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4 CHAPTER 1. VECTOR ANALYSIS

Chapter 1

Vector Analysis

Problem 1.1
(a) From the diagram, |B + C|cosf3 = |B|cosf; + |C|cos 2. Multiply by |A|.

|A||B + C|cosf3 = |A||B]| cos 01 + |A]|C]| cos 0.

|C| sin 02
So: A-(B+C) = A:-B+ A-C. (Dot product is distributive) 1
Similarly: |B + C|sinf5 = |B|sinf; + |C|sin 2. Mulitply by |A] .
|A||B + C|sinfs; ii = |A||B|sin 61 A + |A||C]| sin 5 fh. b B sin 6,
If i is the unit vector pointing out of the page, it follows that =S '\

AX(B+C)=(AXB)+ (AXC). (Cross product is distributive) IBleosfy |G cosba

(b) For the general case, see G. E. Hay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and

Section 8 (cross product)

Problem 1.2 C

The triple cross-product is not in general associative. For example,
suppose A = B and C is perpendicular to A, as in the diagram.
Then (BxC) points out-of-the-page, and A X(BXC) points down,
and has magnitude ABC. But (AXB) =0, so (AXB)xC =0 #

Ax(BxC). BXC Ax(BxC)
Problem 1.3 z
A=+1%+1y—-12 A=V3:B=1%+1§+1%; B=/3.
B
A-B:+1+171:I:ABCOSQ:\/gx/gcoseﬁcosﬁ:%. A
Yy
0 = cos™! (%) ~ 70.5288°
A
x
Problem 1.4

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example,

we might pick the base (A) and the left side (B):

A=-1%+29402B=—1%+09+32.

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



CHAPTER 1. VECTOR ANALYSIS 5

~

X ¥z
AXB=|-120|=6%x+3y+22.
-103
This has the right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its
length:
IAXB| =36 +9+4="1. ﬁ:%: Sx+29+ 22|
Problem 1.5
X N Z
Ax(BxC) = A, A, A,

(ByC. — B.Cy) (B.C, — B;C,) (B,Cy — B,C,)
f([Ay(B:cOy - Bycx) - AZ(Bsz - B:COZ)] + S’O + i()
Il just check the x-component; the others go the same way)
%(4,B,Cy — A B,Cy — A.B.C, + A, B,C.) +§() + 2().
B(A-C) - C(A‘B) = [B;(A,C; + A,Cy + A.C,) — Co(AyBy + AyBy + A.B)|x+ )+ () 2
=%(A4,B,Cy + A, B,C, — A,B,Cy, — A.B.C;) + §() + z(). They agree.

=l

Problem 1.6
AX(BxC)+Bx(CxA)+Cx(AxB)=B(A:C)-C(A-B)+C(A-B)—A(C-B)+A(B-C)-B(C-A) =
So: AX(BXC) — (AXxB)XC=-BXx(CxA)=A(B-C) - C(A:B).

If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or

one is zero), or else B:C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0.)

Conclusion: ’Ax (BXC) = (AXB)XC <= ecither A is parallel to C, or B is perpendicular to A and C. ‘

Problem 1.7
2 =(4X+6y+82)—(2%+8y+72)=|2%—2y+ 2

2 =A+4+1=3]

~ 2 N N
i [ ep
Problem 1.8

(a) AyB, + A, B, = (cos pA, + sin A, )(cos pBy, + sin ¢ B,) + (—sin pA, + cos pA,)(— sin ¢ B, + cos ¢ B,)

= cos? pA, B, + sinpcos p(A, B, + A.By) + sin® pA, B, + sin® $pAyB, —sin¢cos p(AyB, + A, By) +
cos? pA. B,

= (cos? ¢ + sin® ¢) A, B, + (sin® ¢ + cos® 9)A, B, = A B, + A,B,. v

(b) (A)? + (Ay)? + (A.)? =S} A A =53, (23 1RijAj) (BF_ RikAx) = Bk (BiRijRix) AjAy.

. . . 1if j=k
. 2 2 2 3 P

This equals A7 + Ay + AZ provided | 37_; Rj Ry, { 0if j 4k }
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then X, x (X; R;jRix) AjAr = X; Ri1 R;1, and this must equal 1 (since we
want A +Z§+Zi = 1). Likewise, 33_| RioRj2 = ¥3_ RizR;3 = 1. To check the case j # k, choose A = (1,1,0).
Then we want 2 = X, (X; RijRix) AjAr = X RiuRin + £, RioRio + ¥ Ri1 Rio + ¥ RioR;1. But we already
know that the first two sums are both 1; the third and fourth are equal so ¥; R21R12 =¥; RisR;1 =0, and so
on for other unequal combinations of j, k v In matrix notation: RR = 1, where R is the transpose of R.
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6 CHAPTER 1. VECTOR ANALYSIS

Problem 1.9
Yy 1Y
Looking down the axis: (4 N
x \
z Yy
x’ x
z

A 120° rotation carries the z axis into the y (= Z) axis, y into z (= 7), and z into z (= 7). So 4, = A,

Ay, =A,, A, = A,
001

R=1100
010

Problem 1.10

o = ey = 4, = A
(b) in the sense (A, = —A,, A, = —A,, A, = —A,)

(¢c) (AXB) — (—A)x(—B) = (AxB). That is, if C = AXB, . No minus sign, in contrast to
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (AxB) — (A)x(B) =
(AXxB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a wector.
Angular momentum (L = rXxp) and torque (N = rxF) are pseudovectors.

(d) A-(BXC) — (—A)-((-B)x(-C)) = —A:(BXC). So, ifa = A-(BxC), then a pseudoscalar

changes sign under inversion of coordinates.
Problem 1.11

(a)Vf=22%+3y°y +42°%

(B)V f = 22y32* & + 322224 § + 4a?y323 2

(o)Vf=e"sinylnzx+ e cosylnzy + e*siny(1/z) z

Problem 1.12

(a) Vh =10[(2y — 6x — 18) X + (22 — 8y + 28) §]. VA =0 at summit, so
2y — 6z — 18 = 0 -
2x—8y+28:O:>6a:—24y+84:0}2y_18_24y+84_0'
22y = 66 =y =3 =20 — 24428 =0 =2 = 2.

Top is ’ 3 miles north, 2 miles west, of South Hadley. ‘

(b) Putting in x = -2, y = 3:
h =10(—12 — 12 — 36 + 36 + 84 4+ 12) = | 720 ft.
(c) Putting in z =1, y = 1: VA =10[(2— 6 — 18)% + (2 — 8+ 28) 9] = 10(—22% + 22§) = 220(— K + §).

|Vh| = 2201/2 ~ | 311 ft/mile; | direction:

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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CHAPTER 1. VECTOR ANALYSIS 7

Problem 1.13

(2) V(2 %) = @2 +(y—y) +(=2)21%+ 509+ 5:02 = 22— ) X +2(y—y) §+2(: —2) 2 = 2 2
(b) V()= &l a2+ -y + G- 2%+ 5079+ L0 22

—5( f?(x—x’)ﬁ— 10720 —y) 9y - 507520 — )2

072 @ -2)%+ W -y)y+ (-2 =-(1/2 )2 =—(1/2 )2
(© (2™ =n2 "2~ (Lhor ) =n2 "4 50| V(2 ") =na "l A

Problem 1.14
7 = +y cos ¢ + z sin ¢; multiply by sin ¢: Fsin ¢ = 4y sin ¢ cos ¢ + z sin’ gb
Z = —y sin ¢ + z cos ¢; multiply by cos ¢: Zcos¢ = —y sin ¢ cos ¢ + z cos? ¢.
Add: ysing +Zcos¢ = z(sin2 ¢ + cos? ¢) = 2. Likewise, Jcos¢ — Zsin¢ = y.
So gy = oS ¢; 27 = —sing; 2 07 = sin¢; 2 5= = cos ¢. Therefore
(Vf), = Zf = g;‘ gz + gy; % — +cos¢(V )y +sing(Vf).
(Vf)z = aJZC = a?j ag + 8); gﬁ = —sin ¢(Vf)y +cosp(Vf).
Problem 1.15

(a)Vev, = a%(xz) + 3%(3;322) + %(—sz) =22+0—-22=0.

} So V f transforms as a vector. qed

(D)V-vy = £ (2y) + 55 (2y2) + £ (3x2) = y + 22 + 3a.

(OV-ve = £ (y°) + 5, 2wy + 2%) + £ (2y2) = 0+ (22) + (2y) = 2(z +y)

Problem 1.16

3

+ 2(5) = & [ol? + 2+ )]

Vev = £(E) + &) + 4
+ 2 [y(m2+y2+z2)‘%} +2 { z(2? +y + 2z )‘5}
— — o —— —» 5 5 _5 _
N\ =072 +2(=3/2)()7 222 + ()7 > +y(=3/2)() 732y + ()
¥ N +2(=3/2)()722: =3r 3 =3r (@ +y? +22) =3r 3 -3r 3 =0.
This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the
origin. How, then, can V-v = 0?7 The answer is that V.v = 0 everywhere except at the origin, but at the

origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at
that one point, and zero elsewhere, as we shall see in Sect. 1.5.

Problem 1.17

N 2

3

——— o —> —>

Uy = COSPVy +SinPv,; U, = —sing vy, + cos ;.
vy _ Ovy 5vz ; _ (9vy 8y | Ovy 52 dv, Oy dv, 0z . : .
o7 = o7 cos ¢ + G= sing = <8y o0 T o7 o0 cos ¢ + oe oy T o= o9 ) Sin ¢. Use result in Prob. 1.14:
d a . . .
= (& cos ¢ + - Uy smqﬁ) cos ¢ + (6“2 cos ¢ + % sm¢) sin .
v, _ % dUz S — %@ %& 3 v, @ Ov, 9z 9
5 = o7 sino+ G 005(75—_(81, o: T or o5 ) SIno+ (55 + B85 ) 059

0z
= —( 8”’/ sing + & U” cos.(b) smd)—i—( a”Z bm¢+ Uz cosqﬁ) cos ¢. So

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
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8 CHAPTER 1. VECTOR ANALYSIS

‘9“2 sin ¢ cos ¢ + 8”2 sin? ¢ + ”y sin® ¢ — % sin ¢ cos ¢
817’; sin ¢ cos ¢ —|— d“Z cos? ¢
) vy

:%y (cos ¢ + sin’ ¢)+8v2 (sm ¢ + cos? (i))f o +av2. v

Xy 2
() Vxva= |2 £ £ |=%(0—602) +9(0+22) +5(32> — 0) = | 6zzk +2:9 +3:2. |
2% 3x2% —2xz
Xy 2
(b) Vxvy=|& & & |=%(0-2y)+9(0-32) +2(0—2) =|2y% — 32§ — x|
zy 2yz 3x2

X y 7

() Vxve=|Z 2 2 | =%(22 - 22) +9(0 - 0) + 2(2y — 2y) =[0.]
2
Yy

Problem 1.19

As we go from point A to point B (9 o’clock to 10 o’clock), x
increases, y increases, v, increases, and v, decreases, so Jv, /0y >
0, while Jv,/0y < 0. On the circle, v, = 0, and there is no
dependence on z, so Eq. 1.41 says

Ovy  Ovy

w Y

points in the ’negative z direction‘ (into the page), as the right

hand rule would suggest. (Pick any other nearby points on the
v circle and you will come to the same conclusion.) [I'm sorry, but I
cannot remember who suggested this cute illustration.]

Problem 1.20

v=yk+tay;orv=yzX+azy+ayi; orv= 3222 —-22)%+ 39+ (23 - 3222) 2;
or v = (sinz)(coshy) X — (cosz)(sinhy) ¥; etc.
Problem 1.21

(i)V(fg)z‘(’(fg)HLa(f“’“Jr Mg = (£ +95L) %+ (F32+95) 9+ (£ +95E) 2
f(gEx+By+ % )+g(%ﬁ+g—§y+‘"’—§“)=f(vg)+g(Vf). qed

(iv) V-(AXB) = £ (A4, B. — A.By) + & (A. By — A, B.) + £ (A, B, —AB)
— A 0B g 94y p OBy p 9A. | g 0By L p 0A. g 9B. _ p A,

Y ox Z oz Z dx Y ox Z 9y Tdy T dy Z 9y
9B, 0A, A
+Aw azy + By 821 Y Bzz - BI Bzy

_ oA,  0A . 9A, 94,  aA, 9B, OB
7B$(8y B 3y)+B (82 - 8z)+BZ(31y7 ay)iAI(ay o Bzy)

Ay (% - %) — A, (%2 - 2) =B (VXA)— A-(VXB). qed

A(fA. AfADY & A(fA, AfA)Y & a(fA, A,
(V)Vx(fA):( (Jas) _ o(;z.))XJr( (fAe) _ OUA ))y+< ) _ 04 ))

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



CHAPTER 1. VECTOR ANALYSIS 9

:<faAz+AZay %‘A&%) (fBAT+Axaz f%_AZ%)S’
(f o+ Ay 3L — f2 ayz *AI%)Z
=1 [(% - ) xe (G - )9+ (B - )
~ (4% - 4.9+ (A% - A.80) 5+ (4.8 - 4,%) 5]
= [ (VXA) ~ AX (Vf). ged

Problem 1.22
(a) (AV)B = (A, % + 4,28 + A, 282 ) g+ (4,50 + 4,500+ 4.572) g
+ (4. 352 + 4, 66% + 4,92

(b)yp==1= i/% Let’s just do the x component.

Py A1 1 16} e} 1o} T
[(B-V)E], = 7= (xa TYay t+ ZF) N

- 1{x[;%:4—m( DAp2e] + e [~ hp2y] + 2o -3 ip2e] |

1

T

Same goes for the other components. Hence: | (#V)# =0 |

(¢) (VarV) vy = ( 20 4 3x2? a — 2222 )(myi+2yzy+3xzi)

T T s

=

=22 (yX+09y+322) +322% (X + 229 +02) — 222 (0X + 2y ¥ + 32 2)
= (x2y+3:r2,z2)§<+(6xz3—4xyz)y+(3;322—6;522)2

=|z? (y + 3z2) X+ 22z (3,22 — 2y) v — 32222

S HE- A @t 4a)) = HE- (P44} =2 (ES ) =0

Problem 1.23
(i) [V(A-B)], = 2 (A,B, + AyBy + A.B,) = %2B, 4 A, 28: L % | 4 O

- Oz T Oz Ox Y Ox 8
[Ax(VxB)], =Ay<gA><B>Z—AZ<V><B> = Ay (G — BB=) — A, (%= — BE:)
[Bx(VxA)] =B, (%t — %) - B.(%= - 85;)
0B, 0B,
(A ] (AIaw"'Ayay"'Azaz)B =4 oz + 4y Oy +Az o2
(B ) lo = B + By % + B25

z az
So [AX(VXB)+Bx(VxA)+ (A-V)B + (B V)A],
9B, o5, 9B, oB. 04, 04,
= A5 — Ay A 5r + A +Byax - By %, — B:%; + B. 5

9By %BT 9By A, DA, 0A,
+A$ oz +Ay Oy +AZ Bz +B$ ox +By dy +BZ 9z

= By Oe + A, %8 + B, (% — o +20 ) + A, (5 - Y+
+Ba( %+83Az+§¢ + A (~2f 458 + 3 ) o

= [V(A-B)], (same for y and z)
(vi) [VX(AxB)], = & (AXB). — 5-(AXB), = £ (A, By — AyB;) — 5-:(A.B, — A, B.)

Z@x

- af;;B +A 637/—3“‘1%3 — A, 8AzB — A, 3Bw+ 4B+ A,°2

Z "9y
[(B-V)A - (A-V)B + A(V B) - B(V-A)],

BAT dA, OBy OB, 0B, OB,
_B +B +Bz 6z A93 Oz AU oy _Az Oz +A( + Byy+ )_B(

0z

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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10 CHAPTER 1. VECTOR ANALYSIS

_ 6AL " 94, _ 9A
= B, +Ax( % +§L +2 ay
A (-2 5e) +As (= %) + ( )
[VX(AXB |, (same for y and 2)
Problem 1.24
V(f/g) = (f/g)X+ ay(f/g)Y+ (f/g)
:ga—r f(’)—rx_|_ga1l 37/ + Z
0f 4 4 0f5 o 995 \VETAY
YT AR TR R,
V-(A/g) = F(As/g) + ( y/9) + + £ (Ax/9)
= gat?r _Afam + g 87/ 2A 37J + g%_‘AZ%

g !]
_ 1 OA, _ gV*A—A-V.
B lo(G+ o+ %) - (AaB2+ 4,5 + 4. 3)] = TAZAT geq

[VX(A/g)], = a%(A 2/9) = £ (Ay/9)
g E;L AZGy _ gaéqzy Ay%

g2 g
_ 1 0A, oA dg dg
= o (% - %) - (A5 - 4,5)
I(VXA):+(AXVg)x

g2 (

same for y and z). qed

Problem 1.25

y Z
(a) AXxB= |z 2y 3z|=%(6x2)+3(92y) + 2(—222 — 6y2)
3y =2z 0

b33
<

V- (AXB) = &L (622) + £(92y) + & (—22% — 6y° 24924+0=152
VXA =% <3z>f—<2y>) +3 (2(0) - 26 )+2(0x<2y> 2(2)) = 0; B(VXA) =0
VxB =% (£(0)~ £(-20)) +5 (£3y) — 5(0) +2 (& (-20) - £3y)) = 52 A-(VXB) = ~152

) =
2)

Q’\@ oo

V-(AXB) = B-(VxA) — A(VXB) =0 — (—152) = 152. v
(b) A-B = 3wy — dzy = —zy ; V(A-B) = V(—uy) = L (—ay) + § 5. (—2y) = ~yX — 2§

b4
AX(VXB)= |z 2y 3z | =%(—10y) + §(5z); BX(VXA)=0
0

(A-V)B = (v + 252 +3:2) (3y% — 209) = X(6y) + §(~22)
(B-V)A = (3y% - 2933%) (2% +2y§ +322) = X(3y) + §(—4z)
X(VxB)+Bx(VxA)+ (A-V)B+ (B:V)A
=—-10yX+52y+6yXx—22y+3yx—4dey=-yx—z2y=V-(AB). v
(c) VX(AXB) = % (£ (~22% = 6%) = L(920)) +3 (£(6v2) — (202 — 64%)) +2 (2 (921) — 2 (622))

=%(—-12y — 9y) + §(6z + 42) + 2(0) = —21y X + 10z §

V-A=2(2)+ @(2y) +232)=1+2+3=6; V-B=2(3y) + 8%(—296) =0

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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CHAPTER 1. VECTOR ANALYSIS 11

(B-V)A — (A-V)B+A(V:B) -B(V:A) =3yx —4doy —6yx+22y — 18yx + 122§ = —21lyx + 10z §
=VX(AXB). v
Problem 1.26

2 2
(o) 5 =2 G = G =0 = [V =2

(b) %ZT;' = %ZUTJ’ = 8622 =-T, = ’ V2T, = —3T, = —3sinx sin y sin z‘

() &L = 25T, ; §2x = 16T, ; 2% = 9T, =

(d) Lo =2;2% =0 —0 = Vi, =2

8212 2; Oy —322
Bvliav . o“v 2 . 2 _

3296274* %yzva, 5 =6z = Viy, =6x ’Vv 2x+6xy‘
8v2:8v2:6v270:>v2v2:0

0x? 0y? 022 T
Problem 1.27
_ 0 [ 0v. 9, v, 3 P ov Ovg
V'(VXV)—C’Tx(avy _751)—'_374(81)2 -5+ & (Tf_afl;)
2
= (a%z — P, ) + (a vz _ 9 v’”) + (a vy Ouy ) = 0, by equality of cross-derivatives.

Oz Oy Oy Oz Jy 0z 0z dy 0z 0x Oz 0z
From Prob. 1.18: Vxv, = —622%+229+3222 = V-(VXv,) = £ (—-622)+ £ (22)+ 55 (32%) = —62+62 = 0.
Problem 1.28

-
QO N»

_ O | _ 5[ 0%t 9%t N 9%t 5 (_ 9%t 9%t
VX(Vt)_ %ff %i _X(By(?z_626y)+y(628w_8w82)+z(away_Byaw)
dx dy 0z

=0, by equahty of cross-derivatives.

In Prob. 1.11(b), Vf = 2zy32* & + 322224y + 422y32° 2, so

\&S\ww

v Z
3 0
oz
223 24 3:ry 24 4a?y3 23

= %(3-42%y?2% — 4. 32%y223) + (4 - 22323 — 2 day®23) + 2(2 - 3wy?2t — 3 - 22y22%) = 0. v
Problem 1.29
(a) (0,0,0) — (1,0,0). 2:0 — 1,y =2 = 0;dl = de %; v - dl = 22 da; [v - dl = [y a2 dw = (3 /3)[} = 1/3.

(1,0,0) — (1,1,0). 2 =1,y: 0> 1,2 =0;dl = dy §;v - dl = 2yzdy = 0; [ v - dl = 0.

(1,1,0) — (L, 1,1). z=y=1,2: 0 = 1;dl = dzz;v~d1=y2dz:dz;fv-dl:foldz:z|(1):1.

Total: [v-dl = (1/3)+0+1=

(b) (0,0,0) — (0,0,1). 2 =y =0,2:0— L;dl =dz2;v-dl=y?*dz=0; [ v-dl = 0.
(0,0,1) — (0,1,1). 2 =0,y : 0 > 1,z = L;dl = dy §; v-dl = 2yzdy = 2y dy; [ v-dl = fo 2ydy =y} = 1.
(0,1,1)—>(1,1,1).m:0—>l,y:z:1;dl:dxfc;v-dlza;Qda:;fv-dl:foldex:( 3/3)[8 = 1/3.
Total: [v-dl =041+ (1/3) =|4/3.

(c)x=y=2:0— lyde =dy =dz;v-dl = 2?dx + 2yzdy + y? dz = 2 dx + 22% dx + 2? dox = 422 dz;

[v-dl= [l 422 de = (42°/3)[} =
d) fv-dl=(4/3) - (4/3) =[0.]

e

Vx(Vf) =

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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12 CHAPTER 1. VECTOR ANALYSIS

Problem 1.30
y:0 — 1,z = 0;da = dedyz;v-da = y(z? — 3)dady = —3ydzdy; [v-da = —3f02dxf02ydy =
73(x|3)(§|3) = —3(2)(2) In Ex. 1.7 we got 20, for the same boundary line (the square in the

zy-plane), so the answer is the surface integral does not depend only on the boundary line. The total flux

for the cube is 20 + 12 =

Problem 1.31

JTdr=[ 2% dx dy dz. You can do the integrals in any order—here it is simplest to save z for last:

Jo[f(fx)o]s

The sloping surface is z+y+ 2z = 1, so the x integral is fo(l_y_z) dxr = 1—y—z. For a given z, y ranges from 0 to
1— 2, so the y integral is [\' 7 (1—y —2) dy = [(1 —z) ~*/2)ll (=) = (=2 = [(1-2)*/2] = (1-2)*/2 =
(1/2) — z + (22/2). Finally, the z integral is fo G-z+% dz-fo ——z + 2 )dz-( -
L— 144 =|1/60.

Problem 1.32
T(b)=1+4+2=7; T(a)=0. =|T(b) - T(a) = 7.

(.v

4
-z +5)l=

VT = (22 + 4y)X + (4x + 223)§ + (6y2?)2; VT-dl = (2x + 4y)dx + (42 + 223)dy + (6y2?)d=
(a) Segment 1: z:0 — 1, y=2z=dy =dz=0. [VT-dl = f01(2x dr = x2’(1) =1.
01, 2=1,2=0, de =dz=0. [VT-dl = [} (4)dy = 4y|0—4 PVTdl=1.v
0—1, z=y=1de=dy=0.[VT-dl = fo (62?) dz—223’0—2

Segment 2:

<

Segment 3:

W

(b)Segmentl:z:O%l,x:y:dx:dy:O.fVT-dl:fo( 0)dz =0.
Segment 2: y: 0 — 1, =0, z2=1, de =dz=0. [VT-dl = fo dy72y\0 fbVle*7 v
Segment 3: :0— 1, y=2=1, dy=dz=0. [VT-dl = fo (2z +4) dx a o

= (2® +4a)|, =1+4=5.
()x:0—1, y=x, z=22 dy=dx, dz = 2xdz.
VT-dl = (2z + 4z)dx + (4z + 225)dz + (622*)22 dx = (102 + 142°)dz.
JPVT-dl= [} (102 + 142)dx = (5a® +227)[, =5 +2="T7. v
Problem 1.33

Vev=y+2z+ 3z

[(V-v)dr = [(y+ 2z + 32) do dy dz = ff{foz(y +22 + 31) da:} dy dz
> [(y +22)a + 322]2 = 2(y +22) + 6
= J{J 2y + 42+ 6)dy} az
> [y? + (42 + 6)y] =4+ 2(4z + 6) = 82 + 16

_ 2 — (4,2 2_ _
= [, (82 +16)dz = (42> +162)|, = 16 + 32 =
Numbering the surfaces as in Fig. 1.29:
(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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CHAPTER 1. VECTOR ANALYSIS 13

(i) da=dydz%,x =2. voda=2ydydz. [v-da= [[2ydydz = 2y2|(2) =8.
(ii) da = —dydz %,z = 0. v-da = 0. [v-da = 0.

(iii) da = dxdz §,y = 2. veda = 4zdz dz. [v-da = [[4zdzdz = 16.

(iv) da = —dzdz§,y = 0. veda = 0. [v-da = 0.

(v) da=dxdyz,z=2. v-da=6xdxdy. [v-da=24.

(vi) da= —dxdyz,z =0. v-da=0. [v-da=0.

= [veda=8+16+24 =148 v

Problem 1.34

Vxv=%0-2y)+§(0—-32)+2(0—2) =—-2yXx—32y —xZ.
da = dy dz X, if we agree that the path integral shall run counterclockwise. So
(Vxv)-da=—2ydydz.

J(vxv)-da = [{[3(~2y)dy} dz A
ST = (2 2)? 2
= 7f02(474z+22)dz:7 (4zf2z2+§)‘z \\9\
=-(8-8+8) =] N

Meanwhile, v-dl = (zy)dz + (2yz)dy + (3z2)dz. There are three segments. ¥

Dax=2=0;dr=dz=0.y:0—2. [v-dl=0.
(2)z=0; 2=2—y; de =0, dz = —dy, y:2— 0. v-dl = 2yzdy.
2
Jvedl= [} 2y(2 = y)dy = — 5 (4y = 29)dy = — (2% — 39*)|; = — (8 —
B)z=y=0;de=dy=0; 2:2—0.v-dl=0. [v-dl=0. So §v-dl=-%.

N\ i

Problem 1.35
By Corollary 1, [(Vxv)-da should equal 4. VXv = (42% — 22)% + 22 2.

(i) da=dydz%, x=1; y,2:0— 1. (Vxv)-da= (422 — 2)dydz; [(VxvV)-da= f01(4z2 —2)dz
=320l =4 2= 2

(i) da = —dzdyz, z=0; z,y:0— 1. (VXv)-da=0; [(VXv)-da=0.

(iii) da=dadzy, y=1; z,2:0— 1. (Vxv)-da=0; [(VXv)-da=0.

(iv) da= —dadzy, y=0; ,2:0— 1. (Vxv)-da=0; [(Vxv)-da=0.

(v)da=dxdyz, 2=1; 2,y:0— 1. (VXv)-da=2dxdy; [(VXv)da=2.

= [(Vxv)da=-2+2=4% v

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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14 CHAPTER 1. VECTOR ANALYSIS

Problem 1.36

(a) Use the product rule VX (fA) = f(VXA)—Ax (Vf):

/Sf(VxA)~da/SVx(fA)~da+/S[A><(Vf)]odajionler/S[Ax(Vf)]oda. qed

(I used Stokes’ theorem in the last step.)

(b) Use the product rule V-(A xB)=B-(VxA)—-A-(VXB):

/VB.(VxA)dT—/VV.(AxB)dT+/VA~(VxB)dT—j{S(AxB).da+/vA~(V><B)dT. qed

(T used the divergence theorem in the last step.)

Problem 1.37 |r = /22 + 42+ 22; 6 =cos™! (W) ;¢ =tan"' ().

Problem 1.38

There are many ways to do this one—probably the most illuminating way is to work it out by trigonometry
from Fig. 1.36. The most systematic approach is to study the expression:

r=zX+yy+zz=rsinfcos¢pX+rsinfsin¢y -+ rcosbz.

If T only vary r slightly, then dr = 5’; (r)dr is a short vector pointing in the direction of increase in r. To make
it a unit vector, I must divide by its length. Thus:

or o Or
i R )
or o0 6
g::sin@cos¢>”<+sin@sin¢y+c0892; |%’2:sin290052¢—|—sin2esin2¢+00520:1.
gg:rcosGCOS(bfc—i—rcosesincf)y—rsinﬁi; ‘%2:T200829COSQ¢+T2C08298in2¢+T28in2927“2.
g; = —rsinfsingpX + rsinfcos ¢ y; |g—; ’ = r2sin? @ sin? ¢ + r2sin? 0 cos? ¢ = r2sin? 6.

Tt =sinfcospX+sinfsinpy + cos b z.

= |0 = cosfcospX+ cosfsing § —sinf 2.
¢ =—sinpX+cosoy.
Check: - = sin? §(cos® ¢ + sin® ¢) + cos? § = sin® f + cos?0 =1, v

é-(ﬁ = —cosfsin¢cos o + cosfsingpcosp =0, v etc.

sinft = sin? § cos % + sin? fsin ¢y + sin 6 cos 6 Z.
cosf 0 = cos?HcospX + cos? Osinpy — sinf cos 6 z.

Add these: R
(1) sinff+cos0 O =+cospX+sindy;
(2) ¢ =—singX +cosdy.

Multiply (1) by cos ¢, (2) by sin ¢, and subtract:

ﬁ:SiHQCOS¢f+COSQCOS¢é7Sin¢(ﬁ.

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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CHAPTER 1. VECTOR ANALYSIS 15

Multiply (1) by sin ¢, (2) by cos ¢, and add:

y :sin@singbf‘—i—cos@singbé—l—cosgbqg.

cosff = sinfcostlcospX + sinf cosfsing y + cos? 0 3.
sin# @ = sin # cos f cos X + sin 6 cos @ sin ¢ § — sin® 0 .
Subtract these:

Z :COSGf‘—siHQé.‘

Problem 1.39

(a) Vevy = 702870( r?) 14r3:4r
[(Vevy)dr = [(4r)(r2sin 0 dr d6 de) = (4) [ r3dr [T sin0do [37dp = (4) (RT) (2)(27) = 47R* |
[vi-da= [(r*f)-(r*sinfdf d¢t) = r fo sin 6 d@ fowd(b =47 R* v (Note: at surface of sphere 7 = R.)

(b) Vovy = L2 (r24) =0 = ]f(v.VQ)dT — o\

[vorda= [(5%) (r2sin0df dot) = [sinfdfde = [4r.]
They don’t agree! The point is that this divergence is zero except at the origin, where it blows up, so our
calculation of [(V-vy) is incorrect. The right answer is 4.

Problem 1.40

_ 1.0 ,2 1 1
Vv = T—za—(r rcosf) + Tsmeao(sm%"smﬁ) rsmoa¢(r5m9005¢)
= r2 3r2 cos@—i—Tsm9r2sm90059—|—Tsinersmﬁ(—smqﬁ)

3cosf+2cosf —sing = 5cosf — sin ¢

[(V-v)dr = [(5cos6 —sin¢) r?sinf drdf dp = fOR r?dr fO% UO%(B cos f — sin ¢) dqﬁ} dfsinf
—2m(5cos )

( )(1O7r)f sin # cos 0 df

=
c_>sin2t9 2 _

1
2 0 2

_ | 57 p3
=| 3RS,

Two surfaces—one the hemisphere: da = R%2sinfdfd¢t; r=R; ¢:0— 2w, 0:0 — 5
[v-da= [(rcosf)R?sinfdfdp = R® fog sin 0 cos 6 d f d¢ = R (1) (2m) = nR3.
other the flat bottom: da = (dr)(rsinfd¢)(+6) = rdrdp (here § = Z). r:0 — R, ¢:0 — 27
o R 271' . R3
Jv-da= [(rsin)(rdrdg) = f ridr [[7 d¢ = 2r -
Total: [v-da=nR*+ 27R% = 27R3. v

Problem 1.41 | Vi = (cos  + sin 6 cos ¢)# + (— sin 6 + cos 0 cos ¢)8 +

V2t = V-(Vt)
= %2% (r?(cos 0 + sinf cos ¢)) + rsfnege (sin §(—sin @ + cos  cos ¢)) + Tsfn08¢( sin ¢)
= %22 (cosf + sin 6 cos ) + ——(— 25in 0 cos § 4 cos? f cos ¢ — sin”  cos ¢) — M}ngcosqﬁ
= m[2sm90036—|—2sm 0 cos ¢ — 2sin @ cos § + cos? 0 cos ¢ — sin? @ cos ¢ — cos ¢
—L_ [(sin® 0 + cos? 0) cos ¢ — cos ¢] = 0.

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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16 CHAPTER 1. VECTOR ANALYSIS

=[v2 =0

Check: rcosf = z, rsinfcos¢ =z = in Cartesian coordinates ¢ = x + z. Obviously Laplacian is zero.

Gradient Theorem: f; Vi-dl = t(b) — t(a)
Segment 1: 0 = 5, ¢ =0, r:0— 2. dl =drt; Vt-dl = (cos +sinbcos¢)dr = (0 + 1)dr = dr.
[Vtdl= [dr=2.

Segment 2: 0 =5, r=2, ¢:0— 3. dlzrsin9d¢$:2d¢¢3

Vi-dl = (—sing)(2dp) = —2singdg. [Vi-dl = —foz 2sinpdgp = 2 cos ¢|0% =
Segment 3: 7 =2, ¢=75; 0: 5 — 0.

dl=rdf@ =2d08; Vit-dl = (—sinf + cos b cos §)(2df) = —2sin b df.

JVtdl =~ [ 2sin0d0 = 2cos 03 = 2.
Total: [° Vit-dl =2 —2+2=2] Meanwhile, t(b) — t(a) = [2(1 +0)] — [0( )] = 2. v/

Problem 1.42 From Fig. 1.42,|§ =cos¢pX +sin¢y; (;zAS =—singX+cosopy; z=12

Multiply first by cos ¢, second by sin ¢, and subtract
Scos¢p — d)sm(;ﬁ =cos? pX + cospsingdy +sin? ¢k —singcospy = (sm ¢+ cos? ¢) = R.
So | % = cos 8§ — sin ¢ .

Multiply first by sin ¢, second by cos q[), and add:
§sin ¢ + ¢cos¢ =singcospX +sin?py —sinpcospx + cos> oy = y(sm ¢+ cos? ¢) =
So |y = sin 8 + cos ¢ . 7z =17.
Problem 1.43
(a) Vv = iaas (s s(2 + sin ¢)) + %ai(s sin ¢ cos @) + %(32)
= 125(2 +sin® ¢) + 2 s(cos® ¢ — sin® ¢) + 3
= 4—}—25111 ¢ + cos? (;5 sin ¢+3
= 4 +sin® ¢ + cos? ¢+3—

(b) [(V-v)dr = [(8)sdsdpdz =8 [ sds [F d [ dz = 8(2) () (5) = [40m.
Meanwhile, the surface integral has five parts:
top: z =5, da= sdsd¢z; v-da=3zsdsdp=15sdsdp. [v-da=15 f02 sds [ dp = 15m.
bottom: z =0, da= —sdsdpz; v-da= —3zsdsdp =0. [v-da=0.
back: ¢ = 7, da = dsdzqﬁ; v-da = ssingcospdsdz =0. [v-da=0.
left: ¢ =0, da = —dsdz ¢; v-da= —ssingcos¢dsdz =0. [v-da=0.
front: s =2, da = sdpdz8; v-da= s(2+sin® ¢)sdpdz = 4(2 + sin” ¢)dep dz.
Jveda=4[F(2+sin? ¢)d [; dz = (4)(r + T)(5) = 25.
So §v-da = 157 + 257 = 40m. v/

(c) Vxv = (%8—(32) 2 (ssin¢cos rj))) S+ (£ (s(2+5sin”¢)) — Z(32)) )

9
@
+1 (as (s smqﬁcosqS) ( (2 + sin® ¢)))
= % 23s1n¢cos¢—8281n¢COS¢)Z_

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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Problem 1.44

(a) 3(3%) —2(3) —1=27—6—1=20.]
(b) cosm =

(c)

(d) In(-2+43)=Inl =

Problem 1.45

(a) J%5(22 + 3)§0(x) do = (0 +3) =

(b) By Eq. 1.94,5(1—3:):5(33—1),801+3+2:
o) [, 92 L 5w+ 3 de =9 (-1)* L = [1)

d) |1 (ifa>1b),0 (ifa<b).|

Problem 1.46

a) [7 f(2) [z 70()] dx = x f() f_oo 2 (2 f(2)) ( )
The first term is zero, since §(z ) = O at +o0; & (2 f()) = mdw + Zif xdgﬂ + f.
So the integral is — [~°_ (l‘% + f) §(x)dr =0— f(0) = — =— [ f(2)é(z)da.

So, m%é(z) = —0(z). qed

b) foo f dedl“— f($)9($)\iooo— " b(@)de = f(oo) — [i¥ dhdx = f(o0) — (f(o0) — £(0))
f_ §(z)dz. So % =5(z). qed

Problem 1.47
() [ plr) = @0°(x — 1), Check: [p()dr = q [6%(x — ') dr = q. v

b) | p(r) = 40°(r — a) — ¢8°(r). |
(¢) Evidently p(r) = A§(r — R). To determine the constant A, we require
Q= [pdr = [AS(r — R)dnr?dr = A4rR?.  So A= ;% |p(r) = 1 %:0(r — R).

Problem 1.48

(a) a®> +a-a+a? :

(b) f(r — b)2 & d3(r) dr = tLsb? = 15 (42 + 3%) =

(c) > =25+9+4=38>36=62 so cis outside V, so the integral is

(d) (e— (28 +29+22)> = (18 +09+(-1)2)° =1+1=2< (1.5)2 = 2.25, s0 e is inside V,
and hence the integral is e-(d —e) = (3,2,1)-(—2,0,2) = -6+ 0+ 2 =

Problem 1.49
First method: use Eq. 1.9 to write J = [e" (476%(r)) dr = 4me™0 =
Second method: integrating by parts (use Eq. 1.59).

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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18 CHAPTER 1. VECTOR ANALYSIS

iy —r —r r —r 9 —r\ 4 —ra
J = —/r—2~V(e )dT—i—f@ ﬁ'da' But V(e ): (87’6 )r:—e .
y S

. A R

= /726_7"471'7"2 clr—i—/e_’ai2 -rzsin9d9d¢f:47r/e_rdr—i—e_R/sinGded)

r
0
= 47 (—e_") |§' +dre B =4r (—e_R + e_o) +d4re B =dr.v (Here R=o0, soe ft = O.)

Problem 1.50 (a) V-Flza%(())—i-%(())—i-%(x?):@; V-FZ:%—kg—z—i—%:l—l—l—i—l:
Xy z P Xy z
— |9 0 9| _ _ =2 (22)=|_9,% — |8 9 9| _
V= R ¥ 5y (%) =[ 209} VxFa= % % 7 = o]

F is a gradient; Fy is a curl‘ U; = % (333 +9%2 4+ 22) would do (Fg = VUs).
3

0Ay A\ _ (0A, _ 9A:\ _ - 0Ay, _ 9A, _ .2 — — — i
ForAl,Wewant<W—ay)—(az az)_()? B B =T Ay =%, A, = A, = 0 would do it.

A = %x2§l (F1 = VXAj). (But these are not unique.)

- Xy z

(b) V-F3 = %(yz)Jra%(xz)wL%(xy) =0; VxFz=|2 6% Ll=%@@—2)+yy—y) +2(z—2)=0.
Yz Tz TY

So F3 can be written as the gradient of a scalar (Fg = VUs) and as the curl of a vector (F3 = VXAg). In
fact, does the job. For the vector potential, we have

DA, 0A,

o — 5% = yz, which suggests A, = %sz + f(z,2); Ay = —%yz2 +g(x,y)
aa; — % = xz, suggesting Ay = 1220+ h(z,y); Ao =—207 +j(y, 2)
% — 854; =y, SO A, = iny +k(y,2); Ay = —ia:y2 +l(x, 2)

Putting this all together: | Az = 1 {z (22 —y?) &+ y (22 — 2%) § + 2z (y* — 2?) 2} | (again, not unique).

Problem 1.51
(d) = (a): VXF=VX(—=VU)=0 (Eq. 1.44 — curl of gradient is always zero).
(a) = (c): §F-dl= [(VXF) -da=0 (Eq. 1.57-Stokes’ theorem).
b b b a
()= (b): [P F-dl— [P F-dl=["F.-dl+ [ F-dl=§F-dl=0,s0

all
b b
/ F~d1:/ F-dl
a | a II

(b) = (c): same as (¢) = (b), only in reverse; (¢c) = (a): same as (a)= (c).
Problem 1.52

(d) = (a): V.F=V(VXxW) =0 (Eq 1.46—divergence of curl is always zero).
(a) = (¢): §F-da= [(V-F)dr =0 (Eq. 1.56—divergence theorem).

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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CHAPTER 1. VECTOR ANALYSIS 19

()= (b): ;F-da— [,,F-da=§F-da=0,so

/F~da:/ F - da.
I II

(Note: sign change because for § F - da, da is outward, whereas for surface II it is inward.)
(b) = (c): same as (c) = (b), in reverse; (¢)= (a): same as (a)= (c) .
Problem 1.53
In Prob. 1.15 we found that V.v, = 0; in Prob. 1.18 we found that VXv. = 0. So
’VC can be written as the gradient of a scalar; v, can be written as the curl of a vector. ‘

(a) To find ¢:

(1) & =92 =t =92z + f(y,2)
(2) 8 = (2zy +2°)

(3) 9t =2yz

From (1) & (3) we get %=2yz:>fzy22+g(y)=>t:y2x+yzz+g(y),so%:2xy+z2+g—g:

22y + 22 (from (2)) = g—z = 0. We may as well pick g = 0; then

. oW,  OW, 92 W, W, _q.2 . W, oW, _
(b) To find W: oy oL =17 Sge 5 = 32°x; o By = —222.

Pick W, = 0; then

oW, 3
Eralie 3z =W, = —53:222 + f(y, 2)
ow,
8a:y = —2xz = W, = —222 + g(y, 2).
aTv?_agzy Z%—i—xz—%:ﬂ:%—%:o. May as well pick f =g = 0.
W =222y — 32222 2.
X 3y Z
Check: VxXW =|g & & |=%(2?)+y (322%) +2(—222).v
0 —z2z 7%35222

You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some
other solutions:

W =z23% — 2229,
W = (2zyz + 22%) X + 2%y 2;

W =zyzx — %x%y + %1’2 (y — 322) Z.
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Problem 1.54

%2 L 9 (—7“2 cos f sin ¢)

1 0 ,. 9
il (sm&r COS(b) + rsin@@Tb

2 2
(r " COSQ)_'_rsinQ@Q

9
or

1
= —247“3 cos 6 + cos O r? cos ¢+ (—7‘2 cos 0 cos qb)
r

rsin 6 7sin 6

= r(.:ose [4sin 6 + cos ¢ — cos ] = 4r cosb.
sin 0

w/2 /2

R
/(V-v) dr = /(47"0059)7“2 sin9drd9d¢=4/7‘3dr/cos@sin@d@/dqb
0 0

- @) (3) (5) - [

Surface consists of four parts:
(1) Curved: da = R*sin0dfd¢®; r=R. v-da= (R*cosf) (R?sinfdfds).

w/2 /2

da= R - g (L) () 22
/v da=R /cos951n9d9/ dp=R (2 (2)— 1
0 0

(2) Left: da= —rdrdf¢; ¢ =0. v-da= (r?cosfsing)(rdrdf)=0. [v-da=0.
(3) Back: da=rdrdf¢; ¢ =r/2. v-da= (—=r?cosfsing) (rdrdf) = —r3 cos 0 dr db.

i e 1 1
/v-da: /r‘q’dr / cosfdf = — <4R4> (+1) = —1R4.
0 0

(4) Bottom: da =rsinfdrdp@; 0 =7/2. v-da= (r?cos ¢) (rdrde).

R w/2 .
/v~da:/7“3d7“/cos¢d¢:1R4.
0 0
TOtal:fv'da:WR4/4+0—iR4+iR4:”TR4. v
Problem 1.55
Xy z
VXv = %8%% =z(b—a). So f(VXV)-da:(b—a)yrRQ.
ay br 0

v-dl=(ayk+bzy) (dek+dyy +dzz) = ayde + bz dy; 2% +y*> = R? = 2zdx + 2ydy = 0,

sody =—(z/y)dx. So v-dl=aydx+bx(—z/y)dx = % (ay? — ba?) da.
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For the “upper” semicircle, y = vVRZ — 22, so v - dl = % dx.
_RaR2 — (a+b)z? 9 . 1 (T x R /= -
/v-dl = / de: {aR sin (E) —(a+0) [—2\/m+ — sin <R)}} .
R
= %RQ(a —b)sin~!(x/R) - = %R2(a —b) (sin”!(=1) —sin~(+1)) = %RQ(Q —b) (—g - g)
+R
= %WRQ(b —a).

And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so
$v-dl=nR*b—a). v

Problem 1.56

(Dz=2=0dr=dz=0; y:0—1. v-dl=(yz?)dy=0; [ v-dl=0.

(2)x=0; 2=2-2y; dz = —2dy; y:1—0. v-dl=(yz?)dy+By+2)dz =y(2—2y)*dy— (3y+2—2y)2dy;

0
4 493 2
1

O 14

2 3 2 .3

B)zx=y=0;de=dy=0; 2:2—0. v-dl=3y+2)dz = zdz;

Total:fv-dle—i—%— = %.

Meanwhile, Stokes’ thereom says ¢ v - dl = [(V Xv) - da. Here da = dydz X, so all we need is
(VXv), = 8%(3y +2) — 2 (yz?) =3 —2yz. Therefore

/(VXV) -da = //(3—2yz) dydz = /01 [/OQ_Qy(3—2yz) dz] dy

1 1
= / [3(2 —2y) —2y3(2—2y)*] dy = / (—4y> + 8y* — 10y + 6) dy
0 0

1
= (—y4+%y3—5y2+6y)‘0=—1+§—5+6=§./

Problem 1.57
Start at the origin.

(1) 0=3%, ¢=0;7:0—>1. v-dl=(rcos?6)(dr)=0. [v-dl=0.

/2
(2)r=1,0=%; ¢:0—>7/2. v-dl=(3r)(rsinfd¢) =3dp. [v-dl=3 [ dp= 3.
0
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(3) ¢=73; rsinf =y=1,s0r =, dr=_35cos0df, 6:% — 0y =tan™*(1/2).
) cos2 0 cosf cos @ sin
A\ dl = (T COS2 0) (d'f') — ('r COSGS]H@)(T‘ d@) = Sine (—Sln20) — m dg
cos®0  cosf cosf [ cos? 0+ sin®0 cos
= — df = — df = — de.
(sin30 + sin@) sin 6 ( sin® 0 ) sin® 0
Therefore
T cost 1 |% 1 1 501
cos
cdl = — df = = - =—-—-=2
/V //2 sin® @ 2sin®0|,,, 2-(1/5) 2-(1) 2 2

4)0=0y, ¢=":7:v5—=0. v-dl=(rcos?8) (dr)= 2rdr.
2 5

0
2
/v~dl:é/rdr:ér—
5 52

V5

0

Total:

]{V-dl:O+3§+2—2: 3

Stokes’ theorem says this should equal [(VXxV) - da

1 (o, 9, P B S AN DA ¢ j
VXV = ey {ae(smﬂ?)r) — a(é(rsm@cos@)] T+ - [sin98¢ (TCOS 9) - E(T?””) 0
1[0 . 0 2 "
+; Lﬁ(—rrcos@sm@)— %(TCOS 9)} o}

= 1 [3TCOS€]f‘+1[767’]@4’1[727’C0898in0+27’COS€Sin0](£
rsind r r
= 3cotOF — 6.
(1) Back face: da= —rdrdf¢; (Vxv)-da=0. [(Vxv)-da=0.

(2) Bottom: da = —rsin@drdp@; (Vxv)-da=6rsinfdrdp. 6 = 5,50 (VXV)-da=6rdrdp

1 w/2
/(VXV)-da:/6rdr/d¢:6-
0 0

DO =
[V
N

Problem 1.58
v-dl=ydz.

(1) Left side: z =a —x; dz = —dx; y =0. Therefore [v-dl=0.

(2) Bottom: dz=0. Therefore [v-dl=0.
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2

0
(3) Back: z=a—1y; dz=—1/2dy; y:2a—0. [v-dl= [y(-3dy)=—-3%L
2a

Meanwhile, VXv =%, so [(V XV) - da is the projection of this surface on the zy plane = % -a-2a = a®. v

2
Problem 1.59

10,45 ,. 1 9 . 2 9
Vv = T—Qa— (r r smﬁ) —i—m% (sm94r 0059) sn08¢ (7“ tan@)
. r . .
= —47“ sm@—i— 947“ (00829—51112 9) = 500 (sm 6 + cos? 6 — sin? 9)
B rCOb 29
o sinf
2 P 7 0 sin20]|"°
/ (Vov)dr = / 4= (7 sin 0 dr d dgy) = / 453 dr / cos? 0 df / dp = (RY) (27) |2 + =
sin 6 2 4 0
0 0 0
_ 4 ™  sin60°\  wR* @ [ xrt
= 27R (12 1 >_6 T+35 ) =" (2m + 3v3).

Surface coinsists of two parts:

(1) Theice cream: r = R; ¢: 0 — 2m; 0 :0 — 7/6; da = R?>sin0df dp #; v-da = (R2 sin@) (R2 sin&d@dgb) =

R*sin? 0 d6 do.

/6

/6 4

1,1 1 TR V3
4 4 I _ 4 _ = _

/Vda—R /sm 9d9/d¢ (RY) (2 )[29 4sm29} =21R <12 4511160) 5 <7r 3
0

0

(2) The cone: 0 =%; ¢:0—2m; r:0— R; da=rsinfdpdré :73rdrd¢é; v-da=/3r3drde
i V3
/v da—\[/ /dgb \[ 271'—73 R*.

Thereforefv~da:”7m(g—73+\/§):7%4(27r+3\/§). V.

Problem 1.60
(a) Corollary 2 says ¢(VT)-dl = 0. Stokes’ theorem says ¢§(VT)-dl = [[Vx(VT)]-da.So [[VX(VT)]-da=0,
and since this is true for any surface, the integrand must vanish: VX (VT) = 0, confirming Eq. 1.44.

2

(b) Corollary 2 says ¢(V xv)-da = 0. Divergence theorem says §(Vxv)-da= [ V-(Vxv)dr.So [ V-(VXv)dr

= 0, and since this is true for any volume, the integrand must vanish: V(V xv) = 0, confirming Eq. 1.46.

Problem 1.61

(a) Divergence theorem: ¢ v -da = [(V-v)dr. Let v = ¢T', where c is a constant vector. Using product
rule #5 in front cover: V-v = V-(cT) =T (V-c)+c-(VT). But c is constant so V-c = 0. Therefore we have:
[e-(VT)dr = [Tc - da. Since c is constant, take it outside the integrals: ¢- [ VI'dr = ¢ - [T da. But c

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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24 CHAPTER 1. VECTOR ANALYSIS

is any constant vector—in particular, it could be be X, or §, or Z—so each component of the integral on left
equals corresponding component on the right, and hence

/VTdT: /Tda. qed

(b) Let v — (v x ¢) in divergence theorem. Then [ V-(v x ¢)dr = [(v x c) - da. Product rule #6 =
Vi(vxc)=c-(VXxv)—v-(Vxc)=c-(Vxv). (Note: VXc =0, since c is constant.) Meanwhile vector
indentity (1) says da- (v xc) =c-(dax v) = —c- (v xda). Thus [c-(Vxv)dr =— [c- (v x da). Take ¢
outside, and again let ¢ be X, ¥, Z then:

/(VXV)dT: f/vxda. qed

(¢) Let v = TVU in divergence theorem: [ V-(T'VU)dr = [TVU -da. Product rule #(5) = V-(T'VU) =
TV-(VU)+ (VU) - (VT) =TV?U + (VU) - (VT). Therefore

/ (TV2U + (VU) - (VT)) dr = / (TVU)-da. qed

(d) Rewrite (¢) with T« U : [ (UV?*T + (VT) - (VU)) dr = [(UVT)-da. Subtract this from (c), noting
that the (VU) - (VT) terms cancel:

/ (TV?U — UV?T) dr = / (TVU —UVT) -da. qed

(e) Stokes’ theorem: [(VXv)-da= §v-dl Let v=cT. By Product Rule #(7): VX (cT) =T(Vxc)—
¢ x (VT) = —c x (VT) (since c is constant). Therefore, — [(c x (VT))-da = ¢ T'c-dl. Use vector indentity
#1 to rewrite the first term (¢ x (VT))-da=c- (VT xda). So — [¢- (VT xda) = § c-Tdl. Pull c outside,

and let ¢ — X, ¥, and Z to prove:
/VTxda:fdel. qed
Problem 1.62

(a) da = R%sin 0 df d¢ #. Let the surface be the northern hemisphere. The % and § components clearly integrate
to zero, and the Z component of ¥ is cosf, so

sin® 6

e

0

/2
a:/stinﬂcosﬁdegbZ:27rR22/ sinfcosfdf = 2rR* %
0

(b) Let T'=1 in Prob. 1.61(a). Then VI'=0,s0 §da=0.  qed

(¢) This follows from (b). For suppose a; # as; then if you put them together to make a closed surface,
fda=a; —ay #0.

(d) For one such triangle, da = $(r x dl) (since r x dl is the area of the parallelogram, and the direction is
perpendicular to the surface), so for the entire conical surface, a = % f r x dl.

(e) Let T = c - r, and use product rule #4: VI' = V(c-r) = ¢ x (VXr) + (c- V)r. But Vxr = 0, and
(c-V)r= (cz% + Cya% + 02%)(:5)2 +yy+22)=cyX+cyy +c.Z=c. So Prob. 1.61(e) says

}{le:f(cm)dl:f/(VT)xda:f/cxda:fcx/da:fcxa:axc. qed
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Problem 1.63
(1)

1 1 1
Vv = —22 (7"2 : ) = —g(r) =|%.

For a sphere of radius R:

[v-da=[ (% #) - (R*sinfdfd¢t) = R [sin6df d¢ = 4w R.
So divergence

[(V-v)dr = [ (&) (r*sinfdrdf do) = (fRdr> ([sin@df d¢) = 4nR. ( theorem checks.
0

Evidently there is no delta function at the origin.

n o 1 a n 1 a n 1 n n—
VX (1" 8) = o (1Pr") = S (72) = S+ 2 = (n 4 2)r

(except for n = —2, for which we already know (Eq. 1.99) that the divergence is 476%(r)).

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using
Prob. 1.61(b): If VX(r"#) = 0, then [(VXv)dr = 0 < —¢vxda Butv = r"f and da =
R?sinf0dfd¢t are both in the # directions, so v x da = 0. v’

Problem 1.64
(a) Since the argument is not a function of angle, Eq. 1.73 says

-8 [ (D] vt et
4rr2 dr 2) (r2 4 €2)3/2 4r2 dr | (r2 + €2)3/2
1 3r? 3 r2r 1 3r?

T 42 [(7"2+e2)3/2 N 2(T2+62)5/3:| T dmr? (2 4 €2)5/2

(r* +€ —r?) 23—62 v
dm(r2 4 €2)5/2°

(b) Setting r — 0:
3e2 3

D(0,€) = dwed  4med’

which goes to infinity as € — 0. v/
(¢) From (a) it is clear that D(r,0) = 0 for r # 0. v/

(@ 2
1
D Anr? dr = 2/ T =32 (=) =1
/ (r,€)dmr dr = 3¢ . Ity dr = 3¢ 3 v

(I looked up the integral.) Note that (b), (c), and (d) are the defining conditions for §3(r).
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Chapter 2

Electrostatics

Problem 2.1

(a)

) |F= 12

Ay 127
Ezplanation: by superposition, this is equivalent to (a), with an extra —q at 6 o’clock—since the force of all
twelve is zero, the net force is that of —q only.

(c)

1 qQ
d ESi7
(d) dmeg 72

a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired ¢
doing the job, then you’ll need a different explanation for (d).

where r is the distance from center to each numeral. F points toward the missing q.

pointing toward the missing ¢. Same reason as (b). Note, however, that if you explained (b) as

Problem 2.2
This time the “vertical” components cancel, leaving E
E = 47360 2% sinf X, or 2 /0
1 d :
q N
E= X.
dmey (L2 4 (& 2\3/2 .
=+ () . i
From far away, (z > d), the field goes like E ~ 47360 g—gi z, which, as we shall see, is the field of a dipole. (If we

set d — 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge
from far away, the net charge is zero, so E — 0.)
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Problem 2.3

L
E. = 2z Jo 5% cost; (2% =22+ 27 cosb = 5-)

4meg

— _1 L 1
= 4W€D/\Zfo (22+$2)3/2d$

dq = M\dx o1 1 a1z
I T 4meg 22 /2242 o Admeo z V2242
— _ 1 (lrdegp— _ 1 [ _zdz__
7 Ee = =gy Jo 7 zsind = 4we0/\f (22 +22)772

I S W PR S —__1 yji___1
- 4meg V2422 0 - 4meg z V2212 |

1 A z L
E=—-|l- 14+ —F——== %+ | —=—=)2Z|.
dmeg 2 |:< \/ZQ_A'_LQ) (‘/ZQ+L2) :|
For z > L you expect it to look like a point charge ¢ = A\L: E — ﬁé—gz It checks, for with z > L the X

1 ALy
4dmeg z z

term — 0, and the Z term —

Problem 2.4

From Ex. 2.2, with L — § and z — /22 + (%)2 (distance from center of edge to P), field of one edge is:

1 Aa
“W¢%+%¢ﬁ+§+%.

There are 4 sides, and we want vertical components only, so multiply by 4cosf = 4—=

Ey

=

22420
1 4N
E= a 7.
"o eg) A g
Problem 2.5
“Horizontal” components cancel, leaving: E = 4”160 { 25”2 cos 9} Z.

Here, 2 2 =12 + 22, cosf = %~ (both constants), while [dl =27r. So

1 A@2mr)z 5
= 47['60 (7,2_'_22)3/2 .

Problem 2.6
Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total
charge of a ring is o - 27r - dr = A - 27wr, so A = odr is the “line charge” of each ring.

1 (odr)2 1 R
Ering = (0 T) 7722'2; Edisk = 7271'0'2/ 771 2 dr.
47T6() (7«2 + 22) / 47('60 0 (7"2 + 22)3/
E 1 9 1 1 R
sk = ——2M02 | — — ——— | Z.
disk 47eg e z  VR2 4 22
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o
For R >> z the second term — 0, 50 Epjane = ——270% = 2—2
€0
Forzs R i =1 (1+8) o1 (1218 [|mloly1r2 _ R
or z ' VR2+22 2 22 ~ Z 2z2’SO ~ z z 2 23 T 2230
2
andE:ﬁ%:4;60%,WhereQ:7rR20 v
Problem 2.7 z

E is clearly in the z direction. From the diagram,
dq = oda = o R?sin 0 df d¢,

22 =R?+4 2% - 2Rz cosd,

COS’(ﬁ _ z—]/%}cosé.

So

1 oR?sin6df d¢(z — Rcos0)
E, = d¢ = 2m.
4meg / (R2 + 22 — 2Rz cos 0)3/2 Jdg =2m

r
1 4 — 5 0) si = =
z—(QWRZU)/( (z = Rcosb) sin 6 de Let u = cos 6; duz—sinGd@;{a 0=u +1}.

0

dmeg R2 + 22 —2Rzcos0)3/2 O=m=u=-1
1
- R
= e (2mR%*0) /_1 T ; — 21;%zu)3/2 du. Integral can be done by partial fractions—or look it up.
1
_ 1 (27 R%0) 1 2u—R _ 1 2nR%o (z—R) (=2-R) .
dmeg 22 /R?2 + 22 —2Rzu] _, 4meq 22 |z — R |z + R|
. 1 .
For z > R (outside the sphere), E, = 47350 4”2@2” = 47350 %,s0|E = Tneg ;12 Z.
For z < R (inside), E, = 0, so
Problem 2.8

According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge
were concentrated at the center, while all exterior shells contribute nothing. Therefore:

1 Qint a
r

4dmey 12

b

E(r)

where Qi is the total charge interior to the point. Qutside the sphere, all the charge is interior, so

1 Q.

= r.
47T€0 7"2

E

Inside the sphere, only that fraction of the total which is interior to the point counts:

4 3 3 3
37T r 1 r 1, 1 Q
int — = —, E: _— —_ = —7r.
Qine gwa’Q B I B T I 15T

Problem 2.9

(a) p=¢V-E = 60%2% (r? - kr®) = eo 7z k(5r%) =
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(b) By Gauss’s law: Qenc = €0 $ E-da = eo(kR?)(47R?) =

By direct integration: Qenc = [pdr = fOR(5eokr2)(47r7"2dr) = 20meok fOR ridr = dreghR5.V

Problem 2.10
Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface
of this larger cube gets the same flux as every other one, so:

1
/E-da =21 E-da.

one whole
face large
cube

The latter is éq, by Gauss’s law. Therefore /E'da -4

Problem 2.11
Qi . » P — 2y 1 _ —
Gaussian surface: Inside: ¢ E-da = E(471%) = +Qonc = 0=
oR2 } (As in Prob. 2.7.)

607“2

— Gaussian surface: Outside: E(4mr?) = &= (047R?) = |E =

Problem 2.12

Gaussian surface 1
E=—prt.
L9 3

Problem 2.13

(as in Prob. 2.8).

sz?sian surface §E-da=F 21s-1= éQenC = é/\l, So

(T N

M E= §| (same as Eq. 2.9).
2mens

l

Problem 2.14

$B-da=E-4mr? = LQenc = & [pdr = & [(kF)(7* sinf dF d6 d¢)

0

k4,

. _ 1 L N
Gaussian surface = @ k 4m fo rdr = ST = €0

1
E= wkr?t.

T dweg
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Problem 2.15
(1) Qenc = 07 SO

(ii) § Brda = E(471?) = 2Qene = & [pdr = £ [L7sin6dr df do
r - E
_ Ank fa df:47rk(r_a) E:k(T CL) . ‘ ‘

€0 €0

(i) B(4rr?) = 42k (7 g = 42k (p — g), 50

B=F (b;a> .
€0 T

Problem 2.16

$E-da=FE 2ns-1= %Qem = Lors?l;

€0
(i) () ) D<— Gaussian surface E— ﬁg
L

260

\ TN “+—— Gaussian surface fE-da —F.%rs-1 = éQenc — %pﬂaQZ;
(1) a1 >
E="s
T 7 7 2€pS
]

(iii) ( ) s ) ) $E-da=FE 2ns-1= éQenc =0;
-E =0.
/ /)

I |E|

|

|

|

|

|

a b S
Problem 2.17 On the x z plane E = 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane
and the other at y.

Gaussian pillbox

fEda =F-A= %Qenc = %Aypv

/
@ E="yg| (for |y < d).
€0

= U<

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



31

CHAPTER 2. ELECTROSTATICS

Qenc = L Adp = |E = %dy (for y > d).

Problem 2.18

From Prob. 2.12, the field inside the positive sphere is E; = %r+, where r is the vector from the positive
center to the point in question. Likewise, the field of the negative sphere is —%r_. So the total field is

p
E=— —r_
3 (ry —r-) 7
ry
But (see di ) —d. So|E="4d Z d
ut (see diagram) ry —r_ =d. So |E = 3 & !
Problem 2.19
1 2 1 2
VXE = 47r€OV></ ﬁpdT = pro / X (2)] pdr (since p depends on r’, not r)

2
=0 (since VX (2) =0, from Prob. 1.63).
7z

Problem 2.20

£y 2
(1) VXEy =k & & & | =k[X(0-2y)+5(0—32) +2(0 — 2)] #0,
Ty 2yz 3zx

so Eq is an impossible electrostatic field.

O N>

k[x(2z —22) +3(0—0) +2(2y — 2y)] = 0,

X
9

Q"QJ%)

vy 0:

(2) VXEy = k|2
y? 2zy + 22 2z
2

so Es is a possible electrostatic field.

Let’s go by the indicated path:
‘l(xo, Y0, 20)

E-dl = (y*dx + (2zy + 22)dy + 2yz dz)k
Step I y=2=0; dy = dz = 0. E-dl = ky?>dz = 0. I
I Y

Step II: x =g,y :0 — yp, 2=0.dr =dz=0.
E-dl = k(2xy + 2%)dy = 2kxzoy dy.
[pp EBedl =2k [[° ydy = kxoyd. -
Step III: x = xg, y = Yo, 2: 0 — z9; dx =dy = 0. z
E-dl = 2kyzdz = 2kypz dz.
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Jrrp Eedl = 2yok [0 2dz = kyozd.

(wO »Yo yZD)

V(x07y0720 = - f E.dl = k(xoy(% + y028)7 or ’ V(:c,y,z) = 7](3(1’:[,/2 + yZQ)

Check: -V V=k[Z (zy*+y2?) %+ (2y +y2?) 5+ £ (zy*+v2?) 2] =k[y %+ (20y+2?) §+2y2 2]=E. v/
Problem 2.21

Outside the sphere (r > R) : E = 2 %#.
V(r) =— [ Bedl.
Inside the sphere (r < R): E = ;2 -Lrf,

4meg R
So for 1> R: V(r) = — [7 (&) dr = g (})] =| 2 1
Ameq T2 4meq LA 47T6()7’
_ 1 =\ = 1 1 R?
and for r < R: V - f (477(-: F%) (471'60 RBT) dr = 47350 |:§_ ?( )i|
SNPGRS
4meg 2R R2
When r > R, VV = L0 (1) i = —gL-Lf o E= -VV = L 5f. v

— 49 1 0 _r\ s g 1 (_2r\a_ _ g rag _ _ 1 q ..=a
When r < R, VV = 2R D (3 R2)r—4m02R( 2)f = — g w0 B=—VV = fodris

(In the figure, r is in units of R, and V(r) is in units of ¢/4wegR.)

|
|
|
|
|
|
|
I
1

Problem 2.22

E = 4736 25’“ (Prob. 2.13). In this case we cannot set the reference point at oo, since the charge itself

extends to co. Let’s set it at s = a. Then

o= fi (5 2) ds=|-p—nm (%),

(In this form it is clear why a = oo would be no good—Ilikewise the other “natural” point, a = 0.)

VV = -2 (In(3)) 8= — 55208 =-E.v
Problem 2.23
0) = — [LEdl = — [ (EC)dr — [ (E5)dr — [J(0)dr = EO50 — £ (n(8) +a (2 -1))
k b
zg{l—%—ln(%)—1+%}: 6Oln<a).

Problem 2.24
Using Eq. 2.22 and the fields from Prob. 2.16:
V(b)) ~V(0) = — [{E-dl = — [ Eedl— [ E-dl= — £ [ sds — 22 [* 1ds

E
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2
52 a a2 b pa b
=—(ﬁ) T, T e nsla =| 7 (”21“(@))'

Problem 2.25

1 2q
_471'6() 9 d 2’
22+ (3)
L - L ‘
(b) V = 47}60 I f%zﬁln(x"'\/%*‘f?)LL |
A m<L+Mﬁ+Lj 2!

(a) |V

A L++z22+ L2 /Z
= n =
drmeg —L++V224+ L2 2meg z

R
(C)V 1 o 2nrdr 1 2770—( /7T2+Z2)‘R: i( %R2+22_Z)'

- dmeg Jo V12 + 22 - 4dmeg 0 2¢€g
In each case, by symmetry %—‘; = %—‘; =0. " E= —%—‘Z/Z.
1 1 2z 1 2qz .
(a) E=— 2q (—) — 7 = —— 7 | (agrees with Ex. 2.1).
4meg 2 (22 n (g)z)S/Q 4meg (ZQ + (g)2)3/2
A 1 1 1 1 1 1
(b) E=— { - 2z — - 22} Z
dmeg | (L + V22 + L2)2 /22 + L2 (—L+V22+L12)222 + 12

(agrees with Ex. 2.2).

A z — L+ 224+ L2 —-L—+z2+L2]| _ 2L\ 1 R
= — 7z =| ——— 7
Ameg /22 + 12 (22+L%) — L2 dmeg 27/22 + L2

o 1 1 R
7z =

g z
E=-2 -~ 9, 1 T2 |3
) 260{2\/RQ+22 : } 260[ \/RQ—i—zJZ

If the right-hand charge in (a) is —q, then , which, naively, suggests E = —VV = 0, in contradiction
with the answer to Prob. 2.2. The point is that we only know V' on the z axis, and from this we cannot hope

(agrees with Prob. 2.6).

to compute E, = —% or E, = —%—‘;. That was OK in part (a), because we knew from symmetry that
E, = E, = 0. But now E points in the x direction, so knowing V' on the z axis is insufficient to determine E.

Problem 2.26

N

V2h

1 o2nr 2o 1 oh
\%4 = d2 = ——(V2h) = —
(2) 47T60/0 ( 2 ) 47eq ﬂ(\f ) 2¢0

(where r = 2 /V/2)

a
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\/ih
1 o27r _
V(b d2  (where 2 =\ h24+ 22 —+/2h2
(b) 47‘(‘60/0 ( 2 > (where \/ + V2 )

270 L V2h 2 dn
ireoN2Jo R+ 2 % - vaha
5 V2h
o
W24 22 —\2h2 + —=Wn(2\h2+ 22 —V2h2 +22 —/2h
2v/2¢¢ [\/ V2 ( \/ ) 0
— {h+ " (2h + 2v/2h — V/2h) — h — hln(2h—\/§h)}
2\f€0 V2 V2
i 2+/2 oh (2+2)?
= 1n2h+fh (k- vaw)] = = —In|
_ ﬂlnu +V3). |V vy =2t [1 ~(1+v3)]
260 0
Problem 2.27
L
Cut the cylinder into slabs, as shown in the figure, and _,
use result of Prob. 2.25¢, with z — = and ¢ — pda: 2= 5 \ ﬁm \
z+L/2 d
V=5 | (VR? + 2% — z) dx \j }] J
z—L/2 N =~
= %5 ["I}\/ R2 +ﬁr2 +R2 ln(x"_ \/R2+$2) ]|Ztijz v &

4%{(%) R+ (o+5) (o= )y R+ (o= 5) + R {H] L}
(Note: — (z+ %)2 + (z — )2

—z —zL—LTZ—FzQ—zL—i-LT:—ZzL.)

—VV——Z—— Z'O ,/R2 z+ _— | R+ z—
,/R2
1 2

0|t~

2
Z—*
,/R2

_2L}

1+ ——2—
LR R2+(z+ )? R2+(Z—f
s+ L4\ /R2+ £

+ (2 + L+ R*+
1
\/RZ <Z+% \/RQ L
N 2 2
E=_2P 2\/R2+<z+L> —2\/R2+(Z—L> —2L
460 2

2
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Problem 2.28
Orient axes so P is on z axis.

Vo L g Here p is constant, dr = r? sin 6 dr df d¢, ’
= Imeo J 2 4T 2 =22 4+r2 —2rzcosh. f’

Y
P r2sin 6 dr d _r-sinfdrdfdo _
V= 4meg J \/224r2—2rzcosf ) f d¢ = 2m.

i
™
Jo Tt df = o (Vi2+ 22 = 2rzcosf)|) = oo (Vi + 22 + 22 — V2 + 22 = 2rz)
2/z ,ifr <z,
—é(r+z|r2|)—{2§“ifr>z.}

O —nu

4dmeq

'V”~27r-2{ lr2dr+flr } —{15+R2_z2}*L<R275)
. - z r e | z 3 2 T 2¢ 3 )"

2
2 2 q r
But = .50 VIe) = g (B2 - 5) = s (3= 7 [V = - (3= 7 ) | ¥

Problem 2.29

V2V = 4” V2f( )dT = 4WEO Jp(x’ ( )d (since p is a function of 1/, not r)
= = [p(t')[-4r83(x — ') dT = -1 () v

4meq

Problem 2.30.
(a) Ex. 2.5: Eqpove = 315 Epelow = —32-11 (i always pointing up); Eabove — Ebelow = oh v

Ex. 2.6: At each surface, F = 0 one side and E = % other side, so AE = Z. v

o’

Prob. 2.11: Egu = 2858 = 2#; By, = 0350 AE = 2§, v

28 (at surface).

Sla

|3
>
Il

L’ IR Outside: $E-da = E(2715)l = =Qenc = Z(27R)l = E =

Inside: Qene =0,s0 E=0. -. AE = %é v

_ R%;s _ R . _ Ro . i
(c) Vou = 57 = 7Z (at swrface); Vi = 72 5 50 Vour = Vin. v/

P 2
Lg‘;‘“ = irz = —Z (at surface);

Vin _ 0. OWVous _ OVin _ _ o
or 0 0 8(';‘u or €0
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36 CHAPTER 2. ELECTROSTATICS

Problem 2.31

@V=m St = T 3 =k (2 )
S Wi=qV = 4:;@ (—2+12>. D, +.(4)
: . + -
(b) Wi =0, Wa = gho (S22 ) wh = g1 (5, = 2 )5 Wa = (see (a). " *(3)
Wi = 7 T {-1+ H-1-2+ 5} = 4;60222(— +;§>

Problem 2.32
Conservation of energy (kinetic plus potential):

1 2 1 2 1 qags
—MAvy + —MmBUE + — =E.
g ATAT 9 TIBYE dreg 1
At release v4 = v =0, r =a, so
_ 1 g4
dmeg a

When they are very far apart (r — oco) the potential energy is zero, so

1 2 1 2 1 qaqB
QmAUAJr "BV = Aeg a

Meanwhile, conservation of momentum says mavq = mpug, or vg = (ma/mp)va. So

2
1 9 1 ma o 1 [mgy o 1 qagp
2mAvA—&—QmB (mB> va =g o (mA+mB)vA—47T€O o

B 1 qAqB (m > B 1 qaqB (mB)
r— —1; wvp= — ).
2meg (ma +mp)a B 2meg (ma +mpla \ ma
Problem 2.33

From Eq. 2.42, the energy of one charge is

BS

n

1 Lo~ 1 (=D)g? ¢ (-1
W=—qV ==(2 = .
2q 2( ); 4dmeg  na dmega ; n

(The factor of 2 out front counts the charges to the left as well as to the right of ¢.) The sum is —In2 (you
can get it from the Taylor expansion of In(1 + x):

1 1 1
m(l+2)=z—-a®+ 2% — -2 + ...

2 3 4
with x = 1. Evidently .
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Problem 2.34
(8) W = § [pVdr. From Prob. 2.21 (or Prob. 2.28): V = £ (R? = ) = gL (3 1)
1 1 ¢q (R r? 9 qp r3 1 57" qp ;s R3
W == — 3— — | dnradr = 3— - —=— R’ — —
2" 4reo 2R J, ( R2> T T 4R |73 T R25 ||, 4eR 5
_ WP 4R g | 1 (3¢
5eg Y %ﬂ'RB dmeg \B R/~
(b) W =% [E*dr. Outside (r > R) E = 2= 5% ; Inside (r < R) E = - 5.
€ 1 2 <1, /R( r )2 )
— —(r<dm d — ) (dnrad
5 (471_60)2(1 {/ (rédmdr) + o\ (dmr=dr)
L0 A0 I S i G S WS T W . '
477'60 2 r)|lp RS 0 "~ 4mweg 2 \ R 5R dmeg 5 R’
o) W =2 VE-da+ [, E?dr}, where V is large enough to enclose all the charge, but otherwise
2 1 s %
arbitrary. Let’s use a sphere of radius a > R. Here V = 4;50 4,
R a 2
_ % 1 ¢ 9 1 q 9
{/ 47T607‘ (47“0 7‘2) r 51n9d9d¢—|—/0 E dT+/R <47T€0 T2) (4mr<dr)
2 a
q 47 1 9 1
—90)_2 S I _-
{(47760) + (47mep)? BR + (47ep)? m ( r)\g
1 ¢ (1 1 1 1 1 3¢2
= Tl 42y = —
dmeg 2 la HBR a R 4meg b R
As a — oo, the contribution from the surface integral ( Trc gz> goes to zero, while the volume integral
(47360 g—a(% - )) picks up the slack
Problem 2.35
L' \Ya .
=, (g = charge on sphere of radius r
( h h f rad )
r

AW = dgV = dg (47“0
3
(¢ = total charge on sphere)

_ 4 4 T
= 5nr PZC]ﬁ

173
_ dgr? 3q
dg = 4mridrp = 4 qud Vi r2dr.
1 qr 3q o 1 3¢? 4
dW = — dr d
Ame (R3> <R3 > dAmey RS
2 5 2
Lo3¢® (%, _ L3R 1 (3¢
4meg RS 5 4meg \ O R

- 4meg RS
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Problem 2.36
(a) W= [E*dr. E = =% (a <1 <b), zero elsewhere.

T 4meg

2 b 2 z
fa (T’%) 47r7ﬂ2d7ﬂ = 831'60 fa Tiz

D) Wi=t @ Wo= L€ E =L % (r>a), By= =4 (r>b). So

— 8rmeo a — 8rmeo b

2 2
E1-E2:( L ) ;—‘f, (r>b),andhencefE1~E2dT:—( L ) qgfboor%élmﬁdr:—ﬁ;b.

4meq
2

Wi = Wit Wa+ o [ Bi-Badr = loa? (1 +} - 3) = e (A=)

a
Problem 2.37

1 ¢, 1 ¢ . 0192 / 1 9 .
E, = =t Eo=——=2; W, = 0 dr df do,
! 4meq r2 T 2 dmeg 2 2 € (4meg)2 ) 122 2 cos 37" sin g dr 9

where (from the figure)

(r —acosb)
7

W, = 1492 27r/(’"_“c,039) sin 0 dr d6.
(47)2e0 23

It’s simplest to do the r integral first, changing variables to 2 :

2 =12+ a2 — 2racosé, cosf3 =

Therefore

22 d2 = (2r —2acos@)dr = (r—acosf)dr=2dz .

Wizqm/ (/ 12d¢>sin9d9.
8meg 0 o 2

s
W, = & / sinfdf = | 2L
8mepa Jo 4mega

Asr:0— 00,2 :1a— 00, s0

The 2 integral is 1/a, so

Of course, this is precisely the interaction energy of two point charges.

Problem 2.38

(a) |or = 1 op=—L . g,=-1_
47 R? 4ma? 47b2

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.
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R Il g, a q
(b) V :_f E-dl = f (47\'6 %)dr_fb fa (47’!’60%)d7‘_fR d?"— 47760 (5+E_E)
a 1
(¢) |op — 0| (the charge “drains off”); V(0) = — [ (0)dr — fa (e i%)dr — fR = e (% - %) .
Problem 2.39
() |oa=—-22 . llgy=—P_|gp=1a T
4ma?’ 47b2’ 47 R?
1 qa .
(b) | Eout = Tre 4 :; L t, | where r = vector from center of large sphere.
TEQ
L qa L g . .
(c) | Eq = = T,, B, =-—— 51, | where r, (r3) is the vector from center of cavity a (b).
dreg 2 dreq 1

(a)

(e) or changes (but not o, or 03); Eoutside changes (but not E, or E;); force on ¢, and g, still zero.

Problem 2.40

(a) For example, if it is very close to the wall, it will induce charge of the opposite sign on the wall,
and it will be attracted.

b) Typically it will be attractive, but see footnote 12 for an extraordinary counterexample.

Problem 2.41
Between the plates, E' = 0; outside the plates E = o/¢g = Q/egA. So

pop_ 0@ | @
2 2 3 A? 2¢0 A2
Problem 2.42
ZA
Inside, E = 0; outside, E = %f‘; SO
471'60 T E
1.1 Q & 0
Euve = 2dreo RZ T J: = 0(Eaye)z; 0= IrR2
F,= [f.da= f(473?2) L (47350 RQ) cosd R%sin @ df do
x/2 /2 2 Q?

= (G 2 i s cos 00 = ()7 (3sn )7 = 5o () = | gy

Problem 2.43
Say the charge on the inner cylinder is @, for a length L. The field is given by Gauss’s law:

fE-da =F -2ns- L= éQenc = 1 Q = E= m . Potential difference between the cylinders is

V(b)—V(a):—/abE-dl:— Q [l @ ln<b>.

27T6(]L a S 27T€(]L a

As set up here, a is at the higher potential, so V =V (a) — V(b) = % In (g)
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2meg L

()

Problem 2.44

C:

<k

, SO capacitance per unit length is

(a) W = (force) x (distance) = (pressure) x (area) X (distance) = 6§OE2AG.

b) W = (energy per unit volume) x (decrease in volume) = eoE—z Ae). Same as (a), confirming that the
2

energy lost is equal to the work done.

Problem 2.45

From Prob. 2.4, the field at height z above the center of a square loop (side a) is
1 4 az . g7
Z.

E:
O ) g .
da

Here A — 05" (see figure), and we integrate over a from 0 to a:

1 ¢ d 2
E:—Qaz/ ada .Letu:a—,soada=2du.
dmeo 0 (24 2) /2244 1
a2/4 62/4
1 4 /“ / du oz |2 tan—1 V2u + 22
= oz = — |—tan _—
47T60 0 (u—|—22)\/2u—|—z2 ey | 2 z 0

TEQ z

_ 2 {tanl (V B ) —tanl(l)};

2 2
B2 [an 1 2 7] ale Z i (),
Teo 2z 4 Teo 4z+/22% + (a?/2)
a — oo (infinite plane): E = T?—go [tan™!(c0) — Z| = 7?—:0 (Z-12)= 7V

z>> a (point charge): Let f(z) =tan~'y/1+z — Z, and expand as a Taylor series:

f(@) = f(0) +zf(0) + %lﬂf"(o) T

Here f(0) = tan~'(1) —

ENE]

Thus(since%zx«l%E%Q—”(i“—): L oa® _ 1 g
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Problem 2.46

B B 1 0 [ 4,3k 1 0 (. 2ksinfcosfsin¢ 1 0 [ksinfcos¢
p_EOVE_EO{ﬂ@r (7‘ r)+rsin980 (sm& r >+rsin96¢< r )}

1 2ksin ¢(2sinf cos® f — sin® ) 1 (—ksinfsin¢)
= €p *23 + B + p
r rsind r rsind r
kEO

k
> [3+2sin¢(2 cos? 0 — sin® 0) — sin¢] = % [3+sin¢(4cos® — 2+ 2cos® 6 — 1)]
T

3]'{}60

[1+ sin (2 cos? 0 — 1] = 3keo
2

(1 + sin ¢ cos 20).

Problem 2.47
From Prob. 2.12, the field inside a uniformly charged sphere is: E = 47T€ R3 r. So the force per unit volume

isf=pE = (%) (ﬁ)r = %(43%3)21', and the force in the z direction on dr is:
3

2
dF, = f,dr = % <4£{3> 7 cos O(r? sin 0 dr df do).

The total force on the “northern” hemisphere is:

F, = /deT_(47TR3> / / cos 0 sin 0 do d<;$

U3 (@ (R (smle R | 07
“ o \4rR3) \4 2 |, )T
Problem 2.48

64megR2’
1 o 1 o 1 o R
V;:en er — —da = =y da = —(2 R2 = 5
¢ 4eq //L “ 4meg R @ 4dmeq R( R 2¢€g

1 da = 27 R? sin 0 df
Vpolc—/gda,with{ @ = emivsmody,
72 72

dmeg 2=R?+ R%? — 2R%cos 0 = 2R*(1 — cos ).

1 o(27R?) /”/2 sin 6 do oR /2
= —_— 2V1
dreg RV2 Jo V1 —cosf Q\feo ( T )

ocR oR ocR
=—(1-0)=——. -'-Voc*V;:cncr: \671
(-0 =7 rote = Vienter =| 5—(V2 = 1).

Problem 2.49
First let’s determine the electric field inside and outside the sphere, using Gauss’s law:

T 4
€ ]{E-da = o2 E = Qone = /pdT - /(/ﬁ)f2 sin 0 dr df dg = 47rk/0 P di = {:ZTR4 E: i gj

SOE:ﬁrzf’(r<R); E—4’er2f'(r>R).
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Method I:

R 2\ 2 oo 4 2
€0 9 €0 kr 9 €0 kR 9
W =— | E“dr (Eq. 2.45) = — — ) 4 d — 4 d
2/ r (Eq ) 2/0 (46()) Tr r+2/R <460T2 mridr

2 R e} 2 7 0 2 7
4 (R /rﬁdr+RS/ id _ TR g (L _ T (R g
2 \4eg 0 R 8o | 7 )R 8ep \ 7

Method II:

1
W = 5/,onT (Eq. 2.43).
, ij4 r ki?“Q k 1
F —— [ Bdl=— e Kt vl R
orr <R, V(r) /DO d /oo (4607’2> - /R (460) T i {R ( T)
_ Kk R34 ﬁ R;)’ _k R — ﬁ .
460 3 3 3€o 4
2 R

1 |- (R dmr?ar = 27 / Ror — 118 gy
2 3¢ 3¢ Jo 4
2

7rk2 RRﬁfﬁRﬁ _ TK*RT (6 _ wh?RT
N 360 4 4 7 a 2'360 7 N 760 '

Problem 2.50

—Ar _ —Ar _ —Ar N
E—-vv—-_a2 (6 )f:—A{T( Ne c }f: Ae_)‘r(l—i—/\r)%.

or T 72

p=e&V-E=eA{e1+A)V-(5)+ 5.V (e7(1+Ar))}. But V- (%) = 478%(r) (Eq. 1.99), and

e (14 Ar)d%(r) = 63(r) (Eq. 1.88). Meanwhile,
V(e (14 ) =2 (e7M(1+Ar)) = {-Ae ™ (L4 M) + e A} = £(=A2re™7).

, 2
So T%-V (e’”(l + )\T)) =2 M and|p=ed |:47T(53(I‘) — Ae_’\r] .

r T

—Ar [e’e)
Q= /P dr = epA {47T /53(1‘) dr — \? /e 47rr2dr} = e <47r — )\247r/ re_’\rdr> .
r 0

But fOOO Te—)xrdr — %, SO Q = 47T€0A (1 - ié) =

Problem 2.51 -
1 T 1
_ / 9 da= / / sds do.
4meq 2 dmeo Jo Jo \/R2 + 52 —2Rscos¢

1 s
:20R/ / U i | du
dmey Jo 0 /1+u2—2ucose
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43

The (double) integral is a pure number; Mathematica s

ays it is 2. So

V =

oR
71'60'

Problem 2.52

(a) Potential of + X is V, = — 27?‘60 -
Potential of —\ is V_ = —|—27f‘60 In (%), where s_ is

.. Total

V= A In (S_> .
27eq S+

Now sy = /(y —a)?+ 22, and s_ =

distance from A_.

(y+a)®>+ 22, so

V@ 2 A (y+ a)? + 22

V _ A 1 (y+a)2+22 — 1

(z,y,2) e 1 <\/(y_a)2+zz Areg n (y — ) + 22

(b) Equipotentials are given by % = e(4m€«0Vo/A) = | = constant. That is:

In (25), where s, is distance from A4 (Prob. 2.22).

|

($7 y7 Z)

S+

-

y?+2ay+a?+ 22 =k(y? —2ay+a®>+22) = y?(k—1)+22(k—1)+a?(k—1) — 2ay(k +1) =0, or
y? + 22 4+ a® — 2ay (%) = 0. The equation for a circle, with center at (yo,0) and radius R, is
(y —v0)? + 2% = R% or y* + 22 + (v} — R?) — 2yyo = 0.

Evidently the equipotentials are circles, with yg = a (

2
a2:y%—R2:>R2:y8—a2:a2(£t1) -

_ 2aVk .
R= {205

or, in terms of Vj:

k+1

1 ) and

k2 4-2k+1—k%242k—1
a2 = g2 2kt + ) _ g2

(k—1)?

647760V0/)\ +1 eZﬂeng/)\ _|_e*27F60V0/>\

yo - ae47T€OV0/>\ _ 1 - a6271'€0‘/0/)\ — e—QﬂEoVo/)x -

a coth (27“0 Vo ) .

A

e27‘r60V0/>\ 2

R=2

a

a€471'60V0//\ _ 1

z

= YermeVo/r _ g=2meaVo/Ay T

sinh (72”)? Yo )

R

4k
E—1)2> OF

A

2meg Vi
=|acsch (7T600

).

AR
&7
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Problem 2.53

d*V 1
27 = L -
(a) VEV = — £ (Eq. 2.24), so o 60p.
2qV
_ 1,2 —
(b)qV—§m’U—>U— ?
(¢) dg = Apdx ; % = ap% = | Apv = I | (constant). (Note: p, hence also I, is negative.)
2
d’v 1 1 I m v —-1/2 I [m
(d) @z =P = —Ga = ~aay v =7 | gz =V 2|, where 8= —Lp /3.

(Note: I is negative, so [3 is positive; ¢ is positive.)

(e) Multiply by V'

av .
d

V/LVI

_gv-123V /V’ v’ = ﬂ/V*I/2 dV = V"2 = 26V1/2 + constant.
dx dx 2

But V(0) = V’(0) = 0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and

V2 =4pV1/? = ZV

X

2/BVVA = VY = 2\/Bda
4
/V—1/4 dv = 2\/ﬁ/daz = §V3/4 = 2/ x + constant.

But V(0) = 0, so this constant is also zero.

4/3 2/3 2 1/3
3 3 9 81I*m
3/4 4/3 4/3 4/3
V=g o) = (V) v = () = ()
4/3 Vi
Interms of Vo (instead of I): |V(x) =V} (2) (see graph).
Without space-charge, V would increase linearly: V(z) = Vo (%). Vopemmme 5
without
a2V 14 1 o eV ‘ :
P:_GO@:_EOVOWg'gx /= _W' with
2 N\ 2/3 :
o= 27 =] g () i
m d
si2m \ 2 1a/3 3 _ 8lmd* 72, y2 _ 32¢3A%q 1,3
(£) V(d) = Vo = (3263A2q) 4 = Vg = 3253,42(;[ I = S Vo'
 AV2e0AyGy3/2 3/2 _degA [2q
[=Sgma Vo' = KW', where | K = <55/ 2.
Problem 2.54
E= =1+~ Adr.
(2) 4#60//&2(+)\>e T
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(b) The field of a point charge at the origin is radial and symmetric, so VXE = 0, and hence this is
also true (by superposition) for any collection of charges.

" 1 "1
= | Edl=——— 1 —r/A
() v /oo d 47T60q/ r2 ( + )\) dr

1 1 - q SR 1 [~1
_ 1 ) r//\d _ / . r/)\d 7/ - r/)\d )
47T€0q/,, r2( Jr)\ " 47'['60{ ” 2° TJF)\ ” ¢ "

Now [Le "/ Adr = —ef:/k -1 [ e exactly right to kill the last term. Therefore
V( ) - q e—r/)\ o - q e—r/)\
"= 4meq ro|, [ |4me 1

(d) %gE-dafﬁ 312 <1+R> N 4 g2 < f) —R/A.

—r/A R —r/A
_q e 9 _q e/ 4 [e T }
Vdr = / T dr = — re dr = — ——1

/v drteo Jo r e €0 Jo (1/A)? ( A )0

—/\2‘1{6R/A (1+R)+1}.

€0 A
?{Eda+1/vmzi P B ern o (1 By ern L2 g
S )\2 €0 A A €0

(e) Does the result in (d) hold for a nonspherical surface? Suppose we \‘\
make a “dent” in the sphere—pushing a patch (area R?sin@df d¢) )
from radius R out to radius S (area S?sin 6 df d¢).

47T€0 S2 A A

_— 1 1 > *
; [( + )\)e ( + \ e sin 6 df d¢

—r/A S
Ai/VdT:iL/e r2sin9drd9d¢:iism9d9d¢/ re="/ A dr
A2 A2 47eg R

A]{E da =2 {1 <1 + S) e /(82 sin 0 df dp) — % (1 + R) e /A (R? sin9d9d¢)}

A2 4meq r
= —47:_160 sin @ df d¢ (e_r/A (1 * %)) ‘IS%

_ 4 § —S/A E —R/M| o
= " Ires {<1+)\>e <1+)\ e sin 6 df de.

So the change in % f V dr exactly compensates for the change in fE-da7 and we get éq for the total using
the dented sphere, just as we did with the perfect sphere. Any closed surface can be built up by successive
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside,
the total is éQenC. Charges outside do not contribute (in the argument above we found that ®

for this volume §E-da + % JV dr = 0—and, again, the sum is not changed by distortions of the surface, as
long as ¢ remains outside). So the new “Gauss’s Law” holds for any charge configuration.
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46 CHAPTER 2. ELECTROSTATICS

1 1
(f) In differential form, “Gauss’s law” reads: | V-E + FV = —p, | or, putting it all in terms of E:
€0
1 1 . . . . . 2 1 1
V.-E — — [ E-:dl = —p. Since E = —VV| this also yields “Poisson’s equation”: —V-V + =V = —p.
)\2 €0 )\2 €0

(g) Refer to ”Gauss’s law” in differential form (f). Since E is zero, inside a conductor (otherwise charge would
move, and in such a direction as to cancel the field), V' is constant (inside), and hence p is uniform, throughout
the volume. Any “extra” charge must reside on the surface. (The fraction at the surface depends on A, and
on the shape of the conductor.)

Problem 2.55

p=eV-E=¢e(ax) = (constant everywhere).

The same charge density would be compatible (as far as Gauss’s law is concerned) with E = ayy, for
instance, or E = (§)r, etc. The point is that Gauss’s law (and VXE = 0) by themselves do not determine
the field—like any differential equations, they must be supplemented by appropriate boundary conditions.
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“E must go to zero far from
the source charges”)—or we appeal to symmetry to resolve the ambiguity (“the field must be the same—in
magnitude—on both sides of an infinite plane of surface charge”). But in this case there are no natural
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give

us sufficient information to determine the answer. (Incidentally, it won’t help to appeal to Coulomb’s law

(E = 1 fp 2 dr) —the integral is hopelessly indefinite, in this case.)

4meq L 2
Problem 2.56

Compare Newton’s law of universal gravitation to Coulomb’s law:

1
F— q1492 i
4dreg 12

Fo_gmme .

b

r2

Evidently ﬁ — G and ¢ — m. The gravitational energy of a sphere (translating Prob. 2.34) is therefore

3 M?
Wgrav = ng
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CHAPTER 2. ELECTROSTATICS 47

Now, G = 6.67 x 107'' N m?/kg?, and for the sun M = 1.99 x 10*° kg, R = 6.96 x 10® m, so the sun’s
gravitational energy is W = 2.28 x 10*! J. At the current rate this energy would be dissipated in a time

2.28 x 104
_ % _ % — 5.90 x 10%s = [ 1.87 x 107 years.

Problem 2.57

First eliminate z, using the formula for the ellipsoid:

(0.9) = 12 :
TN b A Ta) + AR + 1 @) 5

Now (for parts (a) and (b)) set ¢ — 0, “squashing” the ellipsoid down to an ellipse in the =y plane:

Q 1
2mab /1= (/@) — (9]0

o(z,y) =

(I multiplied by 2 to count both surfaces.)

1
(a) For the circular disk, set a = b= R and let r = /a2 + y2. |o(r) = ZZ{W
A 1

(b) For the ribbon, let /20 = A, and then take the limit b — oo: |o(z) = —

(c) Let b= ¢, r = /y? + 22, making an ellipsoid of revolution:

2 2
1

T witho = 2 .

a? drac? | /22 Ja* +1r2/cA

The charge on a ring of width dx is

dq = o2nrds, where ds = v/ dx? + dr? = dx+/1 + (dr/dx)?.

2xdr  2rd d ? o ’
Now 228%  2M9 _ g T——w,sods:d$W=d$CW'ThUS
o2 2 a2r atr? r

i

_dg Q 1 CQW_ Q )
Mz) = T _2ﬂr4wa02\/mr x?fat +r2/ct = 5" (Constant!)
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a(r)
a(r)

(b)

M)

Problem 2.58
YA

CREE))

(O "a)

 /

(%’_ V3 %)

(a) One such point is on the x axis (see diagram) at = r. Here the field is

q 1 cos 6 2cos @ 1
B, = —2 =0, = .
dreg [(a +7)? b2 ] o b2 (a+1)?
Now,
2
_(@2)—r 5 (a 2 V3 (2 2
COSQ—T, b —(5 r) + 5@ = (a* —ar+r°).
Therefore

2[(a/2)—r] 1

(a2 —ar +72)3/2  (a+7)2’

To simplify, let L
a

(1—(21252))3/2:(1+1u>2’ or (1-2u?(1+u)’=(1-u+u)
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Multiplying out each side:
1 —6u? — 4u® 4+ 9u* + 12u® + 4u8 = 1 — 3u + 6u? — Tu® + 6u* — 3u® + ub,

or
3u — 12u® 4 3u® + 3u* + 150 + 3u® = 0.

u = 0 is a solution (of course—the center of the triangle); factoring out 3u we are left with a quintic equation:
1—du+u? +u +5ut +u® =0.

According to Mathematica, this has two complex roots, and one negative root. The two remaining solutions are
u = 0.284718 and v = 0.626691. The latter is outside the triangle, and clearly spurious. So ’r = 0.284718 a.
(The other two places where E = 0 are at the symmetrically located points, of course.)

YA

><V

(b) For the square:

q cosfy cosf_ cosf;  cosf_
E, = 2 -2 =0 = = ,
4reg ( b2 b ) b2 b2
where ) )
(a/V2)£r < a > < a > 2 2
cosfy =L =" 2 = () +(—=xr) =a>+V2ar+r%
. b V2 V2
Thus

(@/vV2)+r  _  (¢/V2)—r

(a2 +v2ar +12)3/2 (a2 —V2ar +r2)3/2

To simplify, let w = v/27/a; then

1+w 1—w
2+ 2w+w?)P? ~ (2-2w+uw?)E2 O (1+w)?(2 = 2w +w?)? = (1 - w)*(2+ 2w + w?)’.

Multiplying out the left side:

8 — 8w — 4w? + 16w — 10w* — 2w’ 4 Tw® — 4w” 4+ w® = (same thing with w — —w).
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The even powers cancel, leaving
8w — 16w + 2uw® +4w” =0, or 4 —8v+v?+20° =0,

where v = w?. According to Mathematica, this cubic equation has one negative root, one root that is spurious
(the point lies outside the square), and v = 0.598279, which yields

r= /5 a=[0505854]

YA
(-a cos(2m/5), a sin(27/5))

(a cos(m/5), a sin(wt/5))

For the pentagon:

q 1 cos cos ¢
E,. = 2 -2 =0,
47eg ((a +1r)? * b2 c? )

where

acos(2m/5) 4+ r cos = acos(m/5) —r;

cosf = 5 , -
b = [acos(2n/5) + r]° + [asin(27/5)]> = a® + % + 2ar cos(21/5),
= Jacos(n/5) — r]*> + [asin(x/5)]* = a® + 1% — 2ar cos(n/5).
1 5 r 4+ acos(27/5) 5 r — acos(m/5)
(a+1)? [a® + 72 4 2ar 005(271/5)]3/2 [a? + 12 — 2ar cos(m/5))

3/2

Mathematica gives the solution ’ r = 0.688917 a. ‘

For an n-sided regular polygon there are evidently n such points, lying on the radial spokes that bisect
the sides; their distance from the center appears to grow monotonically with n: r(3) = 0.285, r(4) = 0.547,
r(5) = 0.689, .... As n — oo they fill out a circle that (in the limit) coincides with the ring of charge itself.

Problem 2.59 The theorem is false. For example, suppose the conductor is a neutral sphere and the external
field is due to a nearby positive point charge q. A negative charge will be induced on the near side of the sphere
(and a positive charge on the far side), so the force will be attractive (toward ¢). If we now reverse the sign of
q, the induced charges will also reverse, but the force will still be attractive.

If the external field is uniform, then the net force on the induced charges is zero, and the total force on the
conductor is QE., which does switch signs if E. is reversed. So the “theorem” is valid in this very special case.
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Problem 2.60 The initial configuration consists of a point charge ¢ at the center, —q induced on the inner
surface, and +¢ on the outer surface. What is the energy of this configuration? Imagine assembling it piece-by-
piece. First bring in ¢ and place it at the origin—this takes no work. Now bring in —¢ and spread it over the
surface at a—using the method in Prob. 2.35, this takes work —q?/(8mepa). Finally, bring in +¢ and spread it
over the surface at b—this costs ¢?/(8megb). Thus the energy of the initial configuration is

2
__ 9 (I 1
Wi= 87r60<a b>'

The final configuration is a neutral shell and a distant point charge—the energy is zero. Thus the work
necessary to go from the initial to the final state is

2 /1 1
W=W;—W, =| 2 ()

Problem 2.61

YA

Suppose the n point charges are evenly spaced around the circle, with the jth particle at angle j(27/n).
According to Eq. 2.42, the energy of the configuration is

1
Wn - niqvv

where V' is the potential due to the (n — 1) other charges, at charge # n (on the x axis).

n—1

-1 )
Z— 2 ;= 2Rsin <J7r>
47’1’60 = 2 n

(see the figure). So
2

N\ q
W, = — Q
47T60R 4 Z sin ]w/n " 4neoR
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Mathematica says

10 & 1

Qlo = Z =~ m = 38.6245
11 & 1

Qll = Zj:1m =|48.5757
12 & 1

Qpp = Z;r(ﬂ/l?) =[59.8074

If (n — 1) charges are on the circle (energy Q,,_1¢?/4megR), and the nth is at the center, the total energy is

q2

dmegR’

Wn - [Qn—l + (’I’L - 1)]

For

n=11: Q10+ 10 = 38.6245 + 10 =| 48.6245 | > Qq,
n=12: Q11 4+ 11 =48.5757 + 11 = | 59.5757 | < Q12

Thus a lower energy is achieved for 11 charges if they are all at the rim, but for 12 it is better to put one at
the center.
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Chapter 3

Potential

Problem 3.1
The argument is exactly the same as in Sect. 3.1.4, except that since z < R, v22+ R2 —22R = (R — 2),

1 1
ﬁqeoﬁ [(z+R)—(R—2)] = e % If there is more than one charge

QCHC
dmeg R

instead of (z — R). Hence Ve =

inside the sphere, the average potential due to interior charges is , and the average due to exterior

charges is Veenter, S0 Vave = Veenter + 42:3% v

Problem 3.2

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is V.
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure,
must in fact be a saddle point, and the box “leaks” through the center of each face.

Problem 3.3
Laplace’s equation in spherical coordinates, for V' dependent only on r, reads:

1d av av av
ViV =5 — (r2> =0 = r’—— = ¢ (constant) =2 2% S lyv="Cyk
dr dr r

r2 dr dr r2

Example: potential of a uniformly charged sphere.
1d dav av av
In cylindrical coordinates: V2V ==— [s— | =0=>s— =c= — = ¢ o [V=cms + k.
sds ds ds ds S
Ezample: potential of a long wire.

Problem 3.4
Refer to Fig. 3.3, letting a be the angle between 2 and the z axis. Obviously, E,y. points in the —Z
direction, so
1 1 q 1
ave — Eda = -2 b — da.
4T R? ?{ T T R Ane | 22

By the law of cosines,

2 2 2
z+2°“—R
R?=224+22-22 zcosa = cosq = —————,

22 z
2 2 2
+22_R z— Rcosd
W’ B4R g o sa_ 2 _ .
+2 2 COS 2 9.4 3 (R2 + 22 — 2Rz cos 0)3/2
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R q z — Rcos6 9 .
E.vo = — R*sinfdfd
ave “1672 R, / (R2 + 22 — 2Rz cos 0)3/2 s ¢
_ 4z /7r z— Rcosf sinfdo — — qz /1 z— Ru du
~ 8meo Jo (R%4 22 —2Rzcosf)3/2 ~ 8meo J_q (R2 + 22 — 2Rzu)3/2

(where u = cos ). The integral is

1 ! 1 R? 4 22 !
I= - R2 4+ 22 —2Rzu + )
RVR? + 22 —2Rzu|_, 2Rz? ( VR2 +22 —2Rzu/ |4

YA Y . . 11
- R<|z—R| z+R> 9Rz? ['Z Bl=(z+R)+(R +Z)(|z—R z+R>]'
(a) If z > R,
1/ 1 1 1 . o 1 1
! R<z—R z—I—R> 2322{(’2 R)—(+R)+(R +Z)<Z—R z+R)}

() [an e ] <2

R\22—R?) 2Rz? 22 — R? 22
So 1
q .
E‘IV = o4
ave 4dreq 22 z
the same as the field at the center. By superposition the same holds for any collection of charges outside the
sphere.
(b) If z < R,

1= i (7 i) a9 m e (- )

1 2z 1 2z
— _ —9 2 AN _
R<R2—z2> 2Rz2{ 2t (R +2)R2—22} 0

So
E...=0.

By superposition the same holds for any collection of charges inside the sphere.
Problem 3.5

Same as proof of second uniqueness theorem, up to the equation 553 V3Es3 - da = — fV(E3)2 dr. But on
each surface, either V3 = 0 (if V' is specified on the surface), or else E5, = 0 (if g—‘; = —F is specified). So
J,(E3)? =0, and hence E; = E;.  qed
Problem 3.6

Putting U = T = V3 into Green’s identity:

/ [VaV2Vs + VVs - V3] dr = 74 VaVVs-da. But V2Vs = V2V = V2V, = =2 4+ £ — 0 and VV3 = —Es.
v S € €0

So / Eg dr = —]{ V3E3 - da, and the rest is the same as before.

% S
Problem 3.7

Place image charges +2q at z = —d and —q at z = —3d. Total force on +q is

q —2q 2q —q 1. q> 1 1 1\. 1 29¢2\ .
F = = — —— _— — = | — .
dme {(2@2 Taae " (Gd)Q} 27 dreod? ( 27 8736)% 7| dne \222)”
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Problem 3.8
(a) From Fig. 3.13: 2 =+/r2+a2 —2racosf; 2 '=+/r2+b2—2rbcosf. Therefore:

R q R?
= - Eq. 3.15), while b = — (Eq. 3.16).
a vr2 4+ b2 —2rbcosf (Eq ) a (Eq )

q 3 q

(&) \/r2+ & —2r 2 cos g \/(%)2+R2—2rac089.

q/
2!

Therefore:

V(r,0) 1 ( a q ) q 1 1
’["7 = —_— _— = — .
dmeg \ 2 2’ dmeg | Vr2 +a? —2racosf  \/R%+ (ra/R)% —2racosf

Clearly, when r = R, V — 0.

(b) o = 760% (Eq. 2.49). In this case, %—‘T/L = %—‘T/ at the point r = R. Therefore,

_ _ q 1o 2 —3/2(0,.
a(f) = —¢p (47reo> { 2(7" +a® —2racos?) (2r — 2a cos 0)

1 s 2
+ 3 (R*+ (ra/R)* — 2racosf) 32 (2227“ — 2acos 9)}

r=R

_ 9 2 2 —3/2 2 2 —3/2 ﬁ
= =7 —(R*+ a* —2Racosb) (R—acosf) + (R* +a* — 2Racosf) 7 —acosf

T
= i(RQ—i—az—2Racos€)_3/2 R—acos@—ﬁ—i—acosﬁ

4T R

= ﬁ(R2 — a?)(R? + a® — 2Racos 0) /2,

T

Ginduced = / oda = ﬁ(R2 —a?) / (R® + a® — 2Racos0) 3/ R?sin 0 df do
T

s

1
= ——(R? - a*)27R? {R(R2 +a? — 2Racos 9)1/2}
a
q ., 5 5 1 1 }
—(a"— R — .
2a( )[\/R2+a2+2Ra VR2 4+ a? — 2Ra
But a > R (else ¢ would be inside), so vV R2+ a?> —2Ra = a — R.

q 2 2 1 1 _q g
=24 _R)[(aJrR)_(aR)] =5 la—RB) = (a+R)] = ~(-2R)

_aR

0

a

(c) The force on g, due to the sphere, is the same as the force of the image charge ¢, to wit:

1 qq 1 (_R 2) 1 1 ¢*Ra

~ 4re (a —b)? ~ dreo al (a — R?/a)? ~ e (a2 — R2)2’
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To bring ¢ in from infinity to a, then, we do work

a

2 = 2
W q R/ _ a P R {1 1 _ 1
drey ) (a* — R2)? 4reg | 2 (a® — R?)

o0

a

L aR
4meg 2(a? — R?)’

[e.9]

Problem 3.9

Place a second image charge, ¢”, at the center of the sphere; a—>b
this will not alter the fact that the sphere is an equipotential, —

1 /1
but merely increase that potential from zero to V) = q—; 4 a4 d
4meg R

q" = 4megVo R at center of sphere. ‘

For a meutral sphere, ¢' +¢"” = 0.

1 q" q _qq 1 1
F= 47T6()q <a2 + (a—b)2> " Ameg \ a? * (a —b)?
a¢' b(2a—b) _ q(=Rg/a) (R*/a)(2a — R*/a)
4meg a(a — b)? 4reg a?(a — R2%/a)?
B ® (R\’ (22— R?)
dreg (a®> — R2)?’

a

(Drop the minus sign, because the problem asks for the force of attraction.)

Problem 3.10
(a) Image problem: A above, —\ below. Potential was found in Prob. 2.52:
z
2) ) :
AV \ V(y,z) = mln(&/sﬂ = Irey In(s2 /s%) s
2 2
" A ln{y + (2 +4d) }

47T€() y2 + (Z - d)2

ov oV oV
(b) o = —€05 Here I 92 evaluated at z = 0.

A 1 1
o(y) = —6047T60 {y2 T d)22(z +d) — mQ(z — d)}

z=0

_ 2y d o —d | _|_ A
Codm 2+ a2 2 +d? ) | m(y? 4 d?)

Check: Total charge induced on a strip of width [ parallel to the y axis:

oo

oo =24 [ = [ () -2 (5)

—00

—Al.  Therefore A\jng = — A, as it should be.
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Problem 3.11

The image configuration is as shown. y
Qe o q
q 1 1 , g
Vix, = + : :
(.9) 47T60{\/(33—a)2+(y—b)2+z2 V(z+a)2+ (y+0b)2+22 ; >
1 1 f :
_ _ . QO °—q
VetaP+ -0+ z-a?+y+b)°+2

F

[cos@ﬁ—i—sin&y]},

b

11 [—qz —¢ ¢ } 7’ [ 1 1 1]

T 2dney (20) T @) | 2Va 1 0) 1670 (Va2 +b2 a b
Thus 180°, 90°, 60°, 45°, etc., are OK, but no

For this to work, ’9 must be an integer divisor of 180°.
others. It works for 45°, say, with the charges as shown.

q
2X +(

2 1 1 1
" 4meg {_(2(1) T @Y avat b?)2
where cosf = a/va? + b2, sinf = b/va? + b2.

<>

o 7 a 1 en b 1
~ 167eg (a2 +b2)3/2 a2 X (a2 +b2)3/72 b2

(Note the strategy: to make the x axis an equipotential (V = 0), (? (:2) i e
you place the image charge (1) in the reflection point. To make the \ )

45° line an equipotential, you place charge (2) at the image point. —o oy -
But that screws up the z axis, so you must now insert image (3) to +o. (1)
balance (2). Moreover, to make the 45° line V' = 0 you also need (4), R

to balance (1). But now, to restore the x axis to V' = 0 you need (5) ) ('g)

to balance (4), and so on. ) .
why it works for 6 = 45

%No good

135° line
o)

The reason this doesn’t work for arbitrary angles is that you are even-
tually forced to place an image charge within the original region of

+
interest, and that’s not allowed—all images must go outside the re- 7 - T
gion, or you're no longer dealing with the same problem at all.) B ,."::*~.(:1)
*(2)

Problem 3.12
by 2 2
From Prob. 2.52 (with yo — d): |V = In {(m ta)+y }, where a? = 2 — R? = _ Vd? — R?,

 4me (x —a)? 4+ y?

and

~ cosh™(d/R)

acoth(2meg Vo /) =d o d
{ acsch(2regVy/A) = R = (dividing) R cosh

Problem 3.13

271’60‘/0) 2me Vo
, or | A

V(x,y) = Z Cre "™/ sin(nmy/a) (Eq. 3.30), where C, = %/Vo(y) sin(nmy/a)dy (Eq. 3.34).

n=1 0
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+Vo, for 0 <y < a/2

In this case Vy(y) = { Vo, fora/2 <y <a

} . Therefore,

a/2 a
2 ) . 24 cos(nmy/a) a/2 cos(nmy/a) | }
Cn = -V sin(nmy/a)dy — [ sin(nmy/a)dy p = — < —
a'? / vy / A (R { (nm/a) |, (nm/a) |,

= Vo {— cos (%) + cos(0) + cos(nm) — cos (%T)} % {1 + (=1)" —2cos (n%)} '

nm nm

The term in curly brackets is:

n=1 :1-—1-2cos(n/2) =0,
n=2 :1+1-2cos(m) =4, e .
n=3 :1—1—2cos(3m/2 ) etc. (Zero if n is odd or divisible by 4, otherwise 4.)
n=4 :1+1—2cos(2m)=
Therefore
o 8Vo/nm, mn=2,6,10,14,etc. (in general, 45 4+ 2, for j =0,1,2,...),
"0, otherwise.
So
Vi) = 8V Z e~/ sin(nmy /a) _ W i e~ WitAme/agin(45 + 2)my/a)
T n=2.6.10,... n s (45 +2) .
Problem 3.14
4 1
Vix,y) = 4o —enme/a sin(nmy/a) (Eq. 3.36); o= feoa—v (Eq. 2.49).
& n=1,3,5,... n on
So
4 1 4 1
o) = a0 g { R S e sty || = e S (e iy )|
4eg Vi
= | =00 Z sin(nmy/a).
a
n=1,3,5,...

Or, using the closed form 3.37:

V(z,y) = 2;/0 tan (Sm(”y/“)> o= ! (‘Sin(”y/‘“) T cosh(nz/a)

sinh(7z/a) T 1 m% sinh?(rx/a)/) a 2=0
_ 2¢Vp  sin(my/a) cosh(mz/a) 2¢0Vo 1
a sin®(my/a) + sinh*(rz/a)|,_, a sin(ry/a)

[Comment: Technically, the series solution for o is defective, since term-by-term differentiation has produced
a (naively) non-convergent sum. More sophisticated definitions of convergence permit one to work with series
of this form, but it is better to sum the series first and then differentiate (the second method.)]
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Summation of series Eq. 3.36
4V 1
V(z,y) = —21, where I = —e "/ sin(nmy/a).
g n=1,3,5,... n
Now sinw =Zm (e“"), SO
1 ) 1
I=T - _—nmz/a inTy/a =7 Zzn
mz ne e mz ~Z"
where Z = e "(@=)/a_ Now

Z lz” iil Z(2j+1)—/2 iu2j du
(27 +1) o

n
1,3,5,... i=0

J:
7 1 1 1+ Z 1
= I 1+2y_1 0y _
/1_u2du2ln(1_z>2ln(Re )7
0

where Re'? = % Therefore

(InR+i0),

|~

14+ Z 14 e Tle—iy)/a (1 + e*ﬂ(w*iy)/a) (1 — e*ﬂ(aﬂriy)/a)

1—Z2 1—eTl@—ig)/a (1 — e=m@=iw)/a) (1 — e=m(ativ)/a)

1 1
I= Im{2(lnR+i9)} = 59. But

1+ e~mz/a (e”y/“ — e’”y/a) — e~2mz/a 1+ 2je~Tx/a sin(ry/a) — e~ 2mz/a

1= e=nle—w)/a? |1 — e~mla—iv)/a|? |
SO
2e~7%/% sin(my/a) 2sin(my/a) sin(ry/a)
tanf = = ~ s '
1 _ o—2n¢/a etz/a _ og—mz/a s1nh(7rx/a)
Therefore

I= %tan_l (M) ,and | V(z,y) = 2—7‘:()‘5&11_1 (M) .

Problem 3.15

2 2 Yy
(a) 887‘2/ + 887‘2/ = 0, with boundary conditions ‘
Y
a
(i) V(z,0)=0, g
(i) V(r.a)=0, v 2o
(iii) V(0,y) =0,
(iv) V(b,y) = Vo(y) z/

As in Ex. 3.4, separation of variables yields
Vz,y) = (Aekz + Be_kr) (Csinky + D cosky) .
Here ()= D =0, (iii)= B = —A, (ii)= ka is an integer multiple of 7:

Vix,y) = AC (e””/a - 67"”/‘1) sin(nmy/a) = (2AC) sinh(nwz/a) sin(nwy/a).
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But (2AC) is a constant, and the most general linear combination of separable solutions consistent with (i),

(ii), (i) is

V(z,y) = Z Cp sinh(nmz/a) sin(nry/a).

n=1

It remains to determine the coefficients C,, so as to fit boundary condition (iv):

2 a
Z Cy, sinh(nwb/a) sin(nmy/a) = Vo (y). Fourier’s trick = C,, sinh(nwb/a) = - / Vo(y) sin(nmy/a) dy.
0

Therefore
2 [ .
C, = m / Vo(y) sin(nmy/a) dy.
0
B 9 i ) B 2o 0, if n is even,
(b) Cp = CLSiIm(TW%/SIH(nﬂy/a) dy = asinh(nrb/a) % { 24 if n is odd. }
0

V(Ly):% Z sinh(nwm/a)sin(mry/a)'

nsinh(nwb/a)

n=1,3,5,...

Problem 3.16
Same format as Ex. 3.5, only the boundary conditions are:

=0 when z =0,
=0 when z =a,

ii 0 when y =0,
i =0 when y = a,
=0 when z =0,

=V, when z = a.
This time we want sinusoidal fuctions in x and y, exponential in z:

X (x) = Asin(kz) + Bceos(kz), Y(y) = Csin(ly) + Dcos(ly), Z(z)= EeVF Pz | G VETHE:
(i)= B=0; (ii)= k=nn/a; (iii)= D =0; (iv)= 1 =mn/a; (v)]= E+ G = 0. Therefore

Z(z) = 2E sinh(mv/n? + m?z/a).
Putting this all together, and combining the constants, we have:

oo oo

V(z,y,2) = Z Z Chm sin(nmz/a) sin(mmy/a) Sinh(ﬂ'mz/a).

n=1m=1

It remains to evaluate the constants C,, ,,, by imposing boundary condition (vi):
Vo = Z Z [C’n,m sinh(my/n? + mz)} sin(nmx/a) sin(mmy/a).
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According to Egs. 3.50 and 3.51:

0, if » or m is even, }

C.m sinh (ﬂ. 02 —|—m2 = ( ) VO//sm nwz/a)sin(mry/a) dr dy = { LVE)’ if both are odd.

m2nm

Therefore

16V} 1 . . sinh (ﬂ'mz/a)
Viz,y,z) = —— sin(nmz/a) sin(mny/a .
( ! ) n:lz?):{") m:lz3:5 L ( / ) ( y/ ) sinh (ﬂ'm)

Consider the superposition of siz such cubes, one with Vj on each of the six faces. The result is a cube
with V) on its entire surface, so the potential at the center is V. Evidently the potential at the center of the

original cube (with Vj on just one face) is one sixth of this: To check it, put in x =y =z = a/2:

16V, 1 _ sinh (mv/n? +m?/2)
2,a/2,a/2) = — 2 2 '
V(a/2,a/2,0/2) = —; n:§5 m=§5 o Sin(nm/2) sin(mr/2) —— (VT )

Let n =2i+ 1, m =25 + 1, and note that sinh(2u) = 2sinh(u) cosh(u). The double sum is then

J

ZZ 2z+1 ;Z+1)SeCh[ V@i+1) (2j+1)2/2].

10]0

Setting the upper limits at i = 3, j = 3 (or above) Mathematica returns S = 0.102808, which (to 6 digits) is
equal to 72/96, confirming (at least, numerically) that V(a/2,a/2,a/2) = V,/6.

Problem 3.17

) = @)= L )= L ey
- é% (2 1) 420 (2 1) 22] = é% (2~ 1) (2% — 1+ 422)]
= é% [(2® —1) (52® —1)] = % 22 (52 — 1) + (2® — 1) 10z]
= i(5x3—x+5x3—5x) = i (102® — 62) = gxit gx

We need to show that Ps(cos @) satisfies

1 P
- d (sin 9) =—l(l+1)P, withl=3,
where Ps(cos6) = 1 cos6 (5cos?6 — 3) .
ar 1
g 2
= —gsinﬁ (500529 -1).

[—sind (5cos” 6 — 3) + cos (10 cos §(— sin )] = —% sin@ (5cos 6 — 3 + 10 cos” §)
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9 (no®e _ 34 .0 20 _ 1)1 = _3 T94i 29 _ 120 (— ~

20 (sm@ d@) = =530 [sin® @ (5cos” 6 — 1)] = 5 [2sin 6 cos B (5cos® 6 — 1) + sin® § (—10 cos O sin 6)
= —3sinfcosf [5(}0829—1—5811129].

! i sinf— | = 73COS€[5C0827175(17C0820)} :73C080(10C082076)

sin 6 df df

1
—-3-4- icosﬂ (5c08°0 —3) = —I(l+1)P;. qed

(52° — 3z) da = (xS—x3)|1_1:%(1—1+1—1):0.\/

DO =
N =

()

|
)—‘\H

s

&

5

&

K

S—

QL

=

|

L

Problem 3.18 -
(a) Inside: V(r,0) = ZAlrlPl(cos 0) (Eq. 3.66) where
1=0
/VO(G)PZ(COSH) sinfdf (Eq. 3.69).
0

(20 + 1)
2R

A=

In this case Vj(6) = Vi comes outside the integral, so

QU+, [ ,
A= T/P;(cos@) sin 6 df.
0

But Py(cosd) = 1, so the integral can be written
sy

/Po(cos 0)P;(cosf)sinf do = { (2)7 ﬁ ; f 8 } (Eq. 3.68).

0
[0, if1#0
Al_{vo, ifl:O}'

V(r,0) = Agr°Py(cosf) =

The potential is constant throughout the sphere.

oo

Therefore

Plugging this into the general form:

‘ B,
Outside: V(r,0) = lz_% mPZ(cos 0) (Eq. 3.72), where
B = @Rl“/%(a)a(mso) sinfdd (Eq. 3.73).
0
C@+1) e, | (0, ifl#0
= TR Vo [ Pi(cos)sinfdf = RVo. if 1 =0 ("
0
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1
Therefore | V(r,0) = VOE (i.e. equals Vj at r = R, then falls off like —).
r T

(b)

oo

Z it Py(cosf), for r < R (Eq. 3.78)

V(r,6) =4 ' ;
Z Pi(cosh), for r > R (Eq. 3.79)
1=
where
B; = R*14; (Eq. 3.81)
and
A ! ] (0)Pi(cos 0)sin0dd  (Eq. 3.84)
= —— in . 3.
! S RI-T 0o 1(cos ) s q
0
_ 1 f 0, if 140
= ZEORZ_IJO/P(COSG) sinf df = {Rao/eo, 1o O}
0
Therefore
@, forr <R
€0
V(T, 0) =
2
Foo 1 —, forr> R
€0
Note: in terms of the total charge Q = 47 R?0y,
1
Q ,forr <R
47eg
V(r,0) =
1
Q ,forr> R
dreg 1’

Problem 3.19

Vo(0) = kcos(30) = k [4cos® 0 — 3cos 0] = k [aPs(cos 0) + BPy(cos b)) .

(I know that any 3¢ order polynomial can be expressed as a linear combination of the first four Legendre
polynomials; in this case, since the polynomial is odd, I only need P; and Ps.)

4cos® @ —3cosf = %(500839—30089) + fcosf = 57&00539+ <ﬂ— 304) cos 6,

S0 5 <
o
4—7 = — — frng —
2:>a 5, 3=0

Therefore '
Vo(8) = 3 [8P5(cosf) — 3Py (cosb)] .
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Now
ZA;TZPZ cosf), for r < R (Eq. 3.66)
Vr,0) = l;o ,
Pi(cosh), for r > R (Eq. 3.72)
=0 "
where

4, = Bt ) Vo(e)Pl(cosa) sin@dd  (Eq. 3.69)

2R!
@+1)k ], T
2Rl 5 8/P3 (cos 8) Py(cos ¢) sin 6 df — 3/P1 (cos 0) Py(cos 6) sin 6 d
0 0
k 2l+ 9 1
5 2R {8 TSR CT ) 5“} = =7 186 — 3011
3 j—
- { 8k3/]<;5 /R; R i 5 _ Zl)’ } (zero otherwise).

Therefore

(SRS

Vir,0) = —%rPl(cos 0) + ﬁ7“3]35(008 0) =

5R3 {8 (%) Ps3(cosf) —3 (R) P (cos 9)]

or

r\31 r kr r\2
5{8(R> 2[500539—30089]—3(R)0089}:> V(r,9)=5RCOSH{4(R> [5(:0529—3]—3}

(for r < R). Meanwhile, B; = A4;R**! (Eq. 3.81—this follows from the continuity of V at R). Therefore

} (zero otherwise).

B _ { SkR'/5. ifl=3
P -3kR2/5, ifl=1

So

_ -3kR 1 SkR* 1

+ ?FLP3(COS 0) =

| 7

[8 (1:“>4 Py(cos0) — 3 (ff Py (cos 9)1 ,
V(r,0) = g (f)z cos 0 {4 <]:>2 [5cos? 6 — 3] — 3}
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(for r > R). Finally, using Eq. 3.83:

a(f) = € Z(Zl + 1) AR "P(cosh) = €y [3A1P1 + 7A3R2P3]
1=0

3k 8k eok
= € |:3 ( 5R) P +7 (5R3) R2P3:| ;ff [ 9P1(COS€) + 56P3(COS€)}

eok 56 3 ok 2
- — o —9498. 928 -
= R [ 9cosf + 5 (5cos® 6 30089):| 'R cosO[—9 + 28 - 5cos® H — 28 - 3]

eok
= ﬁ cos [140 cos? 6 — 93}

Problem 3.20
. 21 + 1
Use Eq.3.83: o(0) = ¢ Z 2[4+1)A; R " Pi(cos 0). But Eq. 3.69 says: A; = VO (0)Py(cos @) sinb db.

1=0
Putting them together:

— %Z (20 4+ 1)2CP(cos 9), with C; = /VO )P(cosf)sin@df. qed
1=0

Problem 3.21

Set V' = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the
potential of a uniformly charged spherical shell:

3 1
V(r,0) = —Eq (r - i) cos 0 + Q

dmeg v

Problem 3.22

) Bl [e%S) ) Bl o
(a) V(r,@):lz_%mﬂ(cosﬁ) (r > R), so V(r,0) lz: ;W:%[\/Tz—l—RQ—r}.
Since r > R in this region, \/r2 + R2 = r/1+ (R/r)? [ —(R/r)? — 7(R/r) ], S0
SB[ IR LR e (BR
e riHl  2¢ 272 8yt T 2 \ 2r 83 )7
2 4
Comparing like powers of r, I see that By = ﬂ, B =0, By = —UR ,-... Therefore
4.60 1660
ocR?[1 R?
= —_ — 7P S
V(r,0) Teg [r 3 »(cos 6) + } ,

(for r > R).

oR? 1 /R\?
— 1—7 —_ 2 _1
der [ S (r) (3cos®f—1) +
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(b) V(r,0) = ZAlrlPl(cos 0) (r < R). In the northern hemispere, 0 < § < 7/2,
1=0

0

0) :ZAlrl = % {\/7’2+R2 fr] .
1=0
Since r < R in this region, vr2 4+ R?2 = R\/1+ (r/R)? =R [1 + =(r/R)* - %(r/R)4 +.. ] . Therefore

ZA _i _A'_lﬁ_lﬁ_i_ _
v 2 °R 8R3 .

Comparing like powers: Ay = %R, A = —20707 Ay = ﬁ, .e.y SO
V(r,0) = T IR—rP (cos®) + i7“21’:’ (cos®) +
) - 260 1 °R 2 R )
(for r < R, northern hemisphere).
1 2
= g—g {1— (%) cosQ—i—Z (%) (3(30820— 1) —1—} ,

In the southern hemisphere we’ll have to go for § = 7, using P,(—1) = (-1)%.

i Alr i [\/rz—i—RQ—r} )

€
1=0 0

(I put an overbar on A; to distinguish it from the northern A;). The only difference is the sign of A;:

A (0/260), Ao, AQ AQ. So:

1
V(r,0) = 2;20 [R + 7P (cosf) + ﬁT2P2(COS 0) + .. } )
(for r < R, southern hemisphere).
oR T 1 /72 9
= % [14— (E)COSQ—FZ (E) (3cos 9—1) —i—} ,

Problem 3.23

ZAlrlPl cosf), (r < R) (Eq. 3.78),
V(Ta 9) = looo

Z Py(cos®), (r > R) (Eq. 3.79),
=0

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



CHAPTER 3. POTENTIAL 67

where B; = A;R¥*+1 (Eq. 3.81) and

™

1 .
A= 260ﬁ/ao(ﬁ)ﬂ(cost?) sinfdf (Eq. 3.84)
0
/2 .
1
= 2€0Rl_1 /PZ (cos @) sinf db — / Pi(cos ) sinf df (let 2 = cos 6)
/2

0

1
00
= SR /Pl(x)dx—/Pl(m)dx
0

—1

Now Pj(—z) = (—=1)!P/(z), since P;(x) is even, for even I, and odd, for odd I. Therefore

/OPl(ﬂC) dx:/opl(—l‘) d(—x) = (—1)I/Pl(l‘) da,
e 1

0

and hence
1 0, if [ is even
gp 1 1
A= g g L= D] /Pl(x) de =y _o /Pl(x) dz, if 1 is odd
0

coRI-1
0

So Ag = Ay = Ay = Ag = 0, and all we need are Ay, Az, and As.

1 1 21 1
Pl(x)dx:/xdo::x— =—
2|, 2
0 0
i 1T 1 4 NIY 1/5 3 1
X X
0 0
L 1 L 1 6 4 2 1
Py(z) de = f/(63x5—70m3+15x) dr = - (635 — 702 +15%
8 ) 6 4 2 /1,
0 0
1/21 35 15 1 1
8(22 ) 1636 =35 = 75-
Therefore

and

_ 0o (1Y L oo5( 1Y, 71.
Bi= R (2)733_601%(8),35 eOR (16 ete.
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Thus
oor 1/r 1/r
% [Pl(cos 0) — 1 <E) P;(cosb) + 3 <E) Ps(cosO) +...|, (r<R),
Vir,0) = oo R 2 1 4
5 | Pi(cosf) — — () Ps(cost) + - () Ps(cosO) +...|, (r > R)
2607" 8

Problem 3.24

Look for solutions of the form V (s, ¢) = S(s)®(¢):

)
1_d ds 1 . d%*®

sd (dSy 140
Sds \"ds ) T @der

Multiply by s? and divide by V = S®:

Since the first term involves s only, and the second ¢ only, each is a constant:

sd ( dS 1 d*®
S ds (Sds> b Fggr Ty WGt

Now C must be negative (else we get exponentials for ®, which do not return to their original value—as
geometrically they must— when ¢ is increased by 27).

2
P
Cy = —k*. Then e _ —k*® = ® = Acoske¢ + Bsinko.

d¢?
Moreover, since ®(¢ + 27) = ®(¢), k must be an integer: k = 0,1,2,3,... (negative integers are just repeats,
but k£ = 0 must be included, since & = A (a constant) is OK).

d ds
S£ (Sds) = k%S can be solved by S = s”, provided n is chosen right:

d n—1 d n 2,.n—1 2.n 2
s— (sns =ns— (s") =n"ss =n“s"=k°S = n==k.

ds ( ) ds (s7)
Evidently the general solution is S(s) = Cs* + Ds™*, unless k = 0, in which case we have only one solution
to a second-order equation—namely, S = constant. So we must treat k& = 0 separately. One solution is a
constant—but what’s the other? Go back to the diferential equation for S, and put in k£ = 0:

si sﬁ =0= sﬁ = constant = C' = a_c =dS = C’ﬁ = S = Clns+ D (another constant).
ds \ ds ds ds 5 5

So the second solution in this case is Ins. [How about ®? That too reduces to a single solution, ® = A, in the
case k = 0. What’s the second solution here? Well, putting k£ = 0 into the ¢ equation:
d*® B

dd
00 —O:>%:constant:B:><I>:B¢+A.
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But a term of the form B¢ is unacceptable, since it does not return to its initial value when ¢ is augmented
by 2m.] Conclusion: The general solution with cylindrical symmetry is

V(s,¢) =ag+bolns+ Z [s ay, cos ko + by sin ko) + (ck cos k¢ + di sin k‘¢)}
k=1

Yes: the potential of a line charge goes like In s, which is included.

Problem 3.25
Picking V' = 0 on the yz plane, with Eg in the z direction, we have (Eq. 3.74):

(i) V=0, when s = R, —_—
(ii) V — —Epz = —Epscos ¢, for s > R.

Evidently ag = bg = by, = di. = 0, and ax = ¢ = 0 except for k = 1: 0 > Ey

Vs, ¢) = (a18 + %) cos ¢.

(i)= ¢ = —a1 R?; (ii)— a1 = —Ep. Therefore

Vs, ¢) = <—E08 + EOSR2> cosg, or |V(s,¢)= Eps

(%) 1) oo

- [BBoed.

av
0s

g = —€

R2
= —eoFy <—2 — 1) cos @
s=R s

s=R

Problem 3.26 -
Inside: V(s,$) = ap + Z s* (ag cos k¢ + by sink¢) . (In this region Ins and s—% are no good—they blow

k=1
up at s =0.)
— 1
Outside: V (s, ¢) = ag Z = (cx cos ke + dy sin kg). (Here Ins and s* are no good at s — o0).
k=1
a‘/cmt av;n
=— - Eq. 2.36).
o 60< s 8S>S=R (Eq. 2.36)
Thus

asin5¢ = —¢ Z { Tt (ko8 kg + disin k) — KR (ag cos ke + by sin k¢)} .

R6
1
ao+R%bs sin5¢ = ao+ ﬁd{, sin5¢. So ag = @y (might as well choose both zero); R%bs = R~°ds, or d5 = R'bs.

Evidently ay = ¢ = 0; by = d, = 0 except k = 5; a = 5eg ( ds + R4b5>. Also, V is continuous at s = R:
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a aRS
;ds = . Theref
].06()R4 75 106() eretore

Combining these results: a = 5eg (R4b5 + R4b5) = 10egR*bs; bs =

V(s ¢) = asin 5¢ { s° /R, for s < R,}

10¢o R®/s®, for s > R.

Problem 3.27 Since r is on the z axis, the angle « is just the polar angle 6 (I'll drop the primes, for simplicity).
Monopole term:

/pdT—kR/|: R —2r) sm@} r°sin @ dr df de.
But the r integral is
R
/R 2r)dr = (Rr —1%)| = R? — R? = 0.
0

So the monopole term is zero.
Dipole term:

1
/rcos Opdr = kR/(r cos ) {2(1% — 2r)sin 9} 2 sin 0 dr df d.
r

But the 6 integral is

s

/sin2 6 cosfdl =
0

1

.3971"
= =50-0=0.

So the dipole contribution is likewise zero.
Quadrupole term:

1 1 1
/r2 <g cos? 0 — 2) pdr = 5kR/ﬁ (3cos®6 — 1) {Q(R —2r) sinﬂ} r? sin 0 dr df do.
r

r integral:
R 3 aN (B 4 4 4
r R R R
(R—2r)dr = (R— ) =— - —=—.
/0 2 /1o 3 2 6
0 integral:
/ (300829—1) Sin29d9:2/sin29d9—3/sin49d9
[ —
0 3(1—sin2 #)—1=2—3sin2 0 0 0
s 3 9 s
S0y s (M) r(1-2) = T
D) -2(5) = (-7) -
¢ integral:
27
/d¢ =27
0

The whole integral is:

1 Rr* ™ km? RS
Pl (‘e;) (-5)en="5"
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For point P on the z axis (r — z in Eq. 3.95) the approximate potential is

1 km?R®
V(z) = Tres 185 (Quadrupole.)
Problem 3.28
24
r
/— R,
7N y

X

For a line charge, p(r') dr’ — A(r’) dl’, which in this case becomes AR d¢’.

r =rsinfcospX +rsinfsin¢y + rcosfz,
r = Rcos¢’ + Rsing’, so
r-r’ = rRsinfcos¢cos ¢’ + rRsinfsin¢sin¢g’ = rRcosq,

cosa = sin f(cos ¢ cos ¢’ + sin ¢sin ¢’).

27
1 27RA AR
/p(r’) dr’ — AR d¢' =2rRN;, Vy= ™A _ | AR
0 dmey T 2e0 T

n=1:

27
/r’ cosap(r')dr’ — /RcosaARd¢’ = \R? sinﬂ/ (cos ¢ cos ¢’ + sin psin ¢')d¢’ = 0; V3 =0.
0

n=2:
1 3
/(r’)QPz(cos a) p(r')dr’ — /R2 (2 cos® a — 2> ARd¢ = AR [3 sin? @ (cos ¢ cos ¢’ + sin ¢ sin ¢’)2 — 1] d¢’
)\R3 2m 2m 2m 27
=5 [3 sin? 6 (c052 q’>/ cos® ¢’ d¢' + sin® ¢/ sin? ¢’ dop’ + 2sinq’)cos¢/ sin ¢’ cos ¢’ dd)’) — / dqb’}
0 0 0 0
3 5 X
_ AR [3sin® 0 (7 cos® ¢ + wsin® ¢ +0) — 27| = AR (3sin?0 — 2) = —TAR? (2 cos2 ) — 2) _
So
AR 2 A R?
|- —1)=-2"p .
Va 8e 13 (3cos? 0 — 1) T 13 > (cos 0)
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Problem 3.29
p = (3ga — qa) z 4+ (—2qa — 2q(—a)) § = 2qa z. Therefore

1 p-t
Vo L
dmeg 127
and p-T =2qgaz- T = 2qgacosb, so
1 2gacosf
Vel ————| (Dipole.
dmeg 12 (Dipole.)

Problem 3.30
(a) By symmetry, p is clearly in the z direction: p=p2z; p = [ zpdr = [ zo da.

T s .
b= /<R0059)(kC059)R2 sin 6 df dp = 271-ng/COsZHsiné’dQ = 2R3k <_CO; 9)
0

AT R3k A R3k
Dop=—

2 3 —
= TR - (-1)] =

Z.

w

(b)

1 47R%kcosf LRSCOSG

\% .
dmeg 3 72 3eg 12

1%

(Dipole.)

This is also the exact potential. Conclusion: all multiple moments of this distribution (except the dipole) are
exactly zero.

Problem 3.31
Using Eq. 3.94 with ' = d/2 and « = 6 (Fig. 3.26):

1 L=/ d\"
— == E () P, (cosB);
4 T 2r

for 2 _, we let 8 — 180° + 6, so cosf — —cos6:

1 1 o n
— == Z <d> P, (—cos®).
2z re\2r

But P,(—x) = (—1)"P,(x), so

Vv 47T€0q (a T ) 47T€0qr ng <2r> [P (cos 8) (—cosb)] Ireor :g5 <2r> (cos9)

n s

Therefore o5 1 d Jcosd
q qd cos .
Viaip = ———-—P; )= -—, hil Vguad = 0.
dip dmey r 2r 1 (cos0) 4dmeqr? whiie

qd® 1 3
drey 34 (5 cos” 6 — 3 cos 9) .

2q d\* 2¢ d31 3
A L) Py(cost) = =L L2 (5¢08% 0 — 3cos ) =
ot = treor <2r> s(eos) = o g g (Beos cost)
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Problem 3.32

(a) () Q=[20,] (i) p=[3qa2,] (i) V=5
. iy > | 1 [2¢ | gacosf
() () Q=20 (i) p=qa] (i) V= mg[ﬁ rz }
() () @=[24,] (ii)p=[3gay.] (iii)V = L |20 3qasin0sino) | Bq. 1.64,§-F — sin 0 sin o)
c =[2q, p=|3¢ay, = |5 = Q. 1.64, 98 = .

Problem 3.33

IR
)
+
el
EY
I

1 2 3qgacos
R {Q+Q}

4reg | 1 r2

. . . ™ — — p ) — p Z): = - P 2
(a) This point isat r =a, 0 = 5, ¢ =0,s0 E = Ireqa’ 0= Armeoa® (-2); F=qE =  4megal
P . 2p 2pq
b) H =a, 0= E = 2F) = - | F=
(b) Here r = a, 0, so 47T€0a3( f) 4reqad z drepad
qp T Pq

(c) W =¢q[V(0,0,a) — V(a,0,0)] = Trega? |C08(0) — cos (5)] = Trega?

Problem 3.34 0
1 - 1 >
Q = —(g, SO Vinono = 7qy P= qa'27 SO Vdip = L - Therefore
47'('6(] T 47T€() 7’2

o g 1  acos6 ~ g 1, a " . A
V(r,0) = (—+ > E(r,0) = pro [—7‘21‘—%713 (20059r+sm90)].

Problem 3.35 The total charge is zero, so the dominant term is the dipole. We need the dipole moment
of this configuration. It obviously points in the z direction, and for the southern hemisphere (6 : & — m) p

switches sign but so does z, so

w/2 R w/2
p= /zpd7'=2po/ rcos@rzsinﬁdrdﬁdgb:2p0(27r)/ rgdr/ cosfsinf do
0 0 0

=0
. Ii‘lsirl2 0|/ B npoR*
S T, T 2
Therefore (Eq. 3.103)
4
E= Pkt (2cos€f‘+sin00) .
87T€()’I’3

Problem 3.36

p=( t)f+(p0)0=pcosff—psind (Fig. 3.36). So 3(p-)f —p =3pcostf —pcosff+psinf6 =
2pcosft + psinf 6. So Eq. 3.104 = Eq. 3.103. v
Problem 3.37

Vave (R)

= R V(r) da, where the integral is over the surface of a sphere of radius R. Now da =
7r
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R%sin 0 df do, so Vaye(R) = %/V(R,H,gb) sin 6 df do.
™

1
4T R?

WVave = L a—vsinedﬁdgb:%/(Vv-f')sinéd@d(b:
T

dR 4 ) OR
1 1

(The final integral, from the divergence theorem, is over the volume of the sphere, where by assumption the
Laplacian of V' is zero.) So Vaye is independent of R—the same for all spheres, regardless of their radius—and
hence (taking the limit as R — 0), Vave(R) = V(0). qed

Problem 3.38 At a point (z,y) on the plane the field of ¢ is

/(VV) - (R?sin@df do )

1 q . N N .
Eq:4weoﬁa’ and 2 =zxX+yy—dz,

d
4;]60 T B Meanwhile, the field of o (just below the surface) is f%,

(Eq. 2.17). (Of course, this is for a uniform surface charge, but as long as we are infinitesimally far away o is
effectively uniform.) The total field inside the conductor is zero, so

so its z component is —

q d o qd

- -0 = ) = — Y
dreg (22 +y? +d?)3/2 2¢ 7(@9) 27 (22 +y? + d?)3/2

Problem 3.39

T T - f‘:j A o= + -
] a

The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net
force of the negative image charges is:

o 7 { ! + ! + ! +
dmeg 2(a—2)]*  [2a+20a—2)])°  [da+2(a—=z)

1 1 1
S (22)2 (20+22)2  (da+2x)2 }
_| L IS U S O N S
Cldmeg 4 | [(a—2)2  (2a—2)2  (Ba—x)2 2 (a+x)2 (2a+x)2 |7
. 1 . 1 ¢
When a — oo (i.e. a > z) only the — term survives: F' = ———-—— v (same as for only one plane—
x? dmeq (22)2

Eq. 3.12). When z = a/2,

12T 1 1 1 [ 1 1 _
= e d H(am? * Ga22 T Baj2e *] [(a/m? " Ga22 T GazE " ]} 0-v

Problem 3.40
Following Prob. 2.52, we place image line charges —X at y = b and +\ at y = —b (here y is the horizontal
axis, z vertical).
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S1

S3 54
—b b

_-)\ J’_-A _X a—b | a—b 5\ y

In the solution to Prob. 2.52 substitute:

_ o 2 2 2
a— 2 b7 yo—>a—2~_bso (a b) :(a—l—b) —R2:>b:R—.

2 2 2 a
A 52 52 A 52532
= In(—=2)+mn(=2)|= In (23
Ve () e (3)] = e (3
A [(y +a)* + 2°[(y — b)* + 2] : :
= Tres 1n{[(y—a)2—|—z2][(y+b)2—|—22] , or, using y = scos¢, z = ssin ¢,

A (s? + a® + 2as cos ¢)[(as/R)? + R? — 2as cos ¢}
{ (a® + a® — 2ascos ¢)[(as/R)? + R? + 2as cos ¢ } '

471'6()

Problem 3.41 Same as Problem 3.9, only this time we want ¢’ + ¢’ =¢q,s0 ¢' =q¢—¢":

2 / 2 / 1 1
po_4 (44 ¢ e (1 1Y
dmeg \a®  (a—b)? dmega’®  dmeg a’?  (a—10b)?

The second term is identical to Problem 3.9, and I'll just quote the answer from there:

¢ a— R37(2a2 — 7 .
dmega’ (a®2 — R?)?

(a) F =0 = a(a® — R?)? = R3}(2a® — R?), or (letting z = a/R), z(2? — 1) — 222 + 1 = 0. We want a real
root greater than 1; Mathematica delivers x = (1 + v/5)/2 = 1.61803, so a = 1.61803R = | 5.66311 A.

(b) Let ag = xR be the minimum value of a. The work necessary is

o 7> /°° 1 5 (2a® — R?%) (222 — (22 1)

— Fda= — la— R d

/00 “ drey Jo, a3 “ (a® — R?)? da = 47reoR :r3 z2 —1)2 v
@ [1+2mg— 223

dreoR | 223(1 — 23)

w

Putting in zg = (1 ++/5)/2, Mathematica says the term in square brackets is 1/2 (this is not an accident; see
7
87T60R

(1.60 x 10719)2 19
W= J=2.03x10"1J =[1.270V.
87(8.85 x 10-12)(5.66 x 10-10) %

footnote 6 on page 127), so W = . Numerically,
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Problem 3.42

YA YA YA
V] 0 V1
a a al
VO V() = V() Vo + 0 0
b 0 b X b 0 b X b 0 %

The first configuration on the right is precisely Example 3.4, but unfortunately the second configuration is not
the same as Problem 3.15:

AY

We could reconstruct Problem 3.15 with the modified boundaries, but let’s see if we can’t twist it around by
an astute change of variables. Suppose we let x — y, y — u, a — ¢, b — a, and V) — V7:

Ay

Vi
O |
0 0
0 c ™

This is closer; making the changes in the solution to Problem 3.15 we have (for this configuration)

_ 4N sinh(nmy/c) sin(nmu/c)
Viwy) = n=123.5... nsinh(nma/c) '

Now let ¢ — 2b and u — = + b, and the configuration is just what we want:

YA

Vi

o
(=}
o
<Y

The potential for this configuration is

Vie,y) = Vi Z sinh(nmy/2b) sin(nw(z + b)/2b).

e nsinh(nmwa/2b)
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(If you like, write sin(nm(z 4 b)/2b) as (—1)~1/2 cos(nma/2b).) Combining this with Eq. 3.42,

sinh(nmy/2b) sin(nw(z + b)/2b)
cosh(nmb/a) L sinh(nmwa/2b)

n

Viey) % Z 1 {Vocosh(mrx/a) sin(nmy/a)

n=1,3,5...

Here’s a plot of this function, for the case a =b=1, Vj =1/2, V; =1:

Problem 3.43
B
Since the configuration is azimuthally symmetric, V(r,0) = Z (Aﬂ‘l + l) P(cosb).
r

(a) r>b:  A;=0forall [, since V— 0 at co. Therefore V(r,0) = Z —_—
,

a<r<b: V(r Z(C’ﬂ’+ l+1>Pl(cos0) r<a: V(r0)=".
We need to determine By, Cj, Dy, and Vj. To do this, invoke boundary conditions as follows: (i) V is

1
continuous at a, (ii) V is continuous at b, (iii) A <%V) =——o(0) at b.
T €0

" B D, By
(ii) = Z blTllPl(COS 0) = Z (Clbl bl+1) Pi(cos 9); i1 - Clbl bl+1 = ’ B = b21+1cl + Di. ‘ (1)

D,
Cra' + 1 =0 A0 AT Dy = —a?10y, 140, (2)
Dy =aVy — CLC().

éZ<Cla+ H_1)Pl(cost9) Vo; Ca0_|_D -
0 T: 0> = U
a

Putting (2) into (1) gives B; = b**1Cy — a®1C), 1 40, By = bCy + aViy — aCy. Therefore

Bl — (b21+1 _ 0,2l+1) Cl7 l ?é 0) (1/)
By = (b - CL)CQ + alj.

1 l —k
(iii) :>ZBl (14 1)] bl+2 Py(cosf) — Z G 4 Dy (b“—g >)Pl(cosﬁ):€OP1(cosﬁ). So

[+1
fbm ( Gl + Dy (szz )>0, if 1 #£1;

or

—(I4+ 1B —1C* 1+ 1)Dy=0; (1+1)(B, — D) = —-1b**+1¢y.
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1 2 2

— k
Bl(+2)62 +(01+D162) :%7 for | = 1; Cl—‘rbg(Bl—Dl):k’.
Therefore
(14 1)(B; — Dy) + 0?10y = 0,for 1 #1,
2 k (3)
Cl + b73(B1 - Dl) = ;

Plug (2) and (1') into (3):

For [ # 0 or 1:

(1+1) [(0*F! = a®Y) O + PO+ 1O = 0; (1410 O+ = 0; (21+1)C =0 = C; = 0.
Therefore (1') and (2) = ’ B =C=D;=0forl> 1.‘

Forl = 1: Oy —l—b%[(b?’—a?’)cl—&-a?’(}'l] =k C1+2C, =k => D, = —a*C; =
’Dl = —a?’k/Beo;‘ B, = (b3 — a?’) Ci=|B; = (b3 — a3) k/3eq.
For | = 0: By—Dg =0 = By = Dy = (b—a)Co+aVy = aVy—aCy, s0bCo = 0 = | Cy = 0; Dy = aVy = By.
aVy (b3—a3)k‘
r

Conclusion: |V (r,0) =

\% k 3
cosf,|r >b. V(T,G):aro—l-(r—a)cos& a<r<b.

3r2e 3o r2
oV \% k 3 Vi k
(b)oi(0) = —eg —| = —¢€o —H—I—— 1—|—2a— cosl| = —¢g 00 P eosh ) = —kcos@—i—Voe—O.
or |, a? 3eo a® a € a
% \% 1 1 4 % \%
(c)g; = /O’i da = 220 47q? = ’ dmaeqVy = Qtot- ‘ At large r: V = RALUNS Q = TacVo _ a¥o .
a r dmeg T 47eq T r
Use multipole expansion (Eq. 3.95): pdr’ — A\dr';
A= o0 the r’ integral breaks into two pieces:
a
1 o 1 a a
V(r) = Tre Z s /(r’)”Pn(cos 0" )N dr' + /(r')”Pn(cos 0" )\ dr'
n= 0 0
In the first integral 8’ = 0 (see diagram); in the second integral ' = m — 6, so cos§’ = —cosf. But P,(—z) =

(—=1)™P,(2), so the integrals cancel when n is odd, and add when n is even.

a

1 Q o 1 n
Vir)=2 — Z Tn+1P"(COSH)/x dz.

4meg 2a
0% —024,.. 0

The integral is a4
n

Vot 3 [ () A,

n=0,2,4,...
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Problem 3.45
Use separation of variables in cylindrical coordinates (Prob. 3.24):

V(s,¢) =ap+bolns+ Z [Sk (ay cos ko + by sin ko) + s_k(c;c cos k¢ + di sin k(b)] )
k=1

s<R: V(s,¢) =Y e, s¥(aycoske + bysinkg) (Insand s=* blow up at s = 0);
s>R:V(s,¢) = ;s F(ckcoske + dysinkg) (Ins and s* blow up as s — o).

(We may as well pick constants so V' — 0 as s — oo, and hence ap = 0.) Continuity at s = R =
ZRk(ak cos ko + by sinkg) = ZR*k(ck cos k¢ + dy sinke), so cp = R?**ay, d, = R?**b,. Eq. 2.36 says:
8—‘/ — 8—‘/ = —lo. Therefore
0s R+ 0s R- €0
_ ko + dy. sin k kRN ko + by sin ko) = —
ZRkH(ckcos ¢ + dj, sin ¢)—Z (a cos ke + by sin ko) = —%J,
or:

> 2kR*!(ay cos ke + by sin ke) = { oo/ec (0<¢<m) } .

—op/€ (m < ¢ < 2m)

Fourier’s trick: multiply by (cosl¢) d¢ and integrate from 0 to 27, using

27 2w
/sink¢cosl¢d¢:0; /cos kq&coslq{)d(é:{?r’ Z#é}
0 0 7
Then
T sinlg

T 27
2R ra; = 22 /cosz¢d¢— /cosz¢d¢ -2 { sinlg
€

0 €0 l
0 T

2w
}20; al:O.

0 l

27
Multiply by (sinl¢) d¢ and integrate, using [ sin k¢sinlgdp = { ?r’ IZ f 5 }:
0 ) K=

7 T cosle

l

g0

27
} = —(2—2cosln)

- l€0

27
AR rby = 22 /sinl¢d¢—/sinl¢dqb - %{—Cojl¢
0 T

€0 €0 0

/0, if [ is even o — 0, if [ is even
) 4o0/leo, if 1 is odd "7\ 200 /meol?RY, i Lis odd [

Conclusion:

200R 1. s/R)* (s <R
Voo =20 5 kel GO SR |

k=1,3,5,...

Problem 3.46

a

) 1 S Pylcost) B n
Use Eq. 3.95, in the form V(r) = Tnco ; o) Iy, I, = /z A(z) dz.

—a
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_ 2ak [sin (Z) _sin (_E)] _ A9 erefore:
m 2 2

A(z) Virg) = ! (4@"7> % (Monopole.)

—a

I - k_/azsin(ﬂz/a) dz = k {(Z)Qsiﬂ ()~ cos (ZZ)} “

a

(2 bt s e~ ) -2

7r i T
A2)
1 2a%k\ 1 .
— . Vir,0) = pr— < - > —5 cos 6.| (Dipole.)

I = k/z2 cos (%) dz=k {QZCOS(W/G) N (rz/a)? — 2 w (m)}

J (m/a)? (m/a)? a’ )|,
= 2k (%)2 [a cos(m) 4+ acos(—m)] = —4sz.
A(z)
3
*i? a V(r,0) = 47:60 (—4Z2k> % (3 cos? 6 — 1) .| (Quadrupole.)

Problem 3.47

(a) The average field due to a point charge ¢ at r is

1
Euxwe = —— [ Edr, where E =
e |

1 1 2

dr

Eye="F7— — dr.
0 (37R3) 4meo /q/z 2 47

1 gq
471'60/}2

b

(Here r is the source point, dr is the field point, so 2 goes from r to dr.) The field at r due to uniform

1 2
charge p over the sphere is E, = yr— / e dr. This time dr7 is the source point and r is the field
TEQ

point, so 2 goes from dr to r, and hence carries the opposite sign. So with p = —¢q/ (%TFRS), the two
expressions agree: Eqve = E,.

(b) From Prob. 2.12:
L9 r _ p

E,=—pr=—-+ % __ .
P 3¢ pr 4meq R? 4megR3
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(c¢) If there are many charges inside the sphere, E,ye is the sum of the individual averages, and pio is the

p
— . d
4megR3 a@

sum of the individual dipole moments. So E,,. =

(d) The same argument, only with ¢ placed at r outside the sphere, gives

1 (%WRBIO) N _qf.
— .

Ewe =E, =
ave p deq 12

=1 (field at r due to uniformly charged sphere) =
Tey T

But this is precisely the field produced by ¢ (at r) at the center of the sphere. So the average field (over
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces
at the center. And by superposition, this holds for any collection of exterior charges.

Problem 3.48
(a)
p

Egip, = 1 3(20059f+sin99)
TEQT

=P [2cosf(sinfcospX + sinfsinpy + cosh z)
4meqrs

+ sinf(cosfcosdX + cosfsin gy — sin b 2)]

=_P 3sin€cos€cos¢5(+3sin9cosesinq’)y+(2c0829—sin29)2

4meqrs
=3cos20—1
1
B B
" G ) B
1 1
= W (4p ) /r—3 [3sinf cosB(cos pX + sinp§) + (300829 —-1) 2] 2 sin 6 dr df do.
3T )
2w 2 5
But /cosq’)d¢ = /sinqugb =0, so the X and y terms drop out, and [ d¢ = 27, so
0
0 0

T

R
1 P 1 :
Eave = w (47‘[‘60) 27T0/ ;d'f' !(3COS20 — ].) sin 0 df

(—cos? O+cos 0)|§=1—14+1—-1=0

R
1

Evidently which contradicts the result of Prob. 3.47. [Note, however, that the r integral, / —dr,

T

blows up, since Inr — —oo as r — 0. If, as suggested, we truncate the r integral at r = €, then it is ﬁn?te, and
the 0 integral gives E,ye = 0.]

(b) We want E within the e-sphere to be a delta function: E = Ad3(r), with A selected so that the average
field is consistent with the general theorem in Prob. 3.47:

1 A P p p
Bue = o [ Ay ar = —- A=~ and hence | E = — 2-5°(n).
ave (§7TR3)/ 6°(r)dr (1) Irco B = 3e” and hence 3605 (r)
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Problem 3.49 We need to show that the field inside the sphere approaches a delta-function with the right
coefficient (Eq. 3.106) in the limit as R — 0. From Eq. 3.86, the potential inside is

k k k
V=— 0=— E=-VV=——32.
3eg <08 3% % 3e0 2
From Prob. 3.30, the dipole moment of this configuration is p = (47 R3k/3) 2, so k2 = 3p/(47R?), and hence

the field inside is 1

Ao R3 p:

Clearly F — oo as R — 0 (if p is held constant); its volume integral is

1 4 1
Ed = ————P= R3 = —-——Dp,
/ T AmegR3 p37T 3eo p

which matches the delta-function term in Eq. 3.106. v
Problem 3.50
(a) I = /(vvl) {(VVa)dr. But V-(ViVVa) = (VVA) - (V) + Vi(V2Va), so

1
I:/V-(\/lVVg)dT—/Vl(VQVQ) :fvl(vvg)-dajtf/vm dr.
S €0

1
But the surface integral is over a huge sphere “at infinity”, where V3 and V5 — 0. So I = — / Vipadr. By
€0

1
the same argument, with 1 and 2 reversed, I = — / Vop1 dr. So /V1p2 dr = /Vgpl dr. qed
€0

Situation (1) : Qa = [, prdT = Q; Qp= [, prdr =0; Vi = Vgp.
(b)
Situation (2) : Qa = [, p2dr =0; Qy = [, p2dr = Q; Vag = Vig.

S Vipadr = Vi [, padr + Vi [, p2 dT = Vb Q.

S Vaprdr = Vag [, prdr + Vay [, p1dT = ViaQ.
Green’s reciprocity theorem says QV,p = QVpa, s0 Vap = Viu.  qed
Problem 3.51

(a) Situation (1): actual. Situation (2): right plate at Vj, left plate at V' = 0, no charge at .

V=0 V=0

q ’

But V;, =V,, =0 and Q,, =0, so [Vipadr =0.

/ Vapr dr = Vi,Qi, + Vi, Qs + Via Q.

But ‘/l2 =0 le =4q, ‘/7'2 = ‘/05 QTl = Q27 and Vrz = VO(I/d) So 0= Vo(I/d)q + V0Q27 and hence
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Situation (1): actual. Situation (2): left plate at Vj, right plate at V' = 0, no charge at z.
[ Vieadr =0= [ Vaprdr = Vi,@u, + V2uQuy + V@1, = VoQ1 + Vi, + 0.

But V,, =W (1— 2), S0

Q1= —q(1—a/d).|

(b) Situation (1): actual. Situation (2): inner sphere at Vp, outer sphere at zero, no charge at r.

/ Vipa dr =V, Quy + Ver Qs + Vi Q-

But Vo, =V, =0, Q, =0. So [Vipadr =0.

/ Vap dr = Vi, Quy + Vis Qs + Via @by = QuVi + gVi + 0.

But V,., is the potential at r in configuration 2: V(r) = A+ B/r, with V(a) = Vj = A+ B/a = Vp, or
aA+ B = alp, and V(b)) = 0 = A+ B/b =0, or bA+ B = 0. Subtract: (b —a)A = —alVy) = A =

—aVo/(b—a); B(:—3) =V = B(b;ba’) = B=abVy/(b—a). So V(r) = (Z?Yg) (2 —1). Therefore

aVy b o -~ qa b
oot (F1) =o o525 (1)

Now let Situation (2) be: inner sphere at zero, outer at Vp, no charge at r.
[ Viezdr =0= [ Vaprdr =Vi,Qu, + Vi@u, + Vi s, =0+ 4V, + QuVa.
I B .
This time V(r) = A+ - with V(a) =0= A+ B/a=0; V(b)=Vo = A+ B/b =V, so

Vi(r) = (bbi/oa) (1 — %) Therefore ¢ (1 — %) +QVo=0; |Qp= _% (1 _ %)

bV
(b—a)

Problem 3.52

3 1 3 3
aa 2 :A /} :A / "2 2 :A 2 !
(a) rierij = 5/ 3 r;r; ry; 5 (7" ) rirjéij pdT
i,j=1 i=1 j=1 i,J
3 3
But E f'ﬂ’,{ =i- I'/ = ’I"/ CcCosSx = E f‘j’l";; E f‘zf‘](SU = E f‘jf‘j =t-r=1. So
i=1 j=1 ,J

11 (1 7
B— (3r’2 cos® o — r'2) pd7t’ = the third term in Eq. 3.96. v
dmeg 13 | 2

(b) Because 22 = y* = (a/2)? for all four charges, Q. = Qyy = 3 [3(a/2)* — (vV2a/2)?] (¢—q—q+q) = 0.
Because z = 0 for all four charges, Q.. = %[—(\/ia/2)2](q —qg—q+q) =0and Q;: = Qy. = Q.0 = Q. = 0.
This leaves only

Q= =5[(5) (5) o+ (3) (-5) o+ (-5) (5) o+ (-5) (-5) ] = 3%
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d;) — (r —d)*6;;] pdr  (I'll drop the primes, for simplicity.)

Qaij = / [3(7"i —di)(rj —
/

[3rirj — r?0;] pdr — 3di/’l“jpd7' — 3d,; /ripdr + 3d,d; /pdT +2d- /rpdT ij

— d25ij pdr = Qij — 3(dipj + djpi) + Sdide + 2(5,'jd p— d25ijQ.

So if p=0and @ =0 then @ij = Q. qed
(d) Eq. 3.95 with n = 3:

1 1 - 1 .
Voet = pr—l (r')2Ps(cos)pdr’;  Ps(cosf) = 3 (5cos® @ — 3cosh) .
1 1 A
Vot = Ineg 3 4% krirjerijk-

Define the “octopole moment” as

1
Qijk = 5/ [57“;7“}7“;C — ()2 (rlok + r;»éik + rgéij)] p(r') dr'.

Problem 3.53
1 1 1 1 1
V= . o
471'60{(](/1/1 42)+q <’1/3 ’24>}

21 = Vr2+a2—2racos,
29 = \/r2+a2+2racos¢9,
25 =12+ b2 — 2rbcos,
2= \/r2+b2+2rbc059.

1 1 2r
Expanding as in Ex. 3.10: (/Z — /L) = — cosf (we want a > r, not r > a, this time).
1 2 a

1 1 2
( - > = — cosf (here we want b < r, because b = R?/a, Eq. 3.16)
Z 3 m r
2 2
= fR—Q cos .
ar

R
But ¢’ = ——a (Eq. 3.15), so

o1 Jor R 2R? 1 (2 R3
Vir,0) = ; {an cosf — Py cos@] = Inco <a2) (r — 7“2> cosf.
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85
1 2
Set EO = — d

1 5 (field in the vicinity of the sphere produced by +q):
TEY A

3
V(r,0) = —Ey <r - i) cos @

(agrees with Eq. 3.76).

Problem 3.54

The boundary conditions are

(i) V=0 wheny=0,
(ii) V =Vp when y = q,

(iii) V =0 when = b,
(iv) V =0 when x = —b.

Go back to Eq. 3.26 and examine the case k = 0: d2X/dx? = d?Y/dy? =0, so X(x) = Az+ B, Y (y) = Cy+D.
But this configuration is symmetric in z, so A = 0, and hence the k£ = 0 solution is V(z,y) = Cy + D. Pick
D =0, C =Vy/a, and subtract off this part:

The remainder (V(x,y)) satisfies boundary conditions similar to Ex. 3.4:

(i) V=0 wheny=0,

(ii) V =0 when y = a,

(iii) V = —Vy(y/a) when x = b,
(iv) V = —Vo(y/a) when x = —b.

(The point of peeling off Vy(y/a) was to recover (ii), on which the constraint k = nn/a depends.)
The solution (following Ex. 3.4) is

V(z,y) = Z C,, cosh(nmx/a) sin(nry/a),

n=1
and it remains to fit condition (iii):

V(by) = ZC" cosh(nmb/a) sin(nmy/a) = —Vo(y/a).

Invoke Fourier’s trick:

Z C, cosh(nmb/a) /Oa sin(nmy/a) sin(n'my/a) dy Y [

ysin(n'ry/a) dy,
0

gC’n cosh(nmb/a) = 7@/ ysin(nmy/a) dy.
a Jo

= ~ etz | ) sty = (22)cstomy)]

0
ST (0 P L B G
a2 cosh(nmb/a) =

nm nm cosh(nmb/a)’

a
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B g 2 > " cosh(nmz/a) .
Viw.y) = T Z:: cosh(nmb/a) sin(nmy/a)

Alternatively, start with the separable solution
V(z,y) = (Csinkx + D cos kzx) (Aeky + Be_ky) .

Note that the configuration is symmetric in z, so C = 0, and V(z,0) = 0 = B = —A, so (combining the
constants)

V(x,y) = Acos kx sinh ky.

But V(b,y) = 0, so coskb = 0, which means that kb = +7/2,+37/2,..., or k = (2n — 1)7/2b = «,, with
n=1,2,3,... (negative k does not yield a different solution—the sign can be absorbed into A). The general
linear combination is

Vi(z,y) = Z Ay, cos apx sinh ayy,

n=1
and it remains to fit the final boundary condition:
oo
Viz,a) =Vy = Z A,, cos apx sinh a,a.
n=1

Use Fourier’s trick, multiplying by cos o,y and integrating:

b 0 b
Vo / COoS Qi x dx = E A, sinh a,a / COS iy X COS (2 dx,
—b 1 —b
2sin o,/ b > . .
VOTn = g A, sinh apa(bdyr ) = bA, sinh v a.
n/
n=1

2Vy  sinagb n—1

So A, = But sin o, = sin (2 W) =—(=1)", so

b aysinhona’

2V — n sinha,y
V(l‘,y): —T Z(—l) mcosanx.

Problem 3.55
(a) Using Prob. 3.15b (with b = a):

V(z

4V0 Z sinh(nrz/a) sin(nry/a)

nsinh(n)
n odd
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B ov B 4Vy nm\ cosh(nmz/a)sin(nry/a)
oly) = oz lomo ~ O n%d (7) n sinh(n) =0
_ 4eoVo Z sin(nmy/a)
B = sinh(nm) '
e 460VO 1 @ .
A= dy = — d
/o o(y)dy a Z Sinh(n7) /0 sin(nmy/a) dy
n odd
But /a sin(nmy/a) dy = 2 cos(mry/a)’a = i[1 — cos(nm)] = @(since n is odd).
0 nw 0O nrm nw
8eoVo 1 eoVo
= — = | — 1 2.
nzo;d n sinh(n) T

[Summing the series numerically (using Mathematica) gives 0.0866434, which agrees precisely with In2/8.
The series can be summed analytically, by manipulation of elliptic integrals—see “Integrals and Series, Vol. I:
Elementary Functions,” by A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (Gordon and Breach, New
York, 1986), p. 721. I thank Ram Valluri for calling this to my attention.]

Using Prob. 3.54 (with b = a/2):

" cosh(nmz/a) sin(nry/a
Viz,y) = + Z ncosh(1/17r)/2)( u )] ’
ov nm\ (—1)" cosh(nmz/a) cos(nmy/a)
o(@) = _aniy y= =~V + Z( ) n cosh(nm/2) ] y=0
1 2 (=1)"cosh(nrz/a) | eV " cosh(nmz/a)
= —aVo aa cosh(nm/2) 1 == +2Z cosh (nm/2) ] '
B a/2 B _EOVO (_1)71 a/2

A= /_a/2 o(x)dr = . 2; cosh(nn/3) /_a/2 cosh(nmz/a) dx] .

a/2

_ 2 sinh(nw/2).

a/2
But / cosh(nrz/a) de = @ sinh(nrz/a)
nm a2 M

—a/2

_ &V da (=1)"tanh(nm/2) | 4 (=1)™ tanh(nn/2)
N a i ™ ; n =~V ; n
= _ 2% In 2.

™

[The numerical value is -0.612111, which agrees with the expected value (In2 — 7)/4.]
(b) From Prob. 3.24:

V(s,¢) =ag+bylns+ ,; (aksk + by, Slk) [ck cos(ko) + di sin(ke)].

In the interior (s < R) by and by, must be zero (Ins and 1/s blow up at the origin). Symmetry = dj, = 0. So

Vs, ¢) =ag+ Z ays” cos(ke).

k=1
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At the surface:

V(R Zakchos (ko) = {Vo, it —7m/4<¢<m/4,

otherwise.
= . k=0

Fourier’s trick: multiply by cos(k’¢) and integrate from —7 to 7:

/4
s /4 . / ’ . N ’ . ’
ZakRk/ cos(ke) cos(k'¢) d = VO/ cos(k'g) dp = { VOSER/K| = (Vo/k)sin(k'm/4), i k" £ 0,
/4 Vorr/2, if K = 0.
But
. 0, if k#£K

/ cos(ko) cos(k'gp)dp = < 2m, if k=Fk =0,
- m, if k=K #0.

So 2mag = Vo /2 = ap = Vo /4; marRF = (2Vy/k) sin(kr/4) = ay = (2Vo/mkR¥) sin(kn/4) (k # 0); hence

%i sin(kw/4) (E) cos(kgi))]

=1

V(Sa ¢) -

Using Eq. 2.49, and noting that in this case i = —8§:

oV B 2 o= sin(kr/4) .4 26V
o(é) =¢€o 95 lor fo\/o7T ; Rk ks cos(k:qb)’ 2R kz:lsm kw/4) cos(ko).

We want the net (line) charge on the segment opposite to Vp (—7 < ¢ < —37/4 and 37/4 < ¢ < 7):

A= /o(¢)Rd¢ —or [’ o () do = Vo Zsin(/m/zx)/ cos(ko) do
m k=1

37 /4 37 /4

4eoV, sin(ko) |~ 4egVo = sin(km/4) sin(3km /4
_ ooz k/4{;)3ﬂ/4} ooz (/)k( 4
k  sin(kw/4) sin(3kw/4) product
1 1/v2 1/v2 1/2
2 1 -1 -1
3 1/\@ 1/v2 1/2
4 0 0
5 -1/\f -1/V/2 1/2
6 1 -1
7 -1/{ -1/V2 1/2
8 0 0 0
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_4eoVo
T

460V()1 1 1
R D S D Dl

1,3,5... 2,6,10,...

Ouch! What went wrong? The problem is that the series > (1/k) is divergent, so the “subtraction” co — oo
is suspect. One way to avoid this is to go back to V (s, ¢), calculate €y(0V/0s) at s # R, and save the limit
s — R until the end:

8V 2e0Vp o= sin(km/4) ksk—!
o(p,s) = 05, = 70r 0 Z (k /4 T cos(ko)
k=1
= 260VO Z Vsin(kr/4) cos(k¢) (where z = s/R — 1 at the end).
k=
Az) = o(¢, s)Rdep = 460‘/ Z% Lsin(kr /4) sin(3kn /4)
k=1
_4eoVo

(1 x x 1 x2+m6+x10+
| 2z 3 5 r \ 2 6 10
_ 2e0Vo x3 :U 9 28 210
_m( 373 ><x+3+5+ ‘
3 ab
-9 I
) (x+3+5+ )
1+ 22 eoVo 1+ 1+ 22
— )| =— In
1— 22 T 1—2z 1—22

™

26V

But (see math tables) <
L
2

In <1+x>
1—2x

1
T |2
- EOVO A= lim () =| =200
1 + x2 z—1 i
Problem 3.56
z
_ qp
N F =¢E = o (2cos Ot +sin 6 ).
) l
T
mg
Now consider the pendulum: F = —mg2 — T'#, where T — mgcos¢ = mv?/l and (by conservation of

energy) mgl cos ¢ = (1/2)mv? = v? = 2gl cos ¢ (assuming it started from rest at ¢ = 90°, as stipulated). But
cosp = —cosf, so T =mg(—cosl) + (m/l)(—2gl cos§) = —3mg cos #, and hence

F = —mg(cos 0 # — sin 0 §) 4 3mg cos O & = mg(2cos O & + sin 6 §).

This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on ¢ in the
field of a dipole, with mg < gp/4megl®. Evidently ¢ also executes semicircular motion, as though it were on a
tether of fixed length .

Problem 3.57 Symmetry suggests that the plane of the orbit is perpendicular to the z axis, and since we need
a centripetal force, pointing in toward the axis, the orbit must lie at the bottom of the field loops (Fig. 3.37a),
where the z component of the field is zero. Referring to Eq. 3.104,
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E-z2=0=3(p-#)(#2)-p-2=0, or3cos’0—1=0. Socos>0 =1/3, cosf = —1/v/3, sinf = /2/3, z/s =

tan § = The field at the orbit is (Eq. 3.103)
p 1 . 2 A
E = 9 oy
4dmegrs < V3 T 3 >

2 -
=3 p 3\/; —ﬁ(sin@cosqﬁchrsinﬁsinqﬁy+cos€2)+(cos@cosqﬁchrcost?Sind)yfsinei)}
TEQT ]

S \/g:(—ﬁSiHH—kcosﬂ) cosgbfc—ﬁ—(—x/isin@—l—cos@) sind)y—i—(—\/icosﬁ—siné’) 2}

4dmreqrs

2] 2 1 - ) 7\
= 477607“3\/; <—\/§\/;—\/§> (cospx +singy) + <\/§\/§_ 3) z]

__ P \/g_—\/g(cosgﬁi—f—sinrj)y)}—— P \ag=-— P

—— 38§
4dmreqrs 4dmeqrs 3v/3mens3

(T used s =rsinf = ry/2/3, in the last step.)
The centripetal force is

2
muv 1
Pogpo—— . mt e L
3v3meps® s 3v/3megms? s\ 3v3regm
The angular momentum is
m
L =smv= v

3\/§7r60 ’

the same for all orbits, regardless of their radius (!), and the energy is

1 1 qp q pcosf qp qp
W= _-mv?+qV == + = - =
2 ¢ 233megs?  4dmey 12 6v/3megs?  4megy/3(3/2)s2

Problem 3.58

1
Potential of ¢:  V,(r) = £7 where 2 2 =a% +r% — 2ar cos .
dmeg 2
Equation 3.94, with v/ - a and a — 6: — = — E ( ) (cosf). So

o 4:€0i;< ) st

o

. . . By
Meanwhile, the potential of o is (Eq. 3.79)  V,(r,0) = lz; WPZ(COS 0).
Comparing the two (V, = V,,) we see that B, = (q/4meo)a’, and hence (Eq. 3.81) 4; = (q/4meg)al/R*+1. Then

(BEq. 3.83)

o0

Z ( )PZC089 +§( ) P cos@)]

47TR i 21+1) (2) Pi(cosf) =
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Now (second line above, with r — R)

1 1 <= /a\!
= — — | P 0).
Va2 + R?2 — 2aRcos6 Rg(R) 1(cos 6)

Differentiating with respect to a:

d 1 (a — Rcosf) 1 & anl
T =- = —S"1(%) Pcoso).
da (\/a2+R2—2aRc059) (a® + R? — 2aR cos 0)3/2 aRg (R> 1(cos §)

Thus
q (a — Rcosf) R
0) = —2aR
o) 47 R? [ “ (a® + R? — 2aR cos 0)3/2 * (a? + R? — 2aR cos 0)'/2
¢ [—2a(a— Rcos0) + (a® + R? — 2aRcosf)] | ¢ (R? — a?)
 4nR (a? + R? — 2aR cos 0)3/2 | 47R (a? + R? — 2aRcos 0)3/2
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Chapter 4

Electric Fields in Matter

Problem 4.1

E = V/z = 500/10-3 = 5x 10°. Table 4.1: a/dmey — 0.66 x 10-3°, s0 a — 47(8.85 x 10~12)(0.66 x 10-30) —
734x 104, p=aE=ed = d=aE/e=(7.34 x 10741)(5 x 10°)/(1.6 x 10~19) = 2.29 x 10~ m
d/R = (2.29 x 10716)/(0.5 x 10719) = To ionize, say d = R. Then R = aFE/e =aV/ex =V =
Rex/a = (0.5 x 10719)(1.6 x 10~19)(1073)/(7.34 x 10~*1) =

Problem 4.2

First find the field, at radius r, using Gauss’ law: fE-da = % Qenc, or E = 47360 T%Qenc.

T

" 4 - 4 _ 2
Qenc = / dr = % 6_27/u72d7 = ﬁ |:_ae_27/a (7“2 +ar + CL):|
0

0 a3 2 2 0
2q | _opsa [ 2 a? a? —9r/a T r?
= aQ[ r/ (r —&—ar—i—? — 5| = 1—e 2/ 1—}—25—&—2672 .
Note: Qenc(r — 00) = ¢q.] So the field of the electron cloud is E, = 4 1—e /a1 420 4 2% . The
47reU r a a

proton will be shifted from r = 0 to the point d where E, = E (the external field):

1 2
=14 [1—6—%/“ <1+2d+2d2>]
a a
Expanding in powers of (d/a):

4meq d?
2 3 2 3
6*2‘1/‘1:1, 27d +1 % ,l % +...:1f2§+2 g ,% é R
a 2\ a '\ a a a 3\a
d _d d d\* 4 (d\’ d
l—e2/a(142- 42— ) =1-(1-2-42(=) —= + - 142- +2
a a? a a 3\a a

d? d? d3 2 d3 4d3
=1 -V —2F -2 2 4 4 2-£ —4
Vo -of +/“f++ S
a3
() + higher order terms.
a

ol
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1 q (44 1 4 1
P e (36) " aae " Sra?
dmeo d? (3 a3> dmep 3a3 (ad) 37T€0a3p Q= oTEa

[Not so different from the wuniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts
4735004 = %a‘g = %(0.5 X 10_10)3 = 0.09 x 1073 m3, compared with an experimental value (Table 4.1) of
0.66 x 1073 m?. Tronically the “classical” formula (Eq. 4.2) is slightly closer to the empirical value.]

Problem 4.3

p(r) = Ar. Electric field (by Gauss’'s Law): ¢ E-da = F (47r?) = %anc = % Jo AT4aT?dF, or E =
1 ArArt Ar?
42 € 4 4deg
d: ad*/4ey = E = d = \/4egE/A. So the induced dipole moment is p = ed = 2e\/eo/AVE. Evidently
’p is proportional to E/2. ‘

For Eq. 4.1 to hold in the weak-field limit, E must be proportional to r, for small r, which means that p

must go to a constant (not zero) at the origin: | p(0) # 0| (nor infinite).

. This “internal” field balances the external field E when nucleus is “off-center” an amount

Problem 4.4 L
Field of ¢: m% t. Induced dipole moment of atom: p = o E =
. r o Trgr b
q .. . . 1 1 2aq .
Field of this dipole, at location of ¢ (0 =7, in Eq. 3.103): E = —— — | —— | (to the right).
4eg 3 \ dmwegr?

2
1
Force on ¢ due to this field: | F = 2« ( ¢ > — | (attractive).

4meg ) 15
Problem 4.5
Field of p; at ps (6 = 7/2 in Eq. 3.103): E; = L6 (points down).
47'('6(]7’3
Torque on pa: Ny = po X E; = poF; sin90° = po By = 4p1pi3 (points into the page).
TEN
Field of py at p1 (0 = 7 in Eq. 3.103): By = —22_ (~2%) (points to the right).
4degrs
2
Torque on p1: N1 =p1 X Eg = P1D2 (points into the page).
4dreqrs
Problem 4.6

(a) 9 (b) 0 Use image dipole as shown in Fig. (a).

>f;+ 5 Redraw, placing p; at the origin, Fig. (b).

“ 9 2z

z i Ei:L(QCOSQf‘-}-SiHQé); p=pcosff+psinhdo.

RN dmeg(22)3
PiPb~ _
0
»? 5 5
N=pxE;= Tnco(22) [(Cosef‘—i—sinee) X (2cosOF + sin6 0)
»? 2 2
= Treo(22) [cos Osinf ¢ + 2sin  cos (— ¢)}
2 .
p“sinfcosf , -
=———(- t of th .
Treo(22)° (=#) (out of the page)
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94 CHAPTER 4. ELECTRIC FIELDS IN MATTER

_ p? sin 26
 4men(1623)

For 0 < 0 < 7/2, N tends to rotate p counterclockwise; for /2 < 6 < 7, N rotates p clockwise. Thus the
stable orientation is perpendicular to the surface—either T or |. ‘

Problem 4.7
If the potential is zero at infinity, the energy of a point charge @ is (Eq. 2.39) W = QV (r). For a physical
dipole, with —q at r and +q at r 4 d,

But sinfcosf = (1/2)sin 20, so | N (out of the page).

r+d
U=qV(r+d)—qV(r)=qV(r+d)-V(r)]=gq [—/ E - dl

For an ideal dipole the integral reduces to E - d, and
U=—-gE-d=—-p-E,

since p = ¢d. If you do not (or cannot) use infinity as the reference point, the result still holds, as long as

you bring the two charges in from the same point, ro (or two points at the same potential). In that case
W =Q[V(r) — V(ro)], and

U=q[V(r+d)—V(ro)] —q[V(r) = V(ro)] = ¢[V(r +d) = V(r)],

as before.
Problem 4.8

U = _pl'EZa but E2 = ﬁ’,‘% [3 (pz'f‘)f‘ — pz} So U = ﬁr% [pl'p2 -3 (pl'f') (pZ'f')] qed
Problem 4.9

1 q4._ 4 rX+yYy+z22

F = -V)E (Eq. 4.5); E = .
(a) (p- V)E (Eq ) dmeg r? dmey (w2 + y2 + 22)3/2

Fo=(pelpl 4p2) 4 ’
xr — pzﬁx pyay pzaz 47760 (x2+y2+2’2)3/2

o q 1 —§x 2z 4 _§m 2y
- 47eg Pz (x2+y2—|—22)3/2 2 (m2+y2+z2)5/2 Dy 2 (x2+y2+22)5/2

P [ 2x($2+y2+22)5/2}}_ dmeg {r?’ 75 (pwaf—&-pyy—l-pzz)} " 4 [TB 5 o
I q
F S R _ A& ]
4meq 3 [p—3(p-7)f]
(b) E = ! 1{3[ (—8)](-f) —p} = ! 1[3( £)# — p|. (This is from Eq. 3.104; the minus si
T dweg 13 p r r)=Ps= Areq 13 p-r)r—pj. Is 1s from kq. 3.104; the minus signs
are because r points toward p, in this problem.)
= = - ‘r)r — .
a 4meq 3 p p

[Note that the forces are equal and opposite, as you would expect from Newton’s third law.]
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Problem 4.10
. 10, 1.,
(a) op = Peii = pp==VP =g (rPhr) = 53k = | -3k,
(b) Forr < R, E= %prf‘ (Prob. 2.12), so E =| —(k/eo) r.

For r > R, same as if all charge at center; but Qior = (kR)(47R?) + (—3k)(37R*) =0, so

Problem 4.11
pp =0; 0p, = P-ih = £ P (plus sign at one end—the one P points toward; minus sign at the other—the one
P points away from).

(i) L > a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and
charge Pra?. See Fig. (a).

(ii) L < a. Then it’s like a circular parallel-plate capacitor. Field is nearly uniform inside; nonuniform “fringing
field” at the edges. See Fig. (b).

(iii) L =~ a. See Fig. (

= -8

(a) Like a dipole ) Like a parallel-plate capacitor

47reo

Problem 4.12
V= f P- "’ dr =P- { 4;50 Ik Z’ . dT}. But the term in curly brackets is precisely the field of a uniformly

charged sphere, d1V1ded by p. The integral was done explicitly in Probs. 2.7 and 2.8:

3 R3 R R3Pcos#
1 Mf‘7 (T>R), ﬁP-r: ﬁ, (7">R),
1 /l: 1 47T€0 r2 €T €T
o 275 =
0 1 (4/3)nR% ] Proosd
— 7, (r< R). - Popr = T cos
I B (r <R) o Pr=| 5| <R

Problem 4.13

Think of it as two cylinders of opposite uniform charge density +p. Inside, the field at a distance s from
the axis of a uniformly charge cylinder is given by Gauss’s law: FE2nwsl = %pws% = E = (p/2¢)s. For
two such cylinders, one plus and one minus, the net field (inside) is E = E; + E_ = (p/2¢) (s —s_). But

sy —s_ = —d, so E=|—pd/(2¢), | where d is the vector from the negative axis to positive axis. In this case

the total dipole moment of a chunk of length ¢ is P (7ra2£) = (pwazﬁ) d. So pd =P, and ’E = —P/(2¢),
s < a.
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Outside, Gauss’s law gives E2msl = %pwa% = E = 28 for one cylinder. For the combination, E =

, 2¢g s’
E.+E_=2- (Si - s—’), where

2¢0 \ s+ s_

5+ =8 F o

-1 -1
S+ d 5 P L1 d s-d L1 d s-d

1 -d) _d
= = (s +s (s-d) F 2) (keeping only 1st order terms in d).

(2-5) = [(+e5-5) - (52 43) =2 (%7 -a).
B(s) = ;—2%[2(P-§)§—P}, for s > a.
e

Problem 4.14

Total charge on the dielectric is Quor = $s0opda + [}, ppdr = §P - da — [, V-Pdr. But the divergence
theorem says ¢4 P -da= [, V-Pdr, 50 Qenc = 0. qed

Problem 4.15

_ _ 1O (LN _ ko [+P-R=k/b (atr=0),
(a)p”__v'P__ﬂar(Tr)‘_ﬂ’ "”_P'“‘{—P~f——k/a(m—a).

Gauss’s law = E = 4;60 % t. For r < a, Qene =0, s0 For r > b, Qenc = 0 (Prob. 4.14), so

For a <7 <b, Qenc = (=£) (4ma?®) + [ (2F) 4n72dr = —4nka — Awk(r — a) = —4nkr; so ’ E = —(k/eor) .

a

(b) § D-da=Qy,,., =0=D =0 everywhere. D=¢E+P =0=E = (-1/¢)P, so
’E:O (forr<aand7°>b);‘ ’E:—(k/eor)f'(fora<7“<b).‘

Problem 4.16
(a) Same as Eq minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14)

1
iS*P/3€0. So E:E0+37P DZEOE:€0E0+%P:D07P+%P,SO D=D 7%1)
€0

(b) Same as Eg minus the field of + charges at the two ends of the “needle”—but these are small, and far

(c) Same as Eq minus the field of a parallel-plate capacitor with upper plate at ¢ = P. The latter is

—(1/€0)P,s0 |[E=Eo+ LP.| D=¢cE =¢Eq+P, so
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Problem 4.17

B (@ @

(uniform) (same as E outside, but lines

(field of two circular plates)
continuous, since V-D = 0)

For more detailed figures see the solution to Problem 6.14, reading P for M, E for H, and D for B.
Problem 4.18

(a) Apply [D-da = Qy.,. to the gaussian surface shown. DA = cA = (Note: D = 0 inside the
metal plate.) This is true in both slabs; D points down.

= »J*"

(b)) D=¢E = E =0/¢; inslab 1, F = g/ey in slab 2. But € = ¢, s0 €1 = 2¢p; €2 =
E2 :20'/360.

(c) P = eoxcE, so P = egxed/(€0€r) = (Xe/€r)T; Xe =€ — 1= P = (1—¢,1)0. ’Pl =

(d) V = Eia+ Esa = (0a/6€y)(3+4) =

op = +P; at bottom of slab (1) = ¢/2, || o, = +P> at bottom of slab (2) = ¢/3,

20/3.‘

(e) o =0; op = —P; at top of slab (1) = —0/2; oy = —Ps at top of slab (2) = —¢/3.
[ total surface charge above: 0 — (0/2) = 0/2, o
(f) Tn slab 1. {total surface charge below: (6/2) — (6/3) + (0/3) — 0 = —0/2, = b= 2¢0 Y
[ total surface charge above: o — (0/2 ) (6/2) = (c/3) =20/3, 20
T slab 2: { total surface charge below: (0/3) — o0 = —20/3, = B = 3eo
[ | +o
—o/2
@
+U§;2g
®
+0/3

[ ] —o

Problem 4.19

With no dielectric, Co = Aeg/d (Eq. 2.54).
In configuration (a), with +c on upper plate, —o on lower, D = ¢ between the plates.
E =0/¢ (in air) and F = o/e (in dielectric). So V = %% +24 = 2?0‘3 (1+<).
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Co 26
Co N 1+€T.

Q _ €A

VT d

2
14+1/€r

Ca

(

In configuration (b), with potential difference V: FE =

):>

V/d, so 0 = egE = ¢V/d (in air).

P = egx.E = €px.V/d (in dielectric), so o = —€gx.V/d (at top surface of dielectric).
Otot = €0V/d=0f+0p =05 —e€gXxcV/d, 50 0 = gV (1 + xc)/d = €9e,V/d (on top plate above dielectric).

Q 1 A A A \% Aeg (1 +¢, C, 1l+e,
= Cp=— = oc~+o == |€5 t+te5e | =— — =
Ty v T2 ")) Tav \Pa ") T 2 ) |C 2
C i C Co _ l+e, 2¢, _ (I+er)’—der _ 142ep+4e2—der _ (1—¢,)?
[Which is greater? &b — &= = e T = e STy = aatey > 0- So Gy > C,.]
If the z axis points down:
| I E b | P |
a) air Zee Vx| el i 0
(er+1) d (er+1) d
. . ~ €. € A~ 2(er—1) ¢ N
(a) dielectric (ejrl) Yz (52+1) o % ((er+1)) o %
(b) air v x o % 0
(b) dielectric TX 69 % (- — 1) %

| o (top surface) |

oy (top plate)

2(er—1) gV 2¢, eV
(a) - ((ET+1)) i e
(b) —(&r — l)e‘ziv 67~% (left); e‘av (right)

Problem 4.20

[D«da = Qy.,, = Ddmr? = p%wr?’ =D = %pr = E = (pr/3¢)#, for r < R; D4mr? = p%ﬂR3 =D =

pR3/3r? = E = (pR3/3eor?) &, for r > R.

0 3 R 0 2 2 2
V:—/ E.a="1 —ﬁ/ par = PR P PR 1)
o 3o 17| 3€Jgr 3eo 3e 2 3eo 2€,
Problem 4.21
Let @ be the charge on a length £ of the inner conductor.
Q Q Q
D .da = D2nsl = D=— = b E= b .
j{ a sl =Q = 2msl’ 2meqst (a<s<b), 2mest (b<r<e
a b c
Q ds / Q ds Q b €0 c
V=- E-dl= — = In( - —In(-)]|.
/C /a (QWEOE S + p \2mel ) s 2mepl . + e " (b)
g _ Q 2meq
¢ Ve |In(b/a)+ (1/e.)In(c/b)’
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Problem 4.22
Same method as Ex. 4.7: solve Laplace’s equation for Viy(s,¢) (s < a) and Voue(s, @) (s > a), subject to

the boundary conditions x
(i) Via = Vou at s = a, ¢
(il) eBie = % ats=a, EOT \
(iii) Vous — —Fopscos ¢ for s> a. y
z /
From Prob. 3.24 (invoking boundary condition (iii)):

Vin(s, ¢) = Z s¥(ay, cos k¢ + by, sin kp), Vour(s,¢) = —Epscos ¢ + Z s % (e cos ko + dy, sin k¢).
k=1 k=1

(I eliminated the constant terms by setting V' = 0 on the y z plane.) Condition (i) says
Z a®(ay, cos k¢ + by, sin k¢) = —Fga cos ¢ + Z a="(cx cos k¢ + dj sin ko),
while (ii) says
€r Z ka*~Y(ay cos k¢ + by sin ko) = —FEg cos ¢ — Z ka=*1(cy cos ke + dy, sin ko).

Evidently b, = di = 0 for all k, ap. = ¢, = 0 unless k = 1, whereas for k =1,

aar = —FEya + ailcl, €.a1 = —Fg — a 2ey.
Solving for aq,
Ey Ey Ey
a1 =———=, 50 Vin(s5,¢) = ——————=5cCOSp = ———— 7,
SRS ACTRE N W) ESwE
aVvin ~ EO . . . . .
and hence Ey, (s, ¢) = — X = .| As in the spherical case (Ex. 4.7), the field inside is uniform.
oz (1+xe/2)
Problem 4.23
1 Xe coXe 1 Xz :
Py = oneEQ; Ei=——Py=—-"Eg, P, = EOXeEl = — Ey, Eo=——P,==Eg; .... EV1dent1y
n 360 3 3 360 9
E, = (—%) Eq, so
_ _ Xe\"
E=E)+E +BEy+: = [;(_3) Eo.

The geometric series can be summed explicitly:

E07

s 1
g "= , o |[E=—r——
o 1—=x (1+X8/3)

which agrees with Eq. 4.49. [Curiously, this method formally requires that x. < 3 (else the infinite series
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7.]
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Problem 4.24

Potentials:
Vout(r,0) = —Egrcosf + > %Pl(cos 0), (r >b);
Vinea(r,0) = > (Alrl + %) P(cosb), (a<r<b);
Vin(r,0) =0, (r <a).

Boundary Conditions:
(1) Vout = Vined, (7" = b)’
(11) 68‘(/:)%6(1 = 60%7 (7' — b))
(111) Vined = 0, (r = a)_

|
=
~—

B B
(i) = —Epbcosf + Z bl—JlPl(cose) = Z (Albl + lerll> Py(cos0);

B B
(ii) = e, Z [lAlbl_1 -+ 1)bl+l2} Pi(cosf) = —Eycosf — Z(l + 1)bl—+IQPl(cos 0);

B _
(iil) = Aial + 5 =0 = B = —a?*t14,.
a

Forl#1:

) Bl . a2l+1Al
©) gr = (A0 — =

) = Bl — Al (b2l+1 _ a21+1) :

21+1 B
(i) e |:1Albll + (I + 1)abl+21} =—(+ 1)blTl2 = B = —€.4; KM) p2A+L 4 a2l+1] = A, =B =0
Forl=1:
B 3A
(i) —Eob+ 1721 = Ajb— % = By — Eob® = A1 (b° —a®);
3A B
(i) e <A1 + 2“bal) = —Ep— Qb—; = 2By — Epb® = e, 4; (b° + 24%) .

B —3E,
2[1 = (a/b)*] + &1+ 2(a/b)]

So 3wt = A [2(6° —a®) e, (F+20%)] s A

—3E ad
Vmed(T, 9) = 2[1 — (a/b)?,] n ero[l - 2(a/b)3} <1" — 7‘2) CcOS 0,

B0:0) = Vo = | g7 s e |0 ) o0F - (1 ) wod).

Problem 4.25

There are four charges involved: (i) g, (ii) polarization charge surrounding ¢, (iii) surface charge (o3) on
the top surface of the lower dielectric, (iv) surface charge (o;) on the lower surface of the upper dielectric.
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In view of Eq. 4.39, the bound charge (ii) is ¢, = —q(x./(1 + X.), so the total (point) charge at (0,0, d) is

@ =q+q =q/(1+x.)=q/e.. Asin Ex. 4.8,

-1 d/e!
(a) op = €oXe 1 Le’z %% (here op = P-ii = +P, = egxeE>);
TEQ (’I“2 + d2)2 260 260
1 d ! /
(b) o, = €oX. TLGTQ _% % (here op = —P, = —eoXLE.).
TEQ (7"2 + d2)2 260 260

Solve for oy, o} first divide by x. and X/ (respectively) and subtract:
G _ov L _edfe o L ad/d |
Xe  Xe 2T (p24d2): Xe 2T (p2 4 q2)3

Plug this into (a) and solve for oy, using €. =1+ x%:

Op —1 qd Xe

-1 qd/e / /
LA BT e+ X0) 0|0y = — ;
Xe(1+x2) = 5 (xe + x0) "7 am 2 2y 1 (e +X0)/2)

AT (2 4 g2)3

ol =y -1 qd 1 1 qd/e, wlgr = L ad €rXe/ €
b “\ 4m (r2+d2)% 14+ (xe+xL)/2] 27 (r2+d2)% ’ b

4 (r2 + dQ)% 14 (xe+xL)/2]

. _ ;1 qd (XL —Xe) : : :
The total bound surface charge is oy = oy + 0y, = 4= EY A ceEare) (which vanishes, as it should, when

X, = Xe)- The total bound charge is (compare Eq. 4.51):

- (Xe — Xe)q _ €&\ 4 and hence
"2 [T+ (xe + X1)/2] & +e) e’

T

1 q/e€ Gt
Vi(r) = 2 + for z > 0).
(r) 4%60{\/x2+y2+(z—d)2 \/372+y2+(z+d)2 ( )
e, 2 1 2/(€ + €,
Meanwhile, since 2/ +q = g/ {1 + E/T € } == q , | V(r)= 2q/(c: + )] (for z < 0).
€r €r €t €r €. + € dmeg /22 +y2 + (2 — d)?
Problem 4.26
From Ex. 4.5:
0, (r<a)
_ 0 (r<a) _ @ F, (a<r<bd)
D= Q . y E =19 Yrer2
Rl (r>a) 5 A
mr £, (r>b)

47T€()7"2

1 1 Q2 1 /211 1 [>*1 Q* (1 /-1

W =< [|DEdr=-= dnd = | = Srdr+ = —dry =< - —
2/ T 2 (4m)? ﬂ-{e/r?rQT r—|—€0/b r2 r} 8r e \ r

QP 1 1 1 I Q? 1 e
B 8meg {(1+Xe) (a_b> +b} B 8meo (1 + Xe) <a+b> .
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Problem 4.27
Using Eq. 4.55: W = £ [ E?dr. From Ex. 4.2 and Eq. 3.103,

-1
—P3, (r<R)
E _ 368
) B 900 +5in6d r(
Seqr? (2cosft +sinf @), (r > R)
2 2 p3
e [ P 4 5 2w PR
Wr = — |\ —TR’> = — .
T2 (360> 37 T2 e
sP\” [ 1
Wisp = 2 L — (4 cos® 0 + sin®0) r* sin 0 dr df do
2 \ 3¢ r6
(R3P)? 4 9 <1 7(R3P)? 3 (T 1\~
= 18c 2 ; (14 3cos”0)sinfdf ; rdeZT(—COSQ—COS 9)0 ~3,3 .
_ m(RPP)2 [ 4\  4xR3P
9 3R3)  27e
27 R3 P?
Wiot = | ——.
960

This is the correct electrostatic energy of the configuration, but it is not the “total work necessary to assemble
the system,” because it leaves out the mechanical energy involved in polarizing the molecules.

Using Eq. 4.58: W = %IDE dr. For r > R, D = ¢E, so this contribution is the same as before.
Forr < R, D = ¢E+P = —%P + P = %P = —2¢E, so %D-E = —Q%EQ, and this contribution is

now (—2) (%—@szs) = —g—’;%ﬁﬂ, exactly cancelling the exterior term. Conclusion: This is not

surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as
the “work necessary to assemble the configuration”—the latter would depend entirely on how you assemble it.

Problem 4.28

First find the capacitance, as a function of h:

Air part: E = 72— — V = 22 1n(b/a),

4meps 4meg

AN

:}—:—’ A/:£>\:Efr>\.
Oil part: D = i—;‘; = FE= 42736/5 =V = %\; In(b/a), ©o ©
Q=Nh+AXLl—h)=e h— A+ X = X(e, — 1)h + €] = A(xeh + £), where £ is the total height.
Q  Axeh+10) (xeh +0)
C== = DXDNTE) e = dmeg Xt T2
V" 2xIn(/a) 0T T n(b/a)
The net upward force is given by Eq. 4.64: F = 1V24C = 12 12:(2%‘; b €oxeV?
The gravitational force down is F' = mg = pr(b* — a?)gh. ~ p(b2 —a?)gln(b/a)’
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Problem 4.29

6 z
(a) Eq. 4.5 = Fy = (p2- V)E; = P2y (Eq1); L
P1 P2
P15 P |,
Eq. 3.103 = E; = 60=— Z. Therefore Y v
4mregrs ey’
x E;
z
F, — 2172 d (L 7= Sp1p: z, or |Fy = Sp1P: Z | (upward)
2 dmey | dy \ y3 Aregy* 27 Yreort ’
P2 Y
To calculate F;, put ps at the origin, pointing in the z direction; then p;
x D1 is at —rZz, and it points in the —§ direction. So F; = (p;-V)Ey =
OE
—p1 2 ; we need Es as a function of z, y, and z.
8y r=y=0, z=—7r

1 113 .
From Eq. 3.104: Eo = — (P2 -)r —p2|, wherer = 2 X+y§+22, po = p2 2, and hence pa-r = po2.
4dmreg 3 r2

E, — P2 32(xX+yy+22)— (2 +y*+23)2]  p2 [BzzR+3yzy — (2% +y® —22%)2
2 47eq (22 + y2 + 22)5/2 B (22 + Y2 + 22)5/2

OE, D2 5 2y N ~ 2 2 2\ 5
By e fiﬁ[szerSyzyf(x +y©—22%)z] +

p2 3z p2 —3r 3pip2
= e Y Fi=—p|(——=V)= .
(0,0) TEg T dmeg T

OB,
Jy

But ¥ in these coordinates corresponds to —z in the original system, so these results are consistent with
Newton’s third law: F; = —F5.

(b) From the remark following Eq. 4.5, No = (p2 x E1) + (r x Fg). The first term was calculated in

Prob. 4.5; the second we get from (a), using r = r§:

3 3 2
p2 X Eq = Pip2 (—%); erQ(ry)x< P1P2 2) PiP2 o o IN, = ZP1P2 o

— — y = )
Ameqrs dmegrs dmegr3 Amenrs

This is equal and opposite to the torque on p; due to pa, with respect to the center of p; (see Prob. 4.5).
Problem 4.30

Net force is | to the right | (see diagram). Note that the field lines must bulge to the right, as shown, because
E is perpendicular to the surface of each conductor.

| E
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1
and E —Q& SO

- 10
Problem 4.31 In cylindrical coordinates (in the z = 0 plane), p=p¢, p-V = p— =7 S
S TEY S

%7

Q

e
4dmeg R3 p

_ _ (PO L Q. »Q 3 _ pQ
F=@ VE= (3 0(;5) dmegs? Ameos? 09 Amens®

Qualitatively, the forces on the negative and positive ends, though equal in magnitude, point in slightly different
directions, and they combine to make a net force in the “forward” direction:

=

Y

To keep the dipole going in a circle, there must be a centripetal force exerted by the track (we may as well
take it to act at the center of the dipole, and it is irrelevant to the problem), and to keep it aiming in the
tangential direction there must be a torque (which we could model by radial forces of equal magnitude acting at
the two ends). Indeed, if the dipole has the orientation indicated in the figure, and is moving in the (,7> direction,
the torque exerted by @ is clockwise, whereas the rotation is counterclockwise, so these constraint forces must
actually be larger than the forces exerted by @, and the net force will be in the “backward” direction—tending
to slow the dipole down. [If the motion is in the —(ﬁ direction, then the electrical forces will dominate, and the
net force will be in the direction of p, but this again will tend to slow it down.]

Problem 4.32
(a) According to Egs. 4.1 and 4.5, F = o(E - V)E. From the product rule,

VE?=V(E-E)=2E x (VxE)+2(E-V)E.

But in electrostatics V x E = 0, so (E- V)E = 1V(E?), and hence
1 2
F = SaV(E?). v

[It is tempting to start with Eq. 4.6, and write F = —VU = V(p-E) = oV(E - E) = aV(E?). The
error occurs in the third step: p should not have been differentiated, but after it is replaced by oE we are
differentiating both E’s.]

(b) Suppose E? has a local maximum at point P. Then there is a sphere (of radius R) about P such that
E?(P") < E%(P), and hence |E(P’)| < |E(P)|, for all points on the surface. But if there is no charge inside the
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sphere, then Problem 3.4a says the average field over the spherical surface is equal to the value at the center:

1
Py /Eda = E(P),

or, choosing the z axis to lie along E(P),

1

But if E? has a maximum at P, then

/Ezdag /|E\da < /|E(P)|da:47rR2E(P),

and it follows that E(P) < E(P), a contradiction. Therefore, E? cannot have a maximum in a charge-free
region. [It can have a minimum, however; at the midpoint between two equal charges the field is zero, and this
is obviously a minimum.]

Problem 4.33

P=hkr=k(zk+y§+22) = pp=-VP=—k(1+1+1)=-3k

Total volume bound charge:
op = P-i. At top surface, i = 2, z = a/2; so o, = ka/2. Clearly, on all six surfaces.

Total surface bound charge: ’qurf = 6(ka/2)a® = 3ka>. ‘ Total bound charge is zero. v

Problem 4.34
Say the high voltage is connected to the bottom plate, so the electric field points in the = direction, while
the free charge density (oy) is positive on the lower plate and negative on the upper plate. (If you connect

x
the battery the other way, all the signs will switch.) The susceptibility is x. = > and the permittivity is

€= ¢€g (1 + 2) . Between the plates

N 1 of N 0 of d 1 of X d O'fd
D=o;x, E=-D=—" s v=— [ Eda=2] — _go="Lam(1+2 ’:—1 2.
orx € eo(l—l—x/d)x /d € Jo (1+z/d) T e n( er) 0o e
50 1% Voo %
€0 ~ €0 x 5
= — Ezii P: SE: .
7T dn2’ din2 (1 +a/d) OXE = Pm2 1+ 2/d)
The bound charges are therefore
v.p oV 1 z/d oV 1 - 0 (z=0),
= — . = — — = | — oy = . =
po 22 |(1+az/d) (1+x/d)? 2 (1+az/d32 7" oV (z = d).
2d1n2
The total bound charge is
oV [ 1 oV VAl 1 —d |* 1
= d da = — Ad A= = -
@ /'D” T+/U” “ d21n2/0 vz 2qme” ~ a2 | dQ+z/d), 2

_ «VA (1—1+1>:0 v
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where A is the area of the plates.
Problem 4.35

q . 1 q iy qXe iy
D-da = =D= T E=-"D=|—F1 . |IP=¢y.E=|—2° _—.
% 3= Qfne Az € dmeg(1 + xe) 72’ cox A (1 + xe) 72
qXe iy Xe 3 . qXe
=-VP=-———"_|V.— | =|—qg——§ Eq. 1.99); =Pr=|—————:
Pb 47T(1+Xe) ( r2) q1+xe (r) ( q ); O r 4W(1+X6)R27
Xe

Qsurt = 0'b<47TR2> =|q The compensating negative charge is at the center:

L+ xe

Problem 4.36

Ell is continuous (Eq. 4.29); D, is continuous (Eq. 4.26, with o; = 0). So E,, = E,,, Dy, = D,, =
e By, = e E,,, and hence

tan92 o E‘:CQ/E‘y2 - Ey1 €2

= = = =, d
tanb, B, /B, B, a &

Y2

If 1 is air and 2 is dielectric, tan s/ tan 6y = ea /ey > 1, and the field lines bend away from the normal. This is
the opposite of light rays, so a convex “lens” would defocus the field lines.

Problem 4.37

In view of Eq. 4.39, the net dipole moment at the center is p’ = p — 1_’:;ep = 1+1xep = ép. We want the

potential produced by p’ (at the center) and o}, (at R). Use separation of variables:

oo

B
Outside: V(r,0) = TlTllPl(cos 9) (Eq. 3.72)
1=0
‘ 1 pcosf !
Inside: V(r,0) = — =+ ZAZT Pi(cosf) (Egs. 3.66,3.102)
dmeg €7 pad
B
R AR, or By =R A; (1#1)
V' continuous at R =
B, 1 p

+ AlR, or Bl =P +A1R3

R2 4meq €, R2 dmeoer
aV oV B, 1 2pcosé -1 1
- - — = — I+ 1)—=—=P/(cost — lA;R'™ " P)(cosf) = ——
or R+ or R— Z( + )Rl+2 l(COb ) + 47'('6(] ETR?’ Z ! l(COb ) €0 b
1 R 1 . ov 1 2pcosf -1
= " P-t=——(egxcET) = ve —| =1vYel— IAARTP 0) ¢ -
€0 i €0 (coxeE-F) = xe or |p_ { dmeg €13 +Z ! 1(cos0)

—(1+1) B _ JTAR™ = Y IARTY (1 #1); or — 214+ 1DAR™ = x AR = A =0 (£ #1).

RI+2
By 1 2p 1 2p P AL R3 1 xep AR
Forl=1: —22L P G . R _ _ . ;
o R3 + 4dmey €, R3 1= ( 47eg €, R3 +aA 1t 4dege, 2 4deq € Xe™
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p 3 p A R? L Xxep A R? AR L Xep
— — A R - - — e = 3 e) — .
4mege, L dmege, 2 dmey €, 2 2 (3+xe) dmey €,
A = 1 2Xep _ 1 2(57" - 1)p . _ D 1 2(57" - 1) _ P €,
! dmeg R3e-(3+ xe)  4meg R3ep(er +2) ! 4dege, (er +2) Amegey €r + 2

V(r,0) = (ZWC;STZ) (ﬂi”ﬂ) (r > R).

1 pcosd 1 prcosf 2(e. — 1)
dmey €72 dreg  R3  e-(e, +2)

p cosf e —1\ 3
=|—|14+2| —— | = < R).
dmegr3e, { * <€T»+2) R3} (r<R)

Meanwhile, for r < R, V(r,0) =

Problem 4.38

Given two solutions, V; (and E; = —VV;, Dy = €E;) and V2 (E; = —VV;, Dy = €Ey), define V3 = V5, -1
(E3 =E; — E;, D3 =D, — D).

fV V'(V3D3) dr = fS V3D3 -da = 07 (V}, =0on S), SO f(VV3) . D3 dr + f Vg(VDg,) dr = 0.
But V’Dg = V'DQ — V‘Dl =pPf—pPf= O, and V‘/3 = V‘/Q - VV1 = —E2 +E1 = —E3, SO ng . D3 dr = 0.
But D3 =Dy — D = €E; — eE; = €Eg3, so fe(E3)2 dr=0. But ¢ > 0, so E3 =0, so V5, — V; = constant. But
at surface, Vo = Vi, so Vo = V; everywhere. qed
Problem 4.39

(a) Proposed potential: |V (r) = VOE. If so, then |E = —-VV = Voﬁ2 t,| in which case |P = eoxevoi; r,
T r r

R PPN €0Xe%
ﬁ(r-n) =|-—f -
of dielectric = i = —#.) This oy, is on the surface at r = R. The flat surface 2 = 0 carries no bound charge,
since i = Z L #. Nor is there any volume bound charge (Eq. 4.39). If V' is to have the required spherical
symmetry, the net charge must be uniform:

OtotdTR? = Qior = 4meg RV (since Vo = Qior /4T R), 50 010t = €0Vo/R. Therefore

in the region z < 0. (P =0 for z > 0, of course.) Then g, = €pxVo (Note: 1 points out

| (e0Vb/R), on northern hemisphere
9= (e0Vo/R)(1 + xe), on southern hemisphere |

(b) By construction, oyt = 0p+0f = €0V/R is uniform (on the northern hemisphere o, = 0, o5 = €y Vo/R;
on the southern hemisphere o, = —epx.Vo/R, so or =Wy /R). The potential of a uniformly charged sphere is

Qtot Otot (47TR2) €0V0 R2 R
= = = _— = ‘/0 " \/
Ameqr dmeqr R egr T

Vo

(c) Since everything is consistent, and the boundary conditions (V =V, at r = R, V — 0 at co) are met,
Prob. 4.38 guarantees that this is the solution.

(d) Figure (b) works the same way, but Fig. (a) does not: on the flat surface, P is not perpendicular to i,
so we’d get bound charge on this surface, spoiling the symmetry.
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Problem 4.40

A
Eext = §. Since the sphere is tiny, this is essentially constant, and hence P = &Eext (Ex. 4.7).
2mens 1+ xe/3
e AN d [ oA . A\ /1 /-1
F:/ ‘ox £ sdr = | X (= §/d7’
14+ xe/3 2meps ) ds \ 2meps 14+ xe/3 2meg s 52

—Xe )\2 14 3 A Xe )\2R3 ~
= 777TR = | — S.
14+ xe/3 \4n2ep ) s%3 3+ xe ) meps®

Problem 4.41

The density of atoms is N = m. The macroscopic field E is Egeif + Eelse, where Ege¢ is the average

field over the sphere due to the atom itself.
p = aE¢se = P = NaEgge.

[Actually, it is the field at the center, not the average over the sphere, that belongs here, but the two are in
fact equal, as we found in Prob. 3.47d.] Now

1 p
Eqar = — —
elf 4dmeg R3
(Eq. 3.105), so
1 «o « Na
E:_iiEese Eese: 11— — Eese: 1—— Eese-
4dmeq R3 lse + Hel ( 47T€0R3> ! ( 3eo> !
So N
«
P=——"""E=¢)x.E,
(1— Na/3e) coXe
and hence
Na/ey
Xe p— - .
(1 - Na/3ey)
Solving for «:
Na N« Na Xe
Xe = 5= Xe= — = 7(14'*) = Xe»
3€g €0 €0 3
or 3 3 1
€0 Xe €0 Xe € (& —
0= = — . But e:er_lvsoazi : ed
N (1+x./3) N (34 xe X N (€r+2) !

Problem 4.42

For an ideal gas, N = Avagadro’s number/22.4 liters = (6.02 x 10%3)/(22.4 x 1073) = 2.7 x 10%5. Na/ey =
(2.7 x 10%)(47mep x 10739)8/eg = 3.4 x 107%3, where 3 is the number listed in Table 4.1.

H: 3=0.667, NaJeg = (3.4 x 1074)(0.67) = 2.3 x 1074, x. = 2.5 x 1074
He: 3 =0.205, Na/eg = (3.4 x 1074)(0.21) = 7.1 x 1075, x. = 6.5 x 1075
Ne: 3 =0.396, Na/eg = (3.4 x 1074)(0.40) = 1.4 x 1074, y. = 1.3 x 1074
Ar: 3=1.64, Na/eg=(3.4x1074)(1.64) =5.6 x 1074, x. =5.2 x 1074

agreement is quite good.
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Problem 4.43
(a) Doing the (trivial) ¢ integral, and changing the remaining integration variable from 0 to u (du = pE sin 6 df),

. Sy ue™ /T du (KT [ (u/kT) — 1o,

pE —u pE
fpre u/kT —kTe /’“T|7PE

[e—pE/kT _ epE/kT} + [(pE/kT)e—pE/kT + (pE/kT)epE‘/kT]
kT e—pE/kT _ epE/k:T

epE/kT +e—pE/kT pE
= kT — pFE [epE/kT — AT | T kT — pE coth (k:T) .

P = N(p): p = (poost)B = (o E)B/E) = ~(u)(B/E); P=Np—) = Np{eom (£7) - S

Lety = P/Np, x = pE/kT. Theny = cothz—1/z. Asx — 0,y = (%—i—%—%—&““)—l: %—%+"'—>

xr
0, so the graph starts at the origin, with an initial slope of 1/3. As z — oo, y — coth(oo) = 1, so the graph
goes asymptotically to y = 1 (see Figure).
P
Np
1

pE/kT
N 2
(b) For small z, y &~ 1z, so Nip ~ %7 or P~ %E = egxeF = P is proportional to E, and | x. = 3 ZT’
€0
For water at 20° = 293K, p = 6.1 x 10750 Cm; [V = mogcules — molecules , mnoles , &rams
_ 23 1 6\ _ 29. _ (0.33x10%)(6.1x10~3%)2 _ .
N = (6.0 x 10%) x (f5) x (10°) = 0.33 x 10*; X = GE8nio- LTI @05) = Table 4.2 gives an

experimental value of 79, so it’s pretty far off.

For water vapor at 100° = 373K, treated as an ideal gas, Y2une = (22.4 x 1073) x (322) = 2.85 x 1072 m?.

6.0 x 1023 (2.11 x 10%)(6.1 x 10730)2
N=_—"2""__ =211 x 10%; = =|5.7 x 1073.
2.85 x 10—2 x o Xe (3)(8.85 x 10~12)(1.38 x 10-23)(373)

Table 4.2 gives 5.9 x 1073, so this time the agreement is quite good.
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Chapter 5

Magnetostatics

Problem 5.1
Since v x B points upward, and that is also the direction of the force, ¢ must be To find R, in

terms of a and d, use the pythagorean theorem:

a? + d?
2d

(R—d)?+a*=R> = R*-2Rd+d*+a*=R*> = R=

The cyclotron formula then gives R

(a® +d?)
=¢BR =|¢B——.
p=q q 2%

Problem 5.2
The general solution is (Eq. 5.6):

E
y(t) = Cy cos(wt) + Cy sin(wt) + Et + C3;  z(t) = Cy cos(wt) — Cy sin(wt) + Cy.

(a) y(0) = 2(0) = 0; y(0) = E/B; 2(0) = 0. Use these to determine C7, Cs, Cs, and Cj.
y(O):()iClﬁ*Cg:O; y(O):wC’2+E/B:E/B¢C’2:0; Z(O):O:>62+C4:O:>C4:O;
2(0) = 0 = Cy = 0, and hence also C5 = 0. So ’y(t) = Et/B; z(t) = 0. ‘ Does this make sense? The magnetic

force is q(v x B) = —q(E/B)B % = —q¢E, which exactly cancels the electric force; since there is no net force,
the particle moves in a straight line at constant speed. v/

(b) Assuming it starts from the origin, so C5 = —C7, C4y = —Cq, we have 2(0) = 0= C; =0 = C5 = 0;

. E E E .
W) =55 = Cwt =g = 2= g p = ~Cw yl) = 5 g + B
E . E -
Z(t) = _m COS(wt) + m, or y(t) = m [th — Sln(wt)], Z(t) = m [1 — COS(wt)] .| Let ﬂ = E/2WB

Then y(t) = B 2wt —sin(wt)]; z(t) = B[1 — cos(wt)]; (y — 20wt) = —Fsin(wt), (z — B) = —F cos(wt) =
(y — 2Bwt)® + (2 — B)? = 3. This is a circle of radius 3 whose center moves to the right at constant speed:
Yo = 20wt; 2o = . 5 - 5 [
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E E E E E E |
y(t) = ) cos(wt) + Et + 5 z(t) = B sin(wt). |y(t) = B [1 4 wt — cos(wt)]; z(t) = ) sin(wt).

Let 8 = E/wB; then [y — B(1 + wt)] = —Bcos(wt), z = Bsin(wt); [y — B(1 + wt)]*> + 2% = B%. This is a circle
of radius 8 whose center is at yg = 5(1 + wt), zo = 0.

Problem 5.3
E
(a) From Eq. 5.2, F=¢[E+ (vxB)]=0= E=vB = V=g

E
(b) From Eq. 5.3, mv = ¢BR = % - BLR ~ |55

Problem 5.4

Suppose I flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward
the left) cancels the force on the right side (toward the right); the force on the top is IaB = Iak(a/2) =
Ika?/2, (pointing upward), and the force on the bottom is IaB = —TIka?/2 (also upward). So the net force is

F =[1ha’2]

Problem 5.5
(a) | K = ora’ because the length-perpendicular-to-flow is the circumference.
Ta
1 1 I
(b)J:g:>I:/Jda:a/fsdsd¢>:27ra/ds:27raa:>a:—;J: .
s S 27ma 2mas
Problem 5.6
(a) v =wr, so (b) v =wrsinf ¢ = |J = pwrsinf @, | where p = Q/(4/3)w R
Problem 5.7
dp d dp . .
il W dr = n rdr = — [ (V -J)rdr (by the continuity equation). Now product rule #5
%

says V- (2J) =2(V -J)+J - (Vz). But Vo =%,50 V- (2J) = 2(V - J) + J,. Thus [,,(V -J)zdr =
/ V. (xd)dr — / Jy dr. The first term is [g 2J - da (by the divergence theorem), and since J is entirely
v v

inside V, it is zero on the surface S. Therefore [|,(V - J)zdr = — [|, J, d7, or, combining this with the y and
dp
= [ Jdr. qed

z components, fV(V ~Drdr = - fv Jdr. Or, referring back to the first line, i
Here’s a quicker method, if the distribution consists of a collection of point charges. Use Eqs. 5.30 and

3.100: p p
- v, =L o= 2P
/JdT—qu dthzrz TR
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Problem 5.8

(a) Use Eq. 5.37, with z = R, 0 = —0; = 45°

, and four sides: B = @.
TR
(b) z=R, 0= -0, = ﬁ and n sides: B = 7;'[:; sin(m/n).
(c) For small 0, sinf =~ 6. So as n — oo, B — ZZ% (%) = g—(;%[ (same as Eq. 5.41, with z = 0).
Problem 5.9

I
(a) The straight segments produce no field at P. The two quarter-circles give B = alhd

3 (out).

(:-3)

pol
1 tributes ——
circle contributes “-.

(b) The two half-lines are the same as one infinite lin

I 2
MO(1+>
7

4R
Problem 5.10

I
“LR; the half-
So B =

(into the page).

I
(a) The forces on the two sides cancel. At the bottom, B HoZ

pol?a
s

2ms

pol

top, B= —— =
P 27(s + a)

= F = <HOI> a=
27s

tolZ_ | (up)

27s(s + a) up)-
(b) The force on the bottom is the same as before, ugl?a/27s (up). On the left side, B = 5 Z;

s
pol? /
dF = I(dl x B) = I(de % + dy § + dz %) x ( z> =B (-

Y

(—dz§ + dyX). But the z component cancels the
_ mol?

(up). At the
,U,()IQG
27(s + a)

(down). The net force is

pol
pol

2my

corresponding term from the right side, and F,

12
F,=-— Mo

pol?

2\/371'

force on the triangle is

In s/V3+a/2 _

2
In <1+“

(s/V3+a/2) |
/ —dx. Herey—\fm SO

pol?
2w

-

2
V3

In <1+

=)

) . The force on the right side is the same, so the net

2

60°

o
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Problem 5.11

Use Eq. 5.41 for a ring of width dz, with I — nl dz: 2
ponl a? ;
B = / dz. But z = acot 6, 4 z
AN \J \J J
1 in® ¢

sodz:—_a2 df, and 32:sm3 . i

sin” ¢ (a2 + 22) / a z
So

wond [ a?sin®6 pond [ . ponl 0. [onl
B = 5 /a3sin29(_ad9) = sinfdf = 5 0059’91 == (cos Oy — cos ).

For an infinite solenoid, 6 =0, ; = 7, so (cosfy —cosby) =1—(—=1) =2, and B = v

Problem 5.12
ZA

Rcos6 —

Field (at center of sphere) due to the ring at 6 (see figure) is (Eq. 5.41):

: 2
ap = Mo (Esin6) = M0 Gn2gar.

2 [(Rsin®)? + (Rcos)?]*? 2R

dl=KRd0, K=ov, o v=wRsind,

T 4R’
SO
Al = (2 wRsinORd0 = 2 sind do.
po Qw [T . 4 poQuw (4 poQuw
B=-——"— fdd=—"—1(=-]). B= .
9R 4 /0 S 8tR (3 6rR
Problem 5.13
. . . po A2v?
Magnetic attraction per unit length (Egs. 5.40 and 5.13): f,, = o 4
T
1 A
Electric field of one wire (Eq. 2.9): E = —. Electric repulsion per unit length on the other wire:
TEQ S
1 A2 5 1 1 -
fe= —. They balance when pov” = —, or |v = .| Putting in the numbers,
2meq d €0 Veolto
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1
v = NS ) = ’ 3.00 x 10% m/s. ‘ This is precisely the speed of light(!), so in fact you could
.85 x 10~ mx 10~

never get the wires going fast enough; the electric force always dominates.

Problem 5.14

0, for s < a;
(a)%B~d1:BQ7rs:uolenC:> B=1 pol

5rs @ for s > a.
e @ 2rka’® 31 s s
(b)J:ks;I:/ Jda:/ ks(2ms)ds = k= . IenC:/Jda:/k§(27r§)d§:
0 0 3 27TCL3 0 0
pols® » .
N & rad o, for s < a;
3 :I—3,f0rs<a;lem:], for s > a. So|B =
@ pol + .
% , or s > a.

Problem 5.15

By the right-hand-rule, the field points in the —§ direction for z > 0, and in the +§ direction for z < 0.
At z =0, B = 0. Use the amperian loop shown:

%B -dl = Bl = piglone = polzJ = (—a<z<a) If 2> a, Iene = polad,

z

—poJay, for z > +a; amperian loop
so|B = +uoJay, for z > —a *
7 AT y
—
l

Problem 5.16
The field inside a solenoid is pgnl, and outside it is zero. The outer solenoid’s field points to the right (2),

(ii) | B = polna 2, | (i) [ B = 0.

whereas the inner one points to the left (—2). So: (i) ’B = pol(ne —ny) Z,

Problem 5.17

From Ex. 5.8, the top plate produces a field puoK/2 (aiming out of the page, for points above it, and into
the page, for points below). The bottom plate produces a field poK/2 (aiming into the page, for points above
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates
they add up to poK, pointing in.

(a) | B = ppov (in) | betweem the plates, elsewhere.
(b) The Lorentz force law says F = [(K x B)da, so the force per unit area is f = K x B. Here K = ov,
to the right, and B (the field of the lower plate) is pgov/2, into the page. So ’ fm = poo®v?/2 (up). ‘

(c) The electric field of the lower plate is o/2¢p; the electric force per unit area on the upper plate is
fe = 0?/2¢q (down). ‘ They balance if ugv? = 1/¢g, or ’ v=1/\/eofto = c‘ (the speed of light), as in Prob. 5.13.

Problem 5.18
We might as well orient the axes so the field point r lies on the y axis: r = (0,y,0). Consider a source point
at (2',y',2') on loop #1:
2 =—2'%+@y—y)y—722 d'=d’x+dy' y;
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X y Z
dl!'x 2 =|da’ dy 0 |=(=2dy)x+('da)y+[(y—y)da' +2'dy'] 2.
-2’ (y—y) -4

B, — pol dl' x 2 _ pol (=2 dy")x+ (2 de" )y + [(y — ) da’ + 2" dy'] 2
dr 23 4 [(2/)2 + (y — y')2 + (z’)2]3/2 :

Now consider the symmetrically placed source element on
loop #2, at (¢/,y’,—2"). Since 2z’ changes sign, while every-
thing else is the same, the X and § components from dB; and

dBs cancel, leaving only a Z component. qed loop 1
With this, Ampére’s law yields immediately: I

21
B {,uonl Z, inside the solenoid; \r

0, outside Yy

z

(the same as for a circular solenoid—Ex. 5.9).

For the toroid, N/27s = n (the number of turns per unit
length), so Eq. 5.60 yields B = pgnl inside, and zero outside, 2 5
consistent with the solenoid. [Note: N/2ws = n applies only |
if the toroid is large in circumference, so that s is essentially I
constant over the cross-section.]

™

loop 2

Problem 5.19
’It doesn’t matter. ‘ According to Theorem 2, in Sect. 1.6.2, f J - da is independent of surface, for any given
boundary line, provided that J is divergenceless, which it is, for steady currents (Eq. 5.33).

Problem 5.20

charge  charge atoms moles grams 1
(a) p volume  atom mole gram volume (e)(N) M (d), where
e = charge of electron =1.6x10"C,
N = Avogadro’s number = 6.0 x 1023 mole,
M = atomic mass of copper = 64 gm/mole,
d = density of copper =9.0 gm/cmg.
p= (1.6 x10719)(6.0 x 10%) <96'2) = ] 1.4 x 10% C/cmS.‘
1 1

I
b)J=—=p=>v=

] = ’ 9.1 x 1073 cm/s, | or about 33 ecm/hr. This

Ts2 ws2p B m(2.5 x 1073)(1.4 x 104
is astonishingly small—literally slower than a snail’s pace.
I I 47 x 1077
(c) From Eq. 5.40, f, = Ho (2122) (r x 1077) = ’ 2x 1077 N/cm.‘
2m d 2m

1 A 1 AlAQ 1 1 11]2 62 Mo 11]2 C2
d E = — — e — = — —_— = —_— — e = — ms h
(d) 2meg d’ J 2me ( d ) v2 2meg ( d ) (v2 27\ d va where

fo & (3.0>< 1010>2

Cc = 1/‘/€0M0 =3.00 x 108 m/S. Here fim = ﬁ = m 1.1 x 1025.

fe=(11x102)(2 % 107) =|2 x 10" N/em. |
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Problem 5.21

Ampére’s law says V x B = ppJ. Together with the continuity equation (5.29) this gives V - (V x B) =
oV - J = —po0p/0t, which is inconsistent with div(curl)=0 unless p is constant (magnetostatics). The other
Maxwell equations are OK: VXE=0= V- (V xE) =0 (v'), and as for the two divergence equations, there
is no relevant vanishing second derivative (the other one is curl(grad), which doesn’t involve the divergence).

Problem 5.22
At this stage I'd expect no changes in Gauss’s law or Ampére’s law. The divergence of B would take the

form where p,,, is the density of magnetic charge, and «aq is some constant (analogous to €y

and pg). The curl of E becomes ’ V X E = Bod o, ‘ where J,, is the magnetic current density (representing the

flow of magnetic charge), and (y is another constant. Presumably magnetic charge is conserved, so p,,, and J,,
satisfy a continuity equation: V -J,,, = —9p,, /0t.

As for the Lorentz force law, one might guess something of the form ¢,,[B + (v x E)] (where ¢, is the
magnetic charge). But this is dimensionally impossible, since E has the same units as vB. Evidently we
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is

1
2 = 1/eopo: |F=¢qe[E+ (v xB)]+ qm [B - (v x E)] .| In this form the magnetic analog to Coulomb’s
c

a
4—0 dma gmz f, so to determine oy we would first introduce (arbitrarily) a unit of magnetic charge,
T

then measure the force between unit charges at a given separation. [For further details, and an explanation of
the minus sign in the force law, see Prob. 7.38.]

Problem 5.23

law reads F =

Iz ,uoI / z
47r - X /22 T2
z / 2
:&Ii{ln(z—k z2—|—82)] F o MOI 2t St
4 z1 4 21 + A / 2 4 g2
0A - ol 1 S 1 -
B=VXxA=—-——¢=——"— -
s AT | 2o+ 1/(22)2 + 82 /(22)2 + 82 21+ (21)2 4+ 82 /(21)2 + 82
__pols | 22— /(22)* + 5? 1 s —y/(s)? + 82 1 -
A | (22)” = [(2)? + 5% /(22)2 + 52 27— [(21)* +5°] \/(21)2 + 2
_ pols ( 1) 29 1 21 1| 6= pol 29 21 -
7 U2 [Varee Ve T [Eree Ve s
. . z1 . 29
or, since sinf)y = ———— and sinfy = ————,
(21)% + s? (22)% + s*
I
= Z;s (sinfy —sinf;) ¢ | (as in Eq. 5.37).

Problem 5.24

A¢—k:>B—VxA—1§(sk)2—kz;J—1(V><B)—1{—a(kﬂ(fb— i @
S Js S
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Problem 5.25

1
V~A:—§V~(pr):— B-(Vxr)—r-(VxB)] =0, since VxB =0 (B is uniform) and

N =

V xr = 0 (Prob. 1.63). VXA:—%VX (rxB) = —%[(B-V)r—(r-V)B+r(V-B)—B(V-r)]. But

(r-V)B =0and V-B = 0 (since B is uniform), andV-r:—x—&———i——Z:l—Fl—Fl:& Finally,

0 0 o0 1
(B-V)r = (Bxaw + Byafy + BZ(’?Z) (rX+yy+22) =B, %x+By§y+B.Z=DB. So VXA = —§(B—3B) = B.
qed
Problem 5.26

(a) A is parallel (or antiparallel) to I, and is a function only of s (the distance from the wire). In cylindrical

0A - I,
coordinates, then, A = A(s)Z,so B=V x A = s ¢ = gi ¢ (the field of an infinite wire). Therefore
s s
0A I I
95 = —';LL, and |A(r) = —'l;L In(s/a) z | (the constant a is arbitrary; you could use 1, but then the units
s S T
0A, 0A, - I -
look fishy). V- A = —0.vVxA=-225 -G _B v
0z 0s 27ms
. ) 9 1 o pols?
(b) Here Ampére’s law gives ¢ B - dl = B27ws = polenc = ptoJ s~ = pio mst =
T R? R?
Is ~ O0A 1 I
= %R—z . 5 = —/;(;52 = A= —4’??0]}2 (s — b*)2. Here b is again arbitrary, except that since A
must be continuous at R, —'L;L In(R/a) = — 4M0R2 (R% —b?), which means that we must pick a and b such that
™ ™
tol .
TR (s* — R%) 2, for s < R;

2In(R/b) =1— (b/R)?. 'l use a = b= R. Then | A =
I
—MLm(s/R) z, for s> R.

Problem 5.27 K
K=Kx=B-= i”"Ty (plus for z < 0, minus for z > 0).
A is parallel (or antiparallel) to K, and depends only on z, so A = A(z) X.

b’ v V] A K
B=V xA=|0/0x 0/0y 0/0z :%yzi”OTy.
T /4
A= —g\d % | will do the job—or this plus any constant. / K
z

Problem 5.28

J J 1 1
(a) V-A = Ho /V- <) dr’; V- () =—(VJ)+J-V () But the first term is zero, because J(r’)
47 7 7 7 7
1 1
is a function of the source coordinates, not the field coordinates. And since 2 =r—r’, V (4) =V (4) .

So V- <J) =-J.V (1) But V'- <J> = i(V’ IN+J-V <1), and V' -J = 0 in magnetostatics
7 2z 7 2z 7%

J J . J
(Eq.5.33). So V- — ] = =V’-| — ), and hence, by the divergence theorem, V-A = g () ar =
Z Z 4 Z
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ko [T
C4r
surface soV-A=0.V

- da’, where the integral is now over the surface surrounding all the currents. But J = 0 on this

4
. 2
not a function of r), and V (}L> =53 (Eq. 1.101), 50 V x A = y /

(b) V x A = “"/Vx()d’—““ [ (V xJ)— JxV(iﬂdT'.ButhJ:O(sinceJis

)
42

dr' =B. v

J J 1
(c) V2A = Z; /V2 <¢> dr’. But V? (4) = JV? (a) (once again, J is a constant, as far as

1
differentiation with respect to r is concerned), and V> (4) = —4716%(2 ) (Eq. 1.102). So

V2A = Zi /J(r’) [—4r63 (2 )] dr’ = —pod(x). v
T
Problem 5.29 N
pol = j{B ~dl = —/ VU -dl=—[U(b) — U(a)] (by the gradient theorem), so U(b) # U(a). qed

I - 1
For an infinite straight wire, B = /;0 qb U= _,u; ¢ would do the job, in the sense that
] 7r
1 110
-VU = MQO V(o) = &78—2 ¢ = B. But when ¢ advances by 2, this function does not return to its initial
7r 2m s

value; it works (say) for 0 < ¢ < 27, but at 27 it “jumps” back to zero.

Problem 5.30
Use Eq. 5.69, with R — 7 and ¢ — pdr:

A ,uowpsmed)/ 4 g +

- (5o (5) +;<Rzr2>} ooty ()

3
2 2 2 2
B:VXA:’MOW'D 1 g sinfrsinf R — fflg r?siné R—fr— 0
2 rsinf 00 T

= | pow R—27f cosft — R—272—T2
B AN 3 5

Problem 5.31

N——
@,
B
>
D>

[

oW, @
= F,=W.(z,y,2) = —fo Fy (2", y,z)dz’ + Ci(y, 2).
(a) -
&Ty =F, = Wy(z,y,z —l—fo (', y, z) do’ + Ca(y, 2).
These satisfy (ii) and (iii), for any C; and Cs; it remains to choose these functions so as to satisfy (i):
TOF (2 y,2) ,, O0Ch TOF, (2, y,2) ,, 0C, oF, O0F, OF,
_f E\rYE) g [ IR E) g 92 g _ v -0 s
/0 oy Tty /0 oz v~ Plw) or "oy "oz O
Y OF, (2 ,y, 2) oCcy  9Cy T OF, (2, y,2)
/0 Tdm‘/ + B 0s = F,(x,y,z). Now /0 Td = F,(x,y,2) — F(0,y,2), so
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9C, 90, , Y / / ; :
B 0: = F,(0,y, z). We may as well pick Co =0, Ci(y,z) = F.(0,y',2)dy’, and we’re done, with
0

T Y T
Wz = 0; Wy = / Fz(xl,%Z) d$/; Wz = / Fw(ovylvz) dy/ _/ Fy(xlvyaz) dxl'
0 0 0

_(OW, OW, ) . oW, OW,\ . ow, oWy \ .
(b)VXW<8y 82)X+<8z 83:) +<81: 8y)z
xr A xT !
= [Fz((),yﬂ)_/ de/_/ an(gz’y"z)dm’])”(—&-[0+Fy(x7y,z)]$f—|—[Fz(x,y,z)—O]Z.
0 0

“ aFw l? )
But V- F =0, so the X term is {Fw(o,y,z)—i-/ OFy (', y,2)

20 ] = 0,00 + Fale2) - Ea0.0,9),
0 X
soVW=F.v

ow, ow, oW, T OF, (2, y, 2) Y OF.(0,y,2) /z OF, (2, y, z)
V-W= i Y 2 -0 RN ! XA IT ) gy — VBT de! £ 0
8x+8y+8z +/0 Ay x—i—/o 0z Y 0 0z z #0,
in general.
x m2 Yy x yz
(C) Wy: xldf:*% Wz:/ y'dy’—/ zdr' = = — zzx.
0 2 0 0 2
22 Y ple y Z
W=2§/+<2—zx> z.| VxW=19/ox d/0y 0/0z —yXk+z2y+zz2=F. v
0 22/2 (y?/2 — 22)

Problem 5.32

(a) At the surface of the solenoid, Babove = 0, Bpelow = tonlz = poK2; 1 = §; so Kxn = —K2.
Evidently Eq. 5.76 holds. v R

(b) In Eq. 5.69, both expressiions reduce to (ugR?*wo/3)sinf ¢ at the surface, so Eq. 5.77 is satisfied.

A 4 2 si - 2 - A X

8— = Hol wo (— 51;19) = —Msineq&; 8— = Msin@dx So the left side of
or | p+ 3 T 3 or | p- 3
Eq. 5.78 is —pgRwosinf ¢. Meanwhile K = ov = o(w x r) = owRsinf ¢, so the right side of Eq. 5.78 is
—uoowR sin 8 ¢, and the equation is satisfied.
Problem 5.33

A
Because A.pove = Apelow at every point on the surface, it follows that — and —— are the same above
xr Y

and below; any discontinuity is confined to the normal derivative.

0A 0A 0A, 0A, . .
Bubove — Bhelow = | ———xbove Ybelow | & 4 above relow ) - But Eq. 5.76 says this equals
0z 0z 0z 0z
& 8AU bove Ybel. aAI bove Thel : :
oK (—§). So —beve = ——dbelow © apd above _ dow — 10K . Thus the normal derivative of the com-
0z 0z 0z 0z
aA"l ove 8A‘ elow
ponent of A parallel to K suffers a discontinuity —puoK, or, more compactly: a‘b — 8b low _ —uoK.
n n

Problem 5.34 o .
(Same idea as Prob. 3.36.) Write m = (m - #)f + (m - 0)0 = mcosff — msin# 0 (Fig. 5.54). Then
3m-#)f —m =3mcosfF —mcosOF +msindO = 2mcosfF +msinf O, and Eq. 5.89 & Eq. 5.88. qed

Problem 5.35

(a) m = Ia=|InR*2.|

ITR? A
Z—O 773 (2cos€f‘+sin00).
T T

(b) B =~
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IR?
M(;Zs z| (for z <0, 0 =7, ¥ = —2, so the field

is the same, with |z|> in place of 2%). The exact answer (Eq. 5.41) reduces (for z > R) to B =~ ugl R?/2|z|3,
so they agree.

Problem 5.36

The field of one side is given by Eq. 5.37, with s —
(w/2)

2 +w?/2’

(c) On the z axis, # =0, r =z, # =2 (for 2 > 0), so | B~

22+ (w/2)? and sinfy = —sin 6y =

_ fol w
A /22 + (w?/4) /22 + (w?/2
(w/2)

component, multiply by sin¢ = ————-——: for all four
p ply by sin¢ =1 (w)2)?
2

I
sides, multiply by 4: | B = 20 v 3 / u “/y \/

21 (22 + w?/4)\/22 + w?/2 )

I 2
For z > w, B~ M20 U; z. The field of a dipole
Tz

for points on the z axis (Eq. 5.88, with r — 2z, # — 2,0 =0) is B = 5—0@3 zZ. v
T2

) . To pick off the vertical

Problem 5.37
(a) For a ring, m = Inr?. Here I — ovdr = owrdr, so m = fOR nriowr dr =

(b) The total charge on the shaded ring is dg =

Rsing
o(2rRsinf)Rdh. The time for one revolution is dt = 27 /w. e r:
d il
So the current in the ring is I = d—z = owR?sinfdh. The
R
area of the ring is m(Rsin )2, so the magnetic moment of the
ring is dm = (owR?sinfdf)wR?sin?#, and the total dipole &
moment of the shell is
™ 4 .
m = owrR* [ sin® 0 df = (4/3)owrR*, or |m = %crwR4 Z.
4 inf - R*sinf .
The dipole term in the multipole expansion for A is therefore A4, = Z—O ?Waw]%‘1 sz o= HOU;) Sm2 o,
™ r r

which is also the ezact potential (Eq. 5.69); evidently a spinning sphere produces a perfect dipole field, with
no higher multipole contributions.

Problem 5.38

=1
@) 1d = Jdr so |A= 405" o [P (cost)aan
=0

d
(b) Apon = 4#—0 Jdr = f—od—f: (Prob. 5.7), where p is the total electric dipole moment. In mag-
Tr T

netostatics, p is constant, so dp/dt = 0, and hence Ao, = 0. qed
(c)m=Ja=3l§(rxdl)—>m=3 [(rxJ)dr. qed

Problem 5.39

(a) (Magnetic forces do no work.)
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5 ¢ 2
_ Mo 2 . In _ ; Ho ia -
(b)B=o"¢; v=358+s0d+i2 (vxB)= (S) iqéﬁ 8 _(27r5)( 8+ 52)
2ms

F = (v x B) = (%) (—2F +$2).

(c) a=(5— 5028+ (56 +25¢) p + %2 (see, for example J. R. Taylor, Classical Mechanics, Eq. 1.47).

F=ma = (§—5¢)5+ (sd+2:d)+72= %(—zs+sz),
qo

™m

where oo = ( ) Thus

§-sd?=—a,| |sé+2i6=0,] |5=0a’.
S S

(d) If 2 is constant, then Z = 0, and it follows from the third equation that $ = 0, and hence s is constant.

. . 1
Then the first equation says ¢? = «a(z/s?), so | ¢ = £—Va? | is also constant (the second equation holds
s

automatically). ’ The charge moves in a helix around the wire. ‘

Problem 5.40

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on a
mobile charge ¢ balances the magnetic attraction: F = ¢[E + (v x B)] =0 = E = —(v x B). Say the current
is in the z direction: J = p_vZ (where p_ and v are both negative).

%B-dlZBQﬂ'S:,quﬂ'52:>B:qu§

1 R
(p+ + p-)ss.

2
_ l=E=—
(p+ + p-)ms %

1
/Eoda:EQmsl:—
€0
Loy +po)s8 = [08)x (P12 )] = B2 25 ot p = p(eonon®) = p ( U
%0 P+ T p— B) 2/0— P+ T p— = p-\€olo pP— 2/
2

Evidently py = —p— (1 — 2) = p—;, or p_ = —y?p,. In this naive model the mobile negative charges fill a
¢ v

smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v < ¢, the effect
is extremely small.
Problem 5.41

(a) If positive charges flow to the right, they are deflected and the bottom plate acquires a positive
charge.

(b) qguB=qF = E=vB=V =FEt= with the bottom at higher potential.

(¢) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative
charge. The potential difference is still the same, but this time the top plate is at the higher potential.
Problem 5.42

From Eq. 5.17, F = I [(dl x B). But B is constant, in this case, so it comes outside the integral: F =

1 ( i dl) x B, and [ dl = w, the vector displacement from the point at which the wire first enters the field to
the point where it leaves. Since w and B are perpendicular, F = I Bw, and F is perpendicular to w.
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Problem 5.43
The angular momentum acquired by the particle as it moves out from the center to the edge is

L= —dt /th /er)dt:/rxq(va)dt:q/rx(dle):q[/(r-B)dl—/B(r-dl)].

But r is perpendicular to B, sor-B =0, andr-dl = r-dr = id(r-r) = 3d(r?) = rdr = (1/27)(2nrdr).

R
So L = ,i/ Bomrdr = — L /Bda. It follows that | L = ———®, | where ® = [ Bda is the total flux.
21 Jo 2m 2m

In particular, if & = 0, then L = 0, and the charge emerges with zero angular momentum, which means it is
going along a radial line.  qed
Problem 5.44
From Eq. 5.24, F = [(K X B,y.)da. Here K = ov, v =wR sin@ ¢, da = R?sinf df de, and
Bave = 3(Bin + Bout). From Eq. 5.70,

2 2 R
Bi, = pooRwz = guoaRw(cosef' —sin6 0). From Eq. 5.69,

3
_ _ woR*wo siné - _ poR*wo 1 g sin? 0 o 12 sinf\ a
BOM_VXA_VX( 3 r2 ¢)>_ 3 rsin0og \ 2 )" ror \r 0
4
= 'lmfigw(?cos@f—i—sinﬁé) = Ko U(2cos€f‘+sin6‘é) (since 7 = R).
r
Bave = uolzwg(élcosﬁf'—sinﬁé).

o Rwo

K x Baye = (cwRsin6) ( ) [g?) X (4cosOF —sinf )| = lgo (owR)?(4cos 0 + sin O ) sin 6.

Picking out the z component of 8 (namely, —sin ) and of ¢ (namely, cosf), we have
(K X Baye)z = _,u20 (owR)?sin’ O cos B, so

/2

.4
F, = —%(UwR)QRQ/sm OcosOdfdp = — 5 (0wR2) 27 (SHZ 9)

,or | F= —M%:(Uw}f)Q Z.

0

Problem 5.45

(a)F:maZQe(VXB):Z—;qi%m(vxf); a:%%’g(vxr).

(b) Because a L v,a-v=0. But a- V—l%( V) = ;:lit( )=w dv Soz—z—ﬂ. qed

(c) % =m(v xv)+m(rxa)— NOZ;qm(i (r) =0+ qu:?im [r x (V X 1] — MOZ;qm (r - :2 CZ)
:MOZ;qm 7713[7‘2V—(r V)r]—:%—;i(\/ﬁ)}:mz;qm [:— (f;ﬂv)f*—:—F;ﬁZ(tv)] =0.v

D HQ ¢=0QE ¢) =mrxv) ¢l &) Butz-¢g=%-¢ =05 (rxv) =0 But

47
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dl . N
r=rf and v= FTi 7+ 700+ rsinf¢ ¢ (where dots denote differentiation with respect to time), so
P09 AU
rxv=|r 0 0 |=(-r?sinf¢)0 + (r’0) ¢.
7 10 rsinf¢

Therefore (r x v) - ¢ =120 =0, so 0 is constant.  qed
(ii)Q-f:Q(z-f)zm(rxv)-f—”Ojﬂ(f-f). But 2 = cosf, and (r x v) Lr = (rx v) £ =0, so
T

HoGedm o) HoGedm

Qcost = — or ) =— And since 6 is constant, so too is Q. qed

dr 4mcosf’ .
(i) Q-0 =Q(z-0) =m(rxv)-0 — MOQe(Jm( 6). But 2-0 = —sinf, #-0 =0, and (rxv)-8 = —r2sinf¢
(from (1)), so —Qsinf = —mr?sinfp = ¢ = % = 7%, with |k = % = —%.
. . . . 2 2 1 2
(e) ’02 — ,,;2 +T202 +7‘2Si1'12 9(252, but 6§ = 0 and (b: %7 o) ,,LQ — U2 —'I"QSiIlzakj — ,02 _ k'L;la
r r r
ar\? 72 v? — (ksin6/r)? o [rorN2 ., dr uryZ
(d(b) = E = W =T |:(k) — Sin 9:| ; % =T (?) — Sin 9
1 1 ur
/d¢ = ¢= 0= sing ¢ (ksin&) ecl(¢ = go) sin 6] = ksm9
vr/k —sin? 0
H0geqm tan 0
= h A = .
(@) cos[(¢ — (;50) sin 6]’ where 4drmu
Problem 5.46 z
+L
Put the field point on the z axis, so r = (s,0,0). Then B = ' =
fo [(Kx2) 7 e <~ |5
y Tda' da=Rdpdz; K=K¢=K(—singpx+ K ;
cosp¥);2 =(s— Rcosp)Xk — Rsingpy — z 2. i
X y z 5 Jl 1
K x 2 = K —sin¢ cos ¢ 0 = S\ !
(s— Rcos¢) (—Rsing) (—=z) ¥ = # :
K[(—zcos¢) X+ (—zsing)§ + (R — scos ) Z];
2?2 =224+ R*+ s> —2Rscos$. The 2 and y components \TJ

integrate to zero (z integrand is odd, as in Prob. 5.18).

Ho (R —scos¢) po KR /27r /Oo
B, = Mg ddz = - dé,
4 R/ (22 4+ R2? + 52 — 2Rs cos ¢)3/2 ¢dz A J (R — scos (22 + d2 (22 + d2)3/2 ¢

o dz
2 2 = =
where d* = R + s — 2Rscos ¢. Now /_OO (22 +d2)3/2 g2 22 Fadzlo

_ wKR [T (R — scos¢) . N SR . ‘
L /0 (R2+82—2Rscos¢>)d¢’ (R_SCOb(b)_QR [(R?* = s*) + (R* 4+ s* — 2Rs cos §)] .

I PN d¢ "
_47r[<R S)/o (R2+32—2Rscosaﬁ)+/o dq&}.
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/2“ do ) /’f do 4 Va2 =2 tan(¢/2) | |™
7 - = n
o a+bcosg o a+bcoso Va2 — b2 a+b 0
4 Va? —b%t 2 4 2
— tan—! | X2 an(r/2) = (z) =" Herea=R+ s?,
va? — b2 a+b va? —b2 \2 Vva? — b2

b= —2Rs, so a® —b? = R* + 2R%*s? + s* — 4R*s? = R* — 2R?*s® + s* = (R? — %)%, Va2 — b2 = |R? — d|.

uoK [(R? —s?) wokK [ R? — s?
B, =200 |2 % lonyop| =22 (204,
in [|R252| e = R —e T

po KK

K
Inside the solenoid, s < R, so B, = 'UOT(I—H) = oK. Outside the solenoid, s > R, so B, = T(—H—l) =0.

Here K = nl, so ’ B = ponl z(inside), and 0(outside) ‘ (as we found more easily using Ampére’s law, in Ex. 5.9).

Problem 5.47

2
(a) From Eq. 5.41, | B = Hol R ! 575 T = 373 (-
2 [R2 + (d/2+ 2)2*%  [R2+ (d/2 — 2)2]”/

9B uom?{ (-3/2)2(d/2+2) (3/2)2(d/22)(1)}

0z 2 | [R2+(d/2+ 22 [R2+(d)2—2)2"?
30l R? { —(d/2+2) (d/2 - 2) } .
[

2 R+ (d/2+2)2]%  [R2 + (d/2 — 2)2°*

0B
0z

_ 3uglR? —d/2 d/2 B
im0 2 {[R2+ @2 Ry <d/2>2}5/2} B

(b) Differentiating again:

OB _ 3ol R? { -1 —(d/2+ 2)(=5/2)2(d/2 + =)
922 2 Rz 4 (4/2+2)2? [R2 + (d/2 + 2)2]"/?
n -1 . (d/2—z)(—5/2)2(d/2—z)(—1)}.
[R2 + (d/2 — 2)2)°/* [R2 + (d/2 — 2)2]"/?
°B|  _ 3uplR? { ) 2(5/2)2(d/2)?2 } _ BuplR? (_ P 5d2)
02 co 2 U+ @277 [R2+ /2777 ) (R + (/27 1o

2
3uolR (d2 - RQ) . Zero if in which case

[R? + (d/2)2]""
/J,()Ifz2 1 + 1 - IR2 - 8/10]
2\ (m s+ (R2PP? B (2P T GREE T[BRR

B(0) =

Problem 5.48
The total charge on the shaded ring is dqg = o(27r)dr. The
time for one revolution is dt = 27 /w. So the current in the

d
ring is I = d—(j = owrdr. From Eq. 5.41, the magnetic field of
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2
this ring (for points on the axis) is dB = B ir—"ar z, and the total field of the disk is
2 (r2 4 22)3/2

R 3d
B - Hoow / r-ar z. Let u=r2, sodu=2rdr. Then
2 Jo (r242z2)3/2

Hoow /R2 wdu poow [, (u + 222 i poow [ (R? + 222) 9| 5
— = = — ZZ| Z.
4 o (u+t22)3/2 4 Vu+22/ ]l 2 [ VRZ422
When z > R, the term in square brackets is
22%(1 + R? /222 R? 1R* 3R*
o 20 R2E) o a1 B (1o 1E 3R
2[1 4 (R/z)2]~1/2 222 222 824
R> 3R* R?* RY 1R* R*
%2 1—7 _— 7—7—1 :2 _— = —
: ( 222 + 8 24 + 222 424 > : (8 24) 424’
SO
Loow R* uoawR4 .
B ~ — = — Z.
2 424 823
Meanwhile, from Eq. 5.88, the dipole field is
oMM - . A
Baip = o (2cos9r+s1n09) ,
and for points on the +z axis § =0, r = 2z, ¥ = 2, so Bgjp = 50777; 2. In this case (Problem 5.37a) m = mowR* /4,
Tz
R4
so Baip = MU% Z, in agreement with the approximation. v
z
Problem 5.}49 a
2
B = ZL %; 2 = —Rcos¢pX + (y — Rsing)y + z2z. (For simplicity I'll drop the prime on
0

b)) 2 2 = R?cos®’ ¢ + y?> — 2Rysind + R%sin® ¢ + 22 = R? + y? + 2> — 2Rysiné. The source coordinates
(«',y,7) satisfy ' = Rcos¢ = dz’ = —Rsingdg; y' = Rsing = dy’ = Rcosddp;2’ =0 = dz’ = 0. So
dl! = —Rsin¢pdpX + Rcospdoy.

X y Z

dl' x 2 =|—Rsingdp Rcos¢dp 0| = (Rzcospdp)X+ (Rzsinpde)y + (—Rysinde + R*do) 2.
—Rcos¢ (y— Rsing) z

B _ MolRz /2” cos ¢ do _ polRz 1 1 e 0

’ AT Jo  (R?+y?+ 22 — 2Rysin ¢)*/? dm Ry \/R? +y2 + 22 — 2Rysin ¢ | ’

since sin ¢ = 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms
of elementary functions.

27 . 2 i .
B,—0; B,— uOIRz/ : sin ¢ do B — /,L()IR/ : (R—ysing) d¢
0 0

Am R2 442 + 22 — 2Rysin¢)*/?’ T odn R? + 42 + 22 — 2Rysin )/
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Problem 5.50

I dly x 2
From the Biot-Savart law, the field of loop #1 is B = Hol1 L

47 1

dl (d1 ) . R
F—Iafdlsz “01127574 2 ( ahx Mo > (L X2 ) N dly x (dly x 4 ) = dLy(dly - 4 ) —

ol i o f51)

The first term is what we want. It remains to show that the second term is zero:

2 = (zo—21)X+(y2—y1)y+(22—21)%,50 Va(l/2 ) = 92s [(xQ —x1)2 + (y2

; the force on loop #2 is

2 (dl; - dly), so

-1/2 _
_y1)2+(22—2’1)2] / %

0 —1/2 . 0 —1/2 .
+ e (22 — 21)* + (y2 — y1)* + (22 — 21)?] 1z v+ P (22 — 391)2 + (y2 —y1)? + (22 — 21)2] V25
(wg—1) . (yo—w1) . (22—21). 2 2
= — /23 X — /LS Yy — 43 szﬁzfﬁ SO de— VQ — d12:0(by
Corollary 2 in Sect. 1.3.3). qed
Problem 5.51

I [dlx~z I [dlx¥t
(a) B= % ;2 = f% ;2( r’ dl x = —dlsingz, dlsing =rdf (see diagram in the book),
/Lof do
B= —.
%0 4 T

I1 1
HoZ 9 =M% which agrees with Eq. 5.41

(b) For a circular loop, 7 = R is constant; B = it R 2R’ ¢

()

=0).

. . . .
Los [0s 10 15
\ -02f

2
”OI/ Voo = ”OI[ 93/2}

- /J,()I\/ 27

4dma 3a
0
2
tol pol pol
HB=1% [ @ 6)do = 10 (o) = | HOZ.
@B =2 [Tt ecosoyan = 42 om = ||
Problem 5.52
(a) ) )
Ix2 Bx2
4am 22 g 4dm 22 g
1
(b) Poisson’s equation (Eq. 2.24) says V2V = ——p. For dielectrics (with no free charge), p
€0
1 P -2
(Eq. 4.12), and the resulting potential is V(r) = 1 52 d7’. In general, p = ¢V - E (Gauss’s law),
TEQ
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so the analogy is P — —¢oE, and hence V(r) = ——/ /L 5 . qed

[There are many other ways to obtain this result. For example, using Eq. 1.100:

v. (") __v. ("2> = 4783 (2 ) = 4n63(r — 1),

V(r):/V(r’)(s?’(r—r')df’:—% V(r')v’-<;’ >d /_7//; > [V'V(E)] dr ——]{V /Li da’

(Eq. 1.59). But V'V(r') = —E(r’), and the surface integral — 0 at oo, so V(r) = ——/ /L ——5—dr’, as

before. You can also check the result, by computing its gradient—but it’s not easy.]
Problem 5.53

a Oor unirorm X X Xr = 5 XTr).
For uniform B, [j(B x dl) =B x [/dl=|B A=-i(B

pol pol o pol polw (1 1Y\
b)B=-"— B xdl = = - == 0.
(b) 27s ¢, s0 j{ x (271'(1 27h ) v 27 a b 87

(C)A:—rXBfO AdA =|—1(r x B).

I I, I A I .
(d) B = ’“‘Lgb, B(ir) = 2% 6 A = 22 x ¢>)/ Az dh = —E% (v x ). But r here is the
0

27tAs 27s A 27s
I N N
vector from the origin—in cylindrical coordinates r = s§ + z2. So A = ,';LL [s(é X @) + 2(Z % q.’))}, and
S
. - I
Bx@)=2 (2xd)=—85 So|A="LE"(25-s2.
2ms
The examples in (¢) and (d) happen to be divergenceless, but this is not in general the case. For (letting
L= fol)\B()\r)d)\7 for short) V-A = -V . (rxL) = -[L-(Vxr)—r-(VxL)] =r-(V xL), and

V x L= [ A[VxBAr)]d\ = [} N[V x BOAr)]d\ = o f; A2I(Ar) dA, 50 V- A = por - [} \2J(Ar) d), and
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct
an explicit counterexample, we need the field at a point where J # 0—say, inside a wire with uniform current.

o
Here Ampére’s law gives B 2ms = piglone = pioJms? = B = %s @, so

1
A = —rx/ )\(M;J) )\scz)d)\:—%s(rxé): MOJS(zé—si).
0

6
Po 110 2y, O 2| _#od (L) N\ _ ol
V.-A = e Las(sz)—i—az( s9)| = 6 8252 =3 # 0.

Conclusion: ’ (ii) does not automatically yield V - A = 0. ‘

Problem 5.54
(a) Exploit the analogy with the electrical case:

1 1 . 1 p-t
= —=Bp-#)F - .3.104) = — = . 3.102).
E= e B(p-#)t —p] (Eq. 3.104) vV, with V=== (Eq. 3.102)
_ po 1 v o
B = _5Bm-f)f-m] (Eq.589) =-VU, (Eq.567).
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o M- r
dr 12
omparin 8. 0.69 and 5. the dipole moment of the shell is m = (47 /3)woR™ z (which we also got
(b) Comparing Eqs. 5.69 and 5.87, the dipol f the shell i (47/3)wo R* 2 (which we also g
powo R* cos
3 r2
Inside the shell, the field is uniform (Eq. 5.70): B = 2pigowR %, so U(r) = —2pp0wRz + constant. We may

Evidently the prescription is p/eg — pom : |U(r) =

for r > R.

in Prob. 5.37). Using the result of (a), then, |U(r) =

as well pick the constant to be zero, so |U(r) = —2pgowRr cos 6 | for r < R.

[Notice that U(r) is not continuous at the surface (r = R): Up(R) = —2pgowR?cos # Uoyi(R) =
LipowR? cosf. As I warned you on p. 245: if you insist on using magnetic scalar potentials, keep away from
3H y y g mag Y
places where there is current!]

()

_ How@ 3r2 R 612 . Al aU 10U 4 1 0U .
B = iR [(1 )cos@r (1 3 sinfd@| = -VU = 5 raae rsin98¢¢'

U
9¢

1oU [ pow@ 612 How@ 612
90— (47TR) (1 2 sind = U(r,0) = R 1 R rcosf + f(r).
ou How@ 3r2 How@ r3
8r__<47rR)<1 TRE cosf = U(r,0) = R ) cos + g(0).
Equating the two expressions:
[ pow@ 6r° pow@ o
<47TR> (1 5R2>rcos€+f( ) = (47TR 1 R rcosf + g(6),

<,uowQ

0=U(r,0,¢)=U(r,0).

or

47 R3

But there is no way to write 73 cos@ as the sum of a function of § and a function of r, so we're stuck. The
reason is that you can’t have a scalar magnetic potential in a region where the current is nonzero.

Problem 5.55 3
a)V-B=0, VxB=pygJ,and V-A=0, VXA=B :>A:—MO —dr’', so
(a) H An ] 2 T

T

1
V-A=0, VXxA=B,and V-W =0 (we'll choose it s0), VX W =A = |W = pm —dT
77

(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so T'll
try something of the form W = ar(r - B) + 3r?B, and see if I can pick the constants o and 3 in such a way
that V. W =0and V x W = A. 5 5 5
V-W=qa[r-B)(V-r)+r-V(r-B)]+3[r*(V-B)+B-V(r?)]. Vr= £+8—5+8—z:1+1+1:3;
V(iIr-B)=rx(VxB)+Bx (Vxr)+(r-V)B+ (B-V)r; but B is constant, so all derivatives of B vanish,
and V xr =0 (Prob. 1.63), so

V(r.B)(B.V)r(B 0 72 Ba>(xi+yy+zﬁ)Bzf(+Byy+BziB;

>r cos® + f(r) = g(0).

oz Yoy 0z
9 . . .0 . - N
V(rs) = X%—i—ya—y—l—z% (2 +1? +25) =20% +2yy +222=2r. So
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V-W=a[3(r-B)+ (r-B)]+ 5[0+ 2(r-B)] = 2(r - B)(2a + 3), which is zero if 2a+ 5 = 0.

VxW=a[r B)(Vxr)—rx V(- -B)]+3[r*(VxB)-BxV(?®)]=al0—(rxB)]+3[0—2(Bxr)]
= —(rxB)(a—20) = —%(r x B) (Prob. 5.25). So we want o — 25 = 1/2. Evidently o — 2(—2a) = 5a = 1/2,
1

or « =1/10; 8 = —2a = —1/5. Conclusion: | W = I [r(r-B) —2r’B] . | (But this is certainly not unique.)

() VxW=A= [(VxW)-da=[A-da. Or § W-dl =
J A - da. Integrate around the amperian loop shown, taking
W to point parallel to the axis, and choosing W = 0 on the

N\

axis:
s I I 821
—Wl :/ (“O” )l§d§: HORZ 5 % (ysing Eq. 5.72 for A). 5=
o 2 2 2
T 2
W:—“Ozs 2| (s <R).
I 2 I 2 I 2
For s > R, -Wl = Mon R Rf ds = Hon L + ponl R lln(s/R);
s 4 2
IR?
W= “0” [1+2In(s/R)] 2| (s > R).

Problem 5.56
Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that
V. [ Ux(VxV)]=(VxV). (VxU)-U-[Vx(VxV):

/V-[Ux(VXV)]dT:/{(VxV)~(V><U)—U~[Vx(VxV)]}dT:f[Ux(VxV)]~da.

As always, suppose we have two solutions, B; (and A;) and By (and Aj). Define By = By — B; (and
A3EA2*A1), sothathA3:B3 andVXB3:VXB17VXB2:‘LLQJ7M0J:0. SetU:V:A3
in the above identity:

/{(V X A3) . (V X Ag) — A3 . [V X (V X Ag)]} dr = /{(Bg) . (Bg) — A3 . [V X B3]} dr = /(33)2 dr
= ?{[Ag x (V x As)]-da= %(Ag x Bg) - da. But either A is specified (in which case Az = 0), or else B is

specified (in which case B; = 0), at the surface. In either case §(Az x B3)-da = 0. So /(33)2 dr =0, and
hence By = By. qed
Problem 5.57

From Eq. 5.88, By, = Bo 7 — ‘io 0
™

fore B = By(z- 1) — 'IZ(;TT cosf = (BO - /;(;rr;> cos 6.
Hommg

2R3’

(2cos O #+sin 6 @). There-

This is zero, for all 8, when r = R, given by By = or

/
R= HoTTto . | Evidently no field lines cross this sphere.
27TBO
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Problem 5.58
(a) I = ©__ @; a=nR%* m= Qv m2s— YuR?s L= RMo = MwR*L = MwR?3.
2r/w) 2w 27 2

m _ Q wR? Q

QR @ o ()
L 2 MwR? 2M 2M ’

and the gyromagnetic ratio is | g =

Q
oM

(b) Because g is independent of R, the same ratio applies to all “donuts”, and hence to the entire sphere

Q

ther fi f lution): | g = ——.
(or any other figure of revolution): | g Yi

e b eh  (1.60 x 10719)(1.05 x 1073%)

—[4.61 x 10724 Am?,

) m= s = Im 4(9.11 x 10-31)

Problem 5.59

1 3
(a) Bave = W/BdT = AnR3 /(V X A) dr =
_ 3 o J ’ _
747TR37{A><da = I Efar {//ZdT}xda—

1
_(4?)#20}23 /J % {f ada} dr’. Note that J depends on

the source point r’, not on the field point r. To do the surface
integral, choose the (z,y, z) coordinates so that r’ lies on the
z axis (see diagram). Then 2 = /R%+ — 2Rz cos ¥,
while da = R%sinfdf d¢#. By symmetry, the x and y com-
ponents must integrate to zero; since the z component of ¥ is
cos B, we have

é . / cos
—_— = Z
\/R2 — 2Rz’ cos 9

Let u _COS(9 so du = —sinf df.

_ 2 5
= 21R / \/R2

du
—2Rz'u
( ")?) + 2R2u]

R%sinfdfdo = 2w R? % /

cosfsin 6 4o
(2')2 — 2Rz’ cos 6

1

= 277R22{— (2R + VR2+

2rR? %

3(2Rz")?

— 2Rz u}

-1

ENCE

= e L

— 2R — [R* + (/) = R'] VR? + (/)2 + 2Rz’}

= [271-2 2] {[R*+ (¢)* +R] |R— 72| - [R*+ (¢)* = RZ] (R+ ')}

3(2")
4 4
?ﬂ-z'i = ?ﬂ-r’, (r' < R);
B 4T R3 4 R® ,
, _ 4m R% R
32" 3t B
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4
For now we want 1’ < R, 0 Baye = 7(43)%% /(Jxr/) dr' = 74:23 /(Jxr/) dr'. Nowm = 3 [(rxJ)dr
o 2m

(Eq. 5.90), so Baye = i R qed /

3 )
(b) This time ' > R, so Baye = (4 ggORS—R3/ (J X (:;)3> dr’ = 4— ;( dr’, where 2 now

T 0

goes from the source point to the center (2 = —r’). Thus B,ye = Been- qed

Problem 5.60 4
(a) Problem 5.53 gives the dipole moment of a shell: m = ?ﬂawR‘1 z. Let R — r,0 — pdr, and integrate:

4 " i R® 1

m = ?ﬂwpi/o rtdr = ?ﬂ-wp?i. But p = (4/;)2?1%3, so|lm = gQwRQZ.

fo 2m | po QQW
b B‘V = =
(b) Bave it R® | 4r 5R °

o msinf - po QwR? sinf
A = — = | —
(c) 4 r? ¢ dr 5 72
(d) Use Eq. 5.69, with R — 7,0 — pdrF, and integrate:
A= Lowp sin 0 qAb/RF‘LdF pow 3Q sin@Rﬁ‘r’ )’ @QwRZ sin @ b
3 2 3 47R3 12 5 dr 5 r?

This is identical to (¢); evidently the field is pure dipole, for points outside the sphere.

’Q,) 2
(S ACCOl"dil’lg to Prob. 530, the field is B = 0 1-— S
( )

672 A
1R 5R2> cosOt — (1 - 51;) sinﬁﬁ} The average
7r

obviously points in the z direction, so take the z component of # (cos#) and @ (— sin 6):
How@ 1 3r? 612
Bave = mm/ [(l 2 cos® 6 + ) sin® 0| r?sin 0 dr d d¢
m 3 5 3 5
= M%’ [(Tg i >cos 9+<R 6R> sin29} sin 0 df
0

(4mR?)? 3 55R2 3 5 5R2
_ 310w@Q s [T 16 20, 7 5’>Moin/7r 2\
= R R ; 7 ¢ 9+75 sin?@ ) sin 6 df = StR 75/, (7 +9cos® 6) sinf df
_ Hov@ o0 308 = powQ o 0w
= S00nE (=T cost — 3cos” 0) .= 2007TR(20) = T0nR (same as (b)). v/

Problem 5.61

The issue (and the integral) is identical to the one in Prob. 3.48. The resolution (as before) is to regard
Eq. 5.89 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a
delta-function, Ad(r), with A selected so as to make the average field consistent with Prob. 5.59:

1 3 3 /J/o 2m 2/.1/01’11 . 2/,&0 3
Bave = W/Aé (r)dr = 47TR3A yPyry = A= 3 The added term is Tmé (r).
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Problem 5.62
For a dipole at the origin and a field point in the z z plane (¢ = 0), we have

:@@[
47 93

[3sin 6 cos % + (2 cos? O — sin” 0) 2.

B = %%(2COSQ?+Sin@é) 2cosf(sinf@x + cosH2z) + sinf(cos X — sin 0 z))
Tr

Ho M

73

Here we have a stack of such dipoles, running from z =
—L/2 to z = +L/2. Put the field point at s on the
z axis. The %X components cancel (because of symmetri-
cally placed dipoles above and below z = 0), leaving B =

L)2 29 _1
Hoomsz / Beos0=1) ) Shere M is the dipole mo-
0

4 r3
ment per unit length: m = ItR? = (ovh)TR? = cwRTR*h = T
1 in® 0
M = ™ _ rowR3. Now sinf = E, SO — = &; z =
h s T r3 s3
—scotl = dz=— 7 df. Therefore
sin
0 . 3 3 0
) ™ 0 m
B = " rowr® s [ (3eos2o— 1) 05 g - MO [T 5020~ 1) sin6.do
o x/2 53 sin?6 252 /2
R3 Om, R3 R3
= % Z (— cos® 0 + 0059) p = % cos O, (1 — cos? Gm) 7 = % cos 0,, sin® 0,,, 2.
S w s s
—(L/2 R3L
But sin9m:%, and COSQMZ#7 so|B=-— 2u00w >33 2
s+ (L/2)? V2 +(L/2)? A[s? + (L/2)?]%/
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Chapter 6

Magnetic Fields in Matter

Problem 6.1
1
N =myxBy; By = Zjorfg [3(my#)F —my]; F=§;my =mi2; my =myy. By = —Z—;%“.
N = K0Tz o og)y = H0MM2e 1 T, my = 11 So| N = —0 (@D ¢ 1 pial orientation :
~ T 4n 3 (¥x2z) = pp— erem; = wa~ 1, ma o =71 3 X. inal orientation :
(—2).
Problem 6.2

dF = I d1xXB; dN = rXdF = Irx(dlxB). Now (Prob. 1.6): rx(d1xB) + dlx(Bxr) + Bx(rxdl) =0
But d[rX(rxB)] = drXx (rxB)+rXx(drxB) (since B is constant), and dr = dl, so dIX (Bxr) =rXx(dlxB)—
drx(rxB)]. Hence 2rx(dlxB) = d[rx(rxB)] — Bx(rxdl). dN = 1I{d[rx(rxB)]—Bx(rxdl)}.
"N =3I{$d[rx(rxB)] — Bx §(rxdl)}. But the first term is zero (¢d(---) = 0), and the second integral is
% (Eq. 1.107). So N =—-I(Bxa) =mxB. qed
Problem 6.3

According to Eq. 6.2, FF = 2rIRBcosf. But B =
“Uw, and Bcosf = B - §F, so Bceos =
””% B(m; - #)(f-y)—(m;-y)]. But my -y = 0 and
y = sin ¢, while my - f‘ = mycosf. ... Bcosf =
%3m1 sin ¢ cos ¢.

.J;

”“\"; "‘”"\
=3

F=2nIRES- 1:3my sin ¢ cos ¢. Now singp = £ | cosp = 12 — RZ/r, so F = 3%m11R27”'2T§RQ.

T

But IR?>m =mgy, so F = ?’Q%mlmg ”"i;Rz, while for a dipole, R < r, so | F = %mlzw.
T T
(b) F = V(myB) = (mzV)B = (ma ) [§2 5 (3(m1-2)2 —my)] = G2mimaz i (5),
dz 4 27 dz \z
2m; _3%

3o mims

or, since z =7r: |F = — 7

2T r
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134 CHAPTER 6. MAGNETIC FIELDS IN MATTER

Problem 6.4

dF = I{(dyy)xB(0,y,0) + (dzz2)xB(0,¢,2) — (dy§)xB(0,y,¢) — (dzz)xB(0,0, 2)}
= I{—(dy )X [B(0,y,¢) — B(0,y,0)] +(dz2) x [B(0, ¢, z) — B(0,0, z)]}

0B 0B
2), 0B . Jb oB ~ ¢ 9B oB ~edB
- {Zx ay "0 } [NOte that fdy 520,y € 52 lo0o and [dz 5y 002 9 lo00 }

X v z Xy z
0B, 0B 0B, 0B,
F=m O 0 1|10 1 o0 =m {y —x—Y % + Z }
oB, 9B, 8B, B, OB, 0B. dy dy 0z 0z
dy Oy oy Oz Oz 0z

m ian n . 0B, +ZaBz
or Y oy 0z

] (using V-B = 0 to write aaBy + 5 = O

But m-B = mB, (since m = mx, here), so V(m-B) = mV(B,) =m (883;“'& + aég”y + aéi’” i)
Therefore F = V(m-B).  qed
Problem 6.5

(a) B = poJozy (Prob. 5.15).

J = Joz
m-B =0, so Eq. 6.3 says H 0%
() B = g s

(¢) Use product rule #4: V(p - E)
=px(VXE)+Ex(Vxp)+(p-V)E+ (E-V)p.
But p does not depend on (z,y, z), so the second
and fourth terms vanish, and V x E = 0, so the
first term is zero. Hence V(p-E) = (p- V)E. qed e
This argument does not apply to the magnetic analog, .
since V x B # 0. In fact, V(im-B) = (m - V)B + po(m x J).
(m-V)B, = mo 5= (B) = mopoJo¥, (m-V)By = mo 5, (1o Jozg) = 0.
Problem 6.6
Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to
be paramagnetic. The rest (having an even number) should be diamagnetic.

Problem 6.7 Y
J,=VxM=0; K, = Mxn = M. TM i

The field is that of a surface current K, = M,

but that’s just a solenoid, so the field

outside is zero, | and inside B = poKp = poM. Moreover, it points upward (in the drawing), so
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Problem 6.8
1 8 2\ A 1 2\ A ~ ~ 2/ 7 a 25
VXM =J, = ;%(skzs )z = ;(Sks )2 = 3ksz, K, =Mxi=ks*(¢px8) =—kRZ.
So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current should

be zero. .. is it? Yes, for [J, da = fOR(Sks)(Qﬂ's ds) = 2rkR?, while [K}dl = (—kR?)(2rR) = —27kR3.] Since
these currents have cylindrical symmetry, we can get the field by Ampere’s law:

S
B -27s = polenec = Mo/ Jp da = 27Tk:uos3 = B= ,uoksgqg = puoM.
0
Outside the cylinder I, = 0, so

Problem 6.9

K, = Mxn = M.
(Essentially a long solenoid)

> B (Essentially a physical dipole)

(Intermediate case)
K [The external fields are the same as in the electrical
@ case; the internal fields (inside the bar) are completely
different—in fact, opposite in direction.]

Problem 6.10
Ky, = M, so the field inside a complete ring would be pgM. The field of a square loop, at the center, is
given by Prob. 5.8: By, = V2ol /mR. Here I = Mw, and R = a/2, so

V2 pgMuw

2v/2 poM
By — _ 2V2pMw

n(a/2) ma ’

2v/2
net field in gap : |B = poM (1 — fw) .
el
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Problem 6.11

As in Sec. 4.2.3, we want the average of B = Byt + Bin, where By is due to molecules outside a small
sphere around point P, and Bj, is due to molecules inside the sphere. The average of By is same as field at
center (Prob. 5.59b), and for this it is OK to use Eq. 6.10, since the center is “far” from all the molecules in
question:

_ Mo M x )2
out — E 2 2

outside

The average of By, is Z—; (%’;)—Eq 5.93—where m = %WRBM. Thus the average By, is 2140M/3. But what is
left out of the integral A,y is the contribution of a uniformly magnetized sphere, to wit: 2uoM/3 (Eq. 6.16),
and this is precisely what Bj, puts back in. So we’ll get the correct macroscopic field using Eq. 6.10.  qged

Problem 6.12

A dr

z
R
(a) M = ksz; J, = VXM = —k¢; Ky = Mxh = kRe.
B is in the z direction (this is essentially a superposition of solenoids). So LY
Use the amperian loop shown (shaded)—inner side at radius s: }l
¢$B - dl = Bl = polenc = o [f.]b da + Kbl] = po [—kl(R — s) + kRI] = pokls. Kb s

’ B = uoksz inside. ‘

(b) By symmetry, H points in the z direction. That same amperian loop gives $H-dl = HI = poly,, =0, since

there is no free current here. So , and hence Outside M = 0, so B = 0; inside M = ksz,

so B = poksz.
Problem 6.13

2
(a) The field of a magnetized sphere is 27oM (Eq. 6.16), so | B = Bg — §M0M’ with the sphere removed.

1
Inthecavity,H:l%OB, soH=-1 (Bof%,ugM):HoJer%M:& H:HnggM.

o

(b) The field inside a long solenoid is pgK. Here K = M, so the field of the bound current on
the inside surface of the cavity is poM, pointing down. Therefore

Ky ]BzBo—qu;\

1 1
H= %(Bo — noM) = %Bo -M :>

(c)
(@) K, This time the bound currents are small, and far away from the center, so

while H= LBy = Hy+ M = [H = Hy + M.

[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the medium; in the
sphere (intermediate case) both B and H are modified.]
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Problem 6.14

; B is the same as the field of a short solenoid; H = ﬁB — M.

\\(/
= AANSS

Problem 6.15
“Potentials”:
Win(r,0) = > AirtP(cosh), (r < R);
{ Wout(r,0) = > %PZ(COS 0), (r > R).
Boundary Conditions:
(i) Win(R,0) = Wou(R, ),
{ (i) —eur| 4+ D] = M+ =M2-# = M cosf.
(The continuity of W follows from the gradient theorem: W(b) — W (a) = f: VW .dl = — f: H - dl;
if the two points are infinitesimally separated, this last integral — 0.)
(1) = AlRl = RzB+l1 = B = R2l+1Al,
{ (ii) = (1 + 1) Pi(cos ) + Y LA R'™2Py(cos 0) = M cos 6.

Combining these:

M
> @2+ )R A P(cosf) = M cost, so A =0 (I#1), and 34; = M = A; = 5

M M M 1
Thus Wi, (r,0) = ?r cosf = ?z, and hence H;,, = —VWW;, = —3 7= —§M7 SO

1
B = po(H+M) = po <3M+M> =| zuoM. |V
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Problem 6.16

I I . XmI I
Hdl=1I;, =1s0oH=5-¢ B=pg(l+xm)H=|po(l+xm)s—¢. | M=y, H= .
¢ fone = 1,0 H= 36 Ho(1+Xm)H = | po(1+ Xm) 5 — X s ®
1 8 Xm Xm]ﬁ, at s = a;
J,=VxM=-—(s>Z—|z= K, =Mxh = ma
b= 83( 27rs>z b " {—’é;’;'bli, at s = b.
Total enclosed current, for an amperian loop between the cylinders:
ml 1+ xm)I o
I+ X 2a = (1+ xm)I, so j{B dl = polene = po(1+ xm)l = B = Md).\/
2ma 27s
Problem 6.17
I(s*/a®), (s <a);
From Eq. 6.20: ¢H-dl = H(27s) = 1=
q f ( ) fenc {I (S > a).
S 10 (1 m)Is .
H—{Q;T;ﬂ’ (S<a)} so B=puH = 10(2:;2) , (s <a);
55 (8>a) )’ Q‘Tf’i, (s > a).
Xm I N
Jy = xmJy (Eq. 6.33), and J; = —L; so| J, = 2 (same direction as I).
T
ml o e
K, =Mxn=yx,Hxia= K, = ; (opposite direction to I).
Ta
I, = Jy(ma?) + Kp(27a) = xond — XmI = @ (as it should be, of course).
Problem 6.18
By the method of Prob. 6.15:
For large r, we want B(r,0) — By = By, so H = ﬁB — iBO z, and hence W — —ﬁBoz =

— L Byrcosb.
Ho

“Potentials”:
Win(r,0) = ZAlrlPl(cos 0), (r < R);
Wout(r,0) = Bor cosf + > 2 P (cosb), (r > R).

Boundary Condztzons
{ (1) m(R 9) out(R7 9)7

(if) —po 25|, + n25e ], = 0.
(The latter follows from Eq. 6.26.)

(il) = po [# By cosf + Z (1+1) RHQ (0059)} + uZlAlRl_lPl(cosﬁ) =0.

For I # 1, (i) = By = R¥*'A;, so [uo(l + 1) + pl]A;R'=! = 0, and hence 4; = 0.

Forli=1, (i) = A1R = f—BORJrBl/RQ and (ii) = Bg+2uoBl/R3+uA1 = 0,50 A1 = —3Bo/ (210 + 11).
B B B B
V%n(r,e):—&rcosﬁz—gioz. H,=-VW,= 380 Z = 3Bo .
(2p0 + 1) (2p0 + 1) 2po+p)  (2p0+ 1)
3uBg ( 14+ Xm )
B = H = =
SN eV 1+ xm/3
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By the method of Prob. 4.23:
Step 1: Bg magnetizes the sphere: My = x,,Hyg =
the sphere given by Eq. 6.16:

ﬁBO. This magnetization sets up a field within

2 2 Xm 2 o
B1 = g'uOMO = gmBo = g/{BO (Where R = 135)(7").

Step 2: B; magnetizes the sphere an additional amount M; = ﬁBl. This sets up an additional field in
the sphere:

2
2 2 2K
B2 = gMOMl = gﬁ)Bl = <3> Bo, etc.
The total field is:
B
B =By +B;+By+---=By+(2x/3)By + (26/3)?Bg +--- = [1 + (26/3) + (2k/3)? +---] Bg = m
1 3 3 m 1 m 1 m
_ _ + 3y _ 30 +x )7soB<+x>B0_
1-26/3  3=2xm/(1+Xxm) 3+3xXm—2Xm  3+Xm 1+ Xm/3

Problem 6.192 , )

Am = -C-B; M = A?m = —B, where V is the volume per electron. M = x,,H (Eq. 6.29)
= WB (Eq. 6.30). So xm = —;:Ti/,uo. [Note: xm < 1, so I won’t worry about the (1 + x)
term; for the same reason we need not distinguish B from Bese, as we did in deriving the Clausius-Mossotti
equation in Prob. 4.41.] Let’s say V = %m“?’. Then x,, = —42 (f;;zr). I'll use 1 A= 10719 m for r.

Then x,, = —(1077) (4(9;1%.160{15;(1;3:0)) = which is not bad—Table 6.1 says Y., = —1 x 1072,

However, I used only one electron per atom (copper has 29) and a very crude value for . Since the orbital
radius is smaller for the inner electrons, they count for less (Am ~ r?). I have also neglected competing
paramagnetic effects. But never mind. .. this is in the right ball park.
Problem 6.20

Place the object in a region of zero magnetic field, and heat it above the Curie point—or simply drop it on
a hard surface. If it’s delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it
back and forth many times; each time you reverse the direction, reduce the field slightly.

Problem 6.21

(a) The magnetic force on the dipole is given by Eq. 6.3; to move the dipole in from infinity we must exert an
opposite force, so the work done is

U:—/TF-dlz—/rV(m~B)~d1:—m-B(r)—|—m-B(oo)

oo (oo}

(I used the gradient theorem, Eq. 1.55). As long as the magnetic field goes to zero at infinity, then, U = —m-B.
If the magnetic field does mot go to zero at infinity, one must stipulate that the dipole starts out oriented
perpendicular to the field.

(b) Identical to Prob. 4.8, but starting with Eq. 5.89 instead of 3.104.

(c)U = 72‘—2%3[3 cos 01 cos B — cos(f — 01)]mims. Or, using cos(fs — 61) = cos 61 cos 02 + sin 6y sin Oy,
= Zfo m1;n2 (sin 0y sin By — 2 cos 61 cos b) .
T T
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140 CHAPTER 6. MAGNETIC FIELDS IN MATTER

Stable position occurs at minimum energy: g—gl = ‘g—g =0
gTUI = B2 (cos 0y sin Oy + 2sin 6y cos ) = 0 = 2sin 0 cos By = — cos 0y sin Oy;
aaTUz = B2 (sin 0 cos 0y + 2 cos 0y sinfy) = 0 = 2sin 0 cos By = —4 cos 0y sin 0.

Either sinf; =sinf; =0: 2, or e

Thus sin 6 cosfy = sin sy cos 0, = 0. or cosfy = cosfy =0 Tt oor 11
®

Which of these is the stable minimum? Certainly not 2) or @—for these ms is not parallel to By, whereas we
know my will line up along B;. It remains to compare (@ (with ; = 03 = 0) and @ (with 6, = 7/2, 03 = —7/2):

Uy = B2 (—2); Uy = B2 (—1). Uy is the lower energy, hence the more stable configuration.

’ Conclusion: They line up parallel, along the line joining them: — — ‘

(d) They’d line up the same way: — — — — — —
Problem 6.22

F:Ifdle:I(fdl) ><BO+Ifd1><[(r-VO)BO}—IQ{dl) x[(ro-vo)BO]ZIj[dlx[(r-VO)BO]

(because ¢ dl = 0). Now

(dlx By); = > eijrdlj(Bo)x, and (r-Vo) =Y r(Vo), so
Jsk l

F;, = IZeijk [j{ 7 dlj] [(Vo0)i(Bo)k] {Lemma 1: 7{7“1 dl; = Zeljmam (proof below).}

7.kl m

=1 Z €ijk€Limam(Vo)i(Bo)k Lemma 2 : Zeijkeljm = 0i10km — OimOgi (proof below).

Jlm i
=1 (616km — Gimrt) am(Vo)(Bo)k = I [ar(V0)i(Bo)k — ai(Vo)k(Bo)x]
k,Lm k

= I[(Vo)i(a-Bo) —ai(Vo-By)].

But Vi -By =0 (Eq. 5.50), and m = Ta (Eq. 5.86), so F = V(m - By) (the subscript just reminds us to take
the derivatives at the point where m is located). qed

Proof of Lemma 1:
Eq. 1.108 says §(c-r)dl = a x ¢ = —c x a. The jth component is 3 §cprpdly = =37 €jpmCpam. Pick
¢p = 0y (i-e. 1 for the lth component, zero for the others). Then frl dly = =3, €imlm = Y, €ljmm. qed

Proof of Lemma 2:
€ijk€15m = 0 unless ¢jk and [jm are both permutations of 123. In particular, ¢ must either be | or m, and k
must be the other, so
E €ijk€ljm = A0i1Okm + Bdim 0.
J
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To determine the constant A, pick i =1 =1, k = m = 3; the only contribution comes from j = 2:
€123€123 = 1 = Ad11033 + B13031 = A= A= 1.
To determine B, picki=m=1,k=1=3:
€123€321 = —1 = Ad13031 + Bd11033 = B = B = —1.

So
Z €ijk€ljm = 0il0km — OimOpr- qed
J

Problem 6.23

2 2

(a) By = £22m5 (Eq. 5.88, with § = 0). Somy-By = —2™ F = V(m-B) (Eq. 6.3) = F = £ [,Ml} 5=

41 23 27 23 27 23

357?:12 Z. This is the magnetic force upward (on the upper magnet); it balances the gravitational force downward
(—magz):
3pom? 3pem? 7"
Ho —mgg=0=|z= 2Hom .
2zt 2mmyg

(b) The middle magnet is repelled upward by lower magnet and downward by upper magnet:

3uom?  3ugm?

2t 2myt mag = 0.

The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet:

Bpuom®  3pem?
2yt 2r(z + y)*

—mgqg = 0.

. 2
Subtracting: 2o [L _ 11 (1#)4] —mag+mag =0, 0r =2+ bs = 0,500 2= s+

Yy
Let o = x/y; then 2 = % + (ai1)4. Mathematica gives the numerical solution o = ’ x/y =0.850115...

Problem 6.24
(a) Forces on the upper charge:

1 2 2 2 _
F,=— Ly Fm:V(m-B):V(m “Om):“om <3)z

dmeg 2277 423 2m z4

At equilibrium,

1 ¢* 3pem? 6 2
q- _ Spom o2 Ho€oTh = 5= \/éﬁ,
qc

dmeg 22 2mzd q?

where 1/,/€opig = ¢, the speed of light.
(b) For electrons, ¢ = 1.6 x 10719 C (actually, it’s the magnitude of the charge we want in the expression
above), and m = 9.22 x 10724 Am? (the Bohr magneton—see Problem 5.58), so

9.22 x 10~24
2 =6 x

(16 X 10719)(3 X 108) - ‘ 472 X 10—13 m. ‘
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142 CHAPTER 6. MAGNETIC FIELDS IN MATTER

(For comparison, the Bohr radius is 0.5 x 107! m, so the equilibrium separation is about 1% of the size of a
hydrogen atom.)

(¢) Good question! Certainly the answer is Presumably this is an unstable equilibrium, so unless you
could find a way to maintain the orientation of the dipoles, and keep them on the z axis, the structure would
fall apart.

Problem 6.25

(a) The electric field inside a uniformly polarized sphere, E = ——P (Eq. 4.14) translates to H = —%(poM) =

—+M. But B = yo(H+M). So the magnetic field inside a uniformly magnetized sphere is B = p1(— 3 M+M)
2

§MOM (same as Eq. 6.16).

(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = ﬁEo
(Eq. 4.49). Now . translates to x.,, for then Eq. 4.30 (P = ¢yx.E) goes to poM = poxmH, or M = x,,H
(Eq. 6.29). So Eq. 449 = H = mHO. But B = po(1 + xm)H, and By = poHg (Egs. 6.31 and 6.32),
so the magnetic field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is

B 1 B 1+ Xm .
= = or|B= <+X> By | (as in Prob. 6.18).

po(L+xm) (L4 Xm/3) po’ L+ xm/3
(c) The average electric field over a sphere, due to charges within, is E,y. = 47“0 5. Let’s pretend the charges
are all due to the frozen-in polarization of some medium (whatever p might be, we can solve \& P = —p to find

the appropriate P). In this case there are no free charges, and p = [P dr, so E,ye = 4m R3 JP dr, which
translates to

1 1 1
Hy=—"— Mdr = ———
47 R3 /MO T 4T R3
m m po 2m |
But B = po(H + M), s0 Bave = — 4255 + t0Mave, and My = 1053, 80 | Baye = yrn in agreement
5T ™

with Eq. 5.93. (We must assume for this argument that all the currents are bound, but again it doesn’t really
matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H.
Goedecke, Am. J. Phys. 66, 1010 (1998).)
Problem 6.26 )

Eq.2.15: E =p { 47360 IS Z’ 5 dT’} (for uniform charge density);

Eq.49: V =P. {4;60 fv Z’g dT’} (for uniform polarization);
Eq. 6.11: A = ppegM x {47“0 fv 5 dr’ } (for uniform magnetization).
En = p(4 r) (Prob. 2.12),

3eo
Eow = p (35 5%) (Bx. 23).
Vin = L(l) : I‘),
Vout = Lng(]?f‘)a
Ain = %( v X
Aoy = %%(MXf’)7

For a uniformly charged sphere (radius R):

So the scalar potential of a uniformly polarized sphere is:

and the vector potential of a uniformly magnetized sphere is: {

(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11).
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Problem 6.27
At the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parallel component of

H is continuous (Eq. 6.25 with K; = 0). So Bi- = By, H! = HQ But B = pH (Eq. 6.31), so —B! = 12 Bg.
Now tanf; = Blll/Bf-, and tanfy = BQ/B;, SO

tan 6, Bg B Bg 15

wnt, BE Rl Bl m

(the same form, though for different reasons, as Eq. 4.68).

Problem 6.28
In view of Eq. 6.33, there is a bound dipole at the center: m;, = y,,m. So the net dipole moment at the
center is Meepter = M+ my = (1 + xpp)m = ﬁm. This produces a field given by Eq. 5.89:

K A\
Beenter = ——= |3 ° - .
dip(t)le A r [ (m I‘)I‘ m]
This accounts for the first term in the field. The remainder must be due to the bound surface current (K;) at
r = R (since there can be no volume bound current, according to Eq. 6.33). Let us make an educated guess
(based either on the answer provided or on the analogous electrical Prob. 4.37) that the field due to the surface

bound current is (for interior points) of the form Bgyrface = Am (i.e. a constant, proportional to m). In that
current
case the magnetization will be:

m 1 AN\ A
M=x,H= Amp _ Xm — [3(m-#)f — m] + A Am
I dm r I
This will produce bound currents J, = VXM = 0, as it should, for 0 < r < R (no need to calculate this
curl—the second term is constant, and the first is essentially the field of a dipole, which we know is curl-less,
except at r = 0), and

m mA A
K, = M(R) Xt = X (—mxf)+x(m><r):xmm<

A
YR m > sinf .

47rR3

But this is exactly the surface current produced by a spinning sphere: K = ov = cwRsin 6 (;7), with (cwR) <
Xmm (;‘ e R3> So the field it produces (for points inside) is (Eq. 5.70):

2 2 A 1
Bsurtace = */J/O(O'(A)R) = g/’LOXWm ( — _ ) .

current 3 12 47TR3
Everything is consistent, therefore, provided A = 29X, (% - ﬁ), or A( - %X"J = —ZhLoXn Byt
= () —tso A (1= 3+ 3) = 3 o 4 (14 2) = 20858 4 = £ BT, and hence

w1 e 2(po — p)m
B:M{ﬁ[g(m‘r)r_m]—i_lw(;ug—ku)}. qed

The ezteriorfield is that of the central dipole plus that of the surface current, which, according to Prob. 5.37,
is also a perfect dipole field, of dipole moment

4 3 27R® p 2(po — p)m _ p(po — p)m
Mgurface = 5 R3 wR R3 ( Bsur ace) = = .
: gt lowh) = W : po Am R3(2p0 +p)  po(2p0 + 1)

current 2/,L0 current
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So the total dipole moment is:

B (po—p) 3pm

i
Myt = —IM+ —m = ,
o po (2p0 + ) (200 + 1)

and hence the field (for r > R) is

Ho 3,LL 1 A\a
B = — _— _— . — .
i (Q,MO T N) 3 [3(m-F)F — m]

Problem 6.29
The problem is that the field inside a cavity is not the same as the field in the material itself.

(a) Ampére type. The field deep inside the magnet is that of a long solenoid, By =~ oM. From Prob. 6.13:
Sphere : B =By — %MOM = %,uOM;
Needle : B =By — yoM = 0;
Wafer : B = pogM.
(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway
between two distant point charges, By = 0. From Prob. 4.16 (with E — B, 1/ey — po, P — M):
Sphere : B = Bg + 4M = 1110 M;
Needle : B =By =0;
Wafer : B =By + oM = poM.
In the cavities, then, the fields are the same for the two models, and this will be no test at all. Fund it
with $1 M from the Office of Alternative Medicine.
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Chapter 7

Electrodynamics

Problem 7.1

(a) Let @ be the charge on the inner shell. Then E = 47350 %f‘ in the space between them, and (V, — V;) =
= Jy Brdr = =22 Q [y fwdr = 47?50 (2 —3)

_ [sdazo [BdazoQ = 2dmoVa=Vo) |, (Va=Vh)
I_/Jd /Ed € € (1/a—1/b) 4 (1/a —1/b)

(b)R:Va;%: 1 <1_z1,)'

4o \ a

(c) For large b (b > a), the second term is negligible, and R = 1/4woa. Essentially all of the resistance is in
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the
2 1

cross-sectional area (4772) gets larger and larger. For the two submerged spheres, R = Toa = 3205 (one R as

the current leaves the first, one R as it converges on the second). Therefore I = V/R =

Problem 7.2
(a) V. =Q/C = IR. Because positive I means the charge on the capacitor is decreasing,

d 1

(TCf =-I= —ﬁcl s0 Q(t) = Qoe FY. But Qo = Q(0) = C'Vp, so | Q(t) = CVpe M/ EC,

d 1 Vi
Hence I(t) = _cTCf = CVOﬁe_t/RC — EOe_t/RC'

o0 oo 2 o0
(b) W =|1CVg.| The energy delivered to the resistor is / Pdt = / I’Rdt = VES/ e H/EC g —
0 0 0

2 oo 1
V(J(_Rce—%/RC) :501/02, v

R 2
() Vo=Q/C+ I]; This time positive I means @ is increasing: @ =] = L(CV -Q) = L =
° ' posTY T Yo Q-
1 1
7ol dt = In(Q — CVy) = _ﬁt + constant = Q(t) = CVpy + ke /¢ But Q(0) = 0 = k = —CVp, so
_ aQ 1 VW _
- _ »—t/RC _ Y t/RC\ _| Y0 _—t/RC
Q) =CWy (1 e ) A I(®) o CVy (RC’e > Tk .
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00 V2 oo V2 o) V2
d) Energy from battery: | Vol dt = —0/ GG — =8 (~RCe/RC)| T = ZLRC =[CVE.
(d) Energy from battery /0 0 ® J, e 7 e . 7
Since I(t) is the same as in (a), the energy delivered to the resistor is again The final energy in

the capacitor is also %CVOQ, SO the energy from the battery goes to the capacitor, and the other half

to the resistor.
Problem 7.3

(a) I = [J-da, where the integral is taken over a surface enclosing the positively charged conductor. But
J = oE, and Gauss’s law says [E-da = %Q, sol =0 [E-da=2Q. But Q = CV, and V = IR, so

_ o _ o
I—aCIR,or Rfﬁ. qed

(b)) @=CV =CIR = Cil—? =—]= —%Q =1 Q(t) = Que B or, since V = Q/C, V(t) = Voe /R, The
time constant is 7 = RC =

Problem 7.4
I=J(s)2nrsL = J(s)=1/2nsL. E=J/oc=1/2nsoL =1/2nkL.
@ I b—a
V=- E.-dl=—- —b). = .
/b Sakp (@b Sol R=om
Problem 7.5
& E’R dP 1 2R
I= i P=I"R= ———;, — =& = =0=>r+R=2R=|R=r.
rt R (r+ R)? dR C+R? (rtRP T
Problem 7.6

E=¢Edl = for all electrostatic fields. It looks as though & = § E - dl = (0/eg)h, as would indeed
be the case if the field were really just o/€p inside and zero outside. But in fact there is always a “fringing
field” at the edges (Fig. 4.31), and this is evidently just right to kill off the contribution from the left end of

the loop. The current is

Problem 7.7

B
o

direction of flow: (vxB) is upward, in the bar, so downward through the resistor.)

B2
(b) F = I1B = | ==, | to the [left.

(a) & = —% = —Bl‘c% = —Blv; £ =1IR = |1 (Never mind the minus sign—it just tells you the

dv B2 dv B2 B2;2
F = -—m— = — = = _ =|v= —mr?,
(c) ma = m— TR (Rm Yo =|v=uge
(d) The energy goes into heat in the resistor. The power delivered to resistor is I2R, so
aw B2[?%y? B2? B2 dW
T I’R = RQU =7 0(2)672(“, where o = oy AR e omwgef%‘t.
2 [T ot o ™ 2 1 L5
The total energy delivered to the resistor is W = amy e “Ydt = amy, =amui— = —mv§. v
° /o 0 —2a |, 09 27770
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Problem 7.8

I I 1
(a) The field of long wire is B = /;Ld), so & = /B -da ,uo (a ds) = Mg “1n <S i a) .
s i

d® uoladl (S—i—a) uola( 1 ds 1ds> wola?v

(b) € q ds

=——= and — = v, so — —_—— —_
dt 2 dt ’ dt ’ 2r \s+adt sdt 27s(s + a)

The field points out of the page, so the force on a charge in the nearby side of the square is to the right. In

the far side it’s also to the right, but here the field is weaker, so the current flows ’ counterclockwise. ‘

(¢) This time the flux is constant, so

Problem 7.9
Since V-B = 0, Theorem 2(c) (Sect. 1.6.2) guarantees that [B-da is the same for all surfaces with a given

boundary line.
Problem 7.10

_ — B2
®=B-a= Ba®cosf B—— (view from above)
Here 9 = wt, so —
E=—%2 = _Ba?(—sinwt)w;

& = Bwa? sin wt. ‘

Problem 7.11
E=Blv=IR=1= Blv = upward magnetic force = IIB = R *v. This opposes the gravitational force
downward:

B21? dv dv b B?? 0= g mgR
- =m—; — =g — where a = .g— = =z = .
TR T T M a9 = mpr I T T B
dv 1 —at
=dt = ——1In(g —av) =t+const. = g—av=Ae *; att =0, v=0, so A=g.
g—av !

At 90% of terminal velocity, v/v; =0.9=1—e " = ¢ * =1-0.9=0.1; In(0.1) = —at; In10 = at;
t=2110, or | tegy, = —- In 10.
g

Now the numbers: m = 4nAl, where 7 is the mass density of aluminum, A is the cross-sectional area, and
[ is the length of a side. R = 4l/Ac, where o is the conductivity of aluminum. So

p=28x10"%0m

_ 4nAlg4l  16ng _ 16gnp 4d9= 9.8m/s?
T o2 T oB2 T B2 0 MY ) =27 x 103 kg/m?
B=1T

So vy = (16)(9.8)(2.7><103)(2.8><10*8) _ toos, = %m(m) — [2.8 ms.

If the loop were cut, it would fall freely, with acceleration g. ‘
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a\ 2 ma? d®  7a? . & malw .
d=nm (5) B= TBO cos(wt); €= = TBow sin(wt). I(t) = == 1R By sin(wt).
Problem 7.13
@ @ 1 dd
@z/Bdmdy:ktz/ dx/ vdy = -kt?a®. £=—— =— %kta‘r’.
0 0 4 dt

Problem 7.14

Ty

M

: B
pipe—
T D
falling
magnet ™ | 777

B

/ s\

P S—

ring —

Suppose the current (I) in the magnet flows counterclockwise (viewed from
above), as shown, so its field, near the ends, points upward. A ring of
pipe below the magnet experiences an increasing upward flux, as the magnet
approaches, and hence (by Lenz’s law) a current ([;,q) will be induced in it
such as to produce a downward flux. Thus I;,q must flow clockwise, which is
opposite to the current in the magnet. Since opposite currents repel, the force
on the magnet is upward. Meanwhile, a ring above the magnet experiences
a decreasing (upward) flux, so its induced current is parallel to I, and it
attracts the magnet upward. And the flux through rings next to the magnet
is constant, so no current is induced in them. Conclusion: the delay is due
to forces exerted on the magnet by induced eddy currents in the pipe.

Problem 7.15

In the quasistatic approximation, B = {

ponl z, (s < a);
0, (s > a).

~—

Inside: for an “amperian loop” of radius s < a,

dd dl pons dl - -
® = Brs® = ponlns®; 9E-dl=FE2rs = —— = — ., |[E=- — .
ws* = ponlns®; % TS 7 ponms” s 5 I
Outside: for an “amperian loop” of radius s > a:
dI 2drI .
® = Bra® = ,uonlwaQ; FE2rs = —,uomra2a; E= —MOQZG T

Problem 7.16

(a) The magnetic field (in the quasistatic approximation) is “circumferential”. This is analogous to the current

in a solenoid, and hence the field is | longitudinal.

(b) Use the “amperian loop” shown.
Outside, B = 0, so here E = 0 (like B outside a solenoid).

a pol
So §E-dl = El = —92 = —4 [B.da=—4 [* Lol qg a - It \
',E:—g—;%ln(%). But %:—Iowsinwt, 7 \'/ j 2
I
so|E = HoZow sin(wt) In (E) Z.
2w S
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Problem 7.17

(a) The field inside the solenoid is B = pgnl. So ® = wa?uonl = &€ = —mwa’uon(dI/dt).
ma? ponk
—r
B is to the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or

to the right, | through the resistor.

aQ £ 1d® 1 . .
% -R-Bd = AQ = EA(I)’ in magnitude. So | AQ

In magnitude, then, & = ma?uonk. Now & = I R, 50 | Lesistor =

B 2raponl

(b) A® = 2ra’puonl; I = =

Problem 7.18

s+a /
‘P:/B-da;B:“LI ;@:Mofa/ di:uofalns+a;
27s 2 Js s 27 s
dQ de Hoa dI
=1 _ W p_ My 1 ar.
E IOOpR I R a or n( + CL/S) =
Hoa Tioa
=———1In(1 T _ In(1 .
Q= —5rg i Tafs)dl = Q=5 gl +a/s)

The field of the wire, at the square loop, is out of the page, and decreasing, so the field of the induced
current must point out of page, within the loop, and hence the induced current flows ’ counterclockwise.

Problem 7.19

poNT 4 (inside toroid);
In the quasistatic approximation, B = ons P . a);
! ATASISATC APPTOXHHAton, { 0, (outside toroid)

(Eq. 5.60). The flux around the toroid is therefore

NI [otv1q NI N o N I N
=1 / fhds:'uo hln(l—i—g)zuo hw[. d—:MO hwd—:uo hwk.
2 J. s 2m a 2ma dt 2ma  dt 2ma

The electric field is the same as the magnetic field of a circular current (Eq. 5.41):

_pl @
B= 2 (a?+ 22)3/? “

with (Eq. 7.19)

- —-———= .
- Lo dt 2ma

1 d® Nhwk SoE - Mo Nhwk a® . wo  Nhwka |
=— = — Z=|—"———"s 2
(a% + 22)3/2 AT (a2 + 22)3/2

2ma

Problem 7.20
0B/ 0t is nonzero along the left and right edges of the shaded rectangle:
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The (inward) flux through the strip on the left is increasing; the (inward) flux through the strip on the right
is decreasing. This is analogous to two current sheets under Ampere’s law, with B — E and pglope — —d®/dt
(Eq. 7.19). The one on the left is like a current flowing out (taking account of the minus sign), so its field is
counterclockwise and the one on the right is like a current flowing in, so its field is clockwise.

Problem 7.21
The answer is until some boundary conditions are supplied. We know that V x E =

—(dBy/dt)z (and V - E = 0), but this is insufficient information to determine E. Ordinarily we would invoke
some symmetry of the configuration, or require that the field go to zero at infinity, to resolve the ambiguity,
but neither is available in this case. E = %dﬁo (y%x — x§) would do the job, in which case the force would be

zero, but we could add any constant vector to this, and make the force anything we like.
Problem 7.22

(a) From Eq. 5.41, the field (on the axis) is B = %‘Imi so the flux through the little loop (area ma?)

pomla®b?

NG

(b) The field (Eq. 5.88) is B = X2 (2cos 0 + sin # §), where m = Ima?. Integrating over the spherical “cap”

47 3

(bounded by the big loop and centered at the little loop):

pola?

I 2
o= /B-da— @ﬂ/(zcose)(ﬁsmedodgﬁ) =

0
= 2 1
yP—— T /0 cos #sin 6 df

_ . 0
where r = Vb2 + 22 and sinf = b/r. Evidently & = ”OI:“F 5”122 0

pomla?b? .
‘0 B 2(b2 + 22)3/2° the same as in (a)!!

pomab?

(C) DlVldlIlg off I (‘I)l = Mlglg, (I)Q = M21]1)2 M12 = M21 = m

Problem 7.23

o dl

== Mg =

—ME.
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D]

a

It’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances,
T’ll find the flux through the little loop when a current I flows in the big loop: ® = M. The field of one long

. . 2a .
wire is B = ‘;LI = §; = Ll Lads = #1211 2 50 the total flux is
TS 2r Ja s 2m

&

™ ™ ™

kaln2
= M, in magnitude.

Direction: The net flux (through the big loop), due to I in the little loop, is into the page. (Why? Field
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced

current in the big loop is such that its field points out of the page: it flows ’ counterclockwise. ‘

Problem 7.24
B = ponl = ®; = ponIrtR? (flux through a single turn). In a length [ there are nl such turns, so the
total flux is ® = puon?mR2Il. The self-inductance is given by ® = LI, so the self-inductance per unit length is

Problem 7.25

d—e
The field of one wire is B; = g—gf, soP=2- ’;%f - f % = “OTuln (%) The € in the numerator is

€
negligible (compared to d), but in the denominator we cannot let € — 0, else the flux is infinite.

l
L="H In(d/e). | Evidently the size of the wire itself is critical in determining L.
71'

Problem 7.26

. I ("1 Ih
(a) In the quasistatic approximation B = Ho ¢. So ;= Hol [ Zpas = 1O In(b/a).
2ms 2r J, s 2m
~ poNh

This is the flux through one turn; the total flux is N times ®;: & = 5 In(b/a)Iy cos(wt). So
7r

—7\(103)(10~2
&= _4® _ polNh In(b/a)Ipwsin(wt) = (4 x 1077)(107)(107) In(2)(0.5) (27 60) sin(wt)
dt 2m 2m ¢ .
2.61 x 10~
= ‘2.61 x 10~ sin(wt) ‘ (in volts), where w = 2760 = 377/s. I, = R % sin(wt)

’5.22 x 1077 sin(wt) ‘ (amperes).

dl 2 2x10-7)(10° —2 _ .
(b) & = _LTZ; where (Eq. 7.28) L = ’”T]\Tfrh In(b/a) = {rx10 )2(7:0 Y1907 15)(2) = 1.39 x 103 (henries).

Therefore & = —(1.39 x 107%)(5.22 x 107 w) cos(wt) = ’ —2.74 x 10™7 cos(wt) ‘ (volts).

2.74 x 1077 N2h
Ratio of amplitudes: m =[1.05x 1073 |= % In(b/a).

Problem 7.27

. With I positive clockwise, & = —L% = Q/C, where Q is the charge on the capacitor; I = %, SO
% = —%Q = —w?Q, where w = \/%70 The general solution is Q(t) = Acoswt + Bsinwt. At t = 0,
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Q=CV,s0 A=CV; I(t) = % = —Awsinwt + Bwsinwt. At t =0, 1 =0, so B =0, and

C t
I(t) = — inwt=|-V4/=sin | — | .
(t) CVwsinwt 14 7 sin (\/ﬁ)

If you put in a resistor, the oscillation is “damped”. This time deI =9 &+IR, so L T JerQ %Q =0.
For an analysis of this case, see Purcell’s Electricity and Magnetism (Ch 8) or any book on oscﬂlations and
waves.

Problem 7.28
1
() W = LLI* L= pon®*rR*l (Prob. 7.24) |W = §u0n2wR2112 )

(b) W = 1 §(A-T)dl. A = (uonl/2)R ¢, at the surface (Eq. 5.72 or 5.73). So Wy =
turn. There are nl such turns in length I, so W = %uonQWRQZIQ. v

(c) W = 2u [B*dr. B = pgnl, inside, and zero outside; [dr = 7RI, so W = ﬁu%nQI%RQZ =
%,uon TR2I?. v

(d) W= ﬁ [[B?dr — §(AxB)-da]. This time [B?dr = p¢n*I*n(R? — a?)l. Meanwhile,

A xXB = 0 outside (at s =b). Inside, A = “"T”Iagf) (at s = a), while B = pgnl Z.

1ol RT .27 R, for one

_1,2.2712 NP
AXB o §M0n I a(aé_zz) points ‘nward (“out” of the volumc) §
5 Y Lz
X cda = 5 n as) - |a Z\—S)| = —35 n a~ 4T, ~
AXB)-d Lign?1%a8) - [ade dz(—$ Lign2I%a?2rl )
W = ﬁ [H%HQIQW(RQ @)+ u%nQI%an] _ %Mon212R27Tl- v qu

Problem 7.29

pond 1 9 1 ponQIQ/ _ pon?I? b 1 979
B = ; W= Bedr = hsdgpds = h27In =|— I"hIn(b/a).
27s 2,u0/ C 2uo  4m? ¢ 82 a artom n(b/a)

L= 5—On2hln(b/a) (same as Eq. 7.28).
7

Problem 7.30

_ _ _ 2 /2 _ pols
fB-dl = B(27s) = polenc = pol(s°/R*) = B = o2
1 ) 1ow3rr ", _ ol st R ol p 1o,
W= /B Ir=s.- 47T2R4/ s2(278)l ds = 747TR4(Z)‘0 1 LI.
So L = g—ol, and L=L/l = independent of R!
B
Problem 7.31
dl dl R &

(a) Initial current: Iy = &/R. So —Ld— =IR= o= _EI = [ = [ye BY/L or I(t) = Eoe_Rt/L.
&2 dw

b) P = 12 5 R 2 —2Rt/LR 0 —2Rt/L .

(v ~ (&/R) 0, aw

&2 &2 L < g2 1
Wzio _2Rt/Ldt “0 ¥ _—2Rt/L :70 L/2 =|ZL 2

(c) Wo=3LIZ =L1L(&/R)?. v
Problem 7.32

(a) By = 22 L1 [3(a;-2 )2 — ay], since m; = [ a;. The flux through loop 2 is then
po 1 . -

Eﬁll[?)(al-a V(az-2 ) —aj-ax] =M. |M= 4:%[3(&[-’2 )(az-2 ) — aj-ay].

(1)2 = Bl'ag =
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(b) & = fM%, dd—vf ’1 =-&1 = Mfl%. (This is the work done per unit time against the mutual emf in
loop 1—hence the minus sign.) So (since I; is constant) Wy, = M 115, where I5 is the final current in loop 2:
W= 5 [3(mi-% )(ma-% ) — my-mo)

Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole
moments were fized, and we did not worry about the energy necessary to sustain the currents themselves—only
the energy required to move them into position and rotate them into their final orientations. But in this
problem we are including it all, and it is a curious fact that this merely changes the sign of the answer. For
commentary on this subtle issue see R. H. Young, Am. J. Phys. 66, 1043 (1998), and the references cited
there.

Problem 7.33
(a) The (solenoid) magnetic field is

@ (s > R).

From Example 7.7, the electric field is

———¢= —%MOU@(Z) (s < R),

2 dt
"=\ Rma, [ B,

At the surface (s = R) E = —%/,LQRQO'&) J), so the torque on a length ¢ of the cylinder is
1 2 -\ a 2pd.- 9
N = —R(c27RY) iuoR ow |z = —mpoo R *wl z,

and the work done per unit length is

w 94 [ dw
i WMOUR/E(MS-

But d¢ = wdt, and the integral becomes

“r 1 w
/0 wdw:§wj2c; = 7= MOTW(UwfRQ)Q.

(This is the work done by the field; the work you must do does not include the minus sign.

1
(b) Because B = oK zZ = poowsRZ is uniform inside the solenoid (and zero outside), W = Q—BQWR2€.
Ho

w_ 1 2 _p2 _ | HoT 2)2
7 % (poowsR)*mR* = 5 (owsR?)™.

Problem 7.34
OE _ I _ I

The displacement current density (Sect. 7.3.2) is Jg = €05, = 4 = z. Drawing an “amperian loop” at

ma?
radius s,
I 9 s? pols? pols -
B.dl=B-2ns = puoly,.. = ppo—s 78" =pupl— = B=——; |B= .
ene Ta? a? 2msa? 2ma?
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Problem 7.35

o(t) . Q) It It
(2) €0 2 o) Ta? ma?’ | mega? z
dE s? 52 wol
_ 2 _ 2 _ _ _ _| #0
(b) Idenc = Jd'ﬂ's = GOETFS = Iaiz %B -dl = MOIdenc = B2rs = MOI; = B= 27Ta25d).

(c) A surface current flows radially outward over the left plate; let I(s) be the total current crossing a circle
of radius s. The charge density (at time ¢) is

-1t

o(t) =

Since we are told this is independent of s, it must be that I — I(s) = 3s%, for some constant 3. But I(a) = 0,
so Ba? =1, or 3 = 1I/a®. Therefore I(s) = I(1 — s?/a?).

2

s pol
B2ns = polenc = poll — I(s)] = pol 5 = w

Problem 7.36 12
(a) Jg = g0

cos(wt)In (a/s) z. But Iycos(wt) =1. So |Jq = %w%ln(a/s) Z.
T

Ho€ow?I  [® o [
b)Ig= [Js-da="——— [ In(a/s)(2nsds) = ppeow"I | (slna — slns)ds
0 0

s
a 2 2 2 pocow?Ia?
_ 2 _
O—MOGOW I[%a—%a—i—%} =l
I;  poecow?a?

(c) T Since poeo = 1/¢%, 14/1 = (wa/2c)®. If a = 107 m, and & = 7, so that &2 = L

w = % = %, or w=0.6x10"/s =6 x 10'% /s; | v = o R 10'° Hz, or 10* megahertz. (This is the

microwave region, way above radio frequencies.)

Problem 7.37

Physically, this is the field of a point charge ¢ at the origin, out to an expanding spherical shell of radius vt;
outside this shell the field is zero. Evidently the shell carries the opposite charge, —q. Mathematically, using
product rule #5 and Eq. 1.99:

= M0€0w2] {(ma)% — % Ins + %}

Ls. —r)= L3 _ L 90 Qg —
et Vio(vt —1)] = 0 (r)f(vt —r) + pr— (8- %) 5-0(vt = 7).

V-E:@(ut—r)v.( L 4 f>+

4dmrey T2

But 63(r)f(vt — ) = §3(r)6(t), and %O(Ut —r)=—0(vt —r) (Prob. 1.46), so

p=eV-E=|q¢r)0t) — 4:73 d(vt —r).

(For t < 0 the field and the charge density are zero everywhere.)
Clearly V-B =0, and V x E = 0 (since E has only an r component, and it is independent of 8 and ¢).
There remains only the Ampére/Maxwell law, V x B = 0 = uoJ + poeg0E/0t. Evidently

_ _ OB _ q 0 . _ [« 3
J= €05 = eo{wat[éi(vt r)}}r— mvé(vt r) T
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(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv,
as expected—Eq. 5.26.)

Problem 7.38

From V-B = jigpy, it follows that the field of a point monopole is B = £2 ;mé 2 . The force law has the

form F o< ¢, (B — c%VXE) (see Prob. 5.22—the ¢? is needed on dimensional grounds). The proportionality

1
constant must be 1 to reproduce “Coulomb’s law” for point charges at rest. So |F = ¢,, (B — 2V><E) .
c

Problem 7.39
Integrate the “generalized Faraday law” (Eq. 7.44iii), V X E = —puoJ,, — %—?7 over the surface of the loop:

d dd
/(V><E)-da:?{E-dlzé’:—uo/Jm-da——/B-da:—,uOIm - —.
dt enc dt
dI dI 1do 1
But £ =—-L—, so — = @Imenc + T 1= %AQm + ZA@, where AQ,, is the total magnetic charge

passing through the surface, and A® is the change in flux through the surface. If we use the flat surface, then
AQm = Gm and AP = 0 (when the monopole is far away, ® = 0; the flux builds up to pogm/2 just before
it passes through the loop; then it abruptly drops to —uogmn/2, and rises back up to zero as the monopole
disappears into the distance). If we use a huge balloon-shaped surface, so that ¢, remains inside it on the far
side, then AQ,,, = 0, but ® rises monotonically from 0 to pgq,,. In either case,

Hodm
[ = Hodm,
L

[The analysis is slightly different for a superconducting loop, but the conclusion is the same.]
Problem 7.40

% 1 14 oD 0 0 [Vpcos(2mut) Vo .
E=Y =], =0E=-FE= " J;j=20 = Z(eB) = ew | L2} _ 701 ony sin(2mut)].
7 =0 p o a= at(e ) 5 { pi yi [—27v sin(27vt)]
The ratio of the amplitudes is therefore:
Jo Vo o d 1

de _ 10 - — [27(4 x 10%)(81)(8. 10-12)(0.23)] ! =[2.41.
= e = T, = 2T X 10%)(81)(8:85 x 1071)(0.23)]

Problem 7.41 z
Begin with a different problem: two parallel
wires carrying charges +A and —\ as shown. /
A A b b

Field of one wire: E = 5-2—8; potential: V = —5-—In(s/a). // y
Potential of combination: V = 27;\50 In(s_/s4), P\ +A

2 2
or V(y,z) = 475‘60 ln{%%}.

Find the locus of points of fixed V' (i.e. equipotential surfaces):

—I—b2+22
etmoVIh = = Ez—b;2+z2 = p(y? = 2yb+* +2°) =y + 290 + b7 + 2%

-1+ —1)+22(u—1) = 2yb(p+1) =0 = y> + 2% +b* — 2ybB = 0 (ﬂzu);

2 2 2 2 02 2 2 222
(y—08)"+2"4+0"—-b°0°=0= (y — b3°) + 2° = (0" - 1).
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2 2 b
This is a circle, with center at yy = b3 = b(““) and radius = by/B32 — 1 = b\/(” +2“+L) 1(;2 2utl) _ 2 ‘f.

This suggests an image solution to the problem at hand. We want yo = d, radius = a, and V = V}. These
determine the parameters b, u, and A of the image solution:

d _ yo b(E5) 1 d
Z i = = NG . Call - = q.
@ ra T H

do’p=(p+1)? =p? +2u+1=p> + (2 4a®)u+1=0;

402 — 2+ /41— 202)2 — 4
p=2 (1 = 2%) =202 ~1£V1—4a? +4a4 —1=20% -1+ 2ava2 — 1;

4meg Vo 4men Vo
= In .
" (202 — 1 £ 2av0? - 1)

I—/J dafa/E-da:a—anC: VA
€0 €0

That’s the line charge in the image problem.

1 A 4oV
The current per unit length is i = — = 7r UL . Which sign do we want? Suppose

I @ In(202—1+2a0va?—1)

the cylinders are far apart, d > a, so that a > 1.

1 1
_ 2 2 _ 2 2
()=2a"—-1+2a°/1-1/a? =20 — 1+ 2« [1_W_Sa4+

40% —2—1/2a% + - = 4a? (+ sign),
—1/4a2 (— sign).

The current must surely decrease with increasing «, so evidently the + sign is correct:

1
=20°1+1)-(1+1)F-—+---=

4oV
In (2(12 — 14+ 2ava? — 1) ’

. d
7= where o = —.
a

Problem 7.42
V}n(s7¢) = Zskbk SiIl(k¢), (3 < (l);

k=1
From Prob. 3.24,

Vout (8 Z s~ *dy, sin(ko), (s > a).

k=1
(We don’t need the cosine terms, because V' is clearly an odd function of ¢.) At s = a, Vinp = Vour = Voop/2m.

Let s start with V1n7 and use Fourier’s trick to determine by:

Zakbk sin(ke) = Yo Zakbk / sin(ke) sin(k'¢) do = ;/72 ! psin(k'p) do. But

—T

/Tr sin(ko) sin(k’¢) d¢ = mopxs, and

—T

7; ¢sin(k'p) dp = {( 1) sin(k'¢) — ]f/COb(k'gb)J :T = —%T cos(k'¢) = _%r(_ ™. So
e k
walby, = ;/—7(; [—2;(—1)’“} , Or b, = —% < i) , and hence Vi, (s, ¢) = —% kz_:l]i (—2) sin(ko).
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Similarly, Vout (s Z <77) sin(k¢). Both sums are of the form S = Z )k sin(k¢) (with
k=1
x = s/aforr < aand z = a/ S for r > a). Thlb series can be summed explicitly, using Euler’s formula
(€ = cosf + isinf): —Imz z)" ““’—ImZ xe”’
But ln(l—l—w)—w—lw + 1w3 il so S = —Im [In (1 + ze'?)].
2 3 — k 7
Now In (Rew) =InR+1i6, so S = —0, where
ol Im (14 ze®) L [(14ze?) — (14 ze ?)] z (e —e7?) zsin ¢
an = - = - - = - - = .
Re(1+ze)  L[(1+zeid)+ (14 ze—i?)] i2+z (e +e"®)] 1+xcose
W, ssin ¢ .
Vls.0) = Lrant (220 (s <o)
Conclusion:
Vo, 1 asin ¢
‘/Ou ) = —t -7 5 .
(s,¢) x <s+acos¢ (s> a)
a‘/C)u‘c avzn
(b) From Eq. 2.36, o(¢) = —¢o { - } .
88 s=a 88 sS=a
Vour E 1 (—asin @) B 7@ asin ¢
ds asing \2]| (s+acosg)? [ 7 |[(s+ acos¢)?+ (asing)?
1+ (era cosd))
) asin ¢ _
7 \s242ascosp+a?)’
oVin W 1 [(a + scos @) sin ¢ — ssin ¢ cos @] Vo { asin ¢
R ) 2 2 i 2 A2
Js T [1 n (aii‘?of¢) } (a + scos @) 7 | (a+ scosp)? + (ssin@)
_ E asin ¢
©om \s2+2ascosp+a?)’
OVin Wout Vo sin ¢ Vo sing OV()
_ — = = 2
0s |,_, 0s T 2ma (1 + cos ¢ 50 0(¢) wa (14 cos¢) Ta an(¢/2).

Problem 7.43
(a) V2V = 1o <sa(zf)> + P(=]) _zd ( df) 0= % (sdf> =0= sﬁ = A (a constant) =

s 0s s 022 sds \ds ds ds
A@ =df = f = Aln(s/sg) (so another constant). But (ii) = f(b) =0, so In(b/sg) = 0, so so = b, and
s
V(s,2) = AzIn(s/b). But (i) = Azln(a/b) = —(Ip2)/(ra®), so A = —22 L |y ») = — Loz In(s/b)

ma? In(a/b)’ ~ wa?In(a/b)’
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B oV, oV, pz 1 . Ip In(s/b) . Ip z . S\ .
(b)BE=-VV= st 97T wa? sln(a/b) S+ﬁln(a/b) ‘= ma?In(a/b) (;SJFIH (5) Z>'
- N Ip z B eolpz
(c) o(2) = €0 [Es(cﬁ)—Es(a )] = €0 [7m2ln(a/b) (a) 0} = m-

Problem 7.44 )
(a) Faraday’s law says VXE = —%—?, soE=0= %—]t?’ = 0 = B(r) is independent of ¢.
(b) Faraday’s law in integral form (Eq. 7.19) says § E-dl = —d®/dt. In the wire itself E = 0, so ® through
the loop is constant.
¢) Ampere-Maxwell= VxB = 10 + poe02E, so E=0, B =0 = J = 0, and hence any current must be
ot
at the surface.
d) From Eq. 5.70, a rotating shell produces a uniform magnetic field (inside): B = 2 ygowaz. So to cancel
( q ; g P g SH
3By

B - R
such a field, we need cwa = —§—O. Now K = ov = owasinf ¢, so | K = ———sin 0 ¢.
2 o 210

Problem 7.45
(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13

and 2.14), so the image dipole points m

(b) From Prob. 6.3 (with r — 2z):

1/4
3po m? 3uo m? 1 [ 3pem?
F= |20 | 2k =Mg=h=|= .
o (22)4| 2m (2n)r Y 2 \ 2r0Myg
(c) Using Eq. 5.89, and referring to the figure: m1
0
_ Ho 1 PPN PN N A A ~ ~ , r
T Am ()3 {B(m2z-£1) 8 —mz] + [3(-m2-F3) P2 + ma2]} ?
3,LL07TL ~ A N PN N PR PR f‘2
=1 E (z-#1)F1 — (2-T2)T2]. Butz - = —2- 1y = cosé. r -
T\ .
3 3 i
:—%cose(f'l—i—f'g). But 71 + 5 = 2sin 6 7. : T1
TT1
3uom r h h T2
= — sinfcosff. But sinf = —, cosf = —, and r = V/r? + h2. 0
27T(T1)3 T1 T1
_ 3uomh r —m

o (P2 + K22

Now B = po(Kx2)=>2xB=ppzx (Kx2z)=py[K-2(K-2)] = puK. (I used the BAC-CAB rule,
and noted that K -z = 0, because the surface current is in the z y plane.)

1 3mh T 3mh r

K:— 7, B = — 7, r) = —
HO(ZX ) 2m (7"2+h2)5/2(z><r) 21 (r2 + h2)5/2

¢A>. qed
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Problem 7.46 z
Say the angle between the dipole (m;) and the z axis is 0 (see diagram).

EN

The field of the image dipole (ms) is

B()= 1 5tm,.2)5—my

A (bt 2 g
for points on the z axis (Eq. 5.89). The torque on m; is (Eq. 6.1) _ "
_ _ Mo - s\ >I;12
N=m; xB= T (2h) [3(my - 2)(my x 2) — (my x my)]. AN
But m; = m(sinf X + cos 6z), my = m(sinf X — cos6z), so my -z = —mcosf, m; X Z=—msinfy, and

m; X my = 2m? sin @ cos 65.

_ Mo
4 (2h)3

sinfcosfy.

[3m?sin6 cos§§ — 2m*sinfcosy)] = 1 (;2)3
T

Evidently the torque is zero for # = 0, w/2, or 7. But 0 and 7 are clearly unstable, since the nearby
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is § = 7/2:

parallel to the surface‘ (contrast Prob. 4.6).

In this orientation, B(z) = 74%‘,21;)3 %, and the force on m; is (Eq. 6.3):
pom? 3pom?® 3uom?

F=V|-———— =—7Z = Z.

dn(h+2)3]|._, 4m(h+2)* |,_, 4n(2h)*

At equilibrium this force upward balances the weight M g:
3pgm? 1/ 3uem2\ /"
fom =Mg=h=|= Hom .
47 (2h)* 2 \ 4rMg

Incidentally, this is (1 /2)1/ 4 = 0.84 times the height it would adopt in the orientation perpendicular to the
plane (Prob. 7.45b).

Problem 7.47 A A A
f=vxB; v=wasinf¢; f =waBysinf(¢pxz). &€= [f-dl, and dl = adh 6.

So & = wa?By foﬂ/2 sinf(pxz)-0df. But 6:-(dpx3z) = 2-(x ) = 2-F = cosb.
sin? @, x/2 1
ek

wa’By | (same as the rotating disk in Ex. 7.4).

/2
&= wa2Bo/ sin 6 cos 0 df = wa2Bo[
0

5 llo
Problem 7.48 z
F=1IBl;®=2B [’ Va>—22dz (a = radius of circle). / }1/2
5:—%:—23 a2—y2%:2BU\/a2— 2:2[R. .
1= 221)\/@2 —y%1/2=+/a? —y% So F = —4%”((12 —y?) =mg.
mgR
Ucircle = 7597 9 o\ NETRE
: 4B?(a? — y?) Yy
¢ dy 4B? [ 4B? 1 “ 4B? 4 16 B%a?
teircle = / - = (a2 - yZ)dy = (a2y - 7y3> = (7(13) =5 :
ta v mgR J_, mgR 3 a mgR "3 3 mgR
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Problem 7.49
(a) From Prob. 5.52a,

, .
A(r,t):i/iB(r’t)>< e dr’, soE:fa—A

47 2 2 ot
[Check: V x E = f%(v X A) = f%—}?, and we recover Faraday’s law.]
(b) The Coulomb field is zero inside and 47360 % r = 47:60 ”4:2R2 = SOR; t outside. The Faraday field is
OA

—<& where A is given (in the quasistatic approximation) by Eq. 5.69, with w a function of time. Letting

ot
w = dw/dt,
,lLoRd)O’ . ~
————rsinf ¢ (r <R),
E(r,0,¢,t) =
oR?> _  poR*osinf -
vk 3 2 ¢ (r>R).

Problem 7.50 iB p iB
gBR = mv (Eq. 5.3). If R is to stay fixed, then qRE = md%j =ma=F =qF,or £ = RE' But

dd d® 1 do dB 1 1
dl == — 50 ———— =R— S (. . ime t =
%E dl o so E27R TR SO 9l dt I or B 5 <7rR2 ) + constant. If at time t =0
1 1
the field is off, then the constant is zero, and B(R) = 3 W(I) (in magnitude). Evidently the field at R
T

must be half the average field over the cross-section of the orbit. ged
Problem 7.51

In the quasistatic approximation the magnetic field of the wire is B = (uol/27s) q?), or, in Cartesian
coordinates,
pol kol oy T pol (—yX+2y)
B = —\— = — (—7 —_ ) =,
2773( singX +cos¢y) 27s 5X+sy 2r x4 y?

where x and y are measured from the wire. To convert to the stationary coordinates in the diagram, y — y—vt:

ol [~y %+ oy
2r 2?2+ (y — vt)?

Faraday’s law says

vxp=-GF - _l{ % i o -

ot~ om (y—ot)2  [22+ (y — vt)2]?
At t =0, then,
polv % [~y* %X + a2yl polv [ (2* —y*) X + 22y §] polv s
VXE = — S - ( ~ : ) .
X o { 21y + 22+ 57 o 2 + 972 5rs2 \0O8 $8+sing

Our problem is to find a vector function of s and ¢ (it obviously doesn’t depend on z) whose divergence is
zero, whose curl is as given above, that goes to zero at large s:

E(s,¢) = Es(s,0)8 + Ey(s,0) ¢ + E.(s,0) 2,
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with
V-E = é%(sEs)Jr%% =0,
(VxE)y = —aaE; = —g‘féﬁ sin ¢,
(v xB). = 1 | 2650 - 5] =0,

I
The first and last of these are satisfied if Fy, = E, = 0, the middle two are satisfied by F, = BT in ®.
S

I
Evidently | E = —‘;0 Y

sin ¢ Z. | The electric and magnetic fields ride along with the wire.

s

Problem 7.52

Initially, mv? I L 99 — 7 = %va = %4 L_4Q = After the magnetic field is on, the electron circles in a
. T . TEQ T . TEY T
new orbit, of radius r; and velocity v;:
2
moj 1 qQ 1 5 1 1 ¢ 1
= —~ +quuB=1T = -—mv] == — 4+ —quir B.
rn e rz LT T S e 1y 27

But ry =7 +dr,so (r)) "t =r"! (1 + %)_1 ol ( — %), while v; = v + dv, B = dB. To first order, then,

11 ¢qQ dr 1 qur 11 ¢Q
T =< —=({1-— = dB d h dlh'=T,—-T=-—dB - = = dr.
YT 24mey 1 ( r ) * Qq(vr)  and hence ! 2 2 dmeg 12
Now, the induced electric field is E = %% (Ex. 7.7), so m% =qF = %%, or mdv = 4dB. The increase in

kinetic energy is therefore d1' = d(%mvz) =muvdv = £LdB. Comparing the two expressions, I conclude that
dr=0. qed
Problem 7.53

= f% = —a. So the current in Ry and Ry is I = ﬁ; by Lenz’s law, it flows counterclockwise. Now
the voltage across Ry (which voltmeter #1 measures) is V; = IRy = RlaTRle (V4 is the higher potential),
and Vo = —ITRy = % (V is lower).
Problem 7.54
(a) &= —% = —7rr2% = —amr? = IR = (in magnitude) I = WO};ZQ. If B is out of the page, Lenz’s

law says the current is clockwise.
(b) Inside the shaded region, for a circle of radius s, apply Faraday’s law:

%E-dl = E2rs = —71s°a = E = —%(i) = —%(—sinqﬁi—l—cosgby) = %(ssingﬁi—scosgby) = g(y}‘{—a:y).

2 2
. . a ar
Along the line from P to Q, dl = dx %, and y = r/\/2, 50 V = —/E ~dl = —3 /ydx = —5\—5(7'\/5) Thus
ar?
P is at the higher voltage, and the meter reads 5
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That’s the simplest way to do it. But you might instead regard the 3/4-circle+chord as a circuit, and use
Kirchhoff’s rule (the total emf around a closed loop is zero): V + IRy — aA; = 0, where Ry = 3/4R is the
resistance of the curved portion, and A; = (3/4)7r? +12/2 = (r?/4)(37 + 2) is the area (3/4 of the circle, plus

the triangle). Then
2

r2 2
Vza%(?nr—&—?) 7rra3 ar

Or we could do the same thing, using the small loop at the top: —V + IRy — ady = 0, where Ry = (1/4)R

and Ag = (1/4)7r? —r?/2 = (r?/4) (7 — 2).

rar? R r2 ar? ar?
= Z—a—(r—-2)=—(r—T+2)= —.
\% 71 %7 (m—2)= 1 (r—m+2) 5 v
Problem 7.55
dI dv d*v hB dI hB (hB d2v hB
E=vBh=—-L—; F=IhB = = —— (= — = —w?, | with |w = —.
Y dt’ A A T mdt . m (L )v’ 2R R =

Problem 7.56
A point on the upper loop: ro = (acos ¢z, asin ¢o, z); a point on the lower loop: r1 = (bcos ¢1, bsin ¢q,0).

22 =(rg —11)* = (acos ¢y — bcos g1)? + (asin ¢ — bsin @) + 2°
= a2 cos? ¢y — 2abcos ¢y cos ¢1 + b2 cos® 1 + a? sin® ¢y — 2absin ¢y sin ¢ + b2 sin? ¢y + 2>
=a® + b + 2% — 2ab(cos ¢ cos ¢ + sin o sin ¢1) = a® + b* + 2% — 2abcos(day — 1)

ab

= (a® +b* 4+ 2%)[1 — 2B cos(¢2 — ¢1)] = 7 [1—23cos(pz — ¢1)].

dly = bdg1 ¢y = bdpy[—sing1 % + cos ¢y §]; dlo = adpa dy = adps[—sin ¢ X + cos ¢ 9], s0
dly-dly = abdgy dps[sin ¢q sin g + cos @1 cos po] = abcos(pa — ¢1) dpy dea.

_ Mo diy-dly — po ab cos(¢2 — ¢1)
B W]{f 2 47T\/ab/ //\/l—Qﬁcos (g2 — 1) a2 dg1-

Both integrals run from 0 to 2w. Do the ¢9 integral first, letting u = ¢o — ¢1:

2T —¢1 2
cosu Cosu

\/1—2ﬁcosu \/1—2ﬁcosu

—$

(since the integral runs over a complete cycle of cosu, we may as well change the limits to 0 — 27). Then the
¢1 integral is just 27, and

140 cosu _ Ho cosu
= =\/abB2 \/ b3
47 abj 2m 0 \/1—2ﬁcosu “ / vl—?ﬁcosu

(a) If @ is small, then 8 < 1, so (using the binomial theorem)

1 27 COS U 27 27
—— >~ 1+ fBcosu, and ~ cosu du + / cos?>udu = 0+ S,
V1 —28cosu p 0 \/1—2ﬂcosu g 0 pr
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Homab?

m (Same as in Prob. 722)
z

and hence M = (ugm/2)\/ab33. Moreover, 3 = ab/(b* + 22), so M =

(b) More generally,

1 3 5 1 3 5
(1—}-6)71/2:1—564—@62—%6 + - m :1+ﬁcosu+§ﬁ2coszu+§ﬁ3cosgu—|—---,

SO

2 2 2w 2
M‘;O\/abﬂ{/o cosudquB/O C082udu+%ﬂz/o cossudqug/BB/O cos4udu+...}
= BT [0+ 6() + 320) + 3G | =| TVAF (14 50+ (054 )| aed

Problem 7.57
Let @ be the flux of B through a single loop of either coil, so that ®; = N;® and ®3 = No®. Then

dd d<I> N.
61 = —Nli 52 N2 82 = 2

22 ged
dt’ a e TN

Problem 7.58
(a) Suppose current [; flows in coil 1, and I in coil 2. Then (if ® is the flux through one turn):

Ly M Lo M
Oy =1L +MIy = N®;, ®y=1IyLo+ MI; = No® =17 I =1 I
1 141 + 2 19 2 2Ll + 1 2@, or 1N1+ 2N1 2N+1N2
In case I; = 0, we have % = —2; if I, = 0, we have 1%[1 = M Dividing: T M = %7 or L1Ly = M?. qed

(b) —& = & — I, dI1 +Md12 = V1 cos(wt); —& = dq>2 =Ly d12 "!‘Mdh =-—DLR. qed
(c) Multiply the first equation by La: L1 Lyt + L, dIzM L2V1 coswt. Plug in L% = —,R — M4

LV,
Mz% — MRI, — MQ% = LoVicoswt = | I1(t) = — ]\;Rl coswt. | Ly % dh + M ([j@‘lgwsmwt) V1 cos wt.
dl Vi L \% Lo
d—tl = i <coswt - ﬁw sinwt) =|1L(t) = ﬁ < sinwt + = coswt)
Vout LR —LeBcoswt R Ly N, N,
- _ —_2_ 2y f the ampl 2
(d) v Veosol — Vi cos ot 37 N, e ratio of the amplitudes is N, qed

1 L % L,
(€) Py = Vinly = (V3 coswt)(%) <w sin wt + f coswt) — (Lll) <w sin wt cos wt + 7 cos wt>

LoVh)?
Pout = Vourlo = (I2)*R = (L2V1) cos? wt. | Average of cos? wt is 1/2; average of sin wt coswt is zero.

M?R

So (R = 3 00% (25 )5 (o) = 302 [ 20 ] = 300002 [T ) = e = S22,
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Problem 7.59
(a) The charge flowing into dz in time dt is

dI dA dA dI
dg=1(z)dt —1(z+dz)dt = —%dzdt— At +dt)dz — A(t) dz = Edtdz = =5

Since the left side is a function only of ¢, and the right side is a function only of z, they must both be constant;
call it k:

v

d dl
_— = = N _— = — ] = — .
o kE = At)=kt+ Cy; - k= I(z) kz + Cy
If A(0) = 0 and I(0) = 0 the constants C; and Cy must both be zero: A(t) = kt, I(z) = —kz. v
I - X
(b) In the quasistatic approximation, E = A §= il §; B= Ho ¢ = _ Hokz ®.
2megs 2megs 27s 2ms
10 kt
. E = —_—— =
v s 0s <s27reos> 0 v
10 Mokz
B=-2 (- —
v 5 0¢ < 2ms ) 0 v
OF . 10F 0B
E= "—¢p--""5=-0=—"—
VB =50 S0 ot
0B, 10(sB) . ok, OE
VHB = 0t T es P ans t 0y Y

For a gaussian cylinder of radius s about the z axis, at height z and with width dz:

it kit Ad enc
?{E~da: (2ms)ds = Mgy = A2 Qene ?{B~da:0. v
2megs €0 €0 €0

For a circular amperian loop of radius s about the z axis, at height z:

fE.dlzoz—i/B.da, v }{Bwﬂ:—uokz
dt 27s

(Note that [ B-da and [E - da are zero through this loop.)

Problem 7.60

(a) The continuity equation says % = —V.J. Here the right side is independent of ¢, so we can integrate:
p(t) = (=V-J)t+ constant. The “constant” may be a function of r—it’s only constant with respect to t. So,
putting in the r dependence explicitly, and noting that V-J = —p(r,0), p(r,t) = p(r,0)t + p(r,0). qed

(b) Suppose E = 47360 ‘Z”Q dr and B = Z—ﬁf% dr. We want to show that V-B = 0, VxB =

wod + uoeo%—]f; V:-E = %p, and VXE = —%—]?, provided that J is independent of .

d
(27s) = pol = polenc + ,uge()% /E -da. vV

4meg

We know from Ch. 2 that Coulomb’s law (E = 1 ’j;l’Q d7'> satisfies V-E = %p and VXE = 0. Since

B is constant (in time), the V-E and V XE equations are satisfied. From Chapter 5 (specifically, Egs. 5.47-
5.50) we know that the Biot-Savart law satisfies V-B = 0. It remains only to check VxB. The argument in
Sect. 5.3.2 carries through until the equation following Eq. 5.54, where I invoked V’-J = 0. In its place we
now put V'-J = —p:

p
VxB = 1ioJ — Z—O (3-9)-=5 dr  (Bds. 5.51-5.53)
ﬂ- A~
(-3-V') 25 (Eq. 5.54)
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Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is

B=puJ—— | —5(—p)dr = pod — | —=d = lod p— d
V X Lo 7r/ (=p)dt = o +”0€°8t{47re0 p pod + poco - qe

Problem 7.61

1 (=Ndz . Yy
(a) dE, = e 5— sin @ ?0/ dE
sm@—— 2 =22+ 52 2
/ Zdz B )\ |: 1 :| vt /5
T dre, | (2 + 52 )32 Ameq V22 + 52| e ] = z

1
b 47T60 Vvt —€)2 + 52 \/(vt)Q—&—sQ}'

(b)
A @ 1 1 A .
- R/@ {\/(vt—e)Q ¥ 52 B \/(vt)2 T s2 } 2rsds = %0 {\/(Ut_ €)?+ 52— \/(Ut)2 —&-52} ’0
- % [Vt =7+ a2 = /o) + @ = (e = vt) + (v1)].
€0
__dPp _|A v(vt —€) B v(vt) :
(¢) la = o= = 2{\/(vt—e)2+a2 \/(vt)2+a2+2}'

As e — 0, vt <ealso—0,s0 [; — %(21}) = A\v = I. With an infinitesimal gap we attribute the magnetic field
to displacement current, instead of real current, but we get the same answer. qed

Problem 7.62
¢/ I/ ! % /e
h/
: I

1 1 l
(a) Parallel-plate capacitor: E = —o; V = Eh = —Qh C= Q LN ot
€0 €0 wl \%4 h h

I I h h
(b) B=poK = po—; ®=Bhl =" p=p1=1=L"=|p=H0
w w w

w
(©) = (47 x 1077)(8.85 x 107'2) =| 1.112 x 1071752 /m? |

(Propagation speed 1/vLC = 1/,/foeo = 2.999 x 108 m/s = c.)

(d) D=0, E=D/e=c/e, so just replace €y by e¢; — —
H =K, B=puH = pK, so just replace pg by p. M v=1ep
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Problem 7.63

(a) J =0o(E + vxB); J finite, 0 = co = E + (vxB) = 0. Take the curl: VXE + Vx(vxB) = 0. But

Faraday’s law says VXE = —aa—]?. So 88—]? =Vx(vxB). qed

(b) V-B =0 = ¢ B-da =0 for any closed surface. Apply this at time (¢ + dt) to the surface consisting of
S, S, and R:

/ B(t+dt)-da+/ B(t+dt)-da7/B(t+dt)-da:O
’ R S

(the sign change in the third term comes from switching outward da to inward da).

d@://B(t+dt)-daf/SB(t)-da:/S B(t + dt) — B(?) -daf/RB(tert)-da

%—?dt (for infinitesimal dt)

dd = {/S %]?-da} dt — /RB(H—dt)-[(dZXV) dt] (Figure 7.13).

Since the second term is already first order in dt, we can replace B(¢ + dt) by B(t) (the distinction would be
second order):

d@:dt/ 8B-da—dt7{B-(dl><v):dt{/ (aB> -da—/VX(va)-da}.
S ot C~—~— S ot S

(vXB)-di
do 0B
cﬁ_/g[&f_vx<VXB) -da=0. qed

Problem 7.64
(a)

1
V.-E = (V- -E)cosa+c¢(V-B)sina = —p, cosa + cpgpm sin a
€0
1 : 1 [ L,
= —(pe cOsa + clig€opm sina) = —(pe cosa + —pp sina) = —pL. v
€0 €0 Cc €0

1 1
V-B' = (V:-B)cosa— =(V-E)sina = pgpm cosa — — p sin
c C€p

1
= po(pm cosa — Pesina) = pio(pm cos a — cpesina) = pop,. v
Clo€o
B E
VXxE = (VxE)cosa+c(V xB)sina = (qum — ?’)t) cosa + ¢ (uOJ@ +u060%t> sin o
0 1 OB’
= —po(Jm cosa — eI, sina) — pn (B cosa — cEsina) = —puoJ,, — B v

1 OE 1 0B
V xB' = (V xB)cosa — E(V x E)sina = (quE +’u0€0(’9t> cosa — — (—qum — at) sin o

/

1 0 OE
= po(Jecosa+ —J,, sina) + ﬂoe()a (Ecosa + cBsina) = poJ, + ,uoeoﬁ. v
c
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1
F =¢(E +vxB)+q,B — 2V X E)

1 1
= (qecosa—i—qmsina) {(Ecosa—&—cBSina)—i—vx <Bcosa— Esina)]
c c

1 1
+ (gm cos o — cqe sin «) [(B cos o — Esina> — Vv x (Ecosa+cB Sina)}
c c

= qe [(Ecos2 a + ¢Bsinacos o — ¢Bsin « cos o + E sin? a)

1 1
+v X (BCOSQOé — Z“Esinacosa + ~E sin a cos a + B sin? a)}
c c

1 1
+qm {(Esinacosa +Bsin?a + Bcos?a — Esinacosa>
c c
1. . 1.5 1 9 1.
+v x [ =Bsinacosa — S Esin®a — S Ecos”a — —Bsinacosa }
c c c ¢

1
= ¢ (E+v xB)+gn (B—CQVXE) =F. qed
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Chapter 8

Conservation Laws

Problem 8.1
Example 7.13.
oA,
" 2mep s 1 I 1
S=—(ExB)= )\2 — %

ﬂOIl R Ho 47 €0 S
B=—-
2m s

a

b
Al A
P=[S-da= [ 52 = —ds=-—1 :
/S da /S s ds S / . ds g n(b/a)
b

A 1 A
ButV:/E-dl: /fds: In(b/a), so
2meg s 2meg
Problem 7.62. -
E=—12
€0 1 I
S= —(ExB)= 23,
R ﬂOI R [1,0 EqW
B=pKx=——x%x
w
Ih
P:/S-da:Swh:U—, butV:/E- dl=Zh, so[P=1V.]
€0 €0
Problem 8.2
o Q It
E=—%0=—; Qt)=1It E(t)=| —= 2.
@WE=Ta 0= 25 Q) =1t = E()=| 3
oE Ins? tols
B2rs = ,U/()EOE/]TS = MOGOW = B(S,t) = Imal

¢
1 1 1 It \> 1 [pols\” 101>
em — 5 E2 732 = = E—— —_— = 2 2 2 .
(b) 2 (60 + ) 2 lGO (7‘(’60(12) * Lo (27ra2> 272a* [(ct)” + (5/2)°]

Ho
s:i(ExB):i It piols ) =|- P
140 1o \ Tega? 2ma? 2m2egat
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OUem wol? I*t I*t I*t OUem
= t=———; —-V.-S=_—"-V-(s§ = = v
ot 9m2ad <° m2egat’ 2m2egat (s8) m2egat ot
72 b I? 2 14700
(€) Uem = /uemw2ﬂ's ds = 27Tw2M7TOTa4/O [(ct)? 4 (5/2)%]sds = u?:;; [(ct)zs2 + 484} .
I%p? b? I*t Pwty?
= % [(Cﬁ)2 + 8} .| Over a surface at radius b: Py, = —/S ~da = Sr2eodd [bS§- (2mbw8)] = #.

dUem ,quIQb2 9 TI2wtb?
& 2t 2t = Teoad Py. v (Set b = a for total.)

Problem 8.3

The force is clearly in the z direction, so we need

1 1

[ -da), = T.,da, + T,, da, +T,,da, = — | B.B, da, + B.B, da, + B,B, da, — = B?da,

y 0y y Ay B
Ho

1 1
= — |B.(B-da —B2daz].
o ( )= 5

2 N 4
Now B = guoaRwZ (inside) and B = Zo:z (2cos @t + sinf ) (outside), where m = gwRB(UwR). (From
7

Eq. 5.70, Prob. 5.37, and Eq. 5.88.) We want a surface that encloses the entire upper hemisphere—say a
hemispherical cap just outside r = R plus the equatorial circular disk.

Hemisphere:
_ Hom (e . A\ | . Hom 20 n2g] — HOT 20 _
B, = PR [QCObH(r)Z—Fblna(@)z} ey [2cos” 0 — sin® 0] s (3cos®f —1).
da = R?sin0d0de®; B-da= f"; (2cos 0)R?sin 0 df d: da, = R?sin6df de cos6;
7
2 _ (MmN o gn2g) o (H0N? 2
B® = (47TR3) (4cos 0 + sin 9) = (47TR3) (3cos 9+1).
2
(‘T) -da), = x (foz;) [(3COS29 —-1) 2 cos OR? sin O df dop — % (3C0829+ 1) R?sin 6 cos 0 df dqﬁ}
Mo \AT
cwR\’ 1 9 . 9 9
= Lo 3 §R sin 0 cos 0 df d¢ (12008 0 — 4 — 3cos 9—1)
2\ 2
= % (Jng ) (9(:052975) sin @ cos 8 df d¢.
/2 /2
2\ 2 2\ 2
(Fhemi)z = % (UWSR > 271'/ (9(:0339—50089) sin @ df = pom (Ung ) [—2005494— gcos2 9}
0

- cwR? 2 0+9_§ _ hoT cwR? 2
= R\ T3 17 2) 7 1 3 '
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Disk:
2 R
B, = guoon; da=rdrdpe¢=—rdrdoz;

2 2 ?
B da = —guoaRwrdrd(b; B? = <3uoaRw> i da, = —rdrde.

@ 1 /2 ? 1 1 (2 ?
(T -da), = ™ guoon —rdrdo+ irdrdqﬁ :—% guoon rdr do.
R
2 2\ 2
(Faisk), = —2p0 <M3R> 27T/7”d7" = =27y <UW3R )
0

Total:

R*\® 1 R\’
F = —muo (Uw ) <2 + 4) Z=|—muo <0w2 > Z | (agrees with Prob. 5.44).

Alternatively, we could use a surface consisting of the entire equatorial plane, closing it with a hemispherical
surface “at infinity,” where (since the field is zero out there) the contribution is zero. We have already done
the integral over the disk; it remains to do rest of the integral over the plane, from R to co. On the plane,

fom s pom
6 =0, and (for r > R) B = o 0= ~ 3

1 1 1 /pom\2
- p? = Bda, = — - .
5 B: daz)} 20 da, o (47rr3> (—rdrdp)

The contribution from the rest of the plane is therefore

o0 2
1 /pom\2 o o (4, 2 1 Riow 1
Frcs z:_i(i) 2 dr — | = _— = — -
(Frest) 2p0 \ 4w 7T/R 5 167 SWR 7w 4rd R pom 3 4R*

_pom (qwR?®
4 3
This is the same as (Flemi)z, so—when added to (Fgisk).—it will yield the same total force as before.

Problem 8.4 24

(a) ‘
(? -da), =T,pday + Tyyday + T da,.

Z, SO

1
(T) . da)z = % l:Bz(Bz daz) -

But for the zy plane da, = da, = 0, and da, = ¢
—rdrd¢ (I'll calculate the force on the upper charge). a r\(é)
1
(T - da). = e (EE - 2E2> (=rdr dg). . N v
1
NOWEZRQ%COSQﬁ andcosG:/LL,soEZ: T/ J/

2
2 4q r’
0, £* = ( ) 3. Therefore

1 2 34 2 q
F, = ¢ el 277/ " 3 = el 7/ (letting u = 7?)
2 2meg (2 + a?) " 47en 2 u+ a2
0

0

2 1 2
a [0+—a}= N —

1 a?

¢ 1
o o T 3
(u+a?)  2(u+a?)

- 4meg 2

T drmeo 2 a®>  2a* 4meg (2a)?
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1
(b) Tn this case E = ———2—-sin#2, and sinf = —, so
dmeg 2 Y2
a \? 1 € a \? rdr do
E*=FE?= q 3, and hence (T) -da), = _Q (4 3. Therefore
2meq (r? + a?) 2 \2meg (r? + a?)
F=-2 27r/ AU —— T e 0+ 1| o|-2 L |,
i 2 27‘(60 (r2 + a2 dmeg | 4 (r2 4 a2)2 dmeq 4qt dmeq (2a)2°
0

Problem 8.5

g ~ ~ ~
(a)E:—az, B =—ppovk, g=e(ExB)=ypoo’vy, p:(dA)g:

(b) (i) There is a magnetic force, due to the (average) magnetic field at the upper plate:

F =q(uxB) =cA[(—u2) x (—ipoovk)] = Lpgo?Avuy,

I, = /th = %myﬂAv&/udt = Ldpoo® Avy.

[The velocity of the patch (of area A) is actually v+u =v§ — uZ, but the y component produces a magnetic
force in the z direction (a repulsion of the plates) which reduces their (electrical) attraction but does not deliver
(horizontal) momentum to the plates.]

(ii) Meanwhile, in the space immediately above the upper plate the magnetic field drops abruptly to
zero (as the plate moves past), inducing an electric field by Faraday’s law. The magnetic field in the vicinity
of the top plate (at d(t) = dop — ut) can be written, using Problem 1.46(b),

- 0B -
B(z,t) = —pgovb(d —2)%, = 5 = Moovu 0(d—2)%
In the analogy at the beginning of Section 7.2.2, the Faraday-induced electric field is just like the magnetostatic
field of a surface current K = —ogvux. Referring to Eq. 5.58, then,

E f%uoavuy, for z < d,
nd +%uoavu y, for z >d.

This induced electric field exerts a force on area A of the bottom plate, F = (—UA)(—%,LL()UUU ¥), and delivers
an impulse

I, = %poazAvy/udt = %,uOJQAvdy.

(I dropped the subscript on dy, reverting to the original notation: d is the initial separation of the plates.)

The total impulse is thus I = I + I, =| dAugo?v §, | matching the momentum initially stored in the fields,

from part (a). [I thank Michael Ligare for untangling this surprisingly subtle problem. Incidentally, there is
also “hidden momentum” in the original configuration. It is not relevant here; it is (relativistic) mechanical
momentum (see Example 12.13), and is delivered to the plates as they come together, so it does not affect the
overall conservation of momentum.]

Problem 8.6
(a) gem = €0(E X B) = €¢0EBY; Pem =|c0EBAdY.

(b)I:/OOOthz/ooof(le)dt:/ooode(zx&)dt:(de)/ooo( ‘Z?)
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= —(Bdy)[Q(c0) —Q(0)] = BQdy. But the original field was E = o/eg = Q/epA, so Q = egE'A, and hence

Problem 8.7
(a) E, = E, =0, E, = —0/¢y. Therefore

2 2
€0 12 o 2 2 €0 12 o
Toy=Tp, =Ty, =---=0;, Tpo=Tyy=—-"FE"=—; T,,= E; —7E = —F*=
Y Y vy 2 260 < ) 2 260
o2 -1 0 0
?:2— 0 -1 0
““\o0o 0 +1

(b) F = 7{? -da (S = 0, since B = 0); integrate over the xy plane: da = —dx dyZz (negative because

outward with respect to a surface enclosing the upper plate). Therefore

F 2
F, = /TZZ da, = A and the force per unit area is f = — = Y
A 260

(c) -T.. = is the momentum in the z direction crossing a surface perpendicular to z, per unit

area, per unit time.
(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is

0.2

f= _Teoz (same as (b)).

Problem 8.8
B = ponl z (for s < R; outside the solenoid B = 0). The force on a segment ds of spoke is

dF = T'dl x B = I'pgnl ds(8 x 2) = —1I' uonl ds .
The torque on the spoke is

R

- 1
N = /r x dF = I/Monl/sds(—é X @) = Fumﬂi (R* —a®) (-2).

a

1
Therefore the angular momentum of the cylinders is L = / Ndt = ~3 ponI(R%—a?) 2 / I'dt. But [ I'dt = Q,
S0

1
L= ——uonIQ(R* —a®)z| (in agreement with Eq. 8.34).

2
Problem 8.9 0 1 OB
_ 1 _ 0/
(a) Between the shells, E = pr— F, =¢(ExB) = i (T x 2).

/%[rx (# x 2)]r*sin O dr df dp = Ciﬁo /r[f‘x (T x z)]sin @ dr df do.
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Now & x (£ x2) =8(F-2) — 2(f - ) = fcosf = z, but L has to be along the z direction, so we pick off the z
component of #: [# x (¥ x 2)], = cos?f — 1 = —sin® 4.

2 2
LZ=~—QBf/raﬁdewd¢:-fi°2w/‘mnedo/)rmu_—QB°<4)<b “)::—éQBdw—a%.
0

4T 2 3 2

1
L= —gQBdﬁ-ﬁ)z

(b) The changing magnetic field induces an electric field (Example 7.7). Assuming symmetry about the z

dB -
axis, E = _gﬁ qb The force on a patch of area da is dF = Eo da, and the torque on this patch is dN = s x dF.

The net torque on the sphere at radius a is (using s = asin@8 and da = a®sin 6 df d¢):

2 2
Na:_< @ )(1dB )/szdaz Qi@z?w/sirf’@d@—@—a@ Z.

4ma? 2 dt 8 dt 3 dt
- Qv N @AB o g :
Similarly, Ny, = Td— , so the total torque is N = §E(b —a“) z, and the angular momentum delivered

to the spheres is

0
L:/Nﬁzgwf&n/fQﬁ:f%Wffw@./

Problem 8.10
(a)

0, (r<R) 2/10M 3, (r <R)
E= B = (Ex. 6.1)
1 Q. ’ Ho M
pr— =t (r>R) i {2cos¢9r+sm90} (r>R)
(where m = SxRIM); g = eo(B x B) = —C ™ (5 8)sin 0, and (¢ x 8) = &, so
3 ’ (4m)2 15 ’ ’
po M@ Ao 4
f=rx = WTT HG’(I‘ X ¢)
But (& x ¢) = —6, and only the z component will survive integration, so (since (6), = — sin 6):
Q in? 0 7 7 4 71 N\~ 1
yu “ SN 2 . . .. 3 _ . _ _
L= (a2 Z = (r smﬁdrdﬁdqﬁ). /d¢=27‘(‘, /sm 9d9—§, /ﬁdr— (_r> . =5
0 0 R

- () (1) - [
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z
(b) Apply Faraday’s law to the ring shown: 7
R
dd 2 dM
%E -dl = E(27T’I"blne) = —E = —7T(7“Sin9)2 (3//60dt>
_ P dM 0y d
= E= 3 dl (rsiné) ¢.
is dF — _ oo dM b (o=@
The force on a patch of surface (da) is dF = cEda = 3 0 (rsinf)da ¢ (0 = R )
dM N - N
The torque on the patch is dN = r x dF = —&;W (r?sin@) da (f x ¢). But (# x ¢) = —6, and we want
only the z component (8, = — sin 6):
dM
N = K7 5 [ 26in20 (7’2 sin9d9d¢) .
3 dt
iy 27

Here r = R; /sin39d0 =
0

/Lo(TdM,\ 4 4 2M0 QdM,\
;| dp=2 N=—-—"F7—- 5 2m) =] ——
,/(;5 T, SO T ZR <3 (2m) 9 R 5 &

[OUN I

0
2 2
= /th MOQRQA/dM— MOMQRQA (same as (a)).

9
M
t
(c) Let the charge on the sphere at time ¢t be ¢(t); the charge density is o = 4q(R)2' The charge below
7
(“south of”) the ring in the figure is
_ 2 a4 / q
qsfor(27rR)/s1n9 do —5(7(3089” 5(1+cos6)
0

. . . . 1dq

So the total current crossing the ring (flowing “north”) is I(t) = fid—(l + cos#), and hence
B I a1 dg(1+cosb)
K(t) = m( 0) = Rd  sno 6. The force on a patch of area da is dF = (K x B) da.
TR*M A1 M 5
Bive = [3 oM Z + 572 3 B (2cosft +sinf ) 5= Ho [2Z + 2cosO T + sin 6 0];
1 dgpoM (1+cost)  ~ . A a
KxB= RG 6 e [2(0 x Z) + 2cos B (0 x T)].
—é
M (d 1 3 60 N -
0N = Ri x ap = PoM (0} (1 cos0) o 005)  —cosd (F x &)R? sin0 b do
24w dt sin @ N——— ——
O -2)—z(F-0) -0
M (d A A M R?
= ,u1027r (Ji) (1+ cosB)R?[cos 0 6 + cos 0 0] df dop = MOGWR (dt) (14 cosf) cos 0 df do 6.
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2m

The z and y components integrate to zero; (é)z = —sin#, so (using /dd) =27):

0
poMR? MR? (dg\ (sin®0  cos®0\|"
N, = - HoM R 277/1+cos(9)cos€sm9d9——'uo It (dq S oo
67 d 3 \dt 2 3 ),
0

poMR? (dg\ (2\ _ 20, 0dq 200 , oo dyq

= =" (= - | =——MR . IN=——MR"— z.

3 (dt> <3 9 dt 9 dt ”

Therefore

0
2 2
/th ,uo RQ"/dq SOMR2QZ (same as (a)).

(I used the average field at the discontinuity—which is the correct thing to do—but in this case you'd get the
same answer using either the inside field or the outside field.)

I b?
Problem 8.11 The magnetic field of the upper loop is given by Eq. 5.41: B = M02 b CEYIEE z. (I put the
origin at the center of the upper loop, with the z axis pointing up, so z = —h at the location of the lower loop.)

Treat the lower loop as a magnetic dipole, with moment m = I,ma? z. The force on m is given by Eq. 6.3:

B . B o tolp b2 poma’b*I, 1, O 2 -3/2
F=Vm-B)=V (Lﬂra 5 (b2—|—z2)3/2> = 5 5 (v* + 2?) Z

212 272
poma b 1,1y 3 9 o\ —5/2 . 3w a“b*h .
= f <2 (b + z ) (22’) z = 7#0[albm Z. v

Problem 8.12 Following the method of Section 7.2.4 (leading up to Eq. 7.30), the power delivered to the two
loops is
aw
dt

(where these are the changing values as the currents are turned on, not the final values). Now

=—-E 1o — &I

- dI dIb dIb dIa
ba=—La gy a0 o= gy —Mas
SO
AW dI, dI, dI, d,\ d ,
— (let Mldt>+<Lblbd +M1bdt) dt( LoI? +2LbIb+MIIb)

The total work done, then, to increase the currents from zero to their final values, is

1 1
W= 5Lalg + §Lb1b2 + MI,I,. qed

Problem 8.13
4 , 1
(a)é’:—a; ® =ma’B; B = pynly; £€=1.R. So ITZ_E(

dl
2 s
HoTa n) T
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o I 1 1. I, 2
(b) %E ~dl = —(ii—t = E(27a) = —poma® nd— =E= uoand— ¢. B= Fo b z (Eq. 5.41).

dt dt 2 (12422
1 1 dI, I, b2 - 1 dI, b2
S— LExp)= L toan o (b x2)=|—-pol, Ls 20" g
o 1o 2 dt 2 B2+ 22)3/2 4 dt (2 + 22)3/2
Power:
- 7 1, dl [ 1
—o0 —00

The integral is

z 1 2
el (7))
dlI,
( 2 dt) = (RI)I, = I,’R. qed

Problem 8.14 The fields are zero for s < a and s > b; between the cylinders,

E-_t s potolyg
2 s

2meg s
where I = \v.
(a) From Eq. 8.5:

1 1 1 1 \? A2 1 /pg\2 A202 22 1
= (eE?+ —B%) =~ - (—) 1
4= <€0 * o ) 2 leo (27r60) 52 - o \2m 52 87T26 (1+ €opov )s

Writing epuo = 1/c?, and integrating over the volume between the cylinders:

w A2 A2
— —2msds = 1 In(b
¢~ 8% < 02)/ oS = 4reg < * ) n(b/a)-

A podv\ . potv
=c(ExB) =< <27T€08) ( 27s > 2T s ?

p _ oA 1 foA*v R
= / 2rsds = o In(b/a)z

(b) From Eq. 8.29:

(¢) From Eq. 8.10:

1 1 9 dW /LQ)\QCQ’U R
- - - o = . el |
S 0(E><B) « Og c'g 7 /S da 5 n(b/a)z

Problem 8.15 ) NI .
(a) The fields are E = T3 B=1Lo

r, (for points inside the toroid—see Eq. 5.60).
4dmeg 12 21 s

q  poNI . po qNI
=¢(ExB) =
& = <ol ) 6047reoa2 oma o 812 a3
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(Note that inside the toroid r =~ a§ and s = a.)

Ho qNIwh
Z
At a?

po gNIT
872 a3

2) (2raun) -

(b) The changing magnetic field induces an electric field, as given by Problem 7.19 (with z = 0):
E =

1
~1 2N hw a Z. The impulse delivered to ¢ is therefore
Ta

I:/th:/qutz—
Problem 8.16

According to Egs. 3.104, 4.14, 5.89, and 6.16, the fields are

T
i/d—dt M4 Nhwrz.| v
dt

4ma?

1 2
7£P’ (r <R), gMoM, (r < R),
E = B =
1 1 Ho ™M A\ A
- = B E HOT o  #) # — R
dmeg 3 [3(p-T)f —p, (r> FR), 47rr3[ (m-£)f —m], (r>R),

where p = (4/3)7R*P, and m = (4/3)7R*M. Now p = ¢ [(E x B)dr, and there are two contributions, one
from inside the sphere and one from outside.
Inside:

1 2 2 2 ]
Pin = eo/ <P> X <3H0M> dr = *g,uo(P X M)/dT = fg,uo(P X M) 7rR‘3 287,u07rR‘3(M x P).

360
Outside: . .
Pou = €0 2 B 9)F—pl x [3(m-)§ —ml} dr.
Now X (pxm) = p(f-m)—m(#-p), so F x [ x (pxm)] = (F-m)(F xp)— (£ p)(F x m), whereas using the BAC-
CAB rule directly gives £ x [ x (pxm)] = #[f- (pxm)]—(pxm)(#-F). So {[3(p-T) T — p] X [Bm-F)f—m]} =
—3(p-F)(Fxm)+3(m-F)(Fxp)+(pxm) = 3{F[F - (p x m)] — (p X m)}+(pxm) = —2(pxm)+3¢[F (pxm)]

1
Pout = 15;2 /T—G {—2(p x m) + 3#[# - (p x m)]} 72 sin O dr df d.
To evaluate the integral, set the z axis along (p x m); then - (p x m) = |p X m|cosf. Meanwhile, ¥ =

sin @ cos ¢ X +sin fsin ¢ y + cos 6 Z. But sin ¢ and cos ¢ integrate to zero, so the X and ¥ terms drop out, leaving

Pout = il / id?" (pxm)/sin9d9d¢+3\p><m|2/0052051n9d9d¢
1672 \ J, 4

_ o ( 1)‘”
1672\ 3% )|,

_ ko (4 s 4 e L Ao o3
- - (37TR P) x (SWR M) = Z2R(M x P).

{—Q(p x m)dmr + 3(p x m)4§] = —

8 4
ot = [ — RPM x P —uoR?(M x P).
Ptot (27 27) poR°(M x P) = QNO (M x P)
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Problem 8.17
(a) From Eq. 5.70 and Prob. 5.37,

e .
AT R2?’

2
r<R: E=0, B=§u00Rwi, with o =
N 4
(2cos 0t +sinf 0), with m = §7T0'wR4.

1 e . Mo ™M
3

>R: E= —f B="—
" 47regr2r 4y

The energy stored in the electric field is (Ex. 2.9):

1 e
Wg = —.
B 87T€0 R
The energy density of the internal magnetic field is:
1 1 /2 e 2 pow?e? pow?e? 4 poe’w?R
= B2= _— (2R = Wg = SaRi =07
“B = o 20 (3“0 “’47732) 7om2R? 0V Bn T o2 37 547

The energy density in the external magnetic field is:
e2w?R g 1

2
WT‘G (SCOS 9+1>, SO

1 pg m? 2 .2
u32%167r2r—6(4cos 0 + sin 9) =

™ 2

2 2pa 2 214 2 2

poe“w R 1, / 9 . / poe“w R 1 toe“w*R

W (18)(16)%2/r6r dr | (3cos®6+1)sinfdf [ do (18)(16)72 \ 312 (4)(2m) 08
R 0 0

W = Wa,, + Wi, = %(2 +1) = %; W =Wg+Wg = 8736032 “0226‘;23
(b) Same as Prob. 8.10(a), with @ — e and m — %ewRQ: L= Mof;:R Z.
© ,gf Wit = g = wht= 3:; N (47r(2)§7(;)(71).(015.6>(<) 10;))4)19)2 =[928 <10 mys |
R (2.10 x 10%)(1.6 x 10719)2 _ ’ 505 % 10-11 m;‘ w— % _ ’ 313 x 102 rad/s.‘

~ 8m(8.85 x 10-12)(9.11 x 10-31)(3 x 108)2
Since wR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is clearly
unrealistic.

Problem 8.18
Maxwell’s equations with magnetic charge (Eq. 7.44):

1 0B

(i) V-E= —p,, (iii) VX E=—poJy, — —,
€0 8t

.. . OE
(ii)) VB = popm, (iv) VXB:NOJe"'/LOEOE'
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The Lorentz force law becomes (Eq. 8.44)
1
F=¢(E+vxB)+gn (B—QVXE>.
c
Following the argument in Section 8.1.2:
1
F-dl=|g.(E4+vXxB)+qgpn (B— 62VXE>:| -vdt = (¢.E + qnB) - vdt,

aw

(which generalizes Eq. 8.6). Use (iii) and (iv) to eliminate J. and J,,:

1 JE 1 1 0B
EJ.+B-J,))=—E- (VXxB)—¢gE-— - —B: (VXE)— —B . —,
( )uo()oatuo()uoat
but V- (ExB)=B:-(VXE)-E-(V xB), so
1 10 1
E-J.+B.-J,)=——V - (ExB)— -— (¢FE*+ —B?
(B3 4B:3,) =~V @xB) - 3 7 (b + )
(generalizing Eq. 8.8). Thus
aw d 1 1 1
— =—— [ = |eE*+ —B?|dr— — ¢(ExB)-d
dt dt/2(€o t e >T o fE B da
which is identical to Eq. 8.9. Evidently Poynting’s theorem is unchanged(!), and
1 1 1
u:(eoE2+B2)7 S = —(E x B),
2 Ho Ho
the same as before.
To construct the stress tensor we begin with the generalization of Eq. 8.13:
1
F:/ {(E—kva)pe—F (B—2VXE> pm} dr.
c
The force per unit volume (Eq. 8.14) becomes
1
f = (p.E+J.xB)+ (me — C—QJm X E)
1 OE 1 1 1 0B
= ¢(V-E)E + <V XB—€0> x B+ —(V-B)B — e <—V x E — ) x E
Ho ot Ho Ho po Ot
1 0
= ¢[(V-E)E-Ex (V xE)]+u—[(V-B)B—B X (V xB)] — €5 (B x B)
0
1 9 1 1 9 0
=« [(V-E)E-  V(E) + (E-V)E| + o (V-B)B - V(B + (B V)B| — . (E xB).
0
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This is identical to Eq. 8.16, so the stress tensor is the same as before:
1 9 1 1 9
Tij =€ EiEj — *57;]‘E + — BiBj — *5”'3 .
2 12%) 2

Likewise, Eq. 8.20 is still valid. In fact, this argument is more straightforward when you include magnetic
charge, since you don’t need artificially to insert the (V - B)B term (after Eq. 8.15).

The electromagnetic momentum density (Eq. 8.29) also stays the same, since the argument in Section 8.2.3
is formulated entirely in terms of the fields:

g =co(E x B).|
Problem 8.19 P
ge T r
E= —;
dmeg r3’ Im)
— Hodm L/ _ Hodm (I‘ - di) d r
4 13 A (r2 4+ d? — 2rdcos0)3/2° g
de x
Momentum density (Eq. 8.32):
Hoqedm (—d)(I’ X i)

g=¢(ExB .
ol )= (4m)% 13 (r2 4 42 — 2rd cos 9)3/2

Angular momentum density (Eq. 8.33):

109eqmd rx(rxz)
(47)% 3 (r2 4+ @2 — 2rd cos 9)3/2

27 =r%cosft —r’z.

L=(rxg)=— Butrx (rxz)=r(r-z)—r

The x and y components will integrate to zero; using (), = cosf, we have:

e md 2 29_1
L — _Hoded 2/ 5 r’(cos ) r?sin@drdfdo. Let u= cosf :
r

(4)? r2 + d? — 2rd cos 9)3/2
1 oo
1 2
= Moqeqm z // - ) 3/2 dudr.
S (r2 + d2 2rdu)

Do the r integral first:

oo

/ rdr B (ru—d) < u n d _ut1l 1
J (r2 4+ d2 — 2rdu)®?  d(1 —u2)Vr? +d? = 2rdul,

S d(1-w?)  d(l—ut)d d(l—-wu?)  d(l—u)

Then

2 1

1 1
nd 1 1_ 2 iee et
L, — Hodedm Zg/( u)du:ﬂOQeQmZ/(1+u)du:HOQeqzi(u_|_1;> Hodedm
1 —

47

-1

8m (1—w) 8w 8
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Problem 8.20

peO/V(ExB)dTeo/V(VV)XBdTeo/v[Vx(VB)VVXB]dT

1
:EO%VBXda+eou0/VJdT:—2/VJdT.
S v " Jy

(I used Problem 1.61(b) in the penultimate step. Here V is all of space, and S is its surface at infinity, where
B = 0, so the surface integral vanishes.) Using V(r) ~ V(0) + (VV)-r=V(0) — E(0) - r,

p— C%V(O)/Jdr - C%/[E(O) 3 dr.
For a current loop, [Jdr — [Idl =1 [dl =0, and (Eq. 1.108):
/[E(O) I dr — /[E(O) rjTdl = I/[E(O) -r]dl = Ta x E(0) = m x E.

So

p:—ciz(me). v

Problem 8.21
(a) The rotating shell at radius b produces a solenoidal magnetic field:

B = 9K 2z, where K = opwpb, and op = —i So B =

2mbl’ 2ml

_Hon@ Z (a<s<b).

(Note that if angular velocity is defined with respect to the z axis, then wj is a negative number.) The shell at
a also produces a magnetic field (pow,Q/27l) Z, in the region s < a, so the total field inside the inner shell is

B= %(ua —wp) 2, (s <a).
Meanwhile, the electric field is
1 X, Q .

= —S = — S
2meqy S 2megls

gzeo(ExB)zeo( Q >(—u0wa)(§x2):uowa2$~ E:rxg:uowa2(rxq3).

2megls 2l 4225 7 4m2]2s

(a <s<b).

Nowr X ¢ =(s§+22) X ¢ =sz— z8§, and the § term integrates to zero, so

_ fowy@Q? dr — fiowy Q?

5 powp@Q*(b* — a®) 5
472]2 T 4w2)2 '

47l

m(b* —a®)lz =

(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by

dd 1 do -
E27rs = r =E= _%Ed)’ and in the region a < s < b
po@ 2 poQuwy 2 2 po@Q 2 2 1 po@ 9 dwq odwy\ 2
d=""(w, — — — = — (wqa” — ; EB(s) = ———+ — —5T— .
ol (Wa mwn) et = ST (57— ) = S (wad® —wns)s Bls) = —5 o (0t g ) @

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



182 CHAPTER 8. CONSERVATION LAWS

In particular,

poQa ((dw,  dwp\ 5 poQ [ pdwg  odwp 4
E(a) = — _ B = — 1% _ppden g
(@) == ( at  dt ) ¢ and BO) = - (a7~ ) @

The torque on a shell is N =r x ¢E = ¢gsF Z, so

poQa\ (dws, dwy . / > f0Q*a® .
N, = Qa(— ~ ) g Lo= [ Nedt=-— o —wp) 2.
Qa( Anl ) ( at  dt > z o dr (Wa ) 2

,UOQ zdwa zdwb ~ /OO N0Q2 2 2 L
Ny, = -Qb| ——— —b*— ;o Ly = N, dt = w— b .
=0 ( 47rlb> <“ dt at )= T, Jnp (@ e =) 2
2 2
Liot = Lo+ Ly = szl (azwa — b2wp — a’w, + a2wb) zZ = —Nogrlwb (b2 — az) Z.

Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum
in the fields (a). v/

Problem 8.22

2
B=ypnlz (s<R); E= 4:€0F7where 2 =(x—a,y,z).

1 . nl . -
8= a®x B) = alund) (1) 500 x2) = M0 yx - (0 - 03]

Linear Momentum.

I o e
p = / gdr = m)f: / - EZ)Q fy‘l i);]g 73 dz dydz. The % term is odd in y; it integrates to zero.

pognd (v —a) .
= — drdydz. Do th t 1 first :
= y/[(x—a)2+y2+z2]3/2 T dy dz o the z integral firs

(@ =P +yV =P+ + 2

oo

B 2
e @ —a)2 2]

Hoanl o (z —a) . .
- dxdy. Switch to pol dinates :
2 Y / (z —a)? + y?] vy witch 1o polar coordinates

r=scosp, y=ssing, drdy = sdsde; [(x — a)® +y?] = s* + a® — 2sa cos ¢.
wognlI (scos¢ —a)
_ v (

N 27 s2 4+ a? — 2sa cos @)

sdsde

Now /2” cosgdgp _ 2m (1 A ) _ /2“ o _  or
o (A+Bcos¢) B vA2—B2)’ ), (A+Bcos¢) JA2Z_— B2
Here A? — B? = (s° 4+ a?)? — 45%a® = s* + 25%a® + a* — 45%a® = (5* — a?)%; VA2 — B2 =42 — §%.

wognl / 1 a’ + s° n 242 d wognl /R d pognIR?
= — sds = sds =|———7¥.
2a Y a? — s? (a? — s?2) Y 0 Y

a 2a
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Angular Momentum.

_ fognl _ pognl
4ra 3 4 3
The X and ¥ terms are odd in z, and integrate to zero, so

__pognd v +y* —aa
_ e Z / [(m — a)g ¥ y2 i 22]3/2

_ pogqnd 2?2 +y? —za

-t (@ =)+ ]

L=rxg rx[yXx—(z—a)y] {z(z —a)&+ 2y9 — [2(z — a) + y*] 2} .

dx dydz. The z integral is the same as before.

wogqnl / $— acoso
- Z
(

2
dsd
27 32+a2—25acos¢)8 sd¢

drdy =

— S

52 a? + s g2 g2
= —poqnl z / {22—1— (1— 5 2)} sds = —uoqnli/ ——— sds = | zero.
a®—s a®—s 0o a

Problem 8.23
(a) If we’re only interested in the work done on free charges and currents, Eq. 8.6 becomes
d D D
d—vf = /V(E~Jf)d7'. ButJ; =V xH - aa—t (Eq. 7.56), so E-J; =E-(V x H)fEaa—t From product
B
rule#6,V«(EXH):H~(V><E)7E~(VxH),whilerE:faa—t,so
0B 0B oD

E~(V><H):—H~§—V-(EXH).ThereforeE-Jf:—H-E—E~§—V-(EXH),andhence

dW oD 0B

This is Poynting’s theorem for the fields in matter. Evidently the Poynting vector, representing the power per

unit area transported by the fields, is S = E x H, and the rate of change of the electromagnetic energy density
Ouem _ @ 0D (0 OB
o ot ot

1
For linear media, D = ¢E and H = —B, with ¢ and u constant (in time); then
1

Dt OE 1_ 0B 1 0 10
g Zylg B L0 g L9 B
a - F o B e T BBt 5B B

B
5 (B-D+B-H),

DN | =

S0 Uem = 3(E-D+B-H). qed
(b) If we're only interested in the force on free charges and currents, Eq. 8.13 becomes f = pyE 4+ J; x B.

Butpf:V~D,ande:V><H—??,sof:E(V-D)—&—(VXH)xB—(%?) x B. Now
0 oD 0B 0B oD 0

hence f = E(V-D)-Dx (VXE)-Bx (VxH) - %(D x B). As before, we can with impunity add the
term H(V - B), so

f:{[E(V-D)—Dx(VxE)]+[H(V-B)—Bx(VxH)]}—%(DxB).

The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8.19), and the last
term is (minus) the rate of change of the momentum density, g =D x B.
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Problem 8.24 .
(a) Initially, the disk will rise like a helicopter. The force on one charge (velocity v =wR ¢ + v, 2) is

8 ¢ 2
F,=q(vxB)=qgk| 0 wR v, :qk(Zszé—RvZ¢+wR22).
—-R 0 2z

The net force on all the charges is

n
F:;Fi:nqu2w2:MCj;§2; ﬁ:(nq]]\}RQ)w 1]
The net torque on the disk is
; s A 2, 5 dw
N = ;(ri x Fy) =n(R8) x (~qkRv. §) = —nqkR*v. 2 =112
where I is the moment of inertia of the disk. So
B dt’ 2]

dw (nquz) dz

dt I dt

Differentiate [2], and combine with [1]:

d?z I d?w nqgkR? d?w _ ngkR?
pr i W e i w = ﬁ:aw, where |a = .

The solution (with initial angular velocity wo and initial angular acceleration 0) is

’w(t) = wyp cos at. ‘

%77 I dfwi I ot — /i. "
i 7nqk:R2 T 7nqk‘R2 woa sin at = wyg Msma.

I [t wo | I
) =woy/— [ sinatdt=|-"y/=— (1—cosat).
z(t) = wo /Osma . (1 — cosat)

[The problem is a little cleaner if you make the disk massless, and assign a mass m to each of the charges.
Then M — nm and I — nmR?, so a = gkR/m and z(t) — (woR/a)(1 — cos at).]
(b) The disk rises and falls harmonically, as its rotation slows down and speeds up. The total energy is

Meanwhile,

1 1 1 1 1 1 1
E = inf + 5[@)2 = ingM sin® at + ifwg cos® at = ilcug(sin2 at + cos? at) = ilwg,
which is constant (and equal to the initial energy). [Of course, if you didn’t notice that the rotation rate is
changing, you might think the magnetic force is doing work, as the disk oscillates up and down.]
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Chapter 9

Electromagnetic Waves

Problem 9.1
2 2 2 2
% = —2A4b(z — vt)e PGV, % = —24b [e_b(z_”t) — 2b(z — vt)2e b0 } ;
2 2 2 2
% = 24bv(z — vt)e bEV aa ho_ = 2Abv { e ETUDT 4 oby(z — wt)2e b= } = ’UQ% J;l. v
z
2
% = Abcos[b(z — vt)]; 66];2 = —Ab?sin[b(z — vt)];
z z
of 9% f . 0%f,
87152 = —Abvcos[b(z — vt)]; 81522 = —Ab*v?sin[b(z — vt)] = v? 8222' v
Ofs  —2Ab(z —vt) D?fs —2Ab 8AV?(z —vt)?
0z [blz—vt)2+1]2" 922 [b(z—vt)2+1]2  [b(z —vt)2 + 13’
Ofs _ 2Abv(z —wt) D?fs —2Abv? L+ 8AV? V% (z — vt)? .2 0% f3 v
ot [b(z—wt)2+1]2" 92 [b(z—vt)2+1]2 " [b(z—vt)2+1]3 922
af4 2 _—b(bz*+ut) 82f4 2 | —b(bz?4vt) 2.2 —b(bz?4ut)
E:—QAbze '—:—2Ab e —2b°z% };
af4 _ —b(bz2+ut). o f4 2,2 7b(bz +ut) 2a f4
% = —Abve v = Ab“v #wv 5
2
% = Abcos(bz) cos(but)?; 882];5 = — Ab? sin(bz) cos(bvt)?; % = —3Ab303% sin(bz) sin(bvt)?;
Pfs _ 3,3, . 3 6,64 ‘ 5, 205
52 = —6Ab° v t sin(bz) sin(bvt)” — 9AbL°v°t" sin(bz) cos(but)® # v 5.2
z
Problem 9.2
2
g—f = Ak cos(kz) cos(kut); % = —Ak?sin(kz) cos(kvt);
z z
2 2
g—{ = —Akvsin(kz) sin(kvt); 27‘2/: = —Ak*v? sin(kz) cos(kvt) = 02%. v

Use the trig identity sin acos 8 = [sin(a + 3) + sin(a — 3)] to write

f= g {sin[k(z + vt)] + sin[k(z — vt)]},
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186 CHAPTER 9. ELECTROMAGNETIC WAVES

which is of the form 9.6, with g = (4/2)sin[k(z — vt)] and h = (A/2) sin[k(z + vt)].
Problem 9.3
(A3)? = (A3€™) (Age™ ™) = (A€ + Ape™®) (Are ™" + Age™™2)
= (A1)? + (A2)? + A1 Ay (e e7™2 4 e71e02) = (A1)% + (A2)* + A1 A2 cos(81 — 62);

As = | V(A2 + (A2)2 + 24, A5 cos(d; — 0a).

Age’® = As(cosds +isinds) = Aj(cosdy + isind;) 4+ Aa(cosdy + isin dy)
Ag sin 53 o A1 sin 51 + A2 sin (52 .
Ascosds  Ajcosdy + Ascosdy’

= (A1 cosdy + Az cosdy) +i(Agsindy + Agsindsg).  tands =

5 — tan_l Al sin 51 + A2 sin (52
3 Ajcosdy + Agcosdy )

Problem 9.4 o2 o2
1
The wave equation (Eq. 9.2) says 8—{ = —28—5 Look for solutions of the form f(z,t) = Z(2)T'(t). Plug
z v
d*Z 1 _d*T 1d*Z 1 d’T
this in: T— = —Z——-. Divide by ZT : = The left side depends only on z, and the

dz2 027 a2 Z dz2 T dt?’
right side only on ¢, so both must be constant. Call the constant —k?2.

d*Z , ,
i ~k2Z = Z(z) = Ae'** 4 Be7i*z,
d2T 2 ikvt —ikvt
preai —(kv)*T = T(t) = Ce™™" + De .

(Note that k must be real, else Z and T blow up; with no loss of generality we can assume k is positive.)
f(Z,t) — (Aeikz + Be—ikz) (Ceikvt + De—ikvt) — Alei(kz—i-kvt) + Agei(kz—kvt) + Agei(—kz—i-kvt) + A4ei(—kz—kvt).
The general linear combination of separable solutions is therefore

f(Z,t) :/ [Al(k,)ei(kz-i-wt) +A2<k)ei(kz—wt) +A3(k>ei(—kz+wt) +A4(k)€i(_kz_wt)} dk,
0

where w = kv. But we can combine the third term with the first, by allowing & to run negative (w = |k|v
remains positive); likewise the second and the fourth:

oo
Fat) = / [y (k)= 1 Ay (R)ei =0 b

—00
Because (in the end) we shall only want the the real part of f, it suffices to keep only one of these terms (since
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either
would do). Specifically,

Re(f) = / [Re(Ay) cos(kz + wt) — Im(A;) sin(kz + wt) + Re(Az) cos(kz — wt) — Im(As) sin(kz — wt)] dk.
The first term, cos(kz + wt) = cos(—kz — wt), combines with the third, cos(kz — wt), since the negative k is
picked up in the other half of the range of integration, and the second, sin(kz+wt) = — sin(—kz —wt), combines
with the fourth for the same reason. So the general solution, for our purposes, can be written in the form

fzt) = / A(k)e!**=“t) 4k qed (the tilde’s remind us that we want the real part).

— 00
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Problem 9.5 P 1 9ar Oh 1 ohw 8 19
. g1 g1 R R_Ogr gr
Equation 9.26 = gr(—vit) + hg(vit) = gr(—vat). Now —+ = —— =1, 0 = = 208, 20—~ 220
quation gr(—vit) + hr(vit) = gr(—vat). Now Oz v, Ot Oz v, Ot ' 0z vy Ot
. 1 dgr(—wv1t) 1 Ohg(vit) 1 9gr(—vat) U1
Equat 2 S A T A S S A R S AN —vuit) — h t) = —gr(—vat
quation 9.27 = o 57 + AT - 5 gr(—vit) — hr(vit) UQQT( vat) + K

(where k is a constant).
21}2
V1 + V2

Adding these equations, we get 2g;(—v1t) = <1 + Ul) gr(—vat)+k, or gr(—uvat) = < > gr(—v1t)+x'
Vo

b2 ). Now gr(z,t), gr(z,t), and hgr(z,t) are each functions of a single variable u (in the

V1 + vg
first case u = z — v1t, in the second u = z — vat, and in the third u = z + v1t). Thus

gr(u) = < >g;(1}1u/02) + K.

(where ' = —k

2’02
v1 + V2

Multiplying the first equation by vy /ve and subtracting, <1 — Ul) gr(—vit) — <1 + Ul) hr(vit) = Kk =
U2 U2

ha(vit) = <"’2 — ”1> gr(—vit) — & < 2 > or | hp(u) = (”2 _ ”1> gr(—u) + #'.

v1 + V2 v1 + V2 V1 + V2

[The notation is tricky, so here’s an example: for a sinusoidal wave,
gr = Ajcos(kiz —wt) = Ajcoslki(z —vit)] = gr(u) = Ajcos(kiu).
gr = Arcos(kaz —wt) = Arcoslka(z —vot)] = gr(u) = Ar cos(kau).
hr = Agrcos(—ki1z —wt) = Agcos[—ki(z + v1t)] = hr(u) = Ag cos(—kiu).

2’[)2 AR - Vo — U1

U1 —‘y—’l)g7 Ag a U1 + Vg

A
Here x’ = 0, and the boundary conditions say /TT =
I

(consistent with Eq. 9.24).]

(same as Eq. 9.32), and %kl =ko

Problem 9.6
. . af of 0*f
(a) Tsinf, —Tsinf_ =ma=|T (82 . ~ % 0_) =moy .
~ ~ ~ _— o ~ 9 % p ~ imw?\ -
(b) A[ + AR = AT; T[ZkQAT — ’Lk‘l(A] — AR)] = m(—w AT); or kl(AI - AR) = k2 - T AT-
Multiply first equation by &1 and add: 2y A; = (ks + ks — i7" ) Ag, or Ag — 2k1 A
ply q y K1 ek A =R 2 T T T = k1 + ko — imw? /T I
~ ~ ~ 2]€1 — (k’l + kz — meQ/T) ~ kl — ]{32 + imw2/T ~
Ar=Ar — A; = A= .
R T ! k1 + ko — imw?/T ! k1 + ko — imw?/T !
. 92 .
If the second string is massless, so va = /T/p2 = 00, then ko/k; = 0, and we have Ay = (1—15) A,
. 1+46Y\ « mw?  m(kiv1)?  mky T k1 1446 , .
Ap = —=E ) 47, wh = = = — =m—.|N = Ae'? h
R (11’5) 1, where 3 T T T Ml,or I6] mlul ow 145 e'?, wit

o (14BN [(1—iB\ _ - 6 (1+iB3)? 1428 - B2
A‘(liﬁ)(1+w>‘1:”4_l’wde O R

) ) , ) 2
tan ¢ = 1_7%2 Thus Ape®? = ¢'? A;e® = dp =067 +tan™! (1_%2) .
2 . 2 2 4 2
imilarl = Ae'? = A% = = A= —.
simibey (255) = e = 1= (25) () - o 2 4= 7
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. 2(1 + i) 2(1 +1iB) s 9
Ae'? = - — = = tan¢ = B. So ApelT = ———¢'? 41
- grig)  Qrp)  meTf Sodret = Ot
2 —1
AT—\/TWA[, ’5T—6[+tan ﬁ‘
Problem 9.7
*f of > *f _ 0*f  of
(a) F = TWAZ—’}/EAZ—MAZﬁ7OI' Ta— H oz +78t
(b) Let f(z,t) = F'(2)e”™"; then Te_“"t% = p(—w?)Fe ™ 4 y(—iw)Fe ™! =
ﬁ——( +iy)F PE__fep i = Z(uw+iv). Solution : F(z) = Ae'h* 4 Be*
F uiuw mME, -5 = ,Were~_Tuw z~7. olution : z—we e,
Resolve k into its real and imaginary parts: k = k + ix = k* = k* — k% + 2ikx = T(/,Lw +i7).
wy WY 2 a2 (W) 1 pw? 4 120 2 9
2kk = T = K=o k" —r"=k (2T> 7= pior E* — k*(pw/T) — (wy/2T)" =0 =

1
k* = 5 [(/,sz/T )+ (uw?/T)2 + 4(w7/2T)2] = % {1 +v1+ (*y/,uw)Q}. But k is real, so k? is positive, so

. . _ ﬂ 2 _ w7 — ’y \/72 _1/
we need the plus sign: k w1/2T\/1+ 1+ (v/pw)?. & WT ~ JaTh [1+ 1+ (v/pw) ]

Plugging this in, F' = Ae'(F+i)z 4 Be=ilk+in)z — fge=rzcihz 4 BekZe=ik2 Byt the B term gives an expo-
nentially increasing function, which we don’t want (I assume the waves are propagating in the +z direction),

so B = 0, and the solution is f(z7 t) = Ae=r#gilkz—wt) (The actual displacement of the string is the real part

of this, of course.)
(¢) The wave is attenuated by the factor e

1 V2T
g = = 7'”\/1 + 1/ 1+ (v/pw)?; | this is the characteristic penetration depth.
Y

K

~"# which becomes 1/e when

_ ki —k—ir\ -~
(d) This is the same as before, except that ko — k + ik. From Eq. 9.29, Ar = 17%; Ar;
ki+k+ik

Ar\® _ (ki—k—ik\ (ki —k+ir) (k1 —k)?+ K2 [k — k)2 + K2
Ar ) \ki+k+in) \ki+k—ir) (ki+kZ+r2 |7F \ (ki +k)2+r2
(where k1 = w/v1 = wy/p1/T, while k and x are defined in part b). Meanwhile
(kl—k—’ilﬁl> _ (kl—k—lli)(k1+k+1/€) . (k1)2_k2_/<;2_2i/€k1 = §R:tan71 ((k )—2]€1I€ )
1

I

ki +k+ir (k1 + k)2 + K2 N (k1 + k)2 + K2 — k2 — K2

Problem 9.8
(a) £,(z,t) = Acos(kz — wt) X; fr(2,t) = Acos(kz —wt +90°)y = ::.- AE 650
—Asin(kz—wt)§. Since f2+ f7 = A?, the vector sum f = f,+f}, lies at t=Tloy, A~ {
on a circle of radius A. At timet =0, f = Acos(kz) X—Asin(kz)§. /
At time ¢ = 7/2w, £ = Acos(kz —90°) % — Asin(kz — 90°)§ = y \
Asin(kz) % + Acos(kz)y. Evidently it circles ’ counterclockwise ‘ el
To make a wave circling the other way, use §, = —90°.
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aT

(b)

AT LT
N ¢

y
(c) Shake it around in a circle, instead of up and down.
Problem 9.9

w o o . w ~ & A
— x)~(mx—|—yy+zz):——x;k><n=—x><z:y.
c

() |k = -

% i = 2. k~r:(—

w
C Cc

E
E(z,t) = Eycos (%x + wt) z; B(x,t) = To oS (%x + wt) y.

: R

(a) (b)

(b) |k = s <w> ; = =z (Since 1 is parallel to the z z plane, it must have the form a X+ 3 Z;

c V3 V2
since fi - k = 0, 3 = —a; and since it is a unit vector, a = 1//2.)
Xy Z
Kor— 2 (R4 94+8) (Rt yg+22) = -2 (r4y+2) kxm |11 1 |=-—(—%+2§-2)
= x 2%) = x 2); = — =—(— —
N vy ety AR Y y

w X—Z
E(x,y,2,t) = Egcos | —(x+y+2) — wt ;
(@,y,2,t) = Eo [\/ﬁc( y+2) }( >

E 203
Br2it) = oo [ yh ) -ut] (KL,
C
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Problem 9.10
I 13x10°

= T 30x10f - ’ 4.3 x 1075 N/m?. ‘ For a perfect reflector the pressure is twice as great:

’ 8.6 x 1076 N/m?. ‘ Atmospheric pressure is 1.03 x 10° N/m?, so the pressure of light on a reflector is
(8.6 x 1079)/(1.03 x 10°) = ’ 8.3 x 1071 atmospheres.‘

1

Problem 9.11 The fields are E(z,t) = Egcos(kz — wt) X, B(z,t) = —Ej cos(kz — wt) §, with w = ck.
c
dv

(a) The electric force is F, = gE = qE( cos(kz — wt) X = ma = m—, 80
E E
= 1% i/cos(kz —wt)dt = el sin(kz —wt) X + C.
m mw
E
But vopue =C =0,s50 v = _3%0 sin(kz — wt) X
mw
(b) The magnetic force is
F,, = q(v x B) B0 (o) G (ks — wh) cos(kz — wt) (% x ) B (kz — wt) cos(kz — wt) 2
= =q(-——— in(kz —w zZ—w =|——sin(kz —w zZ—w
1 T\ mw c Y mwe
P*E?
(c) The (time) average force is (F,)ave = mwg / sin(kz — wt) cos(kz — wt) dt, where T = 27 /w is the
0
1 T 1
period. The integral is ~5 sin?(kz — wt)’o =5 [sin®(kz — 27) — sin®(kz)] =0, s0 | (Fy)ave = 0.
w w
(d) Adding in the damping term,
d d E
F = g¢E — ymv = qFycos(kz — wt)X — ymv = md—: = di‘t/ +v = qm—o cos(kz — wt) X.
d
The steady state solution has the form v = Acos(kz — wt + 0) %, di‘tf = Awsin(kz — wt 4 0) X. Putting this
in, and using the trig identity cosu = cos 6 cos(u + 6) + sin 6 sin(u + 6),

Awsin(kz —wt + 0) + yAcos(kz —wt + 6) = 4o =— [cos B cos(kz — wt + 0) + sinfsin(kz — wt + 0)] .
m

Equating like terms:

Aw—@sme Av—@c089$tan9—— AQ(w2+72):(QEJ)2:>A:(1Eb.
m m y m N
So
qEo O ¢ Eg .
v = m\/ﬁ cos(kz —wt + 0)%,| 0 = tan™ (w/7); Fpp = W cos(kz — wt + 0) cos(kz — wt) 2.

To calculate the time average, write cos(kz — wt + 6) = cos 6 cos(kz — wt) — sin O sin(kz — wt). We already
know that the average of cos(kz — wt) sin(kz — wt) is zero, so

2EO

ave — 2
mey/w +'y

(F.n) Z CObH/ cos?(kz — wt) dt.
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™q*E}

The integral is T/2 = 7/w, and cosf = v/y/w? + 72 (see figure), so (Fy,)ave = e + 77
mwe(w? + v

Problem 9.12
1 /7
(fg) = 7 / acos(k-r—wt+d,)bcos(k-r —wt + dp) dt
0

b [T b 1
= ;—T ; [cos(2k - r — 2wt + &4 + 0p) + cos(d, — )] dt = ;—T cos(d, — 0p)T = iab cos(d, — dp).
Meanwhile, in the complex notation: f = ae™®*=“% §=be’* ™Y where @ = ae’®, b= be'. So

1 -~ 1 . - ) 1_~ 1 . 1- 1
iff}* = ide’(k'r_“t)b*e_z(k'r_wt) = 5&()* = §abe’(6“_5b), Re (2f§*> = §abcos(6a — &) ={fg). qed

Problem 9.13

1 1 1
Ty = €o <ELEJ - 25ijE2> + m <BiBj - 25@32) .

With the fields in Eq. 9.48, E has only an  component, and B only a y component. So all the “off-diagonal”
(i # j) terms are zero. As for the “diagonal” elements:

1 1 1 1 1
Tex = €0 <E1Em - E2> + — <BQ> = - <60E2 - B2) =0.
2 po \ 2 2 Mo
1 1 1 1 1
Tyy = co | —5E° ) + — (BB, — 5B% | = 5 (—«E* + —B* | =0.
v 60<2 >+M0(yy 2 ) 2<60 +Mo
1 1 1
T.. = _*EQ — —*B2 = —Uu.
€0 ( 5 ) + " ( 5 ) U
So |T.. = —eo B cos?(kz — wt + ) ‘ (all other elements zero).

The momentum of these fields is in the z direction, and it is
being transported in the z direction, so yes, it does make sense o
that T, should be the only nonzero element in 73;. According [ |
to Sect. 8.2.3, —T - da is the rate at which momentum crosses | ||'
an area da. Here we have no momentum crossing areas ori- \/“/
ented in the x or y direction; the momentum per unit time i}
per unit area flowing across a surface oriented in the z direc-
tion is =T, = u = ge (Eq. 9.59), so Ap = gcAAt, and hence
Ap/At = gcA = momentum per unit time crossing area A.

Evidently ’ momentum flux density = energy density. ‘ v

Problem 9.14

_ (B’ _(1-8Y _
R= (EOI ) (Eq. 9.86) =|R= (Hﬂ) (Eq. 9.82), where 3 =

H1U1 _ €0y (EOT
H2U2 €11 EOI
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5 \2 2
= 7= (125) | (0 082). Dote thar 202 = Ml 2t (1) en_ js
1+ €101 M2 €101 V1 fi2 \V2/ U1 U2V2

=]

1
T+R:m[4ﬁ+(1*ﬁ)2] =

Problem 9.15

S(4B+1-28+5%) = S(1+28+58°)=1v

1 1
1+5)2 (1+p)2

Equation 9.78 is replaced by EOIX + EOR R = EOTnT7 and Eq. 9.80 becomes EOIy EOR (z x ig) =
BEq, (2 x fir). The y component of the first equation is Fy, sinfr = Ey, sinf7; the 2 component of the
second is Ey, sinfp = —ﬁEOT sin 7. Comparing these two, we conclude that sinfr = sinfpr = 0, and hence
03 = GT =0. qed
Problem 9.16

Ae'®® 4 Be™ = Ce™® for all x, so (using = 0), A+ B =C.

Differentiate: iaAe’®® + ibBe'™® = icCe'®, so (using x = 0), aA + bB = cC.

Differentiate again: —a?Ae’® — b2 Be'™ = —c2Ce’® | so (using x = 0), a*A + b*B = 2C.

a’A+b*B = c(cC) = c(aA +bB); (A+ B)( 2A+b*B) = (A + B)c(aA + bB) = cC(aA + bB);
a’A? + b’ AB 4 a®*AB + V*B? = (aA +bB)* = a* A% + 2abAB + b*B?, or (a® +b* — 2ab)AB = 0, or
(a —b)>AB = 0. But A and B are nonzero, so a = b. Therefore (A + B)e'™® = Ce'”.

a(A+ B) = cC, or aC = cC, so (since C # 0) a = c¢. Conclusion: a =b=c. qed

Problem 9.17
By = fp,citkir—ety, "
B, = v—lEOI ei(kf'r_‘”t)(— cos 01 X + sin b4 Z); k k,
Bp = Eo ilkrr-w)g ej/TBl
Bp = v—lEOR ikrT=wb) (0og 0y X + sin 0y 2); I

Br = —Eo, e ®T T (_ o5 0,y X + sin 0 2);
v

(i) e B = e, E5, (iii) El = El,
Boundary conditions:

(i) Bf = B4, (iv) LB = LB
sinfly v

Law of refraction: = —. [Note: ky-r—wt=kg-r—wt =
sin 64 v

kr-r—wt, at z =0, so we can drop all
exponential factors in applying the boundary conditions.]

Boundary condition (i): 0 = 0 (trivial). Boundary condition (iii): | Eo, + Eo,, = Eo,.

~ 1 - 1 - ~ ~ vysinfy\ -~
Boundary condition (ii): —EOI sinfy + —Ep, sinth = —Ey,.sinbs = Ey, + Ey,, = <12> Ey.,.
U1 U1 (%) Vg SIN 01
But the term in parentheses is 1, by the law of refraction, so this is the same as (iii).

111~ 1 - 1 -
Boundary condition (iv): — [EOI( costh) + —FEy,, cos 91] = ——Fy,(—cosfy) =
M1 (V1 U1 H2V2

o 0 - 0
Fo, — By = (“1“1 cos 2) Eop. Let|a= 22 g= M0

= ; B= . Then‘E — En = aBEn_ .
pava cos b cos 6, LoV 01 Or BEor

- - - _ - 2 -
Solving for Ey,, and Ey,: 2Ey, = (1 + af)Ey, = Eo, = (1—|—0¢6>
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. . . 2 1+af)\ = ~ 1-apB)\ -
Eor = Bor — Eo, = <1+aﬂ - 1+aﬂ> Eor = Eon = <1+a5) Eor-
Since «v and [ are positive, it follows that 2/(1+ a/3) is positive, and hence the transmitted wave is in phase

2
with the incident wave, and the (real) amplitudes are related by | Ey,. = (1 n ﬂ) Ey,. | The reflected wave is
o

1—ap
Ey,.
1+aB| ™

in phase if ¢ < 1 and 180° out of phase if a5 > 1; the (real) amplitudes are related by | Ey, = ’

These are the Fresnel equations for polarization perpendicular to the plane of incidence.
\/1—sin?6/32 32 —sin? 0
cosf B cosf

To construct the graphs, note that a8 =

V/2.25 —sin% 0

cos

, where 6 is the angle of incidence,

so, for B = 1.5, af =

points.]

. [In the figure, the minus signs on the vertical axis should be decimal

U W N [ A Y (R S—

bk Rk e
U S T T,

L ' L L L 1 L I

0" 10 20 30 40 50 60 70 80 90 8,

Is there a Brewster’s angle? Well, Ey,, = 0 would mean that o8 = 1, and hence that

\/1— (va/v1)%sin® 60 1 2 2
a= S A orl—(vQ> sin29:<'u2v2> cos? 6, so

b
cos 0 B H1U1 U1 H101

2
1= (UQ) [sin2 0 4 (p2/p1)?* cos? 6]. Since pi1 & po, this means 1 &~ (v2/v1)?, which is only true for optically
U1

indistinguishable media, in which case there is of course no reflection—but that would be true at any angle,
not just at a special “Brewster’s angle”. [If us were substantially different from u1, and the relative velocities
were just right, it would be possible to get a Brewster’s angle for this case, at

) 2
Y1) cos? B2 os? cos? 0 — (v1/v2)> =1 (pgea/paer) =1  (ea/er) — (1 /p2)
< ) - 0+< > b= cosf= (n2/p1)? =1 (p2/m)* =1 (p2/m) = (1 /p2)

V2 M1

But the media would be very peculiar.]

By the same token, dp is either always 0, or always m, for a given interface—it does not switch over as you
change 6, the way it does for polarization in the plane of incidence. In particular, if 5 = 3/2, then o3 > 1, for

2.25 —sin® 0
af = % > 1if 2.25 —sin? 0 > cos? 0, or 2.25 > sin? 0 + cos’ 0 = 1. v
cos

In general, for 5 > 1, a8 > 1, and hence dg = 7. For 8 < 1, af < 1, and dg = 0.

2
At normal incidence, o« = 1, so Fresnel’s equations reduce to Ep, = (14’5) Eo,; Eo, = “ Ey,,
consistent with Eq. 9.82.
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Eo,\°  (1-aB\’
Reflection and Transmission coefficients: | R = ( OR) = ( aﬁ) .| Referring to Eq. 9.116,

EOI 1+aﬁ
2 2
ev2 [ Ey 2
T=22,(20) |4 .
€101 <E01> ﬁ(1+aﬁ>

(1 —aB)?+4ap B 1—2af8 + a?3? + 4ap B (1+aB)? _

(1+ap)? (1+ap)? (1+ap)?
Problem 9.18
Equation 9.106 = 0 = 2.42; Eq. 9.110 = Ml e v
o 1 — (sinf/2.42)2 0.8
cos 6 ' 5 o 0.6 [EWEI] ?

f=0=>a=1 Eq 9109 = [ 1) =——
() o < Eo, ) ot B

1—2.42 1.42 024
= = — =1|—0.415;

T2~ 342 o

0 1 1 +]

E 2 2 0" 20" 307 40" 50" 60.770° 80 1
( OT) = == —[0.585. ik ?
E, a+f 342 e
i - o

(b) Equation 9.112 = g = tan=1(2.42) = g I]
(C)EOR—EQT:>O( 6—2:>04—ﬂ+2—442 0.6
(4.42)% cos? § = 1 — sin? /(2.42)%;

(4 42)%(1 — sin? 0) = (4.42)% — (4.42)%sin* 0

= 1-0.171sin%6; 19.5 — 1 = (19.5 — 0.17) sin? 6;

18.5 = 19.3sin? 6; sin®# = 18.5/19.3 = 0.959;

sin 6 = 0.979;
Problem 9.19

(a) Equation 9.120 = 7 = ¢/0. Now € = e, (Eq. 4.34), ¢, = n? (Eq. 9.70), and for glass the index
of refraction is typically around 1.5, so € ~ (1.5)% x 8.85 x 10712 = 2 x 10~ C?/Nm?, while 0 = 1/p ~
1072 (Qm)~! (Table 7.1). Then 7 = (2x 1071) /10712 = (But the resistivity of glass varies enormously
from one type to another, so this answer could be off by a factor of 100 in either direction.)

(b) For silver, p = 1.59 x 1078 (Table 7.1), and € ~ €, s0 we = 27 x 1019 x 8.85 x 10712 = 0.56.
Since 0 = 1/p = 6.25 x 107 >> we, the skin depth (Eq. 9.128) is

3
d=— = = =64x107"m=6.4x10"*mm.
K \/wau \/27r X 1010 x 6.25 x 107 x dr x 107 o 0 mm

I’d plate silver to a depth of about | 0.001 mm; | there’s no point in making it any thicker, since the fields don’t
penetrate much beyond this anyway.

(c) For copper, Table 7.1 gives ¢ = 1/(1.68 x 1078) = 6 x 107, wep = (27 x 10%) x (8.85 x 10712) = 6 x 107°.

Since o > we, Bq. 9.126 = k ~ 4 /“’;;“, so (Eq. 9.129)

2

2
=2 =4x10"*m =[0.4mm.
Wo Lo T 21 x 106 x 6 x 107 x 47 x 10~7 m
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From Eq. 9. 1298 the propagation speed is v = % = i/\ =\ = (4x107%) x 10° = |400m/s. | In vacuum,
3 x 10
A= 5 = >1<06 = W v=c=|3x108m/s. | (But really, in a good conductor the skin depth is so small,

compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning.)

Problem 9.20
(a) Use the binomial expansion for the square root in Eq. 9.126:

5 1/2
ke w ﬂul(i) 1 6“1 7 _Z/k
2 2 \ew 2 Voew 2V e

1 2
—x 2 fE qed
k o\ u

€ =c¢c69g=280.1¢y (Table 4.2),
For pure water, ¢ p = po(1+ xm) = po(1 —9.0 x 107%) = yy  (Table 6.1),

o =1/(2.5x 10°) (Table 7.1).

B 5, /(80.1)(8.85 x 10~12)
So d=(2)(2.5x 10 )\/ 1 X 10=7 =(1.19 x 10* m.

(b) In this case (o/ew)? dominates, so (Eq. 9.126) k = k, and hence (Eqs. 9.128 and 9.129)

)\:2; 21—271’d ordf

15) 7
Meanwhile k = 6” w,ua \/ (1072)(4r x 10 7)(107) = 8 x 107; d = l = ; =
K 8 x 107

1.3x1078 = So the ﬁelde do not penetrate far into a metal—whlch is what accounts for their opacity.

So (Eq. 9.128) d =

(c) Since k =2 k, as we found in (b), Eq. 9.134 says ¢ = tan~!(1) = 45°. qed

B B 107) (47 x 107
Meanwhile, Eq. 9.137 says 20 eui —| /2. For a typical metal, then, =20 = \/( )(4m ) =
Ey €w w Ey 1015

(In vacuum, the ratio is 1/c = 1/(3 x 10%) = 3 x 1072 s/m, so the magnetic field is comparatively
about 100 times larger in a metal.)

Problem 9.21
1 1 1 1
(a) u = 3 (6E2 + ﬂBQ) = 56_2’“2 [eEg cos?(kz — wt + 6p) + ;Bg cos?(kz — wt + 6 + qﬁ)} . Averaging

over a full cycle, using (cos?) = 1 and Eq. 9.137:

175}2 1714/2?
<u>:§e 2 { E0+2MBO]46 2

1 2 1 —2Kkz
E0+ Eoeu 1+(6w)]462 eEg

L+ H(;)Q].

2 k2 1 2 k2 k2
S0 (u) = —e 2R = EZe™2"% | So the ratio of the
1° e w? 2 pw?

2
But Eq. 9.126 = 1 +1/1 + (i) _
€W

epw?’
magnetic contribution to the electric contribution is

(Umag) B3/u 1 \/ o \2 \/ o \2
e = —pey[1+ (=) =y /1+ (=) >1 aed
(Uelec) Ege LE pe + (ew) * €w > a°

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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1 1 1
(b)S = ;(EXB) = ;EOBOe*Q"Z cos(kz—wt+dg) cos(kz—wt+dp+¢) Z; (S) = @EOBOe*Q’“Z cos @ z. [The
™ 1 _
average of the product of the cosines is (1/2m) f02 cos B cos(6+¢)df = (1/2) cos ¢.] Sol = ﬂEoBoe 2RZ cos p =
1 2 —2Kkz K : k 2 —2%2
—Egje — cos ¢ |, while, from Eqgs. 9.133 and 9.134, K cos¢ =k, so |I = —Eje qed
20 w 2w

Problem 9.22 )
Ey, _

Ey,

1-5 ’ _(1=B)(1=5" where 3 = 1},
1+ 6 1+6) \14p)’ fow
H101

= (k:g + ko) (Egs. 9.125 and 9.146). Since silver is a good conductor (o > ew), Eq. 9.126 reduces to

Ko = kg & \/62#2\/ \/Jw#z of= M1U1V0wuz 1+1i) = pviy (1+1).
(109 2 1251%
o (6 x 107) (47 x 10-7)
Let v = — 3 x 108 =29. Th
=N e Y 2,uow \/ 2 ( )\/ (2)(4 x 1015) o

1—y—iy\ (1—
= < 7 W) ( ths W) i ; Evidently 93% of the light is reflected.

1+~ +iy 1+~ —iy
Problem 9.23
(a) We are told that v = av/\, where a is a constant. But A\ = 27/k and v = w/k SO

d 1 1
w = ak\/2n/k = av/2rk. From Eq. 9.150, v, = ﬁ = a\/27r7 = 504 k: \f = v or

i(pr — Et) . E p? hk? w F p hk
b) ——— =i(kz — wt k= =_— =2 _ — "  Theref L _= _ .
(b) A i(kr — wt) = yw= 5 =g =g Therefore v =+ > = 2m = om’

According to Eq. 9.147, R =

d 2hk  hk 1
o _ b _ DR _1 P So |v = —w,. | Since p = mu, (where v, is the classical speed of the particle), it
dk 2m m m 2°

follows that ’vg (not v) corresponds to the classical veloctity. ‘

’Ug:

Problem 9.24

q2

dregmad’

p- L4 _p E L @ k 27 (Eq. 9.151). S
= — = —qF = — = | & = —kepring® = —wyx . 9. . So|wy =
4meq ad 4 4meq ad pring 0 d 0

o Sk i s is [ultraviolet.
T o T on \/47r(8.85 S 10-12)(9.11 x 10-91)(0.5 x 10-10y8 — L-16x 1077 Hz. [This is [ ultraviole

From Eqgs. 9.173 and 9.174,

2 . ’ 23
ng” f { N = # of molecules per unit volume = A‘é%gzdﬁ?efs# = 26202;118 s = 2.69 x 10?5,

2meg wi’ | f = # of electrons per molecule = 2 (for Hy).

(2.69 x 1025)(1.6 x 10719)2 ar= DA .
= (011 % 10-31)(8.85 x 10-12) (4.5 x 10162 =14.2 x 107° | (which is about 1/3 the actual value);

2rc\®  (27m x3x 108
B = () = (45><1016) =[1.8 x 10715 m? | (which is about 1/4 the actual value).

wo

A:

So even this extremely crude model is in the right ball park.
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Problem 9.25
N¢® (w§ —w?)

2meo [ — ) + 727
dn  Ng* { 2w (Wi —w?) [

Let the denominator = D. Then

Equation 9.170 == n =1+

D D2
(Wi —w?)? +72w? = 2(w —w?)? — 2 (W —w?), or (Wi —w?)? = P (W +wi —w?) = Y2 = (Wi —w?) = twoy;
w? = Wi Fwoy, w=wov/1TF y/wo = wo (1F7/2w0) = woF /2. Sows =wo+7/2, w1 =wy—7/2, and the
width of the anomalous region is ’Aw =Wy —w; =7.

2 2 2 2 2 2 2 2 .
dw  2meq 2(wp — w?)(=2w) +7 2‘*’]}:0:2“1)2(“’0_“’ ) [2(wg —w®) =] 203

Nqg?w? Ng?
From Eq. 9.171, a = a 5 272 55 S0 at the maximum (w = wp), Amax = T
mepe (Wi —w?)? + 72w mepcy
Ngw? y W2
At wy and ws, w? = w2 F wyy, 50 @ = = Qmax | —— |. But
! o 0 F wo, mege V2wE +2w? T\ w? 4wl

2 2 1(1 1 1 1
d 2:w02$w07:7($7/w0)gi 1$l 1+ L ) ~2 1¥L ~
w4 wi  2wi Fwoy 2(1Fv/2wy) 2 wo 2w 2 2w 2
So a0 = %amax at wi and we. qed
Problem 9.26

Equation 9.170 for a single resonance:

2

ck N¢? (wd — w?) awd(wg — w?) Ngq
w + <2meo> (wE — w?)? + y2w? h=wlh (wd — w?)? 4+ y2w? where a 2meows

2

From Eq. 9.150, the group velocity is vy = dw/dk, so

c dk
= = =
Vg dw
_ awg (w§ — w?) o [(W§ — w?)? +7Yw?](—2w) = (Wi — w?)[2(w§ — w?)(—2w) + 7*(2w)]
= |1+ 2 2\2 22+waw0 2 212 2,212
(wg —w?)? +7°w [(wg — w?)? +7%w?]
_1 o (W — w?)[(wg — w?)? + 7w?] = 203 [(WE — w?)? + 7% + 4P (Wf — w?)? = 292w (WE — W?)
= 1+ awqy (w2 — @2)2 + 72w2)2
a2 (B 9 2R~ 0?)? (] — W) — 2
0 [(wg _ wz)z I 72w2]2

(w§ = w?)? = 7w
(@R — ) + 2

= 1+ awd (Wi + w?)

-1
R }
2

(w8 — 2% 1 %]

vg = c{l + aw (Wi + w?)

(a) For v =0 and a = 0.003:

(w§ + w?)
(wg —w?)?

v

-1
1
9:[1+aw§ tr }
C

(I—x)?
(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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\
081 \

06 \
04

021 | \‘

L L
00 05 10 15 20

(b) For v = (0.1)wp and a = 0.003:

(1-2)2—0.0lz }1 .

= {1 +0.003(1 + z) [(1—2)2+0.01z]2

L L L L
0.0 05 1.0 1.5 20

Problem 9.27

a) From Egs. 9.176 and 9.177, V x E = ——— = jwBge'**~«1). xB=—2—— = ——Egetkz—wt),
From E d V xE ‘98]:’ Boe!=—0; ¥ x B = - %}f L Fpeithz—wn)
c c
In the terminology of Eq. 9.178:
E. E E . . E,
(VXE), = 88y 33; = (a ayoz - zkEO> etkz=wt) Qo (i) OF. _ ikE, = iwB,.
- 0B, O0E. (.- 0Ey\ ieuwn 0B,
(VXE), = 3 B (zkEOT o ) e . So (iii) ikE, B iwB,.
- 0E, 0B, (0Ey, 0Fo,\ ih:-u 0E, 0E, .
(VXE), = o Oy ( o oy e . So (i) o oy iwB,.
- 0B, 0B, OBy, . ea OB, iw
— z — z B ’L(k‘z wt). z _ B — —7E .
(V xB), a9y P ( By ik 0y> e So (v) oy ikB, 2L
- 0B, 0B. (. - OBo. \ i(he—uwt) o 0B,  iw
(V x B), 5, e (zk 0, o ) e . So (vi) ikB, -2 E,.
- 0B, 0B 9By, 9By, \ . 0B, 0B iw
B), = y T = z(kz—wt). : Yy z _ _ .
(V> B) oz Oy ( ox Oy ¢ So (i) ox Oy c2
This confirms Eq. 9.179. Now multiply (iii) by &, (v) by w, and subtract: ik*E, — %E aB
iw? oF, 0B i
B E 2_* z N E =
tkwB, + (k 2 ) o +w 9y or (i) E, W/ = ( )

2
By tiwkBy—wll2 kB, 2B, =i (—k2)E =
C

M lt. 1 . b k . z .
ultiply (ii) by &, (vi) 3y v o
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OF, 0B, .. B i OF, 0B,

—k oy +w6x’or(n)Ey_(w/c)2— (k 9y w&C).
. w 0 wk 0B, w? wk
Multiply (i) by w/c?*, (vi) by k, and add: — —E +ik*B, — k o 20—231. - zc—zEy =
2 0B w OFE 1 0B w OF
. kz_i = z WOLy Bm: k z W z .
! < c2> dr 2 Oy’ or (i} (w/c)? — k2 ( dxr 2 Jy >
E, B, 2 ;
Multiply (iii) by w/c?, (v) by k, and subtract: Zucj—wa — u;@ 5 aa ik“B, = 'w—By + @E
2 ok 0B 0B, wOiE,

(k- ) B, =222 1 k2% or (iv) B
Z< 02> VS 2 0r T Ay’ or (iv) By = w/c ( Tz ax)

This completes the confirmation of Eq. 9.180.

. 0E, O0E, 0E dE,, 0Eo e 0B, OFE
b) V- E=—" : : = : L tikEy, | ") =0 ©+ —Y 4ikE. =0.
() or Tay T o: \ar "oy TURPe-)C T oy
i 0’FE, 0’B i 0’FE, 0°’B,

Using Eq. 9.1 k _ kE, = 0,
sing £q. 9.180, (w/e)? — k2 ( Ox? +w8x3y) + (w/c)? — ( 0%y waxay) t

O’E, O0°E, 5 9
or ——3 + 92y + [(w/e)* = k*] E. = 0.

Likewise, V-B =0 9B, | 9B,

ox oy
i 0°B, w 0*FE, i 0°B, w OE,
k - = k — kB, =0

(w/e)? — k2 ( or?2 ¢ 8x8y) * w/e)? — k2 ( 0y? * c? 8338y) T -
0’°B,  0°B, 5 o
W—’_ 82y + [(w/c) —k ]BZZO

This confirms Egs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).]
Problem 9.28

Here E, =0 (TE) and w/c =k (n = m = 0), so Eq. 9.179(ii) = E, = —cB,, Eq. 9.179(iii)) = E, = ¢B,,

Eq. 9179(v) = 2= =i (kB, - %El) =i (KB, - %By) =0, Bq. 9.179(vi) = = =i (kB + %Ey) -

B. B, . . . . ..
i (sz — EBm) =0. So 06 = 88 = 0, and since B, is a function only of x and vy, this says B, is in fact
¢ x Y
OB
a constant (as Eq. 9.186 also suggests). Now Faraday’s law (in integral form) says 7{E -dl = — N - da,
0B
and Eq. 9.176 = — = —iwB, so § E-dl = iw [ B - da. Applied to a cross-section of the waveguide this gives

ot
%E - dl = jwetkz=wt) /Bz da = iwB.e"**=“Y (ab) (since B, is constant, it comes outside the integral). But
if the boundary is just inside the metal, where E = 0, it follows that So this would be a TEM mode,

which we already know cannot exist for this guide.
Problem 9.29

1
Here a = 2.28cm and b = 1.0lcm, so v1g = —wig = £ - 0.66 x 1019 Hz; 1o = 2£ = 1.32 x 10'° Hz;
2m 2a 2a
c c c c |1 1
V3o = 3% = 1.97 x 10'°Hz; vy, = 5= 1.49 x 101 Hz; vge = 2% =297 x 10'°Hz; vy, = SNE e

1.62 x 1019 Hz. Evidently just four modes occur: |10, 20, 01, and 11. ‘
To get only one mode you must drive the waveguide at a frequency between v1g and vsg:
0.66 x 1010 < v < 1.32 x 1019Hz.| A=, 50 Ao = 2a; Agp =a. [2.28cm < A < 4.56cm. |
v

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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Problem 9.30 .
From Prob. 9.11, (S) = Q—Re(]:] x B*). Here (Eq. 9.176) E = Ege!**~t) B* = Bie 'k*=%1) and, for
Ho
the TE,,, mode (Egs. 9.180 and 9.186)

—ik —mm ./ mTx nmy
B = Bosin ("7 ) cos (72
T (w/e)? — k2 ( a ) oS T )

B; = (w/c_);k (—:7"> By cos (?) sin (%) :

L2
By cos (w) cos @) ;
a b

b i () men (7)o (%)
(22

T
( a
—iw mm . /mmnx nwy\
 (w/e)? -k a )Bosm a )COS( b )’
0

&
I

So

wkm?B2 ny\ 2 MTLN . o (N m\2 . o /Mm7TT nmw N
9 = e ) (5 (50 ¢ (5" (7)o (5]

2132 2 2
/(S) ~da = ;mab {(m) + (ﬁ) } . [In the last step I used
Mo [(w/c)e — a

Jy sin®(mrz/a) dz = [ cos?(mmx/a)dx = a/2; fob sin?(nmy/b) dy = fob cos?(nmy/b) dy = b/2.]
Similarly,

N

(u) = (eOE-E* + NOE B )
- %[(w/c) L { % cos” (?) sin® (L;Tz/) + (%)QSHIQ (?) cos® (nzy)}
+ 4%{ o cos (mwx) cos? (?)

[ (s (552 + (2) 0 (2t (22

fo- ?{Tm[<Z>2+<3>1+f,i+4;m{<z>2+<2:>2]}-

These results can be simplified, using Eq. 9.190 to write [(w/c)? — k2| = (wmn/c)?, €opo = 1/c? to eliminate €,
and Eq. 9.188 to write [(m/a)? + (n/b)?] = (wpn/mc)*:

2 2
/<s> da = R pa. /<u> da= - p2

8lu’owmn 8lu0w72nn
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Evidently

da ke

energy per unit time  [(S)

mn

— . C /e 2 _ Ea. 9.192 q
energy per unit length — [(u) da T vy (Eq. 9.192). qe

Problem 9.31

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with E, # 0,B, = 0, subject to the boundary
conditions 9.175. Let E,(x,y) = X (2)Y (y); as before, we obtain X (z) = Asin(k,z) + Bcos(kyx). But the
boundary condition requires F, = 0 (and hence X = 0) when z = 0 and « = a, so B = 0 and k, = mw/a.
But this time m = 1,2,3,..., but not zero, since m = 0 would kill X entirely. The same goes for Y (y). Thus

E, = FEysin (mmz) sin (n%bry) with n,m =1,2,3,....
a

The rest is the same as for TE waves: |wpmy, = cmy/(m/a)? + (n/b)?| is the cutoff frequency, the wave

velocity is v = ¢/v/1 — (Wmn/w)?, and the group velocity is vy = ¢\/1 — (Wmn/w)?. The lowest TM mode is

11, with cutoff frequency w11 = emy/(1/a)? 4+ (1/b)2. So the ratio of the lowest TM frequency to the lowest

TE frequency is T (1(/;5:; (1/0)? =|v1+ (a/b)2.

Problem 9.32

10 10 OE; »~ 10E;, Eoksin(kz —wt) ~ 7
E=-"(sE)=0v;V-B=-—(B,)=0v;VxE = _= - _ 2z
(a) V 385(8 )=0v;V 58¢( ») =0v;Vx 5, 38¢Z . 1)
—%—]? = _Ezw sm(kzs— wt) ¢ v (since k = w/c); V x B = _75835 S+ é%(sBcb)Z = ?;m(kzg— wt) s=
i@ = Eow sin(kz — wt) § v. Boundary conditions: El = E, =0v;B* =B, =0 .
2 ot 2 s

(b) To determine A, use Gauss’s law for a cylinder of radius s and length dz:

kz — wt 1 1
%E ~da = EQM(27TS) dz = —Qepc = —Adz = ’ A = 2megEg cos(kz — wt). ‘
S €0 €0

To determine I, use Ampére’s law for a circle of radius s (note that the displacement current through this

E kz —wt 2nE
Eo cos(kz = wi) )(27rs) = polenc = | I = =0
c s Loc

loop is zero, since E is in the § direction): del = cos(kz — wt).

The charge and current on the outer conductor are precisely the of these, since E = B = 0 inside
the metal, and hence the total enclosed charge and current must be zero.

Problem 9.33Oo -
f(2,0) :/ A(k)e™** dk = f(z,0)* :/ A(k)*e”™** dk. Let | = —k; then f(z,0)" =

— 00 —0o0

/ A(=1)*e* (—dl) = / A(=)*e* dl = / A(—=k)*e™ dk (renaming the dummy variable [ — k).

o0

7(z0) = Re [f(z,0)] = % [7(2.0) + f(z.0] = /0; % [A(k) + A(—k)"] € dk. Therefore

% [Ak) + A(-)"] = ;r/_o; f(z,0)e™" dz.

Meanie, f(z.0) = [~ AW (i)e 0 dk 5 f2,0) = [ [iwA@)e ik

— 00 — 00
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(Note that w = |k|v, here, so it does not come outside the integral.)

f(z,O)* _ /jo [Z'w;l(k)*]e*ikz dk = /fo [i|k‘vg(k)*]€7ikz dk — /700[z‘\l|vﬁ(—l)*]€ilz(_dl)
= /_°° [i‘kh)A(—k)*]eikz dk — /_Oo liwA(—k)*]e™* dk.
; 1 -

{f(z,O) + f(z,())*} — / 2[—iwA(k;) +iwA(—k)* e dk.

— 0o

N |

f(2,0) = Re [f(z,o)} =

S A - ] = o [ e s or g [A0 - Ak = o [T | G0 et

~ 1
Adding these two results, we get | A(k) = %
i

— 00

/00 [f(z,()) + ij.(z,())} e **dz.| qed

Problem 9.34

E
(a) Since (E x B) points in the direction of propagation, B = | —> [cos(kz — wt) + cos(kz + wt)] §.
c

1 E 2F
(b) From Eq. 7.63, K x (—2) = —B = —~[2cos(wt)] §, K =| =2 cos(wt) %.
Ho HoC HocC
- . 2E§ o o 2 2 N -
(c) The force per unit area is f = K X Byye = m[cos(wt) X] % [cos(wt) F] = ’ 2eq B cos”(wt) Z. ‘ The time

average of cos?(wt) is 1/2, so

— 2
foe =

This is twice the pressure in Eq. 9.64, but that was for a perfect absorber, whereas this is a perfect reflector.

Problem 9.35

. , ] 1 0By
(a) (i) Gauss’s law: V -E = rsind 00 =0.v
(ii) Faraday’s law:
0B 1 0, . . 10 A
o~ VB ngag )t D5 (rEe)
1 0 sin” § I . 10 ) I -
= 5n050 [Eor <cosu— krsmu)} r— e {Eosme <cosu— msmu)} 0.
0 . 0 .
But — cosu = —ksinu; — sinu = k cos u.
or or
= 1 @2sin9c089 cosu—isinu f'—lEosinﬁ —ksinu—l—isinu—lcosu 0.
rsinf r kr T kr2 r

1 1
Integrating with respect to ¢, and noting that /Cosudt = ——sinwu and /Sinu dt = — cosu, we obtain
w w

_ 2Eycosf

B 2

Eysinf (

1 1 ~
—kcosu+ — cosu + sinu) 0.
wr k

72 r

1
(sinu—l— kcosu) T+

r

wr
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(iii) Divergence of B:

10 0
vV-B=_-- B, 0B
r2 Or ( ) tsing rsinf 00 g 500 Bo)
—ig 72EOCOSH —|—icosu + ! g EOSin29 —kcosu + —= ! cosu—i—lsmu
T2 9r w kr rsin @ 00 wr kr2 r
1 2Eq cos? k cos 1 cosu 1smu
= il il U — —— _
r2 w kr2 r
1 2Eysinfcosf ( 1 1 )
- kcosu+ — cosu + —sinu
rsin 6 wr kr? r
2F 0 1 1 1 1
_ Z20Co8Y kcosu— —scosu— —sinu — kcosu+ —cosu+ —sinu | =0. vV
wr? kr2 r kr2 r

(iv) Ampére/Mazwell:

170 0B, ] -
B=-|—(rBy) —
VX r{ar(r 0) 39} ¢
_ 1 g Eosind —kcosu+—1 cosu—f—}sinu —g 72EOCOS(9 u—i—icosu ¢3
o | or w kr? T 00 wr? kr
Eosinb k2 si 2 cos si ! sinu + kcos + 2 sinu + 2 cos qAb
= inu — — cosu — — sinu — — sinu + — cosu + — sinu + — cosu
wr kr3 r2 r2 r r2 kr3
k Eysinf 1 ~ 1E 0 1 -
- [ oS (ksinu+cosu>¢— osin (ksinu+cosu) .
w T r r r
1 OE 1 Eysinf ~ 1 wkEysind 1 N
2 2 Oim (wsinu—l— %cosu)qb:g% Oim (k:sinu—i— rcosu)d)
1 Eysind 1 -
e (ksinu—&—cosu)d):VxB.\/
c T T
(b) Poynting Vector:
1 Eysinf 1 2F 0 1 A
S=—(ExB)= OFY (cosu— —sinu | | 222 (Gnu+ — cosu ) @
140 Lot kr wr? kr
FEysind 1 1
i e < kcosu+ — cosu + smu) (f‘)}
wr kr? r
E2sin6 (2cosf 1 N
= Mooij:; { Cis {Sinucosu + H(cos2 u — sin® u) — 12,2 sin u cos u} 0
, 1 1 1 1 15 ).
— sin@ | —kcos® u + — cos? u + — sinu cosu + — sinu cosu — sinucosu — — sin“u | ¥
kr? r r k23 kr2
E2sinf (2 0 1 1 ~
MOOZISQ {C:S [(1 - k2r2> sinw cosu + E(cos u — sin u)] 0

2 1 1
+ sinf [(_r + W) sinu cosu + k cos® u + W(sin2u—0082u)] f'}
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204 CHAPTER 9. ELECTROMAGNETIC WAVES

Averaging over a full cycle, using (sinucosu) = 0, (sin?u) = (cos? u) = %, we get the intensity:

E?siné [k E2sin%0
I=(s)= 0" <sine>f: S0P T,
2upcr

It points in the # direction, and falls off as 1/72, as we would expect for a spherical wave.

E2 102 0 E2 ™ 4 E2
(C)P:/I~da: o /sm2 r?sin@df dp = —> 27r/ sin®gdf =| — =0
2o r 2uoc Jo 3 poc

Problem 9.36

{
@ t;()@ d/@

i
2 <0- E}I(th) = Eilei(‘klzf“’t) X, ]:Bl(zat) = ﬁElfi(kl‘Z*“’w y
Eg(z,t) = Egre’Chemwl g Bp(z,t) = — = Egel"hiemwi g,
Er ) = Er i(koz—wt) g, ]:),T ) = LET i(kaz—wt) &
0<z<d: " (Z ) n ei(fk szt)x* » (Z ) ’Uzl ~€ i(—k zfu.)};) S
E;(z,t) = Bl "2 %, By(z,t) = — o ettt y.
z>d: { ET(Z,t) = ENTEi(k:;z_Wt) )A(, BT(Z,t) = iENITei(ksz_Wt) y

Boundary conditions: E! = E!, B! = Bg, at each boundary (assuming g, = o = 3 = po):

Er+ FEgr = E, + Ey;

1 - 1 - 1 - 1 - ~ - - ~
—FE——FEr=—F,——F =FE —FEg= ﬂ(Er — El), where ﬁ = Ul/’Ug.
U1 V1 (%) Vo
E,eth2d L Fe=ik2d — Feiksd.

z=d:

1 - 1 - . 1~ . - . .
—Eett2d — —Fethed — — prethsd o B etked _ Be—ik2d — Bretksd where o = va/ V3.

V2 V2 U3
_ We have here four equations; the problem is to eliminate Eg, E,, and Ej, to obtain a single equation for
Ep in terms of Ej.
Add the first two to eliminate Ep : 2E; = (14 B)E, + (1 - B)Ep;
Add the last two to eliminate Fj : 2E,e*24 = (1 4 o) Epeiksd;
Subtract the last two to eliminate £, : 2Ee~ %24 = (1 — o) ET etFsd,
(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is

protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



CHAPTER 9. ELECTROMAGNETIC WAVES 205

Plug the last two of these into the first:
- . 1. .
2FE; = (1+ ﬂ) e~ h2d(1 4 a)Epett? (1 — 5)561’@(1 — ) Epettsd

4F;

(
(L4 a)(1+ B)e 29+ (1 — ) (1 — B)e™**?] Epettsd

— [ 1+C¥ﬂ ( —ikod 4 eiktzd) =+ (a _’_5) (efikgd _ eikgd):l ETeikgd
2[(1 + aB) cos(kad) — (o + 3) sin(kad)] Epe'™2<.

2 o2 Bl Fonl2
Now the transmission coefficient is T" = Ua€s €° =2 ('[LOEg) | ~T| = o | ~T| = aﬂ' ~T| » SO
UIGIEIO v Ho€1 |E[|2 U3 |E1‘2 ‘E1|2
1B 11 . . od|”
77! = B |EI||2 a5 |2 [(1 + af3) cos(kad) — i(a + 3) sin(kod)] et*2?
T
1 2 .2 2 2 2 ;2
= af [(14 aB)? cos®(kad) + (a4 8)*sin®(kod)| . But cos®(kad) = 1 — sin®(kad).
1
= qug [+ 09) + (@ + 205+ 67 — 1 = 208 — %) sivt (kz0)
1 .
= 1ap [(1+aB)® = (1—a®)(1— %) sin®(kod)] .
BUtn1:£;n2:£7n3:£780a:@7 :@
V1 Vo U3 n2 ni
1 2 _ 2\(12 _ 2
2

Problem 9.37
T=1=sinkd =0= kd = 0,7,27.... The minimum (nonzero) thickness is d = 7/k. But k = w/v =
2mv /v = 2nvn/c, and n = /eu/eopo (Eq. 9.69), where (presumably) p = p19. So n = \/€/ey = \/€,, and hence
e c 3 x 108
= = = =949 x 107 9.5 mm.
= 949 %107, or [T

2(10 x 109)v/2.5

Problem 9.38
From Eq. 9.199,
L [(A6/9) = (9/4)][1 — (9/4)]
(9/4)
49

2 _ 85 2
sin (Swd/Qc)} == +— (18)(30) sin”(3wd/2c).

T = o / ){[(4/3)“}

3 (~17/36)(=5/4) _
S 16 { (9/4)

sin2(3wd/26)}

49 + (85/36) sin?(3wd/2¢)’

48 48
Since sin?(3wd/2c) ranges from 0 to 1, T, = m = 10.935; | Trnax = yri 0.980. | Not much

variation, and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you

switch 1 and 3, the transmission is the same either direction, and the ’ fish sees you just as well as you see it.
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206 CHAPTER 9. ELECTROMAGNETIC WAVES

Problem 9.39
(a) Equation 9.91 = Er(r,t) = Eg, /%7 ™% k. r = kp(sinfr % + cosfrz) - (zX + yy + 22) =

kr(zsinOp + zcosOr) = xkypsinOp + izky sin? 0 — 1 = kx + ikz, where

. wna\ ni . wny .
k = krsinfr = (—) —sinfy = —sin 6y,
c

(& n9

Kk = kpy/sin?0p — 1 = %\/(nl/ng)%inz 0 —1= g\/n%sin2 0r —n3. So
c c

Ep(r,t) = Eg e "#e/ko=wt  ged

_2 )
E _
(b) R= EOR = Z+ 5| Here (3 is real (Eq. 9.106) and « is purely imaginary (Eq. 9.108); write o = ia,
Or
. ’L'Cl—ﬂ —ia—ﬁ a2+ﬂ2
th I: R= = =|1.
withaxeals R = (220 (Z20) 020
1—ap 1—aB®? [1—iaB]® (1 —iaB)(1+iap)
F Prob. 9.17, Ey, = |——| Eo,, so R = = = =|1.
(¢) From Pro ) H0r ’1—1—@5 0r> 59 ’1+aﬁ ‘1+m5 (1 +14aB)(1 — iaf)

(d) From the solution to Prob. 9.17, the transmitted wave is

. - 1.
E(r,t) = Eg,elkrr=w g B(r,t) = —Eg, &9 (_ cos 0 % + sin O 2).
V2

ck CK
Using the results in (a): ky -r = kx + ikz, sinfr = —, cosfp = i—:
wno wnag

. ~ , - 1 - (o k
B(r,t) = Eope 00 g, B(r,t) = —Eo,eeikr=en (—i“ g4+ z) .
2
We may as well choose the phase constant so that EOT is real. Then

E(r,t) = Epe "* cos(kx — wt) §;
1

B(r,t) = — Eye "*——Re {[cos(kz — wt) + i sin(kz — wt)] [—ik % + k 2]}
(%) wno

1
= ;EOE_KZ [ksin(kz — wt) X + kcos(kx — wt)Z]. qed

(T used v = ¢/n2 to simplfy B.)
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CHAPTER 9. ELECTROMAGNETIC WAVES 207

() (i) V-E= 82 [Ege™ " cos(kz — wt)] = 0. v
)
.. 0 EO —RZ . o 0 EO —Kkz .
(i) V-B = Frll et ksin(kz — wt)] + P [we k cos(kx — wt)
Eo ¢ _ _
= — [e7"kkcos(kx — wt) — ke k cos(kz — wt)] =0. v
w
Xy oz E E
(iii) Vx E = |9/0x 0/0y 0/0z | = f&iw Qz
0z Ox
0o E, 0
= kEpe™"* cos(kx — wt) X — Ege™ "k sin(kx — wt) Z.
B E
9B = e [—kwcos(kz — wt) X + kwsin(kx — wt) 2]
ot w
= kEpe " cos(kx — wt) X — kEpe” " sin(kx —wt)2 =V x E. vV
X ¥ 2 0B, 0B
(iv) VxB = |9/0z 9/dy 9/0z | = ( 8x - 82> v
B, 0 B, N “
E E E
= —UOKQe_“Z sin(kx — wt) + er_“zkz sin(kz — wt)] y=(k*— /-@2)?06_“ sin(kz — wt) §.
2 2
Eq. 9.202 = k? — k% = (f) [n?sin®0; — (nysinb;)? + (n2)?] = (nz—w) = wlegpts.
c c
= egpowEpe " sin(kx — wt) §.
OE _ . -
/,LQEQE = poeaEpe” Fwsin(kx —wt)§ =V x B V.
(f)
1 1 E2 X y z
S= —(ExB)=——"2¢ 2= 0 cos(kz — wt) 0
H2 H2 @ rsin(kz — wt) 0 k cos(kx — wt)
E2
= | 22z [k cos® (kz — wt) % — ksin(kz — wt) cos(kz — wt) 2] .
Haw
3 3 2 : Egk —2Kz &
Averaging over a complete cycle, using (cos?) = 1/2 and (sin cos) = 0, (S) = e %. On average,
fiaw

then, no energy is transmitted in the z direction, only in the z direction (parallel to the interface). qed

Problem 9.40
Look for solutions of the form E = Eq(z,y, 2)e” ™!, B = Bg(x,y, 2)e” ", subject to the boundary condi-
tions Ell = 0, B+ = 0 at all surfaces. Maxwell’s equations, in the form of Eq. 9.177, give
V-E=0=V -Ej=0; VXE=-28 = V x E; = iwBy;
{V~B—0:>V-BO—0; V><B:i?LE :>V><B0——ic‘§’E0.}
From now on I'll leave off the subscript (0). The problem is to solve the (time independent) equations
V- -E=0; VxE=iwB;
{V~B:O; VxB=-% }
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208 CHAPTER 9. ELECTROMAGNETIC WAVES

From V x E = iwB it follows that I can get B once I know E, so I'll concentrate on the latter for the moment.

. 2
V x (VxE)=V(V-E)- V2E = ~V2E = V x (iwB) = iw (“;’E) — 2 E. So
C C

w2 w\?2 w\?2
VE, = — (—) E,; V2Ey =— (—) Ey; V2E, = — (—) E,. Solve each of these by separation of variables:
c c c
d>X d*Y >z w2 1d*X 1d*Y 1d°Z
Eo(z,y,2) = X(@)Y()2(z) = Y252 4 z2x8 XY—:—(—) XYZ or =22 24 202
(@y,2) = X(@)Y () 2(2) a2 g T e c CXdZ Y ap  Zd?
d*X d*Y d*z
— (w/c)?. Each term must be a constant, so —= = —k2X, — = —k2Y, — = —k>Z, with

dx? T dy? YT dz2
k2 + k:; + k2 = (w/c)®. The solution is

E,(z,y, z) = [Asin(kyz) + B cos(k,x)][C sin(kyy) + D cos(kyy)|[E sin(k.z) + F cos(k,z)].

But El = 0 at the boundaries = E, =0aty=0and 2=0,s0 D =F =0,and E, =0 at y = b and z = d, so
ky, = nm/band k, = Ir/d, where n and [ are integers. A similar argument applies to E, and E,. Conclusion:

E.(z,y,2) = [Asin(kyx) 4+ B cos(kyz)] sin(kyy) sin(k. z),
Ey(x,y,z) = sin(kyx)[Csin(kyy) + D cos(kyy)] sin(k.z),
E.(z,y,z) = sin(kyx) sin(kyy)[E sin(k,z) + F cos(k,z)],

where k, = mn/a. (Actually, there is no reason at this stage to assume that k., k,, and k, are the same for
all three components, and I should really affix a second subscript (z for E,, y for E,, and z for E.), but in a
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I'll assume
they are from the start.)

Now V-E = 0 = k,[A cos(kyx)—Bsin(k,x)] sin(kyy) sin(k.z)+ky sin(k,x)[C cos(kyy)—D sin(kyy)] sin(k.z)+
k, sin(kyx) sin(kyy)[E cos(k,z) — F'sin(k,z)] = 0. In particular, putting in x = 0, kyAsin(k,y) sin(k,z) = 0,
and hence A = 0. Likewisey =0 = C =0and z = 0 = E = 0. (Moreover, if the k’s were not equal for different
components, then by Fourier analysis this equation could not be satisfied (for all z, y, and z) unless the other
three constants were also zero, and we’d be left with no field at all.) It follows that —(Bk, + Dk, + Fk,) =0
(in order that V - E = 0), and we are left with

E = Bcos(k,z) sin(kyy) sin(k,2) X + D sin(k,x) cos(kyy) sin(k,2) § + F sin(k,x) sin(k,y) cos(k,z) Z,
with k, = (mn/a), k, = (nw/b), k. = (Ir/d) (I, m, n all integers), and Bk, + Dk, + Fk, = 0.

The corresponding magnetic field is given by B = —(i/w)V x E:

B, = L <88Ez — aaEy> S [Fky sin(k,x) cos(kyy) cos(k,z) — Dk, sin(k,x) cos(kyy) cos(k.2)],
w Yy z w

B =1 (6;;’” _ 3£Z> = L Bk cos(ker) sin(kyy) cos(h.) — Fh cos(ker) sin(kyy) cos(k.2)],

B, = —é <8£y - 8;:;) = —5 [Dky cos(kgx) cos(kyy) sin(k.z) — Bk, cos(kyx) cos(kyy) sin(k.z)] .

Or:

B = —E(Fky — Dk;) sin(kyx) cos(kyy) cos(k,2) & — —(Bk, — Fky) cos(kzx) sin(kyy) cos(k,z) ¥
w

€=

(Dky — Bky) cos(kgx) cos(kyy) sin(k, z) Z.

1
w
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CHAPTER 9. ELECTROMAGNETIC WAVES 209

These automatically satisfy the boundary condition B+ =0 (B, =0 at x = 0 and x = a, By =0aty=0and
y=b,and B, =0at z=0 and z = d).
As a check, let’s see if V-B =0

V-B

—i(Fk;y — Dk )k, cos(kyx) cos(kyy) cos(k.z) — %(Bk:z — Fky)ky cos(kyx) cos(kyy) cos(k.z)

(Dky — Bky)k. cos(kzx) cos(kyy) cos(k.z)

E‘N

i
= —;(szk‘y — Dkyk. + Bk.k, — Fkyky + Dkyk. — Bkyk.) cos(kyx) cos(kyy) cos(k.z) = 0. v/

The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE
modes, we pick E, =0, so F' = 0 (and hence Bk, + Dk, = 0, leaving only the overall amplitude undetermined,
for given [, m, and n); for TM modes we want B, = 0 (so Dk, — Bk, = 0, again leaving only one amplitude
undetermined, since Bk, + Dk, + Fk, = 0). In either case (TEjy,, or TM;mn), the frequency is given by

w? =2k + k; +k2) = ¢ [(mm/a)® + (n7/b)? + (In/d)?], or |w = emy/(m/a)2 + (n/b)2 + (I/d)2.
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Chapter 10

Potentials and Fields

Problem 10.1

oL o?v. 9 0%V 0 1
02 = = VV — Z 4L (VA = V? —(V-A)=——p.
V+ ot vV Ho€o 12 + 8t(v )+H0€0 12 VvV + at(V ) Eop v
2

0°A oV
0%2A — VL = V?A — MOéOW -V (V . A+u0606t> = —poJ. v

Problem 10.2

1 1
(a) W= 5/ <60E2 + BQ> dr. At ty =d/c, x > d=cty,so E=0, B=0, and hence | W(¢1) = 0.
Ho
At T2 = (d+h)/C, Ctg = d+h

k 1 pok
E= —%(d—&-h—x)i B-= E’%(dm—x)y,
1
so B% = —QEQ7 and
C
2 1 2 2 1 1 2 2
EQE + —B = €0 E + ——=F = 2€0E .
Ho po€o ¢?
Therefore
(d+h) d+h
1 udk / 9 copdkilw [ (d+h—x)3 eopdk?lwh?
W (t2) 2( €0) 1 (d+h— )" dz (lw) 1 3 ) B
d
1 1 1 2
(b) S(@) = (B xB) = L B[ x (49)] = +——E?% = | + % (1 _ |22 %
Ho Hoc poc 4c

(plus sign for 2 > 0, as here). For |z| > ct, S =0.

So the energy per unit time entering the box in this time interval is

aw - pok?lw 9
W_P_/S(al) da = i (ct —d)°.

Note that no energy flows out the top, since S(d + h) = 0.
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CHAPTER 10. POTENTIALS AND FIELDS 211

to (d+h)/c
(d+h)/c 2 3
pok?lw / 9 pok?lw [(ct —d)3 wok*lwh
W= [ Pdt= t—d)*dt = = /0
(c) / 4c (e ) 4c 3c dfe 12¢2
t1 d/C

Since 1/c? = pgeo, this agrees with the answer to (a).

Problem 10.3
(a)

0A 1 q . B B
E=-VV-— = yrma—tl B=VxA=/0]

This is a funny set of potentials for a ’ stationary point charge ‘ q at the origin. (V = 4

= , A = 0 would, of
4meg T

course, be the customary choice.) Evidently ’ p=qd(r); IJ=0. ‘

(b)
v’v%?o( ! q) LI VSN - qtf+< 1qt>(1f)

4dmey T dmeg T’ 4meqy 12 4reg r2

This gauge function transforms the “funny” potentials into the “ordinary” potentials of a stationary point
charge.

Problem 10.4

A
E=-VV - 887 = —Agcos(kr — wt) §(—w) = ’ Aow cos(kx — wt) ¥,
B=VxA=1% % [Ag sin(kx — wt)] = ’ Aok cos(kx — wt) Z. ‘
Hence V.:E=0v, V-B=0 /.
.0 . . 0B . .
VXE=1% 32 [Agw cos(kx — wt)] = —Agwk sin(kz — wt) 2, 5 = —Agwk sin(kz — wt) Z,
x
so VXE = 9B v
ot
. 0 2 . . OE 2 . .
VxB=-§ P [Aok cos(kx — wt)] = Apk® sin(kx — wt) ¥, 5 = Apw?sin(kz — wt) §.

OE
So VB = /L()EOE provided or, since 2= 1/po€o,

Problem 10.5

Ex. 10.1: V-A =0; % =0. ’Both Coulomb and Lorentz. ‘
qt iy qt 5 ov -
Prob. 10.3: V-:A = ~1 Vil =) =—=6(r); 5 = 0. | Neither.
TEQ T €0

av
Prob. 10.4: V-A =0; - =0.
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Problem 10.6 av av
Suppose V-A # —pugeg——. (Let V-A + poeo—— = P—some known function.) We want to pick A such

ot ot
!
that A’ and V' (Eq. 10.7) do obey V-A' = —pp¢o 86‘; .
oV’ , oV 92 ,
V-A’—Fu()eo ot =V-A+V /\+H0€OE_;UJO€0¥:@+D A

This will be zero provided we pick for A the solution to 02X = —®, which by hypothesis (and in fact) we know
how to solve.

We could always find a gauge in which V' = 0, simply by picking A\ = fot V dt'. We cannot in general pick
A = 0—this would make B = 0. [Finding such a gauge function would amount to expressing A as —V\, and
we know that vector functions cannot in general be written as gradients—only if they happen to have curl
zero, which A (ordinarily) does not.

Problem 10.7
(a) Using Eq. 1.99,

g9y (B s - i) = -2
vV-J= 47rV (7“2) 47r47r5 (r)=—¢o°(r) = TR v

(b) From Eq. 10.10,

Ve t) = 4 /$WUMZ L a(t)

T dreg 7 dmeg T

By symmetry, B = 0 (what direction could it point?), so V.x A =0, V- A = 0, and A — 0 at infinity.

Evidently
0A 1 q(t
(c) E=-VV — 5= alt) I Checking Maxwell’s equations:

4dmey 12
q £ 4, 3 q8°(r) _ p
V-E = V- |l—=|= 47d ===V
47eq (rg) 47eq o (r) €0 €
V-B=0 V
VxE:Oz—a—B. v
ot
OE 1 ¢ . g 1,
B: N _— = _—— _— = .
V x 0; MOJ+Mo€oat Mo( 47W2P>+M060(47T60T21‘) 0. v

[Note that the displacement current exactly cancels the conduction current. Physically, this configuration is a
point charge at the origin that is changing with time as current flows in symmetrically (from infinity).]

Problem 10.8
Noting the A is independent of ¢ and B is independent of r, use Eq. 10.19:

dA 0A 1
v VA= (v V) |5 xB)]

1 0 0 0 . . .
-5 1}1% + vya—y + vzaz] (yB. — 2By) %X+ (2B, — zB,) § + (B, — yB,) 2]

——[ve(=B.§+ Byz) +vy(B. X — B, z) + v.(—By X+ B, §)]

=N =

1
—— [(vyB, —v.By) X+ (v By —v;B.) § + (v By — vy By) 2] = —§(V xB). Vv

\V]
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Equation 10.20 says

or

V(r-c)= ()‘(aa +§'(% +z—
In this case ¢ = (B x v) = —(v x B), so
b _ 4
dt 2

x B) — %V[r- (B x v)].

Problem 10.9
d aVv

But Eq. 10.17 says

d (1
—(T+qV) = — [ =m? — =
gL av) dt(2mv>+th mv

dv
dt

ov

+q[+(v-V)V] :v-F+q[

v'F—qV~[VVaA+V><

ot

SO

dt ot

d(T+qV):—q [(V~V)V+v-aA} +q{

ov

o T

ot

(v- V)V]

0A

(VXA)} —q{v.vvﬂ,.],

ot

2%
0
(v —v-A).

Problem 10.10
From the product rule:

1 1
But V— = -V’'— since 2 =r —r'. So
Z Z

v. (/‘Z) _ /Li(v-J) I (v'i) - /ZL(V-J) + }Li(v'-J) _ v (j) .

Bt oJ,  aJ
v.g=2e S
ox + oy

and
o, _ 102
dxr ¢ oz’

dJ.  0J, ot
9z Ot Oz
otr _ 102
dy ¢ oy’

J

(1) Lwara (vL). (2

0J, 0t _9J. Ot,
at, oy~ Ot, 0z’

ot,

5 =

102
c 0z’
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SO
1[0J, 0% 0Jy, 0% oJ, 02 B 10J
VI =—Cl\an. ox T oy o, 0. | cor, (V)
Similarly,
dp 10J
Yy — - /
ViI=-5 ~car. (V?)

[The first term arises when we differentiate with respect to the explicit r’, and use the continuity equation.]
thus

JN_ 1| 103 o Lo 1 o e (Lo L g (L
V</L>_7L { c o, (V/L)}Jra { ot cot, (V}L)] V<¢>_ o Yo\

(the other two terms cancel, since V2 = —V’'2 ). Therefore:
po | O [ p J o1 1 / p o ]{ J
A=—|—— [ —dr — ' — | dr| = — — —dr| — = ¢ — - da.
v 4 { ot / 2 T /V (/Z ) T} “Oeoat {4#60 2 T drw | 2 3Va
The last term is over the suface at “infinity”, where J = 0, so it’s zero. Therefore V-A = —,uoeoa. v
Problem 10.11
(a) As in Ex. 10.2, for t < s/¢, A =0; for t > s/c,
At = (Ba)e [ Mg b,y L [
’ N 47 52 + 22 o 2w 52 + 22 C
k t+ /(ct)? — s? 1
= <'u0 2) [t In <C+(C>S> — =/ (ct)? — 2 Accordingly,
s S
A t 4+ +/(ct)? — 52
E(s,t) = _OA ok {1n (C""(C)S> n
ot 27 S
. s (1) N 1 202 1 2¢2t
- N les+= _ =
ct+/(ct)? —s2 ) \'s 2. /(ct)? — s2 2¢\/(ct)? — 52
B _&kz In ct+ /(ct)? — 82 N ct B ct
2 s J@r- Jlap -5
k t+ 4/ (ct)? — 52
— | Mol (C V() = s ) Z (or zero, for t < s/c).
27 S
0A, -
B(s,t) = —
(s,6) = —2 6
1_(=28) o 2 _ 2
_ k], ; e B §
™ ct++/(ct)? — s2 52 2¢ \/(ct)? — 52
_M —Ct2 n S J) _ _‘UL]{ (—CQtQ + 82) (Z,S _ 'uok' mé
2 | sy /(ct)2 =82 cy/(ct)? — 2 21 ser/(ct)? — 52 2 sc :
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< qod(t— 2
(b) A(s,t) = Z—O 2/ M dz. But 2 = +/s? + 22, so the integrand is even in z:
™ —00
Cot— 2
(MOQO 2) 2/ o(t /) dx
47 0 Z

1 22 d» 2 dr
Nowz=V22—-82=dz=— = ,and 2 =0= 2 =35, z=00= 2 = 00. So:
2\/42—82 \/)&2—82

_ poqo , [ 2 2 dr
.AA(S,t)—?Z/\s /L§<t_c> \/ﬁ

A(s,t)

Co(2 —ct
Now § (t — 2 /c¢) = cd(2 —ct) (Ex. 1.15); therefore A = 'u;zo Zc i \/(427_031d¢ , SO
1
A(s,t) = Hodoc Z (or zero, if ¢t < s);
2\ /(ct)? — 52

_ O0A  poqoc 1 2c%t . Hogoc>t . .
E(s,t) = ot~ 2w \72) ar—spr z= 27 l(c)? — 5772 z| (or zero, for t < s/c);

_ O0A. o pogoc (1 —2s 5 —H0goCS -
B(s,t) = — 5 o \T2) ez — s o= Srl(cl)? — 2572 (or zero, for t < s/c).

Problem 10.12

47 72 47 2 47

Z cC

1 2 11
_ b M) g ok [{t=2 o) /C)dlzl‘ok{t d /dl}.

kt |1 1 bd
But for the complete loop, [dl =0, so A = Holt {a/dl—l— g/dl—i—Qi/ 5} Here [, dl = 2a% (inner
1 2 a

4
circle), [, dl = —2bX (outer circle), so
_ okt [1 1 : uo’ff _ _OA _| ok :
A= pm [G(Za) + b( 2b) —|—21n(b/a)] X=|A= In(b/a)%k,| E= 5 | or n(b/a) %

The changing magnetic field induces the electric field. Since we only know A at one point (the center), we
can’t compute V x A to get B.

Problem 10.13
In this case p(r,t) = p(r,0) and J(r,t) = 0, so Eq. 10.36 =

,0) ,0)t o(r',0)] . 2
E(r,t) = [ P’ —|—p r, 0)tr + A )] 2 dr', but t, =t — — (Eq. 10.18), so
47re c c
! 2 Jt . 1 ! A
. CARY COY R CAT 0] PR Ry X
47eg 2 c2 47eg 2
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216 CHAPTER 10. POTENTIALS AND FIELDS

Problem 10.14
In this approximation we’re dropping the higher derivatives of J, so J(¢,) = J(¢), and Eq. 10.38 =

1 . 2. R 2
B(r,t) = Z—; 57 {J(r',t) + (t, —)I (', t) + 7J(r’,t) X 2 dr', but t, —t = - (Eq. 10.25), so
_ ko (IOt x2
=l sz dr’. qed

Problem 10.15
At time ¢ the charge is at r(t) = a[cos(wt) X + sin(wt) §], so v(t) = wa[— sin(wt) X + cos(wt) §]. Therefore
2 = 2% — afcos(wt,) X + sin(wt,) §], and hence 2 2 = 22 + a? (of course), and 2 = /22 + a?.

A 1 1 2 -
2 V= /7(’1« V) = . {—wa®[—sin(wt,) cos(wt,) + sin(wt, ) cos(wt,)]} = 0, so <1 - V> =1.
c
Therefore
1 q qwa ] N
Vi(z, t) = ———A(2,t) =| ——————=[—sin(wt,.) X + cos(wt;-) ¥), | where | t, =t — —.
&0 =| e Tz A& Y) p— gl sinlwt) (wtr) ) -
Problem 10.16
Term under square root in (Eq. 10.49) is:
I =" =272 -v)+ (r-v)? +c2r? — M — o 40222
2

= (r- ) (2 v*)r? 4 P (vt)* — 2¢3(r - vt). put in vt =r — R%
(r-v)2+ (= vH)r? +2r? + R —2r-R) — 22(r* —r-R) = (r - v)? — r?0? + 2 R?.

but
(r-v)2 =720 = (R+vt) - v)? — (R +vt)%0?
= (R-v)> +v*? + 2(R - v)v’t — R%? — 2(R - v)tv? — v*t%0?
= (R-v)*> = R*v® = R**cos® § — R*v? = —R*v* (1 — cos®0)
= —R*v?sin? 4.
Therefore
2
= —R%*?sin® 0 + *R? = *R? <1 — U—2 sin? 9) .
c
Hence

1
V(r,t) = 1 qed

dmeo Ry/1— sm 9
Problem 10.17

Once seen, from a given point x, the particle will forever remain in view—to disappear it would have to
travel faster than light.
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[Light rays in + = direction|

Graph of w(f)

A person at point

z first sees the
particle when this p
ie at @ = -¢ef. or

t =-z/c

Region below wavy line represents space-time
points from which the particle is invisible

Problem 10.18

First calculate ¢,: t, =t — |r — w(¢,)|/c = 0|
—c(ty —t) =z — \/V?+ 22 = c(t, — t) + . = \/b% + 2t2; | w(t) p
A2 — 2c%t,t + At* 4 2xct, — 2xct + 1 = b2 + At :
2ct,.(x — ct) + (2% — 2zct + 2t?) = b;

= b?

b2 — (x — ct)?
2t (x — — (= et)? _r-\ewma)
cty(xz — ct) (x —ct)?, ort, 2o — <)
1
Now V (z,t) = Ineo (7 c_q«; )’ and 2 c—2 -v=2 (c—v); 2 =c(t—1,).
1 1 02t — A, _ Aty (e—v) = e+ clx —ct) — Aty clz—ct)
2t Tty —t)+x ot + (v —ct) N cty + (x — ct) et +(z—ct)’
c(t —t)e(lx —ct) At —t.)(x —ct) b2 — (z — ct)? b2 + (x — ct)?
2e—n v = = et (w—ct) = —— ) L (p—et) =
¢ M cty + (z — ct) ety + (z — ct) $ ctr+(@=ct) 2(z — ct) +z—ct) 2(z — ct)
Zoot) — b2 o2 _ 2 2 212 32
Pt = 2ct(x — ct) — b* + (x — ct) _ (z—ct)(x+ct)—0 _ (z% — c*t* — b?) Therefore
2¢(x — ct) 2¢(x — ct) 2¢(x — ct)
1 [0+ (- ct)? 1 2¢(x — ct) B b2+ (z —ct)?
r2e—n v 2(x —ct) c2(x —ct) 2ct(x —ct) — b2 + (z — ct)?]  c(x — ct) [2ct(x — ct) — b2 + (z — ct)?]’

The term in square brackets simplifies to (2ct 4+ = — ct)(x — ct) — b* = (z + ct)(x — ct) — b* = 22 — % — b,

q b2+ (z — ct)?
t) = .
So|Vi(@,1) deg (z — ct) (a2 — 212 — b2)
Meanwhile
A - Kv B 2t v 4 b2 — (x —ct)? 2(z — ct) q b + (x — ct)? 4
2 ctpt(r—ct) 2T | 2c(x—ct) | b2+ (z—ct)? dmey (x — ct)(22 — 212 — b2)

q b2 — (z — ct)?
dmege (x — ct)(x? — 282 — b2)

~
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Problem 10.19
From Eq. 10.44, c(t —t,) = 2 = *(t —t,)?> = 2 > = 2 - 2 . Differentiate with respect to t:

202(t—tr)(1—atr>:2)b -%, or ¢z ( —6tr>:¢ 81 Now 2 =r —w(t,), so

ot ot ot
0n o Owoh _ 0h (O o o
o0~ ot oot o © ot ) Voo 7 T o V=
Ot ot, c
2 - . 10. _— = .
815( u) (Eq. 10.71), and hence % = 2 u qed

Now Eq. 10.47 says A(r,t) = %V(r,t), S0
c

OA _ L fov VN _ 1 (vt oV
ot Vot ot ot~ Vot

c2

ot

V)

— l a% 1 ac +v 1 —ac g(/z — 2 - )
2| Ot dme 2 u dmeg (2 -u)? Ot ¢ M
1 gqc a Ot v 0% 02 ov
= -— | — - e v—2 - —|].
Adreg (2 -u Ot (2 -u)? ot ot ot
0% Oty B or 0Ot
But 2 =c(t—t,) = v c(l 875)’ 2 =r—w(t)= 5= Vo (as above), and

ov ov ot, Ot

ot ot ot ot

_ T Ot o, Ot 2Ot Oty
~ dmeoe(2 - u)? {a(a Wa TV {C (1 8t)+v a % o
-4 ) .2 ) 2 2 . oty
= Ireod(2 -u)? { Av4 (2 -uwa+ (P =0+ 2 -a)v] 5 }
-4 ) =2 . 2 .2 ] c2
= Treoc(z ) { v+ (2 -uwa+ (=0 +2 -a)v] r -u}
= m [—c2v(4 ‘W)tz (2 -u)ater (- + 2 a)v]
0 :
qc 1

Z Z 9 9
= re—2 -v)|[—-—v+— + — — +2 -a)v].
Ireo (/L c : )3 {( c )( . a) B (c v a) } qed

Problem 10.20

q z 2 .2
= —v)u+2 x (uxa)|. Here 2 :
47T60 (4 'll)3 [(C v ) + ( )} T | s 2 T
v=v%, a=aZX, and, for points to the right, 2 = X. U ?
Sou=(c—v)X, uxa=0,and 2 -u=2 (c—v). &
q 2 > ¢ 1 (c+v)(c—v)

" dmeo 2 3(c—w)3

1.
B=-2 xE=0. qed
c

For field points to the left, 2 = —% and u= —(c+v)%X,s0 2 -u= 2 (c+v), and
q 2 9 9 . —q 1 (fc—v)\ .
E=- - = — ; B=0.
47T60/L?’(C+U)3(C U)(C+U)X 471'60/}2(64-11) X5
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Problem 10.21
By Gauss’s law (in integral form) the answer has to be g/¢q.

1 (1—v2/c) R
Eq. 10.75
 dmeg (1 — —251n 20)3/2 R2 (Eq. s
%E da— q(1 —v?/c?) / R2sinf df do q(l—v2/02)2 /7r sin 6 df
. = = ™ .
dme R2(1 — % sin® )3/2 dmeg o (1 - % sin®0)3/2
Let u = cos 0, so du = —sin6df, sin® 0 = 1 — u?.
]{E daiq(l—vz/CQ) /1 du (1 —2?/c?) (C)3/1 du
B 2¢0 R T 2€0 v (g - 1+u2)3/2'
+1
U 2 v\3 2
The integral is: = = (7> So
ERY e B I R R O ()

Problem 10.22

A R dx 1y
(a) E= 11—/ | = . -
dmeo R? [1 — (v/c)?sin® 9} 3/2
The horizontal components cancel; the vertical com- R d
ponent of R is sin§ (see diagram). Here d = Rsin 6, so B 5
1 sin” 0 x 9 d dg=Ndz
B p g cot 0, so dv = —d(—csc” 0) df = md@;
1 d sin’6 df
YT G20 & d s
A y T inf
E = (1 —2v2/c?) (y) / S 373 df. Let z =cosf, so sin®f =1 — 2%
dmeo a) Jo [1— (v/c)?sin® 6]
A1 —v2/c?)y

)y [ L .
dmeod / (1= @0 + (ofepa

_ A1 =02/ y 1 z

4megd (v/e)? (2 Jv2 — 1)\/(c/v)2 =1+ 22
B /\(1—1}2/62)E 1 2 .| 1 2x
o dregd v (1 —0v2%/c?) (c/v)2—1+1 Y= 4dmeg d

+1

—1

(same as for a line charge at rest).

1
(b) B = — (v x E) for each segment dg = A dz. Since v is constant, it comes outside the integral, and the

same formula holds for the total field:

1 1 2\ 12X\ po 2 v,
= -z

1
B = E 5 2N s _ 0
c? (V < E) = 2’ 47eq d( x¥) = M060v47reg 4%  4x d
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But \v=1,s0|B = (the same as we got in magnetostatics, Eq. 5.39 and Ex. 5.7).

SIS

513

Problem 10.23
v
I

S

(t) =

Rl[cos(wt) X + sin(wt) §];

v(t) = Rw[—sin(wt) X + cos(wt) ¥]; g
a(t) = —Rw?[cos(wt) X + sin(wt) §] = —w?w(t); ot &
2 =-—w(t); h
2 =R;
t, — R/c¢;
2 = —[cos(wt,) X + sin(wt,.) J;
u=-c2 —v(t) = —clcos(wt,) X + sin(wt,) §| — wR[—sin(wt,.) X + cos(wt,.) J]
= —{[ccos(wt;) — wRsin(wt, )] X + [csin(wt,) + wR cos(wt, )] ¥} ;
2 x(uxa)= (2 -au—(2 -ua; 2 -a=-—w-(—w?w) =W R?
2 -u = R [ccos®(wt,) — wRsin(wt,) cos(wt,) + csin®(wt,) + wRsin(wt, ) cos(wt,)| = Re;
v? = (wR)?. So (Eq. 10.72):
R N > a(Rey] = -1 @ Ra
= Tnco (RO [u(c® — w’R?) 4+ u(wR)® — a(Rc)| = Ineq (RO)?
q 2 . ~ 92 . ~
= dres (Ro? {~[c? cos(wt,) — wResin(wt,)] % — [¢? sin(wt, ) + wRecos(wt,)] §
+ R*w? cos(wt,) X + R*w?sin(wt,) ¥}
q . ~ . ~
= Tnes (ReP? {[(w?R* — ¢*) cos(wt,) + wResin(wt,)] X + [(w*R? — ¢?) sin(wt,) — wRecos(wt,)] §}.
1. 1,. ) R
B = —a xE==(2,E,—2 /,E,) 2
c
_ 1 9 1 2p2 2\ & _
~ dreg (ROZ {cos wt,) [(w?R* — ¢*) sin(wt,) — wRccos(wt,)]
—sin(wt,) [(w?R* — ¢*) cos(wt,) + wResin(wt,)] } 2
__.a 1 2 _ .2 g 1 | 4w,
= e B [ wRecos®(wt,) — wResin (th)] 7= Ty F2G wRcz = Tncg R Z

Notice that B is constant in time.

To obtain the field at the center of a circular ring of charge, let ¢ — A(27R); for this ring to carry current
2wl 1

I, we need I = A = AwR, so A = I/wR, and hence ¢ — (I /wR)(27R) = 27I/w. Thus B = T R z, or,
TED
I
since 1/¢® = egpup, | B = /;(}% the same as Eq. 5.41, in the case z = 0.
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Problem 10.24
Ao, t) = )\0| sin(0/2)|, where 8 = ¢ — wt. So the (retarded) scalar potential at the center is (Eq. 10.26)

Vit = 4meg /7  4me /0 E |Sm[(¢a_ Wtr)/2]|ad¢ @
= Trsm _ o cos . y
= 2o [Tnoran = 22 2eon(o/)] [
A A
— 22— (-2)=| 22,

(Note: at fixed ¢,, dp = dfl, and it goes through one full cycle of ¢ or 6.)
Meanwhile I(¢,t) = Av = Awa [sin[(¢ — wt)/2]| ¢. From Eq. 10.26 (again)

/7,77/Awmw¢mvm¢
0

do.

a
But ¢, =t — a/c is again constant, for the ¢ integration, and cz) = —singX+cospy.
A 2m
= % / |sin[(¢ — wt,)/2]| (—sind X + cosd§) d¢p. Again, switch variables to § = ¢ — wt,.,
4 0

and integrate from 6 = 0 to § = 27 (so we don’t have to worry about the absolute value).

2m
. % / sin(6/2) [ sin(6 + wt,) & + cos(8 + wt,) §] db. Now
™ 0
2 1 27
/ sin (6/2) sin(f + wt,.) df = 3 / [cos (8/2 + wt,) — cos (30/2 + wt,.)] dO
0 0
1 2 2m
=3 [2 sin (0/2 + wt,) — 3 sin (30/2 + wtr)]
0
: . 1. 1.
= sin(7 + wt,) — sin(wt,) — 3 sin(37 + wt,.) + 3 sin(wt,.)
2 4
= —2sin(wt,) + 3 sin(wt,) = —3 sin(wt;.).
27 1 27
/ sin (6/2) cos(f + wt,) df = 3 / [—sin (/2 4+ wt,.) + sin (30/2 + wt,.)] df
0 0
1 2 2m
=5 [2 cos (0/2 + wt,) — 3 o8 (36/2 + wt,«)]
0
1 1
= cos(m + wt,) — cos(wt,) — 3 cos(3m + wt,) + 3 cos(wt,.)
2 4
= —2cos(wt,) + 3 cos(wt,) = ~3 cos(wt,). So
torowa (4 . . . . Hodowa . -
A(t) = 1 3 [sin(wt,) X — cos(wt,) §] = {sin[w(t — a/c)] X — cos|w(t — a/c)]§} .
0
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Problem 10.25

SOURCES
p-J

[ ] =sevaluate at the retarded
time.t

POTENTIALS

B
(V'B=0 VXE= =

)

- GA g _
E=-VV- 22:B=VxA

Problem 10.26

Q 3Q
p(r,t) = { (4/3)rR3 ~ 4xv3t3’ (r < R=ut),
0, otherwise).
(
For a point at the center, t, =t —r/c, so
3Q 3Q ot
= t — = [ —
p(r,t,) =< Amvd(t —r/e)®  dm(v/e)?(ct —r)3’ (T <ut=rfe)=r< 1+ v/c) ’
0, (otherwise).

Let a = vt/(1 4+ v/c); then

_3Q @ 1 o 3Q @ 2
Qe = 47r(v/c)3/o TR (v/c>3/o (@

= —ﬂ nlet — r 2ct B (Ct)2 a
 (v/e)? [l (¢t —r)+ (ct —r) 2(075_7«)2] .
_ 3@ St (ct)? X
o (/e [ln(d et (ct—a) 2(ct—a)? Infct) -2+ 5]

= % BHH (%) -2 (atcja> +% <thja)21 .
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Now, ¢t —a = ct

vt ct voovy ot ct
71—}—1}/0714—1}/0( )71+v/c’soct—a
Qet = (v3/ccg)3 [2““(”2)‘2(”2)*;(HD?]

=g ot (e D) 22t gt ()] = s [ (0 D) -5+ ()]

If6<<1,thenln(1+6):G—%€2+%63—%64+...,SOfOY’U<<C,

v
- — - =1+ —, and hence
c ¢ c

Qo= -2 ()5 () () - Fes ()] e (- 5)- <

Problem 10.27
Using Product Rule #5, Eq. 10.50 =

V- A= Ziqcv v [(62t —r- V)2 + (02 — 'UQ)(TQ — 02t2)]71/2
7

— Nzgcv . {—; [(0215 —r- v)2 + (02 — 112)(7"2 . Cgtz)]—3/2 v [(0215 . V)2 + (02 _ vg)(rg B c2t2)] }
- _% [(*t —r-v)? + (¢ = 0*)(r? — *t?)] iy {=2(t—r - v)V(r-v)+ (= 0*)V(?)}.

Product Rule #4 =

V(r-v) =vx(Vxr)+ (v-V)r, but Vxr=0,

0 0
(v-V)r = (Umax Jrvya—y +IUZ&

V(r?) = V(r-r)=2r x (V xr)+2(r-V)r =2r. So

)(zf{+yy+z2)vm§<+vyy+v22v, and

V- A= —% [(Pt—r-v)>+ (=) (r* — 02t2)]_3/2
= % [(CQt —r- v)2 + (02 _ 1)2)(7"2 — C2t2)]*3/2 {(02t _r. V)v2 . (02 - 1)2)(1‘ ) V)} .

But the term in curly brackets is : ¢*tv? — v?(r - v) — (v - v) + 0v3(r - v) = (¥ —r - v).

v [=2(Pt—r-v)v+ (¢ —v*)2r]

pogc® (vt —r-v)
AT [(2t—1-v)2 + (2 —v2)(r2 — c2t2)]3/2
Meanwhile, from Eq. 10.49,
oV 1

_MOEOE = —Moeoch (—;) [(021% —r- V)2 + (02 N 1)2)(7“2 . 02t2)} —3/2
% [(0215 —r-v)? 4 (2 =) (r? - C2t2)]
- 7% (Pt —r-v)* + (& = 0?)(r? = 1%)] s [2(Pt —1 - v)e® + (¢? —v?)(—2c%)]
:7u0q03 (Pt —r-v—c*t+0%t) =V AV

AT (Rt —1-v)2 4 (2 —v?) (12 — CQtz)]3/2
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Problem 10.28

7142 1 . | a(t)
(a) |Fq = ———— % -
dmeg (b2 + 2t?) 4, 1 0,
(This is just Coulomb’s law, since ¢; is at rest.)
ag [~ 1 qig2 |1 1 > q192 1 1
b) I, = dt = —t t/b = t —t -
(b) 2 d7eg /oo (b2 + 2t?) dreg [bc an ™" (ct/ )” w Amegbe [tan™" (00) — tan™ (—00)]
_ q1q2 [[ _ (_[)} _ 4192 ™
4dmegbe 2 4meg be
g 1 [c—v)
(¢) From Prob. 10.20, E = — — | —— | X. Here z t
dmeg 22 \c+ v ' i3
and v are to be evaluated at the retarded time ¢,, which is r
given by c(t —t,) = x(t,) = /b2 + 22 = > — 2ctt, + ;
242 _p2
At =0+ A=t = 027275 Note: As we found
c
in Prob. 10.17, g first “comes into view” (for g;) at time

t = 0. Before that it can exert no force on ¢, and there is
no retarded time. From the graph of ¢, versus ¢ we see that
t, ranges all the way from —oco to oo while ¢ > 0.
22?2 — 2?2 + b2 B b? + %2 2c%t B c?t

1
2V + 2

c(t—t.) = (for t > 0). w(t) =

2ct N 2ct
2t2 _ b2 2 t 2t2 _ b2
= (c ) <b2 +C 2t2> —©c (0%24-1)2) (for t > 0). Therefore
C C
_ 2t2 b2 2t2 _ b2 2b2 b2 4 2t2 b2
c—v _(c + ) — (c ) _ _ (fort >0). BE——-2 c PN
ctv (A2 402) (22 —b2) 222 22 dmeg (b2 + c2t2)2 22
0, t <0
F, = q1G2 4b* -
- ,t>0.
dmeg (B2 + 22)2
g2 .9 ° 1 . .
(d) Il = _FEO b /0 m dt The lntegral 1S

| e a () [orral, | weree®) e (5) =

q192 T
So |h= dmeg be’
(e) F1 # —F5, so Newton’s third law is not obeyed. On the other hand, Iy = —I5 in this instance, which
suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general the fields might carry
off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present case.)

Problem 10.29
The electric field of g1 at g2 [Eq. 10.75, with 8 = 45° and R = (—vtX + vt §)] is

o 1—v?%/c? 1
 dmeg (1—02/2c2)3/2 24/2(vt)?

(—%+79).
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The magnetic field [Eq. 10.76, with v; = —v X] is
1 v voq1 1—2%/c? 1 .
B =-(vixE)=—=(&xE)=—— .
1= 2 (v1 ) 2 (x ) 2 dreg (1 — v2/2¢2)3/2 2v/2(vt)? Z
The force on go is therefore [Lorentz force law with v = —v §]

Fg = q2(E1 + vg X Bl) =

ag  1—v%/c 1 v
2/9,2\3/2 —X+y+ox]).
dmeg (1 —02/2¢2)3/2 2/2(vt)? c

The electric field of go at g is reversed, Eo = —Ej; so is the magnetic field By = —B;. The electric force
is also reversed, but the magnetic force now points in the y direction instead of the x direction. So the force

on q is
N T
X=-y+3Y]-
c

The forces are equal in magnitude, but not opposite in direction. Newton’s third law is not obeyed.

g2 1—v%/c? 1

F
YT dreg (1= 02/262)3/2 2v/2(vt)?

Problem 10.30

t t—L/c
t—t1) =vt1, t=11(1 t] = ——. t—ty)=vto+ L, t—L/c=15(1 to = .
ot —t1) = vty, 1(1+v/e), |t 1+ 0/c c(t —t2) = vtz + L, Je=ta(1+v/c), |ta 1T oje
t t—L t —vlL L+vL t+ L
l‘lz’l)tl: Y . $2:’0t2+L:u :'U U/C+ T /C: vt + .
1+v/c 1+v/ec 1+v/c 1+v/c
1 2\ A A t+ L
V(0,t) = / Zdr = In(22) = m (YR
dreg S, T 4dmeg T 47eg vt
A L AL 1
Lo, V= In{l4+— |~ i — | .| The Liénard-Wiechert potential is
4dmeg vt 4meg vt 4meg \ vt
q 2
= . H r -2 - = vt, t./c=v(1 t, =v(1 —F =t.
PP o — ere ( v/c) = vt, + vt /e =v(l +v/c) u( +v/c)1+v/c v
1
(In the limit L — 0, ¢, =t; =t3.) SoV = el (>
4meg \ vt
Problem 10.31
E

Ho
So S =

M()C2

c

[E x (v x E)] = ¢ [E*v — (v-E)E].

The power crossing the plane is P = [ S - da,
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and da = 2mrdr X (see diagram). So

P = ¢ /(EQU — E2v)2rnrdr; E, = Ecosf, so B> — E> = E*sin? 4.

. q 1 R 1
= 2mwegu / E?sin? 0 rdr. From Eq. 10.75, E = — where 7 = ———.
4meg v2 p2 [1 = (v/c)2sin? 0] 3/ V1—v%/c?
2 00 )
1 0 1 1 0
:27r60v< 4 > —2/ s Bdr. Nowrzatan0:>dr=a72d9; -
dreg ) v* Jo R4 [1— (v/c)? sin2 0] cos2 6 R a
2 1 /2 3 9 9
= %q——z/ Sl Ueos 7df. Let u= sin? 0, so du = 2sin6 cos db.
29" dmeg a® Jo [1— (v/c)?sin® 6]

= vy /1 Y du = vg® ﬁ = 71)(12
16mepay* J, [1— (U/C)QU]B 16mega?~* \ 2 32mepa?’

Problem 10.32

(a) | Fra(t) = —— 9192 5

~ 4reo (vt)? 'R
. v
(b) From Eq. 10.75, with § = 180°, R = vt, and R = —2: g
2 T
1 Q1QQ(1—U2/02) N 0
For(t) = — .
n(t) =~ 2 5 : y
1
Newton’s third law does not hold: Fi5 # Foq, T

because of the extra factor (1 —v2/c?).

(c) From Eq. 8.28, p = ¢y [(ExB) dr. Here E = E; +E,, whereas B = By, s0 ExB = (E; xB3)+(E2xBy).
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part:

1 1
p(t) =€ /(E1 x By)dr. Now E; = % t, while, from Eq. 10.76, By = C—z(v x Es), and (Eq. 10.75)
TEQ
@ (1 —v2%/c?) R _ 2 o 2,9 ., rsind
E,; = dmeo (1= 252 0/ 2)32 B2 But R =r —vt; R® =r* 4 v°t° — 2rvtcosf; sin@’ = I So
1— 2/.2 — vt .
E; = e ( v'/e) 372 (r 3V ) Finally, noting that v x (r — vt) = v x r = vrsinf ¢, we get
4meo [1 — (vrsinf/Re)?] R
1—v%/c? vrsin 0 - 1—v?/c)w 1 rsinf (£ x ¢
B2: q2( 2/ ) - 3/2 ¢ So p(t):EO el q2( /2 ) ) ( ¢) 32
dmege [R? — (vrsind/c)?] dmeo dmegc T [R? — (vrsinf/c)?]
Butfx ¢p=—0 = —(cosfcosdX + cosfsingpy —sinf2), and the x and y components integrate to zero, so:

p(t) = q1q2v(1 —v?/c?) % / sin? 0
(4mc)?eq r[r2 + (vt)? — 2rvt cos — (vrsin 9/0)2]3/2
_2/:2)5 i3
_ qgeo(l 21} /c )z/ rsin® 0 . = drdo.
8mcieg [r2 4+ (vt)? — 2rvtcos 8 — (vrsinf/c)?]

2 sin 0 dr df d¢
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CHAPTER 10. POTENTIALS AND FIELDS 227

I’ll do the r integral first. According to the CRC Tables,

/°° x 2(bx 4 2a)
dr = —
o (a+bx+ cx?)3/2 (4ac — b%)Va + bz + cx?

T_ 2 b 2
o dac—0%|\c a

2 2 (2v/ac —b) 2 -1
Jetdae ) 0TV = e avas ) — Ve BYeeth)
In this case x = r, a = (vt)?, b= —2vtcosf, and ¢ = 1 — (v/c)?sin?§. So the r integral is
2 1

V1 (v/c)sin® 0 {21;15\/1 — (v/c)? sin® 0 — 2ut cos 9} ) vty/1— (v/c)?sin 0 [\/1 — (v/¢)? sin® 0 — cos 9]

{ 1 — (v/c)?sin? 0 + cos 9}

_ 1 14 cos 0
= =—
vty/1— (v/c)?sin® @ [1 — (v/c)? sin® 6 — cos? 6] vtsin®f(1 —v?/c?) 1—(v/c)?sin? 0
So
1—v2/c?)3 1 G 0
p(t) = Lol —v/c) — / —— |1+ o sin® 0 df
8mc2eg vt(1 —v2/c?) J, sin®é 1— (v/c)2sin? @

cos 0 sin 6

_ Diz® / sin9d9+f/ do
srcteot | Jo vJo o\ /(e/v)? —sin? 6
But foﬂ sin @ df = 2. In the second integral let u = cos#, so du = —sin 6 df:

™ - 1
/ cos fsin 6 d9:/ 2u 2du
0 \/(c/v)? —sin?0 -1/(¢/v)* =1+u

= % Z | (plus a term constant in time).
7I

= 0 (the integrand is odd, and the interval is even).

Conclusion: | p(t)
(d)
1 gz, 1 quge(1—0?/c?) q102 0?2 Qg . Qg
F Fy = — zZ = —1+—=)z= zZ = Z
12+ X2 4mrey v2t2 47eq v2¢2 4mequt? + 4megct? 4mt?

_dip _ Hoq192
dt 47t2

zZ= F12 + F21. qed

Since ¢; is at rest, and ¢o is moving at constant velocity, there must be another force (Fiecn) acting on
them, to balance Fi2 + Fa1; what we have found is that Fech = dpem/dt, which means that the impulse
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of
this problem see J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).]
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Problem 10.33
Maxwell’s equations with magnetic charge read:

0B
ii ; OE
(ii) V- B = popm, (iv) V. x B = poJ, ‘*‘Moﬁoa,

where p. is the electric charge density, p,, is the magnetic charge density, J. is the electric current density,
and J,, is the magnetic current density.

If there are only electric charges and currents, then the usual potential formulation applies (Section 10.1.1),
with E = —VV, — 0A./0t, B=YV x A.. If there are only magnetic charges and currents,

oB
(i) V-E =0, (iii)VxE:—qum—E,
OE
(ii) V- B = popm, (iv) V x B = poco .-
This time equation (i) says that E can be expressed as the curl of a vector potential: E = —V x A,,, and

plugging this into (iv) yields V x (B + po€gdA.,,,/0t) = 0, which tells us that the quantity in parentheses can
be represented as the gradient of a scalar: B = —VV,,, — upegdA,,,/0t. [The signs of V,,, and A,, are arbitrary,
but I think this choice yields the most symmetrical formulation.] Putting these into (ii) and (iii) yields

0 aV, av,
Hop Moéoat ( + ot ) podm + ( + En )
The “Lorenz gauge” for the magnetic potentials, V - A,,, = —9V,,,/0¢, kills the terms in parentheses.
In general, if there are both electric and magnetic charges and currents present, the total fields are the sums
(by the superposition principle):

O0A. O0A,,
E=-VV, - 5 —VxA,,| |B=-VV,— e En +V x A..
If we choose to work in the Lorenz gauge:
Ve 0V
VAT Ty VAT e

Maxwell’s equations become (in terms of the potentials)

1
Dz‘/e = —:Pe’ Dsz = —H0Pm; D2Ae = —pode, DQAm = —poJIm,
0

and the retarded solutions are

1 (1)1, m (1, 4
Vo(r,t) = /p (2 ) g7 Vm(r7t):%?_/7p &tr) g,

Je /atr Jm /;tr
Al(r,t) = @/7(2 Vi, An(et) = %/7(’“ ) a7,
i
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Problem 10.34
The retarded potentials are

/ /
R e N

4meq 7 T A4rx 72
We want a source localized at the origin, so we expand in powers of r’, keeping terms up to first order:

22 = (r—1)-(r—1)=7r>=2r-v' 4+ (+')?,

N

2

<
I/~

=

\
-
=

(V) "5\
~

1 1 /
%(1 rr)’
2 r 72
2 r r-r r-r
t— = ~t- 4 =ty + ——,
c c rec rc

where tg =t — r/c is the retarded time for a source at the origin. Thus (Taylor expanding about t)

/

r. ,
7t b
- p(r’,to)

7z r
p(r'st,) =p (rﬂt - C) =~ p(r',to) +

/ /

p(r',t,) 1 r-r , r-r. ., 1, r-r r-r
=—|(1 t t ~ - t i t
> S\ L ) P te) + ——=p(r o) | = —p(r to) + =5 p(rs to) + 5 Al To),

and hence

1 1 r r .
V(r,t) = e, L/P(I‘/,to)dT/ +3 /I‘/p(l'l,to)dT/ + o5 /I‘/p(l'/,to)dT/:| :

The first integral is the total charge of the dipole, which is zero; the second integral is the dipole moment, and
the third is the time derivative of the dipole moment:

Vi) =| . [P(to) + gp(to)} :

4meq r2

By the same reasoning, the vector potential is
A(r,t) = Ho 1/J(r' to) dr’ + 1 /(r )2 t) dr’ + L /(r I o) dr!
’ 4 | r ’ 73 ’ r2c ’

From Eq. 5.31 /J(r’,t) dr’ = p(t), and J = pv/ = p(dr’/dt) is already first order in 7/, so the second and
third integrals are second order, and we drop them.

47 r

Ar,t) =| 1o {p(t")] .

In calculating the fields, remember that the dipole moments themselves depend on r, through their argument
(to =t —r/c). For a function of ¢y alone,

Vf(to) = (;%Vto =f <—(1:VT> = —%ff‘,
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230 CHAPTER 10. POTENTIALS AND FIELDS

~

d ,
so you simply replace V by —E% For a structure of the form [f(to) + %f(to)]

v [ (to) + Z(t0)] = —%f' ! (_f‘f’> N ér _ Ty

c

Using the product rule for V(A - B):
ot (e (o) oo S (55 () o S (e 2] 9) 2
r L

= L ) ror |5 (5) b 5 ([
_ 1 {_f(f-l'i)+[p+(7"/6)p]—3r§r-[p+(r/6)p])}

47eq rc? r

_|_

The others are easier:

VxA=HN }(pr)—px V1 _ b1 —Exf) + p><L - Mo Fx [(B+ (/)] ,
At | r r 47 | r c r2 4 72
OA _ po (D
ot Adr \r )~
The fields are therefore

E(r,t) = —vv — 0A _|_to {f) —##-p) | H[p+(r/c)p] —3E(E- [P+ (r/c)pb}

ot 47 te

r r3

B(r,t) = Vx A= “0{“[?*(7"/0)15]}

47 72

(with all dipole moments evaluated at the retarded time to =t — r/c).
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Chapter 11

Radiation

231

Problem 11.1

From Eq. 11.17, A = —

V.A — _ HoPow

47

47

= Ho€o {

ot 4meqr

OV pocost {w cos[w(t — r/c)] — %sin[w(t - 7”/0)}}

c

Pow 1
= — — sin
4meg | 72

Pow

4dmeg

topow 1

=~ sinfw(t — r/c)](cos O F — sin 0 8), so
”

1

(22 L ntote - rjoleosd] + L2 T uto ittt - rjo] )

_ Hopow {

2sin 6 cos 8

( t—r/c)]—%cos[ (t—r/c)])cos@ —5aog Sl (t—r/c)]}
(:2 sinfw(t — r/c)] + :}Ccos[w(t—r/c)]) cose}.

Meanwhile, from Eq. 11.12,

2

ov

Problem 11.2

Eq. 11.14: |V (r,t) = —

[w(t—1/c)] +—cos[ (t—r/c)]}coa@ So V- A= —ppeg— 5 qed
w Ppo-t . 3 . ~ MWDo -
Treoe 7 sinfw(t —r/c)]. | Eq. 11.17: | A(r,t) = P sinfw(t — 7 /c)].

Now pg X t :posinﬁg{& and # x (pg X &) = po sin O(F x <Z>) = —pysinf 0, so

/J()Wz r x (p() X f‘)

Eq. 11.18: | E(r,t) =

47

r

cosfw(t —r/c)]. | Eq. 11.19: | B(r,t) = —

Eq. 11.21: | (S) =

pow® (po x £)? :
32m2¢ '

2

r

Problem 11.3

P =I’R = gdw?sin®(wt)R (Eq. 11.15) = (P) = 1g3w?R. Equate this to Eq. 11.22:

I NOQon *
_ R r-v-_
9 T 127¢
pod? 4m?c?
T 6me A2

B M0d2w2

6mc

. 2me
;| or, since w = —,

A

2 (d 2
= —TT — =
3THOC\

2 -7 8 d 2 2 d ? 2
ST x 107 (3 x 10%) { 1) =807% () Q=|789.6(d/))’ Q.
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232 CHAPTER 11. RADIATION

For the wires in an ordinary radio, with d = 5x 1072 m and (say) A = 10> m, R = 790(5 x 107°)2 = 2x 1076 Q,
which is negligible compared to the Ohmic resistance.

Problem 11.4
By the superposition principle, we can add the potentials of the two dipoles. Let’s first express V (Eq. 11.14)

in Cartesian coordinates: V(z,y, z,t) = _4p0w ( . 22 n 2) sinfw(t—r/c)]. That’s for an oscillating dipole
mege \ 22 +y% + 2

along the z axis. For one along = or y, we just change z to « or y. In the present case,

P = polcos(wt) X + cos(wt — w/2) §], so the one along y is delayed by a phase angle m/2:

sinfw(t —r/c)] — sinfw(t —r/c) — 7/2] = — cos[w(t — r/c)] (just let wt — wt —w/2). Thus
V= _4];0:50 {xz + ;2 T 22 sinfw(t —7/c)] — m cos|w(t — r/c)]}
S 4};0:(:0 Si: 4 {cos ¢sinfw(t — r/c)] — sin g cos[w(t — r/c)]}.| Similarly,
A = | PO it — /o)) % — cosllt ~ /)] 7).

We could get the fields by differentiating these potentials, but I prefer to work with Eqs. 11.18 and 11.19,
using superposition. Since Z = cosfF — sinf @, and cosd = z/r, Eq. 11.18 can be written

N

2
E= u(ilpow cos|w(t —r/c)] (2 - = f') In the case of the rotating dipole, therefore,
o

<

2
_ | HoPow” _ s—TLg ~ _ Y3
E = Tnr {cos[w(t r/c)] (x Tr)+sm[w(t r/c)] (y Tr)},
1
B=|-(fxE
L < B)
1 1 ) 1 (9. . E? . N
S=—(ExB)=—[Ex (fxE)]=—[E’#— (E-f)E] = — f (notice that E - = 0). Now
1o fioc fioc fioc

o 2
E2 — (/“L(Z;S:) {a2 cos?[w(t —r/c)] + b? sin? [w(t —r/c)] +2(a-b)sinfw(t — r/c)] cos[w(t — r/c)]} ,

where a =% — (z/r)t and b=y — (y/r)f. Noting that X-r =2z and § - r = y, we have
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2 2 2
9 x x x 9 yr TY Y xy
2=1+2% 9% 1T .2 Y. qp=_YT Y _—

72 72 72 72 rr rr+r2 r2

E? = (“(ﬁfff {(1 - ﬁ) cos2[w(t —r/c)] + (1 - f{j) sin2[w(t — r/c)]

— 2 sinfu(t o) cosls(t — /)]
- ()

2
_ ( Hopow?
47y

But © = rsinfcos¢ and y = rsinfsin ¢.

%2 (22 cos?[w(t — r/c)] + 2zy sinjw(t — r/c)] coslw(t — 7/c)] + y? sin®[w(t — r/c)])}
1
5 (

{ _
{1 — — (xcos|w(t — r/c)] + ysinfw(t — r/c)])z}

r

- (ot )2{1_“ 0 (cos 6 coslu(t — r/c)] + sin s sinlu(t - r/c)])? }
= <M(Z::J )2{1— (sin @ cos|w (t—T/C)—¢])2}-

Z

Intensity profile
(1-4 sin20)

s = |1 (pOWQ)Q {1 — (sin @ cosfw(t —r/c) — ¢])2} r.

2\ 2
0 (}wa) [1—;Sin20}f‘
c r
ax 2
_ _ Mo (pow Ly P
P—/<S> da = - (47r> /7‘2 (1 25111 0>7‘ sin 0 df d¢

2 4 ™ 1 1 4 2 .4
= Koo o / sin&d@—f/ sin® g = HoPow” (5 Hobo®
0 2 0 87TC 2 3 67‘(’0

©
|
“i:

1
This is twice the power radiated by either oscillating dipole alone (Eq. 11.22). In general, S = —(ExB) =
Mo

1 1
— [(El + EQ) X (Bl + BQ)] = ; [(El X Bl) + (E2 X Bg) + (E1 X Bg) + (E2 X Bl)] = S; + S+ cross terms.
0

0
In this particular case the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time
averaging, and the total power radiated is just the sum of the two individual powers.

Problem 11.5
Go back to Eq. 11.33:

= oo (S0 [ ot - r/e)] - Lsinfu(e ~ /0] } &

r
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Since V = 0 here,
E— _OA _ pomo (sin9> {i(_w) sinfw(t —7/c)] — %w cos[w(t — r/c)}} é

ot 47 r
| tomo (Sije ) {isin[w(t —rfe)] + 2 cosfut - r/c)]} é

1 0
B=VxA=5a0

oMo 1 2sinfcosf
 An rsin 6 r
sin 6 [ 1

: . 10 A
Agsind)  — o (rdy) 6

E coslw(t — r/c)] — % sinfw(t — T/c)]} P

( ‘Z) coslw(t — r/c)]} é}
Js

3 coslw(t —r/c)] + % sinfw(t —r/c)] —

m\E

r

Mz;no {2cro;9 E cosfw(t — r/c)] — %sm w(t —r/c)
sin @ {—;cos[a)(t ol + %sln[w(t — /o) + (Z)2cos[w(t - r/C)]} é}.

r

fromow?

These are precisely the fields we studied in Prob. 9.35, with A —
me

the solution to that problem) is

2 3 . 9 2 9 2 A~
s = 55 () (222 [(1- s £ ot
2

. c . w 2 c .92 2 A~
sin 6 —7—1—2—3 S1n U COS U + — COS u+—2(sm U — COS u) re,
T wer c wr

. The Poynting vector (quoting

pomawt sin?6 _

3023 g2 O the same as Eq. 11.39.

where u = —w(t — r/c). The intensity is | (S) =

Problem 11.6

1 o™ 2% u0w2b412w4 pombtw? . 2me

I’R = IZRcos*(wt) = (P) = §IOR 127:)63 = 1271'(::(3) ,80| R = s | o since w = ——,
N07r54 16m*c 8 s b\*|_8 5 -7 8 4 5 4

= =|57%m0e (3 ) |= 5" (dm x 1077)(3 x 10%) (/) =[3.08 x 10°(b/7)* 2. |

Because b <« A, and R goes like the fourth power of this small number, R is typically much smaller than the
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 (b = 5c¢m and A = 103 m),
R=3x10%(5x 107%)* = 2 x 107'2Q, which is a millionth of the comparable electrical radiative resistance.

Problem 11.7
With a = 90°, Eq. 7.68 = E' = ¢B, B' = -E/c, ¢, = —cq. = mo = ¢,,,d = —cq.d = —cpy. So

B = o { L0l (S0 oo — )3 =| Lo () confuta - /0]

4re 4re

B L {_Mo(—mo/c)w2 (Si:9> cosluw(t — r/c)] é} _| _pomow? (Sm@> cosw(t — r/c)] 0

c 47 4mc? r
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These are identical to the fields of an Ampére dipole (Egs. 11.36 and 11.37), which is consistent with our
general experience that the two models generate identical fields except right at the dipole (not relevant here,
since we’re in the radiation zone).

Problem 11.8 )
. . dW., Ho .o . . 1 —t/RC
(a) The power radiated (Eq. 11.60) is = —p°. Inthiscasep=Qd,s0p=Qd=Qo | =— | ¢ d,

dt 6mc RC
o dw, _ ﬂ(@od)z o 2t/RC
dt 6me (RC)*

o (Qod)? /OO o—2t/RC gy _ o (Qod)? [ Rcezt/Rc]

" 6 (RCY* J, " 6me (RO | 2

, and the total energy radiated is

*_ po (Qod)* RC o (Qod)?

o 6mc (RO 2 " 127 (RC)3"

The fraction of the original energy that is radiated is therefore

_ W o (Qd)?2C | o &
Wo  12mc (RC)? Q3 | 6mc R3C?’

f

[Technically, Q(t) is discontinuous at ¢ = 0, and @ picks up a delta function. But any real circuit has some
(self-)inductance, which smoothes out the sudden change in Q).]
(b) With the parameters given,

s o
= =12.22 x 107",
T = 623 x 109 (105)(10-20) -
About a millionth of the total energy is radiated away, so this is negligible.

Problem 11.9
p(t) = polcos(wt) X + sin(wt) §] = P(t) = —w?po[cos(wt) X + sin(wt) §] =

popaw? sin? 6 _
- 1672c 72
with the answer to Prob. 11.4. The reason is that in Eq. 11.59 the polar axis is along the direction of P(to);
as the dipole rotates, so do the axes. Thus the angle 6 here is not the same as in Prob. 11.4.) Meanwhile,

2 4

p — HoPow
6mc

and the orientation of the polar axis irrelevant.)

Problem 11.10
At t = 0 the dipole moment of the ring is

[B(1)]* = w'plcos? (wt) + sin?(wt)] = p2w?. So Eq. 11.59 says | S (This appears to disagree

Eq. 11.60 says .| (This does agree with Prob. 11.4, because we have now integrated over all angles,

2 2
po = /)\rdl:/(Aosin¢)(bsin¢y+bcosgbfc)b(w:)\Ob2 (y/ sin2¢d¢+§</ sinqbcos¢d¢)
0 0
= N2 (ry +0%) =7\ ¥
As it rotates (counterclockwise, say) p(t) = polcos(wt)§ — sin(wt) %], so p = —w?p, and hence (p)? = wp?.
4b4>\2
— | THoW D Ao

Therefore (Eq. 11.60) P = %w‘*(wb%)2 =
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Problem 11.11
Here V = 0 (since the ring is neutral), and the current depends only on ¢ (not on position), so the retarded
I(t— 2
vector potential (Eq. 11.52) is A(r,t) = ZO j{% dl'. But in this case it does not suffice to replace
T
2 by r in the denominator—that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, use

1 1 b N
Eq. 11.30: » = - (1 + - sin 6 cos (;5’). Meanwhile, dl' = bd¢'¢ = b(—sin ¢’ X + cos ¢’ §) d¢’, and

I(t—2 Je)2I(t—r/c+ (b/c)sinfcosd’) = I(ty + (b/c)sinbcos ¢’) = I(to) +f(to)§sin0cos¢’

(carrying all terms to first order in b). As always, to = ¢ —r/c. (From now on I'll suppress the argument: I,
1, etc. are all to be evaluated at tg.) Then

1 b b
A(r,t) = Z;)_ (1+s1n0(:os¢) <I+Icsin0cos¢’) b(—sin¢’ & + cos @' §) d¢’
Hob
4mr J

27 27 27 27
But / sin ¢’ d¢’ = / cos ¢’ d¢ = / sin ¢’ cos ¢’ d¢’ = 0, while / cos? ¢’ do' =7
0 0 0 0

1%

b b
I+ I-sinfcos¢’ +1- sin&cosqﬁ’] (—sing’ %X + cos ¢’ §) de’.
c r

_,uob oy [0 b . _MObQ. T\
= R(wy) _ICSIHQ+ITSIHH:| =52 sm@([-{-gl) v

In general (i.e. for points not on the x z plane) § — (;3; moreover, in the radiation zone we are not interested

b? 9
in terms that go like 1/72, so | A(r,t) = Ko { (t—r/c )} sin

4c
0A pob? 81119
E(r,t) = - 2 —| -
(x,2) ot 4c [( /)}
1 9 10 A
B(r,t)—VxA—rsmgaa(Angmﬁ)r—f—( )60
2 ' 2
= ob ! 125111900501‘—7] blIl 06| = ob Ibmeé
4c |rsinfr r 42 1
1 1 [ pob? +sind A4 27 sin?6 _
= —(ExB)=— I - (7]
S uo( xB) uoc< de 7 ( ¢ x ) 1603 (b ) =
2
_ . 2 sin” 0 , 2 é _ HoT (95 2
P= /s da = £25 (b I) / Srtsinfdidg = <o (b I) (27) (3) = 55 (1)
..2 .
= | Ko (Note that m = I7b?, so 1 = Imb>.)
6me3

Problem 11.12
p=-—eyy, y= %th, sop= f%get2 ¥; D= —gey. Therefore (Eq. 11.60) :P = ét—o(ge)Q. Now, the time
e

. . . . 1 .42 _ . . . .
it takes to fall a distance h is given by h = 5gt° = t = \/2h/g, so the energy radiated in falling a distance h
(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
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is Upaq = Pt = 6 \/2h . Meanwhile, the potential energy lost is Upot = mgh. So the fraction is

f Uad _ pog*e® |2k 1 poe® [2g | (4m x 1077)(1.6 x 10719)? 76 % 10-2.
T Uper  6mc \| g mgh | 6ame\ A | 6m(9.11 x 10-31)(3 x 10%) 0 01
Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y = % gt?).

Problem 11.13
The power radiated (Eq. 11.70) is

AW, 1 k
W 7#0(] . Here F = g:ma,soa:—,Wherekz 9Q .
dt 6mc 4dreq 2 2 4megm

The energy radiated (twice that radiated on the way out) is

2 <11
_ Hog” /7 dr = B4 2k2/ ~ 2 da,
6mc 6me ey ThO
where zq is the distance of closest approach. Conservation of energy (ignoring radiative losses, as suggested)

says
1 1 1 ¢Q @ 1
Emvg = imv2 + Ireo x = v =0 -2 —

=2 2k and x _ 2k
dreomaz Oz’ 07 2

(note that ¢ is at zp when v = 0). So

_ M@y /°° 1 o Hod® 2k [ 1 . Hod® 2k* 16
x4\/v2 — 2k/x 6mc 2k Juy 24/ (1/20) — (1/2) 6mc 2k 15738/2

(T used Mathematica to do the integral.) Simplifying,

W — 240403 B 210q%v] dregm B 8qmug S ofo W, 8gmug 2 | 16¢ (v0)3
" 45mck  45me qQ  45c3Q C Wo o 4563Q mug | 45Q

Problem 11.14

1 ¢ v? ¢ o
F= - =ma=m— =0 = ——. At the beginning (ro = 0.5A),
4meq r2 r 4meq mr

v (1.6 x 10-19)2 1/
¢ |47(8.85 x 10712)(9.11 x 10-31)(5 x 10~11) 3 x 108

= 0.0075,

and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the
velocity is safely nonrelativistic.

2 2 2 1 2\ 2
From the Larmor formula, P = Fod (T ) _ Hod g (since a = v?/r), and P = —dU/dt,
6mc \ 7 6me \ 4meg mr2

where U is the (total) energy of the electron:

1 1 ¢? 1 1 g2 1 ¢ 1 g2
U = Ugin + Upot = zmv* — ===z =) - ==
kin + Upot 2mv dmeg T 2 (47‘(‘60 T dmeg T 8meg T
daUu 1 ¢*dr q? 1 ¢ 2 dr 1 q> > 1
S PR P = s d h e - 5
© dt 8meg 12 dt 6megcd \ dmeg mr? and hence dt 3¢ \2megme) 12 o
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2reome 2 oregme\ 2 [° 2meome ) 2
dt = —3c 0 r?dr =t=—3c 0 r?dr=|c 9 o
g g ro 7

27(8.85 x 10712)(9.11 x 10-31)(3 x 108)7? ~ -
= (3x10% { (16 x 10-19)2 (5x 10713 =11.3 x 10~ s. | (Not very long!)

Problem 11.15

d sin’ 9
do

According to Eq. 11.74, the maximum occurs at — | -—— | = 0. Thus
(1 —Bcosh)d

2sinflcosf 5sin’ 0 sin 0)
(1—-pBcosh)5 (1 — Bcosh)S
2cosf — 26 cos? 0 =53 —56cos?h, or 3Bcos?0+2cosf —58=0. So

=0 = 2cosf(1 — Bcosh) = 53sin? 6 = 53(1 — cos® f);

—2++/4 2 1
cosf = 6ﬁ+ 606 = 35 (:t V1+1582 — 1). We want the plus sign, since 6,,, — 90°(cos 6, = 0) when
v/1+1532 -1
B — 0 (Fig. 11.11): |fpax = cos™! <+3ﬂﬂ> .

For v =~ ¢, B~ 1; write § = 1 — e (where ¢ < 1), and expand to first order in e:

[E—

(B - e e oo

= 00 [VIE 80— 1] = (1 4+0) [4y/T— (15e/8) 1] = 1(1+0) [4 <1_156) _1}

16
1 1 1
= §(1+6) (3—456> :(14—6)(1—%6)gl+6—§€:1—16.
Evidently Oimax & 0, 50 €08 Opmax 21— 362 =1—1e =02 =1le or Opax = \/e/2=|/(1-0)/2.

.2
Let f = (dP/dQs,,) :{ Sin® Oy ax

(dP/dQ|9m) (1 - BCOS emax)s

2 4\° 1
(1—Bcosbmax) 21— (1—€)(1—Fe) 21— (1—e—1e)=2c So f = (524)5 = (5> 3" But
1 1 1

1
vy = = —— = ¢ = —. Therefore

N 1
TV ® VI JI(1-20 2 292

} . Now sin® 0.y = €/2, and
rest ur

Problem 11.16

. dP B
Equation 11.72 says 0= 6% (A up Let B =v/ec.

Uu=c2 —v=c2 —vi=2 -u=c—ov(2 -Z)zc—vcos&zc(l—gcose):c(l—ﬂcosﬁ);
c
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a-u=acX-2)—av(X-2) =acsinfcosp; u?=u-u=c>—2cw(2 -2)+v? =c®+v? - 2cvcosh.

2 x(uxa)=
|2 x (uxa)

(2 -a)u— (2 -u)a;

(2 -a)?u® —2(u-a)(2 -a)(2 -u)+ (2 -u)?d®

(¢ +v* — 2cv cos B)(asin b cos ¢)? — 2(acsin  cos ¢)(asin O cos ) (c — v cos ) + ac(1 — [ cos 6)?
a® [¢*(1 — Beosh)* + (sin? @ cos? ¢)(c® 4+ v? — 2cv cos § — 2¢% + 2cv cos 0]

a*c® [(1 — Beosf)® — (1 — B*)(sin b cos ¢)*] .
dP | pog?a® [(1 — Bcos)? — (1 — 82)sin® 0 cos? ¢]
dQ 1672¢ (1 —Gcosh)®

| 2

The total power radiated (in all directions) is:

dP dP
P = d—QdQ—/d—QsmGdﬂcw—
2

2.2 2 23 a2 2
Hog a [(1—pBcosh)? — (1 —p%)sin®fcos? ¢| .
1672 // (1= Geos ) sin 6 df d¢.
2
But d¢ =27 and cos? pdo = .
0 0
_ poq’a’® /’T [2(1 — Bcosh)? — (1 — 3?)sin? 9]
0

1672¢ (1—Bcosh)® sin 0 df.

Let w = (1 — Bcosh). Then (1 —w)/B = cosh; sin?f = [62 —(1- w)ﬂ /32, and the numerator becomes

2 (1_ﬁ2) 2 2\ 1 2102 2\2 2 2 2
2w? — P (5—1+2w—w)—§[2w6 +(1-6%)?%=2(1-B*w+w?(1 - 5%)]
= 5 (0= =201 = B+ (1+ B)u?):

1
dw:ﬂsinf)dﬂﬁsin@dezﬁdw. When 0 =0, w=(1—-0); when 0 =x, w=(1+0).

pog?a® 1 [O+A 1 o ) -
P = — — (1 — —2(1 - 1 . Thei li
16mc 33 /(1—[3) wd [(1-p%) (1=p3%w+ (1+ g*w?]| dw e integral is

Int = (1—52)2/%dw—zu—ﬂQ)/%der(Hﬁ?)/%dw

_ 1 232 1 2(1 2 1 1 2 1 o
= oo () 20 (g ) 00 ()|
w1 1 (1=2848)-(1+28+6%) 48
g (1+p)2 (1-06)2 (1+p)2(1-p)? (1=
w1 1 (1-38438°-38%-(1435+362+06°%)  263+5%)
-5 (1+8) (1-6)° (1+p)2(1=p)? (=2
weo 11 (1484667452 +5Y) - (1+48+ 667 +45° +8Y) _ 88(1+5°)
-5 (4P (1-p5)* (1+p)4(1—-p)* A=
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240 CHAPTER 11. RADIATION

—8B(1+ %) 1 263+ 8% 1 —46
Int = (1 — 3?)> o) () 22 gy (-2 ) e
= ( 1) T 0 s) T U ) oy
= (1+6%) ~ 3+62) T
3(1—p2)?
pog’a® 18 p° pog®a®y* 1
16mc 33 (1— 52) 6re N w5
Is this consistent with the Liénard formula (Eq. 11.73)? Here v x a = va(z X X) = vay, so
2 v 2 v? 2 1 » 110g%~S a2
a® — (— X a) = 1—— ) =(1-p%d? , so the Liénard formula says P = Y
c c2 'y 6mc 2
Problem 11.17 )
(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force F, = —Léoqc a
T

For circular motion, r(t) = R [cos(wt) X + sin(wt) §], v(t) = = Rw [— sin(wt) X + cos(wt) §];

2
a(t) = v = —Rw? [cos(wt) X + sin(wt) §] = —w?r; a = —w?F = —w?v. So |F, = /g)q w?v.
uxe
toq?
P.=F, =% w?v?. This is the power you must supply.
e
fog*a®
Meanwhile, the power radiated is (Eq. 11.70) Praq = , and a? = wir? = WiR? = W22, so
toq? "
Poa = 5 w?v?, and the two expressions agree.
T
(b) For simple harmonic motion, r(t) = Acos(wt)2; v =1 = —Awsin(wt)2; a = v = —Aw? cos(wt) 2 =
poq” foq”
—w?r; A= —w? = —w?v. So|F, = 5 wiv; P, = g w?v?. | But this time a? = wr? = w142 cos?(wt),
ge e

whereas w?v? = w* A2 sin?(wt), so

Pog= uo—w4A cos?(wt) # P, = Hod” wA%sin®(wt);
6mc 6me

the power you deliver is not equal to the power radiated. However, since the time averages of sin’ (wt) and
cos?(wt) are equal (to wit: 1/2), over a full cycle the energy radiated is the same as the energy input. (In the
mean time energy is evidently being stored temporarily in the nearby fields.)

(c) In free fall, v(t) = %gt2 ¥y, v=gty;a=gy; a=0. So the radiation reaction is zero, and

2
— . T _ Hoq” o . . . .
hence But there s radiation: | Pyyq = orc T Evidently energy is being continuously extracted from

the nearby fields. This paradox persists even in the ezact solution (where we do not assume v < ¢, as in the
Larmor formula and the Abraham-Lorentz formula)—see Prob. 11.34.

Problem 11.18
(a) From Eq. 11.80, Fraqa =

NOCI
6me

a = m7i% (Eq. 11.82). The equation of motion is

F = mi& = Fypring + Frad = —kx +m7E, or & + wir — 7i = 0, with wo = \/k/m.
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CHAPTER 11. RADIATION 241

Since the damping is small, it oscillates at the natural frequency wp, and hence ¥ = —w3i, so #+w3Ti+wiz = 0,

or ¥ + v + wix = 0, with v = wa7. The solution with z(0) = 0 is (for v < wp)
Yo

z(t) = Ae™ "2 sin(wot); v(t) = —%Ae"yt/2 sin(wot) + woAe™7/2 cos(wot), so v(0) = Awy = vy = A = o
0

and |z(t) = Y0 g=t/2 sin(wypt).

wo
pog*a®
According to the Larmor formula (Eq. 11.70), the power radiated is P = ———. In this case (still assuming
e
Y < WO)
0= —wly = —wile /2 sin(wot), P = Hog® (wovo)? e~ sin®(wot)
0 0 %0 ot ), e \Wovo ot).

2,22

1

Averaging over a full cycle (holding e~7* constant) (P) = %e_'ﬂi, and the total energy radiated is
e

0 127c vy

(b) This “equivalent” single oscillator has twice the charge, and twice the mass, so 7 (and hence ) is
doubled. Since [(P)dt goes like ¢?/v, it also doubles. The power radiated is indeed four times as great, but
the oscillations die away faster, and the total energy radiated is just twice as much as for one oscillator.

Problem 11.19

F dv da F dv
= o = e F
() a=r1it—= 2 =T+ / dt = / dt + — / dt.

2e
[v(to +€) — v(to — e)] = 7la(to +€) —a(to —€)] + —Favc, where F,y. is the average force during the inter-
m

> _ poqrwivd _ poqrwivd _ poq?vi [ 6mme 1,
= = — = 5 | = smyg. v
127ey 12mewgT 127c toq 2

0

val. But v is continuous, so as long as F' is not a delta function, we are left (in the limit e — 0) with
[a(to + €) — a(to — €)] = 0. Thus a, too, is continuous. ged

d d 1 d 1 t
(b) (i) a=r7a :T—(Z Ny I f/dtélna: — + constant = |a(t) = Ae!/", | where A

d a T a T T

is a constant. d 7 d ) ; 7
(ii) CL—TG+ =T dj a=_—= ﬁ = ;dt:>1n(a—F/m) = ;—l—constant:a—a = Bel/™ =

F
a(t) = — 4 Be!/7, | where B is some other constant.
m

(iii) Same as (i): |a(t) = Ce'/™, | where C is a third constant.

(c)Att=0,A=F/m+B;att=T, F/m+ Be"/7T = Ce"/" = C = (F/m)e""/" + B. So

[(F/m) + Bl e/, t<0;

o) = [Emy 7] o<i<T

[(F/m)e—T/f + B} T > T

To eliminate the runaway in region (iii), we’d need B = —(F/m)e_T/ T; to avoid preacceleration in region
(i), we'd need B = —(F/m). Obviously, we cannot do both at once.
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242 CHAPTER 11. RADIATION

(d) If we choose to eliminate the runaway, then

(F/m) [1 - e_T/T] Tt <0;
a(t) = § (F/m) [1 —~ e(t_T)/T} , 0<t<T;

0, t>T.

(i) v = (F/m) [1 - e*T/T} /et/Tdt = (F'r/m) {1 — e*T/T} e!/T + D, where D is a constant determined by the
condition v(—o0) = 0= D = 0.

(ii) v = (F/m) [t — Te(t_T)/T} + E, where E is a constant determined by the continuity of v at ¢ = O:
(F1/m) [1 - eiT/T} = (F/m) {—TefT/T} +E=E=(F1/m).

(iii) v is a constant determined by the continuity of v at t =T: v = (F/m)[T + 7 — 7] = (F/m)T.

(F'r/m) [1 — e_T/T} et <0

v(t) = (F/m) {t +7 - Te(t*T)/T] ,0<t< Ty

(F/m)T, t>T.

uncharged particle:
(no radiation reaction) 0]
a(t)

charged particle

F
- /m .
R S
m“ e :
1
—-— T chargec 7 :
sreacceleration rith radial
I /-._.-J(\nth radia 7 :
— |
j,‘_ uncharged particle
1
t — t
() T T

Problem 11.20

en N“O(q/2)2 . in en :u0q2 |1 1 /u'Oqz .
(a) From Eq.11.80, F2 = e 50 Fraa = Fint yopend = et ls 27| = e v

(b) Following the suggested method:

in 1 1 in in 1% qzd
F(g)=F"(q)+2( 7 ) Fle) = 5F(a)=F™(q) = F(q)=2F"(q) = ——.
4 2 6me
m L Y1
(¢) Fraa = —d/ / 2Adys p 22 dy;. (Running the yo ¥
127TC 0 0
integral up to y; insures that y; > w2, so we don’t count the }dy,

same pair twice. Alternatively, run both integrals from 0 to

L—intentionally double-counting—and divide the result by 2.) Jdy,

o
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. L . 2 2

Hoa 2 Hoa o L Ho 2. Hoq~ .

Fraa = D) dy; = AN°)— = —(A\L)"a = v
d 127rc( )/0 gL 12776( ) 2 67rc( ) a 6mc “

Problem 11.21

(a) The total torque is twice the torque on +¢; we might as well calculate it at time ¢ = 0. First we
need the electric field at +¢, due to —¢ when it was at the retarded point P (Eq. 10.72). From the figure,
2 =cosf%X —sinfy, 2 = 2Rcosf. The velocity of —q (at P) was v = —wR (sin20 % + cos20¥), and its
acceleration was a = w?R (cos 20 % — sin 20 ¥) . Quantities we will need in Eq. 10.72 are:

u=c2 —v=_(ccosf +wRsin20)% — (csinf — wR cos20) ¥,
2 -u = 2Rcosf(c+wRsinf), 2 -a=2(wRcosh)>.

YA

g ¢ 2Rcos?
" 4meg (2R cos 0)3(c + wRsin )

— 2Rcos f(c + wRsin 0)w? R (cos 20 X — sin 20y) }

3 {[62 — (WR)? + 2(wR cos 0)?])[(ccos  + wRsin 20) X — (csin @ — wR cos 20) J]

The total torque (about the origin) is
—2¢°R Z
4meyg (2R cos0)?(c +wRsin )3
+ 2(wR)? cos O(c + wR sin #) sin 20}

N = 2(R%) x (¢E) =

{ — [¢? = (WR)? + 2(wRcos 0)?] (csinf — wR cos 26)

2 ~

= — 4i€ 5T oo G(Cj— RS 0) [—csinf + PwR(2cos® 0 — 1) + c(wR)?(2cos® O + 1) sin 6 + (wR)?]
0
7 1

= - —sinf + B(2cos? 0 — 1) + 5*(2cos? 0 + 1) sin 0 + °] 2
Treg SR o 01 1 Bem )’ [—sin6 + 3(2 cos ) + 3*(2cos® 0 + 1)sin 0 + 3°] 2,
where 3 = wR/c. [Since E and 2 both lie in the 2y plane, B = (1/c)2 x E is along the z direction, v x B is
radial, and hence the magnetic contribution to the torque is zero.]

The angle 6 is determined by the retarded time condition, 2 = —ct, (note that ¢, is negative, here), and
20 is the angle through which the dipole rotates in time —¢,, so 2Rcos = —ct, = ¢(20/w), or § = Fcosf. We

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



244 CHAPTER 11. RADIATION

can use this to eliminate the trig functions:

No_ T & 3 [0 = 5 420 + VB - 2 + 262 - 1)) 5.

~Ameo o g (1 + \/m)

Meanwhile, expanding in powers of 6:

_ oLy 55 61
ﬁ—Gsec9—0+20 —1-249 +7209 + ...

This can be “solved” (for 6 as a function of 3) by reverting the series:

1 13 541

Then
¢ = (1= gt ) VI = (1- 2 D)
1
(1+vE—7@)
(50— 52 2%+ VE= (5 22— 1) = (1= 2o ).
To leading order in 3, then,

11
—=—(1+p"+..), =1-33%+...,

92 ﬁQ

N__ T B 183 | ¢ 4p
- = 5= - 7.
dmeg 2R 32 3 4meg 3R
_ M0q2~ 2

(b) The radiation reaction force on +¢ is (Eq. 11.80) F s In this case a = —w?v = —w3R Y, so the
e

net torque (counting both ends) is

2 2 3
Hoq~ 3 . q° 4p°
N=—2r"" 3Rs=-—1_"T 3
6mc Wz 4dmeg 3R z

Adding this to the interaction torque from (a), the total is

_ 3P| pop’’
4mey 3R 6mc

(c) p = 2¢¢ = 2¢(—w?)r = —w?p, so Eq. 11.60 says the power radiated is P = él—0w4p2. The power
T

fop*w?
associated with the torque in (b) is Nw = —

w, so they are in agreement. v/

Problem 11.22
(a) This is an oscillating electric dipole, with amplitude py = ¢d and frequency w = /k/m. The (averaged)

2 AN w2
w*\ sin“ 6
/;02])02 ) ——— T, so the power per unit area of floor is
m2c r

Poynting vector is given by Eq. 11.21: (S) = (

gw sin® 6 cos f R h
Ip=(S)-z= Holo®w ) B0 TEO87 - Byt sin = —, cosf = —, and r* = R* + h°.
3272¢ r2 r r

B poq? d?w* R2h
B 32m2¢ ) (R? + h2)5/2°
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dly d R? 2R 5 R?
— =0 — |——=| =0 - = 2R=0
dR = dR |:(R2 +h2)5/2:| = R2 +h2)5/2 2 (R2+h2)7/2 =
(R* 4+ h?) — ng =0=h’= SRQ = | R = /2/3h, | for maximum intensity.
(b)
_ _ _ f1o(qd)?w* > R’ _ 2.
o 3 1 [ 1 T(2)I(1/2 2
/ RidR:,/ &z L 1TEramz 2
0 (R2 + h2)5/2 2 Jo (x + h2)5/2 2h  T'(5/2) 3h
_ o (@@ 2| pog’d?w!
=T\ 32r2¢ ) "3h | 24me

which should be (and is) half the total radiated power (Eq. 11.22)—the rest hits the ceiling, of course.
(¢) The amplitude is zo(t), so U = $ka3 is the energy, at time ¢, and dU/dt = —2P is the power radiated:

—rKt/2

1. d pow* d powq? k
ik%(mg) = — 137rcq2m(2) = a( g) = — gﬂkc (x(z)) = —mc(z) = mg =d?e " or xo(t) = de

2 127ke o 12wem?
T=—= m* = .
Ko pog?k? poq*k

Problem 11.23 < Momgw‘l) sin® 0 _

(a) From Eq. 11.39, (S) = Son2 | b Here sinf = b
R/r, r = v/ R? + h?, and the total radiated power (Eq. 11.40) is h

2 4 2

_ Pompw . o (2P R B
P= 1omcd So the intensity is I(R) = (327r 0
3P R?

87 (R2 + h2)?
(b) The intensity directly below the antenna (R = 0) would (ideally) have been zero. The engineer should
have measured it at the position of mazimum intensity:

il 3P[ 2R 2R? 3P 2R
_— = — — 2 - - -/ 2 2 _ 2 2\ _ — 7
dR ~ 8 [(RP+12)°  (R*+1?)° R] Sr (2 gy E 2R =0

P h? P
At this location the intensity is I(h) = z— OBE = 323 e
77 T

3(35 x 103
(¢) Imax = 352%(200)2) =0.026 W/m? = | 2.6 uW /cm?. ’Yes, KRUD is in compliance.

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



246 CHAPTER 11. RADIATION

Problem 11.24

(a)

pow [cosOi\ .
Ve = ;47“00 (7}) sinfw(t —ry/c)]. Vit = Vi +V_.

re = /r? 4+ (d/2)2 F 2r(d/2) cos 0 = /1 F (d/r)cosf = r (1 ¥ 2% 6089) '

i 1 (1 + i Cosé)) .
T4 T 2r
rcosf F (d/2)

d\ 1 d d d
cosfy = ————L7 —yp(cosOF — |- [1+ —cosf ) =cosf+ —cos’ 0 F —
T4 2r ) r 2r 2r 2r

1

d d
= cosf F 5(1 —cos?f) = cosf F ﬂsin20.

sinfw(t — ry/c)] = sin {w {t — E (1 F icos@)]} = sin (wto + ‘;fCOSQ) , where to =t —r/c.

d d d
sin(wtg) cos (2) cos 9) =+ cos(wtp) sin (‘; cos 9) = gin(wtp) + Zj— cos 6 cos(wtp).
c c c

_ o P a 4 an2o) s wd
Vi = :F47reocr { <1 + 5 coS 9) (cos 0F 5 sin 9) [sm(wto) + 50 cos 6 cos(wtp)
Po cos 4 sin? 0 + 4 cos? 0 ) |sin(wto) + wd cos 6 cos(wtp)
h :':47reocr N 2r 2r 0 2c 0

d d
cos B sin(wty) + L;— cos? 0 cos(wtg) + > (cos? 6 — sin® 0) sin(wto} .
c r

Il

-
IS
bS]
éT\O
21 €
Q

d d
Vit = — Pow 192 0520 cos(wtg) + — (cos2 6 — sin® 0) sin(wto)}
dmeger | ¢ r
=|— Pow’d [0052 0 cos(wtp) + < (cos? 6 — sin® 0) sin(wto} .
4dmegc?r wr
pow?d 9
In the radiation zone (r >> w/c) the second term is negligible, so |V = ~ T2y €05 0 cos[w(t — r/c)].
TED
Meanwhile
A = :FM sinfw(t —ry/c)]z
47TT:|:
HoPo® 3 (1 + dcos0 sin( t)j:Wdcosﬂcos( to)| ¢ 2
= — in(w — w Z
+ 4dr 2r 0 2c 0
= HoPo sin(wtp) £ wd cos 6 cos(wtp) £ 4 cos @ sin(wty) | 2
= Ty 0= e 0= 9 .
Hopow |wd d . .
At = AL +A- — — cos f cos(wtp) + — cos @ sin(wtp) | 2
4dmr c r
2
= | PO g [COS(th) + < sin(wto)} Z.
dmer wr
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A—_ popow?d

In the radiation zone,
dmer

cos 6 cos|w(t — r/c)] Z.

_ popow’d
4

(b) To simplify the notation, let « . Then

2
V=a> b coslw(t —r/c)];
oV 1oV 4 9 1 w . o
VV = o F ;%0 = (o cos (9{ T—Qcos[w(t r/c)] + T—Csm[w(t r/c)]}r
- ' R 2
2co715729sm€ coslw(t —r/c)| 0 = Pl 0 sinfw(t — r/c)]# (in the radiation zone).
o cosf . . ~ 0A B aw cosl . R . o
A= = coslw(t —r/c)] (cosé‘r - sm@@) T T sinfw(t — r/c)) (cosé‘r - sm90) .
B 0A o aw 9 1w 9 a . A
E=-VV - Tl sinfw(t — r/c)] (cos 0 — cos 9r—|—sm900890)
e sin 6 cos @ sinfw(t — r/c)] 6.
cr
170 04, -
B_VXA_""|:8T(TA9)_ 69:|¢
o [0 . 9 [cos?0 -
= {87“ (cos O cosw(t — r/c)](—sinb)) — 20 { cos|w(t — r/c)]} } o)

cr

Notice that B = 1

(txE)and E-f=0.

g(— sin 6 cos 0)E sinw(t — r/c)] @ (in the radiation zone) =
c

—% sin 0 cos 0 sin[w(t — r/c)] .

c
1 1 1 E?
S=—(ExB)=—Ex(#xE)=— [E°#— (E-§)E] = — ¢
Ho Ho¢ Hoc HoC
1 2 1 2
= —{%sinﬁcosﬁsin[w(t—r/c)]} r| |I= (% sin@cos&) .
poc L re 2upc \ re
1 /saw\? . 9 9 . 1 raw\?2 T 2 2, .
P= [(S) da=— (—) sin” 6 cos” @ sin 0 df dop = (—) 21 | (1 — cos” 0) cos” Osin 6 db.
HoC \ C 2poc \ ¢ 0
30| o 2 2 4
The integral is: — COZ o COS5 w3 515
1 w? pf 2 454 Ho 2 6
= — d 2r— = d .
S0c & 1672 P00 W 2 = | g (pod)"w

Notice that it goes like w®, whereas dipole radiation goes like w?.
Problem 11.25

(a) m(t) = M cosyz + M sin[cos(wt) X + sin(wt) §¥]. As in Prob. 11.4, the power radiated will be twice
that of an oscillating magnetic dipole with dipole moment of amplitude mg = M sin+. Therefore (quoting

p_ poM3w sin? )
B 6mc?

Eq. 11.40): .| (Alternatively, you can get this from the answer to Prob. 11.11.)
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oM
(b) From Eq. 5.88, with r — R, m — M, and 0§ = 7/2: B=-"——, s0
™

AT R? 47(6.4 x 105)3 10~
A= AR | Am(64 X 10°)°(5 x 10 )=]1.3><1023Am2.\
Ho 47 x 107

(47 x 107 7)(1.3 x 1023)2 sin?(11°) 2 : —
pP= =4x1 t h).
(c) 6m(3 x 105 24 % 60 x 60 (mot much)
(d) P = o (47 R3 B/ 1) ?w? sin? ¢ _ 8
6mc3 3upc?
8T or 1\’ :
— 104 3 108
3(47 x 10-7)(3 x 105)3 [(10—3> (107)7(10%)
Problem 11.26

(a) Write p(t) = q(t)d 2, with q(t) = kt2, where kd = (1/2)p. As in Eq. 11.5,

o - L 'kU—~z+/@2__k@—~¢_/@2]

(w?R?Bsin 1/))2. Using the average value (1/2) for sin? 1),

2
S EETT

4dmeg | 2z 4 2

4meg 24 2 _

L FY . +l(¢ -2 )
Cdmeo | \ 24+ 2 2 T M

From Eqs. 11.8 and 11.9,
d 1 1 d
2i=r(1F— — = (1=
+ 7“( :F2Tcose), P r( 2TCOS€)

2 . 2
V(r,t) = FoE gcos@ - gcos@ i ———dcos0 4y 1| = EOP0 g9 4y 1].
dreg | r \r 2 \r 4’/'1'60 r 8 r
As in Eq. 11.15, I(t) = (dq/dt) 2z = 2kt Z, so (following Egs. 11.16, and 11.17),

Alr,f) =10 */d/z it =2 ) g, Hog (E=1/C) y,  Hobo [(Ct> —1]

4T /2 2 47 r 4dre T

B oA Moﬁo (et)®] . 1. ct\ 2 N toPo /¢
E=-VV T S {COSQ|: 2 3 r 7“smg . 1| 6 P (r)

HoPo c\? . 1. a\’> . 1. - R,
= cosf | — r+§sm0 Ofismf)ef(coserfsmﬁﬂ)

47r r

.. 2 2

- ‘WJH(Ct) 1 (Ct) 1 sinaé}.
4mr T r
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~Vx A=l { {(Ct) - 1} (cosOF — sin@é)}
4dme r

_ koo [ O AN 0 cy -

- { (0 Kr) 1] w0) =55 ([(7) 1m0}

HOPo ) ing + < sinf by ¢ = Hopot siné ¢.

dmer T 4mr?

(b) The Poynting vector is

1 uojﬁ%t . ct\? N 1 ct\?
SZ%(EXB): 167273 sin 0 . -1 COS@(—0)+§ - +1

2 )
(Ct> +1] Smf(ﬂ sin 0 d6 dg).
T

w
|

sin9f‘} .

..2
S.da— HoPot
32m2 T

..Qt " 2 T ..2t " 2
P(rt) = BP0 () g on [ sin®ado =| B () 41
32m2r [\ r o 127r T

2 2
1075 ( f) < T pobis cto
(¢) P(ryitg+r/c) = Tomr to-i—c [2<t0+2t0 —I—C)—&-l} 19 (1—1—

¢ ¢
2+2C°+<C°> 1
T

tofy

Praa(to) = rlggo P(r,ito+r/c) = e’

in agreement with Eq. 11.60.

Problem 11.27
The momentum flux density is (minus) the Maxwell stress tensor (Section 8.2.3),

1 1
Ty = €0 (EEJ - 25ijE2> (B B, 5”B2> :

(Eq. 8.17) so the momentum radiated per unit (retarded) time is

T . dA.,

dp

dt, f{(at /Ot)

ot, 21 c 2z v\
= =(1-
ot 2 -u c
(This factor is 1, when v = 0; it can be ignored in deriving the Larmor formula, but it does contribute to the
momentum radiated.) The integration is over a large spherical surface centered on the charge:

where (Eq. 10.78)

dA =2 %sinfdodo % .
As in the case of the power radiated, only the radiation fields contribute (Eq. 11.66):

q 2

Epag = L%
* 7 Ureg (2 -u)

1 .
[2 x (uxa), Braa=-2 xEpq4.
c

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



250 CHAPTER 11. RADIATION

Thus

1 1 1 1 1
T . dA = ¢ {E(E -dA) — 5E2 dA] +— [B(B -dA) — 532 dA] =3 {60E2 + BQ} dA = —¢E*dA
Ho Ho

(note that B - dA = 0, and, for radiation fields, E - dA = 0, (1/u0)B? = (1/poc*)(2 x E)- (2 X E) =
0% -[Ex (4 xE) =% |4 E2—E(4 -E)] = cE?). So

dp 2 -u\ o q° ?{ 2 9
= = E%dA = 2 A.
o 074( M) IA = o f el (e

We expand the integrand to first order in 8 =v/c: u=c2 fv:c(’i —ﬁ),a u=cz (1-2 -3),
1 1 N
(2 -up ¢5c5[1+5(" B,

2 x(uxa)=u(z -a)—a(2 -uy=2c(2 —B)(2 -a)—a2c(l-2 -B)

o [ xR = 50 ) [ - (5 o 2205 - 9) 4204 -a)a- )
= o [0~ (5 -a) 25 B)+ 205 a)(a-B)+5(4 B’ ~5(5 -H)(5 -a)’]
= e (A 243024 B) 124 -a)a-B) (4 -B)(5 -a)]
= s (A x4 4 308+ 2(a-B)a] ~5(4 B)(4 )]

To integrate the first term we set the polar axis along a, so (2 x a)? = a?sin® 0, while 2 = sinf cos % +
sinfsin ¢y + cosfz. The ¢ integral kills the x and y components, leaving

1 s

%ﬁ(a x a)?dA = 2ma> z/ sin® 6§ cos 0 df = 0.
0

[Note that if v = 0 then dp/dt, = 0—a particle instantaneously at rest radiates no momentum. That’s why

we had to carry the expansion to first order in 3, whereas in deriving the Larmor formula we could afford to

set v = 0.] The second term is of the form (2 -g), for a constant vector g. Setting the polar axis along g, so

2 -g=gcosf, the r and y components again vanish, leaving

47

1 . T
7{—2(4 -g)dA:Qﬁgi/ cos? fsinf df = —g.
2 ) 3

The last term involves (2 -3)(2 -a)?; this time we orient the polar axis along a and let v lie in the zz plane:
B=0B:%X+0B.2 50 (2 -B) = Bysinfcos ¢+ 3, cosf. Then

1 . .
}{ﬁ(a -B) (2 .a)2dA:a2/(ﬁwsinecosqb—i—ﬁzcos@)0052H[SiHHCosd)fc—i—sin951n¢§+cos€i} sin 0 df d¢
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A7

15

_471'

= a2 (Bwf(/sin39005290082¢d9d¢+ﬁzi/cos4951n9d9d¢> = —a?(Bu%x+3B3.2) = B (a2ﬂ+2(a-ﬁ)a).

Putting all this together,

dt,  16m2epc* | 3 6me3

o _ ¢ 1 {4” [2a(a-8) + 30%8] 512 [a2ﬂ+2(a~ﬁ)a]} = | B ey,

The angular momentum radiated is

dL 1
— == —— (2 ?) -dA.
dt, f{ (9t,/0t) ( %
Because of the “extra” 2 in the integrand, it seems at first glance that the radiation fields alone will produce a

result that grows without limit (as 2 — 00); however, the coefficient of this term is precisely zero: (4 X ?) .

dA = —egE? (2 x dA) = 0 (for radiation fields). The finite contribution comes from the cross terms, in which

7
one field (in (T) is a radiation field and the other a Coulomb field | Ecou = Li(CQ —v?)u |:
4mep (2 -u)d

1
Ty = eo (E§T)E§C) +EPE! —5,E. E(C)> o (BZ.“)B;C) + BB — 5B B(C)) .
0
This time )
T dA = ¢ [EW(E(C) -dA) — (E“") ~E(C)) dA} - (B“") : B(C)) dA,
Ho
SO
(2 xT) dA = ¢ (4 x E<T>) (E(C) : dA) .
Thus

dL q’c 2 _
dt,  167%)? % (2 -u)f’{’z 1% x(uxa) }“'dA’ where 7=

—_
~
~

N

1—(v

c
Now, {2 x[2 x (uxa)]} =2 [2 -(uxa)]—(uxa)2 % and (uxa) =c(2 —B)xa=c[(2 xa)— (B xa)],
2 -(uxa)=—c2 -(Bxa),so{2 x[2 x(uxa)} =-2 20{(’1: xa)—(Bxa)+2 [2 -(Bxa)]}.
Meanwhile u - dA = (u- 2 )2 2dS2, where dQ) = sin § df dg. Expanding to first order in 3,

2,3 . L
L pod f( Y _(c220){(5 xa)— (Bxa)+4 [4-(Bxa)}la (2 -u)d2

dt, 1672 2 -u)
- fgi/[lﬂ(’i B){(2 xa)—(Bxa)+4 [£ -(Bxa)]}d

= ‘fgﬁi/{w xa) - (Bxa) 4[5 - (Bxa)+4(5 -B)(5 xa) }d0

The first integral is
—a X //2 sinfdfdp = —a x /(sin0c0s¢ﬁ+sin93in¢$f + cosfz)sinfdfdp =0,

the second is

(B x a)/sined9d¢ = —4r(B x a),
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for the third we set the polar axis along g = 8 x a and get

. 4
g//l— cos@sin9d9d¢:27rgi/cos fsinf df = gg— 7r(,8><a),

and for the last we put the polar axis along a and let 3 = 8,% 4+ 3,z lie in the xz plane:

4a /(ﬁx sin 6 cos ¢ + f3. cos 0) sin O(—@) sin 0 d6 d¢p

=4a /(ﬂg3 sin @ cos ¢ + 3. cos ) (sin p X — cos ¢ §) sin? 0 df d¢

1 1
= —4daf3, y/cos ¢sin®0do do = —ﬁaﬂz = Om (,6 X a).
Putting this all together, we conclude
dL  pog? 4 167 1oq?
d, ~ 1om | B a) B xa)+ (B xa)| = (v xa)

Problem 11.28

(2) A(r,t) = Z—;/Kfr) d

41 Vr2 + 2

_ uoz/Kt—m/c)

2 T2+.’E2

27r dr

dr.

The maximum r is given by ¢ — m/c =0;
Fmax = V22 — 22 (since K (t) =0 for t < 0).
(i)

p,oK()Z [L()K()Z 5 5 fm p,oKoi 5 3 . ‘[L()K()(Ct — I]C) .
Az, t) = / r2+x2d 5 V4o . _T( r2, — T fx>_fz
A K
E(z,t) = —a— = —Mi, for ¢t > x, and 0, for ¢t < x.
ot 2
0A, K
B(gc,t)=V><A=—a y= MOQO}?, for ¢t > x, and 0, for ct < =x.
z
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(i)

5 \r 2 m 1
A(x,t):ﬂoaz/ ( +x/)rdr—LOaZ {t/ N — dr—f/ rdr}
2 Jo Vr? 4 2 2 o VrZ+a? ¢ Jo
froQ Z L 2 2 HoQtZ o 2,2 poa(w — ct)?
= — _ — — = — -~ @ 7
5 [t(ct x) 2C(c t*—x )} i (x ctx + c°t?) i Z
E(z,t) = —a—A = wi, for ¢t > x, and 0, for ct < x.
ot 2
B(z,t) = VxA= _924; y= f@(:rfct)y, for ¢t > x, and 0, for ¢t < .
ox 2c
1 111 1 1 T
=2 (/212 _ e e - -
(b)Letu_C( r’+ux x),sodu—CL\/m?rdr]—Cmdr,and
/72 1 2 5 [0
t—ﬂ:t—f—u,andasr:OHoo, u:0— oo. ThenA(amt):'uocz/ K(t—f—u) du. qed
c c 2 Jo c
B 8A uocz T 0 x
E(z,t) = — = / pn t—f—u) But K(t—g—u>——%K(t—E—u).
_“OC _r_ _ HoCy T T 2 ke _ ~ K(—o0)| 2
= / t . u) du 5 {K(t p u)”o =— [K(t—z/c)— K(—0)] Z
- MSCK(t—x/c) [if K (—o0) = 0].
Note that (i) and (ii) are consistent with this result. Meanwhile
3AZ §  HocC 0 T 10 T
B = - = T CBut LK) ==Lk (- ).
(1) / t c u) du ut Ox (t c u) cOu (t c u)
Mo . T _Ho oz < _ Ho _ o -
/ 8u t— u) du = [ (t p u)”o 5 [K(t—z/c)— K(—o0)] ¥
- 'L;OK(t—x/c) [if K (—o00) = 0]
_ b _ L (pocy (o _ 5 % §] = Mo _ 24
S = MO(EXB)fMO( ; )(2)K(t 2/e) [-2 x 9] = BE K (t = 2/0) %.

This is the power per unit area that reaches = at time ¢; it left the surface at time (¢ — x/c¢). Moreover, an

equal amount of energy is radiated downward, so the total power leaving the surface at time ¢ is MS (K (t)]2 .

Problem 11.29
1
With a = 90°, Eq. 7.68 gives E' = ¢B, B’ = —-E, ¢/, = —cg.. Use this to “translate” Eqgs. 10.72, 10.73,
C
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and 11.70:

E =c¢ (1/7: X E> =2 x (—cB')=—c(2 xB).

c
! 71 _ 71 Qe /Li 2 o 2

B’ = cEi ¢ Ireg (% u) (¢ —v)u+2 X (uxa)

L(=qn/c) 2 2 .2 Hody, % 2 .2
- - 2 = - _ 2 .

¢ 4dreg (2 -u)d [(C v )u+ x (ux a)} ir (2 -u)? [(c v7)u+ x (ux a)]

p_ foa® o poa® (1, : NOGQ( /)2
n N m | = e dm)

Or, dropping the primes,

m Z
B(r,t) = H0Im

I (5 u) [(?—v*)u+2 x (uxa).

Problem 11.30

T
F
(a) Wext = /Fdac = F/ v(t) dt. From Prob. 11.19, v(t) = — [t +7— Te(t_T)/T] So
0 m
F2 | [T T T F2 (42 T
Wext = — / tdt—l—T/ dt—TefT/T/ et/mdt| = — { +Tt—T€T/TT€t/T:|
m | Jo 0 0 m | 2 o
F2[1 F? /1
= — [QTQ + 7T — 72~ T/7 (eT/T — 1)] =|— <2T2 +7T — 72+ TQe_T/T) .
m m
1 1 F? F272
(b) From Prob. 11.19, the final velocity is vy = (F/m)T, so Wiy = §mv? = §mﬁT2 =5
2.2
(¢) Wiaa = [ Pdt. According to the Larmor formula, P = H%qica, and (again from Prob. 11.19)
T

(F/m) [1—e T/m] et/7, (t <0);
a(t) =
(F/m)[1—et=D/7] (0<t<T).
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2 F2 2 0 T 9
Wiaa = 24 — {(1 - e*T/T) / 2t/ gt +/ [1 - e<th>/T} dt
6mc m oo 0
F2 2 /T T
- (1 _ efT/'r) ( 2t/'r / dt — T/'r/ e75/'1' dt + 672T/'r/ e?t/'r dt
0

m 2
1 2T/7 (Zth/r) T
0 2 0

—T/T +T_26—T/T (Tet/T)

a0
TF? Iz
5-

(1 —2e7 17 + 6_2T/T) + T —27e” T/ (eT/T - 1) + ze_QT/T <€2T/T _ 1)}
m L2 D)
§ 2
_ TF T —T/T 76—2T/T +T—92r+ 97~ T/T + ze‘””} _ TF (T . Te_T/T) .
m L2 2 5 e

Energy conservation requires that the work done by the external force equal the final kinetic energy plus
the energy radiated:

2

272 r? F? /1
T — (2T2 +7T -2+ TQe_T/T) = Wext- vV
m

Wiin + Wraa = + — (T -7+ Te_T/T> —
2m m

Problem 11.31

(a) azrd—&-%é(t)é a(t)dt:v(e)—v(—e):T/ —dt—|— / ot Tla(e )—a(—e)]—l—%.
If the velocity is continuous, so v(€) = v(—e¢), then |a(e) — a(—¢) = —m—
u
When t <0, a =714 = a(t) = Ae'/™; when t >0, a =74 = a(t) = Be"/"; Aa=B— A= _mi
-

k Aet/T, t<0);
=B=A- s 80 the general solution is | a(t) = { A — (k/mr)] V)", Et N 0%.

To eliminate the runaway we’d need A = k/m; to eliminate preacceleration we'd need A = 0. Obviously,

t/T .
you can’t do both. If you choose to eliminate the runaway, then |a(t) = { (()k:/mT)e ’ Ei i 83’

k
= —¢!/7 (for t < 0);

—o00 m

t m et/‘r .
for ¢ > 0,v(t) = v(0) +/0 a(t) dt = v(0) = % So [ v(t) = { El]z;m;, ’ g i 8;7
For an uncharged particle we would have a(t) = %5(1?), u(t) = /_ a(t) dt = { (()];/m)7 Ei i 8;7

The graphs:
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ot

ky
‘m

charged

neutral

Wexe = /Fd:c = /det: k/a(t)u(t) dt = kv(0) = %2

1 5, 1 (k\> k2
ka = §m’Uf = §m (m) = %
2 2,0 2

Wext = /Prad dt = 2L [a(t)]? dt = Tm <k> / 2T dt = Ll (Zth/T)
e mrT mT \2 B

Clearly, Wext = Wiin + Wrad. v

/<:2 k?

mr2 _ om’

Problem 11.32

U
Our task is to solve the equation a = 7 + — [-d(z) 4+ 6(x — L)], subject to the boundary conditions
m

(1) z continuous at = 0 and x = L;
(2) v continuous at x =0 and =z = L;
(3) Aa = +Uy/m7v (plus at x = 0, minus at z = L).

The third of these follows from integrating the equation of motion:

/—dt: /—dtJr— (—6(z) + 6z — L)) dt,

Bv =0+ 2 [ [5(e) + 60 - 1] S de =0,

Aa = = @/1[—5@)%@—@] dx:imUTov.

mt | v
In each of the three regions the force is zero (it acts only at « = 0 and = = L), and the general solution is

a(t) = Ae'!T; w(t) = ATeT + B;  a(t) = AT + Bt + C.

('l put subscripts on the constants A, B, and C, to distinguish the three regions.)
Region iii (x > L): To avoid the runaway we pick Az = 0; then a(t) =0, v(t) = Bs, x(t) = Bst + C3. Let
Bs), set the clock so that ¢ = 0 when the particle is at £ = 0, and let T' be the time

the final velocity be vy (=
it takes to traverse the barrier, so (T) = L = v¢T + C3, and hence C3 = L — vyT. Then

]a(t)—o; o(t) = vy, x(t):L—i—vf(t—T),‘ (t<T).

Regionii (0 <z < L): a = Aset!™ v = Agret! ™ + By, = Agr?e!’T + Bot + Cs.
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U U
(3) = 0- AQ@T/T -0 = Ay = 706771/7.
mTvy mrTuvyg
U U
(2):>'Uf:AQTGT/T‘FBQ:iO"‘BQ:}BQ:Uf_ O.
mvf mvf
U UyT U
(1) = L=Ayr2T/ " 4 ByT + Cy =~ 40y T— == 4 Oy =0y T+ ——(r = T) + Cy =
muvyg muvyg muvyg
U
CQZL_UfT-‘riO(T—T).
mvf
a(t) = W e(t=1)/7.
mT’UfU
o(t) = vy + — [T 1] (0<t<T).
muyg
2(t) = L+op(t—T) + -2 [Te@—T)/T 4T T} ;
muyg

[Note: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we'’re
interested here in the régime where it does tunnel through.|
In particular, for ¢ = 0 (when z = 0):
Ui Ui
O:L—va—i—iO Te_T/T+T—Ti| :>L:va——0 Te_T/T+T—Ti| . qed
muvg mug
Regioni (x < 0): a = AT v = Ayret!T + By, = A17%e!/™ + Byt + C. Let v; be the incident velocity
(at t = —00); then By = v;. Condition (3) says
U U
20 -T/T _ A = 0

mruy mrug’

where vy is the speed of the particle as it passes x = 0. From the solution in region (ii) it follows that

U,
vg = V5 + ﬁ (e_T/T — 1). But we can also express it in terms of the solution in region (i): vg = A7 + v;.
f

Therefore

U U U U
vy = vf—|——0 (eiT/T—l) —Alrzvf—&——o (eiT/T—l) + =2 DT
!

Uo Uo Uo vf Uo vf
vf_7+7:1}f_7 —— )| =vy - 1-— —F
muy  mug muy 0N mug vy + (Uo/muy) [e=T/7 — 1]

1
e
<~
\
S‘Q
So
—N—
\
—
+
S
\
3
4
\_lf’—‘
&)
)ﬂ
~
3
|
M
——
Ne)
@
[oN

If %mv? = %UO, then
L =vsT — vy {Te_T/T"‘T_T} = Uy [T—TG_T/T—T+T] = Tuy (1—€_T/T);

1 T/T T/T
'I]Z:Uf_vflil_m]:'l)f(l—l'i—e )ZUfe .
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Putting these together,

L L 1 v
i A VL D BN VA N LI
T ’ T T ) B T (T R
2
. vy 4 KE;  3mv} v; 16
In particular, for L = vs7/4, v; = 1= 1/4 = §vf’ SO K—Ef = %mv]% = a =3 =
16 161 8
KFE,= —KF;=—-Uy = =Up.
9 T T 927" 9"

Problem 11.33
2 2 .
(a) From Eq. 10.72, E; = (4q7{60)(a-u)3 [(>=v*)u+ (2 -a)u— (2 -u)a]. Hereu=c2 —v, 2 =

IX+dy, v=vX,a=aX,s0%2 -v=Ilv, 2 ra=la, 2 -u=c2 —2 -v=c2 —lv. We want only the x
component. Noting that u, = (¢/2 )l —v = (cl —v2 )/%2 , we have:

q 2 1
P = 8meg (c2 — lv)? Z(CZ*WL )¢ — v +la) —alcz — lv)
1
= 8q m[(cl—vi )(02—1)2)4’0[20,7'04 la*ac)}/2+alvi},Bu‘5 22— 4
TEp (C — (v
q 1
= Snes (or —Top L@~ 2 ) —v?) —acd’]
s 1

Foar = 3 [(cl —v2 ) —v?) — acd2] %. (This generalizes Eq. 11.90.)

8meg (c2 — v)

Now z(t) — x(t;) =1 =vT + 3aT? + $aT3 + - - -, where T =t — t,,, and v, a, and a are all evaluated at the
retarded time t,.

1 1 1 1
(TP =2%=P+d=d*+ (T + 5aT2 + 6o'LT3)2 = d* 4+ v*T? + vaT? + gvaT“ + Za2T4;

1 1
AT (1 -2/ = AT?/4* = d* + vaT? + (3vd + 4a2) T*. Solve for T as a power series in d:

d 2 2d2 3d3 ; 2 4
T=22(14+Ad+Bd®+---) = S (1+24d + 2B + A°d) = d®+va— (1+3Ad)+<va + “) Tat
c 4 ¢ c 3 4 ) c
1 3 3 3 ; 2 4
Comparing like powers of d: A = fval; 2B + A% = Ceay + va + i
2 3 c? 3 4 ) c*
gy P LB 1000 iyt eyt wayt 0% (1 0R) | 3utelyt
A 2 3 4 S 3 A 4ct 3 A 4ct \ 2 2 2 S
S Ky YA i | ™ Sl L iy PV
ct 3 4 2 c? 2¢* | 3 4 2
vd va 3 v [va  ~2a? v? 9 4 ..
T = C{1—1—203d—i-264 [3—1— 1 1—1—46—2 d® >+ ()d* +--- (generalizing Eq. 11.93).
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I
/N /N /N

2°¢c2 3 6 3

2 =cT—7d{1+1§’§d+;; {U;M%Q i+?)]d2}+()d4+---
o 2)o B[ ere(ien)- 31
= Lar TS O
(1) o [f 3 (L e
a

2 5 : 2 2 2
ay o vy*a® (5 1 w 3 4
=—)d+-—|-—+ —— ==&+ ()d+ -
<26> 2c2 [ 2 c? <4 4 02>] 0

vy2a?

1
7N
[\.’)Q
=
~~_
QL
[}
+
(]

=
(2 —lv)™3 = {Cd <1+ 76‘L2d?> i

2 3 6,2 2 3 /. 2,2 2
@ (v 7%a? ay*\ o 7 (a | v\ 5] ¢ 2\ .
Fot = (7 1-32%¢ ey (2 3| < — aed
T Sreo \ed ( 8ct >{[< 20) +202 <3+ c? > }72 ac }X
3 ac

2 .3 22
¢ 71 a vy“a o A
S B a d+()d
87reoc3d2{ ac—l—’y(3—|— 2 +()d"+ }x
e , a M ola vla? X .
= g 7 124 + e \3 + =2 + ()d+--- | % (generalizing Eq. 11.95).
Switching to t: v(t,) = v(t) + 0(¢)(t, —t) +--- = v(t) — a(t)T = v(t) — ayd/c. (When multiplied by d, it

doesn’t matter—to this order—whether we evaluate at t or at ¢,.)
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- {v(tr)rl [o(t)? — 2vard/d] _ {lv(t)z] <1+2av73d>’ "

c c? c?

N [1 _ (”?ﬂ — ) (1 _ “‘;373 d) a(ty) = a(t) — Ta = a(t) — 2.

Evaluating everything now at time t:

¢ -773 (1 —3vay*d/c?) (a — avyd/c) N 7 (a N v72a2> + ()2 Jr]

—1/2

b33

Fse =
self 4meg 4c2d 4¢3 \ 3 c?

2 .3 3/ 4/ 2,2
q Ya A (ay vaPy a  vyla .
= _ L (243 L (=2 d+---
47’(60_402d+462(6+ 3 >+43(3+ c? >+() * ]X
2 [ 43 4 : 2,2 2
q Ya At (. a  _va*y?  vyia .
— - . 13 da ...
dreg | 12d T e (a+3—|— 2 tTa >+() * ]X
@ [ Pa A 2,2

va‘y . .
y -_ 174 + 30 <a +3 = ) +()d+-- ] % (generalizing Eq. 11.96).

The first term is the electromagnetic mass; the radiation reaction itself is the second term:

2 2.2
Fint — it ;’q 4 ( +32 ) ) (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is
e

2 va2~2
Fmdzwvﬁl <d—|—3 27 )
6me c

c? mC

af . 3Pd’v _ Hog? 2.6 :
(b) Fraa = Ay* [ a+ , where A = e P = Aa®+° (Eq. 11.75). What we must show is that

222

to to to a’y to
/ Frqudt = — Pdt, or / (av + 3 ) dt = —/ a276 dt
t1 t1 t1 C t1

(except for boundary terms—see Sect. 11.2.2).
ta t2 g
- adt.
t1 /t1 dt ( v)

to d
Rewrite the first term: / yravdt = / (v* v)d— dt = v*va

1 1 2va _va73 S
,02/62 T2 —2/@pr\ @) & °

d 2
dt('yv)fllﬂyv CCW +’ya*ya<1 +4 )'ya(l+3lc)2).
to to
/ yrav dt = v*va —/ (1—!— )

t1

dt =

ty
t 2,,2
+/ { +Sa <1+3 >+376a”dt—74w
t1 t1 C

t2 3720202
[ (o228
ty c
At

d ady
Now a(v v) = 473 Ev—i—w a; —

ta
dt, and hence
t1

)

ytva

Problem 11.34
2.2 6

Hogq~a™vy .
p=MTYT (Eq 11.75). w= b2+ 22 (Bq. 10.52); v =10 = ——o .
(a) oo~ (Bd ) w + 22 (Eq e NG wer
. c? 2t(c?t) c? 9 9.9 9.9 b2c?

a=1n= _ = (b —l—ct—ct)Zm;

VL2 (BrERPE . (21 AR
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1 1 b? + 2t? 1
2 2 2,2
K 1—02/c2  1—[c?t?/(b? 4 c*t?)] 1>+ c?t2 — 2 b2 ( te ) ©
2 phct b2 242)3 2
= 'Lg;rqc T Z2t2)3 ( +bg ) — 671(']6061)2' ’Yes, it radiates‘ (in fact, at a constant rate).
2.4 2, 2 2.2(9,.2 2 4 2 2
3 3 b c(2ct 3b=c*t 3
(b)Frad:'uoq’y C.L+'Ya'U ;oa=-—5 e (2ci) == ° ; d+7av =
6mc c2 2 (b2 + c2t2)5/2 (b2 + c212)5/2 c2
30244 3 (b2 4 242 bt 24
¢ (b° + %) ¢ ¢ 0. ’ Fraqa =0. ‘ ’No7 the radiation reaction is zero. ‘

TEreapE T E 1 PrerpVRior

Problem 11.35
The fields of a nonstatic ideal dipole (Problem 10.34) contain terms that go like 1/r, 1/r2, and 1/r3, for

fixed tg =t — r/c; radiation comes from the first of these:

Ho /.

Ho .. aAfn  a ..
E, = —~>[p—#i-p)], B,=—
D —&(F - D)] 47Trc(r X P)

1 o .. . n e o
S, = —(E, xB,) = —10__ : - Mo
,uo g (Er X Br) = 1672cr? [p—F

£57 — B(E-B) — (- BIFE-B) — B} = Toops [5° — (D) £

1671'2(:7“2 {r
Setting the z axis along p, ["2 — (& 13)2] = p?sin? 0, and the power radiated is

1 T
P = fSr-da: Ho p'Qf—sinzﬁrZsinﬁdOd(b: ﬂpﬂ/ sin® 0 df =| L2 2.
1672¢ 72 8rc Jo 6me

For the sinusoidal case, p = pg coswt, we have p = —w?pg coswt, p? = wip? cos? wt, and its time average
s (1/2)p3w?, so

Ho .o 4
P =
(P) 127Tcp0w ’

in agreement with Eq. 11.22. And in the case of quadratic time dependence our result agrees with the answer
to Problem 11.26.
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Chapter 12

Electrodynamics and Relativity

Problem 12.1

Let u be the velocity of a particle in S, @ its velocity in S, and v the velocity of S with respect to S.
Galileo’s velocity addition rule says that u = @ + v. For a free particle, u is constant (that’s Newton’s first
law in S.

(a) If v is constant, then @t = u—v is also constant, so Newton’s first law holds in S, and hence S is inertial.

(b) If S is inertial, then i is also constant, so v = u — i is constant.

Problem 12.2
(a) maug + mpup = meuc + mpup; u; =1u; +v.
ma(tag +v)+mp(ag +v) =me(ac +v) + mp(ap + v),
maula +mpup + (mA + mB)V = mgcuc +mpup + (mc + mD)v.
Assuming mass is conserved, (ma + mp) = (mc + mp), it follows that
mauy +mpup = mguc + mpup, SO momentum is conserved in S.

1 2 |1 2 _1 2 |1 2
(b)gmauy + smpuyp = mcoug + smpup =

Ima (@ 4204 - v +02) + Imp(ad + 2up - v+ 0%) = tmc (@ + 20c - v 4+ 0%) + dmp(ad + 2up - v + 0?)
imat? + mpt% + v - (maus + mpup) + 202 (ma + mp)
= %mcﬂ% + %mDﬂQD +v-(mecuc +mpup) + %1}2(7710 +mp).

But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation

1 22 1 72 1 72 1 2
of mass, so 5MAlUy + 5MmpBlUp = 3Mcly + 3mpup. qed

Problem 12.3

_ . _ v “+v ~ v v . . VGg—VE _ v v
(a) v6 = vap +vpc; Vp = AEEIECS ~ g (1 — tARgEC); - LeTUE — vapgac,

In mi/h, ¢ = (186,000 mi/s) x (3600sec/hr) = 6.7 x 10% mi/hr.

LR = (6.(51(%2)2 =6.7x 10716, - ’ 6.7 x 107 1% error‘ (pretty small!)

(b) (de+36) /(1 3+ 4) = (50) / (8) =| e Gstil fess than )

—

(¢c) To simplify notation, let 8 =vac/c, 1 =vap/c, B2 = vpc/c. Then Eq. 12.3 says: 3 = 1%;1%22, or:

(1+2B:02 +B282) (1425162 +3282) (1426162 + 3262) (14 B132)2

62:5%+2ﬁ1ﬁ2+25152+53 1+26:8: + 5705 (1L+ 5763 — BT — 533) (1-69)(1 —p5) —1_A
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where A = (1 — 83)(1 — 83)/(1 + B152)? is clearly a positive number. So 3 < 1, and hence |vac| < c. qed.
Problem 12.4
5 10

(a) Velocity of bullet relative to ground is 3¢+ ¢ = 2¢ = 12c.

bullet does reach target ‘

. 3.9 .
Velocity of getaway car is y¢ = 75¢. Since vy > vy,

_ 8¢ _5,._20
=T = 76T B¢

berde
1+3-

(b) Velocity of bullet relative to ground is

Wl

3 21

Velocity of getaway car is §c = 5zc. Since v, > vy, | bullet does not reach target ‘

Problem 12.5
(a) Light from 90th clock took 90x107m — 300 sec = 5 min to reach me, so the time I see on the clock is

3x10% m
(1555 am)
(b) T observe .

Problem 12.6

dy
c

light signal leaves a at time t.; arrives at earth at time ¢, = ¢/, + %"
light signal leaves b at time ¢;; arrives at earth at time ¢, = ¢} +

= At +

dp — dq —vAY 0
A=ty by =t 4 ) (cvAtcost)

= At/ {1 — 20050}

(Here d, is the distance from a to earth, and dj, is the distance from b to earth.)

in 6 At in 0
As = vAt' sinf = USL(I — Zcos 0) ju= UMY 1S the the apparent velocity.
(1t c (1—"2Ycosb)
du  v[(1—%cosf)(cosf) —sinf(Lsind)] v v,
0= (1= Zcost)? :O:>(1—Ecose)cos(9:gsm 0

= cosf = E(sin29+0052 0) = Y
c

vy/1—v2/c?

_ -1 : : _ _
’9max =cos™ (v/c) ‘ At this maximal angle, u = oz = \/1_’;2/62
As v — ¢, [u — 00|, because the denominator — 0 — even though v < c.

Problem 12.7
The student has not taken into account time dilation of the muon’s “internal clock”. In the laboratory, the

muon lasts y7 = ——Z——, where 7 is the “proper” lifetime, 2 x 1076 sec. Thus
1—=v2/c?’ ’

d d | 02
v=———-——— = —4/1— —, where d = 800 meters.
t/\/1—v2/c?2 T c?

2 2 2 1 1
(e (@ )=y =
d c d c (t/d)” + (1/c)?
v? 1 e (2x107%)(3x10%) 6 3 o2 1 16 4
[ — . - = = - = —: —_——=— = — V= —C.
A2 1+ (re/d)* d 800 8 4 ¢ 1+9/16 25 5
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Problem 12.8
. _ 1 _ 1 _
(a) Rocket clock runs slow; so earth clock reads vt = W -1 hr. Here v = ey -y ey

*. According to earth clocks signal was sent | 1 hr, 15 min | after take-off.

(b) By earth observer, rocket is now a distance (2c¢) (3) (1 hr) = 2¢ hr (three-quarters of a light hour) away.
Light signal will therefore take % hr to return to earth. Since it left 1 hr and 15 min after departure, light

5
4

signal reaches earth | 2 hrs after takeoff ‘

(c) Earth clocks run slow: toeket = - (2 hrs) = 2 - (2 hrs) =

Problem 12.9

Ly. g ; 3.1 v w2
Lo =2Ly; £ = Lo 1= =y /ha=1-n=%=

Problem 12.10
Say length of mast (at rest) is [. To an observer on the boat, height of mast is /sin @, horizontal projection

is {cosf. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to + lcos@

Therefore:

2 - P
—1_3 _ 13. _
r=1—q5 =15 |V =

nm‘e
Sles
QN‘C

tanf = Isin6 tan o tan 6 tan
nf = —— = no, r nf = ———
% cosf | V1—v?/c?

Problem 12.11

Naively, circumference/diameter = %(277R)/(2R) =7/y =my/1— (wR/c)?> — but this is nonsense. Point
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a
specific model for the internal forces holding the disc together.

Problem 12.12
(iv) =t= % + %%. Put this into (i), and solve for z:

_ t  wx v? _ 1 _ T —
ac:'ya:—'yx—’yv(f—&—j) :'yx(l——z)—vt:wc—Q —vt == —vt; |z =T+ i) |V
v e ¢ v v

Similarly, (i) = =z = % + vt. Put this into (iv) and solve for ¢:

_ t _
t:yt—ﬂ( +vt)=7t(1—1)—3m—32:f; tzv(t—i-%i) v
C

c2

Problem 12.13
Let brother’s accident occur at origin, time zero, in both frames. In system S (Sophie’s), the coordinates
of Sophie’s cry are z = 5 x 10° m, ¢ = 0. In system S (scientist’s), ¢ = v(t — %z) = —yvz/c?. Since

this is negative, ’Sophie’s cry occurred before the accident, ‘ inS. vy = /i (112/13)2 = \/1651)3—144 = % So

E:_(E)( )(5><105)/c = —12 x 105/3 x 10% = 1073. ’4><10 3 seconds earher‘

Problem 12.14
(a) In S it moves a distance dy in time dt. In S, meanwhile, it moves a distance dy = dy in time df =
y(dt — zdx).

R T T (e R I (s R T o)

dy dy _ (dy/dt) or | @ Uy e Uz
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(b) & = dock frame; 8’ = boat frame; we need reverse transformations (v — —v):
Uy /v (1+ %) 1 a,

u _ _
tanf = ——4£ = — L — —— — . In this case u, = —ccosf; 4, = csinf, so
e (o) (Lt %) 5 (@ to) - v
- 1 sin
_ 1 csin 6 —_| = -
tanf = ¥ (—ccos 0+v) v (cosﬂ—v/c)

[Contrast tanf = fyzi%sg in Prob. 12.10. The point is that velocities are sensitive not only to the transfor-
mation of distances, but also of times. That’s why there is no universal rule for translating angles — you have
to know whether it’s an angle made by a velocity vector or a position vector.]

That’s how the velocity vector of an individual photon transforms. But the beam as a whole is a snapshot

of many different photons at one instant of time, and it transforms the same way the mast does.

Problem 12.15

. 5 . . %c — %c ic 2
Bullet relative to ground: —c. Outlaws relative to police: 57 = 5 = ZC
7 l-9-3 § ®
. Sc—3¢c —%c 1 . . o .
Bullet relative to outlaws: =3 = —q3— = ——¢ . [Velocity of A relative to B is minus the velocity of

13

74

B relative to A, so all entries below the diagonal are trivial. Note that in every case vpyliet < Voutlaws, SO NO
matter how you look at it, the bad guys get away.]

speed of — 1| Ground | Police | Outlaws | Bullet | Do they escape?
reG‘l‘lQélﬂdl 0 1c 3c 2c Yes
Police -1 0 2c le Yes
Outlaws -3¢ —-2c 0 —c Yes
Bullet -3¢ —-ic e 0 Yes
Problem 12.16
1 5

(a) Moving clock runs slow, by a factor v = e = 3. Since 18 years elapsed on the moving clock,

% x 18 = 30 years elapsed on the stationary clock. | 51 years old

b) By earth clock, it took 15 years to get there, at 2¢, so d = 2¢ x 15 years = | 12¢ years | (12 light years
5 5

(c) ’t =15 yrs, z = 12¢ yrs‘

(d) ’f: 9 yrs, T = 0. ‘ [She got on at the origin in S, and rode along on S, so she’s still at the origin. If you
doubt these values, use the Lorentz Transformations, with z and ¢ in (c).]

(e) Lorentz Transformations: { & =7(z+vt) | [note that v is negative, since S us going to the left]
t=7(t+ =)

T = %(120 yrs + %c- 15 yrs) = g - 24c yrs =
t=23(15yrs+ 25 12cyrs) = 3 (15 + 48) yrs = (25 + 16)yrs =

(f) Set her clock ’ ahead 32 years,

will now read years at her arrival. Note that this is % - 30 years—precisely what she would calculate if the
stay-at-home had been the traveler, for 30 years of his own time.

from 9 to 41 (f — ). Return trip takes 9 years (moving time), so her clock

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



266 CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY

(g) 1) t=9yrs, z =0. What is t? t = Sz + % = % -9 yrs = % = 5.4 years, and he started at age 21, so he’s

26.4 years old | ( Younger than traveler (1) because to the traveller it’s the stay-at-home who’s moving.)

(ii) t = 41 yrs, x = 0. What is t? t =

45.6 years old.

(h) It will take another of earth time for the return, so when she gets back, she will say her twin’s
age is 45.6 + 5.4 = 51 years—which is what we found in (a). But note that to make it work from traveler’s
point of view you must take into account the jump in perceived age of the stay-at-home when she changes
coordinates from S to S.)

Problem 12.17

% = % -41 yrs, or % yrs, or 24.6 yrs, and he started at 21, so he’s

—a’t° + a'd' + a?b? + @’ = —2(a® — Bat)(B° — BbY) + % (at — Ba®) (' — Ba®) + a®b? + a3
= —2(a"0° — @a%l - ﬁ;/bo + FZatbt —albt + ﬂ;/bo + ﬁ;%l — 3%2a°0°) + a®b? + a®V?
— —72(101)0(1 _ 52) +72a1b1(1 _ 52) +a2b2 —|—a3b3

= —a0’ + a'bt + a?b* + a®b®. qed [Note: v*(1 — 3%) = 1]

Problem 12.18

ct 1 000 ct
(a) g = _06 é (1) 8 ; (using the notation of Eq. 12.24, for best comparison)
z 0 001 z
7 060
01 0 0
b) |A =
(b) B0 v 0
0 0 0 1
7 0380\ (v —B00 v =38 =3B 0
. . 01 0 Of|—B ~» 00 -6 v 0 0
¢) Multiply the matrices: A = _ = _ = N
() ply —580 5 of|l o o0 10 38 B8 3 0
0 0 0 1 0 0 01 0 0 0 1

the order does matter. In the other order “bars” and “no-bars” would be switched, and this would yield
a different matrix.

Problem 12.19
(a) Since tanh§ = £2h¢ and cosh? § — sinh? @ = 1, we have:

cosh 6’
1 1 sh 6
Y= = = o8 = cosh 6 ; v0 = cosh @ tanh § = sinh 6.

VI=07/ /T —tanh®0  /cosh®6 — sinh? 0

coshf —sinh6 00 .

—sinh € coshd 00 cos ¢ sing 0

A= Compare: R = | —sin¢ cos¢ 0

0 0 10 0 0 1
0 0 01
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U —v U - tanh ¢ — tanh 6
b) o = — = =< ¢ = tanh¢ =

(b) @ - e 1—(%)(y) anh¢ 1 —tanh ¢tanh @’
tanh ¢ = @/c. But a “trig” formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says:

tanh ¢ — tanh 6 ) - N
T~ tanh g tanhd tanh(¢ — ). . tanh ¢ = tanh(¢ — @), or:

where tanh¢ = u/c, tanh8 = v/¢;

Problem 12.20
(a) (i) I = —cPAt? + Ax? + Ay? + Az? = —(5—15)2 + (10— 5)2 + (8 — 3)2 + (0 — 0)? = —100+25+25 = =50

(i) (In such a system At = 0, so I would have to be positive, which it isn’t.)

(i) [y ] ¥ f
8 4 B S travels in the direction from B toward A,
making the trip in time 10/c.
6 4
.V7755(75y7 C)‘( c .
4 VT T | T2 Y
2 1 Note that Z—z:i—i—i:%,sov:%c, safely
less than c.
1 1 1 1 >

b)) I=-B-12+(5-22+0+0=—-4+9=|5]
(ii) By Lorentz Transformation: A(ct) =v(A(ct) — 3(Axz)). We want At =0, so A(ct) = B(Ax); or

Al(cet -1 2 2
% = (A(jv)) = g — 2; =3 So|v= 3¢ in the +2 direction.
(iii) (In such a system Az = Ay = Az =0 so I would be negative, which it isn’t.)
Problem 12.21 ~ tg —ta
Using Eq. 12.18 (iv): At = y(At — 5Ax) = 0= At = ZAx, or v = %02 = ==

Ip —TA
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Problem 12.22
(a)

Truth is, you never do communicate with

“ the other person right now—you communicate
with the person he/she will be when the mes-
sage gets there; and the response comes back
to an older and wiser you.

world line :
of player 1 ! world line of

e

.— player 2
(b) It is true that a moving observer
might say she arrived at B before she left A,
world line of but for the round trip everyone must agree
the ball that she arrives back after she set out.

10 f

x
Problem 12.23. o
(a) cty o /oy /4, 4 & 05
1)1 TSI 7 (b) £ = slope = 222
Wl n/ W, V4 oA v .75
Y O YA T AR 7
Y/ %/ Y ¢ 35
5 7 8.75 9
&N = V=G50 = | 35"
> <2 37
=
% C _ /‘I
KA. 4.3
&7 ¥ 4 . i
&7 (c)v' =35, 500 = a3

Y

[0}
T

c

L

1

Vit

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.

(@) (1- %) =v* v’ (1+ %) =n* |u=




CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 269

1 _ 1 _ cosh 6 _ . _ 1 _ _ :
(b) ey =coshf . .n= 7\/mu = coshf ctanhf =

- \/1—tan}12 0 \/cosh2 f#—sinh? @
Problem 12.25

2
(a) szuyzucos45°:%%c: =
- =1 _ -6 - - __u_
(b) Vimut/e2  \1-a/5 2 =5 = e e =1y = V2

(c) mo=ve=|V5e

(d) Eq. 12.45=

_ 1 Uy o 2\/20_ \V2/5 2
Uy-;(l_ufzv) = 1_51_5% —\/T%C— \/;C.
(e) ﬁx:'y(n:r_ﬁno): 1_%(\/56_ %\/gc): ﬁy:ny:\/ic'

o e Tz = V31U, =0V

(®) \/1—122/@ - \/1i2/3
Problem 12.26
W= — (00 0P = e (—¢ 4 u?) = ~ 20200 | 2] [Timelike,
Problem 12.27
Use the result of Problem 12.24(a): u =

w=S(AX10%) =24 % 10°m/s,

Problem 12.28
(a) From Prob. 11.34 we have v = $Vb% + 22, . 7 = f%dt = bf\/% = YIn(ct + Vb2 + 212) + k; at

1 4 1 3
———=1. Here T -2 g0 ——=— =2 and hence
Vitn?/e? ¢

3 J/1+16/9 5

b 1
t =0 we want 7 = 0: Oz%lnb—l—k7 sok::—%lnb; 7':2111 b(ct—i—\/bQ—i—cQtz)}

(b) Va2 —b2 4z = becT/b: /22 — b2 = beT/V — x; 22 — b? = b2e267/Y — 2xbecT/b 4 12 2wbecT/b = b2(1+ EZCT/b);
x = b(ew/b"’ff”/b) =|bcosh(cr/b) | . Also from Prob. 11.34: v = ¢?t//b2 + c2t2.

. . \/ﬁ sinh(er
v=2Va2? —b? = W(cr/b)\/bz cosh? (e7 /b) — b2 = VST — oSl — [ e anh (%)

cosh(ct/b) cosh(cT/b)

(c) n* =v(c,v,0,0). v = § = cosh G, so n* = cosh T (c,ctanh %,0,0) =|c (cosh %,sinh C%—,O,O> .

Problem 12.29

’L_Li-l-'l}
(a) maua + mpup = mouc + mpup; u;

1t (Gv/c?)’
Uuapg +v n up +v uc +v n up +v
m m =Mmeg——F——5 +Mp—————~-
A1+(ﬂAv/c2) Bl—i—(ﬂBU/CQ) Cl—l—(ﬂcv/c2) D1+(ﬂDv/c2)

This time, because the denominators are all different, we cannot conclude that

malus +mpup = mcocuc +mpup.

As an explicit counterexample, suppose all the masses are equal, and us = —ug = v, uc = up = 0. This is
a symmetric “completely inelastic” collision in S, and momentum is clearly conserved (0=0). But the Einstein
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velocity addition rule gives g = 0, tip = —2v/(1 +v?/c?), @ic = iip = —v, so in S the (incorrectly defined)
momentum is not conserved:
—2v 49
m|——s— —2mu.
1+ 02/c?

(b) mana +mpne = mene +mpnp; 1 = Y7 + B7Y). (The inverse Lorentz transformation.)

may(iia + B0%) +mpy(is + Biy) = mey(ic + Big) +mpy(ip + 7). The gamma’s cancel:

maia +mpis + B(man% + mpiy) = meilc +mpip + B(meie + mpi).-
But mmio = p? = E;/c, so if’ energy is conserved ‘ inS (EA +Eg=FEc+ E_’D)7 then so too is the momentum
(correctly defined):

mafja + mpilp = mcfic + mpip. qed
Problem 12.30

yme? —me? =nmc* = y=n+1= —F— :1—“72:712
1—+/u?/c? ¢ (n+1)

Cwd 1 nPfenlol _on(nd2) |, ”(”+2)C

e T (n+1)2 = (n+1)2 - (n+1)2 - n+1

Problem 12.31
Er=E\+Ey+--spr=pi+p2+--;pr=7pr—BEr/c)=0= 3=v/c=prc/Er
v=Cpr/Er=|Epr4pr o )/(Br+ Eat o)

Problem 12.32

E :7<m727+m‘2‘)62=7mc2=>'y=(mgr+mi)= ! ; 1—£:i~

I o n p—— eyl 2 2
Uj L 1 L 4mfrmi _ mi + Qmimi + mﬁ — 4m3rmi _ (m?2 — mi)Q.U _ (m2 — mi) .
R N R (m T ) 2 oy = |\ )

Problem 12.33
Initial momentum: E? — p?c? = m2c* = p?c? = (2mc?)? — m?c* = 3m?c* = p = V3me.
Initial energy: 2mc? 4+ mc? = 3mc?.

Each is conserved, so final energy is 3mc?, final momentum is v/3 mec.

E? — p? = 3mc®)? — (V3me)?? = 6m?ct = M2t - ~ 2.5m

(In this process some kinetic energy was converted into rest energy, so M > 2m.)

pc? B V3mec?
E = 3me2

Sl

Problem 12.34
First calculate pion’s energy: E? = p?c? + m2ct = Zm2ct + m?c* = B2mic* = F = %mcg.

16 16
Conservation of energy: S5mec? = Ea + Ep 9F s — e
. =2mc
Conservation of momentum: %mc =pa+p= E?A — E—CB = %ch =FE,—Ep A

1
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Problem 12.35
Classically, £ = %va. In a colliding beam experiment, the relative velocity (classically) is twice the
velocity of either one, so the relative energy is 4F.

v
E E — B Let S be the system in which () is at rest. Its
@ @ @ ® speed v, relative to S, is just the speed of (@
S S in S.

= (£ — Bp), where p is the momentum of @) in S.
E=9Mc, s0y = 572;p = —YMV = —yMfc. - E =~ (£ + ByMpc) ¢ = v(E + yMc*5?)

Mc
2_ — 2
72:1_1ﬁ2=>1—52:$2:>ﬁ2=1—7%=”721..-.E:—AngJr{(—Asz) —I}MC2
2
m__ E? E? 2. —_2E 2
E—Mcz—i—MCQ—Mc7 E—MC2—MC

For E = 30 GeV and M¢? = 1 GeV, we have E = 2% _ 1 — 1800 — 1 =[1799 GeV | = [ 60E. |

Problem 12.36

Ea
One photon is impossible, because in the “center of mo- 60°
mentum” frame (Prob. 12.31) we’d be left with a photon 7%_> ,% 0
at rest, whereas photons have to travel at speed c. Ep
(before) (after)

Cons. of energy: /poc? + m2ct +me? = E4 + Ep
horizontal: pg = £4 cos60° 4+ £& cos = Ep cos = poc — %EA
Cons. of mom.: ¢ ¢

d add:
vertical: 0= EicA sin 60° — ETB sinf = Epsinf = ? B4 }Square and a

3
1

= FE% = poc® — pocEa + E4 = [W—i—mcz - EAr
= poc?® + m3c* +24/p3c? + m2ct(mc? — Ea) + m?c* — 2E4mc® + E5. Or:
—pocEa = 2m*c* + 2mc?\/p3c? + m2ct — 2B/ pEc® + m2ct — 2E 4mc?;
= Ea(me® + /p3c® + m2ct — poc/2) = m2c* + mc®\/poc? + m2ch;

5 (mc®+ \/pEc + m2ct) (me® — \/pge? + m?ct — poc/2)

(me2 + \/p3c? + m2c* — poc/2)  (mc? — \/p3c? + m2ct — poc/2)

1
E%(cos? 0 + sin® ) = poc® — pocEa + ZE‘%‘ + B

E4=mc

9 (7}12/04 —p3c? — 7p’2/4 — Ipomc® — BE\/pic® + m2ct) | me® (me+ 2py + \/p§ + m3c?)

= McC =

3
(T/re'z/c‘1 — pomc® + % — poc? — WZ/C4) 2 (me+ $po)
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Problem 12.37

Fo dp d mu _ du N 1 —Loy.du
Tt dt 1w -m N "\ T2 e
m u(u-a)
= ST qed
V1—u?/c? {a+ (02_u2)} qe
Problem 12.38

%
At constant force you go in “hyperbolic” mo- .
tion. Photon A, which left the origin at ¢ < 0, y

catches up with you, but photon B, which
passes the origin at ¢ > 0, never does.

ct

Problem 12.39

() o dm_dmdt [d( ¢ ] 1

dr dt dr dt \ \/1T—u2/c? /T —u2/c
c < 1) (—%)2ua 1 u-a

(

/1w

1—u2/2)2 | c(1—u2/2)2

2

a_dﬂ_ﬂdﬂ_ 1 da u _ 1 a +u(—t) —C%2u-a
Cdr drdt \1—@2/Rdt\\J1-u2]2 )  J1-u?]32 | /1—uP]3 (1 — u2/2)32

2 1 u-a)”
2 4 a-a = “Za (1;;02)4 T (1 —u2/c?)4 [

1 1 s w\? 2 u? ) o

1 9 u?\? (u-a)? u?  u?
<1_u/>{ (1> g (2254 )

(b)  auat =—(«

|l —1 [a2+((u'a)2].

(1—u2/2)? 2 —u?)

(c) ntn = —c%, s0 (k) = oty + ntay, = 2atn, =0, so

(d) K# =925 = L (mpr) = mak. ’K“nﬂ = man, =0~‘

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 273

Problem 12.40
K,K" = —(K°)? + K-K. From Eq. 12.69, K-K = u—’iﬁ From Eq. 12.70:

K0 — 1dE 1 d mc? B mce 1 (—1/c?) ol —
“Car e /71—1;2/02 dt \/l_uz/CQ - \/1—u2/02 2(1—u2/02)3/2 e (1 —u2/c?)2

m u?(u-a) m(u-a)
But Eq. 12.74: u-F = uF cosf = \/ﬁiz/& [(u-a) + 20— ug/cg)} = (1 —u2/c2)3/2’ 80:
50— uF cos 6 K KM — F? B u?F? cos® 0 _ 1 — (u®/c?) cos® § F2. qed
Siwje N T awd) T e —wd) | G- wf@)

Problem 12.41

= \/#72/02 [a—i— ;(UZZ] =¢(E+uxB)=a+ m = %\/1 —u?/c2(E + uxB).

.  (u-a Uz(u-a) _ u-a — g —u?2/c2a. u-(u :
Dot in u: ( )+02(1—u2/02)7(1—u2/c2)7m\/1 /c2[u-E + u-(uxB)];

=0
~ u(u-a) q u? u(u-E) q u? 1
ng l—c—2 3 .Soa:a 1—6—2(E+uXB—C—2u(u-E)). qed

Problem 12.42

One way to see it is to look back at the general formula for E (Eq. 10.36). For a uniform infinite plane of

charge, moving at constant velocity in the plane, J = 0 and p = 0, while p (or rather, o) is independent of ¢
(so retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest (except
that o itself is altered by Lorentz contraction).

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction.
But in Fig. 12.35(b), if we reflect in the x y plane the configuration is unaltered, so the z component of E would
have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should

reverse its sign.)

Problem 12.43

(a) Field is 0¢/€g, and it points perpendicular to the positive plate, so:

g0 ~ . ~ o} ~ ~
Eo = —(cos45°%X +sin45°y) = —X+79).
0= ( ¥) \/560( ¥)
o o [24] ~ ~
(b) From Eq. 12.109, E, = E,, = e E, =+vEy, = VA So|E = Vae (=% +79).

(¢) From Prob. 12.10: tan6 = ~, so m

(d) Let & be a unit vector perpendicular to the plates in & — evidently
A 0% 5 _ 2
A= —sinfX+cosfy; |E| = \/%060 V1492
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274
T
So the angle ¢ between i and E is:
E-n 1 cosf
—— =cos¢p = ———(sinf + ycosf) = ——=(tanf + ) = cos 6
Bl V1472 V1472 1++2
_ _ sinf _ I—cos?0 _ 1 125 2 _ 1 _ 2y
But v =tanf = o st =V 1= 5 0=7"+1=cosl = T So |cos ¢ = (1 +72> .
Evidently the field is perpendicular to the plates in S.
Problem 12.44
)\ é )\ o 5( —+ Yo y
(a) E= - = o
2meg s 2mey (x5 +y3)
- A Yo = = A (ToX+ 79y
ny =Y5 7EZ:’YEZ:0aE: .
Y 2mep (23 + y3) 2meo (2% + y3)

A ZTo E =
y =

b Em =FE, = — ;
(b) 2meo (23 + y2)
Using the inverse Lorentz transformations (Eq. 12.19), o = v(x + vt), yo = v,
Al (z+vt)Xx+yy

2meq v [(z + vt)2 + 42 /2]

Ay +ut)X+qyy

E =
2meg [¥2(z + vt)2 + y?]
Now S = (z+vt) X+y ¥, and y = Ssin 6, so [(z+vt)?+y?/7?] = [(z+vt)?+y?(1-v2/c?] = S?—(v/c)2S? sin® § =

S2[1 — (v/c)?sin? 4], so
B A 1—(v/c)? S
| 27eq (1 — v2sin? 9/02) S’
This is reminiscent of Eq. 10.75. the field does point away from the present location of the wire.
Problem 12.45 y
. - . 1 N
(a) Fields of A at B: E = 47350 4%9; B = 0. So force on gp is | F = Tres q‘:lgB . —qB»—b
d
Y q v
A
qB (b) (i) From Eq. 12.67: |F = 7 quB 9. | (Note: here the particle is at rest in S.)
d drey d
T 3 o ae w1 oqal =0/ 1y qa,
v 144 (ii) From Eq. 12.93, with § = 90°: E = Ireq (1= 02/ c2)i/2 2= Tres &2
(this also follows from Eq. 12.109).
F= 4:60 q‘:lgB V| (as before).

B # 0, but since v = 0 in S, there is no magnetic force anyway, and
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Problem 12.46
System A: Use Eqs. 12.93 and 12.112, with § = 90°, R =dy, and ¢ = 2:
S ljw = 1 V5. Where 7:;
dmeq d?”’ dmeg 2 d? T—v2)2
[Note that (E? — B%c?) = (ﬁ)%ﬂ (1- %j) = (ﬁ)2 is invariant, since it doesn’t depend on v (see
Prob. 12.47b for the general proof). We’ll use this as a check.]
2 2 2 2
N a Vo VL. a7 V7 A
F=q(BE+ (—v%)xB) = ——1— L (5 — Z(xx S A Y
a(B + (-vx)xB) dmeq d? (¥ c? (%x2)) dmeq d? ( c? )9
. v+ 2v
System B: The speed of —qis wvp = ey = 0T 02
1 (1+2v2%/c?) (1+2v2%/c?) v?
B = e - 1 2 /.2 :72(1+72);UBWB:2’UW2'
\/1, v2/c \/1_2ﬁ+¢ (1 —v?/c?) ¢
(14v2/c2)2 c2 ct
qg 1 , 2, q 2v 72 R
=1 204+ %)y, B=--1 2075
47eq d27 ( + c? )y 4meq 2 d2z
2 02 | ot 2 2 2
[Check: (E? = B*¢*) = (5z852) 7' (14 % + & = &) = (m82) v'5r = (w8e) V]
P A2 v2
F=¢E=— —(1+ —)¥ (+q at rest = no magnetic force). [Check: Eq. 12.67 = Fy = L Fp. V]
4dreq d? c? 2
System C 0 ¢ 1o Boo Fogp---T 1
stem C: wve =0. =—— 3 =0. —gE=—-—1 _— .
4 © 4req d2 Y 4 4reg 2y

[The relative velocity of B and C is 2v/(1 + v?/c?), and corresponding v is v2(1 + v?/c?). So Eq. 12.67

Summary:
q - q 2 272\ % q -
_ _ 1 _
< 47reod2) R4 ( 47’1’60d2) v (L)Y ( 47T€0d2> Y
L S R S I 0
dmegd? ) c? Amepd? ) 2
q’ 2/ 2 ¢ 2 (1 2/ 2 ¢
_ 1 o _ o _ G
( 4dmeqd? U ( +v/e )y ( 47reod2) 7 ( +v/e )y ( 47T60d2> Y

Problem 12.47
(a) From Eq. 12.109:

v

= o = _ _ v
EB=E,B, + E,B, + E.B. = E, B, +7°(B, —vB.)(B, + 072Ez) +(E: +vBy)(B: — ?Ey)
5 v v? v v?
= BBy + (B, By + 5P F. —vB(B. — S B.B. + E.B. - SFE. +vp(B. - L E,B,)

2 02

= BB, +7° (EyBy(l - %)+ EB.(1- 2)) = E,B, + E,B, + E.B, = E-B. qed
C C
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_ _ v 2 v
(b) B2 = B = [E2 +92(B, — vB.)* 4 73(E. +vB, ] — B2 +72(B, + S E.)* ++2(B. - SE,)
= B2+ (E} = 2E/6B. +v*B? + E? + 2E/4B, + v’ B} — B - c22§2/ByEz
20?0 oo 25 U 20 o 2 p2
_cc—4E2—cBZ+02 B.E, —cchy)—cBm
2 2 2 2
2 2p2 2( 2 v 2 v 2/ P2 v 22 v
gz (- ) e B (- ) - e (i- ) - en(1- )
=(E;+ E; +E?)— *(B2 + B} + B) = E* — B’¢*. qed

(c) For if B = 0 in one system, then (E? — ¢?B?) is positive. Since it is invariant, it must be positive in
any system. . E # 0 in all systems.

Problem 12.48

(a) Making the appropriate modifications in Eq. 9.48 (and picking § = 0 for convenience),

E
E(z,y,2,t) = Epcos(kx —wt)y, Bl(zx,y,z,t) = = cos(kx — wt)z, where k= Y
c c

(b) Using Eq. 12.109 to transform the fields:

ijw
I

=0, FE,=v(E,—vB,)=E [cos(k‘x —wt) — Y cos(kx — wt)} = aFEj cos(kx — wt),
c

= (%
c2

v 1—v/e
h = (1—7): .
where |a =7~ p ”14—1}/0

Now the inverse Lorentz transformations (Eq. 12.19) = = = v(Z + vt) and ¢ = v <f+ %:E), SO
c

1 E
E,) =~E [ cos(kx — wt) — % cos(kx — wt)} = a=2 cos(kx — wt),
c c c

kx—wtzfy[k(f—i-vﬂ—w(f—&-%i‘)} 27{(/@‘—%)%—@—1{:1})5} =k — wt,

where, recalling that k = w/c): k=17 (k - w—;j) =~vk(l —v/c) = ak and @ = yw(1l —v/c) = aw.
c

_ _ - _ Iz -

E(z,7,%,1) = Eycos(kz — @l)§, B(Z,7,2,1) = = cos(kz — i) 2,
c

Conclusion: B B 1= v/

where FEg=aF), k=ak, w=aw, and «a=

1— - 2 2 A
(o) |w=w v/c. This is the | Doppler shift | for light. A = T2 _ 2 The velocity of the wave
1+v/c k. ak «

inSisv= %;\ = %)\ = this is exactly what I expected (the velocity of a light wave is the same

in any inertial system).
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s |1—=w/c
1+v/c

(d) Since the intensity goes like E2, the ratio is

~| o~
I
IS IIS]
I
Q
I

Dear Al,

The amplitude, frequency, and intensity of the light will all ’ decrease to zero | as you run faster
and faster. It’ll get so faint you won’t be able to see it, and so red-shifted even your night-vision
goggles won’t help. But it’ll still be going 3 x 108 m/s relative to you. Sorry about that.

Sincerely,

David

Problem 12.49
192 = AQAZ2tA7 = AJA30? + AQA3H12 = 4102 + (—B)t12 = (192 — pt12).
0 = AQALP = ABALIO ¢ QRIS = 5087 4 (A B)E1t = (1 — 91 = 4 (1% 4 i),
Fas = AZABPT = AZA3H2S = 23,
Fur = AL — ABAR + AJALE — (@) 4 89 = 589 — 519,
1o = AAZEN = AJASED? + ATAZH? = (—yB)t0% 4 4112 = (812 — Bt°2).
Problem 12.50
Suppose t"* = £t*” (+ for symmetric, — for antisymmetric).

A = AZA;\t’“’
P = A;\LAﬁt‘“’ = A{}AZt”“ [Because p and v are both summed from 0 — 3,
it doesn’t matter which we call ¢ and and which call v.]
= AZAf;(:l:t’“’) [Using symmetry of t*”, and writing the A’s in the other order.]
=+t ged

Problem 12.51
FM"E,, = F00 200 _ 01 01 _ pp02 (02 _ 03 7203 _ 10 10 _ 20 220 _ 30 30
L pUpH |y pl2pl2 | pI3pI3 | p2lp2l | p22p22 | 2323 | p3lpsl | pi2p32 | p33pss
= —(Ea/c)” = (By/c)* = (E:/c)* = (Ey/c)* — (By/e)® — (E./c)” + B + By + B2 + B} + By + B}

2
=28 - 282/ = |2(B? - E—Q)
C

which, apart from the constant factor —2/c2, is the invariant we found in Prob. 12.47(b).

G" G, = 2(E?/c® — B?)| (the same invariant).

F'LWG“V — —2(F01G01 4 FOZGO2 4 FOSGOS) 4 2(F12G12 4 F13G13 4 F23G23)

=2 (:’}EIBI + %EyBy + iEZBZ> +2[B,(—E./c) + (—=By)(Ey/c) + By(—E;/c)]

(E-B)=|-(®-B)

2 2
=_2(E-B -2
C( ) C
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which, apart from the factor —4/c, is the invariant we found of Prob. 12.47(a). [These are, incidentally, the
only fundamental invariants you can construct from E and B.]

Problem 12.52

1 22g VI 0 cO0 O 0 0v O

B maeX =X | _pod [—c00 v | || _pod [0 000

_ ho 2 _ o Avg T2z | 000 0 T omx | —v 00 —c
B= o=y =000y

4T x 27 x 0 v0 O 0 0c O

Problem 12.53

O, F* = poJ*. Differentiate: 0,0, F* = po0,J".

But 0,0, = 0,0, (the combination is symmetric) while F*#* = —F"" (antisymmetric).

20,0, F* = 0. [Why? Well, these indices are both summed from 0 — 3, so it doesn’t matter which we
call p, which v: 9,0, F* = 0,0, F"" = 0,,0,(—=F") = —0,0,F"". But if a quantity is equal to minus itself,
it must be zero.| Conclusion: 9, J" = 0. qed

Problem 12.54

We know that 9,G*¥ = 0 is equivalent to the two homogeneous Maxwell equations, V-B =0 and VXE =
—%—]t?'. All we have to show, then, is that O\F),, + 0, F,x + 0,F», = 0 is also equivalent to them. Now this
equation stands for 64 separate equations (u=0—3,v=0—3, A=0 — 3, and 4 x 4 x 4 = 64). But many
of them are redundant, or trivial.

Suppose two indices are the same (say, u = v). Then O\F),, + 0,F,» = 0,F\, = 0. But F,, = 0 and
F,» = —F),, so this is trivial: 0 = 0. To get anything significant, then, p, v, A must all be different. They
could beall spatial (u,v,\ =1,2,3 = x,y,z — or some permutation thereof), or one temporal and two spatial
(u=0,v,A=1,20r 2,3, or 1,3 — or some permutation). Let’s examine these two cases separately.

All spatial: say, p =1, v =2, A = 3 (other permutations yield the same equation, or minus it.)

0 0 0
O3F19 + 01 Fa3 + 0o F31 =0 = @(BZ) + %(Bm) + %(By) =0=V:B=0.

One temporal: say, p =0, v =1, A = 2 (other permutations of these indices yield same result, or minus it).

L0 B 0 0 B
52F01+30F12+31F3170:>a*y( 7)78(Ct)( Z)+8x(+ 0)70'

or: 7853; + (a;;f — 88%) = 0, which is the z-component of —Z8 = VxE. (If p = 0,v = 1,\ = 2, we get the

y component; for v = 2, A = 3 we get the z component.)
Conclusion: OzF, + 0,Fyx + 0,F\, = 0 is equivalent to V:B = 0 and %—1? = —VXE, and hence to
0,G* =0. qed

Problem 12.55
K% = gn,F% — q(m F°* + 0o F%% + n3F%) = ¢(n-E)/c = g*yu-E. Now from Eq. 12.70 we know that
c

K% = %%, where W is the energy of the particle. Since dr = %dt, we have:
1 dW q dW
_—Y— = — -E _— = .E
g = WE) = - =g(wE)

This says the power delivered to the particle is force (¢E) times velocity (u) — which is as it should be.

(©2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is
protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 279

Problem 12.56

5. D, 10, %8¢6t 060c 90y | 9602
oy cot otot  Ox ot Oy ot 0z ot
From Eq. 12.19, we have: %*7, 92 =y, W =22 = .
7__1 9¢ 99 : 0 N9 vOp 0 aral
So 8% = (8t+v<9 ) or (since ct =20 = mo).6¢—7(axo cax) v [(8°¢) — B(8'9)].
— 0 0p Ot 0p0dxr 0¢pdy 0P 0z vdp I¢ o v 0¢ 1 0
15— Y 4 opoy 090z _ U OP 99 _v99,y _ _
0= 5= 9t oni "m0z T oyar T0:05 = '@ ot T aw — " Bay camy) = (0'9) —6(O°9)].

__ 0p ¢t 0p0x 06dy 060z 06
2, Y9 _dJpOot 09Ul  OPOY 0P
=9 " atoy Toxoy Tayoy Tazo5 oy 0%

05 _0s0t 060z 0p0y 000z 06
3,_ Y99 e
= 9: " ooz Towo: Tayo: Te.0: 0. 0

Conclusion: 0" ¢ transforms in the same way as a* (Eq. 12.27)—and hence is a contravariant 4-vector. qed

Problem 12.57
According to Prob. 12.54, aG = 0 is equivalent to Eq. 12.130. Using Eq. 12.133, we find (in the notation
of Prob. 12.56):

oK, v 8Fl/)\ 3F,\
8.13;‘)‘ Oz + a,jtjlfu = a)\Fp,u + a/_tFu)\ + BUF)\#

= a)\(aﬂAu - ayAy,) + 3#(61,14)\ — a)\All) + au(a/\A“ o a#A)\)

= (aAa;LAu - aua)\Au) + (auayAA - 8uaHA>\) + (8V5>\A# _ 8)3%4#) —0. qed
[Note that d\OuA, = 924, PA__ 9 A, by equality of cross-derivatives.]

x> 0z  Dav Bac

Problem 12.58
From Egs. 12.40 and 12.42, n* = ~(c,v), while 2 * = (¢t — ctp,r — w(t,)) = (2,2 ), so "2 , =
—ve2 +yv-2 =—y(2c—2 V).

_a nq e _ 1 ge 1
dwege (MP 2 ) Amepey(2 c— 2 -v)  Admegc (2 c— 2 -vV) ¢

(Eq. 10.46),
9 n __ 4 044 _ 1 qv
dwege (MP 2 ) Amepey(2 c— 2 -v)  Admegc (2 c— 2 V)

(Eq. 10.47), so (Eq. 12.132)

m
- LT
dmege (N2 1)
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Problem 12.59

|

Step 1: rotate from xy to XY, using Eq. 1.29: Yy

X =cosopzx+singpy
Y = —singx +cosoy ¢$

Step 2: Lorentz-transform from XY to XY, using b
Eq. 12.18: [

Y(X — vt) = vy[cos px + sin gy — Pet]
Y = —bln¢x+cos¢y
Z

N
I

ct = 'y(ct — BX) =v|ct — B(cos gz + sin ¢ )]
Step 3: Rotate from XY to Zy, using Eq. 1.29 with negative ¢:

cosp X —singY = v cos dlcos ¢ x + sin ¢y — Bet] — sin ¢[—sin ¢ = + cos ¢ y]
= (ycos? ¢ + sin® @)z + (y — 1) sin g cos gy — B cos ¢ (ct)
g=sing X +cosgpY = ysing(cospx +sin gy — Bet) + cos p(—sing ¢ + cos g y)
= (y—1)singcospz + (ysin® ¢ + cos® ¢)y — yfsin ¢ (ct)

ct v —v[ cos ¢ —vy[Bsin ¢ 0
—vBcosd (ycos® ¢ +sin?p) (y—1)singcosg 0
0
1

Kl
8

In matrix form: “ || —yBsine (y—1)singcosé (ysin® ¢ + cos? @)
0 0 0

NI
Nsd

I\

Problem 12.60
In center-of-momentum system, threshold occurs when incident en- T P
ergy is just sufficient to cover the rest energy of the resulting particles, O— <«—O  before (CM)
with none “wasted” as kinetic energy. Thus, in lab system, we want

: : O after (CM)
the outgoing K and X to have the same velocity, at threshold: K

Oo— O oOo—
™ p K ¥

Before After
Initial momentum: p,; Initial energy of m: E? — p?c? = m2ct = E2 = m2ct + p2c?

Total initial energy: myc* = \/m2c* + p2c2. These are also the final energy and momentum: E? — p?c? =

(mx +myx)2ct.

(mpc +/m2ct +p2 02) = (mx +myx)*c*
m?,ka—i—Qmpcz\/chZ—i—p c—i—szA—i—p/yc —p/yc (mg +myg)>*

A

2m

P 2 2 2
——/m2c? +p2 = (mk +mg)” —m, —m;
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4m?
(m?c? +p72r)c—2p = (mg +mg)* — 2(mg +m2)(mg +ms)? + mf, +mi + me)mfr

4m?
Czppfr = (mx +mx)* = 2(m2 +m2)(mx +mx)* + (m2 —m2)?
C
Pr = gy s )= 200 + ) o+ ms)? + (o — )2

= m\/(m;{cz + mzc?)t = 2((mpc2)? + (mrc?)?) (mic? + msc?)? + ((mpc?)? — (7717r02)2)2

= m\/(wom4 —2((900)2 + (150)2)(1700)2 + ((900)2 — (150)2)°

= 1502 V/(8:35 x 1012) — (4.81 x 1012) + (0.62 x 10™2) = 1555-(2.04 x 10°) =| 1133 MeV /c

Problem 12.61

Y
_ p D (p = magnitude of 3-momentum
In CM: v in CM, ¢ = CM scattering angle)
Before
After
Outgoing 4-momentua: r* = (%,pcos ¢, psin ¢,O); st = (%, —pcos ¢, —psin ¢, O).
Fh

In Lab: o— O 0 Problem: calculate 0, in terms of p, ¢.

Before gh

Lorentz transformation: 7, = v(ry — Br°); 7y = 1y; 52 = Y(sz — 85°); 5, = sy.
Now E = ymc?; p = —ymv (v here is to the left; E? — p?c® = m?c*, so = — L.

ST =7 (pcos¢+ %%) =vp(1 + cos ¢); Ty = psind; 5, = yp(1 — cos ¢); 5, = —psin ¢.

2]}

cosf = s _ 72p?(1 — cos?® ¢) — p?sin® ¢
75 \/[’72]92(1 T cos §)? + psin’ §] [12p2(L — cos )2 + p? sin® 6]
(v? —1)sin?® ¢
\/[72(1 + cos§)? + sin? ] [12(1 — cos ¢)? + sin? g]
(v*-1) B (12— 1)

N I I (L A
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cosf = d (where w=+2—1)
\/(1 + cot? % + wcot? %)(1 + tan? % + wtan? %)
B w B wsin%cos%
\/(csc2 % + wcot? %) (sec2 % + wtan? %) \/(1 + w cos? g) (1 + wsin? ¢)
_ 3w sin ¢ _ sin ¢
V(1 +wh(1+c036)) (1 + (1 - cos9)) ﬂ(g +1) +cosg] [(2+41) — cosg]
i 1 4 4
= sm;i) = sin ¢ = —, where 72 = — +—
R+ oo (Lo 1+ () W
sinf = 5. 722%(1+w):ﬁ72, sotan@zw_zl%.
X ) 9202 7/sin ¢
: 2 _ 2 _ 20 _
OL smce (’}/ —1)—’}/ (1—7*2) =7 ) tan@—m

Problem 12.62

dp __ . dp dt dt __ 1 o mu

*—K(aconbtant)iag K. Butﬁ—\/l 2/2,])—\/1 2/2.
u?/c —u?/c

dr
A uw ) K —u2/c2
'd(m)_m‘/l u?/c2. Multiply by 4
dt d( u ) d ( u > K\/1—u?/c? Let u
= — . W = —F—— .
— NI

dz dt V1—u?/c? T dx V1—u?/c?
dw K1  dw 1d , k d(w?) 2K 5 2K
T omet Y cmY Tt Tar o = dwt) = (de).

Lw? = %ax—i— constant. But at t =0, x =0 and « = 0 (so w = 0), and hence the constant is 0.

, 2K u2 , 2Kz 2Kz , 2(H_ngg) 2Kz
w'=—r=—-—; U =—— uty U =—
m 1—u?/c?’ m  mce mc? m
2Kx/m C2 dx c mCQ
2
L+ 5 1+ (QK-?C) dt L+ (;nlgjc) 2

)

2 2
ct = /\/m 2ydy = Z/Wdy S [y\/m+a2 In(y + \/m)} + constant.
Y

Att=0,2=0=y=0...0=a?Ina+ constant, so constant = —a’Ina.

ot =y\/y? +a? = a2In(y/a+ /(y/a)? + 1) :a2[(2) \/ (%)2 —l—l-l—ln(z + (%)2 +1>]

QKt
Let: 2 =¥ = \/z,/25 = /2K% — 5 Then 2V 1422 +1In(z + V1 + 22).

Let g’;; = a?; ct:fi””\/';“gdx. Let x = y?; do = 2y dy; /x = y.
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Problem 12.63 y

(a) z(t) = < [ 14 (at)? — 1], where o = £ The force of +¢ on d/Q’ """"""" TJF """"""""

—g will be the mirror image of the force of —¢ on +¢ (in the z-axis),
so the net force is in the x direction (the net magnetic force is zero).

So all we need is the z-component of E. —dj2] o
The field at +¢ due to —q is: (Eq. 10.72)
_ a2 .
B = ot s W€~ ) Fulr ) —a(e )]

u=cxe fvéum:c,%fv:,%(clfv@ ;2 u=c2 —2-v=(c2 —Iv); 2 -a=la. So:

q 2z [
dmeg (c2 —vl)3

E,=— ! (cl —v2 )(c* —v?) = ! (Cl—Uﬁ/)la_a(C’L —/M))]

ca(l> — 2 ?) = —cad®/ 2

v\r‘H

q 1
_4ﬂeom[(0l —v2 )(c? = v?) = cad?].

The force on +q is q¢F,, and there is an equal force on —¢, so the net force on the dipole is:

2¢> 1
dmeg (e2 — )3

It remains to determine %2 , [,

F=- v, and a, and plug these in.

[(cl —v2 )(? —v?) — cad®]%

dx cl cat cat,
o(t) = — = = a’t= ——--o ; v=20(t,) = ——, where T = /1 + (at,)2.
=5=25 T — T v =) =G VI+(at,)

dv  co 1\ 2a%t,  ca 9 ca
a(t,) = & =T + coty (—2> 5 = T3 (14 (at,)? = (aty)?) = =3
Now calculate ¢,: >(t —t,)2 =2 2 =12+ d* I =z(t) —z(t,) = £ [/1+ (at)? — /1 + (at,)?], s

,t/2—2tt F = L[4 (o) +1+ a¢/52—2\/1+ atQ\/1+ at,)?] + (d/c)?
\/1+ at) \/1 (at,)? =1+ a?tt, + % ( ) Square both sides:

1 d\ 4 d\ 2 d\ 2
T (o) + (at,)? + o282 =1 + o2 + = (20 1202, + (24 4 a2, (22
Z 2 2 4 % /1/ 4 2 22 2
4\ ¢ c c
2 2 4
124 12— 24t, — tt, (O‘d) 7(§> 70‘7@) ~0
c c 4 \c

At this point we could solve for ¢, (in terms of ¢), but since v and a are already expressed in terms of ¢,, it is
simpler to solve for ¢ (in terms of ¢,.), and express everything in terms of ¢,:

2

2t {2+ (O;dﬂ + [tQ (d)2 B i(dﬂ — 0=
e i R R C AT CRCY
—1, [1 + ;(O‘C‘i])ﬂ + \/[1 + (aty)?] (%)2 [1 + (C;f)}
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Which sign? For small aw we want ¢ = t,. + d/c, so we need the + sign:

1 2 2
t=t, 1+7<@) + 27D, where D = 1+(1d)
2\ ¢ c 2c

Soz =c(t—t,)=>2 =% ("‘7) + dTD. Now go back to Eq. (%) and solve for /1 + (at)?:

(sl
{L—j[ ()1 szD}z[H;(ad)?]ﬂatrdD

Cc c

- 2[\/1 +(af2) — /T + (atr)Z] = ;{ P/-‘r ;(O‘CCZ)Q]TJr O‘Qz"dD —/T}

1+ (at)? =

*ﬂ\h‘ ﬂ\

ad(%T + tTD)

Putting all this in, the numerator in square brackets in F becomes:

1= {ead(r+1,0) - S [De(20) L grp] 2 - O] o

¢ T2 T
=cad[%T+t/D —W—tﬂ?]i[lﬂ%ﬁ—(%ﬂ —C%dz
S = o] = G [ o0~ o] -

Fe T Cod” o

3 It remains to compute the denominator:
dmeg (2 —)T]

ct, rad\? cat,
(c2 —l’U)T—{C[2( c) —|—dTD}—ad< T+tD) T }T
L o/n 2/ n  cdat,)? 2 2
= [5o2#a? + caTD - Yo - L DT = cdn] T2 = (at,)* | = deD
2 2 T ———
14+(a#)? = (a#)?
¢ AEdPa q° « F

- 47eq BBED3T T 47eq cd[l + (%)2]3/2)( (a - %)

Energy must come from the “reservoir” of energy stored in the electromagnetic fields.
1 ¢ ad 213/2 7 toq?
b) F=me = = [ (5] = (S
(b) mea %47%0 cd[l + (l] )3/2 + 2c 87reom02d 8mmd
2

(force on one end only)

2 1oq? )2/3 2mc? pogq? \2/3
R e
d (87rmd 50 d 8mmd
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Problem 12.64
(a) A* = (V/e, Ay, Ay, As) is a 4-vector (like z# = (ct,z,y,2)), so (using Eq. 12.19): V = y(V + vA,). But

V =0, and
A, = Fo (mXT),
4w 73

Now (mXT), = myZ — m,§ = myz —m,y. So

o (myz —m.y)
V =yl el
7U4ﬂ

73
Now z = y(z —vt) =YR;, y =y = Ry, Z = z = R, where R is the vector (in §) from the (instantaneous)
location of the dipole to the point of observation. Thus

2
7 =~’R; + R} + R =+*(R. + R, + R?) + (1 —v*)(R} + R?) = v*(R2 — %RQ sin® 0)

(where 6 is the angle between R and the z-axis, so that R} + R = R? sin? 0).

v Mo vy(myR, —m.Ry)

o ; vo(mXxR) = v(mxR), = v(myR, —m,R,), so0
m V3R3(1 — ;’—; sin? 9)3/2 ! !

_ Mo v-(mxR)(1 - Z—j
dm R3(1 - Z—j sin? 9)3

)
/2’

1 f{-(VXm)(l — %)

C

~ dme c2R? (1 — Z—; sin® 9) 3/2

or, using pp = — and v-(mxR) = R-(vxXm): V

€oc?

(b) In the nonrelativistic limit (v? < ¢2):

1 R-(vxm) 1 Rp . vXm
— = s Wlth pP= 5
dmeg  Cc2R2 dmeqg R2 c?

which is the potential of an electric dipole.
Problem 12.65
(a) B= -8 Ky (Eq. 5.58); N =mxB (Eq. 6.1), so N = -2mK(zxy).

N = %mlﬁz — 19 (\i2)(00)% = H2 A0 2R,
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v
Charge density in the front side: Ao (A = vAo);
Charge density on the back side: A = \g, where v = %7
_ 1 (1+02/c?) 1+0v2%/c? (1+02/c?) 5 1+v2
S0y = — = = == ( 72)
e e Y T ¢

Length of front and back sides in this frame: /5. So net charge on back side is:

) 2\ A1 2
q+:)\7:72(1+%)—7: (1—}—%))\1
Y Il c

Net charge on front side is:

So dipole moment (note: charges on sides are equal):

l l v? l 1.1 A2 v? v? A2 02
= ()25 — (¢2) =9 = | (1 —)Alff—)\lf“:—(l v f)*: y.
P=(4+)59 — (¢-)5¥ {( + 3 )N 2 Q}y s It —1+3)y 27
)\ZQ 2 1
E = 2%2, where 0 = y0g, so N = pXxE = sz 2:07 (yx2) = ;%)\01202)@

So apart from the relativistic factor of v the torque is the same in both systems — but in S it is the torque
exerted by a magnetic field on a magnetic dipole, whereas in S it is the torque exerted by an electric field on
an electric dipole.

Problem 12.66

Choose axes so that E points in the z direction and B in the yz plane: E = (0,0, E); B = (0, B cos ¢, Bsin ¢).

Go to a frame moving at speed v in the z direction:

E = (0,—yvBsin¢,v(E + vBcos ¢)); B(0,v(Bcos¢ + %E), vBsin ¢).

. —~yvBsin ¢ Y(E + vBcos ¢)
I used Eq. 12.109.) Parallel ded =
(I used Eq ) Parallel provide F(Beoso+ 5E) “Bsng or

2
—vB?%sin? ¢ = (B cos ¢ + %E) (E +vBcos¢) = EBcos ¢ + vB? cos® ¢ + %EQ + %EB cos ¢
c c ¢

v v? v EBcoso
=vB*+ —-FE*+EB (1 7). -
0=vB"+ 2 + coso| 1+ 2) 110/ B 1 B2/

X ¥y Z
A% ExB
Now ExB=| 0 0 E |=—-FEBcos¢. So 575 = T3 575 ded
0 Bcos¢ Bsing 1+v2/e B? + E?/c

there can be no frame in which E L B, for (E-B) is invariant, and since it is not zero in S it can’t be

zero in S.
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Problem 12.67

Just before:

Field lines emanate
from present position
of particle.

/QN ‘
Just after: Field lines outside sphere of radius ¢t emanate from
position particle would have reached, had it kept going on its
E Ct
I AN
E

Fq v

original “flight plan”. Inside the sphere £ = 0. On the sur-
face the lines connect up (since they cannot simply terminate
in empty space), as suggested in the figure.

This produces a dense cluster of tangentially-directed field
lines, which expand with the spherical shell. This is a pic-
torial way of understanding the generation of electromagnetic
radiation.

Problem 12.68

Equation 12.67 assumes the particle is (instantaneously) at rest in S. Here the particle is at rest in S. So
F, = %FL, F| = Fj. Using F = ¢E, then,

Fx:Fw:qu Fy:
Invoking Eq. 12.109:
1 1
F, = qE:m Fy = ;Q'Y(Ey - UBZ) = q(Ey - UBz) F, = ;QV<EZ + UBy) = Q(Ez + UB,I/)'

But vxB=-vB,%+vByz so F=¢E+vxB). qed
Problem 12.69

Rewrite Eq. 12.109 with z — y, y — 2, 2z — a:

E, E.=~(E.—vBy;) e =V(E; +vB;)
B, B.=4(B.+ 5E)  B.=+(B.— SE.)

This gives the fields in system S moving in the y direction at speed v.
Now E = (0,0, Ey); B = (By,0,0), so E, =0, E, = vy(Ey — vBy), E, = 0.

If we want E = 0, we must pick v so that Ey — vBy = 0; i.e.

(The condition Ey/By < ¢ guarantees that there is no problem getting to such a system.)

Ey

8]
<

Il
[so]}
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~

With this, B, = 0, B, = 0, B, = v(By — %Ey) = vBo(1 — %) =By = 1By;| B = ;Bofc.

1

The trajectory in S: Since the particle started out at rest at the origin
in S, it started out with velocity —vy in S. According to Eq. 12.71
it will move in a circle of radius R, given by

1
p=¢qBR, or ymv = q(;Bo)R =|R=

The actual trajectory is given by ’ z=0; y=—Rsinwt; z = R(1 — coswt); ‘ where |w

The trajectory in S: The Lorentz transformations Eqgs. 12.18 and 12.19, for the case of relative motion in

the y-direction, read:

=2 =2

§ ="y —vt) y =~y + vt)
zZ=2z z2=2Z

_ v — v _
t=2(t-gv)  t=(1+50)

So the trajectory in S is given by:
.- . v v
x = 0;y =y(—Rsinwt + vt) = ’y{—Rsm{wv(t — —Qy)} + Uv(t — 2y)}, or
c c
2
y(l + ’yz%) = y%ut — yRsin {wy(t — %y)}
c c
~—_———

2 2
Yy(l-25+25)="2y

z=R(1 —cos?wl) = R[l - cosary(tf %y)}

So: |x=0; y=nvt— %sin[wv(t— :—Zyﬂ, z:R—RCOS{w’y(t—:—Z)}.

We can get rid of the trigonometric terms by the usual trick:

(y —vt) = —=Rsin |wy(t — Zy) —
ZER = —Rcos [w’Y[(t’y— c%y)]y ] } - ’72(y—vt)2 +(2— R)”=R%

Absent the 42, this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The 72 makes it, as it were, an

elliptical cycloid — same picture as Fig. 5.7, but with the horizontal axis stretched out.

}(?J —vt)y = —Rsin [wy(t — C%y)]7

Problem 12.70
(a) D= ¢E+P suggests E— LD
H= ﬁB — M suggests B — poH

E - 1D =¢D,B — H. Then: 0 ¢Dy cDy cD.
Ho<o pw ) —¢Dx 0 H. —H,
Y-, -H. 0 H,

—¢D. H, —H, 0
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Then (following the derivation in Sect. 12.3.4):

0

ov __ _ — 70
@D —CV'D—C/)]“—<]]¢‘7

O puw_19 _ g
&r”D _cat( ¢D,) + (VxH), = (Jf)z ; so

where | J Jﬁb = (cpy,Js). | Meanwhile, the homogeneous Maxwell equations (V-B =0, E= _W) are unchanged,
oGH

and hence =
oxv
(b) 0 H, H, H,
g -H, 0 —cD, cD,

) -H, cD, 0 —cD,
-H, —cD, cD, 0

(c) If the material is at rest, 1, = (—¢,0,0,0), and the sum over v collapses to a single term:

E
DHony = ?eFHOny = DM = M0 = —cD = —c*¢— = D = ¢E (Eq. 4.32), v
c

1 1 1 1
HMp = ;G“"no = H* = ;G““ = -H= f;B =H= ;B (Eq. 6.31). v

(d) In general, n, = y(—c,u), so, for p = 0:

D%ny, = D+ D%ny + D13 = eDy(yuz) + eDy(yuy) + eD:(yuz) = v¢(D - ),
, E, E E, 2
F%n, = Flny + F%ny 4+ F%n3 = ?(7%) + %(’Y“y) + ?(’Wz) = E(E ‘u), so
D%, = ZeF%n, = y¢(D -u) = 2 (1) (E-u)=D -u=¢E-u). [1]
c

H%n, = H%%y + H%ny + H®n3 = Hy(yue) + Hy(yuy) + Ho(yu,) = y(H - ),
Gouny = G01771 + G02772 + GognS = Bw (VUa;) + By(’yuy) + Bz (WUz) = 7<B : u>7 50

1 1 1
H%n, = pa%y =y(H-u) = m(B ‘u)=>H-u= ;(B ). 2]

Similarly, for u = 1:

D"n, = D"y + D"%ny + D¥n3 = (—cDy)(—ve) + H.(yuy) + (—Hy)(yuz) = ¥(* Dy + uyH, — u.Hy)

—E,
Flynu — F10770 + F127]2 + F13773 — T(fﬂyc) —+ Bz(")/uy) —+ (—By)(’}/uz) = ’)/(Ez + Usz - usz)
=~[E+ (uxB)],, so DY, =c*F"n, =

1
v [¢*D + (u x H)| =c’ey[E+ (uxB)], =D+ S (ux H) =¢[E+ (uxB)]. [3]
. C
HYny = H%o + HPny + HPnz = (—Hy ) (—v¢) + (—eDy)(yuy) + (eDy) (yus.)
= vyc¢(Hy —uyD, +u.Dy) =vc[H - (ux D)]_,
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E, E
G, = G+ G+ G = (<B)(20)+ (=) () + (22 (o)

1
= %(CQBI—uyEZ—l-quy): % [CQB—(uxEﬂr7 SO Hl”n,,:;Gl"nyé
17, 1 1
yeH—-(uxD)], ==-=[¢B-(uxE)] = H-(uxD)=-— B- 5(uxE)|. [4]
[e @ [ c

Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D:

D+(}2ux{(uxD)+i[BCg(uxE)]}—e[EJr(uxB)];

D+l2[(u-D)u—u2D] :e[E+(u><B)}—i(u><B)+

c [ic2 et [ux (uxE)].

Using Eq. [1] to rewrite (u- D):

u? € 1 1
D<1—02):—cz(E-u)u+e[E+(uxB)]—'uc2(u><B)+MC4[(E-u)u—uQE]
u? 1 1 1
= 1-—E-—=|1-— ]| (E- B)|1- .
EH 6#04} 02[ GMCJ( W+ (ux ){ euc2]}
Let -1 v=L Then
= T a

D:y%{(1—“ZZQ>E+(1—zz> {(uxB)—clz(E~u)u}}.

Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H:

Hux{Clz(uxH)Jre[EqL(uxB)]}_i{B;(uxE)};
H—|—Cl2[(u-H)u—u2H] :% [B—;(uxE)} +e(ux E) +efux (uxB).

Using Eq. [2] to rewrite (u - H):

u2
H(l‘a)

1

Il
|
|
w
£
[=]
4

{B - Ciz(u X E)] +e(ux E)+e[(B-u)u—u’B]|

;{[ — peu®] B + {e —012} [(uxE)+(B~u)u}}-
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Problem 12.71

We know that (proper) power transforms as the zeroth component of a 4-vector K* = 14¥ The Larmor

formula says that for v = 0, ¢ dT = 47360 3 03 a? (Eq. 11.70). Can we think of a 4-vector whose zeroth component

reduces to this when the velocity is zero?
Well, a? smells like (a”c,,), but how do we get a 4-vector in here? How about n#, whose zeroth component

is just ¢, when v = 07 Try, then:

1 2¢?

Kh—_— 24
47eg 3 P

(O//O‘V)nu
This has the right transformation properties, but we must check that it does reduce to the Larmor formula
when v = 0:

dw _ 1dw 1 1 pog? dW  pog®

—_— = = Z¢cK" = but ¥ = — =

dt v dr 'yc 7067r 7(a” )i, but 1)’ = e, so dt 6me
us that the power itself (as opposed to proper power) is a scalar. If this had been obvious from the start, we
could simply have looked for a Lorentz scalar that generalizes the Larmor formula.]

In Prob. 12.39(b) we calculated (o, ) in terms of ordinary velocity and acceleration:

(o) | [Incidentally, this tells

(v-a)?

(¢ —v?)

2

=7 [a2 (1 - 16%) + C%(v-a)ﬂ = 76{a2 - C%[UQaQ — (v-a)?] }

Now v-a = vacosf, where 6 is the angle between v and a, so:

1
o’ a, [a + ] =45 [a2772 + g(v-a)ﬂ

v?a?® — (vea)? = v2a®(1 — cos? §) = v?a’sin® § = |vxal?.

vXa|?
oz”ozyzfyﬁ<a2— ‘—‘ )
c

AW poq® 6/ o )vxa)2
dt 6mc (a c )

, | which is Liénard’s formula (Eq. 11.73).

Problem 12.72
(a) It’s inconsistent with the constraint 7, K* = 0 (Prob. 12.39(d)).

(b) We want to find a 4-vector b* with the property that ( —|—b“)77# =0. How about b = /ﬁ(d“ nu)n/” Then

(?—Fb”)nu = ?nu—i—/ﬁ?ny(n nu). But ntn, = —c%, so thlb becomes ( = 77”) —CQH( o ny), which is zero,

dat 1 da”
if we pick xk = 1/c?. This suggests | K* 7,uoq ( )

we p / S SUES wd = oo \gr 2 qr M
components of b* vanish in the nonrelativistic limit v << ¢, and hence this still reduces to the Abraham-Lorentz
formula. [Incidentally, o” 717,, =0= & (a m)=0= 4 ey +at dn” =0, so dd%nl, = —a”a,, and hence b* can
just as well be written —— (a” oz,,)n“ ]

Problem 12.73
Define the electric current 4-vector as before: J# = (cpe,Je), and the magnetic current analogously:
JE = (cpm,Im). The fundamental laws are then

Note that n* = (¢, v)~, so the spatial

O™ = oty 0,60 =Eogh K= (g + TGy,
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The first of these reproduces V:E = (1/¢p)pe and VXB = poJ. + poegdE/0t, just as before; the second
yields V-B = (puo/¢)(cpm) = popm and —(1/¢)[0B/0t + VXE] = (uo/c)Ipm, or VXE = —ppd,, — 0B/t
(generalizing Sec. 12.3.4). These are Maxwell’s equations with magnetic charge (Eq. 7.44). The third says

W = o BBl 2| B s () - s (2
K = %W{qe[E—k(uxB)]—i—qm [B—;(uxE)]}, or

P (B4 (ux B+ [B- SwxB).

which is the generalized Lorentz force law (Eq. 7.69).
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CONCORDANCE 293
4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed

1.1 v 1.1 1.46 v 1.45 2.27 v 2.27
1.2 v 1.2 1.47 v 1.46 2.28 v 2.28
1.3 v 1.3 1.48 v 1.47 2.29 v 2.29
1.4 v 1.4 1.49 v 1.48 2.30 v 2.30
1.5 v 1.5 1.50 v 1.49 2.31 v 2.31
1.6 v 1.6 1.51 v 1.50 2.32 new —

1.7 v 1.7 1.52 v 1.51 2.33 new —

1.8 v 1.8 1.53 v 1.52 2.34 v 2.32
1.9 v 1.9 1.54 v 1.53 2.35 v 2.33
1.10 v 1.10 1.55 v 1.54 2.36 v 2.34
1.11 v 1.11 1.56 v 1.55 2.37 new —

1.12 v 1.12 1.57 v 1.56 2.38 v 2.35
1.13 v 1.13 1.58 v 1.57 2.39 v 2.36
1.14 v 1.14 1.59 v 1.58 2.40 new -

1.15 v 1.15 1.60 v 1.59 2.41 v 2.37
1.16 v 1.16 1.61 v 1.60 2.42 v 2.38
1.17 v 1.17 1.62 v 1.61 2.43 v 2.39
1.18 v 1.18 1.63 v 1.62 2.44 v 2.40
1.19 new - 1.64 new - 2.45 v 2.41
1.20 v 1.19 2.1 v 2.1 2.46 new —

1.21 v 1.20 2.2 mod 2.2 2.47 v 2.43
1.22 v 1.21 2.3 v 2.3 2.48 v 2.44
1.23 v 1.22 2.4 v 2.4 2.49 v 2.45
1.24 v 1.23 2.5 v 2.5 2.50 v 2.46
1.25 v 1.24 2.6 v 2.6 2.51 new -

1.26 v 1.25 2.7 v 2.7 2.52 v 2.47
1.27 v 1.26 2.8 v 2.8 2.53 v 2.48
1.28 v 1.27 2.9 v 2.9 2.54 mod 2.49
1.29 v 1.28 2.10 v 2.10 2.55 v 2.50
1.30 v 1.29 2.11 v 2.11 2.56 v 2.51
1.31 v 1.30 2.12 v 2.12 2.57 v 2.52
1.32 v 1.31 2.13 Ve 2.13 2.58 new —

1.33 v 1.32 2.14 v 2.14 2.59 new -

1.34 v 1.33 2.15 mod 2.15 2.60 new —

1.35 v 1.34 2.16 v 2.16 2.61 new -

1.36 v 1.35 2.17 v 2.17 3.1 v 3.1
1.37 v 1.36 2.18 v 2.18 3.2 v 3.2
1.38 v 1.37 2.19 v 2.19 3.3 v 3.3
1.39 v 1.38 2.20 v 2.20 3.4 new -

1.40 v 1.39 2.21 v 2.21 3.5 v 3.4
1.41 v 1.40 2.22 v 2.22 3.6 v 3.5
1.42 v 1.41 2.23 v 2.23 3.7 v 3.6
1.43 v 1.42 2.24 v 2.24 3.8 v 3.7
1.44 v 1.43 2.25 v 2.25 3.9 v 3.8
1.45 v 1.44 2.26 v 2.26 3.10 v 3.9
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294 CONCORDANCE
4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed 4th ed | Same? 3rd ed
3.11 v 3.10 3.56 v 3.49 4.43 v 4.40
3.12 v 3.11 3.57 new - 5.1 v 5.1
3.13 v 3.12 3.58 new - 5.2 v 5.2
3.14 v 3.13 4.1 v 4.1 5.3 v 5.3
3.15 v 3.14 4.2 v 4.2 5.4 v 5.4
3.16 mod 3.15 4.3 v 4.3 5.5 v 5.5
3.17 v 3.16 4.4 v 4.4 5.6 v 5.6
3.18 v 3.17 4.5 v 4.5 5.7 v 5.7
3.19 v 3.18 4.6 v 4.6 5.8 v 5.8
3.20 v 3.19 4.7 v 4.7 5.9 v 5.9
3.21 v 3.20 4.8 v 4.8 5.10 v 5.10
3.22 v 3.21 4.9 v 4.9 5.11 v 5.11

3.23 v 3.22 4.10 v 4.10 5.12 new -
3.24 v 3.23 4.11 v 4.11 5.13 v 5.12
3.25 v 3.24 4.12 v 4.12 5.14 v 5.13
3.26 v 3.25 4.13 v 4.13 5.15 v 5.14
3.27 v 3.26 4.14 v 4.14 5.16 v 5.15
3.28 new 4.15 v 4.15 5.17 v 5.16
3.29 v 3.27 4.16 mod 4.16 5.18 v 5.17
3.30 v 3.28 4.17 v 4.17 5.19 v 5.18
3.31 v 3.29 4.18 v 4.18 5.20 v 5.19
3.32 v 3.30 4.19 v 4.19 5.21 v 5.20
3.33 v 3.31 4.20 v 4.20 5.22 v 5.21
3.34 v 3.32 4.21 v 4.21 5.23 v 5.22
3.35 new 4.22 v 4.22 5.24 v 5.23
3.36 v 3.33 4.23 v 4.23 5.25 v 5.24
3.37 new - 4.24 v 4.24 5.26 v 5.25
3.38 new - 4.25 v 4.25 5.27 v 5.26
3.39 v 3.35 4.26 v 4.26 5.28 v 5.27
3.40 v 3.36 4.27 v 4.27 5.29 v 5.28
3.41 new - 4.28 v 4.28 5.30 v 5.29
3.42 new - 4.29 v 4.29 5.31 v 5.30
3.43 v 3.37 4.30 v 4.30 5.32 v 5.31
3.44 v 3.38 4.31 new - 5.33 v 5.32
3.45 v 3.39 4.32 new - 5.34 v 5.33
3.46 v 3.40 4.33 v 4.31 5.35 v 5.34
3.47 v 3.41 4.34 new - 5.36 v 5.37
3.48 v 3.42 4.35 v 4.32 5.37 mod | 5.35, 5.36
3.49 new - 4.36 v 4.33 5.38 v 5.60
3.50 v 3.43 4.37 v 4.34 5.39 new -
3.51 v 3.44 4.38 v 4.35 5.40 v 5.38
3.52 mod 3.45 4.39 v 4.36 5.41 v 5.39
3.53 v 3.46 4.40 v 4.37 5.42 v 5.40
3.54 v 3.47 4.41 v 4.38 5.43 v 5.41
3.55 v 3.48 4.42 v 4.39 5.44 v 5.42
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CONCORDANCE 295
4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed

5.45 v 5.43 6.26 v 6.24 7.40 v 7.37
5.46 v 5.44 6.27 v 6.26 7.41 v 7.39
5.47 v 5.46 6.28 v 6.27 7.42 v 7.41
5.48 mod 5.47 6.29 v 6.28 7.43 v 7.57
5.49 v 5.48 7.1 v 7.1 7.44 v 7.42
5.50 v 5.49 7.2 v 7.2 7.45 v 7.43
5.51 new - 7.3 v 7.3 7.46 v 7.44
5.52 v 5.50 7.4 v 7.4 7.47 v 7.45
5.53 v 5.51 7.5 v 7.5 7.48 mod 7.46
5.54 v 5.52 7.6 v 7.6 7.49 mod 7.47
5.55 v 5.53 7.7 v 7.7 7.50 v 7.48
5.56 v 5.54 7.8 v 7.8 7.51 new —

5.57 v 5.55 7.9 v 7.9 7.52 v 7.49
5.58 v 5.56 7.10 v 7.10 7.53 v 7.50
5.59 v 5.57 7.11 v 7.11 7.54 new -

5.60 v 5.58 7.12 v 7.12 7.55 v 7.51
5.61 v 5.59 7.13 v 7.13 7.56 v 7.52
5.62 v 5.61 7.14 v 7.14 7.57 v 7.53
6.1 v 6.1 7.15 v 7.15 7.58 v 7.54
6.2 v 6.2 7.16 v 7.16 7.59 new —

6.3 v 6.3 7.17 v 7.17 7.60 v 7.55
6.4 v 6.4 7.18 v 7.18 7.61 v 7.56
6.5 v 6.5 7.19 v 7.19 7.62 v 7.58
6.6 v 6.6 7.20 new - 7.63 v 7.59
6.7 v 6.7 7.21 new - 7.64 v 7.60
6.8 v 6.8 7.22 v 7.20 8.1 v 8.1
6.9 v 6.9 7.23 v 7.21 8.2 v 8.2
6.10 v 6.10 7.24 v 7.22 8.3 v 8.3
6.11 v 6.11 7.25 v 7.23 8.4 v 8.4
6.12 v 6.12 7.26 v 7.24 8.5 new -

6.13 v 6.13 7.27 v 7.25 8.6 mod 8.6
6.14 v 6.14 7.28 v 7.26 8.7 mod 8.5
6.15 v 6.15 7.29 v 7.27 8.8 v 8.7
6.16 v 6.16 7.30 v 7.28 8.9 new -

6.17 v 6.17 7.31 v 7.29 8.10 v 8.8
6.18 v 6.18 7.32 v 7.30 8.11 new -

6.19 v 6.19 7.33 new — 8.12 new —

6.20 v 6.20 7.34 v 7.31 8.13 v 8.9
6.21 v 6.21 7.35 v 7.32 8.14 new -

6.22 v 6.22 7.36 v 7.33 8.15 new -

6.23 v 6.25 7.37 v 7.34 8.16 v 8.10
6.24 new - 7.38 v 7.35 8.17 v 8.11
6.25 v 6.23 7.39 v 7.36 8.18 new -
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296 CONCORDANCE
4th ed | Same? | 3rd ed 4th ed | Same? 3rd ed 4th ed | Same? | 3rd ed
8.19 v 8.12 10.1 v 10.1 11.13 new -
8.20 new — 10.2 v 10.2 11.14 v 11.14
8.21 mod 8.13 10.3 mod 10.3, 10.5 11.15 v 11.15
8.22 v 8.14 10.4 v 10.4 11.16 v 11.16
8.23 v 8.15 10.5 v 10.6 11.17 v 11.17
8.24 new — 10.6 v 10.7 11.18 new —
9.1 v 9.1 10.7 new - 11.19 v 11.19
9.2 v 9.2 10.8 new - 11.20 mod 11.20
9.3 v 9.3 10.9 new - 11.21 new -
9.4 v 9.4 10.10 v 10.8 11.22 v 11.21
9.5 v 9.5 10.11 v 10.9 11.23 v 11.22
9.6 v 9.6 10.12 v 10.10 11.24 v 11.11
9.7 v 9.7 10.13 v 10.11 11.25 v 11.23
9.8 v 9.8 10.14 v 10.12 11.26 new -
9.9 v 9.9 10.15 v 10.13 11.27 new -
9.10 v 9.10 10.16 v 10.14 11.28 v 11.24
9.11 new - 10.17 v 10.15 11.29 v 11.26
9.12 v 9.11 10.18 v 10.16 11.30 v 11.27
9.13 v 9.12 10.19 v 10.17 11.31 v 11.28
9.14 v 9.13 10.20 v 10.18 11.32 v 11.29
9.15 v 9.14 10.21 mod 12.43a 11.33 v 11.30
9.16 v 9.15 10.22 v 10.19 11.34 v 11.31
9.17 v 9.16 10.23 v 10.20 11.35 new —
9.18 v 9.17 10.24 v 10.21 12.1 v 12.1
9.19 v 9.18 10.25 v 10.22 12.2 v 12.2
9.20 v 9.19 10.26 new - 12.3 v 12.3
9.21 v 9.20 10.27 v 10.23 12.4 v 12.4
9.22 v 9.21 10.28 v 10.24 12.5 v 12.5
9.23 v 9.22 10.29 new - 12.6 v 12.6
9.24 v 9.23 10.30 new - 12.7 v 12.7
9.25 v 9.24 10.31 v 10.25 12.8 v 12.8
9.26 new - 10.32 v 10.26 12.9 v 12.9
9.27 v 9.26 10.33 new - 12.10 v 12.10
9.28 v 9.27 10.34 new - 12.11 v 12.11
9.29 v 9.28 11.1 v 11.1 12.12 v 12.12
9.30 v 9.29 11.2 v 11.2 12.13 v 12.13
9.31 v 9.30 11.3 v 11.3 12.14 mod 12.14
9.32 v 9.31 11.4 v 11.4 12.15 v 12.15
9.33 v 9.32 11.5 v 11.5 12.16 v 12.16
9.34 new - 11.6 v 11.6 12.17 v 12.17
9.35 v 9.33 11.7 v 11.7 12.18 v 12.18
9.36 v 9.34 11.8 new - 12.19 v 11.19
9.37 v 9.35 11.9 v 11.8 12.20 v 12.20
9.38 v 9.36 11.10 v 11.9 12.21 v 12.21
9.39 v 9.37 11.11 v 11.12 12.22 v 12.22
9.40 v 9.38 11.12 v 11.10 12.23 v 12.23
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4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed
12.24 v 12.24 12.49 v 12.48
12.25 v 12.25 12.50 v 12.49
12.26 mod 12.26 12.51 v 12.50
12.27 new - 12.52 v 12.51
12.28 v 12.27 12.53 v 12.52
12.29 v 12.28 12.54 v 12.53
12.30 v 12.29 12.55 v 12.54
12.31 v 12.30 12.56 v 12.55
12.32 v 12.31 12.57 v 12.56
12.33 v 12.32 12.58 new -

12.34 v 12.33 12.59 v 12.57
12.35 v 12.34 12.60 v 12.58
12.36 v 12.35 12.61 v 12.59
12.37 v 12.36 12.62 v 12.60
12.38 v 12.37 12.63 v 12.61
12.39 v 12.38 12.64 v 12.62
12.40 v 12.39 12.65 v 12.63
12.41 v 12.40 12.66 v 12.64
12.42 v 12.41 12.67 v 12.65
12.43 v 12.42 12.68 v 12.66
12.44 new - 12.69 v 12.67
12.45 v 12.44 12.70 v 12.68
12.46 v 12.45 12.71 v 12.69
12.47 v 12.46 12.72 v 12.70
12.48 v 12.47 12.73 v 12.71
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