuén sach co hoc. 1y thuyét truong cuia Landau va

Lipshitz.



Cudn sach dude viet chu veu cho sinh viéen Khoa vat ly
Truong Dai hoc Khoa hoc Tu nhién nhung cung c6 thé lam tai
liéu tham khao cho sih vién cac truong Dai hoc khac co hoc o
Iy thuyét

Vi kinh nghiém con it cho nén chac chan cuon sach nay con,
nhiéu thiéu sot. Chuang téi chan thanh mong-ban doc gép v kién
phé binh dé cuén sach ngay maot hoan thién hon.

Tac gia
TS. Nguvén Dinh Diing
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Phan 1
CO HOC PHI TUONG DOI TINH
Chuong 1
CAC PHUONG TRINH CHUYEN DONG

it CAC KHAI NIEM CO BAN

[. Chat diém

Mot trong nhtng khai niém co ban cua co hoce la khai niém
chat diem

Chat diém la vat thé ma kich thude eiia né co thé bo qua
khi mo ta chuyén déng cua vat thé do.

Tat nhien. kha nang bo qua kich thude cua vat thé phu
thuoc vao diéu kién cu thé cua tung bai toan.

Vi du: Chung ta 6 thé coi trai dat la chat diém khi nghién
ctiu chuvén dong ctia né xung quanh mat troi. Nhung khi xét

chuven dong quay quanh truc ciia no trong ngay thi khong the
coi trai dat la chat diém duogc.

2. Véce tog ban kinh cua chat diém

Vi tri ctia chat diem trong khong gian dude xac dinh baoi véc
td ban kinh cua né 1(x.y,z)cod cac thanh phan trung véi cac toa

do Descartes cua chat diem.



3. S6 bac tu do

S6 cac dai ludng doc lap can dé xac dinh mot cach don tri vi
: mng doc 1aj . . .
tri cua he co hoc dude goi 1a so bac tu do
Vi du:
- Dé xac dinh vi tri ciia hé co hoc gom N chat diem doc lap
trong khong gian ta can phai cho N véc td ban kinh nghia la 3N

toa do. Nhu vay trong truong hop nay so bac tu do (ky hieu la s)
s = 3N.

- Hé tao bdi hai chat diém cach nhau mot khoang khong
do1 thi sau toa do Descartes cua cic chat diem do(x,. v,. z,) . (x..
¥,. Z,) phai thoa man diéu kién (x, - x,)* + (v, - y.)° + (2, - 2,)* =
R?, & day R,, khoang cach da cho gitta hai chat diém. Vi vay tat
ca sau toa do Descartes trén khong phai la doc lap ma chi co
nam trong sau dai ludgng do la doc lap. Do d6 s6 bac tu do s cua
hé nay bang nam.

Néu xét ba chat diém gian chat véi nhau thanh mot tam
giac thi cac toa d6 cta diém tht ba phai thoa man hai ding
thitc tuong tu nhu dang thic vira néu ma cac vé phai sé la
Rf;; .Ri;,, . Nhu vay chin toa d6 ctia cac dinh cua tam giac tuan
theo ba ddng thitc va chi cé sau dai luong la doc lap. Hé 6 so
bac tu do la sau.

4. Toa do suy rong

s dai ludgng bat ky q, q ... q. dac trung day du vi tri ciia hé (véi
s6 bac tu do s) dude goi la cac toa do suy rong cua hé do. Con cac

. . d I R :
dai lugng q; s-—aqt—- duoc goi la cac van toc suy rong (1= 1, 2, ...s).

5. Phuong trinh chuyén déng

Biéu thitc cho méi quan hé gitta gia téc véi cac toa do va
van toc dude goi la phuong trinh chuyén dong.
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52. NGUYEN LY TAC DUNG TOI THIEU (NGUYEN LY
HAMILTON)

Neuven 1y tac dung tor thieu (hay con goi la nguven 1y
Hamilton) dién dat mot cach tong quat dinh luat chuyven done
cta cac he co hoe. Nguyen 1y tong quat nayv ¢o thé coi nhu tien
dé ctia co hoe ly thuvéet. Chap nhan no. ching ta c6 thé lap luan
va toan hoc hoa chat ché cac dinh luat va cac két qua cua cd hoe
kinh dien.

Theo nguvén 1y tac dung to1 thiéu thi timg hé co hoe dude
dac trung boi mot ham xac dinh:

l.(q, 92 -....q. . 9;.95.....q..t) hay viet gon la L (q. q. t).
trong d6 chuyén dong ctia hé co hoc thoa man cac diéu kién sau:

Gia st d cac thoi diemt = t, vat = t, hé & nhing vi tri xac
dinh. dude dac trung bair hai hé cac gia tritoa do q''' va q'*. Khi
do gitia hai vi tri nay hé chuyén dong sao cho tich phan

S:J‘lt ‘L{q.q.t Xt (2.1)

co gia tr1 kha di nho nhat. Ham L (q.q. t) dude goi la ham
Lagrange cua hé da cho, con tich phan (2.1) dude goi la tich
phan tac dung.

Dua vao nguyén ly tong quat trén chung ta di tim cac phuong
trinh chuyén dong ctia hé co hoe. Néi cu thé 1a ching ta di giai bai
toan xac dinh gia tri téi thiéu cia tich phan tac dung S.

Dé viét cac cong thite cho gon. dau tién ta gia thiét ring hé
cd hoc co bac tu do la mot.

Gia st q = q (t) chinh 1a ham d€ cho S nhan gia tri to1 thiéu.

Diéu d6 co nghia la S sé tang 1én khi thay q (t) bang bat ky
ham nao ¢6 dang q (t) + 8q (t), 6 dé 8q (t) - ham vé cung nho
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trong toan bo khodng thoi gran tw t, dén t. va no duoc gor la
bién phan cua ham q (1)

Vi tai cac thor diem t = t, vat =t ham q (t) + 0q (1) co 912
trilaq'' va q” ta suy ra

dq (t,) =9dq (t,) = (2.2)
Su thay d6i ctia S khi thay doi q (t) ----> q (t) + 8q (1) la

6S:J‘L(q+6q.Q+8q.t)dt" J‘L(q,q.t}it (2.3)

4 t
Phan tich hiéu nay theo cac bac cua 8q va dq va lay han
ché ¢ khai trién bac mot.
Diéu kién can dé S nhan gia tri tdi thiéula 8 S = 0.

Nhu vay nguyén ly tac dung toi thiéu c6 thé viét dudi dang
bién phan 6S =0

Ly
aszaj L(g,q.t)dt=0 (2.4)
4
Tién hanh phép bién phan ta cé:

5S= (‘L 6L5q]dt 0 (2.5)
t; | Oq 0q

Thay angl_taq va tich phan s6 hang thi hai theo tirng
phan ta nhan dudc:

5]_4 d

Thay (2.6) vao (2.5) ta co:

55="5q" r"'rl‘md(al‘ﬂath:o (2.7)

aq t | g dtl éq

12



T cong thiie (2.2) ta suy ra so hang dau bang khong. Con so

hang thi har (tich phan) bang khiong véi moi gia tri oq. ta suy ra
d ol L |
e = 0 (2.8)
dt « q «q

Neéeu he co hoe ¢6 s bace tu do thi chung ta lam tuong tu nhu
tren dor var tung ham q, 0 = 1. 2. ....s) va ta sé thu dude s
phuong trinh sau:

(l (A‘IJ (A‘L i
—— - = 0 (2.9)
dtcq, cq;

Cac phuong trinh nay dude gor la cac phuong trinh
Lagrange. Cac phuong trinh (2.9) thiét lap mo1 quan hé gita
gia toc val van toc va toa do cho nén chung chinh la cac phuong
trinh chuyén dong.

Vé mat toan hoc. cac phuong trinh (2.9) lap thanh hé s
phuong trinh vi phan bac hai dé cho s bién la cac ham q; (t).

Nghiém tong quat ciia hé nay chia 2s hang sé tuy y. De
xac dinh day du chuyén dong ctia hé co hoc ta can them cac diéu
kien ban dau. dac trung cho trang thai cua hé ¢ mot thoi diém
nao do. Vi du: cho cac gia tri ban dau cua tat ca cac toa do va
cac van toc. '

D61 val ham Lagrange mé ta trang thai cia hé cd hoc ta
can chu y dén hai nhan xét sau:

1. Tinh chat cong tinh

Néu hé co hoc cau tao tur hai phan A va B. hai phan nay
déu kin va ¢6 cac ham Lagrange tuong tmg la L, va Ly thi ham
Lagrange ctia hé sé tién dén

LimL=L,+Lj (2.10)

Trong gidi han khi hai phan d6 du xa dé ¢6 thé bo qua
tuong tac gitta chung.
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2. Tinh khong don tri
Xét har ham Lagrange 1. (q q. vt va L (q. q. t). chune

khac nhau mot luong 1a dao ham toan phan theo thoi gian cua
mot ham { (q. t) cua toa do va thor gian.

L'(q.q9.t)=L(q.q.t)+ \;l}-f(q t) (211)
(

Ta d1 tinh tich phan tac dung S* theo cong the (2.1)

S‘:[i"L‘(q;q.t)dt:j: L(g.q.t)dt + [' i flq.t dt =

- -

=S+ f(qm,tz _)—-f(q(l ,-ta )

Nhu vay S’ sai khac S mot luong xac dmmh [ f (q“. t,) -
f(q”. t) ]. lugng xac dinh nay sé bién mat khi ta lam phép bién
phan. do vay diéu kién 8S’ = 0 trung vdi diéu kién 8S = 0 va
dang ctia cac phuong trinh chuyén dorg van giit nguyén.

T cac nhan xét ¢ trén ta thay ham Lagrange xac dinh mot
cach khong don tri. N6 dude xac dinh vai do sai khac mot ludng
la dao ham theo thoi gian cua mot ham f (q. t) bat ky.

§3. NGUYEN LY TUONG POI GALILEE

DE mé ta nhitng qua trinh xay ra trong tu nhién. chiing ta
can phai chon hé quy chiéu nay hay hé quy chiéu khac. Hé quy
chiéu 1a hé cac toa do xac dinh vi tri cua hat trong khong gian
va gan dong ho xac dinh thaoi gian.

Trong cac hé quy chiéu khac nhau. noi chung cac dinh luat tu
nhién. trong do cé cac dinh luat co hoc. sé c¢6 dang khac nhau

Néu ta chon mot hé quy chiéu bat ky thi co thé xay ra diéu la
cac dinh luat ctia cac hién tugng don gian 6 thé trg thanh dang
phtc tap. Do vay xuat hién van dé vé viéc chon hé quy chiéu sao
cho trong né cac dinh luat tu nhién co dang don gian nhat.
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Ta da biet dang chuven dong don eian nhat la chuven dong
cua vat the tu do. co nghia la caa vat the khong chiu mot tae
done cua luce nao.

Ton tar nhime he quv chieu. trong do chuven dong tu do
xav ra vol van toc khong dor theo gia trl va hudng cua no.
Nhime he quv chiéu nhu vav duoe gor 1a hé quy chiéu quan
tinh. No1 dung cua dih luat quan tinh khang dinh su ton tai
cac hé quy chieu loai nay.

Tinh chat quan tinh co thé phat biéu nhu su khang dinh vé
tinh dong nhat va dang hudng ctia khong gian va su dong nhat
ctia thot gian doi val hé quy chiéu quan tinh.

Su dong nhat ctia khong gian va thoi gian c6 nghia 1a su
tuong ducdng cua tat ca cac vi tri cua hat tu do trong khong gian
va d moi thoi diém.

Su dang hudng cua khong gian 1a su tuong dudng cia tat
ca cac hudng cuia khoéng gian.

Néu ¢6 hai hé quy chiéu chuyen dong tuong déi véi nhau
thang déu va mot trong hai hé d6 1a hé quy chiéu quan tinh thi
he kia cang sé la he quy chiéu quan tinh. Dung vay. bat ky
chuyén dong tu do nao trong hé dé sé xay ra véi van toc khong
d61. Nhit vay sé ¢6 nhiéu hé quy chiéu quan tinh.

Negoai nhiing chuvén dong tu do ra. cac thue nghiém da chi
ra rang nguyen ly tuong doi sau day la ding:

Tat ca cac dinh luat cua tu nhién déu bat bién (déu nhu
nhau) trong tat ca cac hé quy chiéu quan tinh. Néi cach khac.
cac phuong trinh bieu dién cac dinh luat tu nhién déu bat bién
do1 vai phép bién do1 cac toa do va thoi gian tit hé quy chiéu
quan tinh nay sang hé quy chiéu quan tinh khac.

Cung voi nguyen ly tuong doi. trong co sé cua cd hoc kinh
dien con co gia thuyét vé tinh tuyét d61 cua thoi gian - tinh

15



dong nhat xuat phat thoi gian trong tat ca cac hé quy chieu
quan tinh.

Galilée da ket hop nguyen ly tuding dor véi gia thiet tuyet
dor cua thoi gian va nguven 1y két hop do dude goi la nguven lv
tuong doi Galilée.

Dé thu dude cac cong thie bién dor Galilée ching ta di xét
hai hé quy chiéu quan tinh K va K. ¢ do K’ chuyén dong tuong
d6i véi K véi van téc khong d6i V. Khi do cac vée to ban kinh
cua mot hat trong hai he quy chiéu quan tinh do6 r va r'co mai
quan hé nhu sau:

F=F+Vt (3.1)

t 1a thoi gian va né nhu nhau trong ca hai hé quy chiéu quan
tinh
t = t (3.2)
Dao ham hai vé ciia (3.1) theo thoi gian ta sé thu dudc cong
thic bién d6i van toc nhu sau:

—

v = V' + V (3.3)

Cac phép bién d6i (3.1) (3.2) (3.3) dudgc gol la cac phép bién
d6i Galilée.

§4. HAM LAGRANGE CUA HAT TU DO

Tu tinh chat dong nhat cua khéng gian va thoi gian, ham
Lagrange cua hat tu do khéng thé phu thudc tusng minh vao
véc td ban kinh r va thoi gian t. Cé nghia la ham Lagrange L
chi 1a ham phu thudc vao van toc v .

Tt tinh chat ddng hudng cuia khéng gian. ham Lagrange L
khong phu thudc vao hudng cua véc to van toéc v, do vay ham
Lagrange L chi c¢6 thé la ham phu thudc vao gia tri tuyét doi
ctia van toc. C6 nghia 1a L chi phu thude vao v=.
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Ls L (v™) (4.1)

Dane cia ham nav se dude xac dinh bdr neuven v tuong
dor Giahlée.

Tu nguven v tuone dor Galilée ham L(v~) phai o dang
nhu nhau trong mor heé quv chieu quan tinh.

Mat khac. khi chuven ti hé quv chiéu quan tinh nay sang
he quv chiéu quan tinh khac. van toc ctia hat dude bién déi
theo cong thue (3.3) do vav

Y 1 E—— > v 4 V) (4.2)

Dé biéu thie cuoi nay néu co khae L (v7) thi chi khac mot

luong la dao ham toan phan theo thoi gian cua mot ham vo

, . . d . A i
huong cua toa do va thoi gian 1 f(r.t)nhu ¢ cuor muc §2 da co
({

nhan xét) thi ham Lagrange cua hat tu do phai ¢6 dang:
.= 5 p* (4.3)

Dung vay. néu ta chon L = a v thi khi chuyén tu hé quy
chiéu quan tinh nay sang hé quy chiéu quan tinh khac. dua vao

cong thite bién dé1 van toc Galiléc ta co:

=5 ) . -~ \2 ' i, e el
L(v") = av° = u(v‘+V)':av“+221v'.V+aV"

itz o

- r ~ A . ~ -
thay v — vao cong thic trén ta co:

L2 -1 ) (%(2;1?'.\7 +avit) (4.4)

S6 hang thi hai la dao ham toan phan theo thoi gian cua

mot ham vo hudng cua toa do va thoi gian va né sé duge bo qua

I s s bl g
) » -

nhu ly luan 6 cuoi §2. = | ;

e
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: h . N B ‘
Hang s6 a thuong dude chon la x Nhut vav chung ta co
the viet ham Lagrange cua hat tu do dudr dang

- ")

mv-

LL=—— (4 5)
2
m duoce goi la khor luong cua hat
Thay ham Lagrange (4.5) vao phuong trinh
d cL. L
Lagrange —-—- — =0 ta thu dude phuong trinh chuven
dt Vv (r
dong cua hat tu do:
d . - |
a—;mv =0Ohay mv=0 (4.6)

Tt tinh chat cong tinh cua ham Lagrange. hé cua cac chat
diem khong tuong tac vél nhaa co ham Lagrange dudi dang:

L: . o (47)

O d6 a la chi so cac hat ctia hé co hoc.

=\2 \2
Ta da biét v° = dl] | o g do
dt dt
dl la yéu to do dai cuia cung duong di.
Trong toa do Descartes thi dlI* = dx* + dy’ + dz® va ham
Lagrange cua hat tu do sé la:

L=D2{x? 432 +27) (4.8)

-J

Trong toa do tru  dI* = dr* + r’de® + dz° va
L r:!;_l(r +rip°+2° ) (4.9)

.



Trong toa do cau dl = dr- 4 r*d0° + r'si 0 dgp va
M0 oo oo u ) | |
[ ) (l S *1“'5111"':[)“) (4.10)
Mot dica dane chu v nuaa La dar Tvong m khone the nhan
ol tr1 am. Dung vav. theo nguven ly tac dung tor thieu dor v
chiven dong cua hat tu diem 1 dén diem 2 ena khong eian thi
, o 2 mve L 2
ticy phan S- | : --}-v--dt sSe o g1a try cuc tiew.
vl Y
Neu khor luong m 1a am thi tich phan tac dung S khang the
co e tieu,

55 HAM LAGRANGE CUA HE CAC HAT TUONG TAC
LN NHAU

Bay gio chung ta xét hé cac hat tuong tac lan nhauv nhung
klhhng tudng tac var cac vat ngoair hé. He nhu vay dude goi la he
kii. Ham Lagrange cua hé kin sé la:

L=y -‘-“-TMU( B T, ) (5.1)

i
|

O do 7 1a véc to ban kinh cua chat diém th a.

'3

m, v
=) —- dudc goi la dong nang cua hé.

o ‘)
3 at

Y nghia cua T va U chiing ta sé lam sang té d muc sau.

Biét ham Lagrange ctua hé, ching ta c¢6 thé tim cac phuong
trizh chuyen dong.

{ & =
AN
dt\ v, | ¢t

Thay (5.1) vao (5.2) ta cé
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dv. U .
(& 3

m,

dt (T,
Cie phatding trinh nav duoe gor 1 cac phuaone trinh Newton
va la co sd caa od hoc ta cac he cocae hat taong tac lag nhan

_ - ¢ o .
Vec to K, =-—-— duoe gor 1a lue tac dong len hat tha o va
‘r

M ]
cong thice (5.3) cung chinh la bieu thie toan hoe cua dimh luat
thit har cua Newton.
Neéu ta khong stt dung toa do Descartes ciia cac chat diem de
mo ta chuyén dong cua chung ma sit dung cac toa do suv rong tu
chon nao d6 thi ta can phai lam phép bién doi tuong tg.

. cf, . .
X, =) —~q, (5.4)

- \ . . 1 s 9 o 2 )
Thay (5.4) vao ham Lagrange L :32 mi,(x; +y. 4+ z;) -U
= i |

ta sé nhan dude ham Lagrange tuong ting can tim nhu sau;
1 o - -
Lx;zaik(q)QiQk”U(q) (5.5)
“ik

O do a, chila ham cua toa dé q.

Chuyén dong cua hé co hoc trong truong ngoal dude mo ta
boi ham Lagrange dang binh thuong nhu trén nhung co dieu
khae la thé nang tuong tac bay gio co thé phu thuoe tuong minh
vao thor gian.

Vi du: Chuyén dong ctia mot tat trong truong ngoan diide
dac trung boi ham Lagrange co dang ahu sau:

mv- AU

L:——-—)w— ~Ur.t) va phuong trinh cheven dong sé 1a imv= -~

o or
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6. MOT SO VI DU VE HAM LAGRANGE VA PHUONG

TKINH LAGRANGE

Ta hay xét mot var vidu ve ham Lagrange va phuong trinh

Larange.

1. Mot con lac phang B
co khor luong m.. ¢6 diem
tre) A valr khor luong m,
chiven dong khong ma sat
theo mot duong thang nam
ne:ng. Chiéu dai cua con
lacla /(Xem hinh vé 1)

Sobactudos = 2

Toa do quy rong

q: = P

Hinh ve 1

| it x‘_\ - X

ham Lagrange cua heé trén

L=Tat Tu-Un = 3 o v o 22 vi - Uy 61)

—

-

Thay xy = x + Ising .y, = [ cospvao (5.1) ta sé nhan dudc

i
L :;5(111] +m, )X+

— o

Voo Iy, ([-.:t-pz i zl(bxc()s(p)+1113g[COS(p (6.2)

Cac phuong trinh Lagrange:

—?t— :(m1 +m,y, X +mzit'pcos~.(p] =0 (6.3)
at
(l . 2 . . i p w :
Tt_ mz(l (p+1xc05(p) 1—]1]3[(([)){ +g)5111(p (6.4)
dit
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2. Bar toan con lac kép 0
(xem hinh vé 2) ¥

S6 bactudos =2

Toa do suy rong: q, = ¢,
qz — ¢,

Xp = [, sing, .

va = [ ,cosg,

Xy = [ sing, + /5 sing,

m.
ys = [ ,cos ¢, + [, cos ¢, #
Ham Lagrange: (Hinh vé 2)

1i= -1~(ml +my N @7 +H—l—f~l ©; +my 1,1, , Py ¢, cos(p, =, )+ B
2 2 (6.5)

+ (my +m., )gl, cos@, +m., gl, cose,
Cac phuong trinh Lagrange:
(my +m, W)y + mylyLycodwy — @), - (6.6)
~muly Ly sinlpy — @, ) (@ —¢y) = —(my +m, )gl, sing,
111215' ¢, +myl, 1, ppcosley - )
) (6.7)

- my 0 Ly sin(e, - ¢, )@ — @)= —m,gl, sing,

3. Ba hat cé6 khoi luong m,. m,. m, trugt khong ma sat trén
duong thang nam ngang (xem hinh vé 3). Hat m, néi véi diém 0
bai 1o xo Li,. cac hat m, va m, dudc ndi véi nhau bai 1o xo L. con
hat m, né1 véi hat m, bai lo xo L. Vi tri can bfing cua hat. tuc la
khi cac lo xo khong cang. tuong ting la ¢,. ¢, va c..

Thé nang sinh bdi cac 1o xo tinh theo cong thic.

I = %Ksz 6.8)



O do Ax 1a do dan cta lo xo. con K 1a hang so mo ta do ciing
cua lo xo. Cac do ¢’ing cua cac o xo noi trén tuong \ing ky hieu
la K. K.va K.

0 C, 111, C, . C. 111,
L. X L X, I, X
w3, RSN C s
Hinh ve 3

So bactudos =3
Toa d6 suy rong: x,. X,. X,

Ham Lagrange

1 . 9 1 .9 1 =
T= = mpXy + —moeX, +— ;X3
2 2 2
1 ) 1 2 1 2
U= SKixy + Ko, -x)7 + S Kyxy -x,)" (6.9
L=T-U

Cac phuong trinh Lagrange
m, Xy +Ky (x5 - % )-Ky (x4 -x2) =0

m; X, +K3(X3 - Xy ): 0
4. Mot hat chuyén dong dudi tac dung ctia truong hap dan
‘va thé nang
a
U@ = —. a = const
r
So bactudos =3

Toa dé suy rong: Toa dé cau: r, 0 . .



Ham Lagrange:

nmy. - ) IS SO a
7-(1" +r 07+ r’;»-;ln'&p*) :
Y v r

R

[,

Cac phuong trinh Lagrange
. fx2 .o ., 2.1 a
m[r«-r(()’ L (p"su)“‘e)]:___

*}

%(mrz(psin:(}): 0

d

r<o lrz(pzsin% =)
0k

(6

(6.

. 11)

12)

13)

Tom lai xuat phat ti nguyen ly bién phan Hamilton chung

ta da tim dudc cac phuong trinh chuvén dong Lagrange. Cac

cong cu toan hoc da dude st dung la dai so tritu tuong va phép

tinh bicn phan. Tat nhién dé gidi cac phuong trinh Lagrange la

nhting phuong trinb vi phan con can dén mot cong cu toan hoc
khac la vi phan (giai tich toan hoc). Phuong phap hinh thic de
gial cac bai toan cod hoc dua vao noi dung trén goi la hé hinh

thic Lagrange.



Chuong 2

CAC DINH LUAT BAO TOAN

7. DINH LUAT BAO TOAN NANG LUQNG

Khi chuyén dong. cac dai luong q, . q;(1=12....s) xac dinh

trang thai ctia hé co hoc sé thay déi theo thot gian. Tuy nhién

van ton tai cac ham cta q, va q, ¢6 gia tri khong do6i khi hé
chuvén dong va chi phu thuoc vao diéu kién ban dau. Cac ham
do dude goi la cac tich phan chuyen dong.

Tim tat ca cac tich phan chuvén dong doi véi mot hé co hoc
tuy v 1a rat phic tap va trong mot sé it trusng hop cé thé dat
duoe dudi dang giai tich.

Mat khac khong phai tat ca cac tich phan chuyén déng co
val tro quan trong nhu nhau trong co hoc. Gitta chung c6 vai
dai luong ma su bao toan cua chuing cé6 nguon goc sau xa lién
quan voi cac tinh chat co ban cua khéng gian va thoi gian - tinh
chat dong nhat va dang hudng ctia khong gian va thoi gian.

Chung ta bat dau xem xét tich phan chuyén dong thit nhat.
d6 1a nang luong. Dinh luat bao toan nang luong lién quan mat
thiét véi tinh chat dong nhat cua thoi gian.

Do tinh chat dong nhat cua thoi gian. ham Lagrange cua
he kin khong phu thuoc tuong minh vao thai gian (c6 nghia la

AL
- t-mw-(]) va ta ¢6 thée viet dao ham toan phan theo thdi gian cua
5

ham Lagrange cua hé ¢d hoc kin nhu sau:



-1

dL“ ,“
E{t z +Z (7. 1)

( q| : ¢ qI
L . d ¢, L
Tl cac phuong trinh Lagrange ——-——--—=0
dt °q, q,
Véi 1=1.2.....s.tasuyra
L d /L .
e T S (i.2)
aq; dtaq,

aq; ~ aq, aq;
hay la ~§- Z e O Li = 0.ticla
dt | = o aq,
—\L ~
dai luong Z qg; — - L = E = const (7.4)
(1

i
trong qua trinh chuyén dong ctiia hé co hoc kin.

Dai luong E khong d6i d6 dude goi la nang ludgng cia hé co
hoc.

Tinh chat cong tinh ciia nang ludng dude truc tiép suy ra tiu
tinh chat cong tinh cia ham Lagrange.

Dinh luat bao toan nang lugng ding khong chi riéng cho hé
kin ma con ding cho cac hé nam trong trudng ngoai khéng doi
(truong ngoai khong phu thudc vao thai gian).

O §5 ta da biét ham Lagrange ctia hé co hoc kin cé cac hat

tuong tac lan nhau nhung khéng tuong tac véi cac vat ngoai la
2

L =% ’“j)"-'* - U(F . Fy .o Fy o) (7.5)

—d

a
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Thav (7.5) vao (7.4) ta co:

?

. m, v, .. . .
I‘A T I‘) L 4 l(l]l:.r'.) (f.‘))
t ~—

o " S m v - | o
SO hane dau cua (7.6) > —~* = T dude goi la dong
: ¢ L‘ ..) . . . =

]

nange con s0 hang thia hat U = Ulry.r,. 1) duge goi la the

nang cua he.
Nang luong ctia he E bang toneg cua dong nang T va the

nang U cua he.

8. DINH LUAT BAO TOAN XUNG LUONG

Dmh luat bao toan xung luong lién quan chat ché véi tinh
chat dong nhat ciia khong gian.

Do tinh chat dong nhat ctia khong gian. cac tinh chat co
hoc ctia he kin khong thay do1 doi vai su dich chuyén song song
bat ky cua ca hé trong khong gian.

Tuong ng vér nhan xét trén chung ta sé xem xét mot su
dich chuven song song vo cung nho di1 mot doan £ va véu cau
sao cho ham Lagrange khong thay dé1 (6 L. = 0).

Su dich chuyén song song co6 nghia la phép bién doi trong
do tat ca cac diem ciua hé da dich chuyvén di cung mot doan. co
nghia la cac véc to ban kinh cua ching r, »7r, +&. Su thay doi
cua ham Lagrange trong két qua cua su dich chuyen song song di
mot doan vo cung nho. khi van toc cua cac hat khong doi sé la:

: F’L i (-"1.1
sLo= 3 Lgp, ey 8.1)
(T,
i\ i 3
() day tong dude lay theo tat ca s6 hat caa heé.
Vi € dude chon tuy y cho nén veu cau s 1. = 0 tuong dudng

vdl veu cau
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Z (/7] =0 (8.2)

i K r‘

Tu phuong trinh chuyén dong Lagrange (5.2) va dieu kien
tren ta sé nhan duac:

d L d L
d _a = B (8.3)
“ dt (A\C’;t dt Z ik

( V"

"

Nhu vay chung ta di dén két luan la do1 véi he co hoe kin
dai lugng véc to.

-

=) oL (8.4)

~ -
( VH

i

khong thay d6i trong qua trinh chuyén dong. Véc to P duge goi
la xung lugng cia hé. Thay ham Lagrange (7.5) vao biéu thiic
trén ta co:

13 = Z lnui}u :Z ﬁ:—; (85)

Tinh chat cong tinh ctia xung ludng dude thé hién qua cong
thic trén mot cach roé rét. Khac vé1 nang luong. xung luong cua
hé bang tong cac xung ludng cua ting hat ctia hé.

Dinh luat bao toan tat ca ba thanh phan ctia véc to xung
luogng chi xay ra trong truong hop khéng c6 truong ngoai. Tuy
nhién ting thanh phan cua véc to xung ludng cé thé bao toan
khi ton tai truong ngoai c6 thé nang khéng phu thuéc vao cac
toa d6 Descartes. Khi dich chuyén doc theo truc toa do tuong
ing nao d6 hién nhién la cac tinh chat co hoc ctia hé sé khong
thay d6i va cting bang ly luan nhu trén chung ta sé thay rang
hinh chiéu cia xung ludng lén truc dé bao toan. Nhu vay trong
truong dong nhat hudng doc theo truc z. thi cac thanh phan
xung lugng doc theo truc x va y sé bao toan.

Ding thite (8.2) ¢6 v nghia vat 1y don gian nhu sau:



Z ("I‘
(r

- M

oSk -0 ©6

Tong cac lhue tac dong len tat ca cac hat ecua hé kin bang
khong.

Trong truong hop riéng. khi hié kin tao bai hai hat thi

SF, - F o+ F, =0 (8.7)
i=]

Tu (8.7) ta thav luce tac dong 1én hat thit nhat tu phia hat
thi hai bang vé gia tri nhung ngude hudng cua luc tac dong len
hat thu hai tu phia hat th nhat. Do chinh la dinh luat can
bang tac dong hue va phan luc (Dinh luat thi ba Newton).

Néu chuvén dong ciia hé dude mé ta bdi cac toa do suy rong
q, thi cac dai luogng.

cL, . .
p, = — dudc goi la cac xung ludng suy rong
q;
L . - .
F. = — dudgc goi la Iue suy rong.

cq,

Trong ky hiéu d6 thi phuong trinh chuyén déng Lagrange
co dang

59. TAM QUAN TINH CUA HE CO HOC

Chung ta da dinh nghia dai luong xung Iugng trong mot hé
quy chiéu quan tinh xac dinh. Bay gio chung ta hay xét xem su
bién do1 hé quy chiéu quan tinh sé c¢6 anh hudng gi dén dai
hvtong xung luong cua hé o hoc kin.

Néu ta c6 hé quy chiéu quan tinh K’ chuyén dong tuong doi
véi hé quv chiéu quan tinh K véi van téc khong déi Vthi van
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toc v', va v, cua cac hat tudug d61 vor K va K c6 mor quan he

b4 |
nhu sau:

v, = Vv, + V

Do do6 mé1 quan he gnta cac xung luong sé la:

13 N Z nl”\}“ :an;i (‘:"‘ + V)_
xZnL. V', +~Zm|,\—f:- p' ¢ V Z n,,

Nhu vay ta thay xung lugng cua hé co hoc kin ¢o cac gia tri

(9.1)

khac nhau dé1 véi cac hé quy chiéu quan tinh khac nhau.

Trong truong hop riéng. luén ton tai hé quy chiéu quan
tinh K’ trong dé xung luong p' cuia hé co hoc bang khong (6 day

K’ dudc goi la hé quy chiéu quan tinh ding yéu cua hé co hoc).
Pat p'=0 vao (9.1) ta tim dudc

B
3 D :
V Foiues — .
dm, > m,
a a

—

Van toc V cho bdi cong thite trén c6 y nghia la van toc

chuyén déng ctia ca hé nhu mot vat thé théng nhat co xung
luong khac khong tuong déi véi hé quy chiéu quan tinh K.

Nhu vay. ching ta nhan thay, nho dinh luat bao toan xung
lugng c6 thé phat biéu suy rong khai niém bat déng va van toc
chuyén dong ctia ca hé nhu mot vat thé thong nhat.

Céng thiic (9.2) chi ra rang moi lién hé gitta xung luong p

va van toc V cua hé nhu mot vat thé thong nhat sé nhu méi

lién hé gitta xung luong va van téc cua mot chat diém vai khai
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Luone 1a w=> m, . Diéu nay cung co the phat bieu nhu su

e
A

khane dinh tinh chat cong tinh eua khor hiong.
Ta nhan thav vé ben phair cia cong thiic (9.2) ¢o theé bieu

dien nhu la dao hiaom theo thor gian caa bieu thic sau:

S mor
Lt sl ek
H = e (9.3)
S m,
— e
1]

Co the noi rang van toc cua he nhu vat the thong nhat la
van toc dich chuyvén trong khong gian cua diém co véc tg ban
kinh xac dinh theo cong thie (9.3). Diém nhu vay dude goi la
tam quan tinh cua hé.

PDmh luat bao toan xung ludng cua he doc lap co thé phat
bieu nhu su khang dmmh rang tam quan tinh cia he chuvén
dong thang déu.

510. DINH LUAT BAO TOAN MOMEN XUNG LUONG

Bay gid chung ta xem xét dinh luat bao toan khac ¢é nguon
goc lien quan véi tinh chat dang hudng cia khéng gian.

Tinh chat dang huéng cia khong gian ¢6 nghia la cac tinh
chat co hoc ctia he kin sé khong d6i khi ta quay hé nhu mot thé
thong nhat trong khong gian.

Tuong tng val dieu vira néu ra. ta xem xét mot phép quay
vo cting nho ctia ca hé va yéu cau ham Lagrange cia hé khong
d61 (L = 0).

Ta dua vao khai niém véc to yéu to goc quay vo cung nho
O (. no la véc to hudng theo truc quay va co gia tri bang goc
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quav & ¢ (sao cho chiéu quay ting var quy tac dinh vit doi v
chiéu cua O ).

Trude hét ta tinh xem trong phép quay do s6 gia cua véc to
ban kinh bang bao nhiéu: véc to ban kinh nay vé tir goc toa do
chung (nam trén truc quay) dén mot chat diem nao do thuoc he
co hoc quay.

!61‘] = rsin 68o¢p (10.1)

Hudng cua véc to dr vuong goc vél mat phang chiia cac vec
to r va 6¢. do vay ta co

5f = [8¢xT] (10.2)

S6 gia van toc cua chat diém tuong dé1 vai hé toa do bat

dong sé la

5v = [8 ¢x V] (10.3)

Thay cac biéu thic d6 vao diéu kién bat bién cua ham

Lagrange trong phép quay ta co
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. s o Al ... )
ol, - V‘[ e O H —-~-_—---—-(\\z".i ’ =

~| OF ‘ v, ; _
| : ‘ | (10.4)
S e 6]« 2 [sgnv,]l - 0
/ -T- | (“I‘_' £ v.n ,j
Thay ‘:[ =p, va il ~p.. vao biéu thc trén. ta co:
( r: ( v.1
S (5, 567, ]+ p. 53+, )0 (10.5)

Lam phép giao hoan do1 vai tich hon hop ta sé thu duge

Sop lio<op e Toale, o p] -

=5 q; x p] +[v, g’)]) = (10.6)

_(—1_2 [i:.‘i xl—j:t]:o (107)

Nhu vay. ta di dén két luan la trong qua trinh chuyén dong
cua mot hé kin. dai luong.

M=% [f, xp.] (10.8)

dude bao toan. Dai luong do6 dude gol 1a mémen xung hugng (don
olan con gol la mémen quay hay mémen goc) cua hé co hoc. T

cong thie (10.8) ta nhan thay momen xung ludgng cé tinh chat
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cong tinh va cung nhu xung lhwong. tinh chat do6 khong phu
thuoc vao viéc gitta cac hat ¢6 tudgng tac hay khong.

Nhu vay do1 vai he co hoc doc lap kin co bav tich phan
chuyén dong d6 1a nang lugng. ba thanh phan ctia véc to xung

luong va ba thanh phan ctia mémen xung luong.

Vi trong dinh nghia cia momen xung luong co chia véc to
ban kinh cua hat nén noi chung gia tr1 cua momen xung luong
phu thudc vao su lua chon goc toa do.

Néu r, va r', la cac véc to ban kinh cia cung mot diem
tuong doé1 véi cac goc toa do. cach nhau mot khoang A thi cac
véc td dé lién hé véi nhau bai biéu thuc

r, = r, + Avakhidétaco:

i

M:Z[fu xPp u]zz [(f'u-i- A) X 13;1]:

(10.9)

:Z[i:'n xﬁa: ¥ A & Z 53 hay

M=M'+[Ax15‘ (10.10)
G d6 P=> p,.

T cong thie (10.10) ta thay rang chi trong truong hop he
nhu mét vat thé ding vén (c6 nghia la P = 0) thi mémen xung
lugng cua hé méi khéng phu thudce vao viéc chon goc toa do.

Bay gio chung ta di xét méi quan hé gita cac gia tri cia
moémen xung ludng d6i véi hai hé quy chiéu quan tinh khac
nhau K va K. Gia stt K’ chuyén déng tuong doi vdéi he quy chiéu
quan tinh K véi van téc khong doi V va cac goc toa do cua K va
K & mét thoi diém cho trudec nao d6 trung nhau. O thoi diém
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nav cac vée to ban kinh etia cace hat ¢ trong hai he quy chiéu
Ia nhu nhau. con van toc cua chung thi lien he vor nhau theo
bieu thie:

Y, v' o4 V (10.11)

1 |

Nhu vay ta co:

M Zm;,[iﬁ, . \?,,]lell.—.{f. "‘({".t ;V)]

> m, [f., x \}'”] + Zm:l[iﬁ, < V]'
|

1

=M + Zm;, [f*” x \7]

hay M = M +].l[ R - \7] (10.12)
O d6 R la véc to ban kinh cia tam quan tinh cta hé.

Cong thuic trén xac dinh quy luat bién d61 cia mémen xung
huong khi chuyén tit hé quy chiéu quan tinh nay sang hé quy
chiéu quan tinh khac.

Néu hé K’ 1a hé quy chiéu quan tinh ma tudng dé1 véi no hé
co hoc bat dong nhu mot vat thé thong nhat thi khi do pV = p
chinh la xung lugng cia hé co hoc nhit mot vat thé thong nhat
tuong do1 véi hé quy chiéu quan tinh K va

M =M + [ﬁ x 15] (10.13)

Noi cach khac. momen xung lugng ciia hé co hoc bang tong
cua momen riéng cua hé co hoc M' tuong déi véi hé quy chiéu

trong do hé co hoc bat dong tuyvén tinh va mémen [Rxp] lien

-

A

quan vol su chuyén déong cua hé nhu mot vat thé thong nhat.
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Mac dau dinh luat bao toan ba thanh phan cua véc to
moémen xung huong (d61 véi diém goc toa do tuy v) chi ding va
hé kin. nhung ca truong hop khi he co hoc nam ¢ truong ngoat,
dinh luat bao toan mémen van ¢6 the dung trong mot dang hep
hon. Tu nhiing suy luan ¢ tren ta thay hinh chiéu ciia momen
trén truc déi xling cua truong ngoai luon duoe bao toan. vi rang
nhimg tinh chat co hoc cua hé khong thay doi khi quay he vai
mot goc tuy y xung quang truc do. di nhien ¢ day momen phai
duge xac dinh d6i vdi diém (goc toa d6) nam trén truc doi xtmg
cua trucng ngoai.

Truong hop quan trong nhat vé loai truong do la truong doi
xing xuyén tam. cé nghia la truong cé thé nang chi phu thuoc
vao khoang cach dén mét diém nao d6 xac dinh trong khéng
gian (tam cua truong). Di nhién, néu hé co hoc chuyén dong
trong mot truong nhu vay thi hinh chiéu cia momen trén moi
truc di qua tam cua truong déu dude bao toan. Nai cach khac.
vec t6 M dude bdo toan nhung. 8 day. M xac dinh khong phai
déi véi bat ky diém nao trong khéng gian. ma phai doi vai tam
cua truong.

Mot vi du khac: truong déng nhat doc theo truc z trong do
hinh chiéu M, dudc bao toan. & day goc toa db co thé lay tuy v.

Ta nhan thay rang hinh chiéu cia mémen trén truc z co
thé tinh bang cach ldy dao ham ham so Lagrange theo cong
thiic:

M, =Y "_L (10.14)
’ B,

vdil toa do ¢ la goc quay quanh truc z.
Dung vay. trong toa do tru r. ¢, z ta cox, =r, cos ¢,

y, = I,sin ¢, va



. ’ 3, . -
M, = Z m,(x,v, =~ v, x,) = Z m,r ¢, (10.15)
I o
Mat khac. ham Lagrange trong toa do tru cua he co dang
] ( 2 A ) =
IJ - 7.7'; Z m, \r, - l"l (P.‘l " Z;i ) a ['}

va néu thay bieu thie nay vao cong thie (10.14) ta dude ngav
bieu thitc (10.15),
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Chuong 3
CHUYEN DONG XUYEN TAM

Trong chuong nay chung ta sé ap dung cac dinh luat bao
toan & chuong I dé giai quyét bai toan chuyén dong cua cac
chat diém trong truong xuvén tam. Bang cach nay ching ta sé
thu dude két qua nhanh chéng ma khong can phai giai phuong
trinh chuyén dong Lagrange (phuong trinh vi phan bac 2).

§11. CHUYEN DONC MOT CHIEU

Chuyén dong cua hé co hoc duge goi la chuyéen dong mot
chiéu néu chuyen dong doé c6 mot bac tu do.

Dang tong quat nhat cua ham Lagrange cua hé nhu vay.
khi cac diéu kién ngoai ¢6 dinh la:

L = ta@d® - Ul (11.1)

O d6 a (q) 1a ham nao d6 cua toa d6 suy rong.
Trong trusng hdp riéng. néu q la mét toa dé6 Descartes (vi
du toa do x) thi ham Lagrange sé la:

. 2
mx

L. & el U(x) (11.2)

o

Cac phuong trinh chuyén dong tuong tng vdi cac ham
Lagrange trén thuong dude lay tich phan trong dang tong quat.
Trong cach d6 khéng can phai viét phuong trinh chuyén dong
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Lagranee ma chi can xuat phat tu tich phan chuven dong tha
nhat - dinh Juat bao toan nang luong. Cu the la dor var ham

[Lacranee (11.2) ta co:

. mx- . |
ke LX) (11.3)

$)
GGiar phuong trinh vi phan bac nhat (11.3) ta se thu dudge
két qua sau:
2
“[E-Ux)]

111

e o i

dx_ 1 21-Ux)] (11.4)

dt Vm

SO

V1 dong nang la dai luong duong do vay khi chuyen dong

i

nang luong toan phan phai luén Ién hon thé nang. nhu vay
chuven dong chi kha di khi E> U (x

Néu the nang U (x) ¢6 do thi nhu hinh vé 4

U{x]
‘»h\.“sl B /,—’_-—_—_-\,C F B k ' < } °
SN L s e . nan J

\__.p! \ G dng oan phan
] [N

: | I \.

[ 1 | )4

1 i 1 Y

% ’

[ 1 N 2 >< 3

Hinh ve 4

thi chuyén dong chi c6 thé xay ra & mien AB hodc 6 mién bén

phai cua diem C (vi 6 cac mién do E> U (x) )
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Nhitng diém ma é do E = U (x) (diém A. B. ) xac dinh bien
cua chuyén dong dude goi l1a cac diém diumg (hay cac diém chét)
vi d cac diém d6 van toc bang khong.

Chuyén dong xay ra trong mién khong gian gidi han gita
hai diém dimg thi dude goi 1a chuyén dong gidi han. Con chuven
dong bi han ché ¢ mot phia hoac khéng bi giéi han thi dude goi

la chuyén dong vo han va hat di ra xa vo ¢ung.

Chuyén dong gidi han mot chiéu con dude goi la dao dong.
hat sé thuc hién chuyén dong lap lai theo chu ky gitta hai bién
(trén hinh vé 4 1a trong ho thé AB. gitta hai diém x, va x..

Chung ta da néi vé tinh déng nhat cta thoi gian. Tu dang
cua ham Lagrange ta nhan thay thoi gian trong co hoc khong
chi 1a dong nhat ma con dang hudng. Thuc vay néu thay t ---->
t = -t (phép nghich dao thoi gian) thi ham Lagrange va cac
phuong trinh chuyén déng khéng thay d6i. Nhu vay néu trong
hé co hoc ¢6 chuyén dong nao dé thi sé c6 chuyén dong ngudc lai
sao cho hé di qua cac trang thai theo trinh tu ngudc.

T tinh ddng huéng nay cua thoi gian ta suy ra thai gian
chuyén dong cia hé tu x, dén x, sé bang thoi gian chuyén dong
ngudc lai tir x, dén x,. Vi vay ma chu ky dao dong T (thoi gian ma
hat chuyén dong tit x, dén x, va ngude lai) bang hai lan thai gian
hat chuyén déng tit x, dén x,. Theo céng thiic (11.4) ta sé co:

m xs(E) A
T(E)= zJ:jx]m = U(x (11.5)

O d6 x,(E) . x,(E) chinh 1a nghiém ctia phudng trinh U (x) =
E khi ta cho E.

Céng thitc (11.5) cho ta thay chu ky chuyén dong phu thuoc
vao niang lugng toan phan cua hat.
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i12. BAI TOAN HAI VAT

Bar toan hai vat 1a bar toan vé chuven dong cua mot he kin

com har chat diem vor the nang tuong tac chi phu thuoc vao

khoang cach tuong dor gnia cac chat diem do. Do vay ham

Lagrange cua hé har hat do se la

va dat goc toa do vao tam quan tinh. cé nghia 1a ta co:

m, I, +m,r, =0

Tw (12.2). (12.3) ta nhan dudc:

_ m, . . -m, -
r=——7T,fh=———T
m, +m, m,; +m,
Dat (12.4) vao (12.1) ta cé:
L
m;my m-.
L=——= — Ur)=—r"-U(r)
2(m; +m,) 2
i s, m;ms oy )
(J d6 m=—-=2""% dudc goi la khéi lugng rit gon.
m; +1m,

Ham Lagrange (12.5) vé hinh thitc trung véi ham Lagrange
cua mot chat diém c6 khoi lugng 1a m chuyén dong trong truong

ngoai U (r) c6 d61 xtmg tuong dé1 véi goc toa do.

Nhu vay bai toan hai vat tuong tac véi nhau dude dua vé
hai bai toan chuyén déng ctia mét chat diém trong truong ngoai
cho trudc U (r). Khi giai bai toan chuyén dong nay ta sé thu
dude nghiém r = r (t). va theo cong thic (12.4) ta sé thu dude cac
quy dao chuyén dong ctua hai hat m, va m, la r, = r, (t) va

r? =Ty (t)
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5.13. CHUYEN DONG TRONG TRUONG XUYEN TAM

Chung ta xét chuvén dong ctia mot hat trong truong ngoai
c6 thé nang chi phu thuoc vao klhioang cach r tégi mot diém co
dinh. Truong nhu vay goi la truong xuyen tam.

Luc tac dong len hat sé la:

- U Ur
D e i (13.1)

-

r I‘ (Aiﬁ Iﬂ

Ta da biet ¢ muc dinh luat bao toan momen. khi chuven
dong trong truong xuyén tam thi momen cua hé co hoc tuong
d61 vél tam cua truong sé bao toan.

P61 vér mot hat c6 moémen xung luong Mz[f‘xﬁ]. VirlM do
vay su bao toan mémen M c¢o6 nghia la khi chuyén dong ban
kinh véc to ctia hat luén nam trong mot mat phang vuong goc
vl M. Nhu vay quy dao chuyén dong cua hat trong truong
xuyén tim nam tron ven trong mot mat phang.

Chung ta stt dung hé toa do cuc (r. ¢) va viét ham Lagrange
cua hat dudi dang:

m (. 2.9 "
I = —-5-(1*“ + r ¢ )— U(r) (13.2)

.

Ham L khong phu thudéc tuong minh vao o.

Trude khi giai bai toan tich phan phuong trinh chuyén
dong ta can luu v téi khai niém toa do suy rong tuan hoan va
nhan dinh nhu sau:

Bat ky mot toa do suy rong nao q, khong phai la bién tuong
minh cia ham Lagrange L thi dude goi 1a toa d6 suy rong tuan
hoan.

Tw phuong trinh chuyén dong Lagrange ta c6 dai véi toa do
suy rong tuan hoan biéu thie sau:
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f{ f_.l, ‘Al.l

— B 0 (L. khong phia thuoo cadige anh vao o)
dt q, cq,

Tu cong thite nav ta suv ra xung laoug ~ov rong ag v tou
do tuan boan Ia mot tich phan chuven dong
| ("l‘ |
. PI o const I
' { %] :

Chu v tgr nhan dinh tren. bar toan tich phan phudng trinh
chuven dong cua ta 6 dav se duge don gran di rat nhieu. Chung

ta co toa do ¢ la toa do tuan hoan. do vay

‘-‘I..J 2 [ i
I"p -:-(-;-5-- =mr-¢p=const (13.3)
(’(p

So sanh P, vé1 M, = M ¢ muc momen xung hidng ta thay
chung trung nhau. nhu vay chiang ta co dinh luat bao toan
momer.

M=mr-¢ (13 4)
Ta nhan thay rang. do1 vai chuven dong ena hat tren mot
mat phang trong trucdng ngoail xuyen tam. dinh luat bao toan

momen xung ludng ¢¢ y nghia hinh hoc nhu saw:

Bieu thie 5 r.r.dg chinh la dien tich quat tao bor hai

vée to ban kinh vo cung gan nhau va yéu té cung duong cua quy
dao nhu hinh vé 5.

- LY 1 - . A - - i
Ky hieu ~;)~r.r.d(p = df va viet momen cua hat dud dang
;P ' o
M=mr~¢=2mf=const (13.5)

O do f dudc gol la van toc quat.

Nhi vay bao toan mémen dan dén su bao toan van téc quat
f . Diéu nay co y nghia la
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Hinh vé 5

trong cung cac khoang thoi gian nhu nhau. cac véc to ban kinh
cua hat chuyén dong sé vé ra nhitng dién tich quat nhu nhau.
D6 chinh 1a dinh luat thi hai cua Kepler.

Chung ta sé nhan dudc 151 giai day du ctia bai toan chuyén

dong cua hat trong truong xuyén tam dua vao dinh luat bao
toan nang ludgng va dinh luat bao toan mémen ma khong can
phai viét phuong trinh Lagrange cua hat.
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Ning lugng cua hat
E:?(r2 +r ¢ )+U(r) (13.6)

Biéu dién ( qua M theo cong thiic (12.4) ta c6 :
¢ = EVI (13.7)
r’m
Thay (13.7) vao (13.6) ta co: (13.8)

-2 2
P (13.8)
2 2mr-

2= 2[B- U} o
m
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e e M
dt \-;m ’ 0" P

dr

U E - uw) - M
m-r-

\‘ m 2

Viet Tai cong thiie (13.7) dudr dang

d‘P:: e}

?

mr-

va thay dt ti cong thie (13.10) ta sé co:

M
l L dr
mr-
({ ‘p — e e e et o i ".:“__—)__-
2 s M-
= [E - U] o
11 mr-
M
) , dr
\P e J R ‘,,:'n,r:l:;i.li e s s et + {'()Ilﬁt
i ;\/1 &
| 2.111[3 Utr)| 5
P

(139

(13101

(13.11)

(13.12)

Coc cong thie (13.10) va (13.12) cho ta loi giai trong dang

tong quat bal toan chuyén dong cna hat trong trudng xuyén

tam Cong thice (13.12) cho ta moi hien hé gitia ¢ va r co nghia la

cho ta phuong trinh cua quy dao chuyén dong.

Ta ¢c6 may nhan xét sau:

Tu bieu thitc M=mr-¢p=const ta thay ¢ thay doi theo thoi

gian nhung khong bao gio dor dau.

Tir cong thite (13.8) ta thay rang c6 thé xem bai toan cua

ta nhu chuyén dong mot chiéu trong trucsng c6 thé nang hiéu

dung la:

45



LY ]

—r

U.=U(r)+ (13.13

omr-

Bai huong dude goi la nang luong xuven tam.

omr-

Nhiing gia tri ciia r ma tuong ting véil chung co dang thic.

s+

U(r)+ =H, (13.14

omr~
sé xac dinh bién ctia mién chuyén dong theo khoang cach ti
tam. Khi (13.14) dudc thoa man thi r=0. diéu nay khong c¢
nghia la su ding cia hat (nhu ta da xét & trong muc chuyé:
dong mot chiéu thuc su). boi vi van toc goc ¢ khong bang
khong. Dang thic r=0 cho ta diém quay cua quy dao. trong d
ham r (t) chuyén tu su tang sang su giam hoac ngudc lai.

Néu mién bién thién kha di cia ham r (t) bi chan bdéi mo:
diéu kién r > r,,, thi chuyén déng ctia hat sé la chuyén dong
khong gidi han. Quy dao cua né sé dén tu vo cung va sé di ra x:
vO cung.

Néu mién bién thién kha di ciia ham r (t) bi chan béi r,,,, ve
r... thi chuyén déng sé la chuyén dong giéi han va qiy dao cuc
no sé nam tron ven trong vong nhan giéi han bdi hai duong trox
r=r,.var=r,,. Tuynhién diéu dé6 khong c6 nghia la quy cuc
chuyén déng phai la duong cong kin.

Trong khoang thdi gian ma r (t) bién thién tirr,,,, dén r,,,
thi véc to ban kinh da quay di mét géc Ag bang (theo (13.12) ).

A(p _ 2 J‘nmx r - (1315
2m [E - r)] -

min

M..
r
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Ta thay nhung truong hap thoa man dieu kien ki cua quy
dao 1o rat hiem vi trong dang bat ky cia U (r) thi poc Ap khong
phai la phan htu ty caa 27 Do vav trong trucne hop tong guat
thi quv dao chuven dong hiiu han tren la khong kin va c¢o dang

nhu hinh vé 6 sau:

Hinh ve 6

Tuv hiém nhung ton tai hai loal truong xuyén tam co thé
¥ 1 ~ ) 5 " - A -
nang U(r)~— va U(r) ~ r" ma trong dé co quy dao chuyén dong
o
kin cuia hat. Diéu nay ta sé thay khi giai bar toan Kepler ¢ muc

Saul.

514. BAI TOAN KEPLER
Mot truong hdp quan trong cua truong xuven tam la cac

~ - A7 - > " P ] a - a2 - oos 1
truong co thé nang ty lé vér ~ va luc tuong ung ty le vér —
" 2
Thuoc loal truong nay co truong hap dan Newton va tridng
dien tinh Coulomb. Truong hap dan co dac diem la truong huat.

Trudng dién tinh c6 thé la truong hut va la truong day.
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Trude hét chung ta xem xét truong hut co the nang

Ury=—2 (14.1)
.

vol a la hang s6 duong.

Uetf 1
\ﬂ.
""
M 2
m X T
: rd
|
I
~~~~~~ ot
Uetf min ~ 2
2M
Hinh ve 7

9
~ . L) ~* ) . o G a MH
D6 thi cua thé nang hiéu dung U 4 = .

nhu hinh ve 7:

R > 0 tur phia cac gia tr1 am

9
o M~4mr

U (r) = 5 T T 3 a1 - 0
r- 4m°r

)
| ’ D a”m
Khi r=— . U, c6 cyc tifu bang (U.q),. = - 2
ma 2N

T d6 thi ctia thé hiéu dung U,, ta nhan thay rang khi E >
0 thi chuyén déng cua hat sé la khong gidi han con khi
U, <E<Othi chuyén dong cua hat sé la chuyén dong giéi han.

Dang ctia quy dao chuyén dong sé nhan dude tit cong thuic
tong quat (13.12) & muc trude néu ta thay cu thé:
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SR
.
| o ( (14.2)
r | |
(P -'J .“ i A S t l'()”ht
| [ a | M-
[2m E -
\ L ! r-
. o 3 L ma ) M ma . o
Ta ky hiéu b~ =2mE+| — | va u=—-— thi ta sé co:
.M ) r M
du
p = ~—J ————— + const
2
b”-u
u
(p = arccos — + const (14.3)
b
['M ma\J
\ I M,
(p = arccos + const
W3
[ ma
2mE + L J
M

Chung ta chon goc tinh goc ¢ sao cho const bang khéng va

dua vao ky hiéu:

p ) 2
p = M__: e = 1 + :‘_E.I_V.I.).._ (144)
nmao mao”

thi 1t cong thie (14.3) ta sé nhan dude két qua sau:

)

o - ma b =1
cosPp = - e k... )
\/?mEM“ rm-a” = (14.5)
P . e cosp+1
r
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Phuong trinh (14.5) 1a phuong trinh cua tiét dién hinh ehp
vdil tieu diem d goc toa do. con P va e la thong sé va tam sai cia
quy dao.

R Y
L ot T "
4 ) P
' ,)\'
. a 4 1%
X 0] /X
X a§ —_— ")j
-\\-‘ = -:—‘ g /
‘h.___‘_‘_‘ i
Hinh ve 8
Ll ” a
Nua truc lén a = e = T e (14.6)
1-e” 2[E|
; & M -
Nua truc nho b= E (14.7)

1-e* 2m(E|

T cong thice (14.4) ta nhan thay khi E < 0 thi e < 1. diéu
d6 ¢6 nghia la quy dao sé 1a elip nhu hinh vé 8 va chuyén dong
la gidi han. diéu nay thoa man nhing khang dinh ¢ dau muc.

'
ma”

oM*

Khi E = (Ut‘ff)mill: B

thi e = 0 ¢6 nghia la elip sé bién

thanh duong tron.

Khoang cach lén nhat va khoang cach nho nhat dén tam

truong (tiéu diém cua elip) bang:

P __-P _a(1-¢) (14.8)

r . o _—
M 14ecos0 1+e
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) )
rln:H-( i ﬂJ [ ;1(] t t') (1’1 9)
T l4ecosn 1 e

De xac dinh chu ky chuven dong T theo quy dao elip. chung
ta su dung dimh Iuat bao toan momen xung luong trong dang
bao toan van toc quat:

M =2mf =const

Tich phan biéu thie nav theo thoi gian ti O dén T ta co

mf = MT o do fla dién tich cua quy dao. dé1 vor hinh elip
thi f = mab va ta suy ra chu ky chuyén dong theo quy dao elip
bang:

2mmnab /1 an
PT=———=2ma™* [— (14.10)

M a

. 2mn a m

hay la T= (14.11)

M 2E]| \ﬁ ,1|E|

Tu (14.11) va (14.10) ta thay chu ky chuyén déng chi phu

IR’

thudc vao nang luong cua hat va binh phuong cua chu ky T¢ ty
lé vai lap phuong kich thude cua quy dao (a’). D6 chinh la dinh
luat thit ba cua Kepler.

Con khi E > 0 chuyén déng sé khong giéi han.

. o . 2E M- A e
Néu E > 0 thi tam sai e=_[1+=————>1 ¢6 nghia la quy dao
ma”

sé la Hypecbol uén quanh tieu diém (tam cua truong) nhu hinh
ve 9 sau:

Khoang cach gan nhat dén tam truong sé la:

p p
ryipn = ———— = — = ale-1
i 1+ecos O l+e ( )
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b '\‘\
Y A
Ulale-1)
,.;-*"'//.
f""-’—_d-—
Hinh ve 9
2 " P oL < 5 o -
Odé a = — = la ban truc cua Hypecbol.
ec-1 2E

Néu E = 0 thi tam sai e = 1, hat sé chuyén dong theo quy
dao la Parabol véi khoang cach ngan nhat la:

Ut P
\ E

e -
2

Linin = 1+1

Hinh ve 10
Bay gio chung ta chuyén sang xem xét trudng day cé thé

nang U:E(a >0). Trong truong hdp nay
r

U‘.ﬂ' = (1412)

9
a M-
s

r

‘)
2mr-



U, sé giam dan don dieu tu » dén 0 khi r tien tu 0 té «
(hinh ve 10)

Nang hiong cta hat chi co the duong va nhu vay chuven
dong g day la khong ¢i161 han Lap lar tat ca cac tinh toan tuong
tur nhu trén. ta sé thay trong truong hop truong dav. quy dao

chuven dong sé la Hypecbol neu E > 0

) Bl ” . . -~ . ~
P o146 cosp d do p va e dude xac nhu cong thie (14.4) va
r

p -
Fiin = —7 = = a(e + 1)
-1 + e

§15. DONG DANG CO HOC

Tu dang cia phuong trinh chuyén déng Lagrange ta nhan
thay rang., khi nhan ham Lagrange vdéi mot s6 nao dé thi
phuong trinh chuyén dong Lagrange sé khong thay déi.

Nhan xét nay cho chung ta kha nang trong nhing truong
hgp cu thé thu dude cac két luan quan trong ma khéng can phai
giai phuong trinh chuyén dong. D6 la nhitng truong hop. khi thé
nang cé dang la ham dong nhat bac K cta toa do:

U@r,.ar,,..ar,) =a®U@,,r;....1,) (15.1)

() 46 a la hang s6 va K 1a bac déng nhat ctia ham.

Néu ta lam phép bién doi:

r, ~=—-->1r, = ar, (15.2)
— >#. = Bt
e v dr, _ PRI - T §
thi khi dé van toc v, = ﬂcﬁ* sé thay do1 di l—3~ lan va dong nang
2
ctia hat sé thay ddi di ‘;— lan.
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Tt cong thiie (15.1) ta thay thé nang U (r, . r,. ... r,) nhan
vl mot s6 a. Do vay néu ta rang buoc a va p bai diéu kién
.) H

: - e
‘ a 7 e o
a® = — hay B = a = (15.3)

p-
thi dong nang cuing nhan thém véir mot sé nhu thé nang va nhu
vav khi (15.1) va (15.3) dude thoa man thi phuong trinh chuveén
dong Lagrange. nhu ta da nhan xét d trén. sé khong thay doi.

Y nghia ciia phép bién déi (15.2): su thay doi tat ca cac toa
do ctia cac hat cung mot s6 lan nhu nhau tuong dudng véi viec
chuyén tit quy dao chuyén dong nay sang quy dao chuyén dong
khac. ma vé mat hinh hoc. chiing déng dang vdéi nhau va khac
nhau chi vé kich thudc.

Tu nhitng nhan xét & trén ta di dén két luan: Néu thé nang
1A mét ham déng nhat bac K cta toa d6 thi phuong trinh chuyén
dong sé cho ta cac quy dao déng dang. trong d6 tat ca cac thoi
diém cua chuyén dong thoa man diéu kién

N

1 ' ]"",
{_ _ [fl_) ¢ (15.4)

g d6 1'/11a ty sé cac kich thudc tuyén tinh ctia hai quy dao.

Cac dai lugng co hoc khac & nhitng diém tuong ving cua quy
dao. tuong ting véi cac thai diem. thod man cac ty sé sau:

, 2 K

%_(%) oK =(.’Z) (15,5
. K

Mr a ]+|: (I.)]+2

—_—=r-= - =| —

M P I



Bav g0 ta xét mot vi du cu the,do la chuven dong trong
o - - - Y, 1
trucong the xuven tam Ulr)
"

; i . ] , o
I'a nhan thav ngav Uar) a U (15.6)
ar

va nhu vav thé nang xuven tam nav l1a ham dong nhat bac

K = -1 cta toa do. Su dung cac ket qua d tren ta co ngay
K 1
] o T4 5 S
tr |{ [l _f { lr -) ll } -
i — = — | :{ 7| (15.7)
t l . ey

Day chinh la dinh luat tha ba cua Kepler: Binh phuong
thoi gian chuyén dong theo quy dao ty 1é véi lap phuong kich
thude ciia quy dao.

§16. SU VA CHAM DAN HOI CUA HAI HAT

Su va cham. trong do6 cac trang thai bén trong cua cac hat
khong thay doi. duge goi la va cham dan héi. Do tinh chat nay.
ching ta co thé sit dung dinh luat bdo toan nang ludng cho va
cham dan hol ma khéng can phai chu y dén nang lugng bén
trong cua cac hat.

Khi va cham dugc nghién cttu, quan sat trong phong thi
nghiém thi mot trong sé cac hat thuong nam yen trudc khi va
cham - do6 la hat dung lam bia.

Hé quy chidu gan lién véi bia (va véi phong thi nghiém)
dude gor la hé quy chiéu phong thi nghiém. Trong hé quy chiéu
nay mot trong hai hat (gia si la hat c6 khéi luong m,) trude khi
va cham la ding yén (Vz = 0). con hat kia (hat ¢6 khéi luong
m,) chuyén dong véi van téc v,

Tuy nhien btc tranh va cham cua hai hat sé don gian hon

nhiéu néu ta sit dung hé quy chiéu khac. trong d6 tam quan
tinh cua har hat ditng yén (hé quy chiéu nay dude goi 1a hé quy
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chiéu tam quan tinh). Cac dai lugng trong hé quy chiéu nay quy
udc viét them chi sé 0.

Van toc cua cac hat trong hé quy chiéu tam quan tinh lién
hé vai van toc cua cac hat nay trong hé quy chiéu phong thi
nghiém bdi cac biéu thite sau: (1ay dao ham theo thoi gian cong
thic (12.4)

- m, - -m, -

m;, +m, m, +m,

O d6
G — Gl - \72 = Gl - 0 = i}l (162)
T{Y (161) ta thé’y f)lo = Hl, 610 = = ln-_) GZO = ‘*520

[}

Stt dung dinh luat bao toan xung lugng ta suy ra cac xung
lugng ctia hai hat sau khi va cham sé bang nhau vé gia tri va
ngudgc chiéu nhau.

Con tu dinh luat bao toan nang ludng ta suy ra cac gia tr
tuyét déi ctia cac xung ludng la khéng déi sau khi va cham.

Nhu vay. két qua cua su va cham trong hé quy chiéu tam
quan tinh dan dén su quay cua cac van toc cua hai hat. hai van
toc ludn cé gia tri tuyét dé1 khong d6i va cé chiéu ngude nhau.

Néu ta ky hiéu n,la véc td don vi hudng theo hudng cia
van toc hat thi nhat sau khi va cham thi van téc cuaa hai hat
sau khi va cham sé la:

m, -m

Vﬁo . G'z() — """"'_""““"!"’“"—Vﬁ() (163)
m, + m, m, +m,

-, ~
Vio =

Dé quay lai hé quy chiéu phong thi nghiém can phai thém
vao van téc Vcua tam quan tinh. Nhu vay. van toc cua hai hat

trong hé quy chiéu phong thi nghiém sau khi va cham sé la:
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m, 7 —1m,

vV, = —————vng +V : VvV, = ———vn, +V (16.4)
m, + I, m, + m,
() do
- m, v, + Im., v, m,v, + 0 m, v -
e, Wi & Boctts w el w S {16.0)
m; + 1m, m, + m, m; + m,

Xung luong ctia hai hat sau khi va cham trong hé quy chiéu

phong thi nghiem se la:

. - m -
p; = mvin, + L P, (16.6)
m; + msy
" _ m, -
p, = —-mvnp + = (16.7)
m; + Imy
2 - In ln-) AT P
Odo m = 12 Kkhoi lugng rut gon
m, + m,

Dé thay y nghia hinh hoc ctia va cham. ta xay dung vong
tron ban kinh muv, véc to don vi n, hudng theo véc to OC (nhu

hinh vé 11)

Hinh vé 11a



a) Truong hopm, < i, :

OC = mvn,

1‘\() e et i——— e i)]
m, + I,
|Ao| z |0C|
g m, B -
OB = = py = mv
m; + m,

tb—ﬁ] triang véi do dai ban kinh. AB = AO + OB = P,
b) Truomg hop m, > m,

20| > joc]
Do dai cua AO 16n hon ban kinh.

Trén hinh vé cac goéc 8, va 0, 1a cac goc 1éch cua hai hat sau
khi va cham so vdi hudng tién téi va cham (so véi hudng véc to
P ). Géc ¢ (géc cho hudng cua véc té don vi n,) la géc quay cua

hat th(t nhat trong hé quy chiéu tam quan tinh.

Tu hinh vé trén ta thay 6, va 6, ¢6 thé biéu dién qua goc

&

7 -
/’ P2
P, To L ¥ 8

A 1 AN B
0

F 3

nhu sau:

Hinh vé 11b
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My S/ m_,_sm'/ (16.8)

nl, N1y + 1), €08
B Pp o MVveosy : /
m, + m,

g, -~/ (16.9)

(iia tr1 tuvet do1 cua cac van toc cua har hat sau kln va
cham co the bieu dien qua goe ¥ nhu saw:
Py e+ ms + 2my m., cos)
i | Leta) ] Sallly g dliSg .
el e M R By B
l“] "l] * nl-_,:

!__(

: P:l 1 ——| 2n, v

vV, = l———’— = —— i';’lOCIsm L . w-m--~--l—~_—u~--'*111-‘_)E (16.11)
m., - m, 2 my +m, 2

Toéong hai goc 6, + 0. 1a goc bay tach ra cua hair hat sau khi

va cham. Ta thayv rang khi m, < m, thi 6, + 6, > —_ con klu

toi A

. n
m; > m,thio, +9,< =

—

§17. TAN XA CUA CAC HAT

Nhu ching ta da biét ¢ mue trudge. mudn xac dinh day du
két qua cua su va cham ctia hai hat (xac dinh goc x) ta phai giai
phuong trinh chuvén dong vdi quy luat cu thé cua tudng tac

giva hai hat do.

Tuong {ing véi quy tac chung. ching ta di xét mot bai toan

tuong duong vé su léch cua mot hat cé khoi huong m trong
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truong xuyén tim U(r) ctia mot tam bat ky nam d tam quan
tinh ctia cac hat. Quy dao ctiia hat chuyén dong trong truong
xuyén tam. nhu ching ta da biét ¢ chuong trude, dé1 xiing vai
duong thang néi tit tam truong dén diém quy dao gan nhat. Do
vay hai dudng tiém can cua quy dao sé cat duong déi xtig ké

trén va tao thanh nhing goc nhu nhau véir duong do.

Hinh vé 12

Néu ta ky hiéu cac goc dé6 la ¢, thi goc léch cua hat yx khi no
bay qua tam cua truong sé la:

X = |2 (17.1)
O d6 géc ¢, dude xac dinh bdi cong thitc sau:
.
90 =] 2 (17.2)
Yo M?
\/2n1[E-U(r)]~— —
2

2

-

r, 1a nghiém ctia phuong trinh 2m[E - U(r)] - —- =0
2
Trong chuyén dong khéng gidi han, dé tién lgi thusng ngusi
ta thay thé hai dai lugng bao toan E va M bdi van téc cua hat ¢
xa vo cung v, va khoang ngam p.
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Khoang ngam p la khoang cach ciia hat dén tam O khi ma
hat bay qua tam trong truong hop khong co truong hie. Khoang
neam dong thoi cung la tay don cua momen khi hat ¢ xa vo
cunge

Nang luong E va momen M c¢o thé bieu dien qua v, va p
nhu sau:

. mv: o . o 2 o 4
E = L (thé nang cua trudng o xa vo cung U (x) = 0)(17.3)

ST TR N
_—.[(—)_f xa:] + [;) x f)x]
Vi Ol “ﬁx va p L p, chonen ta co.

M= mpv, (17.4)

Thay (17.3) (17.4) vao cong thie (17.2) ta sé nhan dude két

qua sau:

dr
P

P = _r .) L (17.5)
p~ _ 2U()

)
r mv.

va khi do goc ¥ cang sé dude xac dinh qua p. Néi cach khac goc y
12 ham cua khoang ngam p.

Trong tng dung. ching ta thuong gap truong hop khong
phai 1a su léch cia mét hat, ma la tan xa ciia mét chum hat
giong nhau khi chung tién téi tam tan xa vdi cing mot van toc
v,. Cac hat khac nhau trong chum cé khoang ngam khac
nhau. do vay ching tan xa dudi cac goc ¥ khac nhau. Dé mé
ta dic trung cho qua trinh tan xa ctia chium hat ching ta dua

vao ty so:
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Pl (17.6)
n

O do dN la so hat tan xa trong mot don vi thoi gian dudi goc
nam trong khoang y va y + dy.

n la so hat trong mot don vi thoi gian di qua mot don vi dien tich
cua tiet dién ngang vuong goc vl hudng bay cua chum hat.

Ty s6 (17.6) co thit nguyen la dién tich va dude goi la tiet
dien hieu dung cua tan xa.

Chung ta da biét ¥ va p c6 modi lién hé tuong ho (x = y (p) va
ngudc lai p = p (x)) va x 1a ham giam don diéu cua p. do vay chi
nhimg hat c6 khoang ngam nam trong khoang p (x) va p (x) + dp (1)
sé tan xa dudi goc nam trong khoang y va y + dy. So cac hat
nay sé bang tich cua n vdéi dién tich vanh khuyén dudge giéi han
bdi hai duong tron c6 ban kinh la p va p + dp. c6 nghia la:

dN = Z2rpdp. nva (17.7)
do = Zrpdp (17.8)

Dé tim su phu thuoc cua tiét dién hiéu dung cua tan xa vao

goc tan xa . ching ta chi can viét lai (17.8) dudi dang sau:

do =2np(y) P—p—(ll dy (1758
dy
by Lo, g Ea e g oh s e o QPO e
O day ta viét gia tri tuyét doi vi dao ham S P co theé la
X

gia tr1 am.
Thuong thuong do hay dude viét qua goc cau dQ.
Ta biét goc cau dQ2 gitta hai hinh nén véi goc ma y va y + dy la:
dQ = 2 n siny dx cho nén ta cé:
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d Q2

dy — (17 10)
2msin y
thav (17.10) vao (17.9) ta co biea thue sau.
y(y ) dpy) _ "
do LA /5(11) (1711

siny  dy

518. CONG THUC RUTHERFORD

Mot trong nhiing ng dung quan trong cua cac cong thue

tim duoe 6 muc trude la su tan xa cua cac hat tich dien trong

. . - ) L . u
truong dien timh Coulomb co the nang U=
.
Al A & Y (l « A ’ P . » - n
Thay thé nang U= vao cong thic (17 5) va tinh tich phan
"

14 o0

v |
| ) |
IR lll\":r P 0 @
"PU = AaArccos ‘ '[._“_-“.:'_:":;‘.-_'.‘.""._.‘__"“T:'_'.::.';.:. s ; (18. i)
v
/ f
| { i
; | | (@4
| \' \mvyp;) |
Tw (18.1) suy ra
.-3
o
-_{
y .mvi p ) o .
cos” p; = — ~——— v ta sé tinh dudgc:
( \”
a |
1 +| ; J
\mv_, p
|) .)
2 a” tg” g,
p- = = (18.2)
m- v,
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T - , ,
Thay ¢, = = L vao bidu thie (18.2) ta co:
) {1: ) ;
m-v, =

[Lay dao 1112\111] cong thuce (18.3) theo x va thay vao (17.9) hay
(17.11) ta thu dude cong thitec Rutherford:
X

a ) oSy
do == - =— dx hay (18.4)
mv; sin” X
* 4o
a
d()' - = (185)
2mvy } gindk

.

Ta nhan thay rang tiét dién hiéu dung khong phu thudc
vao dau cua a. do vay két qua tim dude sé nhu nhau cho truong

hop truong hit cing nhu truong day.

St dung coéng thic (16.9) chung ta ¢6 thé chuyén qua heé
quy chiéu phong thi nghiém. Dé1 véi hat ¢6 khéi luong m, lic
dau diig yén thi theo (16.9) taco y = n - 26,. Dat biéu thic

cua y nay vao (18.4) ta thu dudgc:

2 .
dszz.?,n[ a ] smo, d6., :( a

. 2 3 -
mv., ) cos” 0,

dQ,

3
cos 0,

(18.6)

)

mv.

w f

(O dé dQ, = 2n sinb, d6,

Daéi var hat co khor luong m, bay té1 tam tan xa thi cong
thitc bién déi dé chuyén tit do vé do, trong truong hdp tong quat
rat phhte tap. Ta chi xét hai truong hop dac biét sau:
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n,

Vi

it

Neéeu m, = m, thi m va theo két qua cua 816 ta say ri
ket qua dor vor truong hop han hat co kKhor Taong ohua nhaa lay
20, Thav y = 26, vao (18 4) ta duoc:

dick, = D7l | cosb, 40 o a | cosb,
)] _;;L; 1 I ") | - e
-

. dq2, (13.7)
Y ) sin 0,

] 3 i ! A
) ) sin'e,
mn,v;

O do dQ, = 2asmb, d6, . E, :

Neéeu hat hat khong nhime co khot luong bang nhau ma con
la hai hat dong nhat thi khong thé phan biet duse hat nao la
hat bi tan xa. hat nao l1a hat tan xa. Khi do. tiét dien hieu dung
chung cua cd hai hat duge xac dinh bang cach cong cac biéu
thic do, va do, tu (18.6) va (18.7). Them vao d6 thay 6, va 0,
bang gia tri chung 6 cho ca hai hat.

do = do, + do, =
R " (18.8)
e [ _({__ E I A‘Tﬂ}__l_._. -+ ,.,_-_},‘__ ! COSB dQ
E, ) lsin'e cos' 6 )
Néum,>> m, thi a 26, vaim = m,.dovay
L« \ dQ2
doy = (—_J e (18.9)
: 0
\4Ey sin ! _‘
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Chuong 4
CAC DAO DONG NHO

§19. CAC DAO PONG TU DO MOT CHIEU

Cac dao dong cua hé co hoc quanh vi tri can bang ctia minh
thi dudc goi la cac dao dong nho.

Trong muc nay chung ta xét dao dong cua hé co6 bac tu do la
mét. Vi tri cAn bang ctia hé 1a vi tri ma & d6 thé nang cua hé
U(q) ¢6 gia tri toi thiéu. Su léch khéi vi tri can bang dan dén su
xuat hién luc - Q_Q c6 huéng dua hé quay ngudc lai. Ta ky hieu

: dq
vi tri can bang la q..

Khi c6 su léch nho khéi vi tri can bang. ta khai trién the
nang U(q) quanh vi trf cin bing q, va han ché & gan ding bac
hai:

U"(qy)

U(q) = U(gg)+ U'(ay)(q - q“)+-ﬁ;~—-—(q ~qp )’ (19.1)

—

Vi & vi tri can bang q, thé nang cé gia tri cuc tiéu. cho nén
ta dudc:

‘ k |
Ulq) = U(qy) + ;)—(q - Qo) (19.2)

Odé k=U"(qe) > 0
Néu ta coi U,,, = U (q) = 0 va dua vao ky hiéu do léch
cua toa do khoi vi tri cin bang x = q - q, thi:
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A

kx~ -
Uix) = ——- (19.3)
. 2
Dong nang cua he ¢é bae tu do la mot la.

- | ) | ”
W , MmaQT = omx (19.4)

Ham Lagrange cua he dao dong nho la:

b : W - l_{_x' (19.5)

Tudng ung vor ham Lagrange (19 5) co phudng trinh
chuvén dong sau:

d AL 7L

ol = - 0
dt x CX
mx + kx =0 hay
X + —li-x = 0
m (19.7)
X +0°x =0
Gddé o’ = li
m

Hal nghiém rieng doc lap cua phuong trinh (19.7) 1a cosot
va sin ot. Nhu vay nghiém téng quat cua phudng trinh (19.7) la:
X = cycosot + c,sinot (19.8)

hoac c6 thé viét dudi dang sau:
X = acos(ot + a) (19.9)

Viéet Jai dudi dang x = a (cosot cosa - sinot sina) va so
sanh vadi (19.8) ta sé co mai lién hé gitta a, a va ¢,, ¢, nhu sau:

c, = acosa
c, = -asina

T hai ddng thitc trén ta suy ra:
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g = \ﬂ] + ¢ (19.10)

tga = — = = (19.11)

Nht vay. ¢ quanh vi tri can bang hé da thue hien mot dao
dong dieu hoa. Heé s6 a 6 cong thite (19.9) duode goi la bien do cua
dao dong. Bién cua cosin dude goi la pha cua dao dong: « 1a gia
tri ban dau cta pha. n6 phu thuoc vao viéc chon goc do thoi
gian. o dude goi 1a tan s6 ctia dao dong. Tan so6 1a dai luong dac
trung cd ban cua dao dong. né khéng phu thudc vao cac dieu
kién ban dau ctia chuyén dong.

Nang ludgng cuia hé dao dong nho la:

. o 42 ‘)
mx”~ kx~ ~m 9 9
E = . 2 x + O°X") =
g 2 2 (19.12)

Z.2
{l(,')

_my
= [a o ’sin® (Ot +a) + o ‘a® cos® (o)t+a)]

Nang ludng ctia hé dao déng nho ty 1é véi binh phuong cua
bién do dao dong.

§20. CON LAC DON

Con lic don phang la moét chat diém c6 khoi lugng m duge
treo tai mot diém trén ban 1é phing bdi moét soi day khong co
khoi luong véi chiéu dai 1a / nhu hinh vé 13.

Q

Hinh vé 13
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Con lac don co bac tu do 1a mot. Ta chon toa do suy rong la

ooc lech cna con lac khor vi tri thang ding .
Done nang cua chat diem la:

rl'w :_2\/ e . ['" (p” (20 1)

m o m ,2 .«
2
Thé nang cua chat diéin la.
U - mgz (20.2)

(3 d6 g la gia toe roi tu do. Luce tac dong lén con lac 1a trong

luc - mg. Dau tru noi lén la lue ¢6 hudng xudéng dudi.
z dude biéu dién qua goc ¢ nhu sau:
z =1l -0OH =1 - lcosp = [ (1 - cosy) (20.3)

ham Lagrange cua con lic don la:

L 2T =4 = ?lz(pz - mgl(1 - cos¢) (20.4)
va nang lugng cua no la:
B oeF+ = %3.[(\'03 +mgl(l - coso)  (20.5)

e

Gia tri nang ludng dude xac dinh tu diéu kién ban dau. Gia
st ban dau con lac léch di mot goc ¢, va dude tha khong cé van
toc ban dau (v,=0 = ¢, = 0). Nang lugng ctia con lic don khi

d6 bang:
E =mgl (1 - cos ¢y (20.6)

Tu dinh luat bao toan nang htong ta suy ra phudng trinh sau:

E = mgl(l - cos (po) = -lg-lztbz + mgl(1 - coscpo) (20.7)
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Gial phuong trinh vi phan bac nhat (20.7) ta sé nhan duoc:

R]_[ (p = mgl CoS(p - fOS(Pu)

n-i

de  [2g —— |
§ = ( tp \/LOS([) <0mp(, (20.8)

de¢
t=-[
Pu 28 ‘/cosq) - COS Py

Dau tru dude dat vao & trude tich phan vi khi bat dau
chuyén dong thi géc ¢ giam.

T cong thic (20.8) ta thdy mét diéu quan trong la: quy
luat dao dong cua con lic don chi phu thuéc vao ty so I/g. Do vay
nhd con lic don ta c6 thé do rat chinh xac gia toc ciia cac vat rdi

tu do g.

i g

U(p)

e

k7

~

¢ 0 & 0

Hinh vé 14

Bay gid ching ta xét dao dong nhd ctia con lic don. D6 thi
cia thé niang cta con lic don dude mé ta bai hinh vé 14.

U(p) =m gl (1 - cos ¢)
Viéc nghién citu don gian bing db thi chimg to rang chuyén

dong cua con lac don la tuan hoan.
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Neu £ < U(p) thi chuven dong cia con lac xav ra gitta cac
diem - ¢, va ¢, sé tuan hoan theo thai gran.

Neu con lac dao dong nho (khi ¢, rat nho) thi bai toan trd
nen don gian. Khi do c¢o the thay cos ¢. bang khai trién ciua no

thanh chuoil Tavlor va gi61 han ¢ gan dung bac hai

cosgpy =1 - (p? (20.9)
Vi lpl < kpy! chonén ta cang dudc:
cos@p = -—(P-2-~ (20.10)

Thay (20.9). (20.10) vao (20.8) ta dudc:

I, Vg e o=
( P 2 2 ) N
" Vg P g o |95 — @
9 (20.11)

I = \/—- arcco%w—-
g Po

—

T (20.11) ta suy ra: \/% t = arccos Al

Po
P = cos\/-g: 7
Po !
P = Py COS‘/E;{: t

Nhu vay ta nhan duge ¢ la mot ham tuan hoan. Tu céng

(20.12)

g
léch @ lai trd lai gia trl ban dau ¢.. Khoang thai gian t dé duge

. y R , o [
thite (20.12) ta thay, sau mot khoang thoi gian t = 2n\/i goc
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gol 1a chu ky cua dao dong. Dai luong \/EI{_ = o dude goi la tan

56 cua dao dong. Chu ky dao dong lién hé vai tan s6 bai he thic
9
._17[ A i - . ~ ~ ~

t = — . Ta nhan thay mot dieu quan trong la t va o khong
) ' :

phu thuoc vao ¢, (khong phu thuoc vao diéu kién ban dau).

§21. DAO DPONG CUGNG BUC

Ta xem xét dao dong cua hé chiu tac dong ctia mot truong
ngoai bién thién. Dao dong nhu vay dude goi la dao dong cudng
btc.

Gia st trudng ngoai du yéu dé ta c¢6 dao dong nhd. Trong

N ~ ~ " T ~ -~ L] = 1 ¥ ~ -~ r
truong hdp nay cung vdi thé nang riéng cua hé ;Kx“’ . hé con co

thé nang U, (x.t) bé xung do tac dong ctia truong ngoai. Ta di
phan tich thé niang bé xung U, quanh diém x = 0 va han ché ¢
gan dung bac nhat ta co:

U,(x.t) = U,(0.t) + (21.1)

oU, (x.t)

X il

S6 hang thi nhat caa (21.1) chi la ham cua thoi gian cho
nén cé thé bé di khi viét ham Lagrange vi. nhu ching ta da biét.
ham Lagrange dudc xac dmh véi do chinh xac sai khac mot
luong la dao ham toan phan theo thdi gian cia moét hamn f bat
ky chi phu thudc vao toa d6 va thoi gian.
oy,

-~

X

la lue

Trong sé6 hang thit hai cua (21.1) ta thay -

x=0

cua truong ngoai tac dong len hé d vi tri cin bang va la mot

; A i v, e U,
ham cua thoi gian. Ta ky hiéu F(t) = - et ]
(

% =)
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Ham Lagrange cia he do dong cuong buc la:

nx- ] : . . ‘
i o= 5 kxT o+ xF(t (21 2)

L) .)
— e

Phuong trinh chuyven dong Lagrange la
d oL ¢ L

P

dt ¢x ¢ X

= 0

mx + kx - F(t) =0 hayvla

s sk l ~ s
X + o”x = — F(t) (21.3)
m
G do o° = = va dude goi la tan sd ciia dao dong tu do.
m

Phuong trinh (21 3) la phuong trinh khong thuan nhat.
Nghiém ctia né co thé nhan dude trong dang tong quat

X =.x%; ¥ X (21.4)
: ; i % . ) 1 A Gre, 8 9
O do x, la nghiem cua phuong trinh thuan nhat x + ©~x = 0
x, la nghiém riéng cua phuong trinh khong thuan nhat.

() muc §19 ta da giai phuong trinh thuan nhat va nhan
dudge

X, = acos (ot + o) (21.9)

DéE giai mot bai toan cu thé vé dao dong cudng bite. ching

ta xét truong hdp khi lue cuong buce la mot ham chu ky cua thoi
glan vol tan so y:

F@) = fcos(yt + B) (21.6)

Nghiém riéng cta phuong trinh khéng thuan nhat

X +0°x = -]—“fcns(yt + B) (21.7)
m

dude tim dudi dang sau:
X, =bcos(yt + B) (21.8)
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Dat (21.8) vao (21.7) ta dudgc:

b(w® - y=) = —f—
foo s (21.9)
b = i) 2
m(on- - y7)
Nhu vay ta co:
f . 2 .
Xy = - — cos(yt + B) va nghiém téng quat cua
m(o~ -y7)
phuong trinh sé la:
f |
X =acos(ot +a) + ~ 5—cos(yt + B) (21.10)

m(o” - y%)

(3 &6 cac hiang s6 a va a dude xac dinh tir cac diéu kién ban
dau.

Tu két qua (21.10) ta nhan thay: dudi tac dung cta luc
cudng bitc tuan hoan hé da thuc hién chuyén déng. Chuyén
dong nay 1a té hop ctiia hai dao déng: dao dong véi tan so riéng
cua hé o va dao dong vdi tan sé y cua luc cudng bitc. Nghiém
(21.10) sé khong st dung dudce trong truong hgp cong huong, khi
ma tan s6 riéng ciia hé o truang véi tan sd y cua lue cudng bic.

§22. DAO PONG TAT DAN

( cac muc trude chiing ta coi nhu chuyén déng xay ra trong
chan khong. Trong thuc té khi vat thé chuyén déng trong méi
truong thi méi truong cé su can chuyén dong va lam cho né
chuyén dong cham dan. Trén vat cé luc tac dong lén. D6 1a luc
ma sat. Luc nay chi phu thudc vao van téc cua vat dao dong.

Van toc cua dao dong nho la bé va luc ma sat sé la:

f = -aX (22.1)

ms

O d6 a 1a hé s6 duong.
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Trong truong hdp nay phuong trinh chuyén dong se la:

mx + kx = f{ .
mx + kx = -ax (22.2)
X +2AX +05x = 0

L # gw ~ ~ -~ ~ - ~ ”
O do Wy = \/:»w la tan s0 dao dong khi khong ¢6 ma
m

; 0
sat. A = -—- la hé s6 tat dan.
2m
Ta di tim nghiém cia phuong trinh (22.2) dudi dang sau:
x = eh (22.3)

Dat (22.3) vao (22.2) ta dudgc:
B + 2AB + o = O

Bz = —Ax N - of
Nghiém téng quat ctia phuong trinh (22.2) la:
X = ¢ eMt 4 Co el (22.4)

(3 dav ching ta tach ra hai trusng hdp:

2

" o [z 2 [ 2 .
Ne“ A< (J)l,tlll l — My = IJUJ() - A, va

Br = Bi= —A + iyoy - ¥
Do vay nghiém cta phuong trinh (22.2) ¢6 thé biéu dién
dudi dang:

X = M ocos (ot + @) (22.5)

O dé6 o \/mo - A . com a va a la cac hing sé duge xac
dinh bai diéu kién ban dau.
Cong thitc (22.5) mé ta dao dong tat dan. Ching ta co thé

xem dao dong nay nhu dao dong tuan hoan cé bién d6 nho dan
theo quy luat ham s6 mii e ™ .



2) Néu A > o, thi B, , 1a thuc va la cac gia tri am.

=t A —\;‘..’ e mj’ ]1_ _(f + \/7 - m_", ;1 o .
X = Ccye + C.,e (22.(3)

-

4 ) T p— > o EHi X seews > 0. hé quay trd lai vi tri can
bang. Dao dong nhu vay dude goi la dao dong tat dan khong
theo quy luat tuan hoan.

§23. DAO PONG CUA CAC HE CO NHIEU BAC TU DO

Ly thuyét dao dong tu do ctia cac hé c6 nhiéu bac tu do (bac
s) cing dudc xay dung tuong tu nhu ly thuyét dao dong tu do
mot chiéu ma ta da khao sat d §19.

Gia thiét rang thé nangcua hé U (q,, qy ....... % .. =L 2

...... s ) ¢6 cuc tiéu tai q; = qi. Ta dua vao nhing khai niém
nhitng chuyén rai nho:

Xi = Qi - Qo (23.1)
va khai trién U (q,. q ....... q, .....) theo cac dai luong dé dén cac

s6 hang bac hai. ta dudc thé nang dudi dang toan phuong xac
dinh duong.

1= %Z Kik X; X, (23.2)
ik
O d6 ta lai tinh thé nang bt dau ti gia tri cuc tiéu ctia noé.
Vi cac hé s6 K, va K,; nam trong (23.2) dudc nhan véi cing mot
dai luong x;x, cho nén ta thay ré rang nhiimg hé sé d6 c6 thé
xem la dé1 xing vdi cac chi s6 cuia né.

Ki = Ky (23.3)

Véi dong nang ma trong truong hop tong quat cé6 dang

1 o - 2 g B o E Tk
52 a;. q;qx (xem 6.5), ta dat q;, = q,, trong cac hé sé6 va ky
ik
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hieu cac hang so a. (q) bang m,.. chung ta sé nhan duoc dong

nane duor dang toan phuong xac dinh duong

] .
)Z Mg X X (23.4)
“ .k

Nhimg heé so m . ta cung huon luon co the xein la dor xiing
theo cac chi so
M = My (23.8)

Nhu vay ham Lagrange ciia mot he dao dong nho tu do la:

I, = 22; (m,k X, X, - Ky x,xk) (23.6)

Bay gio chung ta di xac dinh cac phuong trinh chuyén
dong. De tinh cac dao ham cua ham Lagrange theo toa do va
van toc, trude hét ta viet vi phan toan phan cia ham Lagrange:

| | ‘ .
dl: = ‘)Z (llli;\ X, d:xk + Mk Xk dxi - I{ik X, dX[\ - I(ik Xk dxi )
“ak

Vi dai luong tong khong phu thudc vao ky hiéu caa chi so

lay tong nen trong cac so hang tha nhat va thi ba dé1 1 thanh k

va k thanh 1: va chu v té1 tinh d61 xiing cua cac hé s6 m,, va K,
ta dude:

dL. = Z (my %, d%; - Kiy x dx;)
ik

Tu d6 ta thay rang:

oL .
:Z lI]-‘k Xt\
k

(?')-(;
L
( .
= Kk Xy
23 % |

vi vay phuong trinh chuyén déng Lagrange la:
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Z my Xi\ + Z K“\ X + 0 (23.7)
k h

Cac phuong trinh (23.7) lap thanh hé s phuong trinh i
phan bac hai thuan nhat cé cac hé s6 khong doi.
Theo quy tac chung. giai cac phuong trinh do. ta tim duoc s
ham s6 chua biét x,(t) dudi dang:
xi(t) =A e (23.8)
vl A, 1a nhitng hang s6 nao d6 chua xac dinh. Thay (23 8) vao
hé (23.7). sau khi gian udc véi e ™ ta dudc mot heé nhimg

phuong trinh dai s6 bac nhat thuan nhat ma nhing hang sé A,
phai thoa man:

Z (——mzmm + Kik)Ak = 0 (23.9)
k

Dé hé nay c6 nghiém khac khéng. dinh thitc ctia né phai
bang khong.

‘Kik - eazmik' = 0 (23.10)

Phuong trinh (23.10) dudge goi la phuong trinh dac trung: d6
la phuong trinh bac s d6i vdi o, Truong hdp téng quat phuong
trinh d6 c6 s nghiém duong thuc khac nhau o’ (o =1,2.. s)
(trong cac truong hdp dac biét. mét vai gia tri trong s6 dé c6 thé
trang nhau). Nhimg ludng o, xac dinh nhu trén goi la nhing
tan so riéng cua hé.

Tinh chat thuc va duong ctiia cac nghiém cua phuong trinh
(23.10) hién nhién c¢6 thé thay trude dude tit nhitng suy luan vat
ly. Duing vay. néu o c6 phan do thi diéu dé sé cé nghia la co su
phu thudc cua x, (va cung véi né ca cua van téc x, ) vao thoi
gian vél dang ham sé mit. Nhung trong truong hop nay khéng
ton tai mo* thia so nhu vay dude vi diéu kién d6 sé dua dén su
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bien dot ciia nange luong toan phan £ - T + U caa he theo tho
oian. dieu nay trai var dinh luat bao toan nang lugng.
Dicu khane dinh tren cang co the nhan duge bang phuong

phap toan hoc thaan tuv Nhan phudng trinh (23.9) véi A va

lay tong theo 1 ta dude

Fomy + K JALA, =0
[ o Ja]

1k
T do suy ra

Z K A: Ay
ik

24

—

0]

Z my A, A

ik

Nhung dang toan phuong tar tit so6 va mau so cua biéu thiec
do 1a thue vi cac he s6 K, va m,, la do1 ximeg va thuc: qua vay:

i
Ay

b K:kA:AkJ‘ = > KA Ay
e n

-

T

- KiAjAy = Z Kik Ay Ay
ik ik

Nhimg luong d6 cung dudng va do vay nhitng o’ cung
duong.

Sau khi tinh dude cac tan so o.. thay lan lugt méi sé dé vao
phuong trinh (23.9) ta co thé tim dude nhimg gia tri tuong ing
cuia cac hé s6 A,. Néu tat ca nhung nghiém o, cua phuong trinh
dac trimg déu khac nhau thi, nhu ta da biét, cac hé s6 A, ty lé
vdi nhimg dinh thite con etia (23.10) trong do @ dude thay bang
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gia tri tuong ng @ : ta goi dinh thic con dola A .. Nhu vay
nghiém riéng cua hé cac phuong trinh vi phan (23 7) co dang:

x, = A, C, e (23.11)

(L
O do6 C, 1a hang so (phtic) tuy y.
Con nghiém tong quat la tong cua tat ca s nghiém rieng.
Chuyén sang phan thuc. ta viét nghiém do dudi dang:

X, = Re{z Aku Cuei“""t} = Z Aiu: 8‘1 (23.12)

. SR
Gds 8, = Re{C,e™ | (23.13)

Nhu vay. su bién thién ctia moéi toa dé trong so cac toa do
cua hé theo thoi gian 1a su chap cia s dao dong tuan hoan don
gian 6,. 6.. ... 8, v41 pha va bién d6 tuy y. nhung co cac tan so
hoan toan xac dinh.

Tat nhién sé nay ra cau hoi liéu ¢6 thé chon dude nhimg toa
do suy rong sao cho mai toa do dé thuc hién chi mot dao dong
don gian khéng? Chinh céng thic (23.12) chi ra hudng giai dap
cau hoi dé.

Trong thuc t&, khi xem s biéu thitc (23.12) nhu la mot hé
phuong trinh chita s ludng chua biét 0,, ching ta co6 thé biéu
dién cac dai lugng 0,. 0,. ... 6, qua cac toa do x,, x,. ... X, sau khi
da giai hé. Do vay cac dai lugng 0, c6 thé dude xem nhu cac toa
d6 suy rong méi. Cac toa d6 nay dude goi 1a cac toa dé chuan
(hay toa dé chinh), con nhiing dao déng tuan hoan don gian ma
ching thue hién dude goi 1a cac dao dong chuan ctia hé.

Nhu ta thay ro tit dinh nghia. nhitng toa d6 chuan thoa
man cac phuong trinh:

6, + ©*0, = 0 (23.14)
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Dieu nav co nghia la: vor cae toa do chuan. uhdng phiuong
trinh chuven dong tach Iam = phuong trinh doc lap véi nhau

Ciia toc ctia mot mot toa do chuan chi phu thuoe vao gia tr
cia toa do do. va de hoan toan xac dinh su phu thuoce cda toa do
do vao thal gian. can phai biet nhang gia tri ban dau caa chi toa
do do va cua van toc tuong ting Noi cach khae. nhing dao dong
chuan caa mot heé hoan toan doce lap vdr nhau

T nhan xét tren ta thav ro rang ham Lagrange bieu dien
theo toa do chuan tach thanh tong ctia nhiéu bieu thice. mor mot
bieu thiie do tuong ng vdl mot dao dong mot chiéu co tan so
thuoc s6 cac tan sé o,. nghia l1a ham Lagrange co dang:

L= Y ";** b2 - wie?) (23.15)

(L

trong do m, 1a nhing hang so duong. Vé phuang dién toan hor.
dieu d6 co nghia la vai phép bién d6i (13.12) ca hai dang toan
phuong dong nang (23.4) va thé nang (23.2) dong thaoi dude quy
vé dang dudong chéo.

Thong thuong. cac toa do chinh quy dude chon sao cho
nhing hé so6 ¢ nhing van toc binh phuong trong ham Lagrange
bang 1/2.

Mudn theé. chi can xac dinh nhimg toa do chuan (bay gid ta
ky hiéu la Q) bdi cac cong thiic:

Q, = m,0, (23.16)
K ds;

L ==Y @ - oiq) (23 17)

Tat ca nhimg diéu trinh bay d trén sé thay d61 di mot chit
trong truong hop khi trong s6 nhing nghiém cua phuong trinh
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dac trung c6 nhitmg nghiém boi. Dang tong quat (23.12). (23.13)
cua tich phan cta cac phuong trinh chuvén dong van nhu cn
(vdi cing s6 s s6 hang). chi khac mot diém la nhimg hé so .
tuong ting véi nhing tan so boi khong con la nhiing t thie cua
dinh thtc. nhing ta thie nay. nhu da biét. triét tieu trong
truong hop dé. Diéu nay dé hiéu tir cac suy luan vat ly. Ta phai
loai bo cac tan so phtic vi su ton tai ctia chung sé vi pham dinh
luat bao toan nang ludng. Do vay. khong thé xuat hién trong
tich phan téng quat cac so6 hang chita ca cac thua soé lay thua
cua thoi gian cung véi cac thita sé e mu (exp).

Ung v4i moi tan sé boi (hay nhu nguoi ta thuong néi véi moi
tan s suy bién) c6 mot sé toa d6 chuan khac nhau, bang sé boi.
nhung su lua chon nhitng toa d6 chuan d6 la khong dude duy
nhat. Vi trong dong nang va thé nang, nhimg toa d6 chuan (v6i
cuny o,) nam trong nhing tong ¥ Q> va I Q2 vé hinh thic
bién déi nhu nhau cho nén chung ta c6 thé van dung trén
nhitng toa dé6 dé bat ky phép bién doi bac nhat nao khong lam
thay d6i tong binh phuong.

Viéc tim nhitng toa dé chuan cho truong hgp dao dong ba
chiéu ctia mot chat diém nam trong mot trudng ngoai khong doi
rat la don gian.

Chon goc toa do Descartes tai diém cuc tiéu cua thé nang U
(x. v. z). chiing ta sé dudc biéu thic ctia thé nang d6 dudi dang
toan phudng ctia nhitng bién s6 x. y. z. Con dong nang

T=’—;1(x“‘+ y3+z"’)

(m la khéi lugng cua hat), khéong phu thudc vao cach chon
phuong cua cac truc toa d6. Do vay, vl mot su quay truc toa do
thich hop can dé dua thé nang vé dang chéo. chuing ta sé dudc:
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L= e ez) MK Koy oK) @3as)

va nhunge dao done doe theo cac true x0 vz se la nhang dao
dong chuan vor cac tan so:

Ym0 V' m \{ m

Cach dung cac toa do chuan cho phép ta co the quy bai toan

(')] 0y =

dao dong cuong bic ctia mot hé c6 nhieu bac tu do vé nhieu bai
toan dao dong cuong bitc mot chieu
Ham Lagrange cua hé vai viéc tinh dén tac dong cua ngoai

luc bién thién co dang:

I.J - L“ + Z Fql\ (t) Xl‘ (2319)
k

() do L., - ham Lagrange cua cac dao dong tu do. Dua vao

cac toa do chuan thay cho cac toa do x, chung ta sé nhan dudc:

2

L =13 (@ -02@) « 3 f,1)Q, (2320

O d6 ta dua vao ky hiéu:
| Ay
f, (1) = > F () -2
k

1

o

Phuong trinh chuyén déng tuong tmg
Q, + 0°Q, = f, (1) (23.21)

sé chita chi mot ham so chua biét @, (t) ma thoi.
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Chuong 5
CHUYEN DONG CUA VAT RAN

§24. VAN TOC GOC CUA VAT RAN

Dinh nghia: Trong cd hoc ngusi ta xem vat ran nhu la mot
hé cac chat diém ma khoang cach gitta ching khong déi trong
su6t qua trinh chuyén dong.

DE mo ta chuyén dong ctia vat ran ching ta dua vao hai hé
toa do:

a) Hé toa do bat dong" X. Y. Z "

b) Hé toa dé chuyén dong x. v. z. gan chat vdi vat ran va
tham gia vao tat ca cac chuyén dong cta vat rin.

ANZ

Hinh vé 14

R4



Nhu vav vi tri cua v:';t ran tudng dor var he "bat dong" duogc
xac dinh b su cho biét vi tri ctia hé toa do chuyén dong.

Tren (hinh veé 14) ta thav R, la vée tg xac dinh vi tri cia
voc toa do O ena he toa do chuven dong. Su dinh hudng cia cac
truc x. v. z cua he toa do chuyen dong tuong do1 var he toa do
"bat dong" dude xac dinh bai ba goe doc lap.

Nhu vay cung vdl ba thanh phan cua véc to R, va ba goc
doc lap ta c6 sau toa do can dé xac dinh vi tri cia hé toa do
chuyén dong (vi tri cua vat ran tuong doi véi hé toa do "bat
dong").

Do vay bat ky vat ran nao cting 1a hé co hoc ¢6 sb bac tu do
la sau.

Bay gio ta di xét mot su chuyén doi vé cung nho cua vat
ran. Su chuyén doi d6 c¢6 thé bié dién dudi dang tong cua hai
thanh phan.

+ Phan dich chuyén song song vé cung nhé va két qua cua
16 1a tam quan tinh ctia vat ran da dich chuyén di mot doan vé
ctuing nho con su dinh hudng cua cac truc x. y. z khong dbi.

+ Phan quay di mét goc vo cing nhé xung quanh tam quan
tinh.

Néu ta ky hiéu véc td ban kinh cia mét diém bat ky P cua
vat ran trong hé toa do chuyén dong la ¥ va véc td ban kinh cua
diém P d6 trong hé toa d6 "bat dong" 1a R thi khi d6 su chuyén
doi d R cua diém P sé la téng cua su dich chuyén song song
d R, cung vdi tam quan tinh va su chuyén dai [d(f) x f] khi
quay di1 mot goc dg xung quanh tam quan tinh.

dR =dRy + [d¢ x 7] (24.1)

Chia hai vé& cia dang thitc (24.1) cho dt (khoang thai gian

xay ra su chuyén doi trén) va dua vao cac van tac:
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dR - dRy 5 do 4 (24.2)
dt dt dt

ta se nhan dudce:
V=V + [fz . 'f] (24.3)
(3 d6 V la véc td van téc ciia tam quan tinh cia vat ran hay
con goi la van toc ctia chuvén dong tinh tién.
Q la véc to van toc goc cua chuyén dong quay cia vat ran.
Nhu vay v - van téc ciia mot diém bat ky cua vat ran tt'tdng

do61 véi he toa do "bat dong". c6 the biéu dién qua van toc tinh
tién va van téc go cua vat ran.

§25. DONG NANG CUA VAT RAN

Dong nang cua vat ran dude xem nhu dong nang cua mot
hé gian doan cac chat diém va ta co:

mv~ _

.

() day tong dudce lay theo tat ca cac chat diém tao nén vat
ran. Ta khong viét chi sé dudi tong vi coi vat ran d6 c6 vo so
chat diem.

Dat (24.3) vao (25.1) ta dudgc:

van toéc V va van toc goc Q nhu nhau dai véi moi chat diém cua
vat ran vi vay ta c6 thé dua V 6 s6 hang thit nhat ra ngoai dau
téng: con d s6 hang thit hai thi ta co thé viét lai nhu sau:
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h mV[Q < i"l ST m [V « () ].1‘ [V « () ] S mr (25,
— it a—

Ket qua tong (25.3) s¢ bang khong neu ta chon goe toa do
cua he toa do chuven dong nam o tam quan tinh cua vat ran (vi
Yinr =}

Nhu vav neu ta chon goc toa do cia he toa do chuven dong
nam ¢ tam quan tinh cua vat ran thir dong nang cua vat ran sé
[a:

T = B—;—)\{—v - %Z m[Q x fr (25.4)

O do 1 = X m la khoi lugng cia ca vat ran.

Ta o6 thé viét (25.4) dusi dang sau:

-

r'l" e TR & o ].l] Q.i r - S]ll WA (éf\ l _
: 2 Z [ ),f

2 2 b
e i)
},l VH 1 [ ) = wn
- - 4 = Q - (KL ¥
5 > Zm r ( )

Tw (25.4). (25.5) ta thay dong nang ciia vat ran bang tong
ctia hai phan:

+ Dong nang ctia chuyén déng tinh tién. no co dang nhu khi
tat ca khoi luong ctia vat ran co tap trung tai diém tam quan
tinh (so6 hang thi nhat).

+ Dong nang cua chuyen dong quay vél van téc goc Q
xung quanh truc di qua tam quan tinh véi van toc goc Q xung
quanh truc di qua tam quan tinh.

K7

3

1Y
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§26. TAM QUAN TINH

Chung ta viét lai phan dong nang cua chuyén dong quay
dudi dang tenso:

TQ - _I"Z]n (ng xiﬁ - LD Xiglk Xk) o

) 1
e Z m (.O.i Qpoy xy - Q. Qpx; Xy ) = (26.1)
1 b )
= E'Qi Q, Z mixy 0, — X; Xy

O day ta da st dung déng thite: Q = Q, 8;

1.0°..0
3do 6, = [0 1 0] latensodonvi
0 0 1
Tenso I, = Z m(xif O -~ X; xk) (26.2)

dude goi la tenso quan tinh. Tw cong thic (26.2) ta thay tenso
quan tinh la tensd do6i xing cé cac hé s6 thuc (I, = 1,.).

Trong dang tuong minh tenso quan tinh I, dudge viét nhu sau:

Sm(y® + z%) -2mxy -2MmXxz
I, = -2Xmxy Sm(x® + z%) ~->myz (26.3)
-¥Ymxz ~-Ymyz Tm(x® +y%)

St dung tensd quan tinh I,, . dong nang ctia vat ran dudc
viét nhu sau:

1
+ 51“\. g)l QI\' (264)
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va ham Lagrange cua vat van se la

w V- ]

‘) + )

L

The nang U trong truong hdp tone quat [a ham cda sau
bien so (sau toa do) xac dinh vi trn cua vat ran

Vi du Ba bien so X Y. Z xac dinh vi trr coa tam quan tinh
va ba goc xac dinh hudng eua cac true cua he toa do chuven
dong tudng dor var he toa do "bat dong".

Néu ta coi vat ran la vat the dong dac thi thay tong trong
cong thie (26.2) bang tich phan theo the tich cua vat ran va khi
do tensd quan tinh sé la:

Iq = Ip(xfélk - X,xk)dV (26.5)
\

O d6 p 1a mat do hat diém.

Nhu ching ta da biét. bat ky mot tenso do1 ximg nao co cac
phan tit thuce. cu thé § day tenso quan tinh. déu dua vé dang
duong chéo bang cach chon mot hé toa do thich hdp. Cac gia tri
tuong ting cua cac thanh phan cua tensd quan tinh dude goi 1a
momen quan tinh chinh. Ta kv hiéuchunglal . 1,. 1.

Bang cach chon cac true x,. .. x. nhu vay. phan dong nang
cua chuyén dong quay ctiia vat ran sé dude biéu dién rat don
oian nhu sau

Ty, = ﬁ 1,0 + Lo, + 1,0, (26.6)

O do Q. Q,. Q, la cac van téc goc caa vat ran quay xung

quanh cac truc chinh tuwdng ung x,. x,. x..

Do1 var vat ran ta co mot so6 khai niém nhu sau:
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Vat ran c6 ba momen quan tinh chinh khac nhaul, =1, =1,
dude goi la con quay khong do1 xtng.
Vat ran co har momen quan tinh chinh bang nhau (vi du

= 1, # 1) dude goi la con quay do1 ximg.

L,

Vat ran co ba moémen quan tinh chinh bang nhau I, = [, = I,
duoce goi 1a con quay cau (d61 xting cau).

Viéc tim cac truc chinh cia vat ran sé don gian di rat nhiéu
néu vat ran co tinh déi xing vi khi dé vi tri ctia tam quan tinh
va hudng ctaa cac truc quan tinh chinh cing sé ¢é tinh doi ximg
nhu vat ran.

Néu vat ran c¢6 mat phang déi xung thi tam quan tinh sé
nim trén mat phiang d6. Trén mat phdng nay cé hai truc quan
tinh chinh. con truc thit ba sé vuéng géc véi mat phang déi xing
nay. Truong hdp nay la hé cac hat nam trén mét mat phang.
Néu mat phéng ctia hé cac hat dude chon 1a mat phang x, x, thi
d61 vdi tat ca cac hat ta déu c¢6 x, = 0 va ching ta dudc:

D) 9 ) )
I, =Xmx5 ; I, = Zmxy ; I; = Zm(xy + x3) =1; +1,

Néu vat ran co truc doi xtng thi tam quan tinh sé nam trén
truc d6. Cé6 mot truc quan tinh chinh sé trung véi truc déi xtng
nay. Con hai truc quan tinh chinh khac sé vuong goéc vai truc
nay. Truong hop nay la hé cac hat nam trén mét duong thing.
Néu dudng thing ctia hé cac hat dude chon la truc x, thi khi do
d61 vdi tat ca cac hat ctia vat ran ta déu cé x, = x, = 0 va ching
ta dugc:

=1, =Xmx5: I, =0

-

§27. MOMEN XUNG LUGNG CUA VAT RAN

Dai lugng moémen xung ludgng. nhu ching ta da biét, phu
thuoc vao viéc chon diém ma tudng ting vé diem do ta xac dinh
gia tri cua mémen.
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Trong co hoc vat ran thuong nguo ta chon diem do la goc
toa do cua hé toa do chuven dong. ¢o nghia la tam quan tinh cua
vat ran.

M - Sm [1‘ x x] (27.1)

-

Vai cach chon diem xac dinh mémen nhu tren thi momen
cua vat ran M sé trung vor momen rieng cua no va chi lhién
quan dén chuyen dong cia cac chat diem cua vat ran tudng doi
vol tam quan tinh. Noi cach khac trong (27.1) ta co

v = [:Q . f‘] - Do vay ta dugc:

M - Z]n[f‘ X C’] = Zl]][i'- X [Q X f]]:

. (27.2)
= 2 n (.Qr2 - f’(f‘.ﬁ))
hay d dang tenso
M, = Zm (xff!i =X X Qk) =
= 2m (foLBik - X; X} Qk) = (27.3)

Q,2m (xféik - X; x;\)
(b day Q, dude dua ra ngoai dau téng vi van téc goc cta tat
ca chat diém cua vat rin déu nhu nhau:i. k = 1. 2. 3.
Tt cac cong thuce (27.3) va (27.2) ta thu dugc:
M, = 1.5 (27.4)
Néu cac truc toa d6 hudng theo cac truc quan tinh chinh
cua vat ran thi mémen xung luong sé la:
M, =1, : M, =1L ; M = 1,Q, (27.5)
Trong truong hdp con quay cau (déi xiing cau) thi ba momen
quan tinh chinh bang nhau I, =1, = I, = I) do vay ta cé:

—

M =10 (27.6)

Cong thitc (27.6) cho ta thay trong truong hogp nay véc to
momen xung luong ty 1é véi van toéc goc.
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Con trong truong hop tong quat cua vat ran bat ky thi
moien xung huogng M noéi chung khéng trineg hudng véi Q va
chi khi vat ran quay xung quanh mot trong cac truc quan tinh
chinh thi véc to M va véc to Q méi co cung mot dinh hudng.

§28. CAC PHUONG TRINH CHUYEN DONG CUA VAT RAN

Vi vat ran trong truong hop tong quat c6 so bac tu do 1a sau
nen dé mé ta chuyén dong ctia vat ran ta can phai c6 sau
phuong trinh doc lap tuyén tinh. Cac phuong trinh nay cé theé
biéu dién dudi dang xac dinh ciua cac dao ham theo thoi glan
ctia hai véc to xung lugng va moémen xung lugng ctia vat ran (P
va M).

Phuong trinh véc to thi nhat c¢6 thé nhan duge bang cach
ldy téng 14t ca cac phuong trinh p = f d6i vdi t'mg hat cau
tao thanh vat rdn. O day p la xung lugng cta hat va { la luc
tac dong lén hat d6. Néu ta dua vao véc to xung luong tong cong
cua vat ran:

—

P=Sp=nV (28.1)
va luc tong cong tac dong lén vat ran:

F =3f (28.2)
thi ta sé dudc:

%_ftl - F (28.3)

o

Mic du khi dinh nghia luc tdng cong F nhu tong tat ca cac
lue f tac dong 1én ting hat cia vat ran, nhung thuc té d trong
luc téng cong F chi c6 nhitng luc tac dong ngoai. Tat ca cac luc
tudng tac gitta cac hat cua vat ran da triét tiéu tuong Ung vdi
nhau. Diéu nay dé dang nhan thay vi khi khong cé truong hic
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neoal thl xung huong cna vat ran «duoe cor nhu he co hoe ki

i ) :
”- : S O O

]s}l-."ll bao toan. co nghia la l ()
al

Neu U Ia the nang cta vat ran trong truong ngoan thi hie F
~¢ duoe xac dinh bor dao ham cua U theo toa do etia tam quan
finh cua vat ran:

cU |
A e (28.4)
R
Dung vay. vi chuvén dong tinh tien vat ran di mot doan

nho 8 R thivéc to ban kinh 7 cua tung hat ctia vat ran cung sé

dich di mot doan nho

Sr= O0R vatasécdo

. ey . QU ‘
U =% —38r = SBRZ— = -8RZf --FsR
ir oy
e
Tudosuyra F = - ——
R

Ta nhan thay rang phuong trinh (28.3) c6 thé xem nhu

phuong trinh Lagrange 36! vai toa d6 cua tam quan tinh:

d ¢ L ¢ L ;
_ ke = = 0 vdi ham Lagrange

dtt;'{f_ s
V'.:’
L = E—;;—-+%1,k Q.0 - U (28.5)

(_\[; =V = P

O do ':L .
( (
. . .= F
OR CR

Bay gid ta chuyén sang xac dinh phuong trinh véc to thii
hai mé ta chuyén dong cua vat ran
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Dé suy luan dude don gian. ta chon hé toa do "bat dong" sao
cho & thoi diém cho trude tam quan tinh cua vat rain ding ven
d61 véi he do. Nhu vay phuong trinh chuyeén dong nhan duade
trong hé nayv cung dung cho bat ky hé quy chiéu quan tinh khac
(mguyen ly tudng doi Galile).

Ta co:
P ) I I I
dt

Do ta chon hé quyv chiéu quan tinh "bat dong" nhu noi
trén (trong d6 V = 0) cho nén gia tri ¥ & thai diém cho trude do
sé trung vé1 vV vavicacvéctd vV va p = mv cung phuong.
neén [i" x 1"5] = 0.

Nhu vay ta dudc:

—

M = E[f‘ x f)] = Z[f X f] hay
dM
—
voi K = sff « i

- K (:

Lo
o
N

Véc to [f x f ] dude gol 1a mémen cua lhue f . dovay K sé
12 tong tat ca cac mémen cua tat ca cac luc tac dong 1én vat ran.

Moémen luc cing nhu momen xung ludgng noi chung phu
thudc vao viéc chon goc toa dé6 ma tudng do61 vél né cac mémen
dudge xac dinh. Trong bieu thice (28.6) mémen lue dude xac dinh
tuong doé1 véi tam quan tinh.

Khi dich chuyén goc toa dé6 di mét khoang a thi cac véc to
ban kinh méi r' cua cac hat sé lién quan vdi cac véc té ban kinh
cii r theo biéu thic sau:

.

r = r' + a

va vi vay:
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K- K fi[:i - t] K [;.i .li']

T do ta thay rang trong truong hop dac biet klhn | 0
thi momen huee khong phu thuoe vao viee chon goc toa do
Phuone trinh (28 ¢) xem nhu phuong trmh Lagrange dol
Vol Loa (If‘} ‘gt")f' (queay «p vol ham liliil'ime,e (28.9)
(l ¢ L ‘ 1, ) B . _ 0 l_‘
" — -~ —— = {J Quavay =——
dt 7O C P FO
Con su bien thien cua thé nang U khi quay vat ran di mot

o6c vo cung nho d¢ sé la:

SU =-3f8F =-Sfl8¢ 1 ] zsfp.[f x f‘] =
U -

Tu do suy ra {;__ = K,
( (P

Cac phuong trinh véc to (28.3). (28.6) cho ta hé sau phuang

trinh doc lap tuyén tinh mo ta chuyén dong cua vat ran.

129. CAC GOC EULER

Nhu ching ta da biét. vat ran co6 sé bac tu do 1a sau va ta co
thé stt dung ba toa do cia tam quan tinh caa vat ran va ba goc
nao dé xac dinh phuong hudng cua cac truc x,. x,. X, cua hé toa
d6 chuvén dong dai véi hé “bat dong” X. Y. Z.

Thong thuong ta thay rang chon cac goc Euler lam cac goc
dinh hudng d6 thi c6 nhiéu thuan tién. Vi 6 day ta chi néi dén
cic goc gitta cac truc toa do thoi. nén ta chon goc toa do cua hai

hé tai cung mot diém 0 (Hinh vé 15).
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Hinh ve 15

Mat phang dong x,x, cadt mat phang XY theo mot duong
thang, ta ky hiéu la ON va duong thing nay dudc gol la duong
cua cac nit. Vi duong ON vita nam trén mat phang x,x.. viia
nam trén mat phang XY cl > nén ON vuong véi truc z va vuong
goc vai ca truc x.. T d6 suy ra ON vudng goc véi mat phang x,z.
Hudng duong ctia duong thing ON ta chon sao cho hudng do
trang vol hudng cua véc to.

[z x %,]. 6 d6 Z va X5 la hai véc to don vi doc theo truc z
va truc x..

Dé xac dinh vi tri ciia cac truc x,. X,. x, tuong déi vdi cac
truc X. Y. Z ta chon cac goc sau:

0 =z.Xx3: 9 =X.ON:y =x,.0N (29.1)

Cac goc ¢. 0 va y duge tinh theo huéng xac dinh bai quy
tac xoan dc xung quanh cac truc z. truc ON va truc x.,.

Goc 0 chay tir O dén =, con cac goc ¢. y chay tir O dén 2.
Cac goc ¢. 6 va y dudc goi la cac goc Euler.

Bay gio chung ta di phan tich van toc goc Q theo cac truc
X,. Xy. X, qua cac goc Euler va cac dao ham cua ching. Dé lam
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dieu do trude hét ta tim hinh chiéu lén cac true x.. x,. x. ctia cac
van toc goc 0. .y

Vée to van toc goc 6 co huong theo duong cua cac nat ON
va hinh chiéu cua no lén cac true x,. x,. x. la 6,.6, .0,

6, =0cosy

~y | = - 0siny

S
—

Lo

-~

S

o
—

6, - -0 C(’)S{
\

I

Van toc goc ¢ c6 hudng theo truc z. cho nén cac hinh chiéu
cua no6 lén cac truc x,, x,. X, sé la:
¢; = ¢snb siny
@, = ¢sinb cosy (29.3)

@, = pcosH

Van toc goc | c6 hudng theo truc X, cho nén ta co:

\,i! 3 = \il
\i! 1 = O (294)
\il 9 o 0

Tap hop lai tat ca cac thanh phan cla cac van tdc géc 0 , ¢
va \Tf theo cac truc x,. x,. X, ta sé thu dudc:
Q, =0, + ¢, +§; = O6cosy + @psinBOsin y
Q, = 93 + Py + Yo = - Osin y + @psinBcosy (29.5)

Q, = 93 + ¢y + yy =@cosb + g

Néu tat ca cac truc x,. X,. X, duge chon theo cac truc quan
tinh chinh caa vat ran thi déng nang cua chuyén dong quay sé
dudge biéu dién qua cac géc Euler bang cach dit (29.5) vao

Ty = %(IIQ}" + 1,05 + 1,Q3%)
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D61 véi con quay do1 xing (khil, = I, # 1) thi ta co:

1 “.) +) . b . . .
T, = ;)—I, 07 cos™ +(p sin” O sin” y o+ 20cosy@smOsiny +

—

~ i . A o . ) 4 h ¥ i i
+07sm”y + @ sin” Bcos” y — 20cos ¢y ¢ sinBsin \|f] +

%I;., ((p2 cos” 0 + y°© + 2<'pcose\p) =

] . Y L . e 1 ) a9 ) .
= 511 (6“ + ¢~ sin” 8) + :‘):I"* ((p cos0 + ) (29.6)

Bieu thitc (29.6) cia dong nang quay T, sé don gian hon
néu ta chon truc X, trung véi truc cac nut ON (Déi véi con quay

d61 xing cac truc x,. x, dudc chon tuy ¥). Khi d6 goc v = 0 va ta
thu dudc tit cong thite (29.5) cac biéu thic sau:

Q, =6
Q, = ¢psinb (29.7)
Q, = @cosd + vy

Dé lam vi du vé viéc sit dung cac géc Euler ta xem xét

chuyén dong tu do ciia con quay dé1 xiing. Ta chon truc z theo

hudng cua mémen xung ludng cua con quay M. truc x, theo

hudng truc riéng cua con quay. con X, trung vdi truc cua cac nit
(xem hinh vé 16). Khi d6 ta cé:

s

N %

Hinh vé 16
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M] :11§2| = I] 8
M, =12, =1, psinb (29.8)
M, =109, = [,(pcosd + y)

Mat khac ta thay x, (truc cua cac nut) vuong goc vol truc z

chc nen ta dudc:

M, =0
M, = Msin6 (29.9)
M, = Mcos6

Tu cac cong thuce (29.8). (29.9) ta suy ra:
Vo= v (29.10)
I-_{ (p - M
[,(pcos® + ) = Mcos8

Tw (29.10) ta tha duge cac két qua sau;

6 =0 =0 = const - goc gitta truc cua con quay va véc

td mémen M la khong doi.

. M MR o s pEAF i
P = n dude goi la van toc tién dong.

¢}

-—

Mcos_q
I,

quay cua con quay xung quanh truc riéng ctia noé.

M, = Mcosb =1,Q; =Q, =

la van toéc goc

§30. CAC PHUONG TRINH EULER

() §28 ching ta da nhan dudce hal phuong trinh véc to mo ta
chuyén dong ctia vat ran tuong d6i véi hé toa d6 “bat dong”
s — " - * ) P d p i d M . 2 . . »
P-=F va M = K. aday FTY va Tt biéu thi su thay dé1 cua

xung lugng va moémen xung lugng ctia vat ran theo thdi gian
tuong doi vl heé toa dé “bat dong”
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Ta nhan thay gita cac thanh phan cia mémen Mcua vat
ran va cac thanh phan cua véc td van toc goc Q c6 moi lien he
don gian trong hé toa do chuyén dong co cac truc hudng theo cac
truc quan tinh chinh. Dé st dung moi1 lién hé nay trude heét
chung ta di bién doi cac phuong trinh chuyvén dong cho tuong
tng vol hé toa d6 chuyen dong x, . x, . X.,.

Ta da biét. néu trong hé toa dé6 chuyén dong quay. véc tg A
khong thay doé1 thi su thay déi cua no tng véi hé toa do "bat
dong" sé la:

dA
dt

Trong truong hop tong quat thi su thay déi cua véc to A
tuong tng voi hé toa d6 "bat dong" la:

[f) x A] (30.1)

C:;i = c;t [Q x ] (30.2)

G d6 id_? 12 su thay déi ctia véc to A tuong ting vo1 hé toa
d6 chuyén déng.

Dua vao cong thitc tong quat (30.2) nay ta co thé viét lai cac
phuong trinh véc to M =K va P = F dudi dang sau:

5 dP _d'P [-

+Q xp| = F 30.3)
dt  dt ¥ :
= dM d'M
M = = Q M
dt dt [ ]
Cac dao ham c:i}t) ddl:,d duge tién hanh trong hé toa do

chuyén déng cho nén ta cé thé tim dugce cac hinh chiéu cua cac
phudng trinh (30.3) xudng cac truc ciia hé toa chuyén dong.
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Néu dung cac kv hieu:

d'p dby
Sdt ) dt
AM | dM,
o dt 5 dt

() d6 cac chi s6 1. 2. 3 chi nhung thanh phan theo cac truc
X,. X,. X, va luu y rangP =pV .M, =1,Q,.. M, =10, .

M., = 1,Q,thi ta sé nhan duge cac phuong trinh hinh chiéu

xuong cac truc x,. x,. X, nhu sau;
dV,

e + QVy - QuV, | = F
\
, y |
L g—l'"*Y—-}‘— + Q:{Vl e Q]V:; = F_g (304)
dt )
dV,
l.l <+ QIV) - QZVI - F3
o dt )
dQ :
[ dtl + (13 - Iz)QzQ:a = K,
dQ,
[, dt— + (Il, ‘I:;)Qlﬂ:; = K, (30.5)
d Q.
I dtii + (I, -L)Q, = Ky

Cac phuong trinh (30.5) dude goi la cac phuong trinh Euler.
Truong hop quay tu do thi K = 0 va cac phuong trinh

Euler sé c6 dang don gian nhu sau:
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a9, | 1, -1,)

——= 0,0, = 0
dt I] e
dQ, (L -L) g o o (30.6)
dt I'_g
dQ, " (I;»: _Ii) 0:0, =0
dt I i

DE vi du. ta hay ung dung nhing phuong trinh do cho
chuyén dong quay tu do ctia con quay déi xing da khao sat d
trén. Dat 1, = I, tu phuong trinh thi ba ta cé:

Q. = 0 nghia la Q, = const.

hai phuong trinh dau cta (30.6) c6 thé viét dudi dang sau:

, (30.7)
Q, = o Q
2, g I'.; - I] < & A " =
O0déo o = Q, —-——-im——- la mot luong khong doi.
1

Nhan phuong trinh thit hai cua (30.7) vdi 1 roi cong voi
phuong trinh dau ta dudc:

&(!E(Q‘ +i0,) = io (Q, +iQ,) (30.8)
Tt (30.8) suy ra: )
0, +iQ, = Ae™' (30.9)

O d6 A la hang s6 va dudc xem la thuce (diéu nay quy vé

cach chon goc toa d6 thoi gian cho thich hdp) va nhu vay ta cé:
Q= Acosot ;. Q, = Asinot (30.10)

Két qua nay chimg to rang hinh chiéu cua van toc goc trén

mat phiang vuéng goc vdl truc riéng cua con quay quay trong
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mat phang do vé van toc o va co gia tr1 luon khong doi

Vi hinh clueu Q trén truc cia con quav cung khong don.
nen ta ket luan rang ca vée to Q quay déu vdr van toc goc o
quanh truc cua con quav va co gia tr1 khong don

Domor henhe M, =1,Q2, . M. =19, M, =10 gia cac
thanh phan ctia cta hai véc to Mva Qcho nén ca hal véc to
momen M cung quay déu vdl van toc goc o quanh truc cia con
quay va co gia tr1 khong dor.

§31. CHUYEN DONG TRONG HE QUY CHIEU PHI
QUAN TINH

TU trude téi nay ta da xét chuyén dong ctua hé co hoc trong
hé quy chiéu quan tinh. Trong hé quy chiéu quan tinh. ham
Lagrange ciia moét hat chuyén dong trong trudng ngoai U co
dang:

ol
Ly = =0 _ g (31.1)
2
va phuong trinh chuyén dong tuong tng la:
dv U
] e & ‘ (31.2)
dt or

O @6 chi s6 0 ta quy udc viet dudi cac dai lugng dude xac
d¢inh tuong ng véi hé quy chiéu quan tinh.

Bay gio ta di xét chuyén déng ctia hat trong hé quy chiéu
phi quan tinh. D& gidi quyét bai toan nay ching ta van dua vao
nguyén ly tac dung t6i thiéu (nguyén ly téng quat nay khéong
phu thuéc vao viéc chon hé quy chiéu) va phuong trinh
LLagrange

103



d cL oL,

- 0 | 31.3
dt cv or ( )

Tuy nhién ham Lagrange L trong hé quy chiéu phi quan
tinh sé khong c6 dang nhu (31.1).

Pé tim ham Lagrange tudng ting ta lam phép bién doi tir he
quy chiéu quan tinh sang hé quy chjéu phi quan tinh theo hai
budc sau:

1). Xét hé quy chiéu K' chuyén dong tinh tién tuong déi vai
hé quy chiéu quan tinh K, véi van toc Vit).

Khi d6 cac van téc v,va vcua hat tuong img. vdl cac hé quy
chiéu quan tinh K, va K' lién hé véi nhau theo biéu thic sau:

Vo = V' + V(t) (31.4)

Thay (31.4) vao (31.1) ta ¢6 ham Lagrange trong he quy
chiéu K

=12 V2
I\ i ;
mv + mv'. V(@) + il_l_,._.‘_),._g_!’l ~ 1 (31.5)

e

L' =

Vi VZ(t)1a ham cho truée ctia thai gian cho nén né co thé
biéu dién dudi dang dao ham toan phan theo thoi gian cuia maot
ham nao dé phu thuéc vao thoi gian va do vay sé hang thia ba
cua (31.5) ¢o thé bd khi di tim phudng trinh chuyén dong theo
nguyén 1y tac dung t6i thiéu.

et |

Tiép theo ta thay v' = dgl;— d dé véc to r' la véc to ban kinh

cua hat trong hé quy chiéu K' vi vay ta co:
dr' ., dV()

mG'.\—/(t) — mV(t). 3t = ddt (1nV(t).f')-— mr'. it

Ciing véi 1y luan nhu trén sé hang dau cua biéu thitc nay
ciing c6 thé bo khi di tim phudng trinh chuyén dong.
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Nhiu vay ham Lagrange L' sé la:

. omv” L dV(t) o
L' =—— -mp.——— - U (31.6)
- d t
(1 v t T B 3 g . o ; ot 4
]i—) = W duoc gor la gia toc cua chuven dong tien cua
at

he K' tuong do1 vaor K.,

L = m_v—-— mr.W - U (31.7)

.

Thay (31.7) vao (31..

mg-l = - (:,,' -mW (31.8)
dt or

) ta co phuong trinh:

T (31.8) ta nhan thay su chuyén dong tuyén tinh cua hé
quy chiéu K' tuong doi vér K, dan dén su xuat hién mot truong

Wi . 2 .2 % P N i : N . -, Gea

lie bo xung co gia tri huc tac dung la 'm W/ va c6 chieu ngude va
| |

véce to gla toc W

2) Bude hai ta di xét mot hé quv chiéu K c¢o6 chung goc toa
d0 voi heé quy chiéu K nhung K quay tuong dé1 voi K' vai van toc
coc Q(t). Nhu vay hé quy chiéu phi quan tinh K chuyén déng
tuyén tinh va quay tuong doi véi hé quy chiéu quan tinh K.

Cac van toc cna hat tuong dé1 v hé quy chiéu phi quan
tinh K' va K ¢6 méi lién hé nhu sau;

I SR @ (31.9)

(Cac véc to ban kinh t va r' cua hat trong hé quy chiéu K
va K' trung nhau ---->r1 = 1)

Thay (31.9) vao (31.7) ta sé nhan dudc ham Lagrange

L = 29 + mv. [0 7| + %1[9 P2 - mE W - U (31,10
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Biéu thttc (31.10) la ham Lagrange tua hat trong hé quv
chiéu phi quan tinh K. Su quay cua hé quy chiéu K dan den su
xuat hién mot so6 hang phu thuoc tuvén tinh vao van toc (50
hang thi hai cua (31.10)).

bé tinh cac dao ham cua ham Lagrange trong qua trinh

tim phuong trinh chuyén déng trude hét ta di tinh vi phan ham

L theo r va V.
dL =mv.dv + mdfr.[f! x F] + 1116.[@ x df«] +
+m[ﬁ X f] .[ﬁ xdf]w-quV.dF-» F_‘}_I dr =
o (31.11)

zm\"f'.d\7+md\7.[ﬁ x f] +1ndf[\7 X fl] +
CLRPT

+ m[[ﬁ X 'f'] X ﬁ].df—mw.df' —
cr
T (31.11) ta dé dang tim dude cac dao ham ctia Litheo v va r

cL . -
= MY +m[Q xr]

]

22
<

" U

=m [i'f f)]+mﬂﬁ X§]XQ] ~-mW - a7

5,
Nhu vay phudng trinh chuyén déng cuia hat trong hé quy

=1

chiéu phi quan tinh K sé la:

v D - - -
m(:l—v =-('}_J-mW +2m |V x Q] +
bto.or o (31.12)
+m[f!x[?xﬁ]]+m FXﬁ}

Ta nhan thay tu (31.12) ba luc lién quan dén su quay cua

hé quy chiéu K la:
+ Luc 2m [\7 x ﬁ] dudge goi la lIuc Koryolis. N6 phu thuoc

vao van toc tuyén tinh cta hat v .
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++ Luce [(2 - [f‘ x Q] duoc gor la fue lv tam No nam tren
mat phang r € va vuong goc var true quayv. co huong di kho
truc quav. Ve gia trr no bang mpQ o do p la khoang cach cua
hat tor truc quayv,
|

" 1a lue hen quan den su quay khong
J

i+ Lue m 1 o« Q

deu.

Bav gio ta xét mot truong hdp dac biet. do la truong hop he
toa do chuyen dong quayv deu va khoug ¢ gia toc chuvén dong
tinh tien: tie la Q = const va W = 0.

Trong truong hop nay. ham Lagrange cua hat sé la:

P
mv- - [= - m [= _p ‘
L="Y"melo 5] « 2o ff v (31.13)
va phuong trinh chuvén dong co dang sau:
dv 'S G . - ; - |
mTt—- R e 2111[\' x Q] 1) [.Q x [r x Q} ] (31.14)
( iy

Ta tinh nang lugng cua hat ¢ trong truong hdp nay:

E =pv - L (31.15)
" (“‘L se = b - . -2 F .
p = —— =mv +m|Q xr| Thay p vao bieu thuc tren
v
ta co:
- [= - mv- -
E=mv’ +mv.|Q x r] e mv. [0 x r]«
mf- _p .
A A (31.16)
mv m [~ _p
Ly m
2 2

Su quay déu cua hé quy chiéu d¢a lam xuat hién them mot
thé nang bo xung phu thuoc vao toa 46 r va ty lé v binh
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phuong cua van téc goc. Thé nang bé xung nay dude goi la the
nang xuyen tam.
Van toc v cua hat trong hé quy chiéu quay déu lien quan
vél van toc v, cua hat tuong doi var hé quy chiéu quan tinh K,
bai biéu thite sau (khi hai hé nay co goc toa do trung nhau):
Vo = + [0 xF] (31.17)
Pp =MV, =mv + m [Q x i‘] = P (31.18)

Cac xung ludgng ctia hat trong cac hé quy chiéu K, va K
trung nhau va nhu vay cac momen xung lugng trong K, va K
cing trung nhau:

M, = [i: "f)o]z [f xf)] =M (31.19)

Con nang lugng cua hat trong cac hé quy chiéu K, va K la
khong trung nhau:

E - m;z +U--‘-‘2i[§'z < i (@L17) 92‘-(@,, “la < g]f +
U I - T RN P SR
+U - 52‘-[52 « if = mf + U-mv [0 x| 3120
Vi E, = MY8 | 17 cho nén ti (31.20) ta c6:

E=E, - mﬁ.[f x GU]
E=E, - Q.M

Céng thic nay la quy luat bién déi nang lugng khi chuyén
sang hé quy chiéu quay déu.

(31.21)

(3 day mic du ta xem xét cho mét hat nhung ta cé thé tong
quat hoa cho hé co hoc bat ky gom nhiéu hat va ciing dan dén
két qua nhu (31.21).
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Chuong 6
CAC PHUONG TRINH CHINH TAC

§32. CAC PHUONG TRINH HAMILTON

() cac chuong trude chung ta da mé ta hé co hoc bdi ham
Lagrange phu thuoc vao toa do suy rong va van téc suy rong.
Cach mé ta nay khoéng phai la duy nhat. Trong mot loat cac
truong hap. khi nghién citu co hoc nguol ta thay viéc mé ta hé co
lioc boi ham cua toa do suy rong va xung luong suy rong coé uu
the hon. Do la ham Hamilton.

Qua trinh chuyén cach chon hé cac bién so doc lap dudc
thuc hién bdi phép bién déi. trong toan hoc dude goi la phép
bién do1 Legendre. Trong truong hop nay phép bién déi dé dudc

thuc hién nhu sau:

Vi phan toan phan cua ham Lagrange nhu mot ham cua
toa d0 suy rong q; va van toc suy rong q; la:

L = a

dL = ) ——dq; + > —dq; (32.1)
i-1 04 =1 T4
—_— R oL L
Ta da biét xung ludng suy rong p, = — , do vay tu
Oqi
R T oL .
phuong trinh chuyén dong Lagrange ta suy ra ~—— = bi. Thay
Cq;

cac gia trl nay vao (32.1) ta dudc:
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=

dL = Z p,dq; + Z p,dq, (32.2)

i=1 i =1
S6 hang thit hai c6 thé viét lai dudi dang sau:
5 ; \ .
2. pidg :d{z pi q, J - > q;dp; (32.3)
i=1 i=1 i=1

Thay (32.3) vao (32.2) ta dudc:

dL = zpiin + d(i Pi Qi J - i‘hdp, hay
i=1 i=1

1=1

(32.4)

d(zpi q; - LJ = Zf)i q; + ZQidPi
i=1 i=1 i=1

Biéu thitc dudi dau tich phan & vé trai ctia cong thic trén la
nang ludng ctiia hé co hoc, biéu dién qua toa dé suy rong va

xung ludng suy rong. Chung ta ky hiéu:
H (q;.p;.t) = Zpi q; - L (32.9)
i=1

va goi ham H (q;, . p; . t) la ham Hamilton. Khi d6 (32.4) dudc
viét dudi dang sau:

dH =-> p;dq; + Y q;dp; (32.6)
i=1 i=1
T biéu thitc nay ta suy ra duge cac phuong trinh sau:
b= - g = (32.7)
0q; ap;

Cac phuong trinh (32.7) la cac phuong trinh chuyén dong
cua hé cd hoc véi cac bién la p; va q;,. Cac phuong trinh nay dudge
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gol la cac phuong trinh Hamilton. O day ta c6 2s phuong trinh
vi phan bac nhat cho 2s bién ham p.(t) va q,(t).

Chu v rang cac phuong trinh Hamilton (32.7) ¢6 the quy ra
tu nguven ly bien phan 8S = 0. That vay. tich phan tac dung S
co thé bieu dién dudi dang saw:

» L, [~ 1
S =| Ldt :L le] p;dq; - Hdt} (32.8)

ty

b4

Bién phan cua tich phan tac dung S sé la:

65 = _[:’g [6p,dq, + p;d(8q;) -

ol H q, dt - ——~—H Sp; dt } = (32.9)

¢ Q, C p;

s e - ( _ -
:Zhibq.% + f‘_ 1513‘;(in cH dt ¥ —

i=1 I, e l ¢ p;
- 0q; (dp; + I‘H-dt) -

C q;
,[ Z [51’ (dq; *“:-E“ dt) - dq; (dp, + (-—-}idt =D
L ¢ P ¢ q;

T (32.9) va luu y dén tinh chat doc lap gitta cac bién phan
va op,. ta tim dudce cac phuong trinh (32.7)

Nhu vay. néu dinh luat chuyén dong ctia hé co hoc dude mé
ta bang cac phuong trinh Hamilton thi trang thai ciia hé cd hoc
duge xac dinh bdi toa do suy rong q; va xung luong suy rong p;.

Dao ham toan phan ctia ham Hamilton theo thdi gian la:

dH ¢H ~. °H . —, OH .
= -+ + :
dt ot .Z; (-.,quI. .Z: (‘:pip'
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St dung cac phuong trinh Hamilton ta dudc:

dH AH = o -H |
ek Q4.5 ). q; + q.p, = — (32 10)
Tl T Z] p;q, Z‘ 1T 7=
Nhu vay. trong truong hdp rieng. khi ham Hamilton phu
thuoc khong tuong minh vao thoi gian. thi ta co:
dH H
dt ct

bao toan nang luong.

= 0 va do vay mot lan ntua ta lai co dinh luat

§33. CAC MOC POISSON

Gia thiét f (p. q. t) 1a mét ham nao d6 cua toa d6. xung
ludng va thoi gian. Chung ta hay tinh dao ham toan phan cua
ham d6 theo thoi gian.

d of [ of . of
‘“_"_f ’ .t- = + i+ i (331)
dt -V D Zt‘“‘Qiq ﬁpip J

Thay vao (33.1) q; va p,;ti cac phuong trinh Hamilton
ta dudgc:

d of of oH of oH |
—f(p,q.t) = — + - 33.2)
dt i 0t iz(f?’fhﬁpi ‘FPiaQiJ (
Ta dua vao ky hiéu:
{H.f}ZZ(:}f :H - :*f :’H ) (33.3)
i \04; 0P cp; €Qq;

va gol né la Méc Poisson cua cac dai lugng H va f.
Sit dung ky hiéu Méc Poisson ta cé6 thé viét lai (33.2)
nhu sau:

df  of
_— = — H.f 33.4)
dt ot VHL1 ) (
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De ham f (p. q. t) 1a mot tich phan chuvén dong thi:
df cf

’ H.f) - 0 (33.9)
dt  t

Neu tich phan chuven dong f khone phu thuoe tiong minh
vao thor gian t thi
tH.f} = 0O (33.6)
(o nghia la Moc Poisson cua { vdr ham Hamilton phai
bang O
Pé cho mot cap cac dai huong f va g thi Moc Poisson ciing
dude dinh nghia tuong tu nhu (33.3):

fet=> ( of og _ ol ‘e (33.7)

: ‘._‘("pi ('qi (1qi (Ipi,

Cac tinh chat cua Moc Poisson dude suy truc tiép tu dinh
nghia (33.7):

D ifgf = - {ef)

2) {f.c} = 0 véic = const

3) i +f.g)= {6 . ef+ . g

4) If,.g} = fi{f, . g} + £, {f . g}

5) Lay dao ham theo thai gian biéu thic (33.7) ta co:

{r.e) -{-—~£~g} +{f Sel

0 ‘g
ot 'S "ot J

6) Néu mot trong hai dai luong f va g trung vél xung
luong hoac toa do thi:

b ) = i
(’pi
of
£ ] = s
{f.p; } oa.

7ybat f = q, va f = p, vao tinh chat 6 ta ¢ tinh chat sau:
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o) - T o
(pe.pi} = =Pk -0
('q'i

-

(
{pr.q;} = —
('p-'

8) Dang thitc Jacobi:

f e h)} + g fhf}} + hifgl -

9) Dinh 1y Poisson: néu f va g la hai tich phan chuyén
dong thi Méc Poisson cua hai dai ludng d6 cting la tich phan
chuyén dong ({f. g}= const)

= 6[1\

+ Néu f, g khong phu thuoc vao thoi gian mét cach tuong
minh thi viéc chitng minh dinh ly trén hoan toan don gian.
Trong dang thic Jacobi ta dat h = H, ta dugc:

ff e H}} + fe{H.f}} + HAfeg}} = 0
Tu d6 ta thay rang néu:

{H.f} = 0 va {H.g} = 0thi

{H. {f. g} = 0, diéu phai chitng minh.

+ Néu f, g phu thudc tusng minh vao thoi gian thi ta c6 thé
viét trén cd sd cong thiice (33.4) nhu sau:

d ’{f.g} f
f. H. if.

St dung tinh chat 5 va dz;mg thic Jacobi ta dudc:

L) { } e de HY o B0 -

£, {H-g})} =

lmw-«
.'I!,_a%
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| f o de
(V] ( - (J va il

1 l 0). Nhu vay ta da chimg minh duoce
at at

dinh 1v Poisson cho truong hop tong quat.

St dung dinh v Poisson ching ta khong phai hue nao cung
nhan dude mot tich phan chuven dong mér. Dai huong if . g} co
theé chi 1a mot ham khong déi cia cac tich phan chuyen dong f

va g.

534. CAC PHEP BIEN POI CHINH TAC VA DINH LY
LIOUVILLE

Nguyén 1y tac dung téi thiéu ding cho moi hé toa do suy
rong. Do vay cac phuong trinh chuyén dong Lagrange nhan
duoe tu nguyen ly trén theo toa do suy rong q,. q.. ... q. hay theo
toa do suv rong khac Q,. Q.. ... Q. déu co6 dangnhu nhau. Tap
hop cac toa do suy rong q, hay Q, 1 = 1. 2. ...s) déu xac dinh vi
tri cia mot hé 6 hoc. Vi vay. phép bién déi ti toa d6 suy rong q,
sang cac toa d6 Q, sé 1a phép bién déi sau:

Q= Qg g2 --q.t) =Qi(q. t) (34.1)
D61 véi nhitmg phép bién déi (34.1) cac phuong trinh
Lagrange va di nhién ca cac phuong trinh Hamilton déu bao
toan dang. Tuy nhien, nhing phuong trinh Hamilten thuc ra
nhan mot l1ép bién déi rong rai hon nhiéu. Diéu nay di nhién
lien quan dén su viéc 1a trong phuong phap Hamilton nhiing
xung lugng p va nhing toa d6 q dong vai tro nhing bién sé
ngang hang nhau. Vi vay khai niém bién déi c6 thé md rong sao
cho 16 ¢é thé bao trium ca phép bién sé doi tu tat ca 2s bién so
doc lap p va q sang nhitng bién mdi P va Q theo nhiing céng
thic sau:

Q; =Q;(p.q.t)

34.2
P, = P, (p.q.t) (i=1.2....8) (34.2)
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Su md rong lép nhiing bien do cho phép nhu vay la mot
trong nhing uu viét cot véu cua phuong phap Hamilton trong
co hoc.

Tuy nhién. khong phai voi bat ky phép bién doi nao co
dang nhu (34.2) cac phucng trinh chuyven dong cting bao toan
dang chinh tac cua no. Bay gio ta hay de ra nhing diéu kién ma
cac phép bién déi can phai thoa man dé cac phudng trinh
chuyén dong déi véi nhitng toa dé mdi P. Q cung van ¢6 dang:

: (‘?H' : F’H'
= » B == 34.3
Q' F‘Pi pl. (-\'Qi ( 4 )

v4i mot ham Hamilton mdi nao d6 H' (P, Q). Cac phép bién doi
nhu vay dudce goi la cac phép bién déi chinh tac.

Dé nhan dudc cac cong thitc ctia cac phép bién d6i chinh tac
chung ta cing c6 thé tién hanh theo dusng 16i nhu sau:

(b cudi §32 chung ta da chi ra rang cac phuong trinh
Hamilton c¢6 thé tim dude truc tiép tir nguyén 1y tac dung toi
thiéu biéu dién dudi dang:

N\

sszaj > pidq; -Hdt| =0 (34.4)

(6 day nhiing toa do va xung ludng bién thién doc lap véi nhau).

Dé nhimg toa d6 mdi P va Q c¢6 thé thao man nhiing
phuong trinh Hamiton thi P va Q cting can phai thoa man
nguyen ly tac dung toi thiéu

58 =5[> PdQ; - Hdt| =0 (34.5)
Nhung hai nguyeén 1y (34.4) va (34.5) chi tuong ducng vai

nhau véi diéu kién la nhiing bieu thie dudi dau tich phan cua
chuing chi khac nhau mot vi phan toan phan cua mot ham so F
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nao do cun toa do xung luong va thor gran. vi hiea gna har tich
phan do sé 1o hang so (hang so nav la nhung gia tr cua IF tai

cac e1dr han cua tich phan)

Nhu vav chung ta phai co:

S podg, - Hdt > P dQ,  Hdt + dF  (34.6)

Moi phép bien dor chinh tac déeu duoce dac trung boi mot
ham so F. ham so nav duoe goi la ham sinh cua phép bien dov

Viet (34.6) dudi dang:

dF = Z p;dq;, - Z P,dQ; + (H' - H)dt (34.7)

chung ta thay rang:
“'F (AF ('\F
s P& . s TP 4 ot

- , - (34.8)
Cq; (‘Ql Ot

P
(3 dav. chung ta da gia thiét rang ham sinh duge cho nhu la
mot ham cua nhiune toa do ca, caa nhing toa do mda1 va cua thoi
olan F = F (q. Q. t). Va1 ham F cho san. nhing cong thitc (34.8)
thanh lap mot he thie gita nhing bién so cu (p. q) va bién so
mai (P. Q). va dong thoi cho bieu the ciia ham Hamilton méi.
Dé tién loi, ¢6 Iie can phai biéu dién ham sinh khong phai
theo nhime bién s6 q va Q. ma lai theo nhimg bién s6 cu q va
xung luong méi P. Trong truong hop nay. dé suy ra nhing cong
thitc ctia cac phép bién doi chinh tic. can phai thue hién nhimg
phép bién d6i Legendre tuong ting trong hé thice (34.7). Cu thé.
chung ta viét hé thic do dudi dang:

d(F +ZP,Q) = Zpdq + £QdP, + (H - H)dt

117



Biéu thiec nam dudi dau vi phan ¢ ve trai cua dang thic
tren la ham cna nhing bién s6 q va P. No chinh la ham sinh
moa1 va ta ky hieu ®(q. P. t). Khi do ta co:

BT cd CW
Ppi = T . Q; = . H = H + --

. : e . (34.9)
{qt ( Pl « t

Tuong tu nhu vay. c¢6 thé chuvén sang nhitng cone thuic
bién d6i chinh tac. bieu dién theo nhimg ham sinh phu thuoc
vao nhtng bién s6 p va Q hay p va P. Bay gig chung ta khao sat
tinh chat cua khong gian pha khi thuc hién mot phép bien doi
chinh tac. Khéng gian pha la khong gian 2s chiéu. trén cac truc
toa do nguoi ta dat cac gia tri cua s toa do suy rong va s xung
lugng suy rong ciia hé co hoc da cho. Mdi mét diém cua khong
gian pha nay ing véi mot trang thai xac dinh cua hé co hoc.

Khi hé co hoc chuyén dong. diém pha ctiia né vach trong
khong gian pha mot duong tuong tng. goi la quy dao pha. Tich
cac vi phan

dlr =dq, dq, ........ dq.dp, dp, ...... dp. (34.10)

c6 thé coi nhu "thé tich nguyén t&" cua khéng gian pha. Chung ta
xét tich phan cia dI” theo mot mién nao dé cua khong gian pha va
chitng minh rang ludng nay cé tinh chat bat bién doi véi cac phép
bién doi chinh tic (néu thue hién phép bién doi chinh tac ti nhiimg
bién s q. p sang nhitng bién sé Q. P thi thé tich pha tuong g
cua cac mién khong gian p. q va P. Q sé giong nhau):

_ (34.11)
= |f..... dQ, dQ, ......dQ_dP, dP, ...dP.

Nhu ta da biét. phép bién d6i bién sé trong tich phan nhiéu
16p tuan theo cong thc:
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el dQ, AQ., ... dQ _dP, dP, .. dP.
.U J. Y Q. Y. dP, dPb, .

J_J. ...... I Ddq,dq.; .....dq, dp, dp. ....dp.

(Q,.Q.,...Q_.°P,.P....P.)
("..{"?21 . Q~ ﬁ,,.,g-‘ | o= (3113)
c (qy.qo.... q..py Py ... p.)

Odo D

la Jacobien cua phép bien doi Bai vayv. ching minh cong thiie
(34.11) dan dén viece chimg minh Jacobien cua moi phép bién
do1 chinh tac déu bang don vi:
) = ]
V41 mot v nghia xac dinh. dua vao cac tinh chat da biét cua

cac Jacobien, co thé xem chiung nhu nhiing phan sé. "Chia tt s6
va mau s6"' cho é(q,q.,...q.. P,.P,...P)ta dugc:

2Q,.Q....Q..P,.P,. P,

1) ~ ‘j‘\(ql 5 eses L]:_.P].PJ....Pz‘)_ (3413)
((ql‘QJ ..... (l\‘l)l.l)_:ph)
€ 0 5 0lia w0 o o B 3 B o)

Theo mot dinh ly vé Jacobien khiac da biét: néu "t so va
"mau s0" ¢o cac lugng giong nhau. thi lam cho jacobien co sé
bien s0 it di. dong thaol trong tat ca cac phép vi phan, nhing dai
luong giong nhau dude coi nhu cac hang s6 va bi mat di. Bai vay

ta co:
JC‘(QI'Q;’ """ Qb‘) ‘
Clr@iaran )y 8410
{ AP1.Py D) |
¢y, Py i P ) q = const

Chung ta xét Jacobien ¢ tit s6 cua (34.14). Theo dinh nghia.

z by x . * - " ~* a i ~” ~* v "2 .
do la dinh thitc hang s cua cac yéu to —;Q—L(yeu to nam o gilao
0q
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diem cua hang i cot k). Biéu dién phep bién dér chinh tac theo
ham sinh @ (q.P) trong cong thite (34.9) ta duoc
(—\(Q1 7 (5: q.)

Cqu CqQp P,

Cung nhu the. ta tim dudce véu to hang 1 cot k cuia dimmh thu
¢ mau so cua cong thie (34.14) bang

Rl ¢
cq; Py

Diéu do co nghia la ca hai dinh thite chi khac nhau ba
phép bién dor hang thanh cot va ngude lai. Do vay. chung bang
nhau. vi thé ty s6 (34.14) bang 1. diéu ta phai chimg minh.

Bay gio ta tudng tuong la. mor diem cua phan da cho cua
khong gian pha bién doi theo thai gian va thoa man phuong trinh
chuyén dong ctia hé co hoc dang xét. Tat ca phan da cho cung bién
do1 nhu thé. Khi d6 thé tich cua né van khong bién dor:

j dI" = const (34.15)

Diéu khang dinh nay (goi 1a dinh 1y Liouville) duge truc
tiop suy ra tir tinh chat bat bién cua thé tich pha trong cac phép
bien doi chinh tac. Dinh 1¥ nayv 1a mot co sd dé xay dung vat 1y
thong ké kinh dién va 1y thuvét thong ké cac qua trinh khong
can bang.

§35. PHUONG TRINH HAMILTON - JACOBI

Khi phat biéu nguyén ly tac dung té1 thiéu chung ta da
xem xét tich phan:

s = [*Ladt (35.1)

4

lay theo quy dao gitta hai vi tri cho trudc q'" va q* ma heé cd hoc
chiém gitt ¢ hai thoi diém cho trude t, va t..
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Khi thue leén phep bien phan tich phan tac dung S, nhung
ot eta tich phan do da duoe so sanh vor nhau dor var cae
quv dao can nhau va cuang co diem dau va diem cuo @ Vva q
Chico mot trone cac quy dao do tuong (ing vai chuven done that
~do Ta quy dao. tudng ting vor no tich phan tac dung S co gia tn
tor thieu.

Bav e1d chune ta xet khio miem tich phan tac dune d goc do
khac Cu the la xem S nhu la darn ludgng dac trung cho chuven
done theo cac quy dao that va so sanh cac ¢1a tr1 ma no nhan
dude cho cac quy dao ¢o cung diem dau la q(t) = g nhung 6
thoi diem t. thi qua cac vi tri khac nhau. Néi cach khae chung
ta seé xem tich phan tac dung S cho cac quy dao that nhu la ham
cua cac toa do d can trén caa qua trinh tich phan.

Nhu chiung ta da biet d chuone dau. su thav do1 cua tich
phan tac dung S khi chuvén tit auy dao nay sang quy dao khac
se la;

'
14

o 28 VU ta [ AL d L . L
88 = — 8q| + J | — ~ — —= [§qdt (35.2)
« (] l, i i\\(‘q dt « qaq /

Vi a day ta xét cac quv dao that cia chuveén dong cho nen
chiane phal thod man cac phuong trinh Lagrange. do vay bicu
thiic trong ngoac cua so hang tha hai cua (35.2) phat bang
khong.

(3 <0 hane dau ena (35.2). bién dudi Sq(t,) = 0. con bién
tréen ta ky hieu cho don gian la dq(t,) = dq.

M ’ b (‘\IJ ’ i a » AT P i
Chu y rang: — = p. ta ¢o bieu thic sau do1 vor hé co hoc
«q
co bac tu do la s:
§S = > p;8q; (i=l2...8) (35.3)
i



Tt biéu thitc nay ta suy ra rang dao ham rieng cua S theo
toa do sé bang xung ludgng:

i I) ; ( -‘ﬁébﬁ l )
('qQ;

Mot cach tudng tu. tich phan tac dung co thé xem nhu mot
ham phu thuoc tuong minh vao thoi gian. va xét cac quy dao
bat dau & thoi diém t, d vi tri cho trude 7. nhung két thuice ¢ vi
tri q° cho trude & nhung thai diém t = t, khac nhau. Hieu theo
cach dé thi dao ham cua tich phan tac dung S theo thoi gian

dS . . -.. . . . , .
1t co thé tim bang cach bien phan tuong ing ham S.

Theo chinh dinh nghia cua tich phan tac dung. thi dao ham
toan phan theo thoi gian ciia S doc theo quy dao la:

ds
dt

Mat khac. xem S nhu ham cua toa d6 va thoi gian trong v
nghia nhu da néi 6 trén ta co:

= 1 {35.5)

dS 0S oS .

— = = + g (35.6)

dt ot Z 0q; 1 o
thay (35.4) vao (35.6) ta dudc:

dS oS . o

dt ot Z Pid (

Thay (35.5) vao biéu thic trén ta co:

Lz({: +;pi q; hay

0S _ )
5t = L - ZPi q; = - H(pi.q;,t) (35.8)
o .

cS

— = _H . i*t'

at (pi.q;.t)
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T cac bieu the (35.4) va (35.8) ta tinh dude vi phan toan
phaon cuna S (S dude xem nhu la ham toa do va thor gran) nhu
o d 1

" —= (AL1 ( S
ds Y =g + et
“"l'" «q, o 1 .
(30.9)
Z p,dq, - Hdt

va tich phan tac dung S sé bang:
j ’Z pidg, — Hadt a (35.10)
\ | J

Trong truong hop rieng. neu ham H(p. q) khéong phu thuoc
tiong minh vao thor gian. nhiv vay nang ludgng sé bao toan. thi

ta co the thay H(p.q) bdi lmnff so E va kln do su phu thuoc cna

S vao thot gian sé dan dén so hang - Et:
S = J. Z p;dq; - Et = S,5(q) - Et (30.11)
O do S, (q) j B p.dq, dude goi 1a tich phan tac dung

rut gon

Ham S(q. t) thoa man phuong trinh vi phan ma chung ta

. , » oS
s¢ nhan duge néu thay p, = —= vao phuong trinh (35.8) :
('q'l
08 S &S 0S "
— + H| — . —— . ..... - —— . Q) Qe q..t| =0 (35.12
2 Caqy, Ca, R

Phuong trinh nay dude goi la phuong trinh Hamilton -

Jacobi.
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Nhu vay dé cho mot hat chuven dong trong triigng nooa
U (x.v. z. t). phuong trinh Hamlton - Jacobi co dang.

(2 : 2 : Y
rS 1 ([ ©S) [ (S , o
it s b Braadt T 2 e NI BN B0 4+ Uxovezot) = 0 (35.13)
( t 2mj X ) \ ¥ 'z |

Chu v rang phuong trinh Hamilton - Jacobi sé co dang don
gian nhat. néu ham Hamilton H(p. q) khong phu thuoe tuone
minh vao thor gian. Dat (35.11) vao (35.12) ta co:

I (-\S ] (-\‘S“ (‘:Sil "‘ f iy -
H|—=, = . — .q1-93......q, | = E (35 14)
My Qg q. .

Cung vor phuong trinh Lagrange va phuong trinh chinh
tac. phuong trinh Hamilton - Jacobi ciing 1a mét phuong trinh
cd ban cua mot phuong phap tong quat nao dé6 dung dé tich
phan nhing phuong trinh chuyén déng.
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Phan 2

CO HOC TUONG DOI TINH - LY THUYET
TUONN DOI HEP

Chuong 7

NGUYEN LY TUONG DOI EINSTEIN VA
PHEP BIEN DOI LORENTYZ

536. NGUYEN LY TUONG DOI EINSTEIN

Co s6 cua lv thuvet tuong dor chinh la hai tién dé cua
[Linsteln.

Tat ca cac dinh luat eta tu nhién déu nhu nhau trong tat
ca cac he quy chieu quan tinh. No1 cach khac. cac phuong trinh
mo ta cac dinh luat cta tu nhién déu bat bién khi ta lam phép
bien doi toa do va thai gian tu hé quy chiéu quan tinh nayv sang
he quy chieu quan tinh khac.

Van toc anh sang trong chan khong la van tée khong dor C
va khong phu thuoe vao su chuyven dong ctia vat ngudn phat xa
ra anh sang.

Nh ta da biét. cd hoc kinh dién Newton xuat phat tu gia
thiet ve su truven tudng tac tie thoi tu vat nay sang vat
khac. Dieu nay dude thé hién la tudng tac gita cac vat dude
mo ta bol the nang tuong tac U (r,. r,. .....) phu thuoc vao toa
do cuia cac vat. Bang cach mo ta nhu vay. ta gia thiet rang su
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thay doi vi tri cia mot hat da tac dong truc tiep lén cac hat
khac mot cach tie thoi.

Trong thuc té. thue nghiem da chi ra rang cac tuong tac tic
thoi khong ton tai trong thien nhién. Néu ¢o su tudng tac lam
thay d6i vi tri cta mét hat thi su tac dong cua hat tuong tac voi
né sé xay ra sau mot khoang thaoi gian can thiet dé tuong tac
truyén di mot quing duong bang khoang cach gitia hai hat.

Nhu vay can phai chap nhan su ton tai mot van toc gidi
han cua qua trinh tuong tac. Tu thuc nghiém cho thay van toc
g101 han do6 la van téc anh sang trong chan khong C.

Ta nhan thay phép bién doi cong van toc cua Galilée trong
co hoc kinh dién khéng thoa man tién dé thit hai ctia Einstemn.

Dé chimg minh diéu nay ta di xét hai hé quy chiéu quan
tinh K va K'. Hé quy chiéu K' chuven dong tuong dé1 véi hé quy
chiéu quan tinh K véir van (Hinh vé 17)

K K
v} v' T
—
Vo
— —
0 = o
Z "
Hinh vé 17

toc khong doi v, (hinh vé 17): Cac truc toa do cua K va K' 6 day

la y[[y' : sz'. x' va x cung hudng vai van toc v, .

Thai diém goc tinh thoi gian trong hai hé quy chiéu quan tinh
bat dau tu thoi diem khi hai goc toa dé cua hai hé trung nhau.
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Ta e1a st rang o thor diem t =t 0. tu diem trung cua hai
oac toa do cua han he ta phat ra mot tim hneu anh sang truven
theomor huong.

Den thot diem t tim hieu trone he quyv chieu quan tinh K se
den nhine diem cach ¢oc toa do O mot khoang la 7 = ¢f va toa do
ctia nhune diem do thoa man phuong trinh:

ct - x -V -z 0 (36.1)

Hoan toan tuong tu. den thor diem t' tin hieu trong he quy
chiieu quan tinh K' sé dén cae diem cua mat cau ban kinh ct' va
toa do cua nhung diem do thoa man phuong trinh:

2 2 12 y 2 s s ¢
c’t” ~-x"-y° -2 =0 (36.2)
Phuong trinh (36.1) va (36.2) co dang nhu nhau.

Néu ta sit dung phép bien doi Galilée:

X ¥ + 9.t

y =y

z2 =2 (36.3)
=t

va thav (36.3) vao (36.1) thi ta thay két qua khoéng trung véi
(36.2). Nhu vay mot lan nta ta di dén két luan 1a cac phép bién
do1 Galilée khong phu hop véi tien dé hang sé anh sang.

Ngoal ra. cac phuong trinh song dién tu Maxwell ctung
khong bat bién doi vai phép bién doi Galilée.

Nhit vay co hoc phi tuong doi tinh bi bé tac va can phai
dudge chinh xac hoa sao cho cac phuong trinh co hoc va cac
phuong trinh dien dong luc hoe phai bat bién do1 vér mot phép
bien doi chung khi chuyén ti hé quy chiéu quan tinh nay sang
11(; quy chieu quan tinh khac. Su doi hoi trén lam xuat hién co

hoc tuong do1 tinh dia trén hai tien dé cua Einstein.
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§37. KHOANG VA THOI GIAN RIENG CUA VAT

Mot su kien xav ra vor mot hat nao do dude dac trune boi vi
tri no1 su kién xav ra (x. v. z) va thor gian t khi su kien xav ra.

Néu ta dua vao khong gian bon clhieu x. v, z. t (hoac mot daj
luong ty lé var thoi gian) thi su kien dude dac trung bor mot
diém cua khong gian bon chiéu do.

Chung ta di xét hai su kien: mot trong hai su kien do la su
kién phat ra tin hieu anh sang tu diém x,. v, .z, o thoi dieém t
Con su kién thit hai la su kién tin hiéu anh sang dén diem x .
y, . Z, 6 thoi diem t,.

Gitta cac toa d6 va thoi gian cua hai su kién do6 ¢6 biéu thue
sau:

t,)2 = g, = .\;1)2 -y, - ¥, )'3 - lz, - 2, ¥ = 0 (37.1)

Dai lugng (x, - x])2 + (¥ - }71)3 +(z,y - z])2 = l; L
binh phuong khoang cach gitta hai diém trong khong gian ba
chiéu thong thuong.

Tuong tu nhu vay ching ta c6 thé goi khoang cach gitia hai
diém cua khéng gian bén chiéu hay khoang gitta hai su kién
nhu sau:

Khoang gitta hai su kién dude goi la dai luong s, . ma binh
phuong ctia né dude xac dinh bai cong thiic sau:
stz = ¢ (1y - nf - (xy - -‘51)2 -2 - wf - (2 - zf = (37.2)

Dé cho hai su kién vo cing gan nhau thi binh phuong cua
khoang la:

ds* = c?dt* - dl° (37.3)

Nhu vay d61 vé1 hat su kién: phat ra va dén cua tin hiéu

anh sang thi
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As™ =c At” - Al = 0 (37.4)

T tien dé hang s6 cia van toc anh sing ta suv ra dane
thite (37.1D) ding vl mor quy chicu quan tinh va suy ra néu
khoane bane 0 3 hé quv chiéu quan tinh K thi né s¢é bane 0 4
bat kv heé gquv chiéu quan tinh K' khac. Nhu vav khoang enia
har su kien phat ra va dén cta tin hieu anh sang bang khong
done that trone tat ca cac he quyv chieu quan tinh.

Tu nhung nhan dinh trén ta suv ra rang khoang As eitia
cac su kién trong he quv chieu quan tinh K lién quan voi
khoang As' gitia cac su kién do trong he quy chiéu quan tinh K
bai bieu thiic sau:

As' = ads (37.9)
g do a la mot so nao do.

Do tinh binh dang gitia hai hé quv chiéu quan tinh K va K

nen ta co the viet,
As = aAs (37.6)
G do a ¢o gia tri nhu ¢ (37.9).
Nhan (37.5) vé1 (37.6) ta dudc:
Ag' A = g ds s’ a” = 1 v a4 =41

Do dau cua khoang trong moi hé quy chiéu quan tinh phai
nhu nhau nén ta phai loaia = -1.

Nhu vay ching ta di dén két luan 1a khoang gita hai su
kien 1a mot bat bién.

As' = As (37.7)

Dua trén tinh chat bat bién ciia khodng ching ta co thé viet:

As* = ¢ AV - AlF = ¢ AtF - NI (37.8)

Bay gio chung ta xem xét mot hat nao do chuyéﬁ dong deu

vol van toc  tuong doi vér hé quy chiéu quan tinh K. Gia s doi
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val hat do xav ra har su kien cach nhau mot khoang thor gian
la dt trong hé quy chieu quan tinh K. Chung ta dua vao he quyv
chieu quan tinh K' ma tuong dor var no hat diing ven Tronghe
quy chiéu quan tinh K' nav khoang thoi gian giia har su kien
dang xét se la:

dt' = 48 (vids® = c*dt” - dI”* va dl' = O (37.9)
c

Ta dé dang thav rang khoang thoi gian dt' dude do bang
dong ho chuvén dong tuong doi véi K cung vl hat. Thoi gian
dude tinh theo déng hé chuven dong cung véi vat dude goi la
thoi gian rieng cua vat do. Ta ky hiéu thor gian rieng la t© va ¢o
thé viét:

ds

dt = — (37.10)
C

Vi ds la bat bién. ¢ cung la bat bién cho nén thoi gian riéng
cua vat dt ciing la bat bién.
Bay gio chung ta di tim mo1 lien hé gia thoi gian rieng dr

véi thoi gian dt dude xac dinh bai dong ho caa hé quy chiéu K.

ds  ycldt? - di®
C

d‘[ = s
c
2 o2 _ d12/dt2 )
(e B
C il

. § "y _ )
T la van toc cua hat chuyen dong tuong déi voil K ta ky

hiéu la v.

dt = dt,1 - — (37.11)
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T cong thie (37.11) ta ket luan rang. thoi gian rieng cua hat
nho hon khoang thor gran tuong vinge he "bat dong” K
Cone thue (37 11) nhan duoce cho truong hop chuven dong
déu cua hat. Tuv nhién. no cane dung cho truone hdp chuvén
dong khone deu. Do vav dé cho mot khoang thor gian hiu han
chung ta co the viet bieu thiic:
A
At = J | \,[1 -V-------_(,--‘ " (37.12)
o\ g

C

v = v(t) Ia van toc cua vat chuven dong khong deu.

538. KHONG GIAN MINKOVSKI

Khac vl quan niem khong gian va thoi gian R x R cua vat
lv kinh dien phi tudng doi tinh. trong dé thaoi gian dude xem la
tuyét doi. trong vat ly kinh dién tuong do61 tinh. khong gian va
thol glan quan niem la mot khong gian bon chieu. ky hiéu la
R "' trong do mot véce to deu ¢o bon thanh phan:

V = (V'. V) .V e R*" (38.1)

vGl V' gol 1a thanh phan thoi gian cia V. con ba thanh phan cua
véc to ba chiéu V la cac thanh phan khong gian ctia V.

Noi1 rieng. véc to toa do co dang:

A=, T = {ct, ) (38.2)

Cac véc to cua khong gian R dude goi 1a cac vée to bon
chiéu.

Trong khong gian R™'. nguoi ta phan biet hai loar thanh
phan cua véc to:

Cac loar thanh phan thi nhat cé dang:
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VE= (VVV) L V= (V) Li=1.2.3:0=0.1.2.3  (383)
ool 1a cac thanh phan phan bién ctia véc to V.
Cac loai thanh phan loai hai theo dinh nghia ¢6 dang sau:
V. = (V,. V) .1=1.2.3. : u=0,1. 2.3 (38.4)
goi 1a cac thanh phan hiép bién ctia véc to V.
Giutta hai loal véc to trén ta co he thic:
Vo=V .V, = -V ,1=21.2.3 (38.5)
Néu dua vao ma tran

(1 0 0 0

' - -V - v oy b L& 3 )
g g‘““ 0 O l 0

0 0 0 -1

go=1 .8, =8» =8 = -1, guw = OKhip 2v
thi (38.5) dudc goi viét dudi dang sau:

Vo =D gV’ (38.7)
Néu dung ma tran ngude (g"") ciia ma tran (g,.,) voi
> ' e = 00 g™ =g, v 20123 (388)

thi (38.5) ciing lai ¢6 thé viét dudi dang:

\VA T Z g"v vV, (38.9)

Ta luu ¥ rang cac téng & cac dang thic (38.7). (38.8) co chiia
cac chi s6 lap lai hai lan. D& don gian héa. véi nhitng tong nhu
the, tir nay vé sau ta bo dau . Thanh thu, theo quy ude nay cac
ddng thitc (38.7) . (38.9) c6 thé viét gon lai nhu sau:
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vu = gu\ V\ , VU 2 g“\’ V\' (3810)

Vé mat hinh thie ¢6 thé chimg to rang cac luong
¢ O , . . .
- - ——— tuong tmg la nhung thanh phan hep

O X («xpl

bien va phan bien ciia mot véc to bon cluéu nao dé goi la véc to

oradién bon chieu.

Bay gio ta dua vao khai niem tich vo hudng trong khong
oran bon chiéu R noi trén. Cho hai véc to bon chieu A va
B. lugng

(A.B) =A"B, =A,B" =g, A"B" = g"VA,B, (3811

oo1 la tich vo hudng cua vée to A, B. Tich vo hudng (38.11) con
co dang cu thé nhu sau:

<A.B> - A()BO —‘Al Bl _—AZBB - A;gB;g s

) 15 5 e . e (38.12)
= f\( B) o A]Bl — A" B- - A B

Giua tich vo hudng trong khong gian R™' duge dinh nghia g
tren va khai nmiém tich vo hudéng trong khong gian Euchid thong
thuong c6 gi giong nhau va khac nhau? Trude hét ta thay rang

cac tinh chat sau day la nhung tinh chung:

(A.B+C) = (A B) + (A C) (38.13)
(A.B) =(B A) (38.14)
(aA.B) = (A,aB) =a(A.B) (38.15)
ae C.

Su khac nhau gitta cac tich vé hudng néi trén la ¢ ché trong
khong gian Euclid théng thuong thi tich vé hudng c6 tinh chat
xac dinh duong, con trong khong gian R*' thi theo (38.12) ta co:

(ALA) = A} - A} - A5 - A5 = A] - A? (38.16)
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Ludng nay cé thé ¢6 dau duong hoac dau am. tic la khong co
tinh chat xac dinh duong. Vi cac ly do d6. khéng gian R"'. & do
thiét lap tich vé hudng (38.11) . goi la khong gian gia Euchd.
Nguoi ta con goi khong gian nay la khong gian Minkovski.
Trong khong gian Minkovski R*"' (khéng gian gia Euclid)
Néu (A. A) >0 thivéctos A goila dong dang thoi gian. con
Néu (A, A) <0 thivéctd A goila dong dang khong gian.
Theo dinh nghia (38.11) thi binh phuong cua khoang sé
duge viét nhu sau:

—

ds® =dx” -d1® =c*dt* - dI” = g, dx" dx" =
_ Hv s H
=g" dx, dx, = dx"dx,

(38.17) .

Trong khong gian gia Euclid (khong gian Minkovski) R*"',
khai niém khoang cé vi tri tuong duong nhu vi tri cua chiéu dai
trong khong gian Euclid . Theo (38.17), khai niém khoang dudc
xac dinh bai cac lugng (") hay (g.). Thanh thi cac ludng do
tuong tng goi la métric phan bién va métric hiép bién cua
khéng gian R*"' .

V61 khong gian tuyén tinh noéi trén cé thiét lap mot tich vo
hudng, van dé quan trong la nghién cttu cac anh xa c6 lién quan
dén tich vé6 hudng d6, dac biét 1a cac anh xa bao toan tich vo
huéng ,va day chinh l1a diém chu yéu, tit d6 suy ra dude nhiéu y
nghia cua khéng gian gia Euclid dang xét. Qua vay, ¥ nghia cua
bat bién co ban.

As* = Inv , ds® = inv (38.18)
dé ra ¢ §37 khi néi dén nguyén ly tudng d6i Einstein, la & cho
dit van dé tim tap hop tat ca cac phép bién d6i tuyén tinh L cua
khong gian gia Euclid R”' ¢6 tinh chat bao toan cac tich vo
hudng sau:

(LX,LX) = (X, X) = Inv
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(LdX . LdX) = (dX.dX ) = inv

Ta sé thay d muc sau do chinh la cac phép bién do1 Lorentz.

539. CAC PHEP BIEN DOI LORENTZ

() §37 ching ta da biet khoang As gitta hai diem cua khong
oran bon chiéu la mot bat bién ¢o nghia la né nhu gia tri tuyét
do1 ctia mot véc to cua khong gian bon chiéu. Neu dua vao véc to
toa do

i - 2 = 3 =

x = &X' =et, x' =x .%" = y . x° = g)thibinh phudng
cua khoang sé co6 dang:
As’ = (AX")? - (AX')* - (AxY) - (AxP)? = ¢ (At)? - (D) (39.1)
Dat cau hoi: Phai dung phép bién dé1 toa do va thoi gian
nhu thé nao, dé khoang la mot bat bién khi chuyén ti hé quy
chiéu nay sang hé quy chiéu khac.

Nhu ta da biét. khi chuyén sang hé toa d6 khac, cac véc to
bon chiéu sé bién doi theo quy luat tuyén tinh:
¥ =l x’ p,v=0,12,3 (39.2)
Phép bién déi nguge ky hidu la:
i =g x" wpv=0123 (39.3)

\f
O do a! 1a cac hé s6 ctia phép bién doi ngudc.
Dé binh phuong ciia mot véc to bon chiéu la bat bién thi
phai co diéu kién sau:
g X' X =gu.x" x¥ (39.4)

Thay (39.2) vao (39.4) ta dudgc:

H

b x" ay x7 = (thay doi vi tri cua cac chi s§

g.vX' X' =g,.0a
camp & p va v & o) = x'x" g afaf

T didng thite nay ta suy ra diéu kién sau:
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gmu G, = Eyuv (39.5)

Vi g, 2 0 chikhi p = o do vav (39.5) c¢6 thé dude viet

lai don gian nhu sau:

gﬂpa‘ al = Buv (39.6)

Dé chop = v = 0 thi diéu kién (39.6) sé la:
(ag)? - (@) ~ (@3)® = (@3)® =1 (39.7)

Dé cho p=1. v =2 thi diéu kién (39.6) sé la:

(aO afj - (’a{,al) - (af ai) - (o u‘i_f) = 0 (39.8)

Mot diéu hién nhién la cac hé sé cua phép bién d6i ngudc
a ¥ ciing sé thoa man diéu kién tudng tu nhu (39.6).

Bay gio ta di tim mé1 lién hé gita cac hé so o! va o . Su
dung cac cong thiic (39.2) , (39.3) ta co:

x" = atal x' = x"alal (39.9)

no_
X =, p

Mat khac ta lai co:

xh = xV§H (39.10)
T (39.9) va (39.10) ta suy ra:
a;,at’ = st (39.11)

Chung ta dé dang nhan thay rang hé cac phuong trinh
(39.11) sé dude thoa man néu ta chon

gl =al:ad=-al ;@ =ak:ik=123 (39.12)

Pung vay. khi p =v = 0 thi(39.11) sé c6 dang:

— 0 — 0 0 — 0 1 — 0 2 — 0 3
x,ob =1 hay @gag + @ g + Toag + ATygoag =1

P <

Néu ta thay (39.12) vao vé€ trai ciia biéu thuc trén va st
dung (39.7) ta sé chiing minh dugce vé trai dé6 qua thue bang 1.
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ro)

(UH)E : ((1,,1,): - {(’lﬁ): (1 ;;)" = ]

Khi - 1.v - 2thiveétrai cua (39.11) co dang:

- S S 3 B
N N IS SR S N T SSVERR S RVRN o AR S O R N

- —— — — ) -—

Nen thav (39 12) vao bieu thie tren va su dung (39.8) ta dudc:
] 0 ‘ e 1 1 ‘ |
(J i1 1 - E [ '| L . T of ] (¥4

— ] i
Ay Ay

S s

i) ()

(@ o, ) (u} al) --‘-(u,'; as) +(ayay) = 0

Cac dang thiic (39.12) co the viet gon lai trong mot cong
thtc sau:

LB = 6,8, (39.13)

- ~ - . . ~ ; ' ~ ~ '_‘{} (J
Dung vay. khi pn =v=0thig, = g, vivay a; = a,
Khi t =0, v=1#0hodcv=0,u=120,1=1,2.3
0 —i — 0

i = Ty, g = Oy

thi g, = fg*-i vVl vay o
Khi o =120 .v=k #20,1.k=1, 2, 3 thi

- ks Al — L‘____ 1

il

O
1=

Trong ly thuyét tucng dor hep. thong thuong nguoi ta xét
qua trinh chuvén tu hé quy chiéu quan tinh K sang hé quy
chiéu quan tinh K'. chuyén dong thang déu tuong doi véi K véi
van toc v, doc theo truc x nhu hinh vé 18.

Khi do ma tran caa phép bién doi ciac thanh phan cua véc

to ban kinh bon chiéu sé ¢6 dang sau:

a , a []] 0O 0

B} = [®o @y U 0 (39.14)
0 0 1 0
0 0 0 1
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a /v\ xz :"'(2
Xur = X
v——p
VG
o e 5 .
Q D »1 x1
Hinh vé 18

Bon hé s6 khac khong ¢ trén khong phai la doc lap tuyen tinh.

Pé cho u=v=0tada co cong thic (39.7). Thay (39.14) vao
(39.7) ta dudgc:

of - if =1 (39.15)

D61 véi phép bién d6i ngude ciing c6 hé thic tuong tu

(39.15)
@f - @i =1 (39.16)

Thay (39.12) vao (39.16) ta dudc:

@ef - Caff = @ - @ =1 o1

Bay gig ta lai viét cong thic (39.6) dé cho truong hop khi u
=0vav=1tacoé:
ada? - ajal! - ala? -adal =0
Thay (39.14) vao ddng thitc trén ta dudc:
ajal —ajal = 0 (39.18)
tu (39.15) va (39.17) ta suy ra:
(@g)? = @)? =2al = ta? (39.19)
T (39.19) va (39.18) ta suy ra hai truong hdp sau:

S0 1 o 0 _ 1
apg = a7 néu a,; = a,
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1

0 0
B = ---—(I]I neu o, = -,

Ta biet trong truong hop gigi han khi K' = K (van toc
chuven dong cua K' tuong doi var K bang 0) thi ma tran cua
100 0)
010 0
0010
0001,

phep bien dor phar la ma tran don vi

Do vay ta phai loail truong hop thu hail va chi lay truong
hop thi nhat:

0 T . g wia: gl
ay = oy .a) =ap. Conghia la ma tran cua phép bién d6i
se la .
p
a, a, O O
t) = jo1 ®0 O 0 (39.20)
0 0 0
L0 0 1
N3 0

Ma tran (39.20) chi c6 mot hé so6 doc lap tuyén tinh thoi vi

hai hé s6 trén phai thoa man céng thic (39.17):

= 0.2
(u())

(@})’ =

o

(0‘1)2 = 1

(39.21)

St dung cong thice (39.12) ta sé nhan dudc ma tran cua

phép bién doi ngudc:

~ 8§ * &g
0 0
0 0
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Nhu vay phép bién do1 cac thanh phan cta vée to ban kinh

bon chiéu sé la:

A § M N0
X 1 & 6y 0 0 X
x' ‘ X
= %1 g U O (39.23)
o ) _f
X~ 0 0 1 Ol X
r :
X" ; () 0 0 1/ x”
hay la
. (39.24)
1 0 1
X = oX + opX =ajct +apXx
X = X
& o %3

Bay gio ta viét phép bién déi (39.24) cho diém goc toa do O

caa e R:x' = 0. x' 2 vt
v .
0O =a;ct + ajyvt :balr——aﬂ—c(—) (39.25)
Thay (39.25) vao (39.21) ta cé:
@)? - (@) 0 =1 =0y = ——t (39.26)
g ' v;”),
o2
va tu (39.25) , (39.26) ta suy ra:
Vo
@y = & (39.27)
v
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—

V % > i
L thav (39.26) . (39.27) vao (39.23) ta thu

Kv hiea =
(.

dvioc cac phép bien dor saw:

0 X' [’»xI
X ;
\/1 - f3- o
[““ o (39.28)
x] _.’.':...7‘ St
% )
\ - x.

Cac phép l')ié'n d61 nguage sé la:

0 J + [3)\].

‘/—Bu (39.29)

Néu thay x" = ct.x' = x . x* = yv.x' = zvao (39.28) va

(39.29) ta dudgc:

t— =X
t = . 5.
1- p- (39.30)
e
\' _ \.() +‘,X
\/1— B~
y' =y
2 = z
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t'" 4+ , X
O ]
V1 - i (39 31)
vt + X
x o - '!'_'_"Z" e e p S
\;‘1 [} =
y =V
z = 7

Cac phép bien do1 (39.28) . (39.29) . (39.30) . (39.31) duoe
gol 1a cac phép bien doi Lorentz.
; . . i o Vg b e s
Trong truong hop khi v, <<c¢ thityso = — ¢o6 theé bo
&
qua va cac phép bién do1 Lorentz khi do sé trung véi cac phép
bién do1 Galilee.
T cac phép bien doi Lorentz ta suy ra cong thiic bién doi
do dai khi chuyen tu hé quy chiéu quan tinh nay sang he quy

chiéu quan tinh khac nhu sau:

(39.32)

l = l“ 1 e

I, La do dai riéng cua vat trong hé quy chiéu quan tinh ma
tuwong doi vél no vat ditmg veén.
| La do dai cia vat trong hé quyv chiéu quan tinh ma
tuong dé1 vol no vat chuven dong véi van toc v
Bay gio chuing ta tim cac phép bién doi cac thanh phan cta
véc td van toc cua hat
dx' : dv' | dz

V, = +— | V., = — vV, = —— (39.33)
* gt ; dt' dt'



Lav vi phan (39.30) ta co:
Vi

d t o odx
dt' AN
vl - B~ (39 34)
, v, dt + dx
.y = e
J1 - B

dyv' = dv
dz = dz
Thav (39.34) vao (39.33) ta thu dudc:
"'V” + \r,"(

vV, =
X
; Vv
0
i= 5 ¥V

v 1 - J
i ‘[ : (39.35)
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Chuong 8

CAC PHUONG TRINH CHUYEN DONG TUONC
DOI TINH

540. VAN TOC BON CHIEU, GIA TOC BON CHIEU

Nhu chung ta thay dl va dt khong phai la cac bat bién. Tap
d x*

hop bon dai lugng Ty khong co tinh chat cua véc to bon chiéu

. ~ 7. . i A 5 d x‘u (1 X“
vi dt khong phai la bat biéen va ———
dt dt

khong bao toan gia

tri do1 vl phép bién doi Lorentz khi chuyén tit hé quy chiéu
quan tinh nay sang hé quy chieu quan tinh khac.

. ) o o4 » ds
Tuy nhién. ta nhan thay thoi gian riéeng cua hat dv = —
G
lai la bat bién. do vay cac dai higng.
dx" dx”
" = =c— (40.1)
drt ds

co cac tinh chat cia mot véc to bon chieu va dude goi la van toc
bon chiéu cuia hat.

Tuong ti ta goi véc to bon chiéu véi cac thanh phan

2 h K H
W' - d X_) sz d s e (j_"__ (140.2)
dt? dr ds

la ¢1a toc bon chiéu cuia hat.

144



Ta da biet dx = (o dt dx . (I)’ .dz)

dooodty1 o ptop Y

(
do vav van toc borehieu duoc viet ca the nhu sau:

l

O do + 1 vée ta van toc ba chieu binh thuong cua hat 6
cac thanh phan (v s Vi s Vs )

=)

. . ‘ A ) 5 o o
[rong truong hop khi v << ¢ thi — ¢o the bo qua va cac

¢

thanh phan khong eian cua veée tdg van toc bon  chieu

c” V 2
TEET SRS, S — = ¢~ (10.4)

541. DONG HOC TUONG bOI TINH

Chung ta da biet cac phuong trinh Newton bat bien doi vai
cac phép bhien doi Galilée. nhung khong bat bien don var cac
phép bien doi Lorentz. Vi vav de thoa man dude neuven ly
tuong dor cua Eimstem. dinh Tuat tha har eia Newton can phai

dude thav the bar dinh Tuat tone quat hon.
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Ta thay rang khi p tién tdi O (co6 nghia la khi van toc cia
hat v nho hon rat nhiéu so vé1 van toc anh sang trong chan
khéong c¢) cac phép bién d6i Lorentz chuvén qua cac phép bien
d61 Galilée. Do vay. can phai véu cau cac phuong trinh chuven
dong tong quat cé bat bién tuong doi tinh khi v << ¢ phai quav

vé dude cac phuong trinh kinh dién Newton:

....(.l.__ (lnvi) = Fi -] = ]23 41.1)
dt

Su tong quat hoa cac phuong trinh (40.1) dude thue hién
mot cach suy rong tu nhién bdi mot biéu thic tuong tu (41.1)
nhu sau:

a‘jl__ (mu") = K" . pn =0.1.2.3 (41.2)
T

d d6 v la thoi gian riéng cua hat.
m la khéi ludgng ctia hat (dai luong bat bién mé ta tinh chat

quan tinh cua hat)

L

u* 13 cac thanh phan ctia van téc bon chiéu.

K" 1a véc to bon chiéu va dude goi la lue Minkovski.

Cac dai lugng K" phai dude xac dinh sao cho khi v << ¢ thi
cac thanh phan khong gian ctia phuong trinh(41.2) phai dugce
chuyén thanh phuong trinh (41.1) va ciing tuong tu nhu vay

trong truong hop nay cac thanh phan khong gian cua van toc

~r . A -~ A ~ ~ o - ~ —
bon chiéu sé chuyén thanh van téc thong thuong v.

¥
£

-

Y

Ta da biet dt = dt 1 = e

-

C
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\'[‘I 11 ( i .1l ) \ gy N ol P (4 ] . 3)

sal
(41.4)

.1=123 (41.5)

(41.6)

1 = 1,23 (41.7)

Néu ta xac dinh cac thanh phan khéng gian cta luc
Minkovskil K' sao cho chung lién hé véi cac thanh phan cua luc
thong thuong ba chiéu F' theo biéu thitc sau:

Fi= Ki\jl - (41.8)

C

thi ta thay rang. trong truong hop khi v << c (41.7) sé quay lai
thanh cac phuong trinh Newton (41.1).
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e xac dinh thanh phan thor gian caa lue Minkovski

chunge ta nhan phuong trinh (41 2) vor van toe bon cliea u

] du" .
K'a, =m——-u,=mW"u (11.9)

-

i
(0 day m la bat bien cho nen ta da dua ra ngoar dau dao hann.

Lav dao ham theo t© dang thie (10 ta duoc:

i (' =0 Tu do =uv ra
drt '
(lll“ ( d“n ; ’
——u, +ut ——=W"u +ut'W, o= 0
s & dt ' ' (41.10)
= W"'u, =0
Tw (41.9) . (41.10) ta suy ra phuong trinh sau:
K", =K"uy-K'u, =0, 1 = 124 (41.11)
Thav (41.3) . (41.8) vao (41.11) ta dudc:
ko ¢ Fvio g
—
B o— 1~
\ c” ¢
F'y. F v
}{() = M = - f;“:T;"Y*——-"-“ (1]12)
2 | 2
¢, M c L1 v.

K'=|K'= =Y K= F |iz123 @
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Tich vo hudng ctia hai vée to ba chieu F.v cho ta cong ctia
hic I san ra trong mot don vi thar gian tren hat. Cong nav lai

. Nhu vay d61 vdi

bang toc do thav dor nang luong cua hat 1
(1t

K'ta co the viet lai nhu sau:
1 - dE
: (41.14)

v}

K S N
I 2 dt

d do E la nang lugng cua hat.

Nhu vay chung ta da thiét lap dude phuong trinh bat bién
tuong do1 tinh tong quat ciua dong hoc cua hat. Do 1a phuong
trinh (41.2) vor luec Minkovski (41.13).

Cac thanh phan khoéng gian cua phuong trinh (41.2) da

dude viet dudi dang (41.7) . (41.8) va khi v << ¢ thi ching quay

la1 thanh cac phuong trinh Newton.

Con cac thanh phan thei gian cia phudng trinh (41.2) ¢6

the viét dudi dang sau:
\ 14) 1 dE

( . -y (41
d) e = K°41-v3/c? = (41.15)
¢ dt

dt{ \/’1 ~ ¥ 162

Tuw (41.15) ta suy ra biéu thic tuong d6i tinh cho nang

lvong cua hat:
0
;o
= (41.16)
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§42. XUNG LUONG BON CHIEU (VEC TO NANCG
XUNG LUONG)

Trong co hoc kinh dién xung lhiong cua hat la vée to ba
chiéu véi cac thanh phan
)ikll

pi = mv:. 1 =523 (42.1)

Tuong tu. xung luong bon chiéu dude dinh neghia 1a vee to
bon chiéu véi cac thanh phan sau:

8]

pP = mw , u=0123 (42.2)

d do6 u* la van toc bon chiéu

Thay u* = ( l vao (42.2) ta duoc:

oot ]
i mc mv ,_
pr _ puz = p': e i (42.3)
v1-v°/c” Jlmv“/c“ }
Ta dé dang thay khi v <<cthi p'= fﬂi@ ————— > M
[ v

(xung luong kinh dién). Vi vay, ta c¢é co sd dé chap nhan biéu
thitc tuong dé1 tinh cia xung ludng.

pf = it (42.4)

1 -

v

)
A

G

Con thanh phan thoi gian ctiia xung luong bon chiéu. nhd

cong thic (41.16) ¢6 thé viét lai nhu sau:
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e [ .
p' ( = T (42.5)

Kot qua ta thu duoe xung hiong bon chieu cua hat tuong
dor tinh la:
‘E . E mv' | | ,.
o 2B o e | L i = 1.2.3 (426)
y / A 2
: ' ‘Vl -V /(: )

* /

d do E 1a nang luong cua hat tuong do1 tinh. Véce to xung luong
bon chieu do1 khi con dude goi la véc to nang xung hudng.

Bay gi10 ta di tim binh phuong cua xung ludgng bon chiéu.
Tw (42.6) ta co:

g
N 0 ] ~ 2 o "
PPy = PPy~ PP = — — 1 (42.7)
o2
Mat khac ta co:
‘) )4

p*p, = mutmu, = m uu, = m ¢ (42.8)

Tw (42.7) . (42.8) ta dudc:
) D 9
E- = ¢*p* + m-c’ (42.9)

Bieu thic (42.9) cho ta moéi lién hé chat ché gida nang
liong E. xung luong p va khoi luong m cua hat.
Néu thay p tu cong thiic (42.6) vao (42.9) ta dugc:

2.2 2 4
2 2 My 9 . m c
E° = ¢° —— + m°c’ = ————hay
1-v~/c” 1=-v*/e”
me”
E (42.10)

: ‘\/1 - v¥/c”

O day nang luong khong chita thé niang cua hat trong
trudng ngoai.
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P61 var hat diimg yven (khi v = 0) thi nang luong cua hat se
la E; = m c¢*

§43. TICH PHAN TAC DUNG DOI VOI HAT TUONG DOI
TINH

Chung ta di tim tich phan tac dung cho hat tu do. Tich
phan tac dung can phai bat bién doi véi phép bién doi Lorentz.
Do vay né can dudc chon tit cac vo hudng. trong do vo hudng
phai c6 dang vi phan bac nhat. Mot vo hudng duy nhat cua dang
d6 ma c6 the thiét dat tuong tng vdi hat tu do la dai lugng ty lé
vl khoang ds . Ky hiéu hé s6 ty 1é la a. chung ta sé nhan dudc
dé cho tich phan tac dung ctia hat tu do biéu thitc sau:

S = [Tads = [ay - di* =

) (43.1)
= L“acxfl - vZ/c* dt
% & al .. . o s
gdo v = T la van toc cua hat tu do.

> 2
So sanh (43.1) vé1 biéu thiic S = J;Ldt ta suy ra ham

Lagrange cua hat tu do tuong d61 tinh la:
Li = ac\/ 1- v?/c? (43.2)

Trong giéi han kinh dién khi v << ¢ thi ham Lagrange

(43.2) can phai quay vé dudc biéu thuic:

i = mv > (43.3)

Lo | —

Ta di phan tich (43.2) thanh chudi luy thua theo (v/ c) va

bo qua cac s6 hang nho bac cao:
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*J

S / V: \ T
], ; (1.('\/1 vo/lceT racl ] ]

— | =ac s
c” ) 2c

Theo Iy luan & muce nguyen ly tac dung to1 thiéu ctia chuong

L 4

i . L . A 2
. s0 hang «c c¢o the bo qua. do vay LL = ~« Pt Deé trong
2C

triucng hop kinh dién ham Lagrange L. ¢6 the quay vé dude dang
(42.3) thi ta can dat a = - me.

Keét qua ta thu dude ham Lagrange ctuia hat tu do tuong doi
tinh:

L =- 111(:3\/1 el (43.4)

Biét ham Lagrange. ta ¢6 thé tinh dude xung lugng va nang
luong cua hat tu do tuong doi tinh:

cL mv -
p = — = = - (43())
£ \/] = ° fe*
mv”~ 2, 2
E =pv - L = e+ 111("‘3\[1—\f2/c2 :

(43.6)

Nhu vay la ta da di dén cac két qua nhu da nhan dudc 6
muc tride dé cho p va E.

Bay gio chung ta lai tiép tuc xem xét biéu thite tich phan
tac dung (43.1).

S :fads = - mc fds (43..7)

Quy dao that cia hat dude xac dinh bai diéu kién
oo = 0 (43.8)
Ta di thuc hién phép bién phan tich phan tac dung
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S = - mr:SLHs = - 111:"“‘3((19) (43.9)

Ta da biét khoang ds = (dx"dx, dovay

2dx  odx™)

ﬁ(ds):ﬁ! \[dx“dx“ }* (43.10)

‘z.'\;ux ax,,

Thay (43.10) vao (43.9) ta dudc:

. 2 dx, o(dx™)
S =-mc j R

1 ds

~ dx}l dxf,l. tl}! . . e e o~
vl = — va o(dx")=d(6x") cho neéen:

ds ecdt ¢

85= —~mJ;H u“d(ﬁx“ Y=

, du (43.11)

¢ )
+1‘11L Sxt -t
1 dr

_ M
=-mu 06X
O day ta da biéu dién
up . S e . A "
du, =—-dt, rla thoi gian riéng cua hat.
T
Nhu chung ta da biét, dé tim cac phuong trinh chuyén

dong, cac quy dao khac nhau ¢6 chung diém dau va diém cuéi
dude so sanh véi nhau, co nghiala (6x"), = (6x")., = 0.

Quy dao that dude xac dinh tur diéu kién sau:

2 du
8 =m| ox* —t-dr=0 (43.12)
dr
Dé (43.12) diing véi moi & x* thi ta phai c6 phuong trinh sau;
du,
el 5D (43.13)
dt
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Phuong trinh (43.13) ¢o nghia la van toc bon chiéu cua hat

tu do tuong dor tinh 1a khone don.

Neu ta xét tich phan tac dung nhu la mot ham cua toa do

cua can tren cna qui dao nhu da lam 6 chuong 1 (So sanh cac

quyv dao that ¢o chung diem dau nhung ket thuc

du
. I . . . )
khiao nhawu) thi O vatu(43.11) ta suy ra.
dr
0S = - mu, (6x"),

vi (S x 0. Neu ky hieu (6 x"). =
ta sé ditde:

8S = -p.dx"-

o x" va luu v la

¢ nhung diem

(43.14)

mu, = p.

(43.15)

T cong tlnie (43.15) ta suv ra dude cac thanh phan hiép

bien cua xung luong bon chiew:
.,"'-.S

y = — —
Py AxM
(3 muce trude ta da chom

}

L e M L& )
p,p"=m-c” hay

‘)

Thav (43.16) vao (43
tinh Hamlton - Jacobi.

17 ta dugc

‘-)' I \:.). rd - \2 & -~ \2

OS [ S ) S ‘] S 9
0 o o B e e =]11 C
l\\ (X - ) (X ,-" ‘ f'}? /' 7

hay
p 2 ; 2 2

1 (iS (, \ f (Ib‘ (.l '_1 ;).
-1 =1 "l T —i — | —|— | =FInCcC
c\ ot CcX kr‘y) 'z

] = 2 . 3 “
“aitnh duoe dang thi

i3 16

40

{ .z
(43 17)

phuong trinh tuong dd

(43.18)

(43.19)
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Dé nhan duge phudng trinh tuong doi tinh Hamilton -
Jacobi trén. ta da su dung tich phan tac dung S. khac var tich
phan tac dung kinh dién S’.

Diéu nav dé dang nhan thayv vi nang luong lién hé véi tich
phan tac dung theo biéu thic sau;

Mat khac ta da biét nang luong kinh dién E' khac nang
ludgng tuong doé1 tinh boi s6 hang mc”.
(E = E' + mcd)
Két qua ta thu dudc:
oS oS

)
—-—=—-—+mc" hay
ot ot

S = 8 - mc*t (43.20)
Thay (43.20) vao (43.19) ta nhan dude phuong trinh doi var S':

2 2 2 /a2 |
1 88\ a8 1 |({oS) (oS S
) : - -~ - -~ * - t H:_"“ ::O
2mc- | Ot ot 2m|\ ox oy 0z )
ma trong giéi han kinh dién khi ¢ ----> « né quay trg vé
phuong trinh Hamilton - Jacohi kinh dién déi véi hat tu do.

§44. PHUONG TRINH LAGRANGE TONG QUAT, TENSO
NANG XUNG LUONG

Trong muc nay chiing ta sé thuc hién mét su téng quat hoa
quan trong biéu thiic ctia tich phan tac dung.

Trong dang tong quat do6, biéu thiic cua tich phan tac dung
sé sit dung dude khéng nhitng chi cho cac hé co hoc ma con s
dung dudgce cho truong dién tir va cac hé vat ly khac.
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T truoe tor nav ta da viet tich phan tac dune:

S |l'|,u; .. (41 1)

o do 1. 1o ham Laerange
q. cac toa do suv rong

1, cacvan toc suv rong.

Khi chune ta viet cac phuong trinh tronge dane bon chieu
chung ta da lam viee var bon bien binh dang X' X\ x. x v
chunge duoe dua vao cac phuong trimh dudr dang nhu nhau

Bav ¢io chune ta di tong quat hoa va biéu dien tich phan
tac dung dud dang sau:

S - ]'[ L. (_q !.(‘]:n_.x“.x].x:.x': }ix“dxl{lxjdx" (14.2)

C

o do q, latap hop cac dar luong g, . q. . ... xac dinh trang
thai cua hé (q, cac tham s6 ctia hé). S cac tham sé d6 ¢o theé 13
bat kv, noi riéng ¢o thé 1n vo cung.

q.. 1a tap hop cac dao ham riéng cua cac tham s0 q,

theo toa do x".

v=(123 (44.3)

s a1 Y L
Heé so — duoce dua vao dé cho thuan tien
{\

Cac da1 luong q, . q,. dude xem nha la cac ham cua cac toa
do x. x". x. x". Truong hop riéeng q,.q . chi phu thuoce vao x'. ¢o

nghia ld q,=q,(t).q,.=q,.(t).



Ta bi€t ring —a = Ju_

. cho nén ta dudc.

oxVoxt o oxMoxY
('q:n' Ffl:-sp
— 4 W4 B
- me (44.4)
(X (X

Pé thiét lap su tuong tng gita (44.2) va (44.1) cliing ta hru
¥ véu to thé tich bén chiéu dV' lién quan véi véu to thé tich ba
chiéu dV bdi biéu thic sau:

dV' = dx"dx'dx?dx’ = cdtdV (44.5)

Thay (44.5) vao (44.2) ta co:

S =[L'dtav =[ dt[ L'av (44.6)

So sanh (44.6) véi (44.1) ta dudc:
= [ Lav (44.7)

Nhu vay L’ chinh la mat d6 cia ham Lagrange L ctua hé

dang xét.

Déi véi hé vat ly kin. khi L" khéng phu thuéc tuong minh

vao x", x'. x% x’ thi tich phan tac dung sé c6 dang:

1 * . ¥* _
= = .[L (q.,.G,.) dV (44.8)
C

Bay gio ching ta tim phudng trinh chuyén dong cho hé kin,
c6 nghia la S = -l—j L'(q,.4,,)dV . Ta bién phan S va cho
C v
S = 0

oL .
j Z(q’ G+ 2 o |d pve e
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rm < - = f'(l‘ (
Thay 8q,,= §——=—-(38q,) vao (44.9) ta dudgc:
i &

& q, el 0

v

oS = EJ.LEE‘Liﬁq ) :ltm—im ~0q Jd\’ (44.10)

So hang thi hai trong ngoac vuong cua (44.10) c6 the viéet

dudl dang sau:

S‘ IL_ -—i-f(ﬁq‘, ) = Y : F i oq., |-
o 0G4y 0% ~ OoxV{ 7q,, )
(44.11)
=) - .(.L 0q;,
~ \oxY fa,,
Thav (44.11) vao (44.10) ta co:
r i A {’ - i B N\
- 1 ('14 5 g ('IJ
S = - —93q,, — : oq, +
C'[ LZ, (Q’q:u . ; t X ' (“:Q.’I\' J .
} | (44.12)

St dung dinh 1y Oxtrogradski - Gauss md rong. ta di tinh

tich phan so6 hang thi ba cua (44.12):

jv‘ %L; ;;i—;\ (%:” ﬂd\f §Y{ ,:q :\ a., ds’, (44.13)

6 do S" 1a mat bon chiéu kin bao thé tich bon chiéu V',
Trén mat bién caa the tich bon chiéu cé diéu kién 6q, = 0.
Do vay ta suy ra tich phan (44 .13) bang O.

Nhu vay diéu kién 8S — 0 dude viét tuong minh nhu sau:
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, VAW
¢ - (q

] | 1. -~ ¢ L
3S = = f DIRE Yy oq dV = 0 BEREE
Deé bieu thice nav dung vor mor oq thy tu (B 1D ta thu
duoc cac phuong trinh Laerange tonge quat sau.

‘L. ¢ (L ‘ )
LI~ ST RO SERET
- - \ -

( (l , \_ (N ‘.] ok

gdé a= 1. 2 3.
v=0.1.2 3.

Tu (44.15) ta nhan thav: trong truong hop . cht phu thuo
vao x ' (co nghia la chi phu thuoce vao thor eran) thi phudne trinh
Lagrange tong quat (44 13) sé quav trd lai phuone trinh
[Lagrange binh thuone.

i ti L |
LS T
cq., dt 7q,

Bay gio ta nhan (44.15) véi va thuc hien lav tong theo a

ta dudc:

¥

cl. % t“l,' ;.
Z et © Z (e =0 B (11 16)
N (qu LN (X ((11\
Biou thie (44.16) co the viet nhu sau:
- f’ - ' E - g -
v L 4 it IO e N ISR ol 2 CI
‘__‘ it Ly w8 Akt o~ . i B - \: it
‘" C q., an IR k Q. : RS (q,v X
(14.1°1)
- . cq, (4, Q.
Fathay q,,, = ALE et {5 i
(-x;l ( X\ (HX“

vao ta duoc:

| )



‘;., (Al i e‘AI] ; an ¢ | _ f- l)..l \" fql J" r.—(-] l..\'

- : . (I‘nu - / -

=, fx" N & ¢ —aq,. Oox"
hav I
< ¢ L. < (L q,
‘] Pl = ,‘( oy
T(n‘\—\ [lia\ ‘—g.{(ll (l:\"“
(44.18)
‘_“ f‘la "(lt\ "Aia
=, oxM cx"

Ve phat cua (44.18) ¢o the viet lar dudi dang sau:

& ,-I..‘ -~y ﬂ],;. & 4 )
AR S A N
- i - - \' pra— N
X’ \ X v (X

T (44.18) . (44.19) ta suy ra:

S TS ) by

(l.lil -~ - | 7

‘i—\‘ fﬂx\ ' Q. ) -‘_—‘ (X'

" £ S (q'l_; I &7
DR O B V4 )l (44.20)
5 (X 5 i ( Q:c,\'

Biéu thc trong ngoac vuong cua (44.20) cé cac tinh chat

cua tenso bon chieu hang hai. Ta ky hieu no boi 'I“ .
S ) U A
{1 IH ':A.A_MV o 0“ I“ (4‘1..11)

h—d f(li\

o

i

Thay (44.21) vao (44.20) ta dudc:

Z (; [ = 0. v = 01.2.3 (44.22)

Tenso T xac dinh khong don tri. Mot tenso bat ky c¢6 dang:
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Q)
T~ (44.23)

- 3 |
P X

v Y
T, =T, +

g do Q. la tensd phan do1 xiing theo chiso v va p

(Q," =-Q") sé thoa man phuong trinh (44.22).

Dung vay. do tinh chat phan dor xing Q" - - Q' ta suy ra:

e ' il y ¥ e
0" Gy 4y 0

— = = ———— dovay ————=0
A.'\": P - pﬂ.\' -'\~-'*‘s
X X (X (X (X X

Nhu vay la:
A MV
d T,

> —= =0 (44.24)

v X

Bang cach chon Q" thich hop ta luon luon co the xav dung
dude tenso dang (44.23) ¢6 tinh chat déi xiing:

T, =T\ (44.25)

Tenso do1 ximg Tu\ thoa man phuong trinh (44.24) dude goi

la tenso nang xung lugng cua hé vat ly.
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Phan 3
CAC BAI TAP

Chuong 1

Baitap 1:

Tim ham Lagrange cua con
lac phang kép (Hinh vé 19).
nam trong trong trucong dong
nhat (gia toc trong truong - g).

Giai:

- He con lac phang kép c6 s6 bac

tu do bang 2.
- Chon ¢, va ¢, lam cac toa do
suy rong Hinh vé 19
o 1 2.2 ¥y |
I = = mylypy .U, =— m,gl, cos,
X, = lLising, + l,sinq,
vo = lycosg, + l,cosg,
My ,.2 .92, Mefo.0 9.9 o
Ty =—=(x5 +Y§):——“O” [IT(Pl +15¢3 + 21 1y cos(py — 2 )Py ‘P:‘z]

Két qua ta thu dude:

m; + My 2.9 m, ,2.9 S
L = "aae I7py + S 1595 + muylyl, ¢y ¢pocos (¢ — @y )+

+(m; + my) glycosp, + mygl,cosg,
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Bai tap 2:

Tim ham Lagrange cua con | X

lac phang ¢o khoi luong m.. diem
treo cua no (var khor luone m) co
the thuc hién chuyén dong theo
phuong nam ngang (Hinh vé 20)

Giai:

- Hé nav co6 s6 bac tu do bang 2.

Hinh ve 20
- Chon x va ¢ lam cac toa do suy rong
Két qua:
m, -+ 1., .o 1., DL o
L = — XD T (I7¢p~ + Zlxgpcosp) + m,glecoso

Bai tap 3:

Tim ham Lagrange cua con
lic phang. diém treo cua con lac
chuven dong déu theo duong tron
thang ding véi tan sé v (Hinh ve
21);

Giai:

- Hé nay co s6 bac tu do la
mot.

Hinh ve 21

- Chon ¢ lam toa do suy rong.
- Cac toa do ctia chat diém m:
X= acosyt+/ sin¢g
y=-asinyt+ / cosop

Ham Lagrange cua hé la:
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.42 ] .
L = — i * mlay“sm(p - yt) + mglcos¢

O day ta da bo cac s6 hang chi phu thuoe vao thor gian. va
da loar dao ham toan phan theo thoi gian tu maly cos(p - yt).
Bai tap 4:

Tim ham Lagrange cua con lac phang. diem treo cua con lac:

a) Thue hién dao dong theo phuong nam ngang theo quy
luat a cos yt.
b) Thuc hién dao dong theo phuong thang ding theo quy
luat a cos vt.
Giai:
a) Cac toa do ctua chat diém m:
X = acosyt + / sing
v = [ cosg

Ham Lagrrange (sau khi loai cac dao ham toan phan)

)
ml- 9 .
L = ——¢” + mlay” cosytsing + mglcos¢

b) Tuong tu nhu phan a ta thu dugc:

7]
ml- o 9
Li = —— ¢ + mlay~ cosytcosqp + mglcos @
Bai tap 5:
Chtimg minh rang dang phuong trinh Lagrange khong thay
do1 néu ta thay doi1 bién so q, - cac toa do suy rong cua hé:

a - 9 @Q.Qy. ... Q. ..t)1=1,2, .8
Giai:
Khi thue hién phép bién déi bién so

Gy = 4 (Qun Qs oivevns Q. .t)1=1,2, ....8



LQQY  -Ljaa@aQ. t)]:L[q m--Q+;—_—; w ]

Do do
d oL q d L 0L d g
dtoQ AQdt g (*q dt oQ

oL fL(‘q rL(q 3 oq d dq

R 0q (Q 0q 0Q va R dtoQ
Do vay

d(ﬁﬂ}_ﬁf:ﬁq(dﬁL_ﬁL
dt{6Q ) Q aQldtag aq

Tu d6 suy ra diéu can chitng minh.
Chuong 2

Bai tap 6:

Tim cac biéu thic ctia cac thanh phan Descartes va gia tri

tuyét doi cia mémen xung lugng trong toa do trur, ¢, z
Két qua:
M, =msin ¢(rz-zr)—mrz¢cos ¢
M, =mcos ¢(zr - rz)-mrz@sin ¢
M, =mr2(p
M?=m?r* “P°(r” +2°) +m®(rz—zr)*

Bai tap 7:

Tim cac biéu thic ciia cac thanh phan Descartes va gia tri
tuyét dé1 cia mémen xung ludng trong toa d6 caur, 8, ¢.

Két qua:
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M, =~mr “(Bsing+esiBcosbeosp)
M. = mr=(6cosgp - psinBeosOsing)
M, ~mr sin” 0.¢

M- =m~r' (6" +sim” 0.¢p~)

Bai tap 8:

Mot hat c6 khor lugng m chuyén dong véi van toc v, tir nia

khong gian. trong do hat co thé nang khong do1 U, sang nia
khong gian. trong do hat co thé nang khong doi U,. Xac dinh su
thay d61 huong chuyén dong cua hat.
xiai:
Thé nang khong phu thuoc vao cac toa do doc theo cac truc song

song vol mat phang bién gitta hai mita khong gian. Do vay hinh chiéu
cua xung luong cua hat lén mat phang doé dude bao toan.

Néu ta ky hiéu 6,. 0, 1a cac goc gitta phap tuyén cua mat
phang bién véi cac van toc v, va v, (cac van toc cua hat trudc

va sau khi chuyvén déng qua mat bién) thi chung ta dudc:
v,smf, = V,sinf,
Maéi lién hé gitta v, va v, dude xac dinh tu dinh luat bao
toan nang luong va két qua la:

S.lllel . .[1 + _“é-T(Ul - I_JJ)
smo, \/ mvy

Chuong 3

Bai tap 9:

Xac dinh chu ky dao dong phu thuoc vao nang lugng kh
hat c6 khoi luong m chuyén déng trong trucng cé thé nang

U=Alx|"
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Két qua:

1 1
i ] 1/n i 3 --- 2 y
T-2./om (E/A) dx _ﬁqghlE“ 1 dy
=Z4f2IN == = = —
() 1 Al /l] (
E-Ax

1/n
g doé y:(%] X

Dat y" = u, tich phan tren sé la tich phan Euler va no
dugc biéu dién qua ham I'. Két qua la:

24/2nm r[ 1) 1
e En =2

nA'/" F[1—+ 1)
n 2

T =

Bai tap 10:
Xac dinh chu ky dao dong phu thudc vao nang ludng khi
hat c6 khoi lugng m chuyén dong trong truong cé thé nang:
U

2

-~

ch”ax
b)U=U,tg“ax
Két qua:

a)U=-

."Ug <E<0

T/2m

o
Ty/2m
RN
Bai tap 11:
Tim su phu thuéc ctia cac toa d6 cua hat vao thoi gian khi
hat chuyén déng theo quy dao Parabol trong trudng cé thé& nang

a)T:

b) T=

e ? i 9
U=— vd1 nang ludgng E = 0.
r "
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(x1ai1:

rdr
e | omme o w b,

[2(:1 M~
& r# ::
V m m°
+)
M

PDat r= mi:...__m__(l mn

D) ) \ P Py
-):B(lﬂr)vao ticu phan ta dudec biéu
2ma : 2

dien tham so cua su phu thudc r vao thoi gian t.

3 2
2 \ « 2 3

ng(l‘nz),y:pn

tham sé n nhan cac gia tri chay tu - oo dén + oo
Bai tap 12:

Ching minh rang khi hat chuyén dong trong truong  § B

r
(véi dau bat ky clia o) sé ton tai mot tich phan chuyén dong

—

N :[i'r x M]+g—{:const.
r
Giai:

—

% - av ar(v.r
N = [V X M] t - (‘3 )
r ol

m[F x V] vao biéu thitc trén ta dugc

Thay M =

- T s i av ar(v.r
N = mr(v.v) — mv(rv) + (v.r)

r r3

” ~ f? ~ - af - ~ %
Ta c6 phuong trinh chuyén dong mv = . do vay N=0
r :
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Bai tap 13:

Biéu dién cac van toc ctia hai hat sau khi va cham cua hat
chuyén dong (m,) véi hat bat dong (my) qua cac goc léch cua
chung trong he toa do phong thi nghiém.

Giai: T hinh vé 11 chung ta ¢

m
p's = 20BcosB, hay v'y = 2v—cosb,
m,

p',= AC. Dé1 véi p', ta c6 phuong trinh:
OC*=A0* +p'] ~2A0.p',cos0, hay la

Vi
-_—

L}

\ 2m v m; - my
L - —Lcos8, + — = =0
\ m, Vv m, + m,
T do suy ra:
\'a m 1 ‘ 2 . 9
L - — 1 cosh;, + ——— ‘/mf - mjsin-~0,
\Y m,; +m, m, +m,

Khi m, > m, thi trudc dau can c¢6 dau + va -
Khi m, > m, thi trudc dau can chi cé dau +

Bai tap 14:

Xac dinh ty sé gitta cac thoi gian chuyén dong cta cac hat
c6 khoi lugng khac nhau doc theo cac quy dao giéng nhau trong
cung mot thé niang nhu nhau.

Két qua:
ey
t m

Bai tap 15:

Xac dinh tiét dién hiéu dung cua su rdi cua cac hat c6 khoi
lugng m, lén mit ctia vat hinh cau cé khéi lusng m, va ban kinh
R. Cac hat trén hut nhau theo dinh luat Newton.
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Giai:

Dieu kienroi lar,,, < r. 6 do r,,, la khoang cach tu diem
can nhat cua quy dao téi tam cua vat cau. Gia tri kha di lon
nhat ciia p dude xac dinh bai diéu kién r,, = R. ditu nay dan
dén viec gial phuong trinh U (R) = E hay la:

). AP +)

Py Y P a MV
2R” R 2
d do o =y m,m. (v - hang s6 tuong tac hap dan)
- . .‘ : LA s m,m, -
Néu ta col m,))m, thita cé thé dat m=—>1—4-xm,

m, +my

Tit dang thic trén ta suy ra p?n va két qua la:

aXx

2ymy
9

Rv?

oC

c = R4l 1

Bai tap 16:

Tim tiét dién hiéu dung cta tan xa cua hat khéi lugng m

trong truong co6 thé nang U:g; (a.>0).
2
Giai:
Goc lech ¢ bang:
1
x = n| 1 - .
mp- v,

Tiét diéen hiéu dung

M

2n°a T—y dQ

do = i , —  —
mvi )("3(271—)()‘z sy
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Chuong 4

Bai tap 17:

¢ R ¢ X . A ~ . A - A ; ;
Biéu dien bién do va pha ban dau cua dao dong qua cac gia
tri ban dau x; va v, cua toa dé va van toc.

Két qua:
)
2 \ Vo
a = Xg + ~—; tanga = =
0~ wXq
Bai tap 18:

Tim tan s6 dao dong cua chat
di€m c6 khéi luong m, c¢6 kha nang
chuyén déng doc theo dudng thing
va dudc gan vao 10 xo. Dau kia cua
16 xo dugc gan chat tai diém A
(Hinh vé 22) cach dudng thing
moét khoang 1. Lo xo c6 46 dai la | |
va dudc cang vai luc F. | X

Giai:

U = F 8/ la thé nang cua 1o xo. (Hinh vé 22)

Khi x << / thi d6 gian cua lo xo &1 la:

2

[2 2 _ X7
o8l = &l +x-—l-21

. 2
mx

Vi dong nang la cho nén ta tinh dudc o = \/-——~

Bai tap 19:
Xac dinh cac dao dong cudng bic cua hé dudi tac dong cua

luc F (t). néu & thoi diém ban dau t = 0 hé ding yén & vi tri can
bang ( x = 0, x=0) cho cac truong hdp sau:
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S const [

by at
¢y F I“ ¢
)y I [£oe " cos 3

et qua
Fon

AN Y (1 cosot)
ey ™

a4 ‘
bhyx- -t -sinat)

Ny
K, g a |
¢lXE e [ cosmOt+—sinont |
mio~ +a ) ) /
] 5 bll f e 2 g l :
li J‘\‘ - . o, b e _.;_.. R i v ,y ii {J +- (l - [) J ")H(Jt -

)

n (u' e - [5:)_ + ‘lu.l"]il" l

pr—

S ((-): Fat 4 - l)sinutw e [((,)3 ot = }'c)slﬁt ~'2(1[_3Si11[3t])

)

| iy

Bar tap 20:

Xac dinh cac dao dong nho cia con lac phang kép (Hinh vé 2)
(xiai:
De cho cac dao dong nho (¢, << 1. ¢, << 1) ham Lagrange

da tim duoc 0 bai tap 1 sé ¢6 dang:

m; +m., ..o m., .o .9 o
L. g |y F o ez + myliLoyg, -

m, + m, ) m, )

___..,..___:;;_h.____."‘_. g] ] (P] . __._:;__ 1.} J (P_J

Phuong trinh chuyen dong



(m, + my)lp, + mulup, + (my+m, e, = 0
Loy + Lgy, + g9, = 0
(P] - A]elmt

jot

P, = A,e

Thay ¢, . ¢, vao hai phuong trinh tren ta dude:
Ay(my + my)g - Lo®) - Ao my,l, = 0
““All](:)z + Az(g—lzb‘)z) 2 1)
Nghiém cua phuong trinh dac trung

&
2m, 1,1,

2
07 {(ml +my)(l; +1,) ¢

+ \/(ml + mz)[(ml +my)(l; + 1y)° - 41“1111:”'

: <. A e . o o
Khim, ----- > oo thi cac tan so tién toi l—g— va E tudng
1 2

ung vdi cac dao dong doc lap cua hai con lac.

Bai tap 21:

Xac dinh dao dong cudng bic dudi tac dung cua luc
f =f,e“'cosyt khicé6 ma sat.

Giai:
Giai phuong trinh chuyén déng trong dang phiic

y T ¢ :
X +2AX +0gx =—2e® M

m
sau d6 tach phan thuc ctia nghiém. Ta thu dude két qua:

X = be*cos(yt + 8) 6do
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l) e T e e :f.(-] —

my (( 2g +o —y” -«'-2(1.)-“)' +4v (o + A"
2y(a+A)

V‘J’ V »
)

tgo=- y
o~V +a +HL0A

Chuong 5

Bai tap 22:

Tim dong nang cua hinh tru (ban kinh R) lan tren mat
phane. Khot lugng ctia hinh tru dude phan bo theo thé tich cua
no sao cho mot trong cac truc quan tinh chinh song song véi
truc cua hinh tru va cach truc cua hinh tru mot khoang la a:
momen quan tinh tuong doé1 vai truc quan tinh chinh nay la 1.

Giai:

Chuvén dong caa hinh tru trong tung thoi diém co thé dude
xem nhu phép quay xung quanh truc tie thoi trung vor duong
tiép xue cua hinh tru véi mat phang bat dong.

Van toc goc cua su quay do la ¢

(Van toc goc quay xung
quanh cac truc song song la nhu
nhaw). Tam quan tinh nam cach
truc titc tllﬁi mot khoang 1a

' S y

.‘1 R"-..aRcos(p va vi vay

R A a . s ~ R
van toc cua no se la:
R
V= ¢pya” +R* -2aRcos . st
Py P Hinh ve 23

Dong nang toan phan:

T=X(a* +R“-—.,¢1R(osmp)(p }-I—(p
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Bai tap 23:

Tim dong nang cua hinh tru dong nhat ban kinh a. lan
theo mat trong cua hinh tru ban kinh R (Hinh ve 24)

Hinh ve 24

Giai:
Tam quan tinh cua hinh tru lan nam trén truc va van toc
cua no la:

V =¢ (R - a)

Van toc goc dudge tinh nhu van toc goc cia phép quay xung
quanh truc tiic thoi trung voi duong tiép xuc cua cac hinh tru
N6 bang:

Q = — =¢

9oL I R-‘ e )
T = E(R—a)"(p” + _,.E_f) -(p~
2 2 a”

Bai tap 24:

Tim dong nang cua hé dudge mo ta tren hinh vé 25: OA va
AB la nhung thanh mong dong nhat co do dai la 1 va dude noi
vil nhau bdi khép cau tai diem A. Thanh OA quayv (trong mat
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phang cua hinh ve) xung quanh diem O, con dau B cua thanh
AB trudgt theo truc ox.

Griai: y

Van toc cua tam quan
, ; N [
tinh cua thanh OA la - 0 do

et

¢ la goc AOB vi vay dong

b}

nang cua thanh OA

m Hl: o Iy
I} -——-8--cp + -—3 P

Hinh ve 25

i - la khot luong cua mot
thanh.

Cac toa do Descartes cua tam quan tinh cua thanh AB la:

31 1 .
X = f;('.()S(P,‘V = “_“)‘Slll(p

Vi van toc goc quay cua thanh do cung bang ¢ cho nén
dong nang cua no la;

n [y ol

;. ¥ ) iy R
T, = =xX“+y7) + —¢p "= —(1 + 8in“¢)p~ + —
> ; ( y7) 57 5 ( sin~ @)
Dong nang toan phan ctua hé

T =2 T + Ts
Bai tap 25:

Tim su léch khoi phuong thang dimg ctia chuyén dong roi
tu do cua vat do su quay cua trai dat.

Giai:

Trong trong truong U = - mgr. Bo qua s6 hang chia binh

phudng € trong phuong trinh (31.14), ta sé nhan dudc phuong
trinh chuyén dong dudi dang:
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Vo= 1-3[{? & Y bog B (1)

Giai phuong trinh nav bang phuong phap gan dung lien

tiep. Dé lam diéu do ta gia thiet v = v, + v,
L]
0 do v, la nghiem cua phuong trinh v, - g ¢o nghia |
v, =gt + vy . Dat v = v, + v, vao phuodng trinh (1) ta
duoc:

V, = :2[\7] x QJ n ;zt,[g' ® g"')_] + 2[\7“ x gi]

Tich phan theo t biéu thitc v = v, + V., ta co:
f e ll + \_J;Ut X gT + -é““' [g X _Q]+ t-z [\7” X gl] (2)

O d6 h - véc to vi tri ban dau cta vat.
Chon truc z theo phuong thang ding lén trén. truc x theo
kinh tuyén téi cuc. khi do
Bx — By ™ Be " F g
e Qeos k. ;=00 0 =-LI8NH A
A la vi do (dé xac dinh ta gia thiét 1a vi do bac).
Thay cac dai lugng tréen vao phuong trinh (2), v,=0. ta se

nhan ducc:
’ 3712
C)
X :O.y'—-—l( hJ gQcos A
3\ g

Gia tri am cua y tuong (ing vdi su léch vé hudng dong.
Chuong 6

Bai tap 26:

Tim ham Hamilton cho mot chat diem m trong hé toa do
Descartes. hé toa do tru va hé toa do cau.
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Kot qua:
Trong he toa do Descartes (x. v. z)

L ]

] i 9
H=— (j-): +pIAps )+ Ux.v.z)
2m |

Trong toa do tru (x. y. z)

4 )
]. ) plw) 2 '

H = 5] P, + _‘; P i+ Ulr.p.z)
2m| r- |

/
/

Trong he toa do cau (r. 6, ¢)
1 4 ) 2 X
B 2 Py Pe
H= pf+ By Do

2m r° r°sin“6

+U(r8.)

Bai tap 27:

Tim ham Hamilton

cuiia mot con lac toan hoc
c6 chiéu dai / va diém
treo cia con lic chuyén
dong theo mot vong tron

vl van toc goc khéng doi
o (Hinh vé 26) |
. ' m
Giai:

X = rsinot + /sin @

thang dimg c6 ban kinh r /
P\
|

Hinh vé 26
y = rcosot + /lcos ¢

m, .. ¥
T == __r)_(xl + yZ) =
m [ , 5 ' L
= (rocosot + lpcosp)” + (-rosinot - lcpsm(p) ] =
m/[o - 9 . .
iy reo’ + l”)(p')‘ + 2rolgcos(¢ ~mt)]
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U = - mglcosyp
L =T-U.p =mlg + morlcos(¢p - ot)

. ) or
=P = -—l——, - cos(p - ot)—
ml- 1
oL 1 2.9 D
H=¢—-L==ml"¢> - 0o r° - mglcosp =
o 9
02
1 2 p or | 2y
==l — — —cos(yp —ut” -0 r - mglcosp
2 ml~ 1 |

Bai tap 28:

Tim ham Hamilton cua hat trong hé toa do quay déu.

Két qua:
H = —-a[bp]+ U

Bai tap 29:

Cho mot hé hat gom mot hat c¢6 khoi luong M, va n hat o
khoi luong m. Dung hé tam quan tinh cia n + 1 hat trén, ching
to rang ham Lagrange c6 dang:

bo

n .2 n
m ~9 ey
B3 Ye] - u
s b AT b ~ ~ . — di‘-l
vol M la khor lugng cua toan hé va v, = T

r.=R,-R, & d6 R, la véc to ban kinh ciia hat thi i, R, la
véc td ban kinh ctia hat M,. Tt két qua tréen. tim ham Hamilton

Két qua:
1 ] 2
1 1 i l n
H poe G — ;' +  —— i -+ U
2m {3 2 2M {Ep
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Bai tap 30:

Xac dinh Moc Poisson cua cac thanh phan Descartes cua
xung lugng va momen xung hidng M f-[i‘ x 1’3] cua chat diem.
Két qua:
{M ol }: 1
M, .p, }=0
{M <P, }— Py

Cac Moc Poisson con lai co thé nhan dude tu cac biéu thiic
tren bang su giao hoan tuan hoan cac chiso x. y. z.

Bai tap 31:

Xac dinh cac Méc Poisson cua cac thanh phan cua véc to
momen xung luong.

Két qua:

{le*M_\‘ }:_Mz
M, M, }--M,

{Mz ’Mx }:_M

Chuong VII

Bai tap 32:

Mot dén chdép dién ti 6 cach mdt quan sat vién 30 km. Den
phat ra mot chdp sang va dude quan sat vién nhin thay vao lic
13 gio. Xac dinh thoi diém thuc cia bién co dé.

Giai:

3
At:AS— 3.10"m 21075

¢ 310°m/s
Do d6 dén da phat sang vao lic 13 gio kém 10 * giay.
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Bai tap 33:
Mot ten ltta can dat té1 van toc bao nhieu dé do dar cua no
bang 99% do6 dai rieng?

Giai:

Theo biéu thiic vé hiéu {ing co ngan:
L
L()

Bai tap 34:

Thoi gian song trung binh cua mot hat p - médon la 6.10 s

khi van toc cua noé la 0.95c. Tinh thor gian song trung binh cua
hat trong hé quy chiéu ma d do hat ding vén.

Giai:
Néu hat dimg yén trong hé quy chiéu thi thoi gian do dude
la thoi gian riéng

= 0.99 - Vg . : = v = 0.141c

= 6.10"“3\/1—(0.95)3 = 1.87.10"s

Bai tap 35: Mot may bay chuyén dong vdi van toc 600m/s
doi véi mat dat. Can bao nhiéu thoi gian cho may bay d6 bay dé
dong ho may bay cham di 2.10 s so véi dong ho trén mat dat?

Giai:
At’m:ay bay At'n;uy hay At iy bay

Atm:}l dat — - = g a -f-——‘;——inod—i-: e
6.10°m/s -

_3.103111/.9)

1~

210 - At mat dat = At’n‘\:_nl dat 7 ‘At'nmv bay -2]0 ' S
At e = 10%s = 11, 6 ngay dem.

Két qua nay chiimg to ro rang rang cac hiéu ting tuong doi
tinh yéu dé1 véi cac van toc thong thuong.
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Bai tap 36

Mot quan sat vien O phat hien hai bien ¢o6 co cac khoang
cach khong eian va thor gian lan luot 1a 3.6 .10 m va Zs. Tim
khoane thot eian riene giva hai bién ¢o do.

Giai:

Khoange thor gian rieng cua hair bien ¢6 sé la khoang thoi
o1an eita har bien o do duce bor quan sat vien O' chuven dong
tudng dor var O, neu nhu hai bien ¢o do xav ra tar cung mot
diem (dor var O, Neu A va B 1a hai bién ¢6 do. theo cac cong
thite ciia phép bien doi Lorentz
. o (X X)) vt —ty)

X i3 = X A = "r__.___._____)._
s‘ Y
1

o 2
\. o2

3.6.10° m-v.2s
— 1)—#]2.“*% — v =1810°m/s = 06¢

)

I
- -
\‘ 58

Bang cach tru hai bién doi Lorentz ta nhan dude khoang
thol gran riéng

v
(tp—ta) - , (Xp-Xu)

b = By = {_J*m_ =
v
- 0.6.36.10%m/s
o 310w/ e

v1-(0.6)°
Bai tap 37:

Mot hat chuven dong vél van toc 0.8c va tao vdi truc x mot
goc 30 do1 vél mot quan sat vien O. Xac dinh van toc cua hat
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d61 vé1 mot quan sat vien O' chuyén dong doc theo truc chung x
- X' vé1 van toc - 0,6c¢.

Giai: D61 vl quan sat viéen O, ta co:
u, = 0.8ccos 30 = 0.693c
u, = 0.8c s 30 = 0,400c

Dé1 véi quan sat vién O'. theo phép bién doi Lorentz cac
van toc:

', = Uy -v. 0.6(9(;3;3(—-0‘6(:) = 0913
1= =m, 1=2200808)
c” c”

Van téc cua hat do bdi quan sat vién O' la:

~ (04c) y1-(0,6)*
y - - o
1- [Y}. 1 - ~(Q~§£)('0.693c)

C

= 0,226¢

Van toc cua hat do boi quan sat vién O' la:

w=yu? +u? =y/(0,9130)% +(0,226¢0)° =0941c

Goi ¢' 1a goéc gitta van téc dé va truc x' ta co:

Ny 0220 o048 va ¢’ =139
u', 0913c

X

tgd'=

Chuwong VIII

Bai tap 38:
Khéi lugng nghi cua electron 1a 9,109.10 “'kg. Tinh nang
lugng nghi cuia electron bang Jun va bang electron - von.

Giai:

Ta cé:
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(9.109.10 “kg) (2.998 10" /s) = 8.187.10 ') va
ﬂ IMeV 1§ 51 1MeV

].ﬂr i . Illl } (‘: =

BIBFIpg) et SR |
| L 1.602.10 7 L 10"eV )

Bai tap 39:
Tinh van toc cua electron vér dong nang 2 MeV.

Giai: Dong nang cua electron la:
m,c- 9
-~ myC

(I‘ o e ;
J;. H’ \’Ir ‘-:
2

2MeV = O{I_E\L’Ie_y - 0511MeV = v = 098¢

Bai tap 40:
Van toc cia mot hat phai bang bao nhiéu phan van toéc anh

sang de dong nang cua hat bang hai lan nang ludng nghi cua

no?
Giai:
i)
m;c- I g
T = — —= - myc” = 2mgc” hay
i
C

Bai tap 41:
Mot electron diing vén dude gia toc dén van toc 0.5¢. Tinh

d6 bién thien nang luogng cua no.
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Giai: Bién thién nang luong bang:

._,

9
ln()C'
l]](}C

V-a () ()
1-5
&

Bai tap 42:
Tinh xung ludgng cua mot electron vai van toce 0.8«
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PHU LUC

. PHEP TINH BIEN PHAN

I. Khai niém phiém ham

Nhu ching ta da biét. néu dé cho tung s6 x tit mot tap X
nao do. ta c6 mot sé v tuong tng tu tap hop Y thi do 1a viéc thiét
lap ham so y = y(x).

Nhu vay ham so6 la thiét lap su tuong ung:
5 - > So6

Néu tuong ting véi tumg ham y(x) tit mot 16p ham nao do ta
c6 tuong tng mot so ¢. thi ta noi rang phiém ham ¢ [y(x)] dudc
thiét lap.

Nhu vay phiém ham thiét lap su tuong ting:
Ham s6 (hay duong cong) ------- > S6
g day ham s6 (hay dudng cong) déng vai tro cia bién so.

Tuong tu nhu viéc ham s c6 thé cé nhiéu bién so6, doi vai
phiém ham cung ton tal nhung phiém ham phu thuoc vao nhieu
ham so6.

Nhimg phiém ham thoa min cac diéu kién:
¢ [c y(x)] = ¢ ¢ [y(x)] (cla hing so6)
¢ [y,(x) +y,(x)] = ¢[yi(x)] + ¢ [y.(x)] I.1)

duoe goi la nhing phiém ham tuyén tinh.
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Nhitng phiém ham phu thuoc vao nhiéu ham sé co the la
phiém ham tuyén tinh dé1 vdi mot s6 ham so6 nao do va la phi
tuyén tinh déi véi cac ham so khac.

Muc tiéu ciua phép tinh bién phan la thiét lap cac phuong
phap tim cac gia tri cuc tri (cuc dai. cuc tiéu) cua cac phiém
ham. Nhiém vu nay hau nhu giéng (tuong tu) nhu nhiém vu
tim cuc tri cua ham s6 thong thuong.

2. Bién phan phiém ham

Chung ta chon tu Iép cac ham sé6 dang xét mot ham
v(x) (dau nga ¢ day dé phan biét ham dude chon véi cac ham
khac cua 16p cac ham). Sau d6 chung ta chon tit 16p cac ham do

mot ham khac y(x). Hiéu gitta har ham nay dudc goi la bién
phan ctia ham v(x) va dude ky hiéu la Sy(x) hay ngan gon la dy.

Nhu vay bién phan ctia ham dude xac dinh bdi biéu thitc sau:

dy = y(x) - Y(X) 1.2)

Bién phan ciia ham s6 6 day tuong tu nhu s6 gia do1 s6 Ax

(hay dx) cua ham thong thuong Ax = x - X.
Bién phan 8y cua ham s6 y(x)tat nhien la ham sé cua x.
Do vay dao ham biéu thtc (1.2) theo x ta co:
©Gy) =y (x) -¥y'(x) (1.3)
V&.phai cta biéu thic (1.3) 1a bién phan cia ham y'(x)cho
nén ta cé biéu thc sau:
(Oy)' = oy’ (1.4)
(Pao ham ctia bién phan bang bién phan ctia dao ham)

Nhu chung ta da biét vi phan cua ham kha vi dudge dinh nghia
1a phan chinh tuyén tinh trong khai trién ctia s6 gia ham so:
Ay = y' (X)AXx+e(AX)AX (1.5)
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g do e la dar luong vo cung nho va tien té1r O cung vér Ax (co
nehia la hhme(Ax)=0). Phan chinh tuven tinh caa (1.5): dv =

\x —0)
VI(X) AX = vi(x) dx dude goi la vi phan cua ham,

Phiem ham dude goi la lien tuc néu tuong tng vol su thay
doi nho ctia ham 8y nhd) thi phiém ham co su thay doi nho. Dé
cho cac phiém ham lien tuc ching ta co thé dua vao dai luong
tuong tu nhu vi phan cua ham thong thuong.

S6 gia cua phiém ham A = ¢ [v(x) + dy] - ¢ [v(x)] la dai
luong phu thuoc vao har ham: y(x) va 6y. cho nén no cung la
phiém ham. Phiém ham A¢ nay noai chung sé la kKhong tuyen
tinh. Néu phiém ham A¢ [v(x)] c6 thé biéu dién dudi dang tong

ctia phiém ham tuyén tinh d6i1 véi 8y

Fooe s [v(x). 8y] va dai luong vo cuing nho bac cao hon mot

S0 VOl !6}*!]““ thi phan chinh tuyén tinh theo 8y cua sé gia cua
phiém ham dude goi 1a bién phan cua phiém ham. Nhu vay la:

A [y(x)] = 8¢ [y(x)] + & (By) [By|

max

ddo lime(Sy)=0, con
oy -0

8¢ [y(x)] = Fi e s [y(x), 8y] dude goi la bién phan cia
phiém ham ¢.

Bién phan cua phiém ham, nhu ta thay, dude dinh nghia
tuong tu nhu dinh nghia vi phan ctia ham thong thuong.

3. Diéu kién can dé phiém ham co cue tri

Mot lan nita ta lai bat dau ti nhing khai niém tuong tu ti

mon toan giai tich. Chung ta néi ham f(x,. x,. ..... X,) O cuc tri o
diem (X;.Xo...... X, ) néu nhu sé gia cia ham nay

A = (X, Xg, ... x,) - f (X, X,..... X, ) chi c6 mot dau déi vaéi
at ca cac diem (x,. Xy, ..... X,) nam d lan can cua diém
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(X}.X,.....X,, ). Khi Af < 0 thi tai diém (X,.X,... X, )ham co gia
tri cuc dai va khi Af = 0 thi ham cé gia tri cuc tiéu.

Trong toan giai tich da chimg minh dude rang. dieu kien
can dé ham co cuc tri la:

n -~

df =Y —dx; =0 1.7)

Hoan toan tuong tu chung ta noi phiém ham ¢ [v(x)] dat
cuc tr1 khi vy = v(x). néu sé gia cua phiém ham

A¢:¢[)'(x)]—¢[§(x)]clli co mot dau déi vdi tat ca cac duong cong

y(x) nam du gan duong cong y(x). Khi Ad < 0 thi phiém ham co

gia tri cuc dai va khi Ad > O thi phiém ham c6 gia tri cuc tieu.
Diéu kién can dé phiém ham cé cue tri khi v = v(x)sé la

bién phan ctia phiém ham bang khong khiy = v(x).

5¢ - FN L!'l#f(.!t‘;v[ﬁyu(x)'ﬁy] - O (18)

4. Mot bai toan don gian cua phép tinh bién phan.

Tim cuc tri ctia phiém ham cé dang:
dyo]=["" f [xy(x).y(okx (1.9)
Xy

Cac diém bién cia cac duong cong dang xem xét dude gan
chat ¢6 dinh va dé cho tat ca cac dudng cong d6 ta déu co:
yx) =y yX) =y (1.10)

S6 gia cua phiém ham (I.9) bang:

Ap = J‘x?'f [x.y+6y.y’+8y’},lx —jx2f[x.y.y']dx

Xy X3

Chung ta phan tich ham dudi dau tich phan ctia sé6 hang
thit nhat thanh chudi luy thtta ctia cac dai luong nhé dy va dy'.
Két qua chung ta nhan dudc:

190



of ot S i
. Oy' +e(dv.0y _){(lx

-Jﬂ f [\\\] dx

ov') chira cac so hang nho bac cao hon mot so vdi oy

o do e(oy .o
Bieu thie trén dudge gran ude va viet lar nhu sau

Va oy,
Ad J. ¢ —0y + —ov' dX + { e(oyvovidx  (I.11)
Xp Loy cy | ‘X,

Chung ta lay tich phan tung phan s6 hang thi hai cua ticl

plhian dau. Deé lam diéu do ta bieu dien no dudi dang sau

Xy (f X9 fﬁ'f e :
J = J vt dx - j C (Sv)dx
X; Oy’ X; Oy
( i -~ 1 ~ b ~ ”
Ky hiéu — = w:(8y'kx = dvva st dung cong thitc
(N
{ udv = uv - I vdu . chung ta sé dudc:
-~ \’ ' -~ *
x, of Oof ' v d [ of )
d = J. —(8y)'dx = —By “I —| — ©Bydx
i Oy’ S A R Y dx | dy' )
N

Vi cac diem bién cua cac duong cong dang xét dwvde gan cd

dinh cho nén bién phan 8y ¢ cac diem bién do bang 0

oy (X)) = By(x._f) 0 va ta dudc

i ) .,
Jd = 1 ( Svdx (1.12)
J'\! (l l ] L '
Dat (1.12) vao (I.11) va dua 8y ra ngoai dau ngoac:
Ap = J\J ‘.i . ol lbvdx + rug(ﬁ.\’.ﬁ,\")dx
* ‘{('_V dx ¢ \' [ X
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Phan chinh tuyén tinh theo 8y ctia A¢ la tich phan thu
nhat. Theo dinh nghia thi tich phan nayv chinh la bién phan cua
phiém ham ¢. Nhu vay bién phan ctia phiem ham ¢ co dang:

’*’u{ of | d of Sl
dy dxoy') "

50 = |

Xy
L

Diéu kién can dé phiém ham ¢ cé cuc tri la
%[ 0 d of ..

J‘z—;;-u -——-_”}Sydx = 0 (1.13,
xy |0y  dx Oy

5¢ =

Déng thic nay dung véi moi 8y do vay biéu thic trong dau
ngoac phai bang 0:
0
O A 1.14)
oy dx oy’
Phuong trinh (I.14) dudc goi la phudng trinh Euler. No
chinh 1a diéu kién can dé phiém ham dang (1.9) ¢6 cuc tri.
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