Giai bai tap 12.08
Bai tap co’ hoc s6 1

Ly thuyét

Hé toa do cwc:

(1): r=ru,
Biéu dién vecto u, va ug theo vecto don viiva j

u, =icosf + jsinf

uy = —isinf + jcosf
du,

(2): “34 = ug
d

Q): G = —u,

Vector van tbc trong hé toa dd cuc



do

— 4o dr
v—rdtu9+ 1 Ur

Vector gia toc trong hé toa d6 cuc

dv
T
d26 dr d6 df duy, d?r dr du,
T T AL T T VoL B P
:rd20u9+ dr %u9+rd_0%% d_2ru +£durﬁ
de? dt dt dt d6 dt de2 " dt do dt
d26 dr d6 o do d3r dr df
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L& giai

Xét lyc xuyén tam F = r F'(r) tac dung Ién hat c6 khéi lwgng m. Ap dung dinh luat hai Newton ta
co

F=m (r — r92),
0 = m(rf + 276)

trong hé toa dd cwc. Phuong trinh hai suy ra :

rl + 27 = %% (r2é> — 0,

hay
r20 = hing s6 = h, chiang han,
hay
6 = hu?
bang cach dat
1
r=—.
U
Khi d6 do
. dr _.dr  ,dr du
L LT
. dr d du d*u
P=0— =hu —( —-h— | = —R%u>—
7’ “d@( d0> TR

. 1
r6* = —h%u? = h?u3,
u



phwong trinh (1) tré thanh

d2
F = —mh*u? (d_é:; + u),

Phwong trinh nay thwdng dwoc goi la cdng thirc Binet.

Trong bai toan nay, coi r = % va viét phwong trinh quy dao duwéi dang

u = C0,

trong d6 C' 1a hang sb. Céng thirc Binet suy ra:

Thé n&ng theo dinh nghia la

T r 2 . 27" _ 2
V:—/ F(r)dr:/ mh dr:{ mh} = mh,

o (0. ¢]

véi mbc thé nang tai vo cuc bang khong.

Bai tap co’ hoc so 2

Loi giai

(a) Khi qua cau nhé 1an khoéng truot, tdng ddng ndng va thé nang ctia né la mét hdng sb cla
chuyén ddng, ching ta c6

1 1 2
Emv2 + 5 gmr2 - 2+ mg(R +r1)cos = mg(R+7)

v6iv =1y = (R+7)8, do d6

i 10 (1 —cosf)g
AN

Van téc & tam clia qua ciu nhd la

v=(R+r)f— \/%(Rw)u _ cosb)g.

(b) Tai thoi diém qua cau nhd rdi khdi qua cau Ién thi lyc gia d8 1én qua cadu nhd N = 0. T
phwong trinh lyc

mu>

R+7r’

mgcosf — N =

ta tim dwoc goc 6, ma tai d6 qua ciu nhd roi khéi qua cau I16n dwoc cho béi



10
17"

0. = arccos E .
17

Lwu y rang sw rat ra nay chi ap dung cho hé sb ma sat du lon.

cosf, =

Nhw vay

(c) Khi qua cau nhd l&n khéng trwot ching ta cé
mgsinf — f = mo,
2
fr= Smrg,
5
v=(R+7r)0=ry,

& day f 1a lwc ma sat trén qua cau. Tl dé ching ta tim dwoc
2 :
f= - mgsin 6.

Tai thdi diém khi qua cau nhé bat dau trwot thi lwc ma sat la
f=uN,
ttre la

2 mu?
7mgsin9:,u(mgcos¢9— )

Khi d6, st dung biéu thirc clia v trong cau (a) ching ta c6
2sinf = 17ucos @ — 10u.

Giai phwong trinh nay ta thay rang goc s ma & dé qua cau nhd bat dau trwot dwoc cho béi cong
thire

170p2 + 1/756p2 + 4

cosf, =
289u2 + 4

Tuy nhién, ching ta can 6. > 65, ho&c 1a cos 85 > cos 6. O day vai gia tri clia p co thé lam thda
man diéu do, néi chung chung ta phai lay diu trén. Do dé

170p% + /7562 + 4
0, = arccos .
289u2 + 4

Bai tap nhiét hoc so6 1

L&i giai



(a) Ki hiéu n(h) 1a mat do phan ti tai 46 cao h. T diéu kién can bang co dp = —nmgdh va
phwong trinh trang thai p = nkT, ta tim dwoc

1 mg

Suy ran(h) = ngexp(—mgh/kT). Dat fOH n(h)dh/ [;° n(h)dh = %, ta tinh duoc
kT RT

H=—In2= In 2.
mg Nomg
Phan t&r lwgng trung binh cta khéng khi la 30 . Ta co
= 8,31 x 107 x 273 109~ & x 10° -
= X In2~ 8 x cm = 8 km.
30 x 980

(b) Hé thirc %dp = —%dh van dung va qua trinh doan nhiét dwgc mé té bdi phwong trinh

pI)IT = const
voiy = 2 a2 7/2 (déi v&i phan t& lvong nguyén tir). Do d6 dTT% = — 22 dh. L4y tich phan
ta dwoc

T —To = —(v— 1)mg (h — ho) /7k.

Hon nira

A __r71mI . 1K/m
dh vk

Bai tap nhiét hoc so 2

Lovi giai

Khi pit tong can bang: p1.S = poS + Mg (1), trong do6 p; la ap suét clia khi trong xi lanh khi
nay, S = wR2. T (1) co:

_ o+ Mg
b1 = Do g

Qua trinh bién dbi cta khi trong binh la doan nhiét nén:
poVy =p1V] < poh) = p1h]
trong dé hq 1a chiéu cao cta cot khi trong binh khi pit tdng can bang:

Mg\~
poS

. pVo _ piVy poho _ pih
h: T, &

1 7 Y
= T, = T, , trong do T la

Phwong trinh trang thai ctia khéi khi trong xi lan

nhiét dd ctia cot khi trong binh khi pit téng can bang:



—1

M =
T, =T, (1 i —g) !
PoS

Cbéng ma khi trong xi lanh nhan dwgc trong qua trinh doan nhiét:

hoS . o e
A, =AU = %%(Tl —Tp) = Tzs((’vo_l) (T} — Ty), voi T xac dinh theo phwong trinh trén,

m la khdi lwong khi. Céng do khi quyén thuc hién tir thdi diém ban dau dén khi pit tdng can
bang:

Mo\
Ayg = oS (ho — h1) = poShg [1 — (1 + _g) ]
poS

C6ng do trong lwc cla pit tdng thuwe hién tir thoi diém ban dau dén khi pit tdng can bang:

M £
Ay = Mg (ho — k1) = Mgho [1 (1+—g> ]
PoS

Bai tap dién hoc so6 1
Ly thuyét

Phwong phap anh dién

@ 9

e

F;

v

@ %

Lwc twong tac cta hai dién tich q1, g2 1én dién tich go hop lwc 1?’12 cla hai lwc 1*:1 va ﬁ‘g. Xét vé
phwong dién tac dung lwc, néu ta thay hai dién tich q1, g2 bang g3 sao cho Fiy = Fj thi tinh chét
bai toan khong thay déi. Viéc thay thé hai dién tich bang mét dién tich sao cho yéu ciu bai toan
khéng bi thay ddi, giup cho viéc giai quyét bai toan don gidn hon chinh |4 y twéng co ban ban dau
cua phwong phap anh dién.

Bay gi®, néu xét twong tac dién tich diém +¢q va méat phang dan rong vé han ndi dat: Do hién
twong nhiém dién hwéng (rng, trén bé mat vat dan xuat hién cac dién tich am. Vay, twong tac +q
va vat dan chinh la twong tac +q va cac dién tich xuét hién trén vat dan. Viéc xac dinh twong tac
+q va cac dién tich don |& trén vat dan thi qua phirc tap. Do do, ta cé thé thay hé cac dién tich trén
mat phang dan b&i dién tich &nh - q sao cho cac tinh chat dién khong thay dbi.



Van dé tinh toan tryc tiép trwong sinh ra béi hé thdng cac dién tich va cac vat dan (hodc cac
dién moéi) 1a rat kho khan vi khi c6 mat thém cac dién tich huéng (rng (hodc cac dién tich lién
két) lam cho sw phan bé dién tich mat tré nén phurc tap.

Dé khéc phuc kho khan nay ta can chu y d&c diém cla trwdng tinh dién hoan toan dwoc xac
dinh b&i cac gia tri dién thé mé ta tinh chat cha trwdng tai bién gitra cac vat dan va dién moi
khac nhau, 14n dién trwdng trén bé mat. Nhw vay néu & vé mét phia ciia mat bién, ta lam
bién dbi cac thong sé ctia méi trwdng (chang han thay vat dan nay bang vat dan khac hodc
dién mai, thay dién mdi nay bang dién moi khac hodc vat dan). Réi ta thiét 1ap sw phan bb
céac dién tich méi don gidn hon, sao cho cac diéu kién bién hoan toan dwoc gitr nguyén nhw
trwée.

Dién trud'ng cla hé dién tich cho trwdc sé khong bij thay déi néu ta I4p day thé tich dwoc gidi
han béi modt mét dang thé nao do, chira trong né mét dién tich tdng cong Q bang mét van
dan dién ciing chiva dién tich Q .

M6t mat dang thé bat ky c6 thé dwoc thay thé bdng mét ban ddn méng vé han cé dién thé
twong (rng, trwdng & ca hai phia cla ban khi dé khoéng thay dbi.

Khi do ta dé dang tién hanh moi tinh toan va gidi cac bai tap tinh dién déi vai hé dién tich
diém nay. Pién tich vira dwoc dwa vao nhuw vay dwoc goi la dién tich anh cla cac dién tich
da cho.

Noi dung chii yéu clia phwong phap anh dién la xac dinh dwoc cac dién tich anh, sau do ta
bwéc vao gidi bai toan tinh dién trén hé dién tich &nh da tim va hé dién tich diém ban dau da
biét. Nghiém cua bai toan cling 1a nghiém duy nhat phai tim. Nhw vay ta da chuyén bai toan
phrc tap c6 nhirng dién tich phan bé lién tuc vé bai toan don gian chi gébm céc dién tich
diém.

L& giai 1
Mat do dién tich trén b& mat qua cau la khéng déu.

Do tinh chat dbi xirng, c6 thé xem dién tich trén vé twong dwong véi hé dién tich q , - . Hai dién
tich nay tao thanh mét lwvong cuwc dién.



Dién thé tai diém C (khoang céach tir C dén O 1a r ) bang tbng dién thé cda trwdng ngoai (VE ) va

dién thé cta lwdng cuc (Vﬁ).
Thé n&ng lvéng cwe duoc xac dinh:

V. _ Pe cos 6
P 4reqr?

Thé n&ng trwdng ngoai duwoc xac dinh:
VE = /—Eodw = —FEqx = —Eyrcos@.

Theo tinh chét cha vat dan trong dién trwdng, qué cau dan Ia vat dang thé. Chon gbc dién thé tai
O, dién thé tai moi diém trén qua cau bang 0 . Moi diém M & bé méat qua ciu déu c6 Vr = 0.
Vay:

Pe cos 6
47T€0R2
& Pe = AreoEoR®

= EqRcos?

Vécto cwéong do dién trudng theo phwong phap tuyén tai M dwoc xac dinh: khong thé
EM = EEO(’T') + EI-D*(’I’)
o B aVEO B aVﬁ
or or
= FEgcosf + 2E(cosf
=3FE,cosf

R



Ta dwoc mat do dién mat:
o=FE,(M)-eq=3Eyecosb.
Ly thuyét I&i giai 2

In spherical coordinates, the scale factors are h, = 1, hg = rsin ¢, hy = 7, and the separation
functions are f1(r) = 72, f2(0) = 1, f3(¢) = sin ¢, giving a Stackel determinant of S = 1.

The Laplacian is

1 0 o 1 02 1 o (. , 0
Vi= ——(rP— )+ + - singp—- |.
r2 Or or r2sin® ¢ 002 r2sin¢ 0¢ [6J0)
To solve Laplace's equation in spherical coordinates, attempt separation of variables by writing

F(r,0,¢) = R(r)0(0)%(¢).

If azimuthal symmetry (Azimuthal symmetry is a type of rotational symmetry where an object

appears the same when rotated around a specific axis or point.) is present, then @(9) is
constant and the solution of the ® component is a Legendre polynomial Pl(cos c;S). The general
solution is then

F(r,¢) = io: (A" + Bir 1) Py(cos ¢).

1=0
Loi giai 2
Diéu kién bién trén bé& mat vat dan la

® = hangsd = ¥, ticla,

0%

trong d6 P, 1a thé nang clia qua ciu dan dién va o 1a mat do dién tich mat ctia nd. Do dbi xirng,
thé nang tai moét diém (r, 6, ) trong hé toa do cau vai goc toa do & tam qua cau la

d = Z (Cnrn + rlzfl )Pn(cos 0).
n=0

Day la phwong trinh téng quat clia thé nang tai 1 diém trong hé toa dé cau thu dwoc tir viéc giai

phwong trinh Laplace trong hé toa d6 cau. Thanh phan C,,r" la thanh phan chi thé nang bén

o X . D, s o n .. o PN
trong mat cau va = la thé nang bén ngoai mat cau
s

Gia st E 1a cwdng d6 dién trwong déu ban dau. Khi r — oo
® = —Fyrcosf = —EyrP;(cosb).

Bang cach lam bang cac hé sb cia Py, (cos ) & hai vé clia phwong trinh (1) ta co



Cy=0, C;=-E,, D =EFEy’®, C,=D,=0 voéin>1.
Do d6
E0a3
7“2

® = —FEyrcosf + cos 6,

trong d6 a la ban kinh cia qua cau. Diéu kién bién tht hai va phwong trinh (2) cho
o= 3e¢FEycosb
Bai tap quang hoc s6 1
Loi giai
Chia khéng khi trén san bay thanh cac Iép n1, no, . ... Song song vé&i mat dat.
ng = nisinf; = nysinfy = ... = nsiné
Taco:no = nsinf = no(1 + ay)
T hinh vé ta co:

A 1 1
—y:cotehay sinf = =

Az V1 + cotf 1+(ﬂ)2
Az

Ay 2 Ay 2
1+ay= 1+<A_:1:) :>1+<A_:r:) =1+ 2ay + a%y?

Vi a nhé, y hiru han nén bé qua (ay)? nén % = 4/2ay hay chuyén sang dang vi phan ta co:

dy
E—\/2ay

a .2

2
Pudng di cua tia sang trén san bay la mot nhanh cta parabol khi

| 2h

Bai tap quang hoc so 2

Tich phan hai vé tadugcy = 22

L&i giai
Quang trinh tia sang 0SAQ la:
5:nlOS+nQSQ=

m\/(rsiné?)2 + [z + (1 — cos 9)]% + nz\/(rsiné?)2 + [y — r(1 — cos 6))?



Theo nguyén li Fermat ta co: 3—2 =0

Hay:
dé ni(z + r)rsinf N na(r — y)rsinf _0
dd  \/(rsin@)2 + [z +7(1 —cos®)2 +/(rsinf)? + [y — r(1 — cos)]?
. m(z + 1) X ma(r—y) L

V/(rsin€)? + [z + (1 —cosh)]2  4/(rsinf)? + [y — r(1 — cos 6)]?

V6i 6 nhé thi sin @ ~ 6; 1 — cos @ ~ £-. Khi d6 (1) tr& thanh

ni(x +r) N na(r —y)
V(z+7)re? + z2 V(r—y)ro? + 2

Vi @ nhd nén trong biéu thirc (1) sé hang nao cé chira 0 ta bd di, ltic doé (2) dwoc viét lai la:

ni(z+r) ns(r—y)
_I_ N
L Yy
n n
AN e A
x Yy r
Phuong trinh (*) 1a phwong trinh xac dinh sy tao anh béi lwdng chat cau théa man diéu kién
twong diém.



