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THEORETICAL COMPETITION
January 13, 2010

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please
ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which
will be evaluated should be on the Writing sheets. Please use as little text as possible. You
should mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the bordered area.
Begin each question on a separate sheet.

7. Fill the boxes at the top of each sheet of paper with your country (Country), your student
code (Student Code), the question number (Question Number), the progressive number of
each sheet (Page Number), and the total number of Writing sheets used (Total Number of
Pages). If you use some blank Writing sheets for notes that you do not wish to be evaluated,
put a large X across the entire sheet and do not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed
to take any paper out of the room.
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Problem 1 (10 points)
This problem consists of three unrelated parts.

1A (3 points)
One end of a homogeneous rigid rod with mass m and

length 1 is suspended on the vertical support by an ideal
joint, and the other end hangs on a thread such that the rod
is in horizontal position. At a certain time point the thread
is cut. Find the dependence of reaction force of the joint on
the angle « of the rod deviation from the horizontal

position.

1B (4 points)

Liquid is poured in a closed cylindrical vessel with thick walls. The height of
the liquid level is H. The mass density of the liquid decreases linearly with the
height from p__.  to small value which can be assumed to be equal to zero.
Thin layer of vapor is saturated over the liquid surface but its pressure can be
neglected with respect to the hydrostatic pressure of the liquid. Inverted test-
tube of the volume V; is placed at the bottom of the vessel. The mass M of
the test-tube is concentrated at its neck, and its length is small compared to
H . The gas of volume Vv, with negligible mass is placed inside the test-tube.
The temperature of the system is kept constant. Can the test-tube stay
motionless in the liquid at a certain height from the bottom? If it is possible,

Vi

it

what conditions are to be satisfied? What is the height of the test-tube position over the bottom in
this case? Is this state stable? The volume of walls of the test-tube is small compared to V.

1C (3 points)

Rectangular light source of size ¢ x b is fixed on the ceiling of the room of height L = 3.0 m.
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Opaque square plate with side a =10 cm is

25 30

Fig. 2

placed horizontally under the lamp at a height h above the floor (Fig. 1). Fig. 2 schematically
shows the shape of the shadow casted by the plate on the room floor. The shadow consists of a
dark rectangle surrounded by a lighter rectangle, and when approaching the edges of the outer
rectangle the shade turns lighter. The value of the scale division in Fig. 2 is 1.0 cm. Find the sizes
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of the light source b and c, and the height h of the plate position. Specify the exact orientation of
the light source with respect to the plate shadow.

Problem 2 (10 points)
The Tolmen-Stewart experiment

In 1916 Tolmen and Stewart carried
out their famous experiment proving that the
electric current in metals was caused by
freely moving electrons. The sketch of the
experimental setup is shown on the left hand
side.

A long coil of the radius r and the
Galvanometer length h has an inertia moment J,. The coil

is reeled up by a single layer of the metal

wire of the length 7/ and mass m such that the number of loops on the unit length equals n. The
both ends of the wire are abridged to the galvanometer by the sliding contacts. The coil together
with the wire is set rotating with the angular velocity «, and, then, the friction force with the
torque M is applied to stop the coil rotation. The total resistance of the circuit is R and its
capacity is assumed negligible.

Part 1. In this part of the problem you can neglect the inductance of the coil and assume

that the Ohm’s law holds at any time.

1.

[1 point] Determine the total inertia moment J of the coil together with the wire. Express
your answer in terms of J,,m,r.

[1 point] Determine the dependence of the angular velocity w(t) of the coil on time t.
Express your answer in terms of J,M, @, .

[1 point] Determine the dependence of the electric current strength 1(t) on time t. Express
your answer in terms of J,M,r,/,R with m_,e being the mass and the electric charge of

electron, respectively.
[2 points] During the experiment the galvanometer has registered the electric charge Q

passed in the circuit. Express the charge-to-mass ratio of the electron e/m, in terms of
@, I, ¢,R,Q.

Part 2. In this part of the problem you have to take into account the small inductance of

the coil which is supposed to be quite long to neglect the side effects.

5.

[1 point] Find the maximal electric current strength 1 . in the coil. Express your answer in
terms of J,M,r,/,R, m,,e. Plot a qualitative dependence I(t).

[1 point] Find the maximal energy W, stored in the coil during the experiment. Express your
answer in terms of J,M,r,/,R, m_,e,n,h and the magnetic constant .

[3 points] The flux S of the electromagnetic energy through the unit
area is determined by the Pointing vector which is perpendicular to both

S

electric and magnetic fields with the module S :LEB sina, where E
Ho

is the electric field strength vector, B is the magnetic induction vector

and « is the angle between them (see the picture on the right). Find the

electromagnetic energy W passing through the lateral surface for the
time period while the electric current increases and the electromagnetic



VI International Zhautykov Olympiad Theoretical Competition Page 4/5

energy W' passing through the lateral surface for the time period while the electric current
decreases. Express your answer in terms of /,r,M,J,n,R,m,,e, 4.

Problem 3 (10 points)
The relic radiation and cosmic rays

According to modern cosmology, our universe is filled with electromagnetic radiation,
remained after the Big Bang and called the cosmic relict radiation, or cosmic microwave
background (shortly, CMB). With good accuracy, the CMB is homogeneous and isotropic in the
reference system associated with our Galaxy which we take as the laboratory reference system.
The frequency distribution of the CMB coincides with the spectrum of a blackbody at
temperature T = 2.7 K. Discovery and study of properties of the CMB were awarded Nobel
Prizes in Physics in 1978 and 2006.

Relict photons are extremely numerous and, therefore, may affect Galaxy radiation of
another nature called cosmic rays (shortly, CR). It is believed that CR are formed in stellar
explosions. CR consist mainly of protons whose energy can exceed by many orders the energy of
terrestrial accelerators. The mechanism of generation of ultrahigh energy CR is not entirely clear,
but the experimentally observed energy distribution of CR is limited above by the energy
Eje = 10%! eV In this problem it is assumed that this limitation is caused by energy loss in the
process of interaction between protons and the CMB. Protons can participate in the Compton
scattering

pry —2pty 1)

and cause the reaction
pty 2A-n’+p )

where p is a proton, ¥ is a relict photon, Ais the lightest, as compared to the nucleon, baryon
with the rest mass m, = 1.232 X 10° eV/c*, which quickly decays into pi-meson 7°and
proton p. (A-particle decays also to = ™-meson and neutron. Neutron quickly turns into proton by
f3-decay, so the consideration of this reaction channel is not essential in this Problem). Due to the
birth of A-particles, the probability of interaction of protons with y-quanta increases
dramatically.

The purpose of this Problem is to determine the upper limit of the observed energy
spectrum of CR, supposing that reaction (2) is the main mechanism of energy loss of CR, and
compare the loss of energy protons in the reactions (1) and (2).

In the following questions, you have to measure the energy in electron-volts eV, and
momenta in eV /c, where c is the speed of light in vacuum. The rest mass of the proton is
m, =938 X 10°e¢V/c”, the rest mass of pi-meson is m,_ = 140 X 10°eV/c*. Boltzmann
constant is k = 1.38 X 1073 Ioc - K1,

1. Estimate most probable energy E, and the corresponding momentum g, of relict photons,
given that they correspond to the blackbody radiation at temperature T = 2.7 K.

It is assumed in the following questions that the initial photon in reactions (1) and (2) has the

energy and the momentum found Question 1.

2. The rest mass m of a particle is related to the total relativistic energy E and momentum g of
this particle in an arbitrary inertial reference system as E*/c* — p® = m?c®. Here, the
quantity me® does not depend on the reference system and is a complete internal energy of
the particle. Write a corresponding expression for the total internal energy of a system of two
non-interacting particles (i.e. the total energy in the reference frame in which the total
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momentum of physical system is equal to zero) having the total energies E;, E, and
momenta By, Ps.

For further analysis you may need the relativistic law of transformation of momentum and
energy of the particle. In the transition from the inertial reference system 5 to an inertial system
5', moving along the positive direction of the axis Z (0Z TT 0Z) with the speed V; in the
reference system, energy and momentum transform like the coordinates of space-time point
(x,v,z,t) = (x'¥,z"t"):

p.c=G(pyc+=2 E),

Dy = Px

Py = p:b’l’

E=GE'c+2p,0), 3)
Here, :

[
Ejc= ijmfcf +o. % +p," +p0.% 6=1/{1—-(V/c)>2

3. Determine the lowest possible energy of the proton at which reaction (2) turns possible:

a) in the center of mass of proton and photon p + ¥ (i.e., the reference system in which the
total momentum of the proton and photon is zero);
b) in the Galaxy system of reference.

Starting from the obtained results, determine the maximum energy of protons in cosmic rays.

4. Assuming that in the Galaxy system a proton has the maximum energy E;"** and commits a
head-to-head collision with a relict photon, determine the momentum of pi-meson 7% in
reaction (2) in this frame of reference for the case when the emitted particles move along or
against the direction of the initial momentum of the proton. What is the change of the
momentum of the proton in this case?

5. What is the value of momentum of the outgoing photon in the Compton scattering (1) under
the same conditions as in the Question 4?

6. Is reaction (2) with the cosmic relict radiation possible, if the initial momenta of the proton
and the photon are parallel in the Galaxy system? If the reaction is possible, what is the
minimum value of the photon momentum in the Galaxy system?
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SOLUTIONS FOR THEORETICAL COMPETITION

Theoretical Question 1

1A
Potential energy of the rigid rod U=mgl/2sina transforms to the kinetic energy of its rotation
E=Jw?/2, where J=ml*/3 is its inertia moment with respect to the vertical support, o is the
angular velocity. Making balance of these energies, one can find angular velocity of the center of
mass around the axis of the support, and after that one can get instantaneous angular velocity of
rotation of the center of mass around the axis of the support, and with the help of the obtained
expression we find normal acceleration

(i) 3
a, = w"|—|=—gsina
" 2 Zg

We find the tangent acceleration from the dynamics equation M=fJ, where M=mgl/2cosa is
momentum of the gravity force with respect to the axis of rotation, 3 is angular acceleration of the
center of mass related to tangent acceleration a, = S1/2 :
a, = Eg cosa
Center of mass acceleration a is found from the equation
P+N=ma

where P is gravity force, N is reaction force of the support. Decomposing this equation into vertical
and horizontal components, and accounting for
a, = —a,cosa,d,, = a,sina,
a,, = a.sina , a,, = a,sina,
we find
3 7 3 ., 7
Ny = mg(;cas‘rx —gsin‘a — 1),

3 :
N, = Jmgcosa sina.

OZ(l1)

Marking scheme

ltems Points

1 | Writing down balance equation for the kinetic and potential 0.5
energies and determination of the angular velocity of rotation of
the center of mass
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N

Determination of the normal acceleration 0.5
3 | Determination of the tangent acceleration from the equation of 0.75
dynamics of rotation
4 | Determination of the component of the reaction force of the 1.25
support from the 2nd Newton law

1B
First of all let us find dependencies of the liquid density and pressure upon the height measured
from the vessel bottom:

Pacuarocmu (1) = Prna [1 —%}: (1)
p()= [p()ga = Lpo1-1]. @

One can see that pressure goes to zero at the top level of the vessel. It means that in this region
volume of the gas will exceed the volume of the test-tube, so the gas bulbs will come out. Until the
gas doesn’t come out from the test-tube, its isothermal expansion takes place, so

p(h)V(h) =%pmaxgHVl- 3)
From (2) and (3) one can obtain:
V(h)=— 2 @

-17

Formula (4) is valid for V(h) <V, i.e. for

14
h<H(1—\/V:O]. 5)

One can write down the average density of the gas in the test-tube taking into account the mass of
its walls from (4)-(5):

2
pl(l—ﬁj ,h<H|1- Vi :
M H 14
Passa () = =5 = (6)
V(h) v
Pos h>H|1- |-+ |,
VO
where p,, = M/V,

Various kinds of dependencies of p/p,.. upon h/H are plotted on Fig.1-3. Curve 1 corresponds to

the liquid, while curve 2 corresponds to the average density of the gas in the test-tube taking into
account the mass of its walls.

P/Pmax p/pmax
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p/pmax p/pmax

0.8 1
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Fig.3 Fig.4
Curves 1 and 2 don’t intersect (Fig.1), if the condition p,.. > P, 1S fulfilled for
h =H(1— /ij e
VO
Po o Vi (7
pmax VO
In this case the test-tube will always sink.
If the conditions
Po 4
—2 < |2, > : 8
pmax VO pl prna.x ( )
are fulfilled in the same time, curves intersect in two points A and B (Fig.2):
h=H [1 — :":—L) (point A); ©)
h=H [1 - i) (point B). (10)
Pmax

Point A is unstable because the test-tube will sink due to the shift down, and it will rise due to the
shift up. Analysis of stability of the point B will be presented below.
If conditions

Py < Por < 4, (11)

Pmax Vo
are fulfilled, only the intersection point B exists (Fig.3). But one should take into account that at the
horizontal part of curve 2 motion to the right along this curve results to the gas flow out of the test-
tube. Consequently, motion to the left along the curve will be quite different. It will take place
along the parabola corresponding to (6) (upper line of the formula), but with the new (larger) value
of p, corresponding to the amount of gas remained in the test-tube.

Grading scheme

1. Pressure dependency upon the height 0.5

2. Dependency of the average gas density in the test-tube upon the height:

a) taking into account the gas flow from the test-tube (complete answer) 1.0

b) without taking into account the gas flow from the test-tube (incomplete answer)
0.5

3. Comparison of dependencies of liquid and gas densities upon the height:

a) for three cases (complete answer) 1.25

b) for two cases (incomplete answer) 0.75

c) for one case (incomplete answer) 0.5

4. Determination of the height corresponding to the intersection points:

a) two points (complete answer) 0.5

b) one point (incomplete answer) 0.25

5. Study of stability for point A 0.25
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6. Study of stability for point B 0.5

Totally (maximum) 4.0

1C

The form of shape described in the problem is explained by the appearance of the full shade (dark
rectangle) and the semi-shadow (lighter outer rectangle). Fig. 1 illustrates the course of outer rays
forming a shadow €, C, and the semi-shadow ( €,y and C,D,) in cross section perpendicular to
one sides of the source. Denote the full width of the shadow C,C,; - x4,, the width of the semi-
shadow D, D, - x,. These values can be expressed through the geometric dimensions of the source
and the plate.

From the similarity of the triangles 4,5, B, and 4,D,C, it follows

x,¥+x. L
e i (1)

T . AI%AZ
From the similarity of the triangles 44,5,
and B,C,D, it follows

L-h

¥ R _ L 4 )

From the drawing of shadows, we define the
required sizes B B
1

xy = 12cwm, X, = 28cwm
/]
Using formula (1) we find

L
_=2
L-h

i D G 0 ¢, D
Hence, we find h= = L5w. From pooy
formula (2) we find one of the transverse
source size b = 8,0cx. Similar calculations for the perpendicular cross section gives the following

results:
xy = 18cwm, x, = 22cm

Then, it follows that ¢ = 2,0ca.
The results indicate that the long side of the source is placed horizontally (if you use fig.2 from the
conditions of the problem).

Marking scheme.

No. Solution item number Points

1 Plotting of the ray tracing to explain the emergence of the 0,5
shadow and semi-shadow

2 Geometric relationships between size of the source, location 2x0,25

and size of the plate and size of the shadow and the semi-
shadow (1)-(2)

3 Calculation of height of the plate above the floor (with a 0,5
numerical value)

4 Calculation of the dimensions of the source (with numerical 2x0,5
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values)

5 Position of the source with respect to the shadow 0,5

Theoretical Question 2

Solution
1. [1 point] The total inertia moment with respect to the rotation axis is a sum of the inertia moment
of the coil itself and the metallic wire

J=J,+mr?. (1)
2. [1 point] The equation of the coil rotation as a rigid bode takes the form
do
Je=J—=-M, 2
s=d- )

where ¢ is the angular acceleration.
It follows from equation (2) that the coil stops at the time moment

@,J
t, =22 3
o= ®3)
Finally, the dependence of the angular velocity on time t is found as
M w,J
w,——t, t<t ="
ot)=1 ° ] M. 4)
0, t>t,

3. [1 point] At the stoppage of the coil, electrons keep on moving due to their inertia, as a result the
galvanometer registers the electric current.. Let a=¢r be the linear acceleration of the coil rim. If
the coil is tightly reeled up and the wire is rather thin that linear acceleration is directed along the
wire. At the stoppage process electrons are subjected to the inertial force —m,a opposite to the

linear acceleration of the coil. This inertial force can be interpreted as an effective electric field
m,a
E,=— - ()
Thus, the effective electromotive force in the coil caused by the inertia of freely moving electrons is

obtained as

Emf=E, (=-"car. (6)
e
Therefore, the Ohm’s law for the electric circuit is written as
IR = —Emf = 12 )
e
Taking into account solution of 2, one gets
Mmerf’ t<t, = yJ
I(t)=1 eJR M . 8
0, t>t,
4. [2 points] The electric charge, registered by the galvanometer, is found from (8) as
m.a,r/¢
=ty =—2—. 9
Q=1 R 9)
The charge-to-mass ratio of electron is simply obtained as
e _ Il (10)

m RQ

e
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5. [1 point] In this case equation (7) is rewritten as follows
L R = _Emp =B (11)
dt e

where L = g, n’zr?h is the coil inductance.
It follows from equation (11) that the maximal electric current strength is
_ Mm,r¢
" eJR

The qualitative dependence of the electric current strength is plotted below
1)

(12)

I

max

to t
6. [1 point] The maximal electromagnetic energy stored in the coil equals

LIZ.  p7h anerzéj2

W= max:
°2 2[ eJR

7. [3 points] In the stationary regime the magnetic field inductance

B = y,nl (14)
remains constant in the coil and the electric field is absent. This is not true for initial time moments
while the electric current increases from 0 to its maximal value determined by formula (12).
According to (14) the varying magnetic field generates the vortex electric field which causes the
flux of the electromagnetic energy to appear. The strength of the vortex electric field at the lateral
surface of the coil is found from the electromagnetic induction law of Faradey

do d

(13)

Emf =E27r=———=—(Bxr?), 15
S dt( ) (15)
as
g_rdB_umnrdl (16)
2 dt 2 dt
The mutual orientation of the vectors E,B u S is shown below.

B

E
Substituting expressions (14) and |(16) into the expression for the Pointing vector and taking into
account that the vectors E and B are perpendicular, one obtains
2
g =t ry (17)
2 dt

Thus, the electromagnetic energy, going inward the lateral surface of the coil while the electric
current increases, is given by the summation (or integrating) of (17) as

2 2,\?
W:yoz r |r$]aX27th=Iu0ﬂh(aner é] .

18
2 eJR (18)
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It is obvious that the same amount of the electromagnetic energy goes outward while the electric
current strength decreases

2 2 ,\?
Wio MMz oo Mo [ IMMTE (19)
4 max

2 eJR

Marking scheme

Ne Content Points
1 | Total inertia moment (1) 1
2 | Equation of motion (2) 0.25
3 | Stoppage time (3) 0.25
4 | Dependence (4) of the angular velocity on time t 0.5
5 | Expressions for the effective electric field (5) or (6) 0.25
6 | The Ohm’s law (7) 0.25
7 | Dependence (8) of the electric current strength on time t 0.5
8 | Charge (9) registered by the galvanometer 1
9 | Charge-to-mass ratio (10) for electron 1
10 | Equation (11) for the electric current strength 0.25
11 | Maximal electric current strength (12) 0.25
12 | Qualitative dependence of the electric current strength 0.5
13 | Maximal energy (13) 1
14 | Magnetic field induction (14) 0.5
15 | Electromagnetic induction law (15) 0.5
16 | Vortex electric field strength (16) 0.5
17 | Pointing vector (17) 0.5
18 | Electromagnetic energy (18) 0.5
19 | Electromagnetic energy (19) 0.5
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EXPERIMENTAL COMPETITION
14 January, 2010

Please read the instructions first:

1. The Experimental part consists of one problem. This part of the competition lasts 3 hours.
2. Please only use the pen that will be given to you.

3. You can use your own non-programmable calculator for numerical calculations. If you don’t
have one, please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which will
be evaluated should be on the Writing sheets. Please use as little text as possible. You should
mostly use equations, numbers, figures and plots.

Use only the front side of Writing sheets. Write only inside the bordered area.
Begin each question on a separate sheet.

7. Write on the blank writing sheets whatever you consider is required for the solution of the
question.

8. Fill the boxes at the top of each sheet of paper with your country (Country), your student
code (Student Code), the question number (Question Number), the progressive number of each
sheet (Page Number), and the total number of Writing sheets (Total Number of Pages). If you
use some blank Writing sheets for notes that you do not wish to be evaluated, put a large X
across the entire sheet and do not include it in your numbering.

9. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to
take any paper or equipment out of the room
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Slow motion

The aim of this work is to study the motion of bodies in a viscous medium.

Equipment List:

1. Tripod

2. Ruler of 30 cm

3. Stopwatch

4. Disposable syringes 10 ml

5. Liquid Gel (liquid soap) - 20 ml

6. Glass tube with the inner diameter — D=4.6 mm

7. Wooden sticks (diameter 3 mm)

8. A set of metal rods, length 4 cm, diameters d=2.5; 3.0; 3.5; 4.0 mm
9. Disposable glass

10. Napkins to wipe the table and hands

Apparatus

In this experiment use the following installation.
The glass tube is glued to the tip of the syringe.
Tube with a syringe is attached to the ruler with an
adhesive tape. Using the syringe you can fill up the Glass tube
tube with the gel. This setup can be fixed to the
tripod vertically, either with the tube pointing
upward or downward. Inside the tube you can place
metal or wooden rods, the motion of which you will
explore.

working
range

glue tape

For successful completion of the experiment,
strictly follow the instructions below:

1. Make sure that the tube is completely filled with
the gel and there are no air bubbles inside it; sytinges
2. Change the gel in the syringe and the tube only

when necessary;

3. Once you put a metal rod (or wooden stick) in

the receiver, wait until it starts to move steadily, for

this it must travel a distance of about 4-5 cm;

4. The results of measurements of the
characteristics of motion have significant
dispersion, so all measurements should be
conducted several times;

5. Be careful of the sharp edge of the tube!

Ruler

Part 1. Metal

Place the tube vertically with the open end pointing upward, so that you could put the metal rods
into the tube. If necessary, conduct a second experiment, simply overturning the tube: when the rod
sinks down, turn the tube upside down and you can repeat the measurement.
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1. Prove experimentally that the motion of the rod inside the tube is uniform.
Use only metal rod of diameter of 4.0 mm in this case.

Determine the velocity of the rod sinking in the gel as accurately as possible. Calculate the error of
the velocity measured.

2. Measure the dependence of the velocity of the rods (with the same length) on their diameters.
Plot a graph of the obtained dependence.

3. Theoretically, we can show that the velocity V of the rod depends on the thickness h of the gap
between the tube walls and the lateral surface of the rod (if the gap is small compared to the radius
of the tube) according to the law

V =Ch’, 1)

where C is a constant.

Using your experimental data, check whether this dependence holds.

4. Determine the power index y in formula (1) which most accurately fits the experimental data.
Make error estimation of the obtained value of this power index y.

5. Give a brief theoretical justification for the result obtained in Question 4.

Part 2. Wood

Overturn the syringe with the tube pointing downward. Insert a wooden rod into the tube (from
below) then it will slowly emerge. You have to study the motion of the wooden rod. The wooden
rod should be completely immersed in the fluid when it moves.

1. Prove experimentally that the motion of the rod inside the tube is uniform.

Measure the velocity of the rod in the gel as accurately as possible. Make error estimation of the
obtained value of the velocity.

To conduct this experiment, use stick of maximal length.

2. Investigate a dependence of rod velocity on its length. Plot a graph of the obtained dependence.
Make error estimation of the obtained values.

3. Give a brief theoretical explanation of the result obtained in Question 2.



Experimental competition
Solution
Part 1.

1. It is necessary to obtain the motion law of the rod. In this experiment it is preferable to
measure time intervals at which the rod passes preliminary fixed paths, say 1 sm. Table 1 shows
the corresponding measurements and Fig.1 graphically demonstrates the same dependence.

Table 1.
X, Sm ts 17 1 S
0 5 Py IRTR N S N T S S T R
I T S e ] S
1| 69 N R et )sn
2| 143 T e e e e
I S S T L
3| 218 T S RN 0
4] 202 LN I U O O S S 097 o O N N
5| 368 o | e
6 44,1 L S s S e e e B
7] 510 0 N S o S SR N A
8| 584 P 7 S S N S
9 657 = IS o B A T S RO SO S
10 72,2 I S S U SO R UM S S R N SO
11 79.0 0 F——————— —t —s
12 859 0 10 20 30 40 50 60 70 80 90 100 110 120 LS
13 92,9 Fig.1 The motion law of the rod
14 100,3
15 107,7
16 114,6

The experimental line in Fig. 1 is linear with high accuracy which proves that the rod
really moves uniformly. The most accurate technique of determining average velocity of the rod
is least-squares method. The slope of the straight line in Fig.1 gives an average velocity which in
this particular case is

V' =1(0,140 + 0,001)sm/s
2. In this part of the experiment it is necessary to measure the rod velocity several times and to
guarantee maximal accuracy the fixed path for the rod to pass should be over 10 sm. Table 2
presents the measurement results for the time intervals t for the rods of different diameters and
the calculated velocities V.



Table 2.

d, mm | X, sm t1,S t2,S t3,S <t>,s At, S V, sm/s | AV, sm/s
4,0 10 77,5 76,6 81,7 78,60 5,4 0,13 0,01
3,5 10 11,7 11,6 12,0 11,76 0,48 0,85 0,03
3,0 10 3,4 3,3 3,3 3,35 0,12 2,99 0,11
2,5 20 3,3 3,5 3,2 3,33 0,30 6,01 0,54

To calculate the average velocity the
following formula is used

where (t} is the average of the measured

-------------------------------------------------

___________________________________________________________

timeintervals. 3R
The experimental error can be evaluatedas 24N\ ]
Tl —{eh)® A :

At =2 [HETET AV=V= (2) d, mm
Y n {e) Sy

3.0 3.

Ln

4.0 4.5

The corresponding dependence is plotted
in Fig.2.

Fig.2 The dependence rod velocity on the rod diameter

3. To check the validity of the formula
written in the experimental task it is
necessary to plot in logarithmic scale the
average velocity dependence on the
difference between the diameters of the test
tube and the rod. It is done in Fig.3.

The linearity of the obtained line clearly
demonstrates the power dependence
between the chosen values, i.e. proves the
validity of formula (1) written in the
experimental task// It is possible that the
last point in Fig.3 deviates slightly from the
straight line due to the big gap between the rod and the test tube walls.

-0.6 -0.4 -0,2 0.0 0,2 0.4 0.6 0.8 10
Fig 3 The rod velocity versus the size of the gap
(log-log scale)

4. The power index in formula (1) is numerically equal to the slope of the straight line in Fig.3.
Calculation with the least-squares method gives rise to the following value
y=3,11+ 0,16

5. When the rod sinks the liquid has to flow between the lateral surface of the rod and the test
tube walls (Fig.4). To overcome the viscous friction of the liquid, the pressure difference
AP = P, — P, should appear between the lower and upper ends of the rod. It is this difference in

the pressure that produces an additional force acting on the sinking rod. Besides, the rod is
slowed down by the above mentioned viscous friction acting on its lateral surface.



It is reasonable to assume that the viscous friction force acting on
the liquid in the gap from the tube walls is proportional to the average
velocity of the flowing liquid and inversely proportional to the gap size.

F,=p> (3)

At uniform flowing of the liquid this force is compensated by the

pressure difference (the weight of the liquid in the gap is negligible due to
the small size of the gap)

B~ S,AP, (@)
where S; = 2mRh is the area of the transversal section of the gap. Since
the rod moves slowly, one can neglect the viscous friction and write

mg = S AP, 5)
where S, = wR? is the area of the rod transversal section. It follows from

formulas (4)-(5) that the average velocity of the liquid in the gap is found as

v = h (6)

The rod velocity w is related to the average velocity of the liquid in the gap as S,u = 5,7,
thusmoatomy
u= % v~h?, (7)

The results obtained above verify formula (7) within the experimental error.
Part 2.

1. The experimental technique used in this task is quite analogous to the same task in Part 1. In
Table 3 and Fig.5 the results are presented for the wood stick.

Table 3. 13 A X, s1e -"_"'__"T""Ir"_"ln":'"'j'"'Ir'"jl""lr"":""T""Ir"'"l
0 0,0 e S R R R B - S B
1] 131 O e
2| 256 S| T A
3] 31,0 A 0 1 O O O A
4 48,8 6 A
S 61,3 JA T Y N UL U 2t A N VU N SO NS SO OO
o[ 1096 e
10| 1217 fe—— >
11 134’0 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 L§
12 146,0 Fig.5 The motion law of the wood stick

It is seen that the wood stick also emerges uniformly and its average velocity, calculated by the
least-squares method from Table 3, is

v = (0,0825 + 0,0004)cm/c



2. To obtain velocities it is enough to measure time intervals for a wood stick to pass a fixed path
several times. Results of the measurements shows that within the experimental error the
emerging velocity does not depend on the stick length and equals to

vV = (0,084 0,01)sm/s
Thus, the plot is just a horizontal straight line.
3. In this case the diameters of sticks are all equal. It is obvious that the viscous friction is
proportional to the stick length. 5~1. The mass and the pressure difference is also proportional to

the length L. Consequently, it follows from formula (6) that the velocity of the flowing liquid
and, thus, the velocity of the stick does not depend on the length.
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THEORETICAL COMPETITION
January 16, 2011

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please
ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which
will be evaluated should be on the Writing sheets. Please use as little text as possible. You
should mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
Begin each question on a separate sheet of paper.

7. Fill the boxes at the top of each sheet of paper with your country (Country), your student
code (Student Code), the question number (Question Number), the progressive number of
each sheet (Page Number), and the total number of Writing sheets used (Total Number of
Pages). If you use some blank Writing sheets for notes that you do not wish to be evaluated,
put a large X across the entire sheet and do not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed
to take any paper out of the room.
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Problem 1 (10 points)
This problem consists of three independent parts.

1A (3.5 points)

M

The body is a cube in the center of which a
spherical cavity of radius R is carved out. Inside the
spherical cavity at its bottom there is a motionless puck
whose geometric sizes are negligible. Find the minimal
horizontal velocity (at all possible cube-to-puck mass
ratios) which has to be imposed on the puck so as the

9 cubic body should jump up from the table surface in the
v motion process followed. Friction in the system is
completely absent. At which value of the cube-to-puck

FASIIIIIIIIIIIIIAAA7777  massratio M /m that minimal velocity is achieved?

1B (4 points)

The  resistance R=20Q is ,--

connected to an infinite number of current
sources obtained by repetition as shown in
the figure on the right. Find the electric
current flowing through the resistance R.
The emfs’ and internal resistances of the
sources are known to be g =20V,

n=10Q, and ¢,=1.0V, ,=2.0Q. w0

1C (2.5 points)

In Figure on the right b, you can see the object AB and its A
image A’B’ in a thin lens. By drawing method, please find: 1

a) the optical center of the lens (0.5 points);
0) the lens plane (1 point);
B) the main focuses of the lens (0.5 points).

Is the lens concave (diverging) or convex (collecting)?

Please write down the answer. (0.5 points).

|81, r |81, r
L L R
&, N &2, rT_
3
T ——

Problem 2 (10 points)
Electrical conductivity of metals (10 points)

Ohm's law

B" A

Conductors are materials, usually metals, in which an ordered motion of free charges
called an electric current is possible in the presence of an external electric field. The law relating
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the electric current strength | flowing through the conductor with a voltage U applied to its
ends was experimentally discovered by Georg Ohm (1787-1854) and has the following form:

, 1)

where R is called the resistance of the conductor.

Consider a small element of the metallic material with the
length | and the cross section S, whose ends are subject to the
voltage U . Let o be the specific electrical conductivity of the
substance which is the quantity inverse to the specific electrical
resistivity p. The resistance of the conductor and the electric

current strength flowing through it are written as
I 11 .

R= P | =jS, 2)
where the current density j is introduced, representing the
amount of the electric charge that passes through the unit of the
cross section in the unit of time. The current density depends on the electron number density and
electron average ordered velocity.

Taking into account that E=U/l stands for the electric field strength, the local
(differential) form of Ohm’s law is obtained from Eqgs. (1) and (2) as

j=oE. ©)

Accounting for the same direction of the electric field strength and the current density
vectors, relation (3) can be rewritten in vector form

j=oE. (4)

Fig.1

1. [1 point] Starting from the Joule-Lenz law, discovered first by James Joule and later by
Heinrich Lenz, determine the volume density of the thermal power R, released in the conductor,

i.e. the amount of heat generated by the electric current in the unit volume 1 m? in the unit of
time 1 s. Express your answer in terms of E and o .

The Drude model

After the discovery of the electron in
1900 by Joseph John Thompson, German

/ physicist Paul Drude proposed the so-called
classical theory of electrical conductivity of
/ metals. According to this theory, the

electrons with the number density n, the
mass m and the electric charge —e can

move freely in the ionic crystal lattice of
metal, occasionally colliding with ions
located at the sites and thereby transferring

electron B® their kinetic energy to ions.

Real motion of an electron is very
complicated because of the chaotic thermal
motion. Under the influence of the external
field, all electrons acquire the same
acceleration and thus gain some extra velocity. This results in an ordered motion of electrons
causing an electrical current to appear. We are only interested in that ordered motion of electrons
which is superimposed on their random thermal walks.

ion

4

Fig.2
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Since the real picture of the electrical conductivity is very complicated, we adopt the
following simplified model. Assume that an electron with an initial zero velocity accelerates
over time interval z and then collides with an ion at the site, thereby transferring all the acquired
kinetic energy. Then it again starts to accelerate and over time interval z collides with another
ion and so on. Keeping this in mind find answers to the following: In those processes the
electrons do not interact with each other.

2. [1 point] Determine the vector of average ordered velocity of electrons u. Express your
answer intermsof e, E, m,and .

3. [1 point] The current density in the sample is determined by the average velocity component
parallel to the external electric field strength E. Show that Ohm’s law holds in this simplified
model and determine the specific conductivity o of the metal. Express your answer in terms of
e,n,m,and 7.

4. [1 point] Determine the amount of the kinetic energy Q, transferred by electrons to the

crystal lattice in the unit volume 1 m® and in the unit of time 1 s. Express your answer in terms
ofe, E,n, m,and 7.

Magnetoresistance

One of the important galvanomagnetic phenomenon is the change in the conductivity of a
conductor that is subject to an external transverse magnetic field. This phenomenon is called a
magnetoresistance effect. Due to experiments, the relative deviation of the specific conductivity
Ao /o at not very strong magnetic field with the induction B is given by the formula

AO':O'(B)—O'(B—O): B (5)

o oc(B=0)
where 4 and v are some constants.

Making use of the Drude model described above, solve the following problems. Carefully
examine figure 2 presented above, since it represents the system of coordinates in use and
displays directions of all vectors.

5. [1 point] Find the dependences on time t of the projections u,(t) and u,(t) of the electron

velocity between two consecutive collisions. Express your answer in terms of e, E, B, m, and
t.

6. [2 points] The current density in the sample is determined by the average velocity component
parallel to the external electric field strength E . Assuming that the magnetic field induction B is
small enough, find the constants x and v in formula (5). Express your answer in terms of e,

m,and 7.

The Hall effect

In 1879, Edwin Hall discovered the phenomenon of appearance of the transverse
potential difference, later called the Hall voltage, by placing the current-carrying conductor in a
constant transverse magnetic field.

In the simplest consideration, the Hall effect is described as follows. Suppose that an
electric current flows through a metal bar due to the applied external electric field of the strength
E and is placed in a weak transverse magnetic field of induction B . The magnetic field deflects
electrons from their straight-line motion to one of the bar faces. Thus, the Lorentz force, in
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contrast to the magnetoresistance effect, causes the accumulation of the negative charge near one
of the bar faces and the positive charge near the opposite face. The accumulation of charge

persists until the transverse electric field E,, , generated by the accumulated charges themselves

(directed along the axis Oy as shown in the figure above), does totally compensate for the
transverse displacement of electrons over the time interval 7 .

Making use of the Drude model, described above, solve the following problems. Carefully
examine figure 2 presented above, since it represents the system of coordinates in use and
displays directions of all vectors.

7. [0.5 points] Look carefully at the second figure above. Near which of the faces, the top or the
bottom, is the negative charge accumulated?

8. [1.5 points] Find the dependences on time t of the projections u, (t) and u, (t) of the electron

velocity between two consecutive collisions. Express your answer interms of e, E, E,, B, m,
and t.

9. [1 point] Find the Hall electric field strength E,, . Express your answer in terms of e, E, B,
m,and z, and thenintermsof e, j, B, and n.

In solving these problems you can use the following approximate formulae valid for small

values of x:
3

) X
SiNX = X——

6

x2 x!
COSX~l——t—

2 24

Problem 3 (10 points)

Thermodynamics of simple quantum ideal gas

In classical physics, the energy of the system varies continuously. In the physics of the
microworld, most physical parameters are quantized, i.e., they can take a discrete set of values.
Quantization of energy can result in actually observed macroscopic effects. In this problem, you
are to consider the simplest model of a quantum ideal gas.

Model

~
0
[

Let a gas consist of N identical atoms of mass m, , ~—0
which are placed in a long cylindrical vessel of length L ' O—>
and cross-section S. Atoms can only move along the ,5 ~—0
axis of the vessel. The kinetic energy of atoms is ~—0 Oo—
quantized, i.e. it can take a discrete set of values
determined by L

E,=n¢, 1)
where n=1,2,3... and & is a known constant value. Assume that the kinetic energy of an atom is
expressed by the formula of classical physics.

The vessel is brought into contact with the thermostat so that the gas temperature in the
vessel is T . The value of kinetic energy of a single atom is changed due to contact with the

o0—
S

P
¥
¥
¢
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thermostat. Assume that the atom number density is such low that collisions between atoms are
rare and can be neglected.
At thermodynamic equilibrium the number of atoms, which occupy the level with the

energy E,, is determined by the Boltzmann distribution function of the form

N :Cepr—n%J, )

B
where k, denotes the Boltzmann constant, C is a normalization factor that you have to
determine by yourself.

Subproblems:

1 [1 point] Find the number of atoms N, that occupy the energy level E, . Express your answer
interms of N, ¢, T, and k;.

2 [3 points] Find the expression for the internal energy U of the gas. Express your answer in
terms of N, ¢, T, and k. Obtain approximate formulae for the internal energy of the gas in
two limiting cases: k;T >>¢ (high temperature limit or classical limit) and k,T <<& (low
temperature limit).

3 [3 points] Calculate the molar heat capacity of gas at constant volume. Express your answer in
terms of N, ¢, T, and k;. Obtain approximate formulae for the molar heat capacity at constant

volume both in the classical limit and the limit of low temperatures. Draw a schematic plot of the
molar heat capacity dependence against the gas temperature.

4 [3 points] Find the pressure P exerted by the gas on the vessel walls. Express your answer in
terms of N, ¢, T, and k. Obtain approximate formulae for the pressure both in the classical

limit and the limit of low temperatures. Draw a schematic plot of the pressure dependence
against the gas temperature.

In solving these problems you can use the following formulae:

Ny =X
;X T 1-x’

nx: = )
2=y

exp(x) ~1+x, x<<1,

iz1+x, x| <<1.
—X
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SOLUTIONS FOR THEORETICAL COMPETITION
Theoretical Question 1 (10 points)
1A (3.5 points)

W It is elementary to show that the jump of the cube appears at
the puck position depicted in the picture on the left hand side.
Let u be the cube velocity of mass M at this time moment
and let w be the horizontal relative velocity of the puck of
mass m with respect to the cube. Since the friction in the
system is totally absent, the horizontal projection of the total
momentum of the system is conserved,
mv =Mu+m(u—-w), (1)

CSLIILLIILLISSIISS777 a5 well as with the total mechanical energy,

mv?  Mu?
2 2
In the instant frame of reference associated with the cube, the puck moves with the velocity
w along the circle of radius R and its equation of motion projected on the radial direction is given

by

+%[W2+(U—W)2:|+2ng. 2)

2

N+mg=mg : @)

It is rather obvious that the condition of the cube’s jump from the plane of the table is found,
according to Newton's third law, as

N =Mg. 4)
Solving the set of equations (1)-(4), the puck velocity is obtained as
M m
v=,/gR,[5+—+4—. 5)
V9 Ay ()

The minimal velocity of the puck is derived from relation (5) by differentiating over M /m,

Vmin = 3\/g—R (6)
and it is achieved at the mass ratio
M/m=2. (7
Marking scheme

Ne Content points
1 | Formula (1) 0.5
2 | Formula (2) 0.5
3 | Formula (3) 0.5
4 | Formula (4) 0.5
5 | Formula (5) 0.5
6 | Formula (6) 0.5
7 | Formula (7) 0.5

1B (4 points)

We can replace the infinite circuit of current sources by an effective current source with an
emf ¢ and an internal resistance r. Thus, we obtain the circuit shown in the figure on the left hand
side. Then, we disconnect the resistance R, add another two current sources and connect back the
resistance R . Hence, we obtain the circuit shown in the figure on the right hand side. Since the
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number of cells with the sources is infinite, then both circuits should be equivalent at any value of
R.

1
I
€, nNn

SR |t P

It can be shown from the direct current laws that the following two statements are valid:
1. Let us take two current sources with g, r, and &,,r,, connected in series. Then, they can be

replaced by a single source with e = ¢, +¢&, and r =1, +1,.
2. Let us take two current sources with ¢,r, and ¢,,r,, connected in parallel. Then, they can be
replaced by a single source with ¢ = (g1, +&,1,)/(r,+1,) and r=rr, /(r,+7,).

Now, applying 1 and 2 to the circuit shown on the right hand side, we should obtain the
circuit shown on the left hand side, thus the following relations must be satisfied:

g:(g+a)5+ggr+q)’ )
F+rn+r,
pofL(ren) )
F+rn+r,

Solution is given by

6‘:6‘2+ﬂ( 1+4i—1]:3.0v, 3)

2\\

rzi[ /1+ﬂ—1}1.0 Q. (4)
2 I

Therefore, the current flowing through the resistance R is found as
&

I = =1.0A. (5)
R+r
Marking scheme

Ne Content Points
1 | Equivalent circuit 1,0
2 |Rulel 0.5
3 |Rule?2 0.5
4 | Formula (1) 0.5
5 | Formula (2) 0.5
6 | Formula (3) 0.25
7 | Formula (4) 0.25
8 | Formula (5) 0.5
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1C (2.5 points)

All the rays eradiated from the point A have to pass through the point A’ after refraction in
the lens; all the rays eradiated from the point B have to pass through the point B' after refraction in
the lens. Rays passing through the optical center of the lens do not change direction. Therefore, the
point of intersection of lines AA' and BB' is the optical center O of the lens. If a ray passes through
both the points A and B, then it should necessarily pass through the points A" and B'. Consequently,
the point of the intersection of lines AB and A'B' lies in the plane of the lens. Thus, the plane of the
lens passes through the points O and C. The main optical axis of the lens passes through its optical
center and is perpendicular to the plane of the lens, Further constructions are traditional: we draw
ray BD through the point B which is parallel to the main optical axis, and after refraction in the lens
the ray (or its extension) should pass through B'. From its continuation to the intersection with the
main optical axis, we find one of the main focuses F1. Similarly, we find the second main focus F».
The drawing above shows that the lens is concave (diverging).
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Theoretical Question 2 (10 points)
Electrical conductivity of metals

Ohm's law
1. [1 point]
In accordance with the Joule-Lentz law, the heat power released in the conductor is found as
U 2
P=—ro, 1
- (1)
which means that the specific heat power R, is written as
u? u?
R —— = 2
Y RV RSl @)
With the aid of
I 11 U
R=p—=——and E=—, 3
’Ss7 55 | ®)
one gets
P, =cE?. (4)
The Drude model
2. [1 point]
The second law of Newton for the electron motion in a constant electric field is read as
ma=F=—¢eE. ®)
It follows from Eq.(5) that for the time interval z the electron passes the distance
ar’
S=—om, 6
5 (6)
which means that the module of the average velocity of the electron is
s ar eEr
Uu=—=—=— ) (7)
T 2 2m
or, in the vector form,
er
u=——=E. 8
o (8)
3. [1 point]

The current density depends on the electron number density, its electric charge, and its
average velocity as follows:

2
j:—neu:ean, €)]
2m
which is Ohm’s law with the specific conductivity found as
2
o= enr . (10)
2m
4. [1 point]

Each electron transfers its kinetic energy at the end of the acceleration, i.e. at the moment of
collision with an ion,
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mu? m(eEzr
E = max _ | 277 | 11
=T Z[mj 1)

By definition there are n electrons in the cubic meter of the conductor, and each of them
transfers its kinetic energy (11) for the time interval z. Thus, the total specific energy Q,

transferred by electrons to the crystal lattice in the unit of volume and in the unit of time,

nE, ?
Q = o

nmu® _e’nr
2t 2m

This expression coincides with Eq.(4), thus proving the validity of the Joule-Lenz law in the

Drude model.

E’=0oE?. (12)

Magnetoresistance

5. [1 point]
In the presence of magnetic field the equation of motion for the electron is written as
m(:j—l::—eE—euxB. (13)
The projections on the coordinate axes are found as
du
m—= =eE +eBu,_, 14
ot y (14)
du
m—X =—eBu,, (15)
dt
du
m—==0. 16
m (16)

Eq.(16) shows that the electron trajectory lies in XY plane. Substituting u =u,,
u, =u, +E/B into Egs. (14)-(15), we obtain

du, _
m rale eBu,, @17
du, .
m—-=—eBu, . (18)
dt
Solutions to Egs. (17) and (18) are derived as harmonic oscillations of the form
u, = Acos(at +a), (19)
u, = Asin(et +a), (20)
or, in terms of the previous variables,
u, = Acos(at +a), (21)
u, = Asin(at +a)—§, (22)

where o =eB/m.
From initial conditions u, =0 and u, =0, we determine the constants A=E/B and

a = /2. Substitution into Egs. (21) and (22) yields
u,(t) = Esin (ﬁtj , (23)
B m

u,(t)= —%{1—cos(%tﬂ. (24)
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6. [2 points]
At small magnitude of the magnetic field induction, Eq. (23) takes the form

3 2
0, =1 &8 (25)
m 6m
The displacement of the electron along the OX axis over the time interval z equals
3 2
ZETZ _g EB3 *, (26)
2m 24m

and the average speed is found as

3 2
s ek ¢eEB x 27)

S

U, =—=—7- 3
T 2m 24m
Thus, we are able to determine the relative deviation of the specific conductivity as

Ao neu,(B)-neu, (B=0) __i(ﬁjz (28)
o neu,, (B = 0) 2{m )’
and, therefore,
y:—i(e—rjz, y=2. (29)
12\'m

The Hall effect

7. [0.5 points]
The Lorentz force acting on the electrons is directed downward, therefore the negative
charge is accumulated near the bottom face.

8. [1.5 points]

Since the electrons are accumulated near the bottom face of the bar, the Hall electric field is
oppositely directed with respect to the OY axis. Hence, the electron equation of motion (13) is
rewritten as

m d:tx =eE +eBu,, (30)
du,

mF:eEH —eBu, (31)

m dd“tz ~0. (32)

Again, the electron trajectory lies in the XY plane. Making substitution u =u _—E, /B,
u, =u,+E/B inEgs. (30) and (31), one gets
du,

m—t= eBu, , (33)
du, .

m—X =—eBu, . (34)
dt

Solutions to Egs. (33) and (34) are again derived as harmonic oscillations of the form

u, = Acos(ot +a), (35)

u, = Asin(at +a), (36)

or, in terms of the previous variables,

u, = Acos(wt +a) +E?H, (37)
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. E
u, = Asin(wt +a)_E' (38)
From initial conditions u, =0 and u, =0, we obtain the following final solution
ux(t):EsiniﬁthrE—H 1—cos£§tj : (39)
B m B m
E, . (eB E eB
u, (t) =—sin| —t |-—=|1-cos| —t ||. 40
O3 [ij{ [mﬂ “o

9. [1 point]
At small magnitudes of the magnetic field induction, the condition for zero final displacement
y(z) =0 along the OY axis at the time moment ¢

f eEr
_([uy(t)dt 0 = Ey,=—-8, (41)
or
2j
E, 3ne B. (42)
Marking scheme
Content points

1 | The Joule-Lenz law (1) 0.25
2 | The specific heat power (2) 0.25
3 | Formulae (3) 0.25
4 | Final result (4) 0.25
5 | Equation of motion (5) 0.25
6 | Path (6) 0.25
7 | Average speed (7) 0.25
8 | Vector of the average velocity (8) 0.25
9 | Current density (9) 0.5
10 | Specific conductivity (10) 0.5
11 | Kinetic energy of electrons (11) 0.5
12 | Total heat transferred (12) 0.5
13 | Equation of motion (13) 0,25
14 | Equations of motion (14)-(16) 0,25
15 | Velocity (23) 0,25
16 | Velocity (24) 0,25
17 | Expansion of the velocity (25) 0,25
18 | Displacement (26) 0,25
19 | Average speed (27) 0.5
20 | Final result (29) 2*0.5
21 | The correct face stated 0.5
22 | Equations of motion (30)-(32) 0.5
23 | Velocity (39) 0.5
24 | Velocity (40) 0.5
25 | The Hall electric field strength (41) 0.5
26 | The Hall electric field strength (42) 0.5
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Theoretical Question 3

1 [1 point] The constant C is found from the condition that the total number of particles is equal to
N :

ianN. 1)

Substituting the expression for the Boltzmann distribution function and obtaining summation, we
get

)

2 [3 points] The internal energy of the gas is a sum of the kinetic energies of all atoms:

kT

L exp(— - ]
U=>EN, =Y Cngexp| -n—=— |=C -
n=1 n=1 kBT

&
(1—exp(—k8_rn 3)

g

1—exp£—k‘9_|_j
B

In the classical limit k;T >> ¢, the argument of the exponent is small, it is thus justifiable to use the

=N

approximate formula exp(— kgT J ~1- kgT . In this case, we obtain
B B

U=NKk,T. (4)

At low temperatures, the exponent itself is small, exp[— gT j <<1, hence

B

& &
U=N ( . j ~ N8£1+6Xp(_kB_TJJ' (5)
1-exp

B

3 [3 points] The molar heat capacity at fixed volume is found as
ouU
‘ =— 6
oT ©

In the most general case we derive
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(i)

C, =—= exp| —
VoooT Y Xp( kT )k T? k,T s ) 7)
1-exp| ——— 1—exp| ———
) )

B

In order to approximate expressions in two limiting C
cases it is easier to use the expansions deduced in ¥
Subproblem 2. In the high temperature limit, we get R
kT >> ¢ '
: (8)
U=N,k;T = C,=R
i.e. the molar heat capacity is a constant. Here N, is the
Avogadro constant, N,k, =R stands for the universal

gas constant.
At law temperatures,

U= NAg{l+exp[— kgT n =
B

2 ' —
_ & & _ & & Fi 1
=N,e——exp| — =R exp| — g
< ASQTZ p( @TJ [@T) p[ @T]
9)

It is seen that the molar heat capacity goes to zero as the temperature vanishes. The schematic plot
is drawn in figure 1.

4 [3 points] Calculation of the gas pressure can be conducted in different ways. For example, the
average force exerted on the wall by a single atom is equal to the ratio of the moment transferred to
the time interval between two consecutive collisions,

< n>:£:_2mvn :%:25_ (10)
At 2% L L
Vn
To determine the pressure it is necessary to summarize those forces
2N (o)
n n 2 0 U
P=————=—»NE =2—. 11
S 3L Z;, nEn =23 (11)
Substituting the formula for the internal gas energy (3), we obtain
p_oN & , (12)

V &
1-exp| ———
p( kBTj

In the two limiting cases the above obtained expressions for the internal energy should be
used.
Atk T >> ¢

P:ngg, (13)

i.e. the pressure is proportional to the absolute temperature.
At low temperatures, we have
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P
Ne g
P =27(1+exp(— kBT j} (14) :

At temperatures going to zero, the pressure tends to
a constant value

Ne
P=2—. 15
=2, (15)

The schematic plot of the pressure against the
temperature is shown in figure 2.

Marking scheme

Ne Contents points
1 | Normalizing condition (1) 0,5 1
2 | Calculation of the number of particles (2) 0,5
3 | General expression for the internal energy U 0,5
4 | Calculation of the internal energy U (3) 1,0 3
5 | Calculation of the classical limit of U (4) 0,5
6 | Calculation of the low temperature limit of U (5) 1,0
7 | General expression for the molar heat capacity C_V (6) 0,5
8 | Calculation of the molar heat capacity C_V (7) 1,0
9 | Calculation of the classical limit of C_V (8) 0,5 3
10 | Calculation of the low temperature limit of C_V (9) 0,5
11 | Schematic plot for C_V 0,5
12 | General expression for average force (10) 0,5
12 | General expression for P (11) 0,5
13 | Calculation of the pressure P (12) 0,5
14 | Calculation of the classical limit of P (13) 0,5 3
15 | Calculation of the low temperature limit of P (14) 0,5
16 | Schematic plot P 0,5
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EXPERIMENTAL COMPETITION
17 January, 2011

Please read the instructions first:

1. The Experimental competition consists of one problem. This part of the competition lasts 3
hours.

Please only use the pen that is provided to you.

You can use your own non-programmable calculator for numerical calculations. If you don’t
have one, please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which will
be evaluated should be on the Writing sheets. Please use as little text as possible. You should
mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the bordered area.

6. Fill the boxes at the top of each sheet of paper with your country (Country), your student code
(Student Code), the question number (Question Number), the progressive number of each sheet
(Page Number), and the total number of Writing sheets (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be evaluated, put a large X across
the entire sheet and do not include it in your numbering.

7. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to
take any paper or equipment out of the room



VIl International Zhautykov Olimpiad/Experimental Competition Page 2/4

Deformation, Hysteresis, and Bistability

Instruments and equipment: rubber cord, wooden stand with the column, wooden ruler, 6
weights by 100 g each, measuring tape, thread, and pins.

Part 1. Stretching (4.5 points)

1.1 Fix the rubber cord to one side of the wooden column with the pins provided (Fig.

1). Measure the dependence of the cord length L on the gravity force of hanging
weights. Carry out your measurements in two different ways:
loading process, i.e. increasing step-by-step the number of weights from 0 to 6; L
unloading process, i.e. decreasing step-by-step the number of weights from 6 to 0.
1.2 Plot in the same graph the relative elongations of the rubber cord as a function of A
the gravity force of hanging weights at loading and unloading processes.

Fig. 1

Part 2. Equilibrium (7.5 points)

Place the ruler near the vertical wall of the pins rubber cord
column as shown in Fig. 2. Attach the rubber ) ins
cord to the top of the ruler with the pins | [

provided. Attach the other end of the cord to ;
the column with the pins. The cord length I, in

the unstrained state should be about 8 cm. The
distance from the lower edge of the ruler to the , ruler
top of the vertical column of the stand (see Fig.
2) is equal to the ruler length. Tie a thread to i : _ A /
the top of the ruler so that the weights could be Fi
hanged on.

=

g.2

Attention! You will have to measure the length of the cord | with different number of
hanging weights.

Attaching the rubber cord, keep both sides to have the same length. For the sake of
security wrap the rubber cord around the pins several times. Tie a knot at the end of the thread,
attach it to the ruler upper side with the pins, and then put it over the upper edge of the ruler.

All measurements should be carried out very carefully: if you change the number of
weights, hold the ruler by hand, then slowly move it downward or move upward until it comes
into equilibrium, try to avoid oscillation of the weights. You can gently move the lower edge of
the ruler horizontally along the column to find a more stable position of the ruler with the
weights.
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Theoretical description

2.1 Show that the condition of equilibrium of the ruler fixed as
described above has the form:

Fl)=mg . 1)

where | is the length of the cord, F(I) denotes the elastic force of
the cord at its length I, a stands for the length of the ruler, mg is
the gravity force of hanging weights.

2.2 Using the data obtained in the first part of this experimental
problem, plot in the same graph the dependences of the elastic
force as a function of the length of the rubber cord at loading and
unloading processes. Please, do not forget that the initial length
of the cord in this part of the experiment is different from that of the previous Part 1! In the

same graph, plot 6 graphs f(l)= mg ! for each of the six possible number of weights.
a

2.3 Using these plots find values of the cord length | corresponding to equilibrium positions at
various number of weights in two cases: for the loading and for the unloading processes. Plot in the
same graph the cord lengths in the equilibrium position against the gravity force of hanging weights
for the loading (consecutive increase in the number of weights) and unloading processes
(consecutive decrease in the number of weights).

Experiment

2.4 Conduct measurements of the dependence of the cord length | in the equilibrium as a function
of the gravity force of hanging weights. Measurements are to be made in two ways, i.e. for loading
and unloading processes.

2.5 In the same plot you drawn in Section 2.3, plot the obtained experimental curves.
Part 3. Bistability (3 points)

If the lower edge of the ruler is shifted away from the vertical column (see Fig. 3), then at a
certain length of the rubber cord and some number of weights it is possible to find two stable
equilibrium positions of the ruler (bistability): the first one closer to the vertical, the second one
closer to the horizon. In this Part you have to determine the conditions under which the bistability
occurs.

We can show (but you do not need to do that!) that for the /
small displacement 6 of the lower edge of the ruler, the
equilibrium condition (1) is approximately described by the -

following formula:
-0
F(l)= mg——- (2)

3.1 Plot schematically in the figure taken from section 2.3 such a

. |- . .
function f(1)= mg—5 that it represents the existence of two
a

stable equilibrium positions and mark them on the figure. In the

3
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function f(l) you can vary both parameters m and ¢ at your will.

3.2. The length of the free part of the rubber cord should be the same as in Part 2. Find
experimentally two stable equilibrium positions of the ruler at the same number of weights. Find
and write down at which number of weights those two stable positions really exist. Measure and
write down the two lengths of the rubber cord at which these two equilibrium positions are
achieved.

To search for the two equilibrium positions: a) put the ruler almost vertically and allow it to
go down slightly holding by hand, b) stretch the cord until the ruler is almost in horizontal position
and allow it to rise slowly holding gently by hand. Repeat these procedures several times!

When you try to find the bistability you are allowed to change slightly the free length of the
rubber cord. If this length is changed, please, measure it and write down its new value (in cm).
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SOLUTIONS FOR EXPERIMENTAL COMPETITION
Part 1

The measurement results are shown in Table 1. The last column gives the calculated values of
the strain &= (1-1,)/1,. The plot of the rubber cord length relative extension against the weights is

shown in Fig. 1; 1 weight = 100 g.

Number of
weights, N L. cm s Rubber cord relative length extension
0 208 | 0,00 £
1 23,1 0,11 ﬁ
2 281 | 0,35 F
3 37,2 0,79 3
4 497 | 1,39 5189
5 61,3 1,95
6 71,2 2,42 101
5 65,2 2,13
4 55,3 1,66 0,5 1
3 42,1 1,02
2 31,5 0,51 0,0
1 24,6 0,18 Number of weights, N
0 Tat?l%i 0,00 Figure 1

Part 2

2.1 The equilibrium condition follows from equating the
torques of the elastic and the gravity forces written as

f

F (I)acos%z mgasing,

where ¢ is the angle of deviation from the vertical. Taking

a
into account that Siﬂ@zZSiﬂ%COS% and 2asin%:I, we

I T T T O TR

obtain the condition (1).

:elll 1
S
Q)

2.2 When plotting these graphs it is necessary to renormalize
the length of the rubber cord for each value of the stretching

_n%r

force: | = o L. The curves of the functions f (1)=mg il are
a

straight lines passing through the origin. Required drawing is
carried out in Fig. 2.
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[mo]
i

Number of weights, N

cord length, cm

Figure 2

Equilibrium positions correspond to the intersection points of the graphs.
Table 2 represents the equilibrium positions found both with the help of Fig. 2 and obtained
experimentally. Fig. 3 shows the corresponding curves, a fairly good agreement is achieved.

L,
F,N | L, exp. | theory
0 11,6 12,0
1 11,7 12,5
2 12,0 12,7 g
3 13,1 13,2 ﬁ]
4 14,6 14,0 g
5 18,4 16,5 E
6 51,0 47,0 S
5 48,7 40,0
4 18,2 17,0 | : : ; ; 5
3 146 | 14,0 0 ; i : i i :
2 13,0 13,5 0 1 2 3 4 5 6 7
1 11,8 12,5 Number of weights, N
0 11,6 12,0

Table 2 Figure 3
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Part 3. Bistability.

The bistability is possible when the straight line histability example

fl)= mgl_—5 has three intersection points with
a

the plot of the elastic force. A possible graph is A

shown in Fig. 4. Note that the intermediate ’ 7,

position of equilibrium is unstable! . ,/
With the equipment provide the bistability

is clearly observed at 5 or 6 weights (500 or 600

9). 2 N

The equilibrium positions correspond to . 7
the rubber cord lengths 13 - 14 cm and 36 - 44 cm.

Figure 4
Marking scheme
\ Content Points
Yacts 1. PacTsikenue. 4,5
11 Measurements:
- measurements made (12 points); 1
- the hysteresis loop obtained; 0,5
- measurement made with the accuracy less than 20% 1,0
- measurement made with the accuracy less than 30% (0,5)

1.2 The plot of the unit elongation against the gravity of hanging weights:
- calculation of the unit elongation for all experimental points;
- the graph plotted (the axes are named and ticked; the points are

placed according to the table; the approximate curve is drawn) 1
1
Part 2. Equilibrium 7,5
2.1 The proof for the equilibrium position:
- the torque of the gravity force; the torque of the elastic force; 0,5
- geometrical relations and trigonometric transformations;
0,5
2.2 The theoretical calculation of the cord length:
- fornula for calculation of the cord length from the unit elongation; 0,5
- calculation for all values of the elastic force; 0,5
- the graph of the elastic force against the cord length (the axes are
named and ticked; the points are placed according to the table; the
approximate curve is drawn); 0,5
- 6 straight lines drawn; 0,5
2.3 -the values are taken from the graph (12 points); 0,5

- the theoretical curve of the cord length against the gravity force (he
axes are named and ticked; the points are placed according to the
table; the approximate curve is drawn); 0,5
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24 Measurements:
- measurements conducted (10 points); 1
- the hysteresis loop is obtained (differences at 4 and 5 weights); 0,5
- measurement conducted with the accuracy less than 20%; 1,0
- measurement conducted with the accuracy less than 50%; (0,5)
2.5 The experimental graph drawn:
- the points are placed according to the table; 0,5
- the approximate curve is drawn. 0,5
Part 3. Bistability 3
3.1 The qualitative explanation of the bistability:
- the approximate curve of the gravity force against the cord length; 0,5
- the shifted straight line is drawn to have three intersection points; 0,5
- the stable equilibrium positions are determined,; 0,5
3.2 the stable equilibrium positions are found experimentally:
- at the weight 500 g (or 600 g is possible); 1
- the cord lengths at equilibrium positions are obtained in the intervals
stated above 0,5




Problem 1 (10 points)

This task consists of three parts which are not related to each other.

Task 1.A. 2012 (4 points)

One end of the rigid weightless rod is pivotally attached. To the other end by the
thread thrown over the weightless block, mass m is hung. Two more masses of
20m and 12m are hung by the threads to the rod at the points that divide it into
three equal parts (see Fig.). All the threads are inextensible and weightless. The rod
is hold in a horizontal position and then it is released. Find the acceleration of all
the weights immediately after the release of the rod.

Task 1.B. And diodes ... (2.5 points)

On a separate form you can find a graph of the current-voltage characteristics of
one diode (dependence of the current through the diode on voltage on it). Five of
same diodes are connected as shown in Figure. Plot a graph of the current in the
circuit of the voltage source U, if the latter varies from 0 to 3 V.

To plot, use a separate form given to you.
Do not forget to return it!

Task 1.C. A flat lens (3.5 points)

Round transparent plane-parallel plate of the thickness h is made from the material
which optical refractive index depends on the distance r to the central axis of the
plate according to the law

(1)
where n0, beta are known positive constants. The plate is in the air whose
refractive index n=1.

On the axis of the plate at a distance a (a<<h) the point light source S is places.
Show that the plate is a kind of lens, that is, it forms an image of the
source. Determine at what distance from the plate the image of the source
occurs. What is the focal length of this lens?



Problem 2

Adventures of a piston (10 points)

An open cylindrical vessel of the height H=30.0 cm and cross-sectional area
S=50.0 cm2 is filled by air under normal conditions, i.e. at the atmospheric
pressure p0=1.01 x 10 5 Pa and the temperature T=273 K. The thin top heavy
piston of mass M=50.0 kg is gently inserted into the vessel. The vessel wall and
the piston are made of a material that conducts heat very poorly. Assume that air is
an ideal diatomic gas with an average molar mass mu=29.0 g/mol, the acceleration
of free fall is g= 9.80 m/s2, and the universal gas constant is equal to R= 8.31
J/(mol K). Heat capacity of the piston and the vessel, as well as the friction on the
walls of the piston is completely ignored.

The piston is released. The process of transition to the final balance is done in two
stages. In the first stage the piston oscillates. These gas processes cannot be
considered in equilibrium. Because of the non-equilibrium, fluctuations of the
piston are damped, i.e. mechanical energy is dissipated. Consider that half of the
dissipated energy is transferred to the gas in the vessel and the other half to the
atmosphere. At this stage it is also possible to neglect the thermal conductivity of
the vessel and the piston. After the oscillations stop, the piston stops at some height
H1.

The second stage is slow, i.e. during some period of time the piston moves and
finally stops at the some height H2.

2.1 [0.5 points] What is the air pressure pl in the vessel at the end of the first
stage? Express the reply in terms of atmospheric pressure p0, adiabatic index
gamma, and the parameter alpha. Find the numerical value of p1.

2.2 [1.5 points] What is the temperature T1 at the end of the first stage? Express
the reply in terms of TO, gamma, and alpha. Find the numerical value of T1.

2.3 [0.5 points] Find the height H1. Express reply in terms of H, gamma, and
alpha. Find the numerical value of H1.

2.4 [0.5 points] What is the air pressure p2 in the vessel at the end of the second
stage? Express the reply in terms of pO and alpha. Find the numerical value of p2.
2.5 [0.5 points] What is the temperature T2 at the end of the second stage?

2.6 [0.5 points] Find the height H2. Express the reply in terms of H and alpha.
Find the numerical value of H2.

2.7 [2 points] Find the frequency of small oscillations omega around the
equilibrium position of the piston, assuming that the process is quasi-static and
adiabatic. Express the reply in terms of g, H, gamma, and alpha. Find the
numerical value of omega.

At the end of the second stage, a big number of small holes are made in the bottom



of the vessel, with the total area of holes S0=5.00 10-4. The size of each hole is
much smaller than the mean free path of molecules. After some time the piston

starts to move with a constant velocity u.

It is known that the average number of molecules N hitting the unit surface area
per unit time is equal to

(1)

where nu is the so called mean thermal velocity of the molecules, R is the universal
gas constant. The average kinetic energy of translational motion of molecules
falling into the holes is

(2)
where kB is the Boltzmann constant.

Considering that the flow of heat through the walls and piston is negligible, answer
the following questions:

2.8 [1 point] The final air pressure under the piston is of the form p3=A f(alpha),
where A is a constant that depends on p0, and f(alpha) is a function of alpha. Find
A and f(alpha). Find the numerical value of p3.

2.9 [2 points] The final velocity of the piston is given by u = B g (alpha), where B
IS a constant depending on d, S, R, T0O, and mu, while g(alpha) is a function of
alpha. Find B and g(alpha). Find the numerical value of u.

2.10 [1 point] The final temperature of the gas under the piston is of the form
T3=C h(alpha), where C is a constant that depends on TO, and h(alpha) is a
function of alpha. Find C and h(alpha). Find the numerical value of T3.



Problem 3
Nuclear droplet (10 points)

In this task, we consider the main characteristics and conditions for the stability of
atomic nuclei. Let the atomic nucleus contains A nucleons (A is atomic weight of
elements), namely, Z protons (Z is element’s number in the table of chemical
elements) and N=A-Z neutrons. The expression for the total energy of the nucleus
can be written as

1)

where M is the mass of nucleus, mp is the mass of the free proton, mn is the mass
of the free neutron, c is the speed of light, and Ep is the potential energy of the
nucleons in the nucleus.

The potential energy of nucleon-nucleon interaction can be described by the
following semi-empirical formula by Weizséacker

(2)
where MeV MeV MeV MeV.

Weizsacker semiempirical formula corresponds to one of the simplest model of the
atomic nucleus, the so-called spherical liquid drop model, which rely on the
analogy between the nucleus and drop an ordinary liquid. The mass and charge of
the nucleus assumed to be uniformly distributed inside a sphere of some radius,
and the nucleon fluid is characterized by some parameter sigma, which is an
analogue of the surface tension of the liquid.

The formula for potential energy Ep takes into account the following contributions:

* surface energy, which takes into account the surface tension of nuclear matter in
the liquid drop model;

» the energy of the Coulomb repulsion of the protons within the nucleus;

» the exchange interaction energy, reflecting the trend towards the stability of
nuclei at N=Z;

» direct dependence on the number of nucleons A due to nuclear forces.

Also in the derivation of this semiempirical formula Weizsacker used
experimentally established the following dependence of the radius of the atomic
nucleus of the number of nucleons

3)

where RO is a constant.
Based on all the above, give answers to the following questions:



3.1 [2 points] Find the electrostatic energy EC of a sphere of radius R, uniformly
charged with total charge Q. Express answer in terms of charge Q, the dielectric
constant epsilon0, and radius R of the ball.

3.2 [1 point] Find the numerical value of the coefficient RO in the formula (3).
3.3 [1 point] Find the numerical value of the density rho_m of nuclear matter.
3.4 [1 point] Find the numerical value of the surface tension sigma of liquid
nucleons.

Suppose now that the nucleus is broken into two parts with atomic weights kA and
(1-k)A respectively, where O<k<1. We can assume that the nuclear charge and the
number of neutrons are distributed between the fragments as the atomic weight.
3.5 [2 points] Nuclear fission becomes energetically favorable under the condition
Z2/A > f(k). Find an expression for the function f(k) and plot it schematically.

3.6 [0.5 points] Wit the accuracy up to two significant figures, find the limiting
value (Z2/A)0 at which the spontaneous fission is theoretically possible.

Under the condition of § 3.5, the nucleus can stay for a long time. For example, the
half-life of Uranium-235 nucleus is equal to 713 million years. Consequently, an
Instantaneous fission is prevented by some energy barrier, which disappears at
some critical value. In fact, the nucleus will be broken when a significant deviation
in its shape from spherical occurs.

For simplicity, we assume that a spherical nucleus undergoes such deformations
under which the surface is the surface of a prolate ellipsoid of rotation, which in
Cartesian coordinates by the equation

(4)
where a is small, and b is big semi-axes of the ellipsoid, respectively.

The volume of a prolate spheroid is given by

Q)

and its surface area can be calculated by the formula

(6)

Let a spherical nucleus undergoes such a deformation that b=R(1+epsilon) and
a=R(1-lambda), so that epsilon, lambda <<1, and R is initial radius of the nuclear
droplet.

3.7 [0.5 points] Find the relation between epsilon and lambda.

Calculations show that the energy of the electrostatic interaction of protons of the
deformed nucleus is about Ecdeformed =.

3.8 [2 points] Find the expression and the numerical value of (Z2/A) critical.



Known physical constants:

Elementary charge

The dielectric constant

The mass of the nucleon (proton or neutron) k
1leVinJ

In addressing these tasks, you can use the formulas:
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SOLUTIONS OF PROBLEMS OF THEORETICAL TOUR
Problem 1. (10 points)

Problem 1A. 2012

Forces acting on the system are
shown in Fig. Since the hard core and
non-tensile yarn, acceleration loads
are as 1:2:3. The sum of the torques
acting on a weightless rod is zero.
These two conditions together with
the equations of the 2nd law of
Newton for all goods provide a

system of equations

20ma =20mg - T, I 7

12m-2a=12mg -T,
m-3a=T,-mg éﬂl l ' luza

TI+T,-21=T,-3l

1
M) 20mg 12mg
from which we find
41
a=—-¢
I (2)

However, this value of acceleration is obtained second load more free-fall
acceleration. This means that the second thread of the load will not be tight, but its
acceleration is equal to g You can also show that the formal system of equations (1) that,
for which the thread cannot be. Therefore, the thread to which the suspended second load,
the rod does not work. Therefore, the system of equations (1) incorrectly describes the
device under consideration. To calculate the acceleration of the rod and the other second
load should be deleted.

Valid values for the acceleration of the first and third loads are from the following
system of equations

20ma =20mg -T,
m-3a=T, -mg

TI=T,-3l 3

Finally, we obtain a= 17 g

29

17 51
a =—
7299 =g 299 (4)

)
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Grading scheme of Problem 1A.

Ne points
1 | Figure with all the forces 0,4
2 | The system of equations (1) 0,8
3 | The solution of (1) to speed up (2) 0,4
4 | Exception 4 second load from a consideration of 0,3
c Proof of exceptions (second acceleration load greater tensile 0.7
strength filament is negative) ’
6 | Acceleration second load is equal to g 0,4
7 | The system of equations (3) 0,6
8 | A solution of (3) for the acceleration (4) 0,4
Total 4.0

Task 1.B. And diodes

U

We denote the voltage on a pair of parallel-connected diodes by 1 and on three of

the diodes by Us. The total current in the circuit 7can be found in two ways:
e A double value of the current through one diode pair:
e Three times the value as a force in one of

the three diodes: II

I :3|0(U2)_

the IO(U) by appropriate factor, i.e. for
several values of the voltage on the schedule
to remove the corresponding values of the
forces of currents, multiply them by 2 and 3
and apply the appropriate point on the
graphs. When connected in series the total voltage is the sum of the stresses in some parts

u;

(2) ;

We construct the graphs of 2 O(U) and 2
3|°(U ) It's enough to “multiply” the graph of 1 | . I
| U,

U2

of the circuit, so

U1+U2 :U. (3)

Graphically, this condition corresponds to a “horizontally summing” graphs ZIO(U)

and 3|0(U ): for a given value of current and voltage values Ui and Yzare read, and their
sum is then the value is applied to the chart.
Note that the formal solution of the problem can be written as (for the inverse

functions):
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u.yv

Grading scheme of Problem 1B

Ne Contents of number scores Points
1 | In a parallel connection of power currents are added 0,3
2 Plotting functions ZIO(U ) and sl O(U ) Lo
3 | Ifyou are connected in parallel are added voltage 0,3
4 | “Horizontal” summation 0,7
5 | are calculated for:

e 3 points; 0,3

e 6 points. 0,6
6 | Alternatives to (realized ideas):

e To approximate the dependence; 0,4

e To solve the equations explicitly; 0,4

Total 2,5
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Tasks 1.C. Flat lens

Plate will form an image S" if the optical path length | = SABS’ for any ray of light,
emerging from the source, and refract in plate, will be the same for all rays (tautochronism
condition for lens).

Consider a beam incident on the plate at a distance from its axis. We assume that

. . N . S .
I'<<a, je, we use the paraxial approximation. Distance | AI found using the Pythagorean
theorem and make the approximation I << @, given that:

2 2
sAl=+a’+r’ —all+— ~a 1+£r_
a’ 2a2

(1)
Similarly, the distance is expressed |
=+/b% +r? 1/1+— (l+——j
(2)
Thus, the optical path length SABS' ig equal to
1r? 1r?
| =|SA[+n(r =a 1+ >— [+n,L=Brih+b| 1+ =— |=
=a+n h+b+(2i+2ib—noﬂhj
? (3)

This value does not depend on I (i.e., the same for all rays) for the vanishing of the
factor
1 1

2a+2b nO,Bh—OI (4)
which can be rewritten as
1 + 1 =2n,/h
b . (%)
This expression is identical in form with a thin lens formula
1 1 1
4T
a b F, (6)
where F is focal length.
Comparing (5) and (6), we find the focal length of the plate
1
2n,Bh- %)
From formula (5) also found the distance from the plate to the image:
a

B 2n,pha—1 ©
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The alternative is a geometrical optics approximation.

This problem, in principle, can be solved in the framework of geometrical optics. The main
stages (of the very complex solutions) are:

- Use the law of refraction by Snelius;

- The choice of an arbitrary beam and determine the angle of incidence on the plate;

- Angle of the beam after refraction at the front edge of plate;

- Obtaining a differential equation for the beam path inside the plate;

- Solution of this equation in the quadratic approximation;

- The angle at the exit of the plate (should be negative);

- The angle after refraction on the rear face;

- Determination of the distance to the intersection with the axis of the plate;

- Proof of the constancy of the distance for all the rays;

- Getting the lens formula;

- Write the formula for the focal length.

Grading scheme of Problem 1C

Ne points
1 Formulation of basic idea: the constancy of the propagation 15
time for all the paths ’
2 | Using the quadratic approximation (for small angles) 0,5
2 Calculation of distances |SA| and |BS ,| 0.2
- The exact formula; 0: 7
- Expansion of the approximate formula;
4 | The optical path length (3) 0,2
5 | Aformula of a thin lens (4) 0,3
6 | Focal length of lens (7) 0,2
7 | Distance to the image (8) 0,2
Total 3,5
Grading for geometrical optics approximation (alternative solution)
Ne points
1 | The Law of refraction 0,1
2 | Two small-angle approximation (but quadratic) 0,3
3 | The starting angle of the plate 0,1
4 | The differential equation for the ray trajectory in a plate 0,5
5 | The solution to the quadratic approximation 0,5
5 | The value of the angle near the back edge 0,2
6 | The value of the angle after refraction on the rear face 0,1
7 | The point of intersection with the optical axis 0,2
8 | Persistence of distance b for all the refracted rays 0,1
9 | formula analogous to the thin lens 0,2
10 | The formula for the focal length 0,2
Total 3,5
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Problem 2
Adventures of a piston (10 points)

2.1.]0.5 points] From the equilibrium condition of the piston, we find pressure of the gas

P, =P, +m= p,(1+a) =1.99x10°
S Pa (1)
2.2 and 2.3.[2 points] In the first stage the gas is compressed and heats up to a certain
temperature. Because the vessel wall and the piston are made of a material that conducts
heat poorly, gas compression can be assumed to be adiabatic, but the process is not
equilibrium and we cannot use the adiabatic equation. In the transition from the initial to
the final state of the system piston+gas by external forces (gravity and atmospheric
pressure) have made the work
A=Mg(H —H,)+ p,S(H —H,) = (Mg + p,S)(H —H,)

(2)
By hypothesis, only half of this work is to increase the internal energy of the gas
AU=2
2 (3)
Where
au="R 1)
7t )

Here, V is the number of moles, R is the universal gas constant. We write the equation of
state of ideal gas for the initial and final states
P,SH =VvRT,

(5)
( P, +mj SH, =vRT,
> (6)
Solving system of equations (2) — (6), we obtain
=T [1+—7_1mj =T (1+—7_1aJ =317

y+1p,S Y+ K %)

H=— 1 (1+7_1 Mg): H (1+7/_1aj:17.7
(@+Mg/ p,S) y+1p,S) (+a) y+1 cm, 8)

2.4.10.5 points] As the piston continues to be in equilibrium, the pressure

P, =Py +m = p,(L+a)=1.99x10°

S Pa. 9)

2.5.]0.5 points] After a sufficiently long period of time the gas temperature inside the
vessel will be equal to the ambient temperature, i.e., becomes equal to

T2 =T0 = 273 K, (10)

2.6.[0.5 points] The height H, is found by (9) and (10), as well as the equation of state of
gas

=Py H s
P,S + Mg l+a cm (11)
2.7.|2 points] Adiabatic equation of the form
pV’ = const (12)

we obtain
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dv
dp=-yp—-
vV, (13)
Let piston has deviated from its equilibrium position at a small height X, then by (13) is
equal to the pressure change
2
X P,S + Mg
5P=—7I02—=—7¥X
H, PS°H _ (14)

The equation of motion of the piston can be written as
2
(P,S +Mg) .

MX=—-0pS =—y
PoSH (15)
whence we obtain the frequency of small oscillations
4 79
w=(p,S+Mg) =(+a),[+2 =135
P,SHM aH Ha. (16)

2.8.[1 point] When moving with constant velocity piston continues to be in equilibrium, so
the pressure

P, = P, Mg _ p,(L+a) =1.99x10°
S Pa, (17)
that is
A= po' f(a):1+a (18)
2.9 and 2.10. [3 points] Suppose a vessel to establish certain temperature. There should be
must be a balance in the number of particles and energy. The law of conservation of
particles is given by

o oMa Mg
°° s uS = ° s 8kBTss _ P 8kBToS
kT, kT, Vzm ° kT, \ zm ° (19)

For the law of conservation of energy it is necessary to consider not only kinetic but also
the rotational energy of each molecule. Therefore, the total energy carried by each
molecule is

W

tot

=W +W,_, =2k, T +k,T =3k, T

then the energy conservation law can be written as

Py -+ 10
+ Mg
(p,S +Mg)u = S [Bkelag 15 P /SKLTO%BTOSO
Ks T, m keTo V zm 21)

Solving (18) and (19), we finally obtain
u _ 5% ﬂ((05 +D)VA+ 20+’ —2—2a—a2) =1.91x10°3
72

(20)

S m/s, (22)
that is
_6S, [2RT,

S T g(a)=(ax+D)V4+2a+a’ -2-2a-a (23)

T, :T0(5+4a+2a2 —2(a+1)\/4+2a+a2):116

B
and temperature

K, (24)
that is
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C=T, h(a) =5+4a+2a° - 2(a+)V4+2a+a* (25)
Grading scheme of Problem 2
N points
2.1 | Formula (1) 0,25 0,5
Numerical value of p, 0,25
2.2 | Formula (2) 0,25
Formula (3) 0,25
Formula (4) 025 | L5
Formulas (5) and (6) 0,25
Formula (7) 0,25
Numerical value of T, 0,25
2.3 | Formula (8) 0,25 0,5
Numerical value of H, 0,25
2.4 | Formula (9) 0,25 | 0,5
Numerical value of p, 0,25
2.5 | Formula (10) 0,25 | 0,5
Numerical value of T, 0,25
2.6 | Formula (11) 0,25 | 0,5
Numerical value of H, 0,25
2.7 | Formula (12) 0,25
Formula (13) 0,25
Formula (14) 0,5 2,0
Formula (15) 0,5
Formula (16) 0,25
Numerical value of @ 0,25
2.8 | Formula (18) for A 0,25
Formula (18) for f (&) 0,25 | 1,0
Formula (17) 0,25
Numerical value of p, 0,25
2.9 | Formula (19) 0,25
Formula (20) 0,5
Formula (21) 0,25
Formula (23) for B 0,25 2,0
Formula (23) for g(«) 0,25
Formula (22) 0,25
Numerical value of U 0,25
2.10 | Formula for (25) for C 0,25
Formula for (25) for h(«) | 0,25 | 1,0
Formula (24) 0,25
Numerical value of U 0,25
Total | | 10,0
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Problem 3
Nuclear droplet (10 points)
3.1 [2 points] We calculate the total electrostatic energy of the protons in the

nucleus. Within the droplet model of the nuclear charge Zeis uniformly distributed inside a
sphere of radius R, so that its bulk density is the same everywhere and equal to

3Q
= i 1
Paq 47R? @
Using the Gauss theorem, we find the electric field inside and outside the ball
E(r)4rr? =i,oq4—7rr3 (2)
& 3
E(r)4zr? :ipq4—7[R3. (3)
0 3
Hence we get
pir, r<r
2¢,
E(r) = 3 B (4)
PR
——, >R
2g,r
Full electrostatic energy given by the integral
F T g E? 3Q°
E. :J‘w47zr2dr=J‘°—47zr2dr:L_ (5)
0 y 2 207e,R
3.2 [1 point] From (5), Q = Ze and R(A) = R A"’ we see that the electrostatic energy
corresponds to the third term in the Weizsacker semiempirical formula, so
Z? 3Z%
s 173 (6)
A 207, R, A
whence
—® _12x10% m, 7
207e,a,
3.3 [1 point] The density of nuclear matter is given by
3AmM 3m
= = == 2.3)(1017 k m3- 8
3.4 [1 point] The surface energy depends on surface tension
E,, =0S =4706R* =47cRZA™". 9)

We conclude that the surface energy corresponds to the second term of the semi-empirical
formula Weizsacker
2 7213 2/3
4roRyA™" =ea,A (10)
whence
ea,

o= =1.5%x10" N/m. 11
47R? /m an




VIII International Zhautykov Olympiad, Almaty, Kazakhstan, 2012 10

3.5 [2 points] Nuclear fission becomes energetically favorable only if the potential energy
of the nuclei decreases, that is,

E,(AZ)-E,(kAkZ)-E, (1-k)A (1-k)Z)>0 (12)
which yields
ZZ f (k) az (1_k2/3 _(1_k)2/3)
—_—> == ! 13
A ag(l—kS/g _(1_k)5/3) ( )
Graph of the function f (k)is presented below.
40
35
30
2
25
0.0 0.2 0.4 0.6 0.8 1.0
k

3.6 [0.5 points] The function f (k) is symmetric with respect to the point k =0.50, so at this
point and the minimum, which corresponds to
(2?1 A),=16. (14)
3.7 [0.5 points] Since the core is treated as a liquid, its volume should not change. Using the
formula for the volume of an ellipsoid and the fact that £, A0 1 we obtain
V:%TR3(1+5—22)=4?”R3 (15)

whence

e=2A. (16)
3.8 [2 points] Based on Taylor's formula for small deformations of the nucleus, taking into
account (16) the surface area of the liquid increases by

AS =32 7R2p2 232 12 pa 2 (17)
5 577
and a corresponding increase in surface energy is equal to
32
AE,; =0AS = ?EO'ROZAZIB/IZ : (18)
Coulomb interaction energy of the protons is decreased by the
2,2 2,2
AE, =2 (era)=—LE 2 (19)
1207z¢,R 207e Ry A

Nucleus is unstable at the condition
AE. > AE_,, (20)
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whence

2 3
(22 / A)crtitcal = M = 37 g (21)

3e
Grading scheme of Problem 3

N points

3.1 | Formula (1) 0.5
Formula (1) 0.5 2.0
Formula (1) 0.5
Formula (1) 0.5

3.2 | Formula (6) 0.5
Formula (7) 0.25 1.0
Numerical value of R, 0.25

3.3 | Formula (8) 0.75 1.0
Numerical value of p_ 0.25

3.4 | Formula (9) 0.25
Formula (10) 0.25 1.0
Formula (11) 0.25
Numerical value of & 0.25

3.5 | Formula (12) 0.5
Formula (13) 0.5
Plot: Xaxis symbol indicated 0.25
Plot: Yaxis symbol indicated 0.25 2.0
Plot: & shown from 0 to 1 0.25

Plot: appropriate values on plot | 0.25

3.6 | Appropriate value of k& 0.25 0.5
Appropriate value of (Z°/ A), 0.25

3.7 | Formula (15) 0.25 0.5
Formula (16) 0.25

3.8 | Formula (17) 0.5
Formula (18) 0.25
Formula (19) 0.25
Formula (20) 0.5 20
Formula (21) 0.25
Numerical value of (Z°/ A), e | 0-25

Total | | 110.0
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EXPERIMENTAL COMPETITION
18 January, 2012
Please read the instructions first;

The Experimental competition consists of one problem. This part of the competition lasts 3
hours.

Please only use the pen that is provided to you.

You can use your own non-programmable calculator for numerical calculations. If you don’t
have one, please ask for it from Olympiad organizers.

You are provided with Writing sheet and additional papers. You can use the additional paper for
drafts of your solutions but these papers will not be checked. Your final solutions which will be
evaluated should be on the Writing sheets. Please use as little text as possible.

You should mostly use equations, numbers, figures and plots.
Use only the front side of Writing sheets. Write only inside the bordered area.

Fill the boxes at the top of each sheet of paper with your country (Country), your student code
(Student Code), the question number (Question Number), the progressive number of each sheet
(Page Number), and the total number of Writing sheets (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be evaluated, put a large X across
the entire sheet and do not include it in your numbering.

At the end of the exam, arrange all sheets for each problem in the following order:

Used Writing sheets in order;
e The sheets you do not wish to be evaluated
e Unused sheets and the printed question.
e Place the papers inside the envelope and leave everything on your desk. You are not
allowed to take any paper or equipment out of the room
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Electric currents in volume [15 points]

Instruments and equipment: Vessel 250 ml, two steel spokes, multimeter, power
supply (4.5 V battery), resistor with a resistance of several kQ, two-pole switch,
plastic tube for a cocktail, connecting wires, clean water, plastic cup, rubber, ruler,
and adhesive tape.

You should be familiar with the formula for calculating the resistance of a thin cylindrical
conductor,

R=p (1)

where p is the specific resistance of the conducting material, | is its length, S is its cross-
sectional area.

However, when an electric current flows in a bulk system, trajectories of charged particles
may be different, so the resistance of the medium depends on the nature of the distribution
of electric currents. You have to measure the electric resistance of the water layer when the
current flows between the spokes submerged in water.

From time to time clean the spokes with rubber.
After each series of experiments, change water in the vessel.
Do not apply strong current through the water because this leads to appearance of a
large number of ions in that can "spoil” the results of your experiments.

Straighten the spokes. In all the experiments try to maintain the spokes in parallel to
each other.

Part 1. [0.5 points]

1.1 Measure the resistance of the given resistor R, by using the multimeter. Record the
result of your measurement.

To measure the resistance of the water between the
spokes, use an electric circuit shown in the figure on the
right. Here, R, is the given resistor, R, is the resistance of

the water between the spokes to be measured.

—

1.2 For this circuit write down the formula which willbe —7—
used by you to calculate the water resistance R, between

the spokes.

In the following, please use only the circuit above to obtain the resistance R, !

In any case do not measure water resistance directly by the multimeter. Use
multimeter only as a voltmeter.
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Direct measurement of the resistance with a multimeter leads to a rapid discharge of
its battery, and in addition, the voltage of the battery is rather high (9 V) to change
the electrical properties of water.

Error analysis is not required in this Competition.

Part 2. [5 points]
Put the two spokes provided along the vessel walls keeping Spokes
them in parallel at a maximum distance from each other. Bend

the upper ends of the spokes over the edges of the vessel.
Additionally fix them with strips of adhesive tape.

To measure the height of the water level use the scale
engraved on the vessel. Determine in millimeters the grating  g.qe
period of the scale engraved on the vessel wall. of vessel

%

1111

Tape

K

2.1 Measure dependence of the water resistance between the
spokes as a function of the height of water poured into the
vessel. Plot the obtained dependence in a graph.

\

T

\

I

i

2.2 Draw schematic streamlines of electric current in this case (make two draws: one in the
plane of the spokes and the other in the plane perpendicular to the spokes).

Streamlines of electric current are trajectories of charged particles.

2.3 On the basis of physical considerations about the nature of this current flow, make an
assumption about the form of the obtained experimental dependence R(h), and write it as a

formula.

2.4 Using the linearization method, check the validity of the made assumption by plotting a
graph in such coordinates that it becomes a straight liney=ax+Db.Determine the

numerical values of the parameters of the linearized dependence, as well as the unknown
values of parameters entering the function R(h).

Part 3. [3.5 points]

Fix one spoke close to the wall inside the vessel. Pour 200
ml of water into the vessel. Move the second spoke along the
wall, changing the distance between the spokes. The depth
of immersion of the second spoke should be maximal
Spokes should be positioned vertically and in parallel to
each other.

View from top

3.1 Measure the water resistance between the spokes as a
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function of the distance L between them. Plot the obtained dependence.

3.2 On the basis of physical considerations about the nature of this current flow, make an
assumption about the form of the obtained experimental dependence R(L), and write it as a

formula.

3.3 Using the linearization method, check the validity of the made assumption by plotting a
graph in such coordinates that it becomes a straight liney=ax+Db.Determine the

numerical values of the parameters of the linearized dependence, as well as unknown
values of parameters entering the function R(L).

Part 4. [4 points]

Put one spoke into the given plastic tube so that its lower

end of a length of about 1 cm remains uncovered by the 1_/\
tube. Fill the vessel with water about to top end. The

upper edge of the tube should be placed above the water

level, and fixed to the spoke by the tape. Put the second
uncovered spoke into the water keeping its lower end at
different heights. Keep the spokes in parallel at a
maximum distance from each other. tube

N

4.1 Measure the water resistance between the spokes as
a function of the height | of the end of the second
spoke. Plot the obtained dependence in a graph.

1
1
]
1

4.2 Draw a schematic streamlines of electric current in
this case (in the plane of the spokes).

-
R

\‘-\—.___.-

4.3 On the basis of physical considerations on the nature
of current flow, make an assumption about the form of the obtained experimental
dependence R(1), and write it as a formula.

4.4 In the plot, specify the range of values of | in which the assumed formula for R(I) is
confirmed experimentally.

4.5 Determine the numerical values of the parameters entering the assumed formula for
R(I).
Part 5. [2 points]

5.1 On the basis of the above obtained experimental data (please choose which one to use)
estimate the specific resistance of the water p .
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SOLUTIONS FOR THE EXPERIMENTAL COMPETITION
Electric currents in volume

PART 1
1.1 The resistance of the resistor provided is equal R, = 2,0 £ 0,1k<Q.

1.2 Since the resistorts are connected in series the same current flows through each of them, then the
following relation holds

Ue _ YUy °/°
R, R,
from which it follows that U U
U R X
R =R, —*. (1) — Y —
u, R. R

Thus, to measure an unknown resistance it is enough to ——
measure the voltage drops on the unknown resistance and the
resistor provided.

If the source voltage was stabilized, it would be sufficient to measure the voltage drop on just
one of them.

PART 2
2.1 The results of measurement of the voltage drops against the height of the water poured into the
vessel are presented in Table 1. This table also shows the calculated resistance of the water between
the electrodes (s3okes).
Note that the height was measured by the scale of the measuring glass.

Table 1. Dependence of the resistivity on the height of the water level.

h,div. | 100/h,divt | U,V | U,V | R kQ | 1/R,kQ?
30 3,33 3,82 1,08 7,07 0,14
40 2,50 3,60 1,30 5,54 0,18
50 2,00 3,36 1,54 4,36 0,23
60 1,67 3,17 1,73 3,66 0,27
70 1,43 3,01 1,89 3,19 0,31
80 1,25 2,84 2,06 2,76 0,36
90 1,11 2,69 2,21 2,43 0,41
100 1,00 2,59 2,31 2,24 0,45
110 0,91 2,48 2,42 2,05 0,49
120 0,83 2,38 2,52 1,89 0,53
130 0,77 2,30 2,60 1,77 0,57
140 0,71 2,22 2,68 1,66 0,60
150 0,67 2,16 2,74 1,58 0,63
160 0,63 2,08 2,82 1,48 0,68
170 0,59 2,03 2,87 1,41 0,71
180 0,56 1,96 2,94 1,33 0,75
190 0,53 1,93 2,97 1,30 0,77
200 0,50 1,86 3,04 1,22 0,82
210 0,48 1,80 3,10 1,16 0,86
220 0,45 1,76 3,14 1,12 0,89
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The graph of the obtained dependence is shown in the figure below.
1R.KQ.

h, div

0 50 100 150 200 250

Simple measurement can easily show that the volume V, =200ml corresponds to the height
h, =170 mm.Therefore, the height of the water poured is calculated by the formula h=V h—° i.e.the

0
the division value of the scale is § = 0,85 mm/ml.

2.2 The current distribution is schematically shown in the figure on

the right, side view

The current flows between the lateral surfaces of the |4 -
spokes, thus the height of water level determines an effective top view
cross-sectional area. Sl’eﬁ
2.3 It is therefore reasonable to assume that the resistance of water ——
between the spokes is inversely proportional to the height of water S
level _}‘FE—’

A .
RXO = (2) L

h
where A is a constant meaning the water resistance of the unit of height. Then, the measured
resistance should be described by the formula

R -A.B 3)

where B is a constant denoting the additional resistance (of contacts, of an oxide layer on the surface
of the spokes, etc.).

2.4 To check the validity of formula (3) it is sufficient to plot the dependence of the resistance on the
inversed height of the water column 1/h. That is, the linear dependence should be observed for the
following values:
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y=R
1. (4)
X==
h
A graph of this function is shown in the figure below.
kT
AR, kQ
8
? e U S Sy S S U A N S U - U U U U
ﬁ N U FEUr ST DU SR SN TR S SN U NS TN SUNIOr SURY UG U (U SRR AU MU MU ST PRSI P . U TR SRR RPN
5 T BT DU Y Ry SRy Sy St S S JUT ST P Y SR SR By 2yt S U PR PUU S U IV SR RPN U
4 P [N S SR RN VU JEUDT DU PR SRR SR SRR SR SRR SRR RIS TR SUNIYS RURY U .o SN TR NOUPR NUUR NUUPR NUUP U DUSU PUDE RUDUY URE ISR SRR DU NP R
3 P [ S U U JEUDE PRI PR SR SR SRR SO SRR St TS SUNOS SUY UG U IR NOUPL NpURNpUPRRpUP U PRSI PUDH DUDUN RPN ISR SRR PR NP R
2 by il il aladl il il b D B Bl 7
T - N i
0 L) L) L) L) L) L)
0,0 0,5 1,0 1,5 2,0 25 3,0 35

The parameters of this linear dependence, calculated by the mean square method
a=(210+3)kQ-div
b=(0,17%0,03)kQ

To determine the parameters in relation (3) it is necessary to recalculate (5) from divisions of the
scale to millimeters. Thus, we get

kQ)
A=a-5=(178+2)kQ-mm

B=b=(0,17+0,03)kQ

()

Note. Although it is possible to use the linearization of the type %:% but this leads to worse

results, since it ignores the additional resistance of the circuit.

1,00 .
0,90 4
0,80 4
0,70 4
0,60 4

0,50 4
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3.1 In order to measure the distance between the spokes it is easier to
measure the length of the arc | between the spokes using the marks made
on a strip of the adhesive tape. Then the distance between the spokes can
be calculated using the geometric formula

L=

DsinL,
D

PART 3

where D =40mm is the diameter of the measuring glass.

The measurement results of the water resistance on the distance

between the spokes are shown in Table 2.

Table 2.

I, cm L, cm U,V |Ur,V |R kQ InL

1 0,990 1,29 3,62 0,713 -0,010
2 1,918 1,45 3,38 0,858 0,651
3 2,727 1,59 3,34 0,952 1,003
4 3,366 1,62 3,27 0,991 1,214
5 3,796 1,64 3,23 1,015 1,334
6 3,990 1,65 3,2 1,031 1,384

)

The graph of the obtained dependence is presented in the figure below.

1R.EQ
11 . . . . .
g0 e
08 et
08 4 A
e Lcm
0.7 ¥ ¥ ¥ ¥ ¥ ¥ ¥ Y -
0,0 05 1,0 1,5 2,0 25 3,0 3,5 4,0

3.2 It is theoretically possible to show that the resistance of the medium between two long parallel
electrodes in an infinite medium is given by

where h is the length of the electrodes (spokes), r, is their radius.

Rzﬁlnk,

To

(8)
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We can assume that in this case the water resistance between the electrodes depends linearly on the
logarithm of the distance between them, that is,
R(L)= AInL+B. (9)

3.3 To check the feasibility of (9) it is necessary to plot the dependence of the resistance on the
logarithm of the distance InL. That is the linear dependence should be observed for the following
values:

y=R

x=InL

This graph is shown in the figure below which confirms assumption (9).

(10)

11

1R, kQ2

1,0
0,9

0,7

-01 00 01 02 03 04 05 06 07 08 085 10 11 12 13 14 15

The parameters of this linear dependence, calculated by the least square method, are found as
follows

a=(0,23+0,01)kQ
b=(0,71+0,01)kQ

It is obvious that the value of the parameter b depends on the unit of distance L. In this case,
values in (11) correspond to the parameters in (9).

(11)

PART 4
4.1 The results of the resistance measurements depending on the height of the second spoke in water
are shown in Table 3. In this case, to measure the height one has to make use of the scale of the
measuring glass, so as the units are milliliters.

Table 3

[,ml U,V |Ur,V | R, kQ
20 3,85 1,05 7,3
40 3,96 0,94 8,4
60 4,06 0,84 9,7
80 4,14 0,76 10,9

100 4,20 0,70 12,0
120 4,25 0,65 13,1
140 4,31 0,59 14,6
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160 4,35 0,55 15,8
180 4,38 0,52 16,8
200 4,40 0,50 17,6
220 4,44 0,46 19,3
240 4,47 0,43 20,8

The graph of this dependence is shown in the figure below.

1R EQ

25

0 50 100 150 200 250

4.2 Approximate distribution of currents in this case is shown in the figure on
the right.

4.3 In this case the distance between the spokes plays the role of the effective
length of a conductor, so the water resistance between the spokes in this case
is approximately linearly dependent on [, which is confirmed by the

experimental data. Additional resistance may be due to a limitation of I

currents near the tips of the spokes. :
Thus, this dependence is described by g
R,=al+Db. (12)

4.4 According to the obtained experimental data, the linear dependence holds at all distances I.
Deviations from linearity are possible at small and large values of I. However, in the range of values
| «[50,150] the dependence is definetly linear.
The parameters in (12), calculated by the least square method, are found as
a’'=(0,060+0,002)kQ2/ div.

b=(6,0+0,3)kQ

If the height h is measured in millimeters, then the valueof the coefficient a is
a=(0,071+0,002)kQ/mm . (14)

(13)
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Part5

5.1 In order to estimate the specific water resistivity it is preferable to use data from Part 4.The
linearity of the dependence obtained indicates that in the middle the stream lines are approximately
parallel to the vessel walls. It is also possible to assume that in this region the current flows through
the entire cross section of the vessel. Consequently, we can use the formula for the resistance
presented in this problem.

which makes it possible to evaluate its specific electrical resistivity

\Y;
_AR_p p=aS=a-".
Al S h,
On substituting numerical values we get
3 —6 143
e aV—°=O,O71 10_3Q 1200 10_3m ~830.m
h, 10°m 170-107m

If the resistance measurements were carried out inan ohmmeter mode of the

Grading scheme for Experimental Competition

the points for the measurement results are reduced by two times!

In the table below italics indicates grading for alternative solutions.

The obtained value of the slope (14) is the resistance of one millimeter of the water column,

)

(8)

multimeter, all

N Content total points
11 Resistance R, =2,0+0,1kQ 0,2 0,2
1.2 Formula (1) 0,3 0,3
2.1 Measurements of the experimental data and plotting the graph | 2,5
(reasonable values have been obtained for the resistance in the
range from 1 to 10 kQ. Otherwise no points are given)
Measurements made in the range that include more than 0,75
180 divisions of the scale (max-min);
in the range that includes more than 150 divisions; (0,5)
in the range that includes more than 100 divisions; (0,25)
less than 100 divisions; (0)
Number of experimental points: 10 and more; 0,75
7-9; (0,5)
5-6; (0,25)
less than 5 (0)
Resistance values are correctly calculated for each measured 0,25
point
Monotonically decreasing dependence is obtained; 0,25
the resistance changes at least 5 times;
resistance varies less than 5 times; 0)
Plot is made
- size of plot is not less than 1/4 of sheet; 0,1
- axes are denoted by units, digits are indicated,; 0,1
- all table data points are correctly drawn in a plot; 0,2
- smooth line passing through the points is shown; 0,1
2.2 Streamlines are shown in the figures 0,5
In the plane of the spokes: straight lines are perpendicular to 0,25
the spokes (slight distortion might appear near the bottom
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and the top of the vessel);
In the perpendicular plane: convex symmetric lines between 0,25
the electrodes filling most of the cross-section;
2.3 Form of dependence 0,8
- Inverse proportionality; 0,6
(otherwise no points are given)
- There is a constant component for the resistance; 0,2
24 Linearization and determination of parameters 1,2
Type of relationship:
- Dependence R(1/h); 0,2
- Dependence R™ (h) or in a double logarithmic scale; Egil)
- Other;
Plotting the graph of the linearized dependence
- All points are plotted; 0,2
- Smoothing line through the points is shown 0,2
- Correct evaluation of the parameters of the
linearized dependence
(200+£30%) kQ-div step, or (180+30%) kQ-mm
- if the deviation is of 30% to 75% - the grade is twice less;
- if there is a large deviation, no points are given) 04
- By using Least Square Method,; i
- By usi lot (or by using all points); 0.2)
yusingp oy gallp 0.1)
- By using two points; '
Calculation of the height measured in units of length (mm or
cm)
- Measuring and calculation of the division value of the scale 0,1
(correct) 0,1
- Calculation of the slope 0,1)
(if all the previous calculations in units of length)
3.1 Measurements and ploting of the experimental data (reasonable | 1,5
values for the resistances in the range of 0.5 to 2
kQ, otherwise no points are given)
Measurement of the distance between the spokes:
- An arc of a circle with calculations; 0,2
- Direct measurement by a ruler; 0,1)
- Measured in the range of 1 to 4 cm 0,3
- (Otherwise nopoints are given);
- Number of points — 6 or more; 0,3
- Number of points — 4 - 5; 0,2)
- Less than 4
An increasing convex relationship is obtained 0,2
Plot is made
- size of a plot is not less than 1/4 of sheet; 0,1
- units of axes are stated, digits are indicated,; 0,1
- all table data points are correctly drawn in a plot; 0,2
- smooth line passing through the points is shown; 0,1
3.2 Form of dependence 1
Logarithmic dependence 0,7
There is constant contribution in the dependence; 0,3
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Some other reasonable convex increasing dependence (0,3)
3.3 Linearization and determination of parameters 1
- Dependence R(InL); 04
- Other reasonable linearization in accordance with the formula 0.2)
3.2 ’
Plotting the graph of the linearized dependence
- All points are plotted; 0,1
- Smoothing line is shown; 0,1
Parameters:
(slope is in the range a=(0,2+30%) k<;
- if the deviation of 30% to 75% the grading points are twice
less;
- if there is a large deviation, no points are given) 0.4
- By using Least Square Method; (6 2)
- By using plot (or by using all points); (0’1)
- By using two points; '
4.1 Measurements of the experimental data and plotting the graph | 2,4
(reasonable values have been obtained for the resistance in the
range of 5 to 30 kQ. Otherwise no points are given)
Measurements are made in the range of more than 0,75
180 divisions of the scale (max-min);
in the range of more than 150 divisions; (0,5)
in the range of more than 100 divisions; (0,25)
less than 100 divisions; (0)
Number of experimental points: 10 and more; 0,75
7-9; (0,5)
5-6; (0,25)
less than 5 (0)
Resistance values are correctly calculated for each measured 0,2
point
Monotonically increasing dependence is obtained; there is 0,3
linear part in the plot
No linear part in the plot 0,1)
Plot is made
- units of axes are stated, digits are indicated,; 0,1
- all table data points are correctly drawn in a plot; 0,2
- smooth line passing through the points is shown; 0,1
4.2 Sketch of streamlines 0,3
Lines - start from the open end of the spoke; 0,1
- go straight up; 0,1
- are distributed along the length of second spoke; 0,1
4.3 Form of the dependence 0,4
- there is term proportional to I; 0,2
- there is a constant component; 0,2
(other than linear types of dependence are not accepted);
4.4 Linearity interval 0,1
- interval is shown (deviations near the ends of interval 0,1
measurement are allowed)
4.5 Parameters 0.8
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- Correct evaluation of the linearized dependence: the slope
((0,060+30%) kQ/div or (0,07+30%) ) kQ/mm
-if deviations are from 30% to 75% the grade pointa are twice
less;
- if there is a large deviation, no points are given) 0.6
- By using Least Square Method,; ((') 4)
- By using plot (or by using all points); (0’2)
- By using two points; '
- Constant component of the resistance:
- In the range 4 - 10 kQ 0,2
- In the range of 2 - 4 kQ or 10-12 kQ; 0,1)
- Otherwise no grade points;
5.1 The calculation of the specific resistivity of water
- Dependence from Part 4 is taken; 0,3
- Other reasonable dependence (with a correct formula for
the resistance); (0,1)
Equation (7) is used to calculate the resistance by using:
- The slope of the graph; 0,4
- (using 1 - 2 points for calculation); (0,2)
The calculation of the specific resistance (80 Q-m):
- Values in the range 60-100 Q-; 1,3
- Values in the range 40-120 Q-; (1,0)
- Values in the range 20 - 150 Q-; (0,5)
- Otherwise zero grade points.
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THEORETICAL COMPETITION
January 15, 2013

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
2. Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please ask
for it from Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which
will be evaluated should be on the Writing sheets. Please use as little text as possible. You
should mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
6. Begin each question on a separate sheet of paper.

7. Fill the boxes at the top of each sheet of paper with your country (Country), your student code
(Student Code), the question number (Question Number), the progressive number of each
sheet (Page Number), and the total number of Writing sheets used (Total Number of Pages).
If you use some blank Writing sheets for notes that you do not wish to be evaluated, put a large
X across the entire sheet and do not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed
to take any paper out of the room.
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Problem 1 (10 points)
This problem consists of three independent parts.

Problem 1.A Pulley (5,0 points)
The rope of length L and mass m is put on the pulley of radius R . The rope begins to slide off
the pulley without friction. Consider the time moment when the difference in height between the
hanging ends of the rope is equal half of the rope length. For this time moment find the following:
1. acceleration of the rope;
2. the tension of the rope at the top of the pulley;
3. the point of the rope at which the tension is maximum (it is enough to find the angle between
the radius to that point and the vertical).

Problem 1.B Assistant Vapor (2.0 points)
In the physical laboratory the thermometer reading was 20 °C, and the barometer reading was 1
atm. The laboratory assistant VVapor pulled out a sturdy vessel of the closet, poured some water
into it and sealed it with the lid. Then assistant Vapor slowly heated the vessel to the temperature
200 °C. At this temperature, the pressure in the vessel turned out to be 2,88 atm. Find the
temperature at which all the water evaporated. Justify your answer.

Problem 1.C Pyramid (3.0 points)
A regular triangular pyramid ABCD is made
of a transparent material with the refraction
index n=16. All angles at the top of the
pyramid are right. The base of the pyramid
forms a right triangle whose sides’ lengths

are equal a=2,0mm. The pyramid can be B A
thought of as "a corner cut off from the cube.”

The pyramid is homogeneously illuminated

such that the light falls along its height, D

perpendicular to the base plane.
1. Draw an area at the base of the pyramid illuminated by the light refracted in the plane ABC.
2. A screen is placed in parallel to the pyramid base at a distance of L =10 sm from it. Draw areas

illuminated by the light refracted by the pyramid. Specify the position and sizes of these areas.
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Problem 2 (10 points)
Square frame (10 points)
A square frame of side a=10.0sm is placed in a uniform magnetic field

of B=1.00x10"T generated by a permanent magnet. Completely neglect

edge effects, assuming that the magnetic field between the poles of the

magnet is uniform and is equal to zero outside of it. In all parts of the

problem assume that at the initial time moment the frame of mass

m =5.00g is at rest at the edge of the poles of the magnet, see figure. B V
1. [0.2 points] Redraw schematically the figure on the right to identify
which of the poles of the magnet is the north N and which is the south S.

=

Part A

Let the frame be made of a conductive material with the resistance R =1.00x10"0ohm and a
negligible inductance. At the time momnet t=0 the frame is subject to the constant force

F =1.00x107*N, which pulles the frame out of the magnetic field.

2. [1.2 points] Find an analytical dependence of the frame velocity Vv(t) on time t assuming that

the frame remains at all times between the poles of the magnet. Express your answer in tems of

B,a,m,R and t.

3. [0.8 points] Write down an exact equation to determine the time interval t, at which the frame

moves between the poles of the magnet. Express your answer in terms of B,a,m,R and t,.

Estimate t, .

4. [1.2 points] Draw a graph of the frame velocity v(t) on time t in the interval from 0 to 12s.

5. [1.2 points] Draw a graph of the frame current 1(t) on time t in the interval from 0 to 12s.
Part B

Let the frame be made of a superconducting material with the inductance of L =1.00x10"H, the
same mass and sizes. At the time momnet t =0s the frame is subject to a constant force which
pulles the frame out of the magnetic field.

6. [1.8 points] Find the minimum force F_,, with which the frame can be pulled out of the magnet.

Express your answer in terms of B,a,L and calculate its numerical value.

7. [0.6 points] At the assumptions of section 6 find the minimum time interval t, of the maximum

departure of the frame out of the magnet. Express your answer in terms of m, B, a, L and calculate

its numerical value.

8. [1.0 points] Draw a graph of the frame current 1 (t) on time t in the interval from 0 to 4t .
Part C

A square frame with sides a is made of a conductive material with the inductance L ,the resistance

R and the mass m. At the time moment t =0 the frame is given an initial velocity v, directed

exactly as the force in the figure above. It is known that at the time moment when the frame almost

leaves the magnet its velocity turns zero.

9. [2.0 points] Find an analytical expression for the frame current |, at the time moment when the

frame velocity turns zero. Express your answer in terms of B,a,m,L,R and v,.
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Problem 3
Bohr’s model of a hydrogen atom (10 points)
Consider a hydrogen atom, which consists of a proton, whose mass can be assumed virtually
infinite, and an electron of mass m_ =9.11x10'kg. The proton has a positive charge of

e =1.61x10"°Cl and the electron has a negative charge —e, so that the atom is totally neutral.
1. [2.0 points] It is known that most of the atoms are stable and can exist for a long time. This
means that the electron being in the hydrogen atom cannot be at rest since the attraction force
would inevitably make it fall onto the proton. Let the distance between the electron and the
proton be equal to r, =5.00x10**m/ Assuming that the laws of classical physics are applicable,

find the time t; that the initially motionless electron needs to fall onto the proton.

Hence, to guarantee the stability of the hydrogen atom, the electron must move around the proton
like the planets revolve around the Sun. Let the electron orbit be circular and assume again that
the laws of classical physics can still be applied.
2. [1.0 points] Find the electron velocity v as a function of the orbit radius r.
3. [0.5 points] Find the angular momentum L of the electron as a function of the orbit radius
r.
Danish physicist Niels Bohr postulated that the angular momentum of the electron is an integer of
the Planck constant % =1.05x10"* Jlx-c, that is L = n#, where n is the main quantum number.
4. [0.5 points] Find the possible radii r, of the electron orbits in the hydrogen atom.
5. [0.5 points] Calculate the numerical value of the minimum radius r, of the electron orbit in
the hydrogen atom.
6. [1.0 points] Find the possible values of the total energy E, of the electron in the hydrogen
atom.
7. [0.5 points] Calculate the numerical value of the minimum total energy E, of the electron in
the hydrogen atom.

According to classical electrodynamics, if the electron is accelerated, it loses its energy due to
electromagnetic radiation. The power of the radiation is given by

1 e%a?
3 1

6rg, C
where a is the electron acceleration, &, =8.85x10™*2 F/m is the dielectric constant, ¢ =3.00x10°

m /s is the speed of light in vacuum.
Electromagnetic radiation would lead to the fact that in the Bohr model the electron would fall
onto the proton. In the following assume that the electron orbit is almost circular.

8. [1.5 points] Assuming that at the time moment t =0 the electron moves in the orbit with the

radius r;, find the dependence of the orbit radius on time t.
9. [0.5 points] Find and calculate the time 7, that is needed for the electron to fall from the
orbit with the radius r, onto the proton.

10. [2.0 points] How many revolutions around the proton can the electron make during its fall
for the time interval z,?
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL
COMPETITION

Problem 1 (10 points)
Problem 1.A

Letliandl be the lengths of the hanging ends of the rope (I:<l2).Theni, — I, = %and.i1 +I,+7TR =1L
, fromwhichi, = %L - IR

1. Considertheropeaftera veryshorttimeintervalAtfromthemomentwhentheheightdifferenceof the
rope endsis h=1,—1, =§ to the moment when one end of the rope is displaced by the small

interval Ax.Sincethereisnofrictioninthesystem,
anyincreaseinthekineticenergyoftheropeshouldbeequaltodecrease  in  the potential energy.
Itcouldbeeasilynoticedthatthe displacementoftheropealongitselfisequivalenttoloweringofa
smallpieceoftheropeAxbytheheighth: )
ﬂmj = ?ﬁx - gh,
mzfg.;-; = ? vit - gh.
Hence,
R i
Ta 1977

2. Using similar approach as in section 1, an equation for the conservation of energy is written for
the right hand part of the rope (from the top point) considered for a small time interval At. Let

=1, + % R= % L bethelengthofthatpart, M = mI—L = % m isitsmass, T is thetension at the top point,

H=Il,+R= %L —R [3 — 1] is thedifference in heights between the top point and the lowest points

of the rope. Then:

AT = = Ax- gH —TAx,

Mva:=?v-gH—Tv,

3. Thesecondlaw of Newtonforthesmallpieceoftherope is writteninprojectiontothetangentline:
Amra=Am-gsina+ T, —T,,

If that small piece is chosen at the point with the maximum tension, then Ty = T, from which the

following can be obtained:

. vl 1
sina@ = —=_.
g =
e = 30°
Grading scheme for Problem 1.A
Ne Description Points
1. | Correct value of the acceleration 1
2. | There is a correct reasoning, some justification for the final answer 1
3. | Correctmethodtofind Tiopis presented 1
4. | Exact answer for Tiop 0,5
5. | Reasonable method to solve for a is presented 1
6. | Final answer for o 0,5
Total 5,0

Problem 1.B Assistant Vapor
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Air, closedinthevesselatthetemperatureof 200°C,exertsthe following pressure:
473 K

293 K
At the same temperature, the vapor pressure is2,88 — 1,61 = 1,27 atm. Then, the
vaporpressureatanytemperatureTwhen all water is vaporized is found as:

T T
P.,=127—= atm = — atm
e 473 373

LetP(T) be the temperature dependence of the saturated vapor pressure. Then, all water
isevaporated at the temperature, which is derived from the following equation:
T
P(T) = —— atm,
(N=373¢
Solution of this equation could be obtained even without further knowledge of the function
P(T). It is well known, that at P = 1 atm, T = 373 K = 100 °C. Thus, this checks the solution.

1 atm - = 1,61 atm

Marking scheme for Problem 1B:

Ne Description Points
1 Correct value for air pressure at T=200°C 0,5
2. Vapor pressure was found for any temperature T 0,5
3. ConditionforTvapwas written 0,5
4. Correct final answer 0,5
Total 2.0

Problem 1.C Pyramid

1. Considera beam, which falls down on one of the
sidesat the point, close to the top of the pyramid. The
angle of incidence of the beam on the facet is equal to
the angle between the lateral facet and the base of the
pyramid ZAEO =« . It is easy to prove geometrically T~

1 _Eq 70 VA BN
that cosa i thusa = 54,7°.
According tothe refraction law the angle Scan be N
written as follows:
sinﬂzsm—azl\/g.Thus,,B: 24,6°.

n n\3
Let us find the point F, where that beam falls on the base of the

pyramid. The height of the lateral facet is |AE| = % , pyramid’s

height|AO| = Bsing = E\/z =0,41mm.
2 2\3

Then, |OF| =|AO|tg(cr — )= 0,24 mm Finally, the point

sought is located at the distance

IDF|=|0D)| - JOF | = % —0,24mm = 0,91mm. The same point

J3
7

is located at a distance [EQ|= a73 —|DF|=0,82mm
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fromthemiddlepointofbase’sside Thus,the beam refracted by the facet BCF illuminates a triangle
at the base of the pyramid. Symmetrical triangles are illuminated by the other two facets (see figure
2).

2. Let usfindanangle y, of the beam after its refraction on the base of the pyramid. It follows
fromFigure 1 andthe refractionlaw that:

siny =nsin(a - )= n(sinozcos.ﬂ—cos.ozsin,B)z\/?/n2 —% —g. (1)

Numericalvalueofthisangleis y = 41°. As the beams, refracted by

one facet are parallel to each other, they illuminate similar regions
on the screen as they do at the base of the
pyramid.Theonlydifferenceisthatthose  triangular  regions are
displaced at the  distance r=_Ltgy =86cm.  Thus,
threesmalltriangularregionsareseenonthescreen, which are located at

the tops of the triangle of theside | =r+/3 =14,9cm.

Marking scheme for Problem 1C:

Ne Description Points
1 Light refraction law 0.2
2 Incidence angle on the facet of the pyramid 0.4
3 Location of pointF 1.0
4 Illuminated regions at the base of the pyramid 0.4
5 Outlet angle at the base 0.4
6 Illuminated regions at the screen 0.6
Total 3.0

Problem 2 (10 points)
Square frame

1. In physics, it is agreed that the magnetic field lines begin at the north pole and ends at the South
pole. Therefore, the drawing should look like this

2. Whentheframe is removedfromtheuniformmagneticfield,the induced emf can be found from the
Faraday law
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do d
& =———=——(Bax)=Bav(t). 1
dt dt( ) ® @)
On the other hand Ohm’s law is written as
e=1IR, (2)
Thus, we get the relation between the current and the velocity
Bav(t
Jopcs ©)

The frame is affectedbythe force that pullsthe frame back into the magnetic field.It
isfoundfromAmpere'slaw

242

F, (t) = Bal (t) _Bav(®) 4)

Thus, the equation of motion is written as
2,2
m dv(t) _E_ B a“v(t) ' (5)
dt R
Solutionofequation (5) with the initial condition v(0) =0is
FR B%a’

V(t) =——|1-exp| - t||. 6

(t) Bza{ p[ jors ﬂ (6)
3. Integrating (6) we get following relation

h FR mR B%a’

X(t)=|v(t)dt = ——| t+ ——| exp| — t|-1]]. 7

(t) !() Bzaz{ Bzaz[ p( — (7
When the frame leaves the magnetic field

X(t) =a, (8)
Thus, we get an equation fort,

mR B’a’ B’a’
t,+——| exp| — t, [-1|= . 9
| e - 1| ©

Equation (9) istranscendentalandcannotbesolvedanalytically. Toestimatet, wecansee from equation
(6) thatforthe characteristic time 7 ~ mR / B?a® the frame reaches the steady velocity v, = FR/ B*a®.
Weassumethatfrom 0 to z the framemoveswiththe constantacceleration w= F / m, then it moves with
the steady velocity v,. Hence, we get an estimate
wt?

2 _B%® L _MR
v, FR 2B’a
Note that numerical solution of equation (9) givest, ~10.5¢.
4. Afterthe t, theframe continues its motion with the constant acceleration w. At the same time the
speed should be a continuous function of time, so the time dependence is written as

t,~7+

~=10.25¢, (10)

2A~2
ﬂ1—exp —Bat , t<t
B%a? mR 0
v(t) = . (11)
Py ey

The corresponding graph is plotted as
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0 2 4 6 8 10 12
t.s

5. Whilethe frameisbetweenthe magneticpoles, thecurrent is determined by the equations (3) and
(6). After that, the frame current vanishesinstantaneously. Thus,

-Ewa%}BQZH,t<%
I(t)=< Ba mR : (12)

0, t>t,
The corresponding graph is plotted as
0.010

0.008 //
0.006 /
0.004 I
0.002 I
0

LA

0.000

2 4 6 8 10 12
ts

6. As in the previous part, when the frame is removed from the constant magnetic field,theemf (1) is
induced.There is anotheremfappearing due to the self-induction of the superconductive frame
di

&L= —La . (13)
Since the resistance of the superconductive frame is zero, Ohm's law for the frame becomes
Bav(t) - L% =0. (14)
Taking into accountthat | =0when x =0 e get from equations (13) and (14)
Bax
| =—. 15
) (15)
The corresponding force is given by
2,2
F, —Bal = 23X (16)
Thus,the equation of motion is written as
d?x B’a®
dt? L a7)

Expression (17) isan equation ofsimpleharmonicoscillationswith the frequency
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Ba

0 =——, 18
— (18)
that are performed near the new equilibrium position with the coordinate
FL
XO = W . (19)
Obviously, theforce F is minimal when
X, =al2, (20)
whence
2,3
F. = Bzi ~5.00x10° H. (21)
7. From previoussection 6, the frame reaches the edge of the magnet for a half period of oscillations,
thus
L LN ¥ VP 22)
w Ba

8. Solutionofequation (17) with the initial conditions x(0) =0, x'(0) = 0 is written as

x(t) = Pl (1 cosot) = 5 (1—cos wt). (23)
According to equatlon (15) the frame current varies as
I(t) = Bax(t) Bz?. (1-cosat). (24)

The correspondlng graph is p(!(g}ged as

/\
[\
| /
S\
W N\

0 5 10 15 20 25
ts

LA

9. Ohm's law for the frame is written as
dl

Bav — LEZIR’ (25)
and its equation of motion is as follows
m dv =-Bla. (26)
dt
Equations (25) and (26) can be rewritten in finite differences as follows
Ba’-Ll,=0R, (27)
mv, = Baa, (28)

where q is the charge flown through the circuit.
Solving (27) and (28) together, we obtain
_ B%a’-my,R

I, = 29
0 aBL (29)
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Marking scheme

Ne Description points

1 Properly set northern N and southern S poles 0.2 0.2

2 Eq (1) 0.2
Eq (2) 0.2
Eq (3) 0.2 1.2
Eq (4) 0.2
Eq (5) 0.2
Solution (6) 0.2

3 Eq (7) 0.2
Eq (8) 0.2 0.8
Eq (9) 0.2
Numerical value of t, 0.2

4 Eq (11) 0.2
Graphof v(t) : axis signed and digitized 0.2
Graphof v(t) : there is a part with a constant velocity 0.2
Graphof v(t) : there is a part with constant acceleration 0.2 12
Graph of v(t) : continuous 0.2 '
Graphof v(t) : correct numerical values 0.2

5 Eq (12) 0.2
Graphof I (t) : axis signed and digitized 0.2
Graphof I (t) : there is a part with constant current 0.2
Graphof I (t) : there is a part with zero current 0.2 1.2
Graph of I (t) : discontinuous 0.2
Graphof I (t) : correct numerical values 0.2

6 Eq (13) 0.2
Eq (14) 0.2
Relationship (15) 0.2
Quasi-elastic force (16) 0.2
Eq of motion (17) 0.2 18
Equilibrium point (19) 0.2
Condition (20) 0.2
Eq (21) for F,, 0.2
Numerical value F_;, 0.2

7 Frequency (18) 0.2
Eq (22) 0.2 0.6
Numerical value of t, 0.2

8 Eq (23) 0.2
Eq (24) 0.2
Graphof I (t) : axis signed and digitized 0.2 1.0
Graphof I (t) : two periods of current oscillation 0.2
Graphof I (t) : correct value of amplitude 0.2

9 Ohm’s Law (25) 0.2
Eq of motion (26) 0.2
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Eq (27) 0.7 2.0
Eq (28) 0.7
Expression (29) 0.2

Total 10,0

Problem 3 (10 pts)
Bohr model for hydrogen atom

1. We can use Kepler’s third law to find the free fall time of the electron onto the proton. Consider a
circular orbit of radius R, then the equation of motion of the electron can be written as
2 2
m (22| R=-1 & )
T 4re, R
whereT is the period of revolution.
Thus,Kepler's third law for the electron is given by
3 2
a 1 e
a__1 & @
T° 167°¢, m,
where a is the majorsemi-axisof an elliptic orbit.
Consider the free fall of the electron onto the proton as a motion along a very elongated ellipse with
semi-axes a =r,/2. Then,the free fall time of the electron equals to the half of this period

3 3
t = % - /7”;—‘?“0 —2.46x107V ¢, @3)
(5]

2. To find the dependence of the electron velocity on the orbit radius we again use Newton's second
law, which is now written in the form

vioo1 €
e T = o (4)
rAdus,r
which yields
2
vo |1 & 5)
4rey mr
3. The angular momentum of the electron is found from equation (5) as
m. re?
L=myvr= |—*—. (6)
4re,

4. Since, according to the Bohr model of the hydrogen atom the angular momentum of the electron
is quantized, that is L = n, From equation (6) we can get

Are,n°h?
- g, 2h . 7)
m.e
5. Fromequation (7) weseethatthe minimalradiuscorresponds tothe quantumnumber n =1, hence
dreh’ u
= meg.z =5.19x10""m. 8)

6. The total energy of the electron in the atom is the sum of the Kinetic and potential

energies. Takingintoaccountequation (5) wecanwritethetotalenergyofelectronin the following form

m2 2 2
Eomy et e ©)

2 Ams,r _87u90r '
Substituting the possible values of the orbit radii ofthe electron (7), we immediately obtain
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m.e*
E =————. 10
" 32xtelntn? (10)
7. Fromequation (10) weseethatthe minimaltotalenergycorrespondstothe quantumnumbern=1,
hence

LSNP PV (11)
Yo32rteint '
8. The total energy of the electron (9) is spent on the emission of electromagnetic waves
dE
= __p. 12
m (12)
From the equation (9) and (12) we get
dr(t) e’
r(t)2 __ _ 13
® dt 127°gimzc? (13)
By solving equation (13) with the initial conditionr(0) =r,, we get
3 e’
r(t) =3/’ ——————=t. 14
® \/ ! 4712502m:(:3 (14)

9. The fallingtime 7, is found from the condition r(t) = 0. By substituting this into equation (14)

_Ar'miglc’’  2567°sc’h’
e4 meelo

10. |For a short time interval dt the electron makes a turn by theangle d¢, defined as

=1.44x10"¢. (15)

2]

do=Ydt. (16)
r

Bysubstituting the velocity from equation (5) and dt from equation (13), we find

3/2

3
dgp:_%ﬁdr. (_’]_7)

Total angle of rotation is found by the integration fromr; to zero

n

0 3 3/2 3 3/2 3,.3-323
4 2
(p=.|.d¢=J.6C (nrr;ego) Jrdr = c (ﬂmgé‘orl) _32z 8606 h | (18)
e e

n 0
Thus, the total number of revolutions is equal to
2 3.313
N =2 1OTECH g 96,108, (19)
2 e

Marking scheme

No Description points
1 Eq (1) 0.5
Eq(2) 0.5
Eq(3) 0.5 2.0
Correct numerical value of t, 0.5
2 Eq (4) 0.5 1,0
Eq (5) 0.5
3 | Eq(6) 0.5 0.5
4 Eq (7) 0.5 0.5
5 Correct numerical value of r, 0.5 0.5
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6 Eq (9) 0.5 1.0
Eq (10) 0.5

7 Correct numerical value of E, 0.5 0.5
8 The conservation law (12) 0.5

Eq (13) 0.5 1.5
Eq (14) 0.5

9 Correct numerical value z, 0.5 0.5
10 Eq (16) 0.5

Eq(17) 0.5 2.0
Eq(18) 0.5
Correct numerical value N 0.5

Total 10,0
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EXPERIMENTAL COMPETITION
16 January, 2013

Please read the instructions first:

1. The Experimental competition consists of one problem. This part of the competition lasts 3 hours.
2. Please only use the pen that is provided to you.

3. 'You can use your own non-programmable calculator for numerical calculations. If you don’t have
one, please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper for
drafts of your solutions but these papers will not be checked. Your final solutions which will be
evaluated should be on the Writing sheets. Please use as little text as possible. You should mostly
use equations, numbers, figures and plots.

Use only the front side of Writing sheets. Write only inside the bordered area.

Fill the boxes at the top of each sheet of paper with your country (Country), your student code
(Student Code), the question number (Question Number), the progressive number of each sheet
(Page Number), and the total number of Writing sheets (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be evaluated, put a large X across
the entire sheet and do not include it in your numbering.

7. Atthe end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to
take any paper or equipment out of the room
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Advertising tricks [15 points]

Equipment: Laser, tripod with the clip, collecting lens [ 1 ] %}

on a stand, cardboard screen, graph paper, two guide

rulers, measuring ruler, plate with three optical elements:

1. Fresnel mirror (square piece of foil with applied A A 3
rings);

2. Glossy reflective stripe. O’

3. Plastic refractive element (orange piece of material
covering the hole)

Turn on the laser only when you take measurements!
The wavelength of the laser beam is 4 =680nm.

Part 1.1 ens

In this part of the problem the laser beam deflection angle from the optical axis should be
considered small.

Place the lens on the stand between the guide rulers
such that it could be moved in parallel to itself. Fix the
laser in the tripod clip. Attach the cardboard screen to Lens
the laser. Direct the laser beam at the lens center such AxI \
that the reflected beam is clearly visible on the screen.

Ensure that the reflection is approximately backward. X

When the lens is displaced along the guide rulers the
reflected spot moves across the screen. Note that the

spot gets diffuse, that is why take measurements of the L
spot center.

1.1 For both surfaces of the lens, measure the dependence of the displacement Ax of the reflected
laser beam on the displacement x of the lens. Plot graphs of the corresponding dependences.
1.2 Using the data obtained, determine the radii R, and R, of the two surfaces of the lens.
1.3 Place the screen at a certain distance L behind

the lens. Measure the dependence of the
displacement Ax of the refracted laser beam on the i

lens displacement x. Plot the corresponding graph. i
X \
e

1.4. Using the experimental data obtained,
determine the focal length of the lens. \
1.5 Calculate the refractive index n of the lens

material. Evaluate the experimental error of the v
refractive index.

Hint: You can use the following formula for the focal length F of the lens

1 1 1
Feo-s(ge )

In the following parts of the problem estimation of errors is not required!
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Part 2. Fresnel mirror

Using a piece of plasticine attach the plate with the optical elements to the lens, i.e. use the lens as a
stand only.

Place the lens with the plate between the guide rulers such that the laser beam directly hits the Fresnel
mirror. Place the laser with the screen at a distance of 15-20 cm from the mirror. Carefully adjust
your installation such that the laser beam moves along the mirror diameter when the mirror itself is
displaced. You should see the diffuse reflected spot which should move almost horizontally at the
level of the incoming laser beam when the mirror is slightly displaced.

The Fresnel mirror is a set of concentric rings whose radii vary with the number k, counted from
the center, according to the law

e = K’ 1)
In this part of the problem deflection angles cannot be considered small.

2.1 Measure the displacement of the center of the reflected spot Ax, as a function of the mirror

displacement x. Plot the graph of the sine of the reflection angle as a function of the mirror
displacement.
2.2 Estimate y in formula (1).

Part 3. Glossy reflective stripe

Direct the laser beam onto the glossy reflective stripe 2. You can observe a few reflected beam on
the screen.

3.1 Make a guess on the structure of the glossy reflective stripe that could explain the observed pattern
of the reflected beams. Calculate the numerical values of the parameters of this structure.

Part 4. Plastic refractive element

Direct the laser beam on the hole with the plastic orange element. This element has a three-
dimensional structure. Place the screen behind this element, you should see a number of bright spots
in the transmitted light.

4.1 Make a guess on the structure of this element that could explain the observed pattern of the
reflected beams.
4.2 Estimate the refractive index of the material from which this optical element is made of.
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SOLUTION FOR THE EXPERIMENTAL COMPETITION

Advertising tricks
Part1. Lens

1.1-1.2 The figure on the right shows the path of the -
laser beam reflected from the lens surface. It is seen
that the reflected beam makes the angle 2« to the
lens axis, where y 20

a=2, ) | X T

R g 0
R is the radius of the lens surface and O is the
center of curvature.  Consequently, the
displacement of the reflected beam on the screen is
given by

AX:ZaL:Z—Fl'x. (2

Thus, the slope on the graph showing the laser beam displacement Ax aganst the lens
displacement x determines the radius of the surface curvature. To find the slope it is not necessary to
accurately determine the position of the surface center, i.e. the reference point can be chosen arbitrarily.

Table 1 shows the measured beam displacement for the two surfaces of the lens. The
measurements have been made for L=22cm. The graphs of the obtained dependences are also
presented.

Table 1 Ax,cm
Side 1 Side 2
X,cm | AX,cm X,cm | AX,cm
23,5 9,5 23,0 9,0
23,2 7,3 22,7 6,5
23,0 6,0 22,5 5,0
22,7 4,3 22,2 3,5
22,5 2,5 22,0 2,0
22,2 0,7 21,7 0,3
21,9 -0,7 21,5 -1,0
21,6 -3,0 21,2 -2,5
21,2 -5,5 21,0 4,5
21,0 -7,0 20,7 -6,0
20,7 -9,0 20,5 -7,5

20,0 21,0 22,0 23,0 24,0

The slopes are preferably calculated by the least square method. The radii are calculated by the
formula which follows from equation (2):

k=2 o gr-2L ©)
R K
Numerical calculations lead to the following values:
For the first side of the lens K,=651+014; R, =(6,76+0,14)cm

For the second side of the lens K,=64%0,2; R, =(6,9+0,2)cm
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1.3-1.4 The figure on the right shows the path
of the laser beam after refraction in the lens. It A
follows from the similarity of the triangles L

X
that ézA—LX. Therefore6 the dependence of =~ R

the laser beam displacement on the lens

displacement is given by v
L
AX=—X. 4
= 4

Table 2 shows the results of epy measurements carried out for L =15cm. The corresponding graph is
plotted in the figure on the right.

Table 2 ?
x,cm | Ax,cm 21
21,0 2,0 b
20,5 0,8 0
20,0 0.3 N X, cm
19,5 1,3
19,0 2,0 21
18,5 3,3 31
18,0 42 4

-5

175 180 185 190 195 200 205 210 215

The slope of the dependence is calculated by the least square method K, =2,03+0,10. Accordingly,
the focal length of the lens is found as

F=K£=(7,4i0,4)cm. (%)
3
1.5 The refractive index of the lens can be calculated from the formula for the focal length
1 1
B E 7,4 -
n=1+ 1 1 =1+ 1 1 ~15.

- +7
R, R, 6,76 6,9
Experimental error turns out to be An~0,2.

Part 2. Fresnel mirror

Fresnel mirror can be considered as a diffraction grating with the varying period. If the radii of the
rings depends on the consecutive number from the center as

r, =rk’, (6)
then ,at large k the distance between the rings is found as

Ar =1,k +1) —k7 )= roky((1+%)y —1j ~ k. (7)

This quantity can be treated as the grating period d . To process the experimental data it is necessary

to express the grating period through the distance to the mirror center. It is derived from equation (6)
that
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- (Lj ®)
rO

Therefore, the grating period varies with the distance as
7-1

r 4
d=yr| — . )
r0
Experimentally, this dependence can be obtained using the formula of the diffraction grating
dsinp=A1. (10)
Therefore, the sine of the deflection angle depends on the mirror displacement as:
1y
sin(p:§:Cr7. (11)

In the experiment it is possible to measure the dependence
of the reflected beam displacement Ax on the distance r
measured from the point of laser beam to the mirror center. Ax ®
Since the deflection angles in this case can not be considered
small, the sine of the deflection angle ¢ should be calculated L

according to the formula I R 4
AX (12)

sinp=————.
J(AXY + 12
Table 3 shows the results of the measurements of the laser beam displacementon Ax the distance r.
The same table shows the calculated values of the sine of the deflection angles. The graph on the right
represents a plot of the sine of the deflection angle as a function of r.

Table 3 o Sm @

r.em | Ax,cm | sing S U U SO W
0,7 11,0 0,497 04

0,6 10,0 0,463 03

0,5 8,5 0,406 02

0,4 6,0 0,297 01

0,3 5,0 0,253 0.0

0,2 4,0 0,207 01

0,1 3,0 0,159 zj

-0,2 2,5 -0,127 y

-0,3 4,0 -0,201 _0:5

-0,4 6,5 -0,321 Py

-0,5 -8,0 -0,385 06 05 04 03 02 01 0 01 02 03 04 05 06 07

Since the obtained dependence is close to linear, in accordance with the general formula (11) the
coefficient yis found from the figure to be 0,5.

Part 3. Glossy reflective stripe

In the reflected light at least five of the reflected beams are visible. One is at the center and four are at
the corners of a square. Such a pattern can be explained by the two-dimensional diffraction grating.
The diffraction angle is approximately measured to be equal 45 degrees. Hence, the grating period is
found to be
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A 680-10°m
d = - =
sin 45° Q

2

~9,6-10"m.

Part 4. Plastic refractive element

When the laser beam passes through the plastic element six spots
are clearly seen on the screen. They are located at the vertices of
a regular hexagon. Such a pettern is explained by the refraction
of laser beams on the facets of the regular pyramids. Base of the
pyramids fill the plane forming a hexagonal structure.

If the screen is placed at a distance L =6,5cm, then the side

length of the hexagon is equal a =4,5cm. The same distance is

measured from the center of the regular hexagon. These data
allow us to calculate the sine of the deflection angle of laser
beam

sinag = —2 =0,57.
va® + L
In the problems of the theoretical competition the following formula for the deflection angle was
derived

. \F/z 2 2
siny=_[=./n“—— ——,
3 3 3

which can be used to calculate the referaction index to be n=151.

Grading scheme

Part 1. Lens (6)
11 Measurements:
- L is stated; 0,2
- 7 or more data points; 0,7x2
- (4-6 data points); (0,3x2)
- (less than 4 data points); 0
Graphs:
- axis ticked and digitized; 0,1
- all the experimental points are plotted; 0,1x2
- line smoothing is carried out; 0,1x2
1.2 Calculation of the radii:
- dependence (2); 0,1
- Eq. (3); 0,1
- slopes are calculated :
- by using Least Square Method; 0,3x2
- (by using the graph); (0,2x2)
- (by using two points on the graph); (0,1x2)
Calculation of radii:
- range 6,5 -7,5 cm; 0,2x2
- (range 5-9 cm); (0,1x2)
- (out of range 5-9 cm); (0x2)
1.3 Measurements:
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- L is sstated; 0,2
- 5 or more data points; 0,5
- (3-4 data points); 0,3)
- (less than 3 data points); (0)]
Graphs:
- axis ticked and digitized; 0,1
- all the experimental points are plotted,; 0,1
- line smoothing is carried out; 0,1
1.4 Measurement of the focal length:
- Eq. (4); 0,2
slopes are calculated :
- by using Least Square Method; 0,3
- (by using the graph); 0,2)
- (by using two points on the graph); 0,2)
Measurement of the focal length:
-range 7 -8 cm; 0,4
- (range 6-9 cm); 0,2)
- (out of range 6-9 cm); (0)]
1.5 Calculation of the refraction index:
- Eq. to find index of refraction; 0,1
- numerical value is in the range of 1,45-1,55; 0,5
- (range 1,35 - 1,65); 0,2)
- (out of the range 1,35 - 1,65); (0)]
- error estimation; 0,2
Part 2. Fresnel Mirror (4)
2.1 Measurements:
- L is stated; 0,2
- 7 or more data points; 0,8
- (4-6 data points); 0,4)
- (less than 4 data points); 0)
Eq for the sine of the angle; 0,1
Values of sines are calculated ; 0,2
Approximately linear relationship; 0,5
Graphs:
- axis ticked and digitized; 0,1
- all the experimental points are plotted,; 0,1
- line smoothing is carried out; 0,1
Method to find y:
- the idea of a diffraction grating : 0,3
- dependence of the grating period on the distance to the center (9); 04
- dependence of the sine of the deflecrtion angle on the distance to the
center (11); 0,4
The value obtained for y:
- by using linear dependence on the sine of the angle; 0,3
- by using other reasonable way; (0,2)
1
4 5 0,5

(0,2)
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- range 0,3-0,7; 0)
- out of range 0,3 -0,7;

Part 3. Glossy reflective stripe. 2
- obtained more than 5 spots on the screen; 0,4
- (obtained 5 spots on the screen); 0,3)
- (obtained 3 spots on the screen); (0,2)
Structure of the diffraction grating:
- two-dimensional, 0,5
- (onde-dimensional); (0,3)
Deflection angles of the beams are measured,; 0,4
The formula to calculate grating period; 0,2
Calculated grating period (1 pm);
- error less than 10%; 0,5
- (in the range 30%); 0,2)
- (out of the range 30%); (0)

Part 4. Plastic refractive element. 3
- 6 spots on the screen are obtained; 0,5
Structure - pyramid; 0,5
Filling the plane (with a hexagonal structure); 0,5
Eq to find the refraction index; 0,5
Measured deflection angles of the beams are meausered; 0,5
The numerical value of the refraction index:
- numerical value in the range of 1,45-1,55; 0,5
- (in the range 1,35 — 1,65); 0,3)

- (out of range 1,35 - 1,65);

(0)
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THEORETICAL COMPETITION
January 14, 2014

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please
ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which
will be evaluated should be on the Writing sheets. Please use as little text as possible. You
should mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
Begin each question on a separate sheet of paper.

7. Fill the boxes at the top of each sheet of paper with your country (Country), your student
code (Student Code), the question number (Question Number), the progressive number of
each sheet (Page Number), and the total number of Writing sheets used (Total Number of
Pages). If you use some blank Writing sheets for notes that you do not wish to be evaluated,
put a large X across the entire sheet and do not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed
to take any paper out of the room.



X International Zhautykov Olympiad/Theoretical Competition Page 2/5

Problem 1 (10 points)
This problem consists of three independent parts.

Problem 1A (3.0 points)
Steam engine consists of a vertical cylindrical
vessel, in which a piston can move without
friction. There is some water in the vessel
with an electrical heater located inside. Steam
engine cycle consists of four stages, as shown
in the figure on the right:
1. A load is placed on the piston, the heater is
switched on making the water boiling and the |7
vapor lifts up the piston with the load.
2. Once the piston has risen to some height, I I
the load is quickly removed and the heater is
immediately switched off.
3. The vapor under the piston cools down and condenses, the piston moves down slowly .
4. Once the piston has come down to some other height, the load is again put on the piston.
Draw a (P,V) diagram schematically showing the cycle of the steam engine and find its
efficiency.
The atmospheric pressure is P, =1.0-10°Pa, the piston mass is M = 2.0kg, the piston area is

1 2

S =10cu?, the load mass is m=1.0kg, and the free fall acceleration is g =9.8m/s*. Assume
that there is nothing under the piston except for the water vapor, and the dependence of the
pressure of the saturated water vapor in the temperature range under consideration is
approximated by the formula P =at-b, where a=4,85kPa/K, b=384kPa, t is the
temperature in degrees Celsius.

Problem 1B (5.0 points)

In the circuit shown in the figure on the right, all the electrical r R
components are ideal and their parameters are assumed to be given. B R
Before switching on the key, the capacitor has been discharged. Find an

amount of heat releasing in the resistor R after the key has been switched .=
on.

'
=
ql

Problem 1C (2.0 points)
Thin lens gives an image of the object, located perpendicular to its optical axis. The image size is
1 cm. If the distance from the object to the lens is increased by 5 cm, the image size remains 1
cm. Find the image size if the distance from the object to the lens is increased by another 5 cm.

Problem 2 Jet propulsion (10 points)
In a rocket engine thrust is created by the release of products of fuel combustion in the direction
opposite to its motion. It is, of course, natural that the
mass of the rocket decreases in the acceleration
process. This idea was first proposed by the great
Russian scientist K. Tsiolkovsky to implement the
motion of objects in a vacuum, for example, in outer
space. Nowadays space flights have become habitual.
It is widely known that the space launching site,
Baikonur, is situated on the territory of Kazakhstan.
The first satellite and the first cosmonaut, Yu. Gagarin,
were sent into space from Baikonur which is now a
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complex of high-tech facilities intended to launch manned spacecraft into space, in particular, to
the International Space Station.
Classical rocket
Let a rocket have an initial mass m; and let a fuel velocity relative to the rocket be

constant and equal u. Assume that at the initial time moment the rocket is at rest in the
laboratory frame of reference and no external force is present.
1. [0.5 points] Find the rocket velocity v as a function of its mass m. This formula is called
after K. Tsiolkovsky. Express your answer in terms of m,m,,u.
2. [0.5 points] An object of mass m =1000Kkg is required to be accelerated to the orbital velocity.
Evaluate the initial rocket mass m, if the free fall acceleration is g = 9.80m/c? and the radius of
the Earth is R =6400km and u =5,00km/s.

Let a rocket move in the gravitational field of the Earth. The free fall acceleration g is
assumed to be constant, whereas the fuel consumption «(t) =—dm(t)/dt may depend on time.

3. [0.75 points] Write down the equation of motion of a rocket in Earth's gravitational field. This
equation is called after I. Meshcherskij. Express your answer in terms of m,v,u, g, x.

Assume in the following that the fuel exhaust velocity u is directed parallel to the free
fall acceleration g , and the initial velocity of the rocket is zero.

4. [0.75 points] Find how the fuel consumption g (t) should depend on time t in order for the
rocket to hung motionless at some height. Express your answer in terms of m,,u, g,t.

Assume now that the fuel consumption 4 is also constant over time such that x> gz (t).
5. [2.0 points] In this case the rocket velocity dependence on time t can be represented as

v(t) = At+ A In(L+ At),

where A, A,, A, are some constants.
Find A, A,, A, and express them in terms of my,u, g, .
6. [1.0 points] Suppose that the initial mass of the rocket is equal m,, and the final mass is to be
m . Find the maximum height H__ that the rocket can reach and determine the corresponding
optimum fuel consumption . Express your answer in terms of m,,m,u, g.

Relativistic rocket

In the previous part of the problem it has been assumed that the rocket moves with a
nonrelativistic velocity. To implement interstellar travels it is necessary to accelerate the rocket
to the speed close to that of light and, then, relativity effects cannot be ignored at the
calculations.

To establish the characteristic features of the rocket motion in a relativistic case, we
introduce the concept of the proper frame of reference. The proper frame of reference is an
inertial frame of reference which moves with the speed of the rocket itself relative to the
laboratory reference frame, i.e. it is the reference frame in which the rocket is at rest at any given
time.

7. [2.5 points] Find the relation between the rocket acceleration in the proper reference frame a,

and its acceleration in the laboratory frame of reference a, when the velocity of the rocket is v,
and c stands for the speed of light. Express your answer in terms of a,a,v,c.

8. [1.5 points] Let the rocket be at rest at the initial time moment. Then, using the results of the
previous question it can be shown that at any time moment the rocket mass in the proper
reference frame is related to its speed in the laboratory reference frame as

e (1—v/cj“
“\l+vic)

Find « and express it in terms of u,c.
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9. [0.25 points] An object of mass m =1000Kkg is required to be accelerated to half the speed of

light v=0.5c where the speed of light is ¢=3.00-10°m/s. Evaluate the initial rocket mass
together with the fuel m, and write it down as a power of 10, if the fuel exhaust velocity is

u =>5,00km/s.

10. [0.25 points] It can be shown that from the practical point of view the best rocket is the one
that exploits photons rather than hot gases produced at the fuel combustion. An object of mass
m =1000Kkg is required to be accelerated to half the speed of light v =0.5c. Evaluate the initial
rocket mass together with the fuel m,.

Problem 3 Metamaterials (10 points)

Metamaterials are composite materials whose properties are due
not so much to the properties of its constituent elements but due
to artificially tailored periodic structures. Metamaterials are
synthesized in modern nanolaboratories by implantation different
periodic structures with a variety of geometric shapes into the
original natural material, which substantially modifies its
physical properties. In a very rough approximation, those
implants can be treated as artificially made atoms of extremely
large size immersed into the original material. While synthesizing
the metamaterial Ddveloper has the opportunity of varying
various free parameters (structure sizes and constant or varying

period between them, etc.).

In one nanolaboratory the metamaterial has been manufactured in the form of a wire of
the length L =5.00cm and radius R =1.00mm, whose conductivity depends on the distance
from its axis according to the law o, = fr. Physical properties of the wire have been

experimentally measured and are presented in the following table:

PHYSICAL PROPERTY NUMERICAL VALUE
Conductivity o, = Ar B =1.00x10°S / m?
Heat transfer coefficient a=20W /(m?-K)
Thermal conductivity coefficient xk=0,0lW /(m-K)
Young's modulus E =1.00x10"Pa
Linear expansion coefficient 7 =1.00x10°K™

1. [1.0 points] Find an analytic formula for the total resistance R, of the wire, and calculate its

numerical value.
An electric current | =14 is made to pass through the wire. It is known that the heat
exchange with the environment obeys the Newton-Richman law,
Pext = a(Ts _TO) '
where P,, stands for the power loss per unit surface of the wire with the surface temperature T,
T, =293K denotes the ambient temperature and « is a constant, called the heat transfer

coefficient.
2. [1.0 points] Find an analytic formula for the surface temperature T, of the wire and calculate
its numerical value.

The wire temperature varies with the depth due to the phenomenon known as thermal
conductivity, which is described by the Fourier law
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where P designates the power of the heat flow between the opposite faces of the parallelepiped
with the square S, AT is the temperature difference between the faces of the parallelepiped
situated at a distance Ax from each other, and « is called the heat transfer coefficient.
3. [2.5 points] Find an analytic formula for the temperature T, in the center of the wire, and
calculate its numerical value.
4. [0.5 points] Find an analytic formula for the change oR; of the wire radius due to its thermal
expansion and calculate its numerical value.

Attention! In all further calculations assume that the wire is infinitely long.
5. [0.5 points] Find an analytic formula for the magnetic induction inside the wire as a function
of the distance r from its axis.
6. [1.0 points] Find an analytic formula for the energy of the magnetic field inside the wire, and
calculate its numerical value.
7. [1.0 points] The electric current causes an appearance of mechanical stress in the wire. Find
an analytic formula for the pressure p(r) inside the wire as a function of the distance r from its
axis.
8. [1.0 points] Find an analytic formula for the mechanical stress energy W_ of the wire, and
calculate its numerical value.
9. [1.0 points] Find an analytic formula for the change J6R_ of the wire radius due to its
mechanical stress, and calculate its numerical value.
10. [0.5 points] Find the value of the thermal expansion coefficient » such that the total change
of the wire radius would be zero when an electric current was passing through it.

Help! The value of the magnetic constant is w4, =47 -107" I'n/ m.
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL

COMPETITION
Problem 1 (10 points)

Problem 1A (3 points)
In the first stage boiling occurs at a
constant pressure, hence at a constant temperature. P
Likewise, in the third stage condensation takes
place at a constant pressure and temperature. The
second and the fourth stages can be considered as
adiabatic. Schematic (P,V) diagram of the steam
engine cycle is shown in the figure on the right.
Since this cycle is composed of two isotherms and
two adiabats, it is, thus, simply the Carnot cycle.
Therefore, its efficiency is found as 5 5 5 5 5 5
Y LY ()
Tl

where T, is the boiling temperature in the first

stage of the cycle, and T, is the condensation temperature in the third stage of the cycle.

The corresponding temperatures are found from the approximate formula for the saturated
vapor pressure provided at the formulation of the problem.
The first stage of the cycle happens at constant pressure

(M +m)g

..............................................................

V

P=P+ ~1,3-10°Pa. (2)

The vapor temperature is the temperature of the water boiling point and is equal to
P +b 130+384

t, ~106°C = 379K . (3)
a 4,85
The temperature difference in formula (1) is conveniently evaluated as
Tl—TZ:—Pl_P2=@:ﬂz4,2K. (4)
a Sa 485
Thus, the efficiency of the steam engine is 77 = Lol 42 11%.
T, 379
Grading scheme

No Content Points

1 1 and 3 stages are isobars and isotherms 0,25

2 2 and 4 stages are adiabats 0,25

3. The cycle is identified as a Carnot cycle 1,0

4. Correct cycle diagram 0,75

5 Formula (1) for the efficiency of the Carnot cycle 0,25

6. Formulas (2) and (4) 0,25

7. Correct numerical value for the efficiency 0,25
Total 3.0
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Problem 1B (5 points)

The first solution. r

Consider the left part of the circuit. Its load characteristic 2 + 7
(dependence of U against 1)) is the straight line corresponding to an

. : £ r T T H U

equivalent source with the parameters g, = > I, = 5 & T

For the equivalent circuit P

Iy R
eT C
T

2

: C : : :
the total released heat is found as Q, = £ Inthe resistor R the released heat is obtained from the

simple proportion as

The second solution.

The Kirchhoff set of equations has the following form r R
— 1
e=1r+1,r — | —=
1, I
q +
I,r=IR+— — ,.H =1
C & “] C |-
L=1+1, 2
I =

Eliminating 11 u 12, we obtain the relation

I(R+Lj+g:£,
2) C 2

and multiplying it by I we get

4 2
.2(R+£j:£._ﬂ:£q_2ﬂ:i 2_4)
2) 2 CcC 2 2C dtl 2 2C

Hence
r__R 1(8_‘1_‘1_2)

R+rdt 2 2C
and, thus,
w PRNLICD)
I2Rdt = Rr(g—q—q—}
) R fl2 2

2 a(0)

On substituting q(0) =0 and g(«)=C % we finally obtain
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RC&?

Q= IR1an)

Grading scheme

|. Direct solution

No Content Points
1. There is a correct set of equations allowing to obtain the answer —
1.0; 1.0
if there is an error in the set or it is not complete — 0.
2. Correct expression for the current in the resistor R or/and for the 10
charge of the capacitor '
3. Correct expression for the derivative of the square of the current
in R, or correct dependence I(t) 30
For manipulating errors — 1.0 points of 2.0 '
Propagation error is not accepted
4. | Correct formula for Q :jIZRdt 1.0
Total 5.0
I1. Solution with the equivalent source
Propagation errors are not accepted
Ne Content Points
1. Idea: to change the left part of the circuit by an equivalent source 10
and to apply the energy conservation law '
2. The parameters of the equivalent source
2.1 Two of the following statement are present:
1. No-load voltage €/2
2. Short circuit current €/r
3. Internal resistance is the parallel connection of two resistors r
or
the dependence U(l) is obtained 1.0
2.2 It is found that: €0 = €/2, ro = r/2 (o 0.5 for each)
(Justification of the equivalent circuit is not required) 1.0
3. Total released heat in the equivalent circuit 1.0
4, Correct answer 1.0
Total 5.0

Problem 1C (2 points)
It is known that the beam, passing through the focal point of the lens, goes parallel to the optical
axis of the lens after refraction. Therefore, all the objects, shown in the figure, give the images of
the same size, i.e. the lens magnification is inversely proportional to the distance from the object to
the focal point.
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I r

Figure 1 Figure 2

It is clearly seen from figure 2 that in the case of the diverging lens it is impossible to get the same
image size at different positions of the object, so the lens is necessarily converging.

A
. S5em . 5cm
F A
\J
Figure 3

Positions A and B of the object, which are arranged symmetrically with respect to the focal
point of the lens, result in the same image sizes (see figure 3). If the object is moved away by
another 5 cm, then it will be located in the position C, in which the image of the same size would
have been obtained by a three times larger object, so the image of the object is to be three times
smaller. Answer: 1/3 cm.

Grading scheme

Ne Content Points
1. Correct answer 1.0
2. Correct justification of the correct answer 1.0
3. There is an error in the application of the lens formulas -0.5
Total 2.0

Problem 2 Jet propulsion (10 points)

1. Consider the rocket motion in the proper reference frame, i.e. the inertial reference frame which
moves with the speed of the rocket itself relative to the laboratory reference frame. In the proper
reference frame the rocket is always at rest at any given time. Let a rocket have mass m at the rime
moment t and throw away some fuel of mass dm with the velocityu. As a result the rocket
velocity changes by dv and the conservation of the momentum can be written as

mdv —dmu =0. (1)

In classical mechanics, the change in the rocket velocity in the laboratory reference frame
must coincide with the change in rocket velocity in the proper reference frame by virtue of the
Galilean transformations. Therefore, solving equation (1) with the initial condition m=m, at v=0,

we obtain the formula named after K. Tsiolkovsky
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v=uln [ﬂj : (2)
m
2. It is known that the orbital velocity at the Earth's surface is
Vi =+ gR, 3)
then from equation (2) the initial mass of the rocket is found as
Xj _ 4.87x10%kg. (4)
u

3. If an external force F is exerted on the rocket, then, in the proper reference frame the total
momentum of the system does change, and equation (1) can be rewritten as

m0=mexp(

mdv —dmu = Fdt, (5)
or, using the notation x=-dm/dt, we obtain
dv
m—=F —uu. 6
m H (6)

By virtue of the relativity principle, this equation does not change its form in any inertial frame of
reference and it is called after 1. Meshcherskij.
On substituting F =mg, we finally obtain

dv
m—=mg—uu. 7
™ g-u (7)

4. Since the rocket should hung motionlessly at some height, we assume that v=0. Substituting
v =0 in equation (7) and differentiating it over time, we get

du
—p1g=——U. 8
1Y = (8)
Using the initial condition x(0) =m,g/u, we finally find
m t
) =Lgexp[—g—j . ©
u u
5. Substituting v(t) = At+ A, In(L+ At) and m=m, — x4t into equation (7), one gets
A=-0, (10)
A =-u, (11)
y7]
= 12
A= (12)

6. The rockets achieves its maximum velocity if the fuel burns out almost instantaneously, and, at
the same time, the work done by the gravity force, turns out minimal. Thus, the optimal fuel
consumption is

P (13)
Since the gravity force does not have time to affect the rocket velocity, it turns possible to
use the Tsiolkovsky formula (2)

v:ulnﬂﬂ). (14)
m
Hence, the maximum height of the rocket is
2
Hmax :u_an(ﬁ]' (15)
29 m

7. Suppose that a particle moves with the velocity v' in the reference frame which, in turn, moves
with the velocity v in the laboratory reference frame. Then, the particle velocity w in the
laboratory reference frame is given by the relativistic formula
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W= V+VI . (16)
v
1+—
c
Hence, we find the relationship between the velocity changes in corresponding reference
frames as
2
c
dw=———2-dv'. (17)

W' 2
(1+ o2 j

In accordance with the Lorentz transformations

. wX!
t+—
t=—C (18)
V1-v?/¢c?
the time differences in two frames are related as
(1+ V\g j
dt=dt'~—° 2 (19)
V1-v?/c?
Dividing equation (17) and (19 ) and assuming v'= 0, we finally obtain
dw v2 ) dv! v )
a=—=|1-—| —=|1-—| a,. 20
rdt(czjdt'[czjp “0)
8. In the proper reference frame the rocket motion is classical, and its acceleration is given by
dv' udm
= =— 21
odt'" mdt’ )
Now we make use the transformation of acceleration (20) and time (19) for v'=0 to obtain
m___m__ (22)
dv. u(l-v°/c)
Hence, we find that
C
a=—. 23
o (23)
9. Evaluation gives rise
c/2u
m, = m(lJrV/C) =107 kg. (24)
1-v/c
10. Evaluation gives rise
1+v/c)™
m,=m =1730kg. (25)
1-v/c
Grading scheme
Ne Content Points
1 Formula (1) 0.25 0.5
Formula (2) 0.25
2 Formula (3) 0.25 0.5
Correct numerical value in (4) 0.25
3 Formula (5) 0.25
Formula (6) 0.25 0.75
Formula (7) 0.25
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4 Formula (8) 0.25
Initial condition x(0) =m,g/u 0.25 0.75
Formula (9) 0.25
5 Equating the coefficients of the polynomial in time to zero 0.5
Formula (10) 0.5
Formula (11) 0.5 2.0
Formula (12) 0.5
6 Formula (13) 0.5
Formula (14) 0.25 1.0
Formula (15) 0.25
7 Formula (16) 0.25
Formula (17) 0.5
Formula (18) 0.25 2.5
Formula (19) 0.5
Formula (20) 0.5
8 Application of formula (19) to get equation (22) 0.5
Formula (21) 0.25
Formula (22) 0.25 1.5
Formula (23) 0.5
9 Correct numerical value in (25) 0.25 0.25
10 | Correct numerical value in (26) 0.25 0.25
Total 10,0

Problem 3 Metamaterials (10 points)
1. Consider the conducting layer disposed radially at the interval [r,r +dr]. Its conductivity dp is

dS 2zrdr
dp=0o,—=fr , 1
P =0y L B L 1)
and, hence, the total conductivity is given by
R 3
27R
=|dp= . 2
p ! p==5 )
Thus, the resistance of the wire is found as
) =l=i3=2.39 x107°0Ohm. (3)
o 276R
2. The amount of heat generated in the wire per unit time is determined by Joule law
P =I%R,. (4)

In steady regime, the same amount of heat must be removed through the surface of the wire
into the environment, therefore, according to the Newton-Richman law

P, =2zRLP,, = 27aRL(T, - T,), (5)
whence
312
T, =Tg+——=—F=297K. (6)
Ar‘afR

3. Consider a cylinder of radius r. Let us find an amount of heat generated per unit time inside that
cylinder. To do this, let us find the electric field strength in the wire. According to Ohm's law, the
current density is

j=0,E, (7)
therefore, the total current can be written as
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r r 3
I :J'j27rrdr = EJ-UOandr :M. (8)
0 0
Hence
3l
= 7 9)
27pR
The electric power generated in the cylender is determined by the Joule law in differential
form
r 2 3
P, = [0 E22zrLdr = siiLr (10)
0 27R

It is evident that the power dissipated inside the cylinder must be taken away through the
surface of the cylinder, thus,

P=P= —KZHFL?:I—T. (11)
r

Solving differential equation (11), using (10) together with the initial condition

T(R)=T,, (12)

the following solution is obtained in the form
I?(aR® +3xR*—ar?)

T(r)=T,+ 13
N=T, Ar*afikR® &)
Thus, the temperature in the center of the wire is
2 3 2
T, =T, + R 3R o9k, (14)
Ar‘afxR

4. The radius change of the wire is determined by the law of thermal expansion of solids and can be
written as

R 2
3y(aR +4k)l
OR. = T(r)-T,|dr =
T -!7[ (") 0] 167r2a,BKR3

5. The magnetic field induction is determined by the circulation theorem, which, in this case, is
written as

~5.70x10°m. (15)

B27r = [ j2rrdr = E[ o, 27rdr (16)
0 0
Using expression (9), we finally obtain
Holr?
B(r)= : 17
(r) P (17)
6. The energy density of the magnetic field is given by
B?(r
w(r) ==, (18)
Ho

therefore, the energy of the magnetic field inside the wire

R 2
W =jw (N2zrLdr = 2!t _g 3310107 | (19)
°0E 24rx

7. Let us write the equilibrium condition for the wire layer of small width | and length L, disposed
at the interval r,r +dr . The total Ampere force acting on this layer is written as

dF, = jB(r)LIdr. (20)
Hence, the pressure difference is obtained as

dF, 3u,l%r®
dp(r)=—2=-"22
P(r) IL  42°%RS

(21)
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Taking into consideration that the pressure at the wire pressure is zero, one gets
p(r) _ 3;”0' 2(R4 B r4)

167°R°
8. As a result of the mechanical pressure the mechanical stress appears in the crystal lattice whose
energy density is determined by the expression

(22)

2 2
-2 -2 @3
2E  2E
thus, the total energy of mechanical deformations is found as
R 214
W, = [w,2zrLdr :%: 2.39x107%] (24)
0 320E7°R

9. The radius change of the wire is determined by Hooke's law, which, in this case, can be written
in the form
_o_p) , (25)
E E
where & is the relative change in radius.
Thus, the radius change due to mechanical stress is found as

R R 2

1 31! -12
OR =|edr==|p(r)dr=—"2—=191x10""m. 26
7 -([ E-Ip( ) 207°ER (26)

10. Comparing expressions (15) and (25) we obtain
2
= HOPRR__ 5 35100 K2, 27)
5E(aR +4k)

Grading scheme

Ne Content Points
1 Formula (1) 0.25
Formula (2) 0.25
Formula (3) 0.25 1.0
Correct numerical numerical value in (3) 0.25
2 Formula (4) 0.25
Formula (5) 0.25
Formula (6) 0.25 1,0
Correct numerical numerical value in (6) 0.25
3 Formula (7) 0.25
Formula (8) 0.25
Formula (9) 0.25
Formula (10) 0.25
Formula (11) 0.25 2.5
Formula (12) 0.25
Formula (13) 0.5
Formula (14) 0.25
Correct numerical numerical value in (14) 0.25
4 Formula (15) 0.25 0.5
Correct numerical numerical value in (15) 0.25
5 Formula (16) 0.25 0.5
Formula (17) 0.25
6 Formula (18) 0.5
Formula (19) 0.25 1.0
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Correct numerical numerical value in (19) 0.25
7 Formula (20) 0.25
Formula (21) 0.25 1.0
Formula (22) 0.5
8 Formula (23) 0.5
Formula (24) 0.25 1.0
Correct numerical numerical value in (24) 0.25
9 Formula (25) 0.5
Formula (26) 0.25 1.0
Correct numerical numerical value in (26) 0.25
10 Formula (27) 0.25 0.5
Correct numerical numerical value in (27) 0.25
Total 10,0
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EXPERIMENTAL COMPETITION
15 January, 2014

Please read the instructions first:

1. The Experimental competition consists of one problem. This part of the competition lasts 3
hours.

Please only use the pen that is provided to you.

You can use your own non-programmable calculator for numerical calculations. If you don’t
have one, please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which will
be evaluated should be on the Writing sheets. Please use as little text as possible. You should
mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the bordered area.

6. Fill the boxes at the top of each sheet of paper with your country (Country), your student code
(Student Code), the question number (Question Number), the progressive number of each sheet
(Page Number), and the total number of Writing sheets (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be evaluated, put a large X across
the entire sheet and do not include it in your numbering.

7. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to
take any paper or equipment out of the room
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Magnetic interactions (15 points)

Instruments and equipment: tripod, pendulum with a bead magnet, clay, ruler, magnetic beads,
stopwatch, power supply (battery of the voltage 4.5V) , 6 Ohm rheostat, coil, multimeter, switch,
connecting wires, nails, piece of chocolate.

The pendulum consists of two wooden chopsticks stuck into the eraser. There are two pieces
of clay fixed at the free ends of both chopsticks, the lower piece of clay contains a metal
magnetized bead inside. Pendulum axis is simply a steel needle piercing the eraser.

Another magnetized bead is mounted on another piece of clay provided.

Attention! Do not change the orientation of magnetized beads during the experiment!

Part 1. Interaction with the magnetic field of a coil

pendulum can make free oscillations without touching the tripod with the
wooden chopsticks or the eraser. By changing the clay masses at the ends of
the chopsticks make the oscillation period larger than 2 seconds. In the
equilibrium position both chopsticks should be vertical.
1.1. Measure the oscillation period of the pendulum. Evaluate the
corresponding experimental error.

Attention! In the subsequent parts error estimation is not

Put the pendulum axis on the rack of the tripod. Make sure that the O

required! 4[7._
Place the coil under the pendulum so that the distance from the center ;
of the coil to the magnetized bead in the pendulum to be approximately equal
to half the radius of the coil.
Connect the coil to the power supply so that you could change and
measure the strength of the current flowing through it.
Attention! Be sure to use the key, switch it on while doing
measurements only, otherwise the battery will quickly discharge!
1.2. Draw schematically an electric circuit that you have used for making
measurements.
1.3. Measure the dependence of the oscillation period of the pendulum on the
current in the coil. Plot the corresponding graph.
1.4. Based on the experimental data obtained prove that the force, acting on
the magnetic bead, is proportional to the current in the coil. Justify your conclusion graphically.
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Part 2. Pointlike interactions O
v

Place the magnetized bead fixed on a piece of clay right under the
pendulum. The beads should attract each other!

It can be assumed that the interaction force is central, i.e. it is directed
along the line connecting the centers of the two beads. The magnitude of that
force depends on the distance between the centers of the beads according to the

| |
" =S ) 4[ I

r}/
2.1. Put down the equation of motion of the pendulum in this case. Obtain the
formula for the period of small oscillations.
2.2. Measure the dependence of the period of small oscillations on the distance
between the centers of the beads. Plot the corresponding graph.
2.3. Using the experimental data obtained, evaluate the exponent y in formula

(2). Justify formula (1) graphically.

Part 3. Magnetic piece of chocolate

Let us reduce the damping by changing the design of the
pendulum. Stick the upper chopstick into the eraser to make an angle of
approximately 30°. Stick two nails into the eraser to play the role of
two legs on which the oscillations are performed. Attach two beads to
the bottom of the pendulum. Make sure that the pendulum is steadily
balanced on its legs while performing oscillations. To adjust the
pendulum you can mount the ruler in the rack as a support.

Place a piece of chocolate under the pendulum, but do not take
off its wrap! The lower end of the pendulum should move along the
piece of chocolates at a distance of 1-2 mm.

It turns out that a piece of chocolate can affect the pendulum
motion.

3.1. Establish experimentally which physical characteristics of the
pendulum are affected by the piece of chocolate.

3.2. Take necessary measurements to confirm your assumption. Justify
your answer graphically.
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SOLUTION FOR THE EXPERIMENTAL COMPETITION

Magnetic interactions
Part 1. Interaction with the magnetic field of a coll
1.1. To measure the oscillation period it is necessary to measure the time of at least 10 oscillations
several times. The following values for 10 oscillations are obtained:
t =25,02s
t, = 25,06s.
t, = 24,925
Evaluation of the period from this data gives rise to

T :<t—>:2,503.
10

Experimental error is evaluated by the formula

and, therefore , the accuracy of the period is equal to AT =At/10=0,008s.
Finally, one can write
T =(2,50£0,01)s. (1)

1.2. The following circuit can be used for measurements (it is also
acceptable for the rheostat to be used as a potentiometer).

«o—( A

1.3. Table 1 shows the dependence of the oscillation period of the pendulum againgst the current in
the coil and below the corresponding graph is drawn.

Table 1
I,A T,s | vis? | (VP=v{),s?
0,00 2,655 0,142 0,000
0,80 2,062 | 0,235 0,093
0,37 2350 | 0,181 0,039
-0,37 3,083 0,105 -0,037
-0,72 | 3,724 | 0,072 -0,070
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T.s
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Figure 1. Dependence of the oscillation period of the pendulum on the current in the coil.

1.4. To describe the motion of the pendulum the following equation should be used
2

Jztf=—mga~(p—ul¢, (2)

where ¢ stands for the angle of deflection of the pendulum from the vertical, J denotes the moment

of inertia of the pendulum about the axis of rotation, m is the pendulum mass, a designates the
distance from the axis of rotation to the center of the pendulum mass, ul¢ refers to the moment of
the force acting on a magnetized bead caused by the magnetic field of the coil. Equation (2) implies
that the square of the oscillation frequency depends linearly on the current strength as:

V2= 1 _mga+u

T? J

It is clearly seen that the square of the oscillation frequency against the coil current is
convinuently represented as

o i)
R BEBERARERA SARER SR FRNRRAARSR SRRRR

where v} =$ stands for the

2
| 7 %

square of the oscillation
frequency in the absence of the
current in the coil.

Thus, the linear
dependence of the value

(v2—vZ) against the current

strength proves the assertion of
direct proportionality between
the strength of the magnetic
interaction and the current in the
coil. The figure shows the
corresponding graph which confirms the linearity assumption.
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Part 2 . Pointlike interaction
2.1.

To write the equation of motion it is necessary to correctly calculate the torque of the interaction
forces between magnetized beads. Since the force is central, the shoulder is a segment OD, and its
length is

d :|OD|:(I+X)-a,
where | is the distance from the rotation axis to the bead in the
pendulum, x stands for the distance between the beads in the equilibrium
position. Hereinafter angles are assumed small. The angle « should be
expressed through the angle ¢ of the pendulum deflection. For this
purpose the following ratio can be used

|CB| =lp=Xxa,
which gives rise to

I

a=—g@.
X
Thus, the motion of the pendulum is described by the equation
2
Jd—f’:—mga(p—FM(p 3)
dt X
This equation implies that the formula for the oscillation period is given
by
T=2z & 4)

mga+ F

2.2. Measurement results of the time of 10 oscillations at different distances between the centers of
the beads are given in Table 2 and are drawn in the graph below.

T.s
2.0

Table 2.

x, mm | t,s t,.,s t;.,S T,s 15
23 427 | 4,09 3,90/ 0,409 ’
33 8,72 | 9,03| 883/ 0,886
43 | 1596 | 15,73 | 15,68 | 1,579 10 444
53 19,20 | 19,64 | 19,36 | 1,940

0,544+

0 1ll:l 2llll 3.IJ 4IIJ 5.IJ 60 X, Imm
2.3. To determine the exponent it is necessary to express the strength of interaction in terms of
measurable characteristics. It follows from the formula for the oscillation period that the change of
the squared frequency is found as

I(l+x)1

V2 —vg = F—( )—,
X J

This means that the value

X

ff:(vz —vg)—
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is proportional to the strength of the magnetic interaction F = % To determine the exponent it is
r

necessary to plot the dependence of & on the distance £ in a logarithmic scale. The slope coefficient
in this graph provides the desired exponent.

Iné
3,2 34 3,6 38 40 Ins
0.0 r 1 r r

0,5 -

-1,0 4

1,5 4

2,0 4

2,5 4

-3,0 «

3,5 4

4,0 -

-4,5

The figure shows the corresponding graph. It follows from this graph that the exponent is equal to
y=4.

Part 3. Magnetic chocolate

3.1 Chocolate does not affect the period of oscillation, but significantly increases the damping of
oscillations. This occurs due to the occurrence of eddy currents in the foil.

3.2 In order to prove this, one can measure the dependence of the oscillation amplitude on the time (
or, equivalently, on the number of oscillations in semi-logarithmic scale.

The graph below shows the corresponding data with (1) and without (2) chocolate. The graphs show
an increase in the damping of oscillations in the presence of chocolate.

In A

1,5

-1,0
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Grading scheme
Ne Part of the problem Total for Points
the part

1.1 | Measurement of the period: 0,5

- Period is larger than 2 seconds; 0,1

- Not less than 3 measurements; 0,1

- Each measurement includes at least 10 periods; 0,1

- The average value is found; 0,1

- Random error is evaluated; 0,1
1.2 0,5

Circuit diagram (all elements connected in series):

- Source; 0,1

- Coll; 0,1

- Rheostat (two possible ways); 0,1

- Key; 0,1

- Ammeter; 0,1
1.3 2,0

Measurements (counted only if the period is measured in

the range 1-5s)

- Measured at 7 (5, 3, less) values of the current; 1(0,5; 0,3; 0)

- Current flows in two directions; 0,4

- Change in the period is not less than 50% (20% less); 0,2 (0,1;0)

- Measured not less than 5 oscillations; 0,1

Plotting:

- Axis signed and digitized:; 0,1

- All the points of the table are plotted; 0,1

- A smooth line is drawn; 0,1
1.4 1,0

Linearization:

- Dependence of the squared frequency on the current is

linear; 0,4

- all the points are included in evaluation; 0,2

Plotting:

- Axis signed and digitized:; 0,1

- All the points of the table are plotted; 0,1

- A smooth straight line is drawn; 0,1

Conclusions on the validity 0,1
2.1 1,0

The equation of motion:

- General view (the dynamics of rotational motion); 0,3

- Torque of the gravity force; 0,2

- Torque of the magnetic interaction force; 0,3

Formula for the period of oscillation 0,2
2.2 | Measurements of the oscillation period (counted only if 4,0

the period is the range of 0.3-5s)

- Measurements for 7 (5.3 less) distances; 2,5(1,5; 1,0; 0)

- Change in the period is not less than 4 times (2 times,

or less); 1,2(0,5;0)

Plotting:

- Axis signed and digitized:; 0,1

- All the points of the table are plotted; 0,1
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- A smooth line is drawn; 0,1
2.3 | Determination of the exponent 4,0

The correct linearization is found; 2,0

The parameters of the linearized dependence are

determined,; 0,5

Plotting:

- Axis signed and digitized:; 0,1

- All the points of the table are plotted; 0,1

- A smooth straight line is drawn; 0,1

The slope lies in the range from 2 to 6; (0,6)

The exponent is found to be equal to 4; 1,2
3.1 0,5

Period is constant; 0,2

Damping is increased; 0,2

The reason is the eddy currents in the chocolate bar. 0,1
3.2 1,5

The dependence of the amplitude on the number of

oscillations (it is equivalent to measure the number of

oscillations for amplitude decrease in the specified

limits) 1,2

Plotting:

- Axis signed and digitized:; 0,1

- All the points of the table are plotted; 0,1

- A smooth line is drawn; 0,1

TOTAL 15
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THEORETICAL COMPETITION
January 13, 2015

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three Problems.
Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please
ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which
will be evaluated should be on the Writing sheets. Please use as little text as possible. You
should mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
Begin each Problem solution on a separate sheet of paper.

Fill the boxes at the top of each sheet of paper with your country (Country), your student
code (Student Code), the question number (Problem Number), the progressive number of
each sheet (Page Number), and the total number of Writing sheets used (Total Number of
Pages). If you use some blank Writing sheets for notes that you do not wish to be evaluated,
put a large X across the entire sheet and do not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed
to take any paper out of the room.
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Problem 1. Plotting (7 points)

For each part of this Problem, please, use the provided separate sheets of papers with
figures in which you should do all necessary plotting. Plotting and its justification should be
made on the same separate sheets.

Problem 1.1 (2.0 points)
Three small positively charged balls (whose charges are different) with masses m, 2m, 3m, are
connected to each other by inextensible nonconductive threads such that the balls are located at
the vertices of the equilateral triangle A;A4,A; (see figure 1.1). When the threads connecting
balls have been cut down (not simultaneously) all balls start to move on the same plane. In figure
1.1 the positions B; and B, of two balls are shown at some time moment. With the help of
geometric constructions, indicate position B of third ball at the same time moment.

Problem 1.2 (2.0 points)
In figure 1.2, logarithmic scale is used to show straight lines of two processes performed by an
ideal diatomic gas (P,, V, are some constants). Plot a cyclic process lying in between those lines,
which has maximum efficiency. In the same figure, extreme points of that cycle are indicated,
with A; being the point of the minimum volume and A5 being the point of the maximum volume
of the gas. Find the efficiency of the cycle.

Problem 1.3 (3.0 points)
In figure 1.3, positions are shown of the point light source S and its image S’ created by a thin
lens. In the same figure, 00, is the main optical axis of the lens. Plot an image of the point
source S; created by the same thin lens.

Problem 2. Vessel with water (7 points)

In the cylindrical vessel with the cross section area S = 0.500 m? and height A = 0.500 m a
tube of length L =2.00 m with opened ends is
inserted vertically through the hermetically sealed
lid. The lower end of the tube is a bit above the
bottom of the vessel. Water with the density p =
1000 kg/m?3 is poured into the vessel as shown in
the figure on the right. The cross section area of the
tube is much smaller than the cross section area of
the vessel and the vessel wall material conducts heat
very well. Assume that the atmospheric pressure is
po = 1.01 - 10° Pa, the ambient temperature is T, =
293 K and the acceleration of gravity is g =
9.80 m/s?2.

1. [2.0 points] Find the height of the water level in the vessel x = x,, at the time moment when
the tube is completely filled with water. Express your answer in terms of p,, p, g, h, L, and find
its numerical value.

Now, assume that the walls of the vessel and the tube are coated with a material which
does not conduct heat at all. The air inside the vessel is then heated fast enough such that the
water does not have enough time to warm up.

2. [0.5 points] Find air pressure inside the vessel p(x) as a function of x. Express your answer in
terms of py, p, g, L, x.

3. [1.0 points] Find air temperature inside the vessel T'(x) as a function of x. Express your
answer in terms of py, p, g, L, x.

4. [1.0 points] Find the temperature T,,, to which the air in the vessel must be heated in order to
displace all the water from the vessel. Express your answer in terms of p,, p, g, L, Ty and find its
numerical value.
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5. [2.5 points] Find the amount of heat Q, which must be given to the air in the vessel in order to
displace all the water from the vessel. Express your answer in terms of p,, p, g, h, L, S, and find
its numerical value.

Problem 3. Delay and attenuation (16 points)
In this problem, do not take into account the finiteness of the propagation speed of the
electromagnetic interaction.

Part 1: Magnet
1.1 Theoretical introduction
The magnetic field generated by a uniformly magnetized

ferromagnetic cylinder (permanent magnet) is equivalent, at S 7
m

very large distances, to the field produced by a circular coil N D
with a constant electric current. .. I

The cylindrical magnet, as well as the coil with the current, are
characterized by magnetic moment p,,,, which is defined for the
current loop as the product of the current and the area of the
loop,
Pm = 1S .
Such a source of magnetic field is also referred to as a magnetic
dipole. The figure shows the magnetic field lines of such a
dipole.
1.1.1. [0.75 points] Show that the magnetic field, B,, on the
axis of the dipole is determined at large distances by the
formula
Pm
B, = bz_ﬁ’
where z is the coordinate measured along the axis of the dipole
from its center. Find the values of the parameters b and S in the
above formula.
1.1.2. [1 point] Let the coil with a current (i.e., magnetic
dipole) with the magnetic moment p,, is influenced by an
inhomogeneous axially symmetric field, the induction of which
along the z-axis depends on z as function B,(z). Dipole axis
coincides with the axis of symmetry of the field. Show that the
force acting on the dipole from the magnetic field is given by
dB,
E, = —pm dz '

1.2 Oscillations of the magnet
Cylindrical magnet of mass m and magnetic moment p,,, is attached to the spring of stiffness k
such that it can oscillate along the horizontal axis which is directed along the magnetic moment.
1.2.1. [0.25 points] Find the frequency w, of free oscillations of the magnet in the absence of
external fields.

At some distance z from the equilibrium position of the magnet a small metal disc is
placed such that its axis coincides with the axis of the magnet. The disk has radius R and
thickness h (h < R « z), the electrical resistivity of the disk material is p, and the magnetic
permeability is put equal to u = 1. The magnet is moved from the equilibrium position and starts
performing small oscillations described by function x(t), where x < z.

1.2.2. [2 points] Find the force F(x,v) exerted by the disc on the magnet as a function of its
coordinate x and velocity v. Write down the equation of motion of the magnet.
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1.2.3. [0.75 points] Find the relative change Aw/w, in the oscillation frequency of the magnet
caused by the influence of the disc.
1.2.4. [0.25 points] Assuming that the attenuation is rather weak, obtain the characteristic
attenuation time of the oscillations of the ball.
1.2.5. [1.5 points] Show that the loss of the mechanical energy of the magnet is equal to the
amount of heat released in the disk for the same time period.
Mathematical tip

The equation of attenuating oscillations

d?x/dt? + 2Bdx/dt + w3x =0
has the solution

x(t) = Aexp (—E) cos(wt + @),

where w = /w2 — B2 is the frequency of attenuating oscillations, T = 1/ is the characteristic
attenuation time, and the parameters A4, ¢ are determined by the initial conditions.
It is known that if x <« 1 the following approximate inequality holds (1 + x)* = 1 + ax.
Part 2: Electric
2.1 Theoretical introduction
The system of two identical in magnitude and opposite in
sign charges (—q, +q), located at some fixed distance [ from / P.
each other is called an electric dipole and is characterized by O—6 ID =
the dipole moment —q +q
Pe = ql.
2.1.1. [0.75 points] The electric field generated by the dipole on its axis at the distance z > [, is
defined by the formula

Obtain the parameters a, a in this formula.

2.2 Fluctuations of charged ball
A small ball of mass m carrying the electric charge q is attached to a non-conductive spring of
stiffness k and can oscillate along the horizontal axis x. At some distance z from the position of
the equilibrium of the ball, a small metal perfectly conducting disk is fixed such that its axis
coincides with the x axis. The disc has radius R and thickness h (h < R < z).

2.2.1. [0.75 points] Find the shift of the equilibrium position of the ball caused by the influence
of the disc.
2.2.2. [0.75 points] Find the relative change in the oscillation frequency of the ball, Aw/wy,
caused by the influence of the disc.

Assume now that the electrical resistivity of the material of the disk is p (not zero).
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2.2.3. [1.5 points] Obtain an equation describing the time variation of the induced dipole
moment of the disc (i.e., the equation relating the dipole moment of the disk p and its rate of
change over time dp/dt).

2.2.4. [0.25 points] Assuming that the disk is a capacitor whose plates are connected to each
other by a resistor, obtain the characteristic time of the equivalent RC-circuit. Express your
answer in terms of resistivity p of the material of the disk.

Assume in the following that the characteristic time obtained in 2.2.4 is much smaller
than the oscillation period of the ball.

2.2.5. [0.25 points] Write down the relation between w and p expressing the above stated
assumption.

In the case of ideal conductivity of the disk the oscillations of the ball do not attenuate. At
low resistivity of the material of the disc the attenuation of oscillations should also be small, and
such oscillation can be approximately regarded as harmonic ones.

2.2.6. [2 points] Using this approximation and the equation derived in 2.2.3, obtain the
expression of the dipole moment p of the disk via coordinate x and the speed v of the ball.

2.2.7. [1.5 points] Find expression for the force exerted on the ball by the disk. Write down the
equation of motion of the ball.

2.2.8. [0.25 points] Find the characteristic attenuation time of the oscillations of the ball.

2.2.9. [1.5 points] Show that the loss of mechanical energy of the ball is equal to the heat
generated in the disk for the same time period.
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL
COMPETITION

Problem 1. Plotting (7 points)
Problem 1.1
The basic idea is that the center of mass of the whole system remains at rest! First of all, find the

center of mass at the initial position: Divide the segment A A, by the ratio of 2:1 (point C,);
connect C, with point A, and cut segmentC, A, into halves (point C,). The point C, is center of
mass of the system. To find the position of the third ball one should do the following: divide the
segment B,B, by the ratio of 2:1 (point C;), write down straight line from to the point of the center

of mass C,, and draw the segment C,B,, whose length should be equal to the length of the
segment C,/C,. The point B, is the position of third ball!
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Marking scheme
1 The basic idea of the constancy of the 1,0
center of mass is formulated
2 Found position of the center of mass
- incircle 1; 0,5
- incircle 2; 0,3)
- in circle 3; 0,2
3 Found position of the third ball:
- incircle 1; 0,5
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- incircle 2; 0,3)

- incircle 3; 0,2)

Total 2
Problem 1.2

Straight lines, shown in figure 1.2, are isotherms since their slope is equal to —1. Consequently,
their equations have the form
PV =const. (1)
To obtain a cycle with the maximum efficiency it is necessary to build two adiabatic lines
through the extreme points, i.e. Carnot cycle. Since the adiabatic equation has the form
PV =const, (2)

C
where y = C—p = % =1,4 is the adiabatic index of a diatomic gas.

\%
In the logarithmic scale, the latter equation has the form
log, P =const —1,4log,V . (3)
The graphs of these functions are straight lines with the slope coefficient of —1.4. The
constant in equation (1) is proportional to the absolute temperature. It follows from the shown
graphs that the maximum temperature is 2 times greater than the minimal one, so that the cycle
efficiency is

T
n=1--2=50%. (4)
Tl
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Marking scheme

1 It has been indicated that the straight 0,5
lines are isotherms

2 Carnot cycle has been taken 0,2

3 Adiabatic equation has been written, 0,2
including the formulation of it in 0,2
logarithmic scale

4 Straight lines have been properly 0,6
plotted

5 The efficiency has been found 0,3
Total 2

Problem 1.3

1. Plot straight line SS' to the intersection with the optical axis. This intersection point is the center
of the lens.

2. To determine the positions of focuses, draw the line through point-source parallel to the optical
axis, then draw the line through the point of intersection between the ray and the plane of the lens.
Then plot the straight line through the point-image to the intersection with the main optical axis:
this is the back focus of the lens. Similarly, we find the front focal point. Having focal points
determined, finding the image of the second source is carried out in a conventional manner.

A
C
Z) o &
e
F,
'’
Sl
B
Marking scheme

1 The optical center of the lens has been

found

-incircle 1; 0,5

-incircle 2; (0,3)

- in circle 3; (0,2)
2 Focal points of the lens are found and

plotted

-incircle 1; 1,0

- incircle 2; (0,6)

- incircle 3; 0,4)
3 Image of the second source is found

and plotted

- incircle 1; 15
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- incircle 2; (1,0
- in circle 3: (0,5)
Total 3

Problem 2. Vessel with water (7 points)
1. While pouring the water into the vessel the air is compressed and its pressure increases. At the
moment when the tube is completely filled with water the air pressure inside the vessel is equal to
P = Do +pg(L — xo). 1)
Since the vessel wall highly conducts heat, the temperature of the air inside the vessel does
not change, so the equations of state are
PoSh = vRT,, (2)
pS(h — xo) = vRT), 3
where S is the cross section area of the vessel, v is number of moles of the air inside the vessel.
From Eq. (1) - (3) the following quadratic equation is obtained:

pgx§ —[po + pg(L + W)]xy + pghL = 0, (4)
which has the obvious solution:
2
x0=§lp”—;+L+hi\[(ﬁ—;+L+h) —4hLl. (5)

Among two possible solutions (5), we should choose the one with the less value since it
should be x, =hatp, =00rx, =0atL = 0, that is,

- _
Xo = ;I”°+L+h \[(S—;+L+h) —4hL|. (6)
Substituting the numerical values gives
xo = 7.86-1072 m. (7)

2. The water is at equilibrium and, thus, the air pressure inside the vessel is found as a function of x
as follows

p(x) =po + pg(L —x). (8)
3. Equation of state of an ideal gas for an arbitrary x is given by
p(x)S(h — x) = vRT (x), 9)
which, together with Eq.(1), yields
pg(L—x)
To)=To(1-%)(1+ = Lot=n)) (10)

4. The temperature, at which the air displaces water out of the vessel, is determined by the
condition x = 0, which, in accordance with (10), leads to

T =To(1+ ng) (11)
and the corresponding numerical value is evaluated as

T,, = 350 K. (12)
5. The change of the internal energy of the air is obtained as

AU = 2vR(T — To) = 2 pgLSh, (13)
and the work done by the air to displace the water, is calculated as

_ Do _ ng
A= [P p(0)Sdx = 2poSL (1 + 2 B 482 [1+2 )

—poSL(1+ @)\/(1 + ZU%)Z -2

0
According to the first law of thermodynamics, the heat given to the air is found as

Q=AU+A, (15)
which, together with Egs. (13) and (14), yields

Q =3poSL (1432 ‘Z’ij[ I
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1 pg(L—h) h, po\ 4k
_ZPOSL (1+T) \/(14‘;4‘@) -7 (16)
Substituting the numerical values gives
Q=17.0kJ. (17)
Marking scheme
Ne Content 0aJLIBI
1 Formula (1) p = py + pg(L — xp) 0,25
Formula (2) p,Sh = vRT, 0,25
Formula (3) pS(h — Xo) = VRT, 0,25
Formula (4) pgxZ — [py + pg(L + h)]x, + pghL = 0 0,25
Formula(5)x0=1p—°+L+hi\[(p—°+L+h) — 4hL 0,25 |20
Formula(6)x0=1p°+L+h \[p°+L+h) — 4hL 0,5
Formula (7) x, = 7, 86-102m 0,25
2 Formula (8) p(x) = py + pg(L — x) 0,5 |05
3 Formula (9) p(x)S(h — x) = vRT (x) 0,5
= _x pgL=x) 1,0
Formula (10) T(x) = T, (1 ) (1 + o ) 0,5
4 | Formula (11) T,, = T, (1 + ng) 05 |,
Formula (12) T,, = 350 K 05 |
5 | Formula (13) AU = 2vR(T — Ty) = = pgLSh 0,5
Po pgL 2h  h?
Formula (14) A ——pOSL (1+2ng+%[1 +T_L_2D_ o5
pg(L—h) 4h ’
—2poSL(1+ = )J(1+ +ng) -2
Formula (15) Q = AU + A 05 |25
ng 12h  h?
Formula (16) Q = 5 poSL (1 + B Zng -~ [ + 2 _D .
pg(L—h) 4h ’
—2poSL (1 +T)\/(1 +24 ng) -2
Formula (17) Q = 17,0 kJ 0,5
Total 7,0
Problem 3. Delay and attenuation (16 points)
1.1.1 It seems simpler to find the magnetic induction of
the ring with the current using Biot-Savart law and the .
superposition principle. The z projection of the magnetic B
field vector generated by an arbitrary element of the ring =
is found as
Idl ~
dB, = ——S|n o (1) Idl
4 r?
Using the geometry, one obtains
dB, = ﬂﬂﬁ My IR gy 1dIR @)

Arr?>r 4r rd 47T(R2+22)%

Summation over all elements of the ring is held elementary to eventually get
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IR-27R |- 7R? o
Ho IR-eR Mo BZﬂ P —. (3)

" (R2 +zz)g 2r (R2 +22)5 2n (R2 +22)5
At z >> R it simplifies to

B

dB, M P zﬂh, 4
2 (R2+22)g 27 23 @
and finally,
Ho
b="—"
27 (5)
p=3

1.1.2 It is obvious that the resulting Ampere force
F, is due to the radial component B, of the
magnetic field vector. At a short distance from the
axis this component can be expressed in terms of
the axial component of the field with the help of
the magnetic flux theorem.

Selecting the surface shaped as a thin
cylinder whose axis coincides with the axis of the

field, then writing the expression for the magnetic flux through this \ 0
surface and equating it to zero yields -
B,(z+dz)-7zr*-B,(2)-#r*+B, -27rdz=0 (6)
It is thus found from this equation that
r dB,
8 = 2 dz (7)
Using Ampere's law, it is easy to write the equation for the force

acting on the ring as

dB dB
Lorr=— z, 8
5 2" P 5, (8)

1.2.1 The frequency of oscillations is determined by the well-known formula for the oscillation
frequency of the spring pendulum

F=IB 2zr=—I1
2

Wy =4 ©)
m

1.2.2 The feedback mechanism from the disc to the magnet is
described as follows: when the magnet moves the rotational electric
field is induced in the disk which gives rise to eddy currents. The
magnetic field of those eddy currents is a source of force acting on
the magnet. For the calculation of the magnetic field generated by
eddy currents in the disk, it should be noted that the size of the disk
is small compared with the distance to the magnet, so the disk can
also be considered as a magnetic dipole. Therefore, it suffices to find
the induced magnetic moment of the disk, and then to use formula
(4) for calculation of the induction field.

Let us consider a thin ring of radius r and thickness dr. The strength of the vortex electric
field within this ring is found from Faraday's law of induction as:

r dB,

27 rE =—7r? dB, = E=—— : (10)
dt 2 dt
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It is assumed here that within the entire disc one can neglect the variation of the axial
component of the magnetic field generated by the magnet, which is also determined by formula (4).
Thus, if the magnet coordinate is X, then the magnetic field at its position is obtained as

Hy Py
B, =% : (11)
27 (z2-x)°
Substituting this expression into (10) and calculating the derivative gives rise to
B 3 3
Eo FOB 13 Pn OX_ 3y Pn, (12)
2 dt 2 27 (z—x)* dt Ar 7

In the last formula it is taken into account that X << z.
The current density in the ring under consideration is determined by Ohm's law as

j =£E. (13)
yo)
Since the current in the ring is dI = jhdr, the magnetic moment of the ring is equal to
dp!, = ridl = zr?jdr-h=—zridr-hHo Py 30 Popy gy (14)
47rp z* 4p 7*

Integrating over the disk, one obtains its total magnetic moment as:
p/ - _ 3:“0 pm hVIr3dr— 3/“0 pm hR V (15)

To calculate the force acting on the magnet, formula (8) is applied wherein the magnitude of
the magnetic field induction is calculated by formula (4). These substitutions lead to the expression

' 2,2
F =_pm de — p d /uo pm 3/”0 pmfm — 3/”0 pm 3/”0 pm R V:_iluo prg hR4V(16)
dz dz\ 27 2° 2r 1 27 2 16p z* 32 rnpz
The equation of the magnet motion with the influence of the disc has the form
mx” = —kx—bx’ a7
2 .2
where b:%'uo—pg‘ hR* is the coefficient determined in formula (16).
npz
1.2.3 Using the solution of the equation of attenuating oscillations provided in the problem

formulation, one gets

o=\ - B :co{l—ﬂ—iJ2 za)o[l— ﬂi] (18)
%)

20,
0 0
where § = b/2m. From this expression the relative frequency shift is found as

Ao p 1 [guép; hR4T
@, 20} 2km\ 64 7zpz®

1.2.4 The characteristic attenuation time is thus equal to

1 2_m 64m7rpz8

B b 9uspihR*

1.2.5 According to Joule’s law, the instantaneous power of heat loss in the disk is derived as
R

BloPmv \* YhuipnR*
p= 'Zdvzf ( )hZ dr = ZHoPmT_
fp] P 4mz8p r mrar 32nz8p v

0
and is equal to the product of force (16) on the magnet speed.




Xl International Zhautykov Olympiad 2015 /Theoretical Competition/Solutions Page 8/11

Part 2: Electric

2.1.1 The electric field of the dipole is calculated according —¢ i g F o4 E
to the principle of superposition as =‘-.@ = ‘ u
z
q q q-2zl P,
E=E,-E_ = —~ = = > (19)

)l

At rather large z >>1, it simplifies to
£ 2p. _ L P (20)

12’ 27, 7°
2re | 22 —| —
’ (2)

) a=3 (21)

Thus,
1
a=
2re,
2.2.1 Let us derive an expression for the force exerted on the ball by the disc.
The electric field inside the conducting disc should be absent. The field EO of the point
charge g induces the surface charge densities = o on the disc surfaces, which generate an electric

field E’ equal in magnitude but opposite in direction to the field of the point charge. Given that the
size of the disk is small compared to the charge separation, it is possible to neglect the variation

electric field vector E, at the site of the disc. Therefore, the field should be considered uniform,
and the surface density of the induced charges should be treated constant.

The electric field strength of the point charge is determined by the formula E, = g a

4re,z

and the electric field strength of the induced charges is related to their surface density as E' = 9.
€o

q
dnz

Equating these two expression the surface density of the induced charges is found as o' =—

and the magnitude of the induced charge on each side of the disc q'=0S = 4q_82 where S = 7zR?
7z

stands for the disc area. Thus, the induced dipole moment of the disc is finally obtained as

/ _ o 9Sh q
Therefore, the force acting on the ball is
FoqE—q L PO (23)
27, 2°  8mle 2’

Since the ball moves, in the last formula z should be replaced by (z —x). Given that X << z
the resulting expression for the force simplifies to

2 2 -5 2 2
F= v 5 (42\/5(1_5) ~ qzvs+5 qzvsx (24)
87%g,(z—x)° 8r’eyz z 8re,2°  8rmig,z
The equation of the ball motion in this case takes the form




Xl International Zhautykov Olympiad 2015 /Theoretical Competition/Solutions Page 9/11

2 2
mx" = —kx + qZV = +5 qzV 5 X (25)
87 g 2 8 e,z
The first term results in the additional displacement of the equilibrium position, which,

within the approximations used, is equal to

ax=—TV eV (26)
87°g,2 8rg,27°K
2.2.2 The second term in equation (24) determines the frequency shift of the oscillations as
m 8z g,z’m 87 g,2°m 167°¢,2°k
which yields the relative frequency shift in the form
2
Ao _ _% (28)
@, 167°¢,2°k

2.2.3 The surface charge density ¢ on the disk surface changes due to the current in the disc, which
is determined by the electric field strength in the disk (6 = j = E/p). The electric field in the disc

is generated by the ball
1 q q X
E, (142 E)

- 4rey (z — x)?  4meyz?
and the oppositely directed field of the induced charges
EZ = _i

80.
Ohm's law E; + E, = pj can be thus written as
1 (142 f) — T =y
4meyz? z o P
Taking into account the equalities ¢ = and p = oSh = oV (V = wR?h) he required
equation is finally derived as

4mz2

Epp+p = v (1+ZJZ—C).

805

h

224R = P C = - T= RC = gyp.
21

2.2.5; > gup OF ppw K 1.

2.2.6 For harmonic oscillations, the ratio of the amplitude of £,pp to the amplitude of p is equal to
gypw,, i.e. it is very small. Therefore, the zero-order approximation in the equation

) _qV X
. (90,1.))0+10—47TZ2 (1+ZZ)
the first member can be neglected to yield
_qV X . qV
P= 4z (1 + 22) and p = 2mz3
The next approximation is obtained by substituting p ‘into the initial equation
_qVv X . qV X qV
P= 4z <1 + ZE) ~EPP = g (1 + 22) T EP oY

Note that the solution using the vector diagram is also possible.
2.2.7 The force exerted on the ball by the disk is

D q x\[ qV X qV ]
F= = 1+3= 1+2-)- =
2meg(z — x)3 1 2meyz3 ( * Z) [47122 ( * z) “P 973
q%R%h
= ezt [(z + 5x) — 2¢g4pV]

The equation of motion of the ball is thus written as
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2p2
mx" = —kx + 8reez® [(z + 5x) — 2¢5pv]
or
. +q2pR2h ) 5q°R*h]  q*R*h
mx 4776 © 8meoz5 |- 8megz’
2.2.8
b= q%pR%h _ b q°pR?h 1 8mzm
" 4mz6 p= 2m  8mzbm’ T8 T g%R?h

2.2.9 According to Joule’s law, the instant power heat production in the disk is found as

o o (Vv N\?  q’pR*h
P=ypV= (27TZ3) V= 4776
which is again equal to the power of force (F = —bv).

v? = bv?

Marking scheme

Ne Content points
1.1.1 | The field is found on the axis 0,25
Simplification uses zZ>»R 0,25 1
Correct b 0,25
Correct 0,25
1.1.2 | Relation between B, and B, 0,25
. . B L
Radial component is found B, = —% ddZZ (the sign is important) 0.5
If the minus sign in the above expression is absent 0.2 1
F=-p, ddE; (the sign is unimportant) 0,25
121 | g =+kim 025 |0,25
1.2.2 L
E= —% ddBtZ (the sign important) 0,75
Ohm’s law in differential form j=E/p 0,25
Magnetic moment p/, = %p—T hR*v 0,4
16p 2 9
2,2
Force F = —i’u"—prg hR*v= - bv 04
32 rpz
If the minus sign in the above expression is absent 0.1
Coefficient in the above expression is 21/32 instead of 9/32 0.2
ma = -kx-bv 0,2
1.2.3 | The frequency changes due to attenuation 0,3
Aw=58%200 0,3 1
do=b/2m 0,2
Correct answer 0,2
12.4 64mzpz’
T=—F——F 0,25 0,25
945 PuhR*
1.2.5 | Energy losses in the disc are found 0,5
The power of the friction force is found 0,4 1
They are equal 0,1
2.1.1 | The field of the dipole is found 0,25 1
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Simplification uses z»R 0,25
Correct a 0,25
Correct a 0,25
2.2.1 ] gV
The constant component of the force is found ——— 0,5
87 g,z
0,75
eV 0,25
87°g,2°k ’
2.2.2 _ 5
The component of the force is found ———x 05
8¢,z
A 5q°V o7
20 —% 0,25
@, 167°¢,2°K
2.2.3 1 q q X
£ = 4rey (z — x)?  4meyz? ( e z) 03
o 0,2
E,=—— ’
2 €0
If the minus sign in the above expression is absent 0.1
- 1,5
E) + E; = pj 0,2
G=j 0,2
p =0V 0,2
) qV X
= - 0,4
Epp t+p e (1 +2 Z)
2.2.4 T = &P 0,25
2.25 gopw K 1 0,5
2.2.6 PP K p 0,5
. qV 1
7 P~ onzz’ - 2
q X q
= ) 0,5
P~ 4nz? (1 +2 %) 0P onz3"
2.2.7 —
 2meyz3 q 0.5
2p2
q°R°h
_ - 0,5
F 8re,2° [(z + 5x) — 2¢&5pv] 1,5
q%pR*h 5q%R?h q*R*h
" ! - = 0,5
max 476 | 8meyz° x 8meyz>
2.2.8 8mz®
=2 0,25
q’pR?h
2.2.9 | Energy losses in the disc are found 0,5
The power of the friction force is determined 0,4 1
They are equal 0,1
Total 16
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SOLUTION FOR THE EXPERIMENTAL COMPETITION
Resistance of graphite (15 points)

Part 1. The current-voltage characteristic of a graphite rod

1.1 Using the ohmmeter it is easy determine that the the sliding lead is b.

1.2.1 To measure the current-voltage characteristics of
the graphite rod, the traditional circuit, shown in the
figure, can be used. When the voltmeter is thrown into
position 1 the voltage across the graphite rod is
measured, whereas in position 2 the measured voltage is
the one across the resistor R, =1,0 Ohm. If the voltage is

measured in volts, then the voltage across the resistor is
numerically equal to the current strength in the circuit in
amps.

It is possible to connect the variable resistor as a
potentiometer, although in this case the maximum
current in the circuit will be slightly less.

L1
R

1.2.2 The results of measurements of the current-voltage characteristic of the graphite rod are
presented in Table 1. This table also shows the power values calculated via

P=UI
as well as the resistance of the graphite rod

R=-

Table 1. Measurements made in the air

U,V I A P,W | R, Ohm
0,150 | 0,040 0,0060 3,750
0,188 | 0,050 0,0094 3,760
0,202 | 0,054 0,0109 3,741
0,261 | 0,070 0,0183 3,729
0,304 | 0,081 0,0246 3,753
0,411 | 0,109 0,0448 3,771
0,470 | 0,124 0,0583 3,790
0,742 | 0,199 0,1477 3,729
0,907 | 0,243 0,2204 3,733
1,155 | 0,312 0,3604 3,702
1,486 | 0,406 0,6033 3,660
1,570 | 0,430 0,6751 3,651
2,280 | 0,640 1,4592 3,563

1)

(2)
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1.2.3 The current-voltage characteristic of the graphite rod is shown in the figure below.
I, 41

0,7 4
I e e e e e I FE s AT
0.5 4 ..... .......................
PP 5 s st ot s i ™ A i s e
03 e R EEEm
024 Eanre aats i B B

04 f---cmmmmtmeniag

0.0

0,0 0,5 1,0 15 2,0 26 U,V

It can be seen that the curve deviates somewhat up from the linear proportionality which is
prescribed to decrease in the resistance of the grathite when the temperature increases.

Derivation of the theoretical formula.

In the steady state the condition of thermal equilibrium is writte as:

U 2
————— = [AT. 3
R, (1+ aAT) A ®)
Solving the quadratic equation for the temperature difference gives rise to
u? 2 u?
—— = PAT(L+0AT) = af(AT) + AT —— =0
R0 RO
| 2 : (4)
—p+ B+ 4U—aﬂ
R0

AT =

208
From the data obtained it follows that the temperature coefficient of graphite resistance is
negative. In addition, it can be shown that from the two roots of equation (3) the smaller one should
be chosen (with + sign), since it corresponds to a stable thermal equilibrium. Therefore, the
theoretical dependence has the form

Y U .V NH(l_U_zz
" R,(+aAT) ( 2 - U2a) R R, A
0( ) _ B+ ﬂ2+4l|ia’8 Ro(l—'_RIBJ 0 0
R,| 1+ 0 ’ NG
2p

The last two expressions are approximations valid for small « .
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1.2.3 For a more accurate calculation of the resistance of the graphite rod at room temperature, only
several data points at low voltages (less than 0.5V) should be taken at which the rod remains
practically unheated. Then, the method of least squares must be employed to evaluate the slope,
which is equal to the rod resistance.
Calculation of the obtained experimental data leads to the following result
R, =(3,78+0,03)Ohm.
To calculate the resistivity of use is the following formula

2 -3\2
R=p 4|2 = p= 7d R=" (L0 10_2) 3,78=5,93-10°0Onm-m
d 4 4.5,0-10
Here 1 =(5,0%0,2)sm is the length of the rod between the leads.

The calculation of experimental error is given by the formula

2 2 2 2 2 2
A,OZP\/(A—F?J +(2Ad—d] +(ATIJ :5,93-105\/[%j +(20’—105] +(0—52j =6-10°0hm-m

The final result is written as

p=(59+0,6)-10°0Ohm-m (6)
1.2.4 In the steady state the power, released when the current flows, is equal to the power of the heat
losses:
P
P=pAT = AT=-—,
B

Therefore, the dependence of the resistance on the power takes the form

R, =R0(1+aAT)=RO(1+%P)). )
1.2.5 The dependence of the resistance on the dissipated power is shown in the figure.
R, Ohm
3.85 -
380 -5

3,70
3,65
3,50 i ' . , \ \ . —
0,00 0,20 0.40 0,60 0,80 1,00 1,20 1,40 160 P W

1.2.6 The linearity of this dependence is observed at powers larger than 0,2W .

The coefficients of this dependence R =aP +b, calculated using the least square method, are

found as a:0,13ciNﬂ, b =3,750hm, consequently, the coefficient in formula (3) is evaluated as

7/2%20,035\N1.
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1.3.1 The results of measurements of the current-voltage characteristic of the rod, placed in the snow,
are given in Table 2 and the corresponding graph is shown in the figure below.

I, A4
Table 2 054
U, Vv 1 A : : ;
0142 0037 TP N S M U S N A S SO W Y
0,177 0,045 i E :
0,248 0,064 o
0,292 0,076 : :
0,354 0,091 02 4
0,504 0,130
0,721 0,188 - :
1,205 0,312
1,554 0,409 08 !
0.0 0.5 1,0 15 2 [JF

In this case there is also a weak nonlinearity with increasing power. Therefore, to calculate the
resistance at zero temperature and only several initial points at low resistance should be used.
Calculation for the first five points leads to the following value

R, =(3,88+0,03)0Ohm.
Since this value should obey the formula R, = R,(1+aAT), the temperature coefficient of
the resistance can be calculated as
R
o=t 4 |=- 1388 4 =-1,3-10°K™.
AT\ R, 20°\ 3,78

The experimental error is mainly determined by the measurement error of resistance, thus it
can be evaluated via the formula

2 2
AR R,AR
o= | 4| 22— | #6:10°K™..
AT -R, AT -RS

Part 2. Cooling of the graphite rod
2.1 The results of measurements of time time needed to achieve the specified voltage are shown in
Table 3 and the corresponding graph is shown n the figure below.

Table 3 U.mV
umv| ts |InU-U) 1
44 0,00 3,045
42 2,22 2,944
40 4,45 2,833
38 7,03 2,708
36 9,99 2,565
34 13,50 2,398
32 18,42 2,197
30 25,38 1,946
28 38,14 1,609 O e i B BN MM SN BN SRR

n
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Since the voltage is proportional to the measured voltage change and the resistance change is
proportional to the change in temperature, the dependence measured coincides, up to an unimportant
factor, with the temperature dependence on time.

The solution ot the equation

AT__1q-1)
At T
is the exponential function
(r=7)=(r-T)em( -+ ). ®

To determine the characteristic cooling time, the resulting dependence should be drawn in a
semilogarithmic scale, In(U —U) against the time. For numerical calculations it is necessary to

measure the steady-state voltage value (achieved after waiting for a few minutes). In our
measurements. Table 3 shows the results of calculations of logarithms.
The following figure shows the graph on the semilogarithmic scale.

t In(U-T)

3,0 §

e T Y T T
TR N T N NP

T

1,0 T
0 5 10 15 20 25 30 35 40 [,5

The slope coefficient of the obtained almost linear dependence is found as a=-0,044s™

Consequently, the characteristic time of thermal equilibration is equal to 7 =—=~ 23s.
a
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Marking scheme
Ne Content points
1.1 Sliding laed is b 0,2
121 Circuit: 0,5
- the resistor anf the graphite rod are connected in series; 0,2
- voltages are measured on the resistor and the graphite rod; 0,1
- ability to vary the net electric current (the variable resistor
connected in series, or as a voltage diivider); 0,1
- the source is correctly connected; 0,1
1.2.2 marked only if the deviation from the table in the solution is less 3,0
than 50%
Measurements :
- 10 points or more (7-9 points; 5-6 points; less than 5 points) 1,5(0,8; 0,5;0)
- minimum voltage less than 0,2 V; 0,2
- maximum voltage larger than 2 V; 0,2
- deviation to the top from the linear dependence; 0,3
Graph:
- axes are anmed and ticked,; 0,1
- points in the Table correspond to the points in the graph; 0,2
- smooth ine is drawn; 0,1
Theoretical formula (thermal equilibrium equation, quadratic
equation for temperature, smaller root is chosen, substitution into
Ohm’s law) 0,4
1.2.3 The resistance of the rod is calculated: 1,1
- voltages not larger than 0,3 V are only used; 0,2
- all points in the stated range are used for calcualtion (not less than
5); 0,2
(by 2points, by 1 point) (0,1; 0,05)
- the calculated value of the resistance is in the range 3,5-4,5 Ohm
(3,0 - 5,0 Ohm); 0,1 (0,05)
the length of the rod is measured (not larger than 5 sm); 0,1
Fromula for p; 0,1
p is calculated:
in the range +20% (+£50%); 0.3(0.1)
Error is estimated (any method) 01
1.2.4 0,2
Equation for thermal equilibrium; 0,1
Formula for R(AT) 0,1
1.2.5 0,7
Formula for the power; 0,05
Formula for the resistance; 0,05
Calculations for all points; 0,2
Graph:
- axes are named and ticked; 0,1
- points in the Table correspond to the points in the graph; 0,2
- sSmooth ine is drawn; 0,1
1.2.6 0,5
The linear range is stated with the power larger than 0,2 W 0,1
The slope is calculated by all points (by 2 points) 0,2 (0,1)
Formula for calculation;
-numerical value is in the range 0,025-0,045 W (0,01 — 0,06) 0,2 (0,1)
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131 marked only if the deviation from the table in the solution is less 2,6
than 50%
Measurements :
- 10 points or more (7-9 points; 5-6 points; less than 5 points) 1,5(0,8; 0,5)
- minimum voltage is less than 0,2 V; 0,2
- maximum voltage is larger than 1,5 V; 0,2
- almost linear dependence is obtained; 0,1
- small deviation from the linear dependence to the top 0,2
Graph:
- axes are named and ticked,; 0,1
- points in the Table correspond to the points in the graph; 0,2
- smooth ine is drawn; 0,1
1.3.2 The resistance is calculated for the snow temperature: 1,2
- points with voltage less than 0,5 V are only used; 0,2
- calculation by all points (by 2 points, by 1 point); 0,2 (0,1, 0,05)
- the numerical value is in the range 3,5-4,5 Ohm (3,0 — 5,0 Ohm);
- the resistance is larger than at room temperature; 0,1 (0,05)
- formula for the temperature coefficient of resistance; 0,1
- negative value; 0,1
- numerical value is in the range +50% (+75%); 0,1
- error is estimated,; 0,2(0,1)
- error is larger than 50% 0,1
0,1
2.1 3
marked only if the deviation from the table in the solution is less
than 50%
Measurement:
- not less than 7 points (5-6 points; less than 5 points) 2(1,5;1)
- decreasing dependence with convexity directed downward; 0,3
The range of voltages is 1,5 larger; 0,3
- there is a limiting value of the voltage; 0,4
2.2 Graph: 0,4
- axes are named and ticked; 0,1
- points in the Table correspond to the points in the graph; 0,2
- smooth ine is drawn; 0,1
2.3 Evaluation of the time equilibration: 1,6
- by graph (the slope to the steady value); 0,5
- by 1-2 points; 0,2
- semilogarithmic linearization is applied; 1,0
- numerical value is in thew range 20-30s (15-40S, 10-45s) 0,6 (0,4; 0,2)
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EXPERIMENTAL COMPETITION
14 January, 2015

Please read the instructions first:

1. The Experimental competition consists of one problem. This part of the competition lasts 3
hours.

2. Please only use the pen that is provided to you.

3. You can use your own non-programmable calculator for numerical calculations. If you don’t
have one, please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which will
be evaluated should be on the Writing sheets. Please use as little text as possible. You should
mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the bordered area.

6. Fill the boxes at the top of each sheet of paper with your country (Country), your student code
(Student Code), the question number (Question Number), the progressive number of each sheet
(Page Number), and the total number of Writing sheets (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be evaluated, put a large X across
the entire sheet and do not include it in your numbering.

7. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to
take any paper or equipment out of the room
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Resistance of graphite (15 points)

Instruments and equipment: graphite rod, multimeter, power source (battery 4.5 V), fixed
resistors 1.0 Ohm and 10 Ohm, variable resistor (use the sharp edge of the plastic ruler for its
adjustment), connecting wires, stopwatch, vessel with snow.

Warning! Be careful, since the graphite rod is very fragile and may be easily broken. Connect it
to a circuit with the clips called the **crocodile.

Graphite electrical resistance R, depends on its temperature. One can approximate that this
dependence is linear
R, = Ro(1 + aAT),

wherein AT denotes the temperature difference between the room and the rod, R, is the resistance
of the graphite rod at room temperature, « stands for the temperature coefficient of graphite
resistance.

The room temperature will be announced during the experimental competition.

It can also be assumed that the power of the heat dissipated into the ambient air is
proportional to the temperature difference between the rod and the air

P = BAT,

where g is the heat transfer coefficient.

Part 1. The current-voltage characteristic of a graphite rod @

1.1 Use the multimeter (in this paragraph, use it in the mode of resistance
measurements) to determine which of its pins corresponds to the sliding lead 2
(indicated in the figure by 2). 1—|__L|—3

1.2 Measure the dependence of the current through the graphite rod, which is placed in the air, on
the voltage aceoss it.

For the measurements, use the multimeter in the mode of voltmeter since it works very
unstable in the mode of ammeter. To measure current, use the resistor of 1.0 ohms. To change the
current in a circuit use the variable resistor. Bear in mind that when the current flows through the
rod it takes some time for the temperature to change. After changing the value of the variable
resistor by turning its knob, you should wait at least 30-40 seconds before taking the readings.

1.2.1 Draw schematically an electrical circuit that you used for taking measurements.
1.2.2 Plot the graph of the dependence obtained. Derive a theoretical formula that describes this
dependence.
1.2.3 Calculate the electric resistivity of graphite at room temperature. Estimate its experimental
error. The relative error of each resistor is 5%. The rod diameter is d = 1.0 + 0.05 mm. To
measure the length the graph paper may be used.
1.2.4 Show theoretically that in the steady state the electrical resistance of the graphite rod depends
linearly on the power P released in it due to the current flow

Ry = Ro(1 +yP). (1)
1.2.5 Using the obtained experimental data, calculate the dependence of the resistance of the
graphite rod on the power R, (P). Plot the corresponding graph.
1.2.6 Using the corresponding graph write down a range of powers for which formula (1) holds.
Evaluate the value of y for this particular range. Error estimation is not required.
1.3 Measure the dependence of the current through the graphite rod on the voltage across it 1(U),
when the rod is immersed into the melting snow.
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1.3.1 Plot the graph of the obtained dependence.
1.3.2 Evaluate the temperature coefficient of graphite resistance and estimate its experimental error
Aa.

Part 2. Cooling of the graphite rod

To measure small changes in resistance it is preferable to
use a bridge circuit (see. Fig.). One of the wires connected to the _| Li
battery can be placed in two positions:

1 — measurement mode;
2 — heating mode. Re R,

By turning the knob of the variable resistor, it can be
ensured that the voltage across the voltmeter is equal to zero (or
close to it). In this case the bridge is called balanced. Take resistor
of 10 ohms as a resistor R;.

If you change the resistance R, of the graphite rod, the
voltage across the voltmeter turns non zero. In this case it can be shown independently (you do not
need to do that), that the voltage across the voltmeter is proportional to the change in the
resistance of the graphite rod.

2.1 Without heating the rod, place the battery wire in the measurement mode (position 1). Use the
knob of the variable resistor to make the multimeter readings close to zero (as close as possible).

Quickly switch the same battery wire in position 2, heat the rod by waiting for at least 1
minute. Then quickly switch the battery wire back in position 1 and measure the dependence of
voltage on time.

2.2 Plot the dependence obtained.

2.3 If the rod is connected to a DC voltage source, but its temperature differs from the stationary

one T,, then the change of temperature T over time t is approximately governed by the equation
= (T-D).
Using the experimental data verify the validity of this equation. Calculate the value of the

characteristic time 7 of thermal equilibration. Error estimation is not required.
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THEORETICAL COMPETITION
January 15, 2016

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
2. Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please
ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which
will be evaluated should be on the Writing sheets. Please use as little text as possible. You
should mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
6. Begin each question on a separate sheet of paper.

7. Fill the boxes at the top of each sheet of paper with your country (Country), your student
code (Student Code), the question number (Question Number), the progressive number of
each sheet (Page Number), and the total number of Writing sheets used (Total Number of
Pages). If you use some blank Writing sheets for notes that you do not wish to be evaluated,
put a large X across the entire sheet and do not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed
to take any paper out of the room.
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Problem 1 (10.0 points)
This problem consists of three independent parts.

Problem 1A (4.0 points)

A homogeneous planet of radius R has no atmosphere and does not rotate. A stone is
thrown from the surface of the planet at an angle a to the horizontal with the speed v,, which is
equal to the orbital velocity for the surface of the planet. Find the maximum height of ascent of
the stone above the surface of the planet. At what range from its initial point, measured along the
surface of the planet, the stone will hit the surface?

Problem 1B (3.0 points)
One mole of an ideal monatomic gas performs a process ~
whose chart in VT coordinates completely lies on a straight line. Find
the heat capacity of the gas at the point A, equidistant from the points
of intersection of the process line with the coordinate axes. PN

Problem 1C (3.0 points)

Two spheres with the radii » and R (r < R) \with the common
center divide the space into three domains. The interior of the small sphere
is uniformly charged with the volume charge density —p, the domain in
between the spheres is uniformly charged with the volume charge density
+p, and there is no charge outside the larger sphere. Find the ratio of the
radii R/r, at which the potential in the center of the symmetry of the system
is equal to the potential at infinity.

Problem 2. Equilibrium in terms of potential energy (10.0 points)

One of the widely known principles of the general physics is that every system tends to
decrease its potential energy, and the stable equilibrium position corresponds to the state with the
minimum of its value.

In this problem the interaction of the liquid with the solid surface is studied. To describe
this interaction the following parameters are introduced:
o, Is the surface tension at the interface between the
liquid and the air;

o, is the surface tension at the interface between the
liquid and solid;

o, is the surface tension at the interface between the
solid and the air;

0 is the contact angle (wetting angle).

The values o,, o,, o, designate the surface energy per unit area of contact between
media.

In all parts of the problem, use the following numerical values for water:

the surface tension o, = 0,072E ;

m

the contact angle 6 =20°;
the mass density p =1,0-10° kg ;
m

the acceleration of gravity g = 9,8m2.
S
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1. Introduction (1.0 points)
1. [1.0 points] Prove that the change in the surface energy at the liquid-solid interface is found as
AU, =—-0,c0s6 AS, (1)

where AS stands for the change in the area of the contact between the liquid and solid.

2. Water in a vertical cylindrical tube (2.0 points)
The open tube with the inner radius R =1,0mm is lowered vertically so that its lower end
touches the surface of the water.
Let a water level in the tube be at a certain height h, which does not necessarily
correspond to its equilibrium value.

2.1 [0.5 points] Find the formula for the change in the surface energy
of the system AU, that corresponds to an additional small rise of
water level Ah in the tube.

2.2 [0.5 points] Find the formula for the change in the potential energy
AU of the liquid in the gravitational field that corresponds to an
additional small rise of water level Ah in the tube.

2.3 [1.0 points] Using the principle of the minimum potential energy,
find the formula for the height of the water in the tube h, in

equilibrium position. Calculate its numerical value from the quantities
provided above.

3. Water in a vertical conical tube (4.0 points)

A long conical tube is vertically lowered into the water so
that its lower end touches the surface of the water. The inner radius
of the tube at its lower base is equal to R=1,0mm, and its inner
radius at the upper base is close to zero. The tube walls make an
angle a with the vertical.

Note: in the following neglect any change in the surface
energy at the interface between the liquid and the air.

Let a water level in the tube be at a certain height h, which
does not necessarily correspond to its equilibrium value.

3.1 [0.5 points] Find the formula for the change in the surface energy of the system AU, that

corresponds to an additional small rise of water level Ah in the tube.
3.2 [0.5 points] Find the formula for the change in the potential energy AU of the liquid in the

gravitational field that corresponds to an additional small rise of water level Ah in the tube.
3.3 [1.0 points] Find the equation that determines the height of water in the tube in equilibrium
position and rewrite it in terms of o, 8, @ and the value of h, found in 2.3.

3.4 [1.0 points] Let an angle be @ = 1,0 x 1072 rad. The tube is partially filled with water up to
a certain level H . Find the dependence of the ultimate height of the water level in the tube as a
function of H .

3.5 [1.0 points] Specify the range of angles « (providing its numerical values) at which the
water completely fills the tube.

4. Outflow of water (3.0 points)
A Dbottle is completely filled with water, sealed tightly with the cork and turned upside
down. Two identical round holes of radii R are drilled in the cork.
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4.1 [3.0 points] At what minimum value of the hole radius the water will pour out of the bottle?

Mathematical tips
Rather small convex spherically shaped surface
can be approximately described by a function —“
Z= h[l——z] ) [}
R

where R denotes the radius of the bulge with h being its height such that h<<R.
Then, up to higher orders the area of the spherical part of the bulge is found as

s = z(R? +h?),
and its potential energy in the gravitational field is derived as
aR?h?
U= 9.

Problem 3. Nonlinear capacitor (10.0 points)
The electrical circuit contains the voltage source U, \connected in series with the resistor
R = 1,00 k2 and the nonlinear capacitor, whose capacitance depends on the voltage across it
and is graphically shown in the figure below.
Note: to solve this problem you may need to use some piece of squared paper provided
under the graph,

1. [0.75 points] Assume that U, = 5,0 V. Find the charge of the capacitor, which appears on its
plates after a sufficiently long period of time.

Suppose that at the initial time moment the charge of the capacitor is zero, and the
voltage source provides U, = 10 V. It is seen from the graph that the capacitance of the capacitor
at this voltage goes to infinity, i.e. C(10 V) = oo.

2. [0.25 points] How long does it take for a capacitor to be charged to the voltage U, = 10 V?

3. [3.0 points] Find the time moment t, when the charge of the capacitor is equal to g = 4,0 uClL.
4. [0.5 points] Find the time interval At at which the charge of the capacitor grows from q, =
4,0 uClto g = 8,0 uCl.

5. [0.5 points] Find the charge of the capacitor at the time moment t, = 3,0 ms.

Let a source provide a constant voltage with a small portion of alternating voltage such
that U, = U + 6Usinwt = [5,000+ 0,100sinwt |V, where w = 2500rad/s. After a
sufficiently long period of time electrical oscillations of voltage and current are set up in the
circuit.

6. [0.5 points] What is the phase difference ¢ between the voltage oscillations across the
capacitor and the resistor?

7. [4.0 points] Find the dependence of the electric current in the circuit I(t) as a function of
time.

8. [0.5 points] Find the voltage across the capacitor U (t) as a function of time.
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL

COMPETITION
Attention
Problem 1 (10.0 points)

Problem 1A (4.0 points)

For Keplerian motion the total energy, as well as the period of
rotation, depends only on the semi-major axis, which for stone’s orbit
coincides with the planet radius (a = R), and the starting point lies on
the semi-minor axis because its distance to the focus (the center of the
planet) is equal to a (see. fig.). From the figure one gets

R+ h=asina + a,
h = Rsina.

This result can also be obtained by solving a set of equations which is written from the

conservation of energy and angular momentum.

The flight range of the stone is found as [ = 2R¢p = 2R(§ - ).
Grading scheme

Ne Content points
1. The maximum height is found 2
Conservation of energy 0,5
Conservation of angular momentum 0,5
The set of equation is correctly solved 1
or
Semi-major axis a = R is found 0,5
Justification for semi-major axis 0,5
The correct sketch is drawn 0,5
Answer 0,5
2. | The angle ¢ is obtained (¢ = g — ) 1
Correct answer to the question 1
Total 4.0

Problem 1B (3.0 points)
According to the definition the heat capacity is written as

_8Q _ AU+PAV _ av
C=—=—7 =C+P_. (1)

Let the gas parameters at the point A be equal (Po,Vo,To). Then, the equation of the process
takes the following form

Vo To
For small deviations one derives
AV AT
v =0 ©)
AV _ E
s T 4)
With the aid of the equation of state PyV, = RT,, one finally gets
AV % R
Grading scheme
No Content points
. Expression for C that contains the derivative 1.0
2. The derivative is found for the point 4 1.0
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3. Correct answer (C, — R or R/2) 1.0
Total 3.0
Problem 1C (3.0 points)

It follows from the symmetry that the potential at the center of a uniformly charged volume of
spherical shape with respect to the point at infinity is equal to

3
o~k i~aZ~apR?, (1)
where a denotes a coefficient of proportionality which is the same for a sphere of any size.
Our system of charges can be represented as a superposition of a sphere of radius R with the

volume charge density +p, and a sphere of radius r charged with the volume density -2p. Then, the
potential at the center is found as

apR? + a(—2p)r? =0, (2)
where
Z=V2. 3)
Grading scheme
Ne Content points
1. The formula for the potential at the center ¢ ~pR? 1.0
Derivation of the potential at the center 1.0
Wrong coefficient for the potential at the center -05
Wrong derivation of the potential 0
2. Superposition principle is used 1.0
3. Correct answer 1.0
Total 3.0

Problem 2. Equilibrium in terms of potential energy (10.0 points)
1. Introduction (1.0 points)
1.1 [1.0 points] The change in the surface energy at the liquid-solid interface is found as
AU =—(o, —0,)AS. (1)
Considering the small segment Al of the boundary of the drop one can write the condition
of its balance

(o, —o,)Al = 5,Al cos 6 . (2)
It follows from equations (1) and (2) that
AU, = -0, c0s0 AS. ©)

2. Water in a vertical cylindrical tube (2.0 points)

2.1 [0.5 points] The formula for the change in the surface energy of the
system AU that corresponds to an additional small rise of water level
Ah in the tube takes the form

AU, =—-0,C0860-AS =—0,C0s6-27RAh, 4) —
where AS = 27RAh is the change of the contact area between the liquid
and the inner surface of the tube.
2.2 [0.5 points] The formula for the change in the potential energy AU, 4
of the liquid in the gravitational field that corresponds to an additional
small rise of water level Ah in the tube takes the form

AU = 7R*Ahpgh . (5) A

It is taken into account that the liquid of the mass Am = 7R*Ahp

has risen to the height h.
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2.3 [1.0 points] If |AU S| exceeds AU, the energy of the system decreases when the liquid has
risen, and hence the liquid will continue to rise, otherwise liquid level will go down. At the position
of equilibrium, the total change in energy should be equal to zero, and, thus,
20,C0s0

PR
Substitution of the numerical values leads to the following result

h, = 20,0086 _ 2-0,3072-003 20° =14-10"2m=14mm. 7)
POR 1,0-10°-9,8-1,0-10

3. Water in a vertical conical tube (4.0 points)
3.1 [0.5 points] The formula for the change in the surface energy of
the system AU that corresponds to an additional small rise of water

level Ah in the tube takes the form

0, C0s0-27RAh = ;R*Ahpgh = h, = (6)

Ah
cosa

(8)

AUg =-0,C080-AS =—-0,C080 -2 1

Here r = R—htga is the tube radius at the height h.

3.2 [0.5 points] The formula for the change in the potential energy

AU of the liquid in the gravitational field that corresponds to an

additional small rise of water level Ah in the tube takes the form
AU, = r?Ahpgh. (9)

3.3 [1.0 points] As above, the equilibrium position corresponds to

the equality of the modules for the energy changes written here as

= 7 r?Ahpgh, (10)

o

0,C080-27r
cosa

Substituting the expression for the radius of the tube at the height h, one gets the equation
20, C0s6

R-htga
in which the parameter h, is easily introduced as
20,C0S6

= pghcosa (11)

- =hcosag = h—:hcosa, (12)
pgR(l—Rtgaj 1—Etga

3.4 [1.0 points] The resulting equation is square with respect to h. Therefore it is necessary to
analyze its roots, or condition of their absence. Let us rewrite equation (12) in the form

h, = hcos a(l— %tga} : (13)

The quadratic function on the right side of this

equation has zeros at h=0 and h= ti ,,» and therefore,
ga
R h

it reaches its maximum value of icosw at h=——
oo 2tga

. Consequently, equation (12) has no real roots at

cos ¢ . Otherwise, there are two roots. At the

h, >
dtga

R h R h:tgia
given parameters of the tube TCOSa:25mm, S0
Qo

there are two root corresponding to the two equilibrium positions. It is easy to show that the smaller
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root gives a stable equilibrium position, and the larger one is unstable and their numerical values
are evaluated as

h, .
coswiJcos2 a—-4-"Lsina
h_

_ ___R = h, =16,5mm, h, =83,5mm
SInNx

R
Thus, when H <h, the water level in the tube stops at the height h, and if the initial water
level exceeds h, the water fills up the tube completely.

3.5 [1.0 points] The water fills up the tube at any initial value of H, if equation (12) has no roots at
all. This condition is fulfilled when

cosa , (14)

2

h, >

dtga
or

sin a > R =0,018.
4h,
4. Outflow of water (3.0 points)
4.1 [3.0 points] The water will start to pour out through the hole only if the water surface in the
openings lose stability. This happens if the decrease of the potential energy in the gravitational field
exceeds the increase in the absolute value of the surface energy. This condition is expressed by the
inequality
2102
20,7 < 2 R

£9 (15)
from which it follows that

R> /% = 6,6mm (16)
ol

Grading scheme

Ne Content points
1 The segment of the boundary is chosen 0,5

Balance condition for the segment (2) (o, — o, )Al = o,Al cos @ 0,5 10
21 |Formula(4) AU, =-0,c0s60-AS =—0,c0s0-2aRAh 0.5 05
2.2 | Formula (5) AU, = zR*Ahpgh 0,5 05
2.3 | The equality for the change of  energies (6) 0,5

0,080 - 27RAh = 7R*Ahpgh = h, = 20, €086

~9R
Formula (7) h, _ 20,€050 0.2 1,0
PIR

Correct numerical value (with significant digits of accuracy) 0.3

h, =1,4-107%m =14mm
31 Formula (8) AU, =—-0,€0s68-AS =—0,c0S0 -2 r A 05 0,5

CoSa
3.2 | Formula (9) AU, = zr?Ahpgh 0,5 05
33 Equation (10) o, cos@-2zr cjsh = 7 r’Ahpgh 05 1.0
(04
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2 h 0,5
Equation (12) 0,080 _ hcosa = hO =hcosa
Rl1-—t 1- —tgo
oR{1- f10a | g
3.4 | Solution of equation (12) 0,3
Analysis of the stability of the roots 0.5 1,0
Correct result 0,2
35 Condition for root absence sina > R 06
4h, 1,0
Numerical value of the angle sina > 0,018 0,4
4.1 | Basic idea: change in the potential energy must be greater than the 1,5
change in the surface energy
212 1,0
Inequality (15) 20,7h* < R h 9
3,0
Numerical value for the radius (with significant digits of accuracy) 0,5
R> /% = 6,6mm
ot
Total 10,0

Problem 3. Nonlinear capacitor (10,0 points)
1. [0.75 points] After a long period of time the electric current in the circuit turns zero and the
capacitor will be fully charged, i.e.
1=0. (1)
The voltage provided by the source is thus drop on the capacitor whose capacitance at U, =
5 V is obtained from the graph

C = 0,10 pF. (2)
The charge of the capacitor is therefore found as
q = CU, = 0.50 pCl. 3

2. [0.25 points] Since the electric current in the circuit is finite and charging the capacitor to the
voltage drop of U, = 10 V requires an infinite charge, the corresponding time is obtained as.

t = oo, 4)
3. [3.0 points] Let the capacitor be charged with the charge g and its capacitance is equal to C,
then, since all elements are connected in series, one gets

Uy = % + IR, (5)
where the electric current is obtained as
1=21 (6)
Substituting (6) into (5) yields
dt = 5= dq = f(¢)d, (7)
c@
where f(q) = R/ (UO — %) is a function of the charge of the capacitor.

The function f(q) is easily retrieved from the provided graph of ¢ = C(U) and turns out
linear as shown in the figure below.
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/

2.0

ms /
(), — 1.0

uCl /
0.5
0.0
0 2 4 6 8 10
q,uCl1
The linear equation has the form
fl@ =a ;qu, 8
a=0.10 e 9)
ms

b=020cs. (10)

The time needed for a capacitor to be charge to g = 4 mxKun, is derived from equations (7)
and (8) as
t=aq+ %qu = 2.0ms (11)
4. [0.5 points] The time interval At, needed for the capacitor to increase its charge from g, = 4 uCl
till g = 8 pCl is found as

t=0q—q) (a + %b(q + qo)) = 5.2ms. (12)
5. [0.5 points] Solving equation (11) one obtains that
—at+Vva2+2bt
qujp = =22 (13)

It is obvious that at the initial time moment q(0) = 0, that is why the plus sign must be taken in
formula (13) and one finally gets that

g =" = 500 (14)
6. [0.5 points] For an ordinary capacitor its charge is proportional to the voltage drop across it, i.e.
q=CU, (15)
and the electric current in the circuit is derived as
=8 L (16)
dt dt dt

Since the capacitor and the resistor are connected in a series, then the electric current
passing through them is the same, and, thus, the oscillation of voltage on the resistor is in phase

with the oscillation of the current. Substituting U~ sin wt gives rise to I~ cos wt = sin (a)t — g)
i.e. the phase difference between the oscillations of the voltage across the capacitor and the resistor
iISp =— g
The circuit contains the nonlinear capacitor but the proportionality in equation (16) stays the
same, since the oscillation of the voltage is small compared with the constant voltage provided by
the source, i.e.
V3

QY = —;. (17)
7. [4.0 points] The voltage drop has constant and alternating components. After a long period of
time the constant component of the voltage will be dropped across the capacitor only, i.e.

Us = 5,000V, (18)
and the constant component of the voltage drop across the resistor will be equal to zero, i.e.
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In our case the capacitance is voltage dependent, that is why equation (16) is rewritten in the
form

dc(u)auv _ dau
== C(U)_ +U av at  effap (20)
where the effective capamtance is found as
Cott = C(U) + U2 = 0.200 pF. (21)
It is well known that the reactlve resistance of the capacitor is equal to
Xo = — (22)
€7 weerr’

To calculate the electric current for the resistor and the capacitor connected in a series let us
use the vector diagram shown in the figure below.

oU
From this diagram the amplitude of the electric current is easily found as
[=—2Y 4474 (23)
R2+ 22

eff
and the corresponding phase shift a between the current and the voltage is obtained as

— Uc — — o
a = arctg (UR) = arc tg( effR) = 1,11 rad = 63,4°. (24)
Finally, the dependence of the electric current on the time is derived as
I(t) = [44,7 sin(2500t + 1,1)] pA. (25)

8. [0.5 points] The amplitude of the voltage oscillation on the capacitor is obtained from the vector
diagram as

Us=6Usina. (26)
Finally, taking into account the constant component of the voltage drop on the capacitor one
gets
Uc(t) = Uz + 86U sina sin (wt - g + a) =
= [5,000 + 0,089 sin(2500t — 0,464)] V. (27)
Grading scheme
Ne Content points
1 Equation (1) I =0 0.25
Equation (2) C = 0,10 uF 0.25 0,75
Equation (3) g = CU, = 0.50 uCl 0.25
2 VYpasuenue (4) t = 0. 0.25 0,25
3 | Equation (5) Uy = = + IR 0.25
Equation (6) I = % 0.25
Equation (7) dt = ——dq = f(q)dq with the function f(¢) = | 0.2
@
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1 3.0
R/ (UO C(q))
Equation (8): it is found that f(q) = a + bg 1.25
Equation (9) a = 0.10 % 0.25
' = _ms_ 0.25
Equation (10) b = 0.20 D)2
Equation (11) t = aq + %qu 0.25
Numerical value in equation (11) t = 2.0 mMc 0.25
4 Equation (12) t = (q — q0) (a + %b(q + q0)> 0.25 05
Numerical value in equation (12) 0.25
> Equation (14) ¢ = ———2 aZ*;"t‘a 0.25 05
Numerical value in equation (14) 0.25
6 Equations (15), (16) or equivalent 0.25
Equation (17) ¢ = —~ 0.25 0.5
7 Equation (18) U, = 5,000 B 0,25
- _ 49 _ a acu) v _ a 15
Equation (20) I = = c) o tU— == Cegr
Equation (21): correct numerical value Cq¢e = 0.200 pF 0.25
Equation (22) X; = ! 0,25
WCeff
Correct vector diagram or impedances 0,5
Equation (23) I = ou 0,25 40
R4~ '
@ Leff
Equation (23): correct numerical value I = 44.7 pA 0,25
- — 1 0,25
Equation (24) a = arctg (wceffR)
Equation (24): correct numerical value « = 1,11 rad = 63,4° 0,25
Equation (25) I(t) = [44,7 sin(2500t + 1,1)] A 0,25
8 Equation (26) U, = 6U sina 0.25 05
Equation (27) Uc(t) = [5,000 + 0,089 sin(2500t — 0,464)] V 0.25 '
Total 10,0
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EXPERIMENTAL COMPETITION
16 January, 2016

Please read the instructions first:

1. The Experimental competition consists of one problem. This part of the competition lasts 3
hours.

2. Please only use the pen that is provided to you.

3. You can use your own non-programmable calculator for numerical calculations. If you don’t
have one, please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which will
be evaluated should be on the Writing sheets. Please use as little text as possible. You should
mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the bordered area.

6. Fill the boxes at the top of each sheet of paper with your country (Country), your student code
(Student Code), the question number (Question Number), the progressive number of each sheet
(Page Number), and the total number of Writing sheets (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be evaluated, put a large X across
the entire sheet and do not include it in your numbering.

7. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to
take any paper or equipment out of the room
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Coal tablet (15.0 points)

In this experiment it is necessary for you to investigate the dependence of the electric
resistance of activated coal tablet under mechanical stress.

Devices and the equipment: tablet of activated coal, two wooden rulers with electric contacts, a set
of weights with hang-ons (6x100g), multimeter, variable resistor with the maximum resistance of
100 Ohms, constant resistor with the resistance of 1.0 Ohm, source of the constant voltage of 9,0 V,
connecting wires.

Teachers of this school have designed for you the mechanical part of the installation: one
ruler is fixed, and the other is used to suspend weights. You should design and connect an electric
circuit by yourself.

Part 1. Ohm’s law (7.0 points)

1.1 Measure the dependence of the electric current passing through the coal tablet as a function the
voltage across it. Measurements should be made for two values of the mechanical load, 200 and
400 g (per tablet). Plot the graphs of the corresponding dependences, specify whether it is possible
to treat the resistance of the tablet as independent on the applied voltage. Calculate the resistance of
the tablet for the above given mechanical stresses, estimate their errors.

Provide the sketch of the electric circuit that you used to make measurements. In this part of
the experiment it is required to use a multimeter in the voltmeter mode only.

Part 2. Mechanical stress and resistance (5.0 points)

2.1 Make measurements for the dependence of the tablet resistance as a function of the mechanical
stress on the tablet measured in grammes. Make measurements «in two directions»: increasing the
stress and decreasing it.

2.2. Plot the graphs of the corresponding dependences.

2.3 Propose the simplest linearization of the obtained dependences. Plot the graphs of the linearized
dependences.

Part 3. Designing scales (3.0 points)

In this part of the experiment it is necessary for you to propose an installation for electronic scales
in which the central role is played by the tablet investigated in the previous parts.

3.1 Propose an electric circuit in which the voltage on one of the elements is approximately linearly
proportional to the total weight used as a load.

3.2 Plot the calibrating graph for your scales, i.e. the dependence of the voltage on the chosen
element as a function of the load weight.
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SOLUTION FOR THE EXPERIMENTAL COMPETITION

To check whether Ohm’s is in power in this
case6 the circuit shown on the right should be ﬁ %
connected such that the multimiter in voltmiter mode

is used to measure the voltage across the tablet R.

Coal tablet (15.0 points)
Part 1. Ohm’s law (7.0 points)

and the resistor R, =1,00hm. The latter is equal to - H
the electric current. R c Ro
The results for two given weights are presented
in table 1.
Table 1
m = 2009 m = 4009
u\Vv I,mA | UV I,mA
6,43 120,0 6,09 142,0
4,69 89,0 4,37 96,0
4,08 72,7 3,36 68,0
3,27 56,6 2,7 94,5
2,41 37,0 2,02 39,2

The graphs of the obtained dependences are shown below.

160

I.mA

140 4
120 4
100 4
80 4
80 4
40 -
20 4

With a high degree of accuracy these dependences are linear which means that the resistance
is independent of the voltage and Ohm’s law holds.
To calculate the resistances it is required to use the leasrt square method. The result are

summarized as follows

2001 a=(21+ 2)m7A b=(-10+11)mA;

400t - a:(ZSiZ)T/—A b=(~10+8)mA

Consequently, the corresponding resistances are found as

1

R = — =
200 a

1

(47 £5)0hm R,y = = (40 +3)0hm
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Part 3. Designing scales (3.0 points)
The obtained results demonstrate that the current in the circuit shown above is proportional to
the mechanical stress on the tablet. That is why the circuit for electronic sales should be the same and
the voltage must be measured across the resistor R,. The “readings” of the scales as a function of the

mechanical stress are presented in table 3 and in the corresponding graph.

Table 3.
m,g | U mV 250 :
100 140
200 155 200 4 §
300 168 ;
400 180
500 195 150 1 :
600 210
T
Y Enmn- Enmnw Eumn- Samm - Samm
m, g
0 100 200 300 4[-1[] 500 600 700
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Grading scheme
Content Points Total
3.1 The electrical circuit allows one to measure 1,0 1.0
the electric current and the voltage.
Setting up the mechanical stress according to 0,5 0,5
lever rule
Taking measurements: 3,5
- no less than 5 points for each dependence 2x1,0
(3-4.less than 3); (2x0,5, 0)
- the voltage up to 6 V (up to 4 V, or less);
Linear dependences are obtained 2x0.5 (2x0,25,0)
2x0,25
Plotting the graph: 0,5
Axis are labeled and ticked, 0,1
All points are presnt in the graph; 0.2
Smooth lines are drawn 0,2
Calculation of the resistances: 1,5
(acceptable range — 30-60 Ohm)
- using LSM; 2x0,5
- graphically; (2x0,4)
- by two pints (2x0,25)
Errors are evaluated 2x0,25
2.1 Taking measuments: 3,5
(the acceptable range 100-30 Ohm)
- no less than 6 points; 1,5
- the resistance decreases/increases at least
twice; 1,0
- repeated measurements are taken; 0,5
- the obtained dependence is inversely
proportional; 0,5
2.2 Plotting the graph 0,5
Axis are labeled and ticked, 0,1
All points are presnt in the graph; 0,2
Smooth lines are drawn 0,2
2.3 Linearization is made 0,5 0,5
The graph of the linearized dependence 0,5 0,5
3.1 The circuit is to measure the current 1,5 1,5
Plotting the calibrating graph: 1,5
no less than 5 points; 0,5
Axis are labeled and ticked,
All points are presnt in the graph; 0,5
Smooth lines are drawn 0,5
Total 15
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THEORETICAL COMPETITION
January 14, 2017

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
2. Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please
ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which
will be evaluated should be on the Writing sheets. Please use as little text as possible. You
should mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
6. Begin each question on a separate sheet of paper.

7. Fill the boxes at the top of each sheet of paper with your country (Country), your student
code (Student Code), the question number (Question Number), the progressive number of
each sheet (Page Number), and the total number of Writing sheets used (Total Number of
Pages). If you use some blank Writing sheets for notes that you do not wish to be evaluated,
put a large X across the entire sheet and do not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed
to take any paper out of the room.
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Problem 1 (10.0 points)
This problem consists of three independent parts.

Problem 1A (3.0 points)
A new rapid-firing multibarrel machine gun is tested to provide n=2100 shots/s. The flight
speed of a bullet is u=1000 Vs, and its mass is equal to m=10 g. The target is a sandbox of
mass M =1000 kg vertically suspended on a rope. Considering that the bullets are all stuck in

the sandbox, evaluate the maximum deflection angle of the sandbox from the vertical after the
shooting has started.

Problem 1B (4.0 points)

There is a bubble of radius R, somewhere in free space. With the help of an external
ionizer the soap film is quickly charged up to some positive value, then over certain period of
time the radius of the bubble ceases to change and becomes equal to R, =2R,. Find the electric
charge g, which has been acquired by the soap film, if its heat capacity and heat conductivity are

both negligible. The surface tension o of the soap film does not depend on the temperature. The
air is considered as an ideal diatomic gas.

Problem 1C (3.0 points)

Two identical source of coherent monochromatic waves with the wavelength A are placed
at the points S, and S, (see the provided separate sheet of paper for this subproblem). On the
sheet of paper provided one wavelength corresponds to the size of the two squares. Receivers of
waves are located at the points A, and A,. Each source emits waves with the same intensity |,
such that the change in the wave amplitude can be neglected with the distance from the sources.
On the same sheet of paper for this subproblem plot those points in the highlighted oval area at
which a third source should be placed to completely suppress the signals at the points A, and A,
. simulateously. What should be the intensity of the wave from the third source? All sources emit
waves with the same phase and polarization perpendicular to the plane of the figure.

Attention! Make all the necessary drawings in the same sheet of paper provided for this
subproblem, collect it together with the answer sheets Writing sheets, incorporating it into the
overall numbering. Otherwise, your answer to this subproblem will not be evaluated!



Xl International Zhautykov Olympiad/Theoretical Competition Page 3/7

Problem 2 (10.0 points)

Fantastic trip through the Universe
A reconnaissance spacecraft of the well developed civilization plows the universe. In this
problem, you are asked to consider a few situations of that interstellar travel from the physical
point of view. For all numerical calculations consider the gravitational constant known and equal
t0G = 6.672 x 107 1m3/(kg - s?).

1. Planets with strange shapes (3.9 points)
At some distance from the spacecraft the crew captain discovers the first planet that has a
strange shape of a parallelepiped with a square base of side a and a very small thickness h < a.
The captain gives the order to pursue a course to planet's center as shown in the figure below.

D
Center 4
Course \
O ---- - - ————— - - — - — = = — = — B.
Spacecraft a
v
Planet

It has been revealed after turning off the engine that the spacecraft acceleration of the free
fall g, that the planet provides at distances much greater h, remains proportional to the solid
angle Q, at which the planet is seen from the spacecraft, that is:

g = afl.

The solid angle Q is a part of the space, which unites all the rays emanating S
from a given point (the vertex) and intersecting a surface (which is called a surface :
subtending the solid angle). The boundary of the solid angle is a certain conical
surface.

The solid angle is measured by the ratio of the area S of the sphere centered at
the vertex, which is cut by this solid angle, to the square of the sphere radius:

N

Q==

RZ

Solid angles are measured by abstract dimensionless quantities. The unit of the solid angle is a steradian,
which, in SI units, is equal to the solid angle cutting out the surface area of R? from the sphere of radius R. The

whole sphere corresponds to the solid angle of 4x steradian (full solid angle) from any vertex, situated inside the
sphere, in particular, for the center of the sphere.

After landing on the planet surface and taking the soil samples, the scientists reported to
the captain that the planet is composed of homogeneous material of the density p; =
3000 kg/m3® and the free fall acceleration near the geometric surface center of the planet
remains almost constant and is equal to g; = 9,81 X 1072m/s?2.

1.1 [0.7 points] Find and calculate the thickness of the planet h.
1.2 [0.5 points] Find and calculate the coefficient a.
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After leaving the first planet, the captain and his crew meet another exotic planet that
shapes a regular pyramid with a square base of the side a = 10000km and of the height %

1.3 [0.7 points] Find and calculate the free fall acceleration g, measured at the top of the
uniform pyramidal planet, if its density is equal to p, = 4500kg/m3.

The spacecraft has left the pyramidal planet from its top, starting with the characteristic
parabolic velocity v, = 3,45km/s. The next planet the spacecraft has met on its way is the one
shaped like a perfect uniform cube with the side a. After accurate measurements, the captain and
his crew have found that the density of the cubic planet is p; = 5000kg/m3.

1.4 [2.0 points] Find and calculate the parabolic velocity v, for the spacecraft to start from
one of the vertices of the cubic planet.

2. Dusty cloud (6.1 points)

The spacecraft encounters a very large massive dust cloud of radius R = 1,50 x 107km
and of homogeneous density p, = 50,0kg/m3. The speed of the spacecraft at a large distance
from the cloud reaches the value of v,, = 100km/s, and the impact parameter measured from
the cloud center is equal to b = 1,50 x 108km. The engine remains switched off.

2.1 [2.5 points] Find and calculate the coordinate of the spacecraft entry into the dust
cloud, characterized by the angle 6.

2.2 [2.0 points] Find and calculate the minimum distance r,,,;,,, the spacecraft flies by from
the cloud center. Resistance to the motion of the spacecraft caused by the cloud particles
can be neglected.

Making sure that it is impossible to avoid a collision with the cloud, the captain of the
spacecraft takes the decision to turn on the engine, thereby increasing the speed v,,.

2.3 [1.0 points] Find and calculate the minimum speed v, i, at which the spacecraft
passes safely by the dust cloud.

Successfully passing the obstacle, the captain and his crew have discovered that the
particles of the dust clouds contain valuable elements.

2.4 [0.6 points] Find the minimum work A, which must be performed in order to gradually
bring all the dust particles onto a very remote processing plant.
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Problem 3 (10.0 points)
Resistance of a prism
1. Mathematical introduction (3,0 points)

By definition, it is believed that terms of the numerical sequence obey the recurrence
relation if each successive term is expressed through the previous ones. For example, for a well
known geometric progression we have

X = Xy q, 1)
where k=1,2,3,..., A stands for a fixed number and zeroth term of the numerical sequence has
some value of A, i.e. x,=A.

1.1 [0.2 points] Obtain an explicit formula for an arbitrary term of the sequence x,, i.e.
express it through the successive number k, the initial value A and A.

Let us consider the number 1=2++/3. Taking its natural power of k, the result can be
presented in the following form

/lk:pk+qk\/§' )
where p,,q, denote some integer numbers.

1.2 [0.4 points] Find the recurrence relations, expressing the values of p,,q, through the
previous values p, ,,q,,. Find also the inverse relations, expressing p, ;,q, ,through
Pi» Uy -

1.3 [0.7 points] Calculate the numerical values of the coefficients p,,q, for
k=1234,5.

1.4 [0.2 points] Express the number A% = (2+ \/§>k in terms of p,,q, .

Let the terms of a certain numerical sequence obey the recurrence relation
Xy =4% — %4, k=1..,N-1, 3)
where it is known that N is some integer number, x,=A and x, =B, A, B designate some
values.

1.5 [1.0 points] Obtain an explicit formula for an arbitrary term X, of the sequence (3), i.e.
express it in terms of the number k and values A,B,N .

1.6 [0.5 points] Obtain an explicit formula for an arbitrary term x, of the sequence (3)
through p,,q,, found in.1.2-1.3.

Hint. The solution to the recurrence relation (3) must be sought in the form x, = CA*, where C

is a constant. Determine at what values of A it is possible and construct an exact solution that
satisfies all above stated conditions.

2. Wire frame in the shape of a prism (7.0 points)
Problems are widely known in which you are asked to find the electrical resistance of a
simple wire frame. An example of such a frame shaped in the form of a cube is shown below.
Let the electric resistance of each edge be equal to R, .
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2.1 [0.8 points] Find the total resistance of the cube when the
source is connected to the two adjacent cube vertices as shown
on the right. R,

Let us now consider a more general case of the wire frame in i
the form of the regular prism with an arbitrary number N of side T
faces and determine its electrical resistance when the source is -
connected to the adjacent vertices of the side edge, as shown in the

figure below. The resistance of each frame edge is equal to R, .
For convenience, the vertices of the prism and their electric potentials on the upper and the

bottom sides are consequently numbered and denoted, as shown in the figure below. DC voltage
source is applied to zeroth vertices such that the source sets the potentials of the vertices equal to

X, =+@, and Yy, = —¢,, respectively.

)
;)

Wire frame in the shape of a prism Numbering and denoting vertices' potentials

2.2 [0.2 points] Find the relation between the potentials X, and Yy, . Find the relation
between the potentials x, and X, _,

Consider an arbitrary lateral edge, except zeroth (k =0) and the last (k = N —1) ones. The
corresponding circuit diagram is shown below.

2.3 [1.0 points] Find an recurrence relation for the potential x, as expressed in terms of
the neighboring vertices potentials for k =1,2...N — 2.

2.4 [0.2 points] Find boundary conditions at k=0 and k=N —1 necessary for
unambiguous determination of the potential x, .

2.5 [0.2 points] Find explicit expressions for the potentials x, and y, for all possible
numbers k=01,2...N —1.

2.6 [0.4 points] Express the source current in terms of ¢,,R,,N. Use the appropriate
numbers p,,q, .obtained in the Mathematical introduction to this problem.
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2.7 [0.2 points] Derive an explicit formula for the resistance R, of the wire frame,

expressed in terms of R, p.dy -

2.8 [1.0 points] Find and tabulate the exact values of the frame resistances for
N =1,2,345.

2.9 [0.5 points] Draw the equivalent circuits for the exotic prisms with N =1 and N =2.
2.10 [1.0 points] Find the resistance R, of the wire frame at N — 0.

2.11 [1.5 points] Find the minimum value of N at which the prism resistance deviation
from R_ does not exceed 2%.
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL

COMPETITION
Attention. Points in grading are not divided!
Problem 1 (10.0 points)

Problem 1A (3.0 points)
Suppose that during the time interval At the number of bullets hit the sandbox is equal to AN.
Then, the momentum, transferred to the sandbox, is found as Ap = ANmu which is equivalent to
the action of a horizontal force

FoAP_ANmu_ 1)
At At
For the deflection angle « this horizontal force F does work
A=Flsina. (2)

Here 1 is the distance from the point of suspension to the center of mass.
The deflection angle is a maximum when all the work done is converted into the target potential
energy equal to

W = Mgl(l-cosa) . 3)
The energy conservation law A=W yields the final answer

oy = 28rCtY Fl- 2arctg MY _ 0.2 rad =11.65°. 4)

Mg Mg
Content Points
Formula (1) F _ApP_ ANmu =nmu 0,5
At At
Formula (2) A=Flsina 0,5
Formula (3) W = Mgl(1-cos ) 0,5
Formula (4) o, =2arctg F = 2arctg nmu 1,0
Mg Mg

Numerical value ¢, =0.2 rad =11.65° 0,5
Total 3,0

Problem 1B (4.0 points)
Charge repulsion on the surface results in an increase of the bubble size. Due to inertia the bubble
passes by the equilibrium position and oscillations occur. Due to internal friction of the gas the
oscillations vanish, the bubble reaches a new equilibrium state such that the kinetic energy of the
soap film is transferred to the internal energy of the gas, which means that the gas in this situation
does not obey the adiabatic equation.
Let us make use of the law of energy conservation for the film-gas system of the form:

2 2
Spv+087r7 + XL _2py 4 o8rr2 1 K 1)
2 2R, 2 2R,
Taking into account the surface tension the initial pressure of the gas in the bubble is written as
4o
P = ?1 : (2)

The final pressure in view of the electrostatic repulsion force is found as (recall the well-known
problem for the forces that attempt to tear out the charged sphere)
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2

_46 q

P: R, 327°gR; )
In our case

V,=47R}/3,V, =4zR; /3. (4)
Under those conditions, the joint solution of equations (1) - (4) gives the answer

q=327\/g,0R’ . (5)

Content Points

Pinitial = Psur 0.5
Pfinal = Psurf — Pelectr 0.3
Psurt = 46/R 0.3
Pelectr = 4%/32m%g0R* 0.5
Conservation of energy instead of adiabatic process 0.5
Wasur = 87'ER20 0.3
Weleatr = 0%/8me0R 0.5
Woas = (5/2)VRT = (5/2)PV 0.4
Formula for the sphere volume 0.2
Correct answer 0.5
Total 4.0

Problem 1C (3.0 points)

The signal can be suppressed by the interference of waves. The waves coming from the sources S,
and S, arrive at the receivers with the same phase, so the wave from the third source must arrive at
receivers with the opposite phase than those from the sources S, and S,. To assure this, the

distance from the third source to the receivers must differ by the amount of %+ mA, where

m = 0,£1,+2.... To find the points that satisfy those conditions, it is necessary to plot two families

of circles, one with the radii R, + % +mA and with the center at the point A, and the other with the

radii R, + % +mA and with the center at the point A,. The intersection points of those two families

represent the points where the third source should be placed, they are marked by circles. The
amplitude of waves from the third source must be 2 times greater than the amplitude of waves
coming from sources S, and S,, hence the wave intensity of the third source should be 4 times

higher, i.e. 41,.

~—

)
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Content Points
Interference to suppress waves 0,5
Conditions for minima are used (waves out-of-phase); 0,2
Difference in distance must be integer number of half of the wavelength 0,3
Two families of circles are drawn 2x0,5
Intersection points are used 0,4
All 6 points are correctly stated in the highlighted area 6x0,1
Total 3,0

Problem 2. Fantastic trip through the Universe (10.0 points)
1. Planets with strange shapes (4.0 points)
1.1 [0.7 points] The easiest approach to the solution of the problem is the analogy between
Coulomb force and Newton's law of gravitation:

L 6% gpg p o= g2

4meg T i (1)
Further, it is a well known result from the Gauss theorem that the electric field strength of an
infinite charged plane, with the surface density ¢ is found as

g

m1m2

E=- 0
280
By analogy to the charged plane, the result for the planet is similarly obtained as:
___ pih
91 = 2V gme) 2mGpsh, (3)
—_ 91 _
h = o= 78.0km. (4)
*k%x

The same result is easily achieved by cutting an infinite plane into
thin rings and further integrating:

The attracting force of the ring of mass M, and of radius R at the
distance a is written as:

Mm Mm 3
F = GmCOSQ = G?COS 6.

We divide the plane of the height h into thin rings of thickness dr. Then the force of gravitycaused by the ring of the
radius r is equal to

m
cos30 =G 0s30.

(p1h2mrdr)m
—c

It follows from the trigonometric considerations that r = a - tanf, dr = co‘:ZG do.

Substituting the above expression and integrating we find the total force F acting on the body of mass m:
T

F = ZﬂGplhmf sinfdf = 2nGp, hm.

0
This is identical to the answer obtained from the analogy with the electrostatic field.
1.2 [0.5 points] For an observer that is located close to the infinite plane, the solid angle is
obviously equal to

0 = =27 (5)
and from the problem formulatlon we get
a= “Zq—:t or @ = Gpyh =156 X 1072m/s?. (6)

1.3 [0.7 points] We divide the pyramid into thin layers of thickness Ah parallel to the base. All of
these layers are visible from the top of the pyramid with the same solid angle Q,, which is equal to
one sixth of the full solid angle (as if the observer was located inside the cubeat its center!):

Qz=%4ﬂ.’=§ﬂ.’. (7)
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The free fall acceleration of the single layer is found as

dgz = % = aﬂz = %T[szAh, (8)
or after the summation over all the layers of the pyramid
g2 =5mGpya = 3.14m/s?, 9)

1.4 [2.0 points] Let the interaction energy between the spacecraft and the pyramidal planet at the
time of take-off from its top be equal to U;, and its speed be v,. It follows from the law of the
energy conservation for the parabolic velocity that:

2

2% - U1 - 0 (10)

2
Similarly, the law of the energy conservation for a spacecraft to start from the cubic planet is

written as

2

T2 —U, =0, (11)
where U, stands for the corresponding interaction energy with the cubic planet.
Let us show that there is a simple relationship between U; and U,. To prove so, we consider the
position of the spacecraft at the center of the cubic planet. On the one hand the position at the center
of the cube is equivalent to finding the spacecraft at the tops of the six pyramids. Taking into
account the change in the density of matter, the potential energy of the spacecraft at the center of
the cube is obtained as

m=6mg. (12)
On the other hand the position of the spacecraft at the center of the cube is equivalent to being at
the tops of the eight identical adjacent cubes with the side % In general, the potential energy of the
spacecraft in the field of the cubic planet is proportional to the square of its size since

U= GZ%.AVLEGmpg,aZ. (13)

Thus, for the cube of the half size, the interaction energy is 4 times less, which means that the
potential energy of the spacecraft at the center of the cube is found as

Ue =82 =2U,. (14)
Equating the expressions (12) and (14) yield
U, = 3U1§§. (15)
Solving together equations (10), (11) and (15), we finally obtain
v, = ’%vl = 6,30 km/s. (16)
2

2. Dusty cloud (6.0 points)
2.1 [2.5 points] For this problem, we use a mixture of the polar and Cartesian coordinate systems as
shown below.

UED
b
The conservation of energy is written as:
2 2 2
mugy _ muE Ty _ g Mm (17)
2 2 2 R

where M = gnR3 P, denotes the total mass of the cloud.
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Change in the spacecraft momentum projection on the x-axis of the Cartesian coordinate system is
given by

Mmu, — mvy, = fGIZ—Tcosgodt = fGIrWZ—T;cosgod@ (18)
The law of the angular momentum conservation for a system with the central force is written as

T2¢) = Ve b. (19)
Thus,

Mmu, — mv, = Gy—";foa cospdp = G f—";sine. (20)
Similarly for the y-axis projection:

mu, —m-0 = Gy—";foe sinpdp = G:’—W;(l — c0s6). (21)
To simplify further analysis the following dimensionless quantity is introduced

GM

z= vZp’ (22)
and then

Uy = (1 + zsinB)v,,, (23)

uy, = z(1 — cos0)v,,. (24)
Substitution of (23) and (24) into (17) gives rise to

1= (1+ zsinB)? + z2(1 — cosH)? — 22%. (25)
Solving this equation for 8, we find

LA M
= arcsin —==— + arcsin —=—— &b , (26)
GM ﬂ)
voob

or

1- 1+2v6§14b£_£_§ (27)
————7—— = 0.789 rad = 45.2°.

0 = 2 arctan T
R vgob

1t should be noted that the angle 0, just as the total angle of deflection of the trajectory when moving through the dust
cloud, can be obtained by integrating the equation obtained from the combination of the laws of conservation of energy
and angular momentum written in the polar coordinates. Expressions are not presented here because the resulting
integrals are quite cumbersome.
2.2 [2.0 points] To begin with we find the dependence of the potential energy of interaction
between the cloud and the spacecraft at distances r < R from its center. It is known that a spherical
cloud layers, lying at a distance greater than r, does not affect the spacecraft, so the total active
force is derived as

3

F(r) = 2 = ——nGp4mr (28)
and the corresponding potential energy is found in the form
U(r) ——fF(r)dr——nGp4mr +C= G—r +C. (29)

To determine the integration constant C, we recaII that the potentlal energy must be a continuous at
the point r = R, such that

GZoR?+C=—G=T, (30)

or finally for r < R
GMm o _ 3GMm

U(r) = YA T (31)
At the time moment when the distance to the cloud center reaches its minimum value, the radial

velocity turns zero. Then, from the laws of conservation of energy and angular momentum we have
mvg mvo n GMm o 3G6Mm (32)

2 2 2R3 "min 2R
VoTmin = Voo b, (33)
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which results in the following equation
b2 r2.b b

1=—5—+zm0"— 37, (34)
with the solution
3zb 4zb3
= Tht f Pr1)2-
o ( )|t ——3 . (35)
255

The meaningful root is only the smallest one because there must be r;,,;,, = 0 at b = 0. Thus, we

finally obtain
<3%42+ )_ f (%“L - gg: (36)
=497 x 10°m.

Tmin = R 2GM
v3R

2.3 [1.0 points] Minimum velocity v, ., that allows the spacecraft to avoid a collision,
corresponds to a situation when the spacecraft just touches the cloud as shown below.

Uy ”_}? — e

L b
u,, gmm

WA

In this case, the radial component of the velocity again turns zero, and the laws of conservation of
energy and angular momentum can be written as:

MV min _ mO% | muf _ G Mm (37)
2 2 2
U;R = v,b, (38)
which yields
2GM
Voo,min = |~z = 252 km/s. (39)
A7)

2.4 [0.6 points] Assume that the cloud is pulled apart at distances by small layers of thickness Ar
so that the cloud always remains symmetrical. To remove a single thin layer at the moment when
the cloud has a radius r, it is necessary to do the work

M =G (P4§7TT3)(P447TT2AT) 16 726 p2rAr, (40)
and to pull apart the whole cloud the foIIowmg Work must be done
A =2726p2 f rtAr =2 2Gp RS = 1.33 x 10%5). (41)
Content points
The analogy between the Coulom law and the gravitation law of
Newton (1): F = — 3% and F = ¢ T2, 0.2
4-71'80 rZ rZ
1.1 | Formula (2) E = T 0.2 0.7
0
Formula (4) h = m 0.2
Numerical value of h = 78.0km 0.1
Formula (5) Q, = 2n 0.2
1.2 | Formula (6) a = j—; or @ = Gp,h 0.2 0.5
Numerical value of @« = 1.56 X 1072m//s? 0.1
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Formula (7) Q, = gn 0.2
L3 | Formula(8) dg, = = aQ, = >nGp,Ah 0.2 0
Formula (9) g, = gnsza 0.2
Numerical value of g, = 3. 14m/s 0.1
Formulas /(10) and (11) ””’1 ~U; =0 ””’2 —U, =0 0.2
Formula (12) U, = 6U, 2 2y 0.4
Formula (13) U = sz”SA ~Gmpsa? 0.4
1.4 | Formula (14) U, = 8: =2U, 0.2 2.0
Formula (15) U, = 3U1& 0.4
Formula (16) v, = /3;’ v 0.3
Numerical value of v, = 6,30km/s 0.1
2
Formula (17) ™% — m;% + m;y — GMTm 0.2
Formula (18) mu, — mv,, = fGAi—rzncosgodt =[G Z—T;compd(p 0.4
Formula (19) 72¢ = v, b 0.2
Formula (20) mu, — mv, = G ;w—";siné? 0.4
Formula (21) mu, = G ;W—"; (1 —cosHB) 0.4
Formula (23) or analogous u, = (1 + zsinf)v,, 0.3
o1 | Formula (24) or analogous u,, = z(1 — cos0) vy, 0.3 25
Formula (26) or formula (27)
b GM GM
= arcsin —=— + arcsin —=—— b or
GM GM )2
io %ob 0.2
1- [142 GszZ Z;
0 = 2arctan ————5——
voob
Numerical value of 0 = 0,789 rad = 45,2° 0.1
A3
Formula (28) F(r) = — pd’:—:rm = —irer4mr 0.4
Formula (29) U(r) = —nGp4mr +C = G—r +C 0.3
Formula (30) G R2 +C = —G— 0.4
mvoo _ mvo GMm - 3GMm
29 Formula (32) —= = =% + —= 10, — ———, 0.2 20
Formula (33) Uonm = Uyeb 0.2
241+ /(ﬂﬂ)z—‘”b3
Formula (35) 7y, = \/ v B2 0.2
F
Correct root is chosen, formula (36) 0.2
Numerical value of Tin = 4.97 X 10°m 0.1
2.3 | Formula (37) emin Msomin _ mo? | mu G— 0.4 1.0

2 2
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Formula (38) u.R = v,,b 0.3
Formula (39) v, min = ZbGTM 0.2
A(7=1)

Numerical value of v, jin = 252km/s 0.1
Formula (40) AA = Zm2GpZr*Ar 0.3

24 | Formula (41) A = gnZGpgRS 0.2 0.6
Numerical value of A = 1.33 x 10%5] 0.1

Total 10.0

Problem 3. Resistance of a prism (10.0 points)
1. Mathematical introduction (3.0 points)
1.1 [0.2 points] From the course of school mathematics it is known that geometrical progression
terms are explicitly expressed as

x, = AL (1)
1.2 [0.4 points] Let us express A* recurrently in terms of A**:
A =2"2

and transform it as follows

A= ( Py + Ay \/§) = ( Pea t Qkf1\/§) : (2 + \/é) =2p,,+ pk—l\/§+ 2qk—l\/§+3qk—1 =

= (2 Pea t 3qk—l) +( Pea t ZQk—l)\/g'
This equality implies the required recurrence relations in the form
P = 2 Pea t 3Qk—1

O = Pt qu—l'
Inverse relations are obtained analogously

AT =p o+, =47 :<pk +qk\/§)'(2_\/§):
=(2pk _3qk)+(2qk - pk)\/§|

(2)
(3)

(4)

and, thus,
pk—l_: 2 Px — 3qk' )
O = zqk — Py
1.3 [0.7 points] Calculation of the coefficients is much easier to carry out in series, given that
P, =1, g,=0. The results are shown in Table 1.

Table 1.
k Py O«
0 1 0
1 2 1
2 7 4
3 26 15
4 97 56
5 362 209

1.4 [0.2 points] Note that
el 2 (6)

2+43
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therefore,
7 =2-v3) = p,—q3. W

1.5 [1.0 points] Using the hint, we substitute x, = CA* into the recurrence relation and obtain the
equation to determine A in the form

A= 40 - 1, (8)
After reduction the following quadratic equation is derived
F-42+1=0, 9)
which has two solutions
A,=24% J3. (10)
Consequently, the general solution to the recurrence relation (3) is explicitly written by
=CA +Cy, (11)

where C,, C, are arbitrary constants that are determined by the boundary conditions:
X, =A = C+C,=A

12
x,=B = CA"'+CA)' = (12)
Solving the linear set of equation yields
C = B- M?N
C,+C,=A oN N
e =A . A N —4 (13)
CA'+C,A' =B A -B
CZ ﬂlN AZN
Substituting this solution into (11), it is possible to rewrite it in the following symmetrical form
B- AL Aﬂl -B
x, =C A +C, A =
Kk 1 2 ﬂl A?N /11 /12
Nk Nk (14)
A -BA e BA - A AT )+ B2 )
U VA

The derivation of the last relation takes into account that according to the Vieta theorem A4, = A*.
1.6 [0.5 points] In view of the above formulas for the ﬂiz, we find that

jE_ﬂg:ﬂk—ﬂ{k:(pk"‘qk\/g)_(pk_C||<\/§):2qk\/§’ (15)
and, finally,

X = Al - 2“);25(% ﬂé):AqN_a+qu. (16)

2. Wire frame in the shape of a prism (7.0 points)
2.1 [0.8 points] If the vertices of the cube with the same potentials are connected, then, the
following equivalent circuits are obtained

R, R,
5 2
Q’ | M| | M|
O =0 0F [k
& R,
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and easily calculated using the standard method as
R R,
3 2
Rﬂ
R, 5 R,

R
2

RG

2 2 &
S

1 R

R, 2
2

2
R, gRo

0

Ultimately, the cube resistance for the given connection is found as
7
R=—R,. 17
R (17)
2.2 [0.2 points] Visual symmetry of the circuit and of the initial conditions provides obvious
relations
Y ==X (18)
Xnok = Xy (19)
2.3 [1.0 points] The algebraic sum of the currents entering a node is equal to zero, thus, using
Ohm's law, the following equation is obtained for the node x,

Xea =X X =X Yo = X
+ + =0.
RO R0 R0 (20)
Since y, =—X,, the recurrence relation holds
X =A% + X%, =0. (21)

2.4 [0.2 points] For an unambiguous determination of all values x, , we need to explicitly specify
two boundary conditions. One of those is the initial potential defined as

X0 =@, (22)
whereas the other follows from the symmetry condition (19), which is valid for any k, and, in
particular, for k =0 (despite the fact that the node with the number N does not exist in the circuit!)

Xn = Xo- (23)
2.5 [0.2 points] The recurrence relation (21) has been considered in the Mathematical introduction.
Therefore, you can use the obtained solution (16) by setting:
X, = Ady_, + B, _ s Onict O

Oy On

2.6 [0.4 points] The current in the source circuit is found as the sum of the currents flowing from
the node x,:

(24)

|:XO_X1+X0_XN—1+XO_yO:4X0_2X1. (25)
R0 R0 RO R0
Here it has been taken into account that y, =—X,, Xy, =X. Substituting the values for x,, x,

results in
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I, = = 2% _ 3[2% gyt qlJ = %(2——%1 +1j =
RO RO N RO qN

:%ZQN _qN—l_l:%ZqN _(qu - pN)_lz% Pn _1_

R0 qN R0 qN RO qN
At the last step the relation (5) has been used, d,_, =2q, — py -
2.7 [0.2 points] By formulation, the input voltage for the given circuit is
U, =2¢,
concequently, the resistance is found in the following elegant form

u
Ry =72 =Ry
0 Pn —

2.8 [1.0 points] Calculations are easily performed using numerical values in Table 1.

Table 2. Resistances of prisms.

Py On Ry

7 4 RO—:E

7-1 3
26 15 | R-°__3g

26-1 4

56 7
o7 B Rgr 1T

209 11
5 362 209 ¥ _=R
°362-1 19 °

(26)

(27)

(28)

Note that for a cubic prism with N =4 the resistance coincides with that previously found in 2.1.

2.9 [0.5 points] For N =1 the circuit is obvious:

gL

but for N =2 the prism should be additionally closed as:
R,

T

=
=
I.) LB; o ‘C:U
=~

In both cases the corresponding resistances coincide with the values shown in Table 2.

2.10 [1.0 points] The limit of the formula (28) can be found in various ways, for example,

expressing
1 1
=—(A" =), =—(AN+a7N),
Pu =5 ( ) =57l )
where 1=2+/3>1.
Then,

(29)
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R = limR, =R, lim—%__ R |im 243 =T, (30)

N—wo N—® Py -1 N—w 1(

2.11 [1.5 points] Evaluation gives ries to

Ro_1 cos7m. (31)

R, V3

Then, we carry out the calculation of the relative error of the approximate expression for different
values of N listed in Table 2.

Table 3.
R R -R
N R — &=—>2—N
N R, Ry
1 R, 1.000 -0.423
2 %RO 0.667 -0.134
3
3 " R, 0.750 -0.038
7
4 —R, 0.583 -0.010
12
11
5 —R, 0.579 <-0.004
19

It is seen that already at N =4 the relative error is 1%. Consequently, in this problem four is equal
to infinity!

wr~4, (32)
Content points
1.1 | Formula (1) x, = AX* 0.2 0.2
=2p,,+3
Formula (3) Pe= EPa + S 0.2
O = Pes 2qk—1
1.2 0. —2p. —3q 0.4
Formulas (5) "+ ' % 0.2
Qs = qu — Py
Correct initial values p, =1, q,=0 0.2
Correct values in Table 1.
Table 1.
k Py e
13 0 1 0 0.7
1 2 1 0.5
2 7 4
3 26 15
4 97 56
5 362 209

1.4 | Formula(7) 2% =p,—q,3 0.2 0.2
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Formula (10) 4,, = 2++/3 0.2
Formula (11) x, =CA +C, A 0.2
Formula (12) 0 02
ormula .
CA' +CoA =
15 =2~ A%, 1.0
Solution (13) /LZ 0.2
©2" A ﬂq
A N-k 4 N-k + B k 1k
Formula (14) x, = (ﬂi ﬂ;lN )ﬂzN (/11 ﬂz) 0.2
1.6 | Formula (16) x, _ Ay, +BGe 0.5 0.5

N

Equivalent circuit

) G

2.1 ﬁ—l—I:l—l—I:l—l 0.8
7
Formula (17) R=—R, 0.5
12
Formula (18 =—X 0.1
20 (18) ¥, =X 02
Formula (19) X, . = X, 0.1
Formula (20) Jet =X | X =% Y =X _ 0.5
2.3 Ry Ry Ry 1.0
Formula (21) X,., —4X% +X.,=0 0.5
Formula (22) x, = 0.1
54 (22) %, = ¢, 0.2
Formula (23) x, = X, 0.1
25 | Formula (24) x, = A%t Bl _ ) oy TGy 02 |02
Oy Oy
Formula (25) |:4X°R;2X1 0.2
2.6 P 0.4
Formula (26) 1, =% Py =2 0.2
R0 N
Formula (27) U, =2¢, 0.1
27| Formula (28) R, = o =g, 01 | 92
I, py -1

Correct values in Table 2.

Table 2. Resistances of prisms.

1 2 1 R,
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2 7 4 R—1 = 2R,
7-1 3
15 3
2 1 R——=—
3 6 > °2%6-1 4 °
56 7
4 7 R,——=-—=R
¥ > °97-1 12 °
209 11
5 362 209 R,——=—R
°362-1 19 °
Equivalent circuit for N =1
N j Z[I] 0.1
2.9 | Equivalent circuit for N =2 0.5
RD
TL’!
f d 0.4
R, K,
1 R
2
1 N -N 1 N -N
Formula (29) py =—(/1 -1 ) O =—(ﬁ +A ) 0.5
2 24/3
2.10 R 1.0
Formula (30) R, =—% 0.5
(30) 7
Formula (31) %zO.S?? 0.2
0
Correct values in Table 3.
Table 3.
RN Roo - RN
—_ E =
N RN R0 I:\)N
1 R, 1.000 -0.423
2
2.11 z - 1.5
2 3 R, 0.667 0.134 10
3 %RO 0.750 -0.038
7
4 —R, 0.583 -0.010
12
11
5 —R, 0.579 <-0.004
19
Formula (32) o~ 4 0.3
Total 10.0
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EXPERIMENTAL COMPETITION
15 January, 2017

Please read the instructions first:

1. The Experimental competition consists of one problem. This part of the competition lasts 3
hours.

2. Please only use the pen that is provided to you.

3. You can use your own non-programmable calculator for numerical calculations. If you don’t
have one, please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which will
be evaluated should be on the Writing sheets. Please use as little text as possible. You should
mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the bordered area.

6. Fill the boxes at the top of each sheet of paper with your country (Country), your student code
(Student Code), the question number (Question Number), the progressive number of each sheet
(Page Number), and the total number of Writing sheets (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be evaluated, put a large X across
the entire sheet and do not include it in your numbering.

7. Atthe end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to
take any paper or equipment out of the room
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Torsion pendulum (15.0 points)

Instruments and equipment: two bolts and coupling nut, tripod with two holders or ring holders,
thread, 2 wooden ruler of the length of 40 cm each, stopwatch, weight of 100 g, clay.

The torsion pendulum is two bolts rigidly joined by the nut and suspended on two threads,.
Make sure that the pendulum makes only torsional oscillations in a horizontal plane. The free fall
acceleration due to gravity is g = 9.81 m/s?.

Part 1. Free small oscillations (5.0 points)
1.1 Measure dependence of the period of small torsional oscillations of the
pendulum on the length of threads in the range from 10 to 50 cm.
1.2 Derive the theoretical formula for the period of small torsional oscillations.
1.3 Prove graphically that the derived formula correctly describes the
experimental data.
1.4 Calculate the radius of gyration of the pendulum and evaluate the @
experimental error.

Hint: The moment of inertia of a rigid body about a certain axis may be

represented in the form 1 =mR?, where m is the body mass and R stands for the radius of
gyration.

In all following parts error analysis is not required!
Part 2. Small oscillations with additional tension (5.0 points)

Tie another two threads from below the bolts. They must also be parallel and located at the

same distance as the two upper threads. At the bottom tie them to a wooden P
ruler of length 40 cm. To do this, fix the ruler tight in the tripod holder. You o
can also place the ruler under the tripod platform. The threads must be tied to 20sm

the ruler at a distance of 4-5 cm from the holder. The lengths of the threads at
the top and bottom of the bolts must be the same and equal to about 20 cm. By @(\Iﬁ
raising or lowering the upper tripod holder, you can change the tension of the 53
threads. Tension of threads is measured by the magnitude z of the ruler %
bending, as shown in the figure below.

20sm

2.1 Measure the dependence of the period of small torsional oscillations on the
threads tension, i.e. on the ruler bending z . >
2.2 Derive the theoretical dependence of the oscillation period on the threads /
tension.

2.3 Present the experimental data on the graph in such a way that it confirms the derived theoretical
dependence.

threads
ruler

E holder

. 5sm
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Part 3. Twisting at large angles (5.0 points)
In this part the pendulum should be twisted at large angles, which are measured by the
number of half-turns N <20. The measurements should be carried out with a chosen moderate
thread tension that you should exactly state.

3.1 Study the dependence of the time of the pendulum untwisting on the initial twisting angle N, .

Plot the graph of the resulting dependence.
3.2 It can be approximately assumed that the potential energy of elastic deformation depends on the
twisting angle as

U=CN7’,
where C is a constant. Based on the experimental data, decide which range the exponent y falls in:
a) y<2;b)y=2;c) y>2.

If the pendulum is initially twisted to a certain angle N,, the pendulum unwinds such that

the threads turn in parallel again, and then due to inertia the pendulum is re-twisted to some smaller
angle N, .

3.3 Study the dependence of the re-twisting angle N, on the initial twisting angle N,. The

measurements must be taken at two different magnitudes of the threads tension (but you should
state them). Plot the graphs of the obtained dependencies. Propose a simple formula to describe the
resulting dependence. Evaluate the numerical values of the parameters in your dependence.

Adjusting the threads tension during torsional oscillations of the pendulum can provide
some intake of energy. Place the tripod with the pendulum at the edge of the table. At the bottom
the thread should cover the ruler, fixed in the holder or under the tripod platform. Suspend the
weight of 100 g to the thread below the ruler.

3.4 Study the dependence of the re-twisting angle N, on the initial twisting angle N, in this case.

Plot the graph of the obtained dependence. Propose a simple formula to describe the resulting
dependence. Evaluate the numerical values of the parameters in your dependence.

3.5 Repeat the experiment described in section 3.4, but lift the suspended weight up at the stage of
re-twisting and do not touch the weight at the stage of untwisting. Study the dependence of the re-
twisting angle N, on the initial twisting angle N, in this case. Plot the graph of the obtained

dependence in the same graph as in section 3.4. Propose a simple formula to describe the resulting
dependence. Evaluate the numerical values of the parameters in your dependence.
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SOLUTION TO THE EXPERIMENTAL COMPETITION

Torsion pendulum (15.0 points)

Part 1. Free small oscillations (5.0 points)

1.1 The measurement results showing the dependence of the oscillation period on the length of
threads are shown in Table 1. For each threads length the measurement are taken 3 times for 10
oscillations. The oscillation period is calculated as an average of the measured time.

Table 1.

I, sm t,s t,, s t;,s T,s T?,s?
61 48,19 48,02 48,34 4,82 23,22
49 43,57 43,31 43,81 4,36 18,98
39 38,56 38,34 38,37 3,84 14,76
28 33,1 32,94 32,78 3,29 10,85
19 26,44 27,03 26,62 2,67 7,13
10 18,91 19,35 19,22 1,92 3,67

1.2 By turning the bolts in a horizontal plane at a small angle ¢ the threads
deviate from the vertical by a small angle « . The relationship between these

angles are geometrically found in the form ot
Lo la = a= h 1)
2? o /

where | denotes the threads length and h stands for distance bewteen them.
Deviation from the vertical results in the following increase of the potential

energy 51_N_E
2 ~

2
AU :mgl(l—cosw)zmgla—:lmgl(ﬂgoj : (2) H-_j—-
2 2 21
The equation of energy conservation for the torsional oscillations is written as
£+1mgl(£¢j2 =E =const, 3)
2 2 21

where | designates the moment of inertia of the pendulum.
The law of energy conservation (3) corresponds to the harmonic oscillations with the period

[

1.3 To verify the resulting formula the graph must be plotted of the square of the period on the
threads length (see Fig. 1.1). The obvious linear dependence proves the validity of the formula (4).
The coefficients of the linear dependence T? =al +b, calculated using the least square method, are

obtained as

SZ

sm
Since Ab <b holds, the dependence is considered linear.

a=(0,385+0,009)—, b=-(0,12+0,3)s’. )
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13
y =0,3851x- 0,1193

25
9]
) / - /

T2, s
T
\

10
—
5 /

AT

0 10 20 30 40 50 60 70

L, sm

1.4 It follows from formula (4) that the period of oscillations can be expressed in terms of the radius
of gyration as follows:

T= 4;z/ / mR” '2 4”RI (6)
mg h

Therefore, the slope found in 1.3 allows one to calculate the radlus of gyration as

R o Ron¥9 4 336m. (7)
hf A

The distance between threads is measured as h :(2,8i0,1) sm.

The experimental error is calculated according to the formula

2
AR R (Ahj {ggj 3301 (L0009 e )
. > a 2,8) 20,385

Part 2. Small oscillations with additional tension (5.0 points)
The results of measurements showing the dependence of the oscillation period on the therads tension
are shown in Table 2.

Table 2.

Z, mm t,s t,,s t;, s T,s T72,572
12 10,22 10,28 10,40 1,03 0,94
20 7,10 7,03 7,18 0,71 1,98
27 5,63 5,62 5,69 0,56 3,14
37 4,53 4,50 4,53 0,45 4,89
52 3,75 3,88 3,87 0,38 6,81
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2.2 Torque of the restoring force dependes on the threads tension F
and the twisting angle. Change in the tension force when twisting is
the correction of the higher order.
Therefore, the rotational equation of motion in this case has the form
1§ =—kFo. (9)

Consequently, the period of those oscillations is inversely proportional
to the square root of the threads tension

C A
F T

where C, A are some constant values.

T = (10)

2.3 To confirm this dependence the dependence T *(z) should be plotted. Other ways of

linearization in this case are less reliable because when the bending z is measured, the constant
deviation is inevitable.

The graph of T ?(z) is shown in Fig. 2.3.

23

zZ, mm

The resulting linear relationship confirms the theoretical conclusion that the period is a linear
function of the threads tension.

Part 3. Twisting at large angles (5.0 points)

3.1 Dependence of the untwisting time on the twisting angle is shown in Table 3 and Fig. 3.1.
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Table 3.

N t,s 3.1

5 1,91

7 2,00 2,75

11 2,18 2,25 ——

13 2,29 \ 2,00 .//

15 2,34 = 175

17 2,50 ’

19 2,56 1,50

21 2,63 1,25

1,00
0 5 10 15 20 25
N

3.2 The untwisting time can be considered as a quarter of the oscillation period. Since the untwisting
time increases with the "amplitude™, this means that the potential energy increases slower than in the
case of harmonic oscillations, i.e. .y <2.

3.3 The dependence of re-twisting half-turns N, on the initial twisting half-turns N, is shown in
Table 4 and in graph 3.3. The resulting dependence is practically independent of the threads tension.

Table 4.
z=35mm | z=20mm

NO N1 N1 12,00
20 10,0 10,0 10,00
18 9,0 9,0 8,00
16 8,0 8,5 S 600
12 6,5 6,5 400
10 55 5,0 2,00
8 4,5 4,5

5 3,0 3,0 0.00

This dependence can be described by a linear function

3.3 y=0,46x+0,84
&
5 10 15 20 25

NO

N, =0,46N, +0,84.

(11)
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3.4-3.5 The dependencies of half-turns N, on the initial twisting angle N, at lifting/unlifting the
weight are summarized in Table 5 and in graph 3.4. These dependencies are linear. It is significant
that during the ascent without the additional weight the corresponding values of N, lie significantly

higher, indicating that the intake of energy appears during the weight unlifting. In addition, the last
relationship can not be exactly considered proportional.

Table 5.
3.4
C Bes y=0,37x+245 y=0,58x- 3,46
rpysoMm | rpysa 12,0
N, N, N, 10,0
20 8,0 10,0 80
18 7.0 9,0 - |
15 5,5 8,0 z 60 —
13 4,0 7,5 4,0
10 2,5 6.0 20
8 1,0 55 «
0,0
0 5 10 15 20 25
NO
These dependencies can be described by linear functions
N, =0,58N, -35
: (12)
N, =0,37N, +25
Marking scheme
Content Total Points
Part 1. Free small oscillations. 5
1.1 Marked only if the difference of measurements results from the 2
official ones does not exceed 25%
Number of different lengths of the pendulum:
5 or more (3-4; less than 3); 0,8(0,4;0)
The periods are measured by
10 oscillations or more (5-9; less than 5); 0,3(0,1;0)
The periods are calculated for all measurements; 0,2
The range of length of the pendulum 0,7
40 sm or more (30-40 sm, 20-30 sm; less than 20 cu) (0,5;0,3;0)
1.2 Derivation of the theoretical formula: 0,5
The exact formula is obtained T =4~ /LLZ ; 05
mg h ’
Only dependence T = AVl is predicted (or wrong coefficient at \/T) 0,2)
1.3 Marked only if the measurements in 1.1 have been marked! 1
Correct linearization T?(1), T(\/T);
Another linearization InT(In 1) 0.5
: (0.2)
Proved that the power is 1/2 0.3)
Graph plotting (not linearized dependence is not marked):
- axis are named and ticked; 0,1
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- experimental data are drawn; 0,1
- the line is drawn; 0,1
The linear dependence is confirmed; 0,2
14 Marked only if the measurements in 1.1 have been marked! 1,5
The radius of gyration is calculated for all periods; 0,3
Only for 2 periods; 0,2)
Only for 1 period, 0,1)
The slope is found for the linearized dependence using:
Least square method; 0,2
From the graph; (0,1)
The distance between the threads is measured 0,1
The accuracy is stated 0,1
Formula for calculation of the radius of gyration 0,1
Numerical value for the radius of gyration in the range:
4,2 —4,4sm (4,0 —4,6 sm; out of range) 0,4(0,2;0)
Error evaluation:
- error for the slope; 0,1
- error for the distance between threads; 0,1
- final error; 0,1
Part 2. Small oscillations with additional tension 5
2.1 Marked only if the difference of measurements results from the 2
official ones does not exceed 50%
Number of different threads tensions:
5 or more (3-4; less than 3); 0,8(0,4;0)
The periods are measured by
10 oscillations or more (5-9; less than 5); 0,3(0,1;0)
The periods are calculated for all measurements; 0,2
The range of variation of the periods 0,7
Not less than 2,5 times (2,0 times, 1,5 times; less) (0,5;0,3;0)
2.2 Derivation of the theoretical formula: 1
The dependence T = % is justified threads tension is taken 1,0 (0.3;
constant, the torque is proportional to F, the equation for 03;04)
oscillations);
Simply stated that T = A (no proof is provided) (0,2)
JE
2.3 Marked only if the measurements in 2.1 have been marked!! 2
Correct linearization T%(z2); 1,0
. o 1
Another linearization T(\Ej (0,5)
The linearization In T(In I) is used, Proved that the power is 1/2 (0,3+0,2)
Graph plotting (not linearized dependence is not marked):
- axis are named and ticked; 0,1
- experimental data are drawn; 0,1
- the line is drawn; 0,1
The linear dependence is confirmed; 0,7
Part 3. Twisting at large angles 5
3.1 Marked only if the difference of measurements results from the 1,0
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official ones does not exceed 50%

Number of different values of N :

5 or more (3-4; less than 3); 0,4
(0,2;0)
The measurements are repeated 3 times; 0,1
Growing dependence of t(N) is obtained 0,2
Graph plotting
(marked only if the measurements results have been marked):
- axis are named and ticked; 0,1
- experimental data are drawn; 0,1
- the line is drawn; 0,1
3.2 The power in potential energy 0,3

y<2 0,2

Justification: U grows slowly than for harmonic oscillations 0,1
3.3 Marked only if the slope falls in the range 0,35-0,65 15
Number of different values of N,:

5 or more (3-4; less than 3); 0,5(0,2;0)
The measurements are repeated 3 times or more; 0,1
Growing linear dependence is obtained; 0,2
Graph plotting
(marked only if the measurements results have been marked):

- axis are named and ticked; 0,1
- experimental data are drawn; 0,1
- the line is drawn; 0,1
The linear function is proposed; 0,1
Numerical values for the parameters are found; 0,2
The slopes are equal for both threads tensions; 0,1
3.4 Marked only if the slope falls in the range 0,25-0,65 1
Number of different values of N, : 0,3(0,1;0)

5 or more (3-4; less than 3);

Growing linear dependence is obtained; 0,1

Graph plotting

(marked only if the measurements results have been marked):

- axis are named and ticked; 0,1

- experimental data are drawn; 0,1

- the line is drawn; 0.1

The linear function is proposed; 0,1

Numerical values for the parameters are found; 0,2
3.5 Marked only if the slope falls in the range 0,25-0,75 and thereisa | 1,2

shift of line up!

Number of different values of N, :

5 or more (3-4; less than 3); 0,4(0,2;0)
Growing linear dependence with the upper shift is obtained; 0,2+0,1
Graph plotting
(marked only if the measurements results have been marked):

- experimental data are drawn; 0,1
- the line is drawn; 0,1
The linear function is proposed,; 0,1
Numerical values for the parameters are found; 0,2
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SOLUTION TO THE EXPERIMENTAL COMPETITION

The Law of Archimedes (15.0 points)
Part 1. Installation parameters
1.1 A strip of millimeter paper is screwed onto the test-tube. We make marks on the strip, untwist it
and obtain the lengths of 1, 2, 3 and 4 revolutions as

I, =63mm

[, =127mm

I, =191mm

|, =255mm

From these data we find that the length of one revolution is equal to (I) = (64,0+0.3)mm

I .
The diameter is then calculated by the formula D :Q =20,372mm, the unstrumental error is found
T

asAD = DAI =0,1mm and the final result is written as

n
D =(20,4+0.)mm.
1.2 The length of the test-tube is obtained as L =(175+1)mm.

1.3.1 — 1.3.2 . Dependence of the immersion depth of the tesr-tube on the number of nuts, placed in
it, is shown in Table 1. First, the length x of the part of the test-tube, protruding above the water
level, is measured. And then the immersion depth is calculated by the formula h =L —x.

Table 1

Number

of nuts X, mm h, mm
1 80 95
2 65 110
3 50 125
4 37 138
5 22 153
6 10 165

Immersion depth against the number of nuts

180
E 160 /l)
a —
z
5 140 /
()]
©
c 120 -
(7))
= 100 —
£
£ 80
60

0 1 2 3 4 5 6 7
Number of nuts
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The dependence obtained is linear and is described by the formula
h=an+Db. 1)

The parameters, calculated by the least square method, are equal
a=(141+0,5)mm

: 2
b=(818+18)mm @)
1.3.3 The theoretical formula for the resulting dependence follows from the equilibrium condition
(M+mn)g=pshd = h=M*+mn @3)
o)
2
where S = stands for the cross-sectional area of the test tube.
From the comparison of expressions (3) and (1) it follows that
a="m - m= pSa. (4)
S
Numerical calculations lead to the following result
2
m:pﬂg a=4,58-10"kg=4,58 g. (5)
The instrumental error in measuring the mass of the nut is calculated by the formula
AaY (., ADY
Am = m\/(—j + (2—) =1,6-10"*kg. (6)
a D
The final weight of the nut is written as
m=(4,58+0,16)g. (7)
The weight of the test-tube is calculated by the formula
2
b=M = M :przpﬂD b=2,67-10"2kg = 26,79.
S 4
The error in calculating the mass of the test-tube is found as
2 2
AM :M\/[A—bj +(2£] —0,69.. ®)
b D

To simplify further calculations, we note that the ratio of the parameters of the linear dependence (2)
is equal to the ratio of the mass of the test-tube and the nut:
=MD 5e )
m a
Part 2. Oscillations of the test-tube

2.1 To simplify the calculations, the formula for the period of oscillations can be rewritten in the

form
Tn=27z\/g=2n/a”+b. (10)
g g

To linearize this dependence, it is necessary to plot and analyze the dependence of the squared period
on the number of nuts T?(n). The results are summarized in Table 2.

Table 2.

Number T,s T2 52

of nuts
1 0,680 0,463
2 0,717 0,514
3 0,752 0,565
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4 0,785 0,617
5 0,817 0,668
6 0,848 0,720

The graph of the dependence T *(n) is shown in the figure below.

Linearized dependence of the period on the number of
nuts

0.700

0.650 ~
o /i
$0.600

<
< 0.550

=
.20.500

0]
£0.450
ge!

(]
c350.400 po g
(0.350

0.300

0 1 2 3 4 5 6 7
Number of nuts

2.2 The results of the measurements are given in tables
The random error in measuring the period is estimated from the following formula

. AT =" (11)

Here t refers to the time needed to perform k periods of oscillations (in our case k=5 and k =3
respectively), N =10 stands for the number of measurements.

Table 3. Oscillations in the wide vessel

Number A q

of vgrz(ijge Error in the Squared
Number | periods | Time | Period |PeMO period period
ofnuts | k t,s T,s (T).s AT T?s°
4 5 3,74 0,748 0,744 0,009 0,554

5 3,64 0,728

5 3,77 0,754

5 3,71 0,742

5 3,74 0,748
5 5 3,93 0,786 0,770 0,010 0,594

5 3,81 0,762

5 3,89 0,778

5 3,83 0,766

5 3,80 0,760
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6 5 3,93 0,786 0,789 0,010 0,622
5 3,93 0,786
5 4,04 | 0,808
5 3,93 0,786
5 3,89 0,778

Table 3. Oscillations in the beaker

Number
of Averaged | £ o the | Squared
Number | periods | Time | Period period period period
of nuts | k t,s T,s (T).s AT T?,s°
4 3 2,21 0,74 0,742 0,014 0,551
3 2,25 0,75
3 2,27 0,76
3 2,20 0,73
3 2,20 0,73
5 3 2,38 0,79 0,789 0,015 | 0,623
3 2,37 0,79
3 2,34 0,78
3 2,42 0,81
3 2,33 0,78
6 2 1,61 0,81 0,818 0,036 | 0,669
2 1,59 0,80
2 1,66 0,83
2 1,63 0,82
2 1,69 0,85

2.4 What possible reasons can explain the deviation between experimental data and theoretical
calculations?

Table 4
No. Possible reasons «Yes» «NO»

1 Measurement errors X

2 Oscillation damping X

3 An increase in the effective mass of a moving X
test-tube due to water entraining

4 Change in pressure under the tube when it moves | X
as compared to hydrostatic pressure

5 Surface tension forces X

Comments:

1. Of course, errors ifluence any result.

2.3 These reasons should lead to an increase in the period, and not to a decrease.
4. Apparently, the main reason, leading to a reduction in the period.

5. Too small forces.
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Marking scheme
Partl. Installation parameters

Ne Criteria Total Points
1.1 | Diamater measurement 0,9
- sketch of the measurements:
- rolling on the test-tube (2-3 revolutions; 1 revolution); 0,2 (0,1)
- rolling the test-tube on the millimeter paper; 0,1)
- direct measurement of the diameter; (0,1)
Measurement results:
- circumference in the range of 63-66 mm (61-68 mm, out of 0,2 (0,1; 0)
range)
Evaluation of the diameter:
- formula: 0,1
- numerical value (in accordance with the previous part) 0,2 (0,1; 0)
Instrumental errpr 0,25-0,35 mm (larger) 0,1 (0)
Correctly rouded results* 0,1
1.2 | Measurement of the test-tube length 0,3
- length in the range of 170-180 mm (out of range) 0,1 (0)
- instrumental error 1 mm (uroe) 0,1 (0)
Correctly rounded result* 0,1
1.3.1 | Results of the immersion depth measurement 1,8
Results differ from tabulated +£2 mm (£ 4 mm, larger) 1,2 (0,6; 0)
Number of points* 6 (3, less) 0,6 (0,3, 0)
1.3.2 | Plotting the graph and calculating the parameters of the 1,0
dependence
(marked only if 1.3.1 has been marked)
- axes are signed and ticked; 0,1
- points are plotted in accordance with the table 0,2
Parameters of the dependence:
- form of dependence is a linear function 0,1
- evaluation of the parameters; 2x0.2
- errors of the parameters; 2x0,2
1.3.3 | Calculation of masses of the nut and the test tube: 2,0
(marked only if 1.3.1 has been marked)
- formula of the theoretical dependence 0,4
- formulas for calculating masses through the parameters of the
linear dependence; 2x0,2
- calculation of the mass of the nut: within 10% from the 0,4 (0,2, 0)
tabulated value (20%, larger)
- Nut mass error: errors in the slope and the diameter are taken
into account (only one contribution) 0,2 (0,1)
- calculation of the test-tube mass: within 10% from the tabulated 0,4 (0,2, 0)
value (20%, larger)
- error in the mass of the test-tube: errors in the shift and the 0,2 (0,1)

diameter: erroes in the shift and in the diameter are taken into
account (only one contribution)

* - marked only if the measurements are marked.
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Part 2. Oscillations of the test-tube
Ne Criteria Total Points
2.1 | Theoretical dependence 1,2
- formula for the period T (n) via measured parameters 0,2
- periods are calculated 6x0,1
- linearization T 2(n) (other) 0,1(0)
Plotting the graph:
- axes are signed and ticked; 0,1
- points are plotted in accordance with the table; 0,2
2.2 | Formula for evaluating the error in the period:
- decrease of the random error with increasing the number of
measurements; 0,2
- modulus of the average deviation from the mean value; 0,1)
Oscillations in the wide vessel 3,0
Results within the range +20% (+30%, larger) 3x0,3 (0,2;
0)
More than 7 measuments are taken (more than 4, less)* 3x0,3 (0.2;
0)
Periods are calculated* 3x0,1
Errors are calculated* 3x0,1
Points are plotted in accordance with the table * 0.2
Errors are stated in the graph* 0,2
The periods of oscillations are found to be less than the 0,2
theoretical one (more than 0,1 s)*
Oscillations in the beaker 3,3
The results of the measurements within the range +20% (+30% 3x0,3 (0,2;
, larger) 0)
More than 7 measuments are taken (more than 4, less)* 3x0,3 (0.2;
0)
Periods are calculated* 3x0,1
Errors are calculated* 3x0,1
Points are plotted in accordance with the table * 0.2
Errors are stated in the graph* 0,2
The periods of oscillations are close to theoretical (the difference 0,3
is not more than 0,2 s)*
The periods of oscillations in different vessels are similar 0,2
(differences not more than 0.2 s) *
2.4 | Possible reasons 15
- each correct answer 5x0,3
Total 15

* - marked only if the measurements are marked.
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THEORETICAL COMPETITION
January 12, 2018

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
2. Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please
ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper
for drafts of your solutions but these papers will not be checked. Your final solutions which
will be evaluated should be on the Writing sheets. Please use as little text as possible. You
should mostly use equations, numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
6. Begin each question on a separate sheet of paper.

7. Fill the boxes at the top of each sheet of paper with your country (Country), your student
code (Student Code), the question number (Question Number), the progressive number of
each sheet (Page Number), and the total number of Writing sheets used (Total Number of
Pages). If you use some blank Writing sheets for notes that you do not wish to be evaluated,
put a large X across the entire sheet and do not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:

e Used Writing sheets in order;

e The sheets you do not wish to be evaluated

e Unused sheets and the printed question.
Place the papers inside the envelope and leave everything on your desk. You are not allowed
to take any paper out of the room.
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Problem 1 (10.0 points)
This problem consists of three independent parts.

Problem 1A (3.0 points)
Al A narrow cylindrical test-tube with a displaced center of mass floats vertically in
water in a very wide vessel. In equilibrium state, the test-tube is immersed into water to

a depth h,. The cross-sectional area of the tube is S,. Determine the period of small
vertical oscillations of the test-tube.

A2 The same test-tube is placed in a narrow cylindrical vessel
with a cross-sectional area S filled with water. The test-tube
makes small oscillations along the axis of the vessel.

A2.1 The test-tube sinks by some small value x. Express the
change in the potential energy of the system through x, the
initial depth of immersion h,, cross-sectional areas S,, S, the

water density p and the acceleration of gravity g .

A2.2 Let the speed of the test-tube be v, near its equilibrium
position. Express the kinetic energy of the system through the
speed of the test tube v,, the depth of immersion h,, the cross-
sectional areas S,, S, and the water density o . Consider that in

the gap between the test-tube and the walls of the vessel all liquid
moves with the same speed V.

A2.3 Find the period of small oscillations of the test-tube in the
narrow vessel.

Problem 1B (4.0 points)
The circuit, shown in the figure on the left, consists of a

capacitor with the capacitance C = 100 pF, an ideal diode, a
constant voltage source U = 10.0 V, three identical resistors
with the resistance R = 10.0 kQ and a switch. At the initial
moment, the capacitor is not charged and the switch is open.
“ When the switch is shorted, the current through the diode goes

for the time interval T = 462 ms, and then stops.

1. Find the current through the diode immediately after shorting
the switch.

2. Find the total charge that has flowed through the diode.

=

Problem 1C (3.0 points)
At the vertices of the regular 17-gon, there are 17
identical lenses. The optical centers of the lenses are
located exactly at the vertices of the polygon, the planes
of all lenses are perpendicular to one of the sides adjacent
to the lens. The focal lengths of the lenses are all equal to
F = 10 sm and coinciude with the length of the side of
the 17-gon. One of the lenses is illuminated by a parallel H
light flux directed along its optical axis. It turns out that
one of the rays has a closed trajectory. Determine the
radius of the circle inscribed in this trajectory. Consider
two cases: all of the lenses are collecting; all of the lenses
are diverging. Consider all angles small such that
sinag = tana = a.
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Problem 2 (10.0 points)

Physics in the mountains
The atmosphere of a real planet, such as
the Earth, has a rather complex structure in view
of the great variety of processes and phenomena
involved in its formation. In this problem we
will consider two simple models of the lower
layer of the atmosphere, called the troposphere,
which extends to an altitude of 10-15 km above
the Earth's surface. To understand the physics of
some phenomena it is sufficient to consider the
Earth's atmosphere consisting of a single-
component diatomic gas with the molar mass
Ugir = 28.9 - 1073 kg/mole.

Part 1. Isothermal atmosphere

In the atmosphere, the lowest near-surface layer has an almost constant temperature, as it
is heated up by the surface of the Earth. Therefore, we assume in this part that the temperature of
the atmosphere remains the same over its entire altitude and is equal to T, = 293 K, and the air
pressure at the Earth's surface is p, = 1.013 - 10° Pa. Assume that the acceleration of gravity
g = 9.81 m/s? is independent of the altitude above the Earth's surface, since the total height of
the atmosphere is much less than the Earth’s radius Ry = 6400 km. The universal gas constant is
R = 8.31]/(mole - K).

1.1 Find and calculate the mass M of the Earth's atmosphere.
1.2 Find and calculate the air pressure py at the altitude of H = 1500 m above the Earth's
surface.

From the physical point of view, the interesting question is how fast the atmosphere
warms up with the change of day and night. From space observations, the so-called solar
constant @ = 1367 W/m? is known, which is the total power of the solar radiation in the region
of the Earth’s orbit passing through a unit of a surface oriented perpendicular to its flow.

1.3 Estimate the amount of heat §Q needed to heat the atmosphere by AT = 1 K.
1.4 Find and calculate the time interval T for the Sun to shine in order to provide the Earth with
the amount of heat 5Q.

Part 2. Adiabatic atmosphere
The real troposphere is not isothermal at all and the air temperature decreases with
altitude. Due to the constantly flowing convective processes, the troposphere can be considered
practically adiabatic. Let the air temperature and pressure at the Earth's surface be T, = 293 K
and p, = 1.013 - 105 Pa, respectively. Consider the acceleration of gravity g = 9.81 m/s? be
still independent of the altitude above the Earth's surface.

2.1 Find and calculate the air temperature Ty at the altitude of H = 1500 m above the Earth's
surface.
2.2 Find and calculate the air pressure py at the altitude of H = 1500 m above the Earth's
surface.

In the constructed model, the height of the Earth's troposphere is determined by reaching
a certain critical temperature, at which other physical processes begin to play an important role.

2.3 Estimate the height difference AH,.,, of the Earth's troposphere at day and night if the
surface temperature changes within this period of time by AT,;,, = 20 K.
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A mountain climber starts climbing on a fairly high mountain, at the foot of which the
temperature and the air pressure are equal to T, = 293 K and p, = 1.013 - 10° Pa. At the
altitude of H = 1500 m, he decides to make a halt in order to boil some water and discovers that
it boils faster than usual. He opens the handbook on physics available at the moment and finds
that at temperature T; = 373 K, the saturated water vapor pressure is p; = p, = 1.013 - 10° Pa,
and at temperature T, = 365 K it is equal to p, = 0.757 - 10° Pa.

2.4 Find and calculate the boiling temperature of water at the altitude of H = 1500 m.

After having resumed his climbing, the mountain climber discovers that snow appears at
a certain altitude and special equipment is needed to proceed further.

2.5 Find and calculate the altitude h,, at which the climber noticed the appearance of a snow
cover on the mountain.

The climber recalled the conversation with the locals right before climbing, in which he
was informed that the snow cover completely disappears from the mountain at temperatures T >
310 K at the foot of the mountain.

2.6 Find and calculate the height H, of the mountain on which the climber ascends.

Having risen even higher along the slope of the mountain to some altitude H', the climber
notices the appearance of fog. Looking around, he realizes that there are no clouds and there is
no wind. The climber knows that the molar mass of water is p,o = 18.0 - 1073 kg/mole, and
according to the weather forecast, the relative humidity at the foot of the mountain was equal to
¢ = 0,15. In the handbook on physics, he finds a formula for the pressure of saturated water
vapor in the temperature range T € (250,300)K, which has the following form

In 2rer — a+bln1,
To

Pvapo
where p,,,, denotes the saturated vapor pressure at temperature T, p,q,0 Stands for the saturated
vapor pressure at temperature Ty, a = 3.63 - 1072, b = 18.2 are constants. In the calculations,
consider that the water vapor is always in thermodynamic equilibrium with the surrounding air.

2.7 Find and calculate the altitude H'.
2.8 Find and calculate the minimum air humidity ¢,,;,, at the foot of the mountain such that the
fog is still observed somewhere on the mountain slope.

Mathematical hint

You may need knowledge of the following integral [ :

= —In|ax + b|.

dx
ax+b a
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Problem 3 (10.0 points)

Optics of moving media
Part 1. 4-dimensional vectors
Consider two inertial reference frames S and S’ of

which the second one moves at a speed V relative to the first ! ’

one as shown in the figure on the right. It is assumed that the

origins 0 and O’ coincide at the initial time moment t =

t" = 0 by the clocks of both reference frames. It is known S 0 50 Y.

that the Lorentz transformation of space-time coordinates XX
(x',y',z',ct’) of any event in the frame S’ into the space- p .

time coordinates (x, y, z, ct) of the same event in the frame
S have the following form
x"+(V/c)ctr , , ct'+(V/c)xr
=—\/T2/c2' y=y, zZ=72Z, Ct=—\/T2/CZ,
where ¢ = 2.9979 m/s is the speed of light.

In the formulas of the Lorentz transformation the spatial coordinates and the time are
intentionally brought to the same dimension as they together form components of the so-called
4-vector. It is known that all the components of 4-vectors are transformed in the same way at the
transition from one inertial frame to the other. In particular, the momentum and the energy
constitute the components of the 4-vector.

Suppose that an object moves in the reference frame S such that it has the total energy E
and the momentum projections p,, py, p, on the coordinate axes 0X, OY and OZ, respectively.

1.1 Write down the transformation of energy and momentum of the object from the reference
frame S to the reference frame S'.

Suppose an object of the rest mass m moves in the reference frame S such that it has the
total energy E and the momentum p. When converting its energy and momentum from one
reference frame to another the value E? — p?c? = inv remains invariant.

1.2 Express inv in terms of m and c.

Part 2. Doppler effect and light aberration
Let a plane electromagnetic wave (EMW) propagate in XY -plane of the reference frame S
so that it has the frequency w and makes the angle ¢ with the axis 0X.

2.1 Find the frequency w’ of EMW registered by an observer in the reference frame S'.
2.2 Find the angle ¢’ that EMW makes with the axis 0'X’ in the reference frame S'.

Astronomical observations have shown that the position of a newly discovered massive
star X on the celestial sphere (i.e. relative to very distant objects) does not remain constant
throughout the year. It moves along an ellipse with axial ratio 0.900. Ecliptic latitude of a star is
the angle between the direction to the star and the ecliptic plane, which can be assumed
coincident with the plane of the Earth orbit around the Sun.

2.3 Find the ecliptic latitude & of the star X and evaluate it in arc degrees.

Observation of the emission spectrum of the star X has shown that all frequency in its
spectrum are shifted to the red. The relative frequency deviation is (Aw/w), = 9.9945- 1073, It
has independently been established that the recession velocity of the star X from the Sun is equal

1
to Uy :EC'

2.4 Find and evaluate the escape velocity v,; at the surface of the star X.
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Part 3. Light in a moving medium
Consider the same two reference frames as in Part 1. Let an object move in the plane X'Y’
of the reference frame S’ such that the projections of its velocity on the axis 0'X’ and O'Y’ are
equal u," and u,,’, respectively.

3.1 Find the projections of the object velocity u, on the axis OX and u, on the axis OY in the
reference frame S.

Consider a water flow moving at the speed of V
relative to the bottom of the vessel. A plane EMW falls
onto the water surface to make the angle « to the normal
in the laboratory reference frame. A detector is fixed at
the bottom of the vessel. The refractive index of water is
known to be n.

If the water velocity V « c, the expression for the
sine of the angle B at which the detector registers the < pmre—
direction of EMW propagation, takes the form: Detector

sinf = A, + B,V.

3.2 Find A4, B; and express them in terms of a and n.

If the water velocity V « c, the expression for velocity v,, of the light propagation in the
laboratory reference frame is found as
Um = AZ + Bzv

3.3 Find A,, B, and express them in terms of 5, n, c.

In 1860 A. Fizeau set up the following experiment. A monochromatic beam with the
wavelength A comes out of the source A and falls onto

v the semitransparent plate B at which it is divided into

l two coherent beams. The first beam, being reflected
_____ from the plate B, goes along the way BKDEB (K,D
and E are the mirrors), whereas the second beam,
passing through the plate B, goes along the way
BEDKB. The first beam, when returning to the plate B,
is partially reflected from it and reaches the
interferometer F. The second beam, when returning to
) the plate B, partially passes through it and reaches the
“““ : interferometer F. Both interfering beams travels the
l" [ same distance in the laboratory reference frame,

including section BE and KD in which the water flows
beam in water in the laboratory reference frame is equal to 2L.

with the velocity v. The total distance covered by each

3.4 Find the number of bands AN the interference pattern is shifted by when the liquid velocity
changes from 0 to v and express it in terms of L, n, v, c, and /.

In his own experiment A. Fizeau obtained AN = 0.230 at L =149 m, v =7.06 m/s
and 2 = 536 nm.

3.5 Evaluate refractive index of water n in Fizeau’s experiment.

Mathematical hint
You may need to know the following approximate equality: (1 +x)* = 14+ ax, at x < 1.
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL

COMPETITION
Attention. Points in grading are not divided!
Problem 1 (10.0 points)
Problem A (3.0 points)
A1l. When the test-tube is immersed to the depth x, it experiences the Archimedes'
force and the force of gravity. Therefore, the equation of Newton's second law for
the test-tube has the form
ma=mg — pS, (ho + X)g : 1) 1
Here m is the mass of the test-tube and p stands for the water density.
In the equilibrium position, the following condition holds
mg = psohog . ()
It is thus immediately obtained that il

g ;|
a hOx (3)

This is the equation of harmonic oscillations with the period

/h
T=27 2. 4
i ] 4

A2.1 When the test-tube is lowered to the depth x, its potential energy is
reduced by an amount

AU, =—-mgx. (5)
If the test-tube is lowered to the depth x, the water level in the vessel rises to a
height y that satisfies the condition (the condition of constancy of the water
volume)

S0
S-S,
Consequently, the water that was under the test tube rises above the original
water level in the vessel. The mass of this water is found as

Am = pS X, (7)
Its center of mass rises to a height

SOX:(S_SO)y = Y= X. (6)

1 1 S 1 S
Ah. =h, +=(Xx+Yy)=h, + 2| x+—2—Xx |=h,+= X. 8
© 2( )=, 2( S-S, ] ° 2S-5, ®)
The change in the potential energy of water is derived as
AU, = AmgAh. = pS,xg h0+1 S X | 9)
2S-S,
The total change in the potential energy (with relation (2)) is finally
obtained as:
1 S,S
AU =AU, +AU, ==-—=2 X2, 10
AU, =5 (10)

A2.2 If the tube drops with the velocity v,, then the water between the
walls and the test-tube rises at the speed of

S

S-S,

V,S, =V(S-S,) = v= Vs - (11)

The mass of rising water reads as
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m, = p(S —S, )h, (12)
The total kinetic energy of the test-tube and the rising water is equal to
mvZ  myV? v 1( S 185
K=—2+—"2"=pSh2+p(S-S,)h,=| —2—v, | ==—2ph’. 13
> 5 Poo2 ,0( O)OZ(S—SO oj ZS—SopOO (13)

A2.3 The equation of the law of conservation of energy for the system under consideration is
written as

1 S,S » 1 S,S
25—soph°° 25-5,
This equation is also an equation of harmonic oscillations with the same period

h
T=27 |2, 15
"\ (15)

pox> = E = const . (14)

Part Content Points
Formula (1) ma =mg— oS, (h, + x)g 0,2
Formula (2) mg = pS,h,g 0,2
Al | Formula (3) a= —hi X 0,2 0,8
0
hO
Formula (4) T =2« E 0,2
Formula (5) AU, =—mgx 0,2
Formula (6) Spx=(S-S,)y = y= S SOS X 0,2
>
Formula (7) Am = pS,x 0,2
Formula (8)
A2l Ahc =h0+1(X+ y): ho—}-1 X+ SO X =h0+1 S X 0,2 1,2
2 2 S-S, 2S5-5,
1 S
Formula (9) AU, = AmgAh. = pS,xg| h, + = X 0,2
2S-5,
1 S,S 2
Formula (10) AU =AU, +AU, == OX 0.2
2S-5, ’
Formula (11) v,S, =v(S-S,) = v= S SOS A 0,2
>
Formula (12) m, = p(S =S, ), 0,2
Formula (13)
A2.2 ) ) ) 2 0,6
mv, myv Vv 1( S
K=—2+-—2"—=p55h-2+p(S-S,)h, = o v, | =
5 5 PRl 5 :0( 0)02[8_SO OJ 0.2
1 S,S )
== Vv
25-3, PhoVs
1 S,S 1 S,S
Formula (14) = —2 vi+ =0 x* = E = const
A23 ( ) 28—80 phO 0 ZS—SOm 012 014
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h
Formula (15) T = Zn\/g 0,2

Total 3,0
Problem B (4.0 points)
] Let Ik be the current through the resistor number k (see
1 ]2 Fig.), gk be the charge that has flowed through it up to the moment

of closing the diode, q be the charge that has flowed through the
diode, and Q be the charge of the capacitor.

Immediately after shortening the switch, the voltage across
the capacitor is zero, the is true for the second resistor. Thus,
I> = 0 and the answer to the first question is simply found as

lo = 11(0) =U/R = 1 mA. 1)

OyaoyT OIMHAKOBBI H
KOHJIGHCATOPE U €ro

B MoMeHT, Kor/ia TOK 4epe3 JAMOJ CTAaHET HYJICBBIM, TOKU

qyepes MEpBBId U BTOPOUM PE3UCTOPBI OYIYyT OJMHAKOBBI, IIOATOMY
Hanpsokenuss Ha Hux: Ui = Uz = U/2. Takoe xe HampspkeHue OyneT Ha
3apsin B 9toT MomeHT: At the moment when the current through the diode

becomes zero, the currents through the first and second resistors are equal, therefore, the voltages

across them are also
charge at this moment

equal: Uy = Uz =U/2. The same voltage is across on the capacitor and its

Q=Cul2. (2)
Kirchhoff's rules give:
01 =0+ 02 ©)
gs+q=Q. (4)
iR = I3R,
Q1 =03, (5)
U=1IR+I2R. (6)
Integrating the last equation in time from 0 to t, we obtain:
Ut =qiR + q2R. (7)
Solving the obtained set of equations, we obtain the final answer as
g=3CU(1-—) =179 uCl 8)
Content Points
Formula (1) lo = 11(0) =U/R =1 mA 0.5
Numerical value lo =1 mA 0.1
Formula (2) Q = CU/2 0.5
Formula(3) g1 =g+ Q2 0.5
Formula (4) gz +q=Q 0.5
Formula (5) g1 = g3 0.5
Formula (6) U = 1R + I2R 0.2
Formula (7) Ut = q:R + Q2R 0.5
1 T
Formula (8) g = ECU (1 — E) 0.5
Numerical value g = 179 puCl 0.2
Total 4.0
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Problem C (3.0 points)

Consider aray AB passing parallel to one of the sides of the polygon. To describe a closed
trajectory, it is necessary that, after refraction in the lens, the ray should run parallel to the next
side. To do this, the ray must be deflected by an angle

2
a=—. 1
17 @)

N C
A\ia
0

2

Since this ray is parallel to the optical axis, after the refraction it passes through the focus
F . The required condition is satisfied by the ray moving at a distance
d=Ftga = Fa )] /
From the optical axes. Obviously, this ray propagates along the sides of the regular

17-gon, whose side length is equal to the length of the segment AB, or
|=F +dtga=F(1+a?). (3) R
The radius of the circle, inscribed in this 17-gon, is finally found as
2
e _Fl+a ):30,83m. )
a (04
2tgE a

For diverging lenses, the solution is similar, but we should only consider a
ray that hits the lens below the optical axis.

v

In this case, the length of the side of the 17-gon, formed by the trajectory of the ray, is equal

to
| =F -Ftg’a = F(l-a?) )
then, the radius of the inscribed circles found as
_ 2
R=FIZ% _2340m. (6)

(24
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Content Points
Formula (1) o = 2—” 0,2
17
Formula (2) d =F « 0,6
Formula (3) | =F +dtga ~ F(1+a?) 0,4
2
Formula (4) R= ! ~ F+a’)
(04 (04 0!4
2tg—
2
a? is neglected (-0,2)
Numerical value R =30,8 sm 0,2
Formula (5) | = F — Ftg’a ~ F(1—&?) 0,6
1-a°
Formula (6) R~ F 0,4
a? is neglected (-0,2)
Numerical value R=23,4sm 0,2
Total 3,0

Problem 2. Physics in the mountains (10,0 points)

Part 1. Isothermal atmosphere (3,2 points)

1.1 [1,0 points] The air pressure on the Earth's surface is caused by its gravity acting on the

atmosphere, such that the equilibrium condition requires

PoS = Mg, 1)
where
S = 4mR} )
designates the Earth’s surface.
From (1) and (2) one obtains
M = *TPoRE _ 5351018 kg @3)

g
1.2 [1,0 points] The pressure of the atmosphere varies with altitude due to the action of gravity on
the gas. Let us consider the equilibrium of a layer of gas of thickness dh. The pressure difference
dp at these altitudes must compensate for the gravitational forces of the gas layer of density p,
which leads to the equation

dp = —pgdh. 4)

On the other hand, from the equation of an ideal gas we find the relation between its density

and pressure

p =t (5)

RT,
From expressions (4) and (5), we find that the pressure of the atmosphere at an altitude h is
determined by the so-called barometric formula

_ Hairg
p(h) = po exp (— RT. h) (6)
and at the altitude of H = 1500 m it is equal to
p(H) = 85.0 - 10° Pa. (7)

1.3 [0,6 points] In a homogeneous gravity field, the pressure of the atmosphere is determined by
the mass of air above it, so the heating process can be considered isobaric, which means

5Q: M YR

v EAT =5.33" 1021 ], (8)
where the adiabatic index of the diatomic gas is
Yy =7/5. (9)
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1.4 [0,6 points] For the time interval T the amount of solar energy, absorbed by the Earth, is equal
to

5Q = anR2T (10)
and the time interval sought is obtained as
r=—0 YR _303.103s. (11)

anREpqir ¥—1
Part 2. Adiabatic atmosphere (6,8 points)
2.1 [1,2 points] The temperature of the atmosphere does not remain constant with altitude, so
equation (5) should be rewritten in the form
p="rut, (12)

Since the atmosphere is assumed adiabatic, one can write that
Y

pT1-v = const. (13)
Solving together equations (4), (12) and (13) yields
% = ——(y_?:“”g = —fB = const. (14)
Formula (14) proves that the temperature of the adiabatic atmosphere decreases with altitude
as
T(h) = To - L2kl p = 7, — ph (15)
and is found at H = 1500 m to be equal
T(H) = 278 K. (16)

2.2 [0,4 points] The pressure distribution over the altitude is determined by the adiabatic equation
(13)

Y Y
_ To \1-v _ To \1-y
(W) = po (755)" " = po (55) (17)
and is found at H = 1500 m to be equal
p(H) = 84.6 - 10° Pa. (18)

2.3 [0,8 points] Since the temperature of the upper part of the troposphere is fixed, it follows from
(15) that its height is determined by the condition

T(h) =T, — Bh = const. (19)
Thus, the change in the height of the troposphere at daytime and nighttime is derived as
_ YRAT gn — . 3
AHgem = o 5o 2,05 103 m. (20)

2.4 [0,6 points] In the stated range of temperatures and pressures, one can approximate the
saturated water vapor pressure by a linear function of the form

p(T) =py + (T = T0). (21)

The boiling of the liquid begins when the saturated vapor pressure is equalized with the
external pressure of the atmosphere, which allows an intensive vaporization process to occur in the
emerging bubbles. Equating expressions (18) and (21) gives rise to

Tboil == 368 K (22)
2.5 [0,8 points] The melting point of ice varies little with the external pressure, so snow appears
when the temperature reaches 0 °C, i.e.

Trerr = 273 K. (23)

Consequently, using formula (15), we determine the altitude at which the snow cover
appears as

_ YR(To—Tmeit) — . 3
ho = T2 = 2,05 10° m. (24)

2.6 [0,4 points] If the air at the foot of the mountain is quite hot, then the temperature over the
entire mountain slope cannot fall to zero degrees Celsius. Then, formula (24) provides the height of
the mountain to be

— YR(T—Tmeit) — . 3
Ho =17omd) = 37810 m. (25)
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2.7 [2,0 points] Since the water vapor is in thermodynamic equilibrium with the surrounding air,
their temperatures are equal at all altitudes. The equilibrium condition for the vapor is written
analogously to (4) as

dpvap = _pvapgdh’ (26)
and its density is obtained from the ideal gas equation of state in the following form
UH,0Pvap
Pvap = T rT (27)

in which the temperature dependence on the altitude is governed by formula (15).
By formulation, the pressure of unsaturated water vapor at the foot of the mountain reads as

pvap(o) = PDyapo: (28)
whereas the saturated vapor pressure at the altitude H' is denoted as
Pvap (h) = Pvap- (29)

Integrating equation (25) with the aid of (26) and (15) and initial conditions (28) and (29), it
is found that

Pvap — HHy09 1
In —pvapo Ingp + —2— SR In = (30)
On the other hand, it is known from the handbook that
lnp"——a+bln— (31)
vapo
and solving it together with (30) provides the following temperature at the altitude H
, 1
) = Toexp it ) 32)
BR
Then, the altitude itself is delivered by formula (15) as
,  To-T(H -1
H OT() " <1 — exp (,%,—21)) — 2.55-10° m. (33)
R
2.8 [0,6 points] For the fog to be absent on the mountain, one has to put in formula (33)
H' =H,, (34)
from which we obtain the desired expression for the air humidity
b_#Hzog
Omin = (1 - %) PR expa = 0.119. (35)
Ty
Content Points
Formula (1) poS = Mg 0,4
Formula (2) S = 4nR2 0,2
2
L1 rormula (B)YM = 4"’;# 0,2 10
Correct numerical value M = 5.32 - 108 kg 0,2
Formula (4) dp = —pgdh 0,2
Formula (5) p = ““‘Tp 0,2
1.2 1,0
Formula (6) p(h) = p, exp( Mairg h) 0,4
Correct numerical value p(H) = 85.0 103 Pa 0,2
Formula (8) 6Q = iyy—RlAT 0,2
1.3 | Correct numerical value §Q = 5.33 - 10%1] 0,2 0,6
Formula (9) y = 7/5 or equivalent C, = 7/2R 0,2
Formula (10) 6Q = anR2t 0,2
M RAT
14 |Formula(1l)t = a”R%ﬂair);’Tl 0,2 0.6
Correct numerical value T = 30.3- 103 s 0,2
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Formula (12) p =y% 0,2
Formula (13) pT1-v = const 0,2
2.1 | Formula (14) Z—Z = —(V_l;+"g = —f = const 0,4 1,2
Formula (15) T(h) = T, — (y‘ly)—:gh =T, — Bh 0,2
Correct numerical value T(H) = 278 K 0,2
Y Y
— o ()7 = To_\i-v 0,2
59 Formula (17) p(h) = p, (T(h)) = Do (To_ﬁh) 0.4
Correct numerical value p(H) = 84.6 - 103 Pa 0,2
_ )/RTO
Formula (19) H,tpp = R 0,4
2.3 — YRTdn 0,8
Formula (20) AH g4, & —Ducis 0,2
Correct numerical value AH,;,,, = 2,05+ 103 m 0,2
y Formula (21) p(T) = p, + % (T—-T,) 0.4 o6
' Correct numerical value Ty,; = 368 K 0,2 ’
Formula (23) Tpeir = 273 K. 0,2
_ YR(To—Tmelt)
2.5 | Formula (24) hy = v Dming 0,4 0,8
Correct numerical value hy = 2.05 - 103m 0,2
_ YR(T=Tmelt)
26 | TomMula(25) Ho =" 02 0,4
Correct numerical value H, = 3.78- 103 m 0,2
Formula (26) dpyap = —prapgdh 0,2
Formula (27) pyqp = = HZ;’:”“” 0,2
Formula (28) Pvap (0) = PPvapo 0,2
Pvap — HHy09, T
Formula (30) In — Ingp + NTH In ™ 0,6
2.7 aln 2,0
Formula (32) T(H') = T, exp <#> 0,2
BR
Formula (33) H' = %(H) = %(1 — exp (;‘,;é‘;"’ )) 0,4
pr_ P
Correct numerical value H' = 2.55-103m 0,2
Formula (34) H' = H, 0,2
_HHy098
28 | Formula (35) @0y = (1 - ”’Ti) R expa 0,2 0,6
0
Correct numerical value ¢,,,, = 0.119 0,2
Total 10,0

Problem 3. Optics of moving media (10.0 points)
Part 1. 4-dimensional vectors (1,4 points)
1.1 [0,8 points] To bring the momentum and the energy to the same unit it is sufficient to divide the
energy by the speed of light or to multiply the momentum by the speed of light. Moreover, by
virtue of the principle of relativity, it is necessary to make the substitution V' — —V. Thus, one gets

) BV IOE/) "
" N/RVENT
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p, =Py, (2)
p,"=P,, 3)
E'/c:E/C_(V/C)pX. 4)

J1-v?/c?
1.2 [0,6 points] In any inertial frame of reference the expression for the momentum is written as
mv

_ | 5
P N1-v?/c? G

and the expression for the total energy has the form

L ©)

V1-v?/c?
This implies that the invariant sought is equal to
inv=E?*-p°c®=m’*. (7)
Part 2. Doppler effect and light aberration (4,6 points)
2.1 [1,0 points] Since the rest mass of photons is zero, it follows from (7) that the momentum and
energy of a photon are related as follows
E

p= s 8
It is known that the photon energy is given by the Planck formula as
E=ho. ©)
The photon momentum projections on the coordinate axes are written as
Py = PCOS @, (10)
p, = Ppsing, (11)
and on substituting into (B1.4), one finds
J1-V?/c?
This is the well known formula for the relativistic Doppler effect.
2.2 [0,4 points] It follows from (2), 8) and (9) that
h—wsingo':h—wsingo. (13)
C C

Using (12), it is merely found that

2 2 i
J1-V?/c sing (14)

1-V cosgl/c
Expression (14) is a classical formula for the light aberration.
2.3 [1,0 points] The position of the star on the celestial sphere varies throughout the year due to the
orbital motion of the Earth around the Sun and the aberration of light which is schematically shown
in the figure on the right. Since the speed of Earth's orbital motion is much less than the speed of
light, it follows from (14) that the aberration angle is equal to

sing'=

5¢=¢'—¢~%Sin(p, (15)

where ¢ denotes the angle between IV and the direction towards the star.
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C

Sun .‘h 32

Earth D

The figure shows that the angle ¢ varies periodically from a minimum value § at the point
D, reaches the value of /2 at the point B, has a maximum value of = — § at point C, and finally
becomes equal to m/2 at point A. Hence, one can infer that the star apparent position on the
celestial sphere moves along an ellipse with angular dimensions of the semi-axes

3= (16)
and
a, =%sin5. a7
It is found from the given data that
o =arcsin (%j =64.2°. (18)

2.4 [2,2 points] According to formula (12) for the Doppler effect the relative frequency shift at
¢ =0 is found to be

(%J _1- [/ 9954107, (19)
@ )y 1+v, /c
This shows that the Doppler effect cannot fully explain the red shift in the spectrum of the
star. It is natural to assume that when the light leaves the surface of the star the photon frequency
decreases due to the gravitational redshift.
The gravitational mass is found from the principle of equivalence as
ho
ph = C_21

(20)

and the gravity force, acting on the photon at a distance r from the star, is equal, according to the
Newton law, to

m,,M

F=G 7 (21)
The energy conservation law for the motion of the photon can be written as

hdw=—Fdr. (22)
Thus,

do GM dr

o2 23

® c® r? 23)
On integrating (B4.5) in the range of the stellar radius R mo oo leads to the following

equation
|n(2]=—GZM , (24)
W, c’R

where w, and w stand for the frequencies of the photon on the stellar surface and at infinite
distance from it, respectively.
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Hence, the frequency of the photon at infinite distance from the star is obtained as

GM V2
® = w, exp(—cz—R) = @, exp (—2—(':'2j , (25)

where the escape velocity is determined by the classical expression

/ZGM
Vi = T (26)

Combining formulas (19) and (25) yields

2 J—
(%j =1-exp| - V”2 17v, Je : (27)
@ )y 2c” )\1+v, /c

On substituting numerical values, one gets

1-v,/c
1+v, /c 6
v, = [2In IV €c=2.83-10"m/s. (28)
%)
@ Jo

Part C. Light in a moving medium (4,0 points)
3.1[1,1 points] By definition, the projections of the object velocity in the reference frame S’ are
defined as expressions

,dx!

u'=—, 29
= (29)
dy'
u,'=—. 30
y dtl ( )
The same projections in the reference frame S are given by
dx
u =—, 31
=3 (31)
dy
u =—. 32
o (32)
The Lorentz transformations can be rewritten in the form of finite differences as
dx — dx'+Vdt | (33)
J1-V?/¢?
dy =dy’, (34)
1 ] 2
dt:dt+de/c (35)

Ji-v2/c?

On dividing term by term the left and right hand sides of (33)-(35) and using (29)-(32)

yields

u,+V

UX=W1 (36)
1+

C

1-V?/c?

y u 'V Uy ' (37)
1+ XCZ

3.2 [1,4 points] Let us sit in the reference frame associated with the water. According to formula
(14) the light aberration appears in this reference frame, whereby making the angle ' of incidence
of a plane wave on the water surface equal to
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J1-V?/c? cosa

cosa'= _ ~cosa(1+Vsina/c) or
1-Vsinalc
sina':Mzsina—VcomZ/c. (38)
1-Vsinalc
In the reference frame associated with the water flow, the refraction law has a usual form
sina'=nsin ', (39)
and the speed of light propagation is
c
Vph = H (40)
Going back to the laboratory reference frame with the aid of (36) and (37) one finds
.V sin gtV Y m
vm3|nﬁ_m~vphsmﬂ+ , (41)
1+p7
C2
J1-v2/¢? , ,
V. COSf = vah cosB'~v, cosB'. (42)
Using (38)-(42), it is finally obtained that
2
sinﬁzlsina——n +C0$2a\i, 43)
n n c
making
A= %sin a, (44)
2
Bl:_n +(;032a. (45)
3.3 [0,4 points] Again using (38)-(42) yields
V., ~Shv (1—%)sinﬁ. (46)
n n
whereby
C
=—, 47
A= (47)
1.
B, =[1—Fjsm/3. (48)

3.4 [0,9 points] When the light propagates in the direction of the water flow, the angle £ in formula
(48) should be taken /2 and the corresponding speed is found as

v, =24V [1-%) , (49)
n n
when the light propagates in the direction opposite to the water flow, the corresponding speed is
obtained as
v=S_v (1-%}. (50)
n n

Since the total path covered by the two light beams in water is 2L, the difference in their
propagation time At is equal to

aLv(n?-1
Atzz_L_&z#, (51)
V_ \Y C

+

and the corresponding path difference is derived as follows
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4Lv(n*-1)
Al = cAt = (52)
Thus, the interference pattern is shifted by the number of bands equal to
4Lv(n*-1
an oA A L) (53)
A cA
3.5 [0,2 points] Using formula (53) the water refraction index is found to be
ne e 8N g 37, (54)
4Lv
Part Content Points
Formula (1) p,'= b, ~(V/e)E/C) 0,2
J1-V?/c?
1 Formula (2) p,'=p, 0,2 08
' Formula (3) p,'=p, 0,2 ’
Formula (4) E/c= Efc-(Viop, 0,2
J1-V2/c?
Formula (5) p:% 0,2
1-v°/c
2
1.2 Formula (6) E:L 0,2 0.6
V1-Vv?/c?
Formula (7) inv=E’ - p*c® =m** 0,2
Formula (8) p =% 0,2
Formula (9) E =hw 0,2
21 | Formula (10) p, = pcosg 0,2 1,0
Formula (11) p, = psing 0,2
Formula (12) a)':a)M 0,2
2 2 !
V1-V?/c
ho' . |, ho .
Formula (13) Tsm(p :Tsm(p 0,2
2.2 7 2 0,4
Formula (14) sing'= 1V /c sing 0,2
1-Vcosel/c
Formula (15) op=¢'-¢ z%sin(p 0,2
Vv
Formula (16) a, = < 0,2
23 | Vi 1,0
: ormula (17) a, —Esmé 0,2 ,
Formula (18) 5:arcsin[%j 0,2

Numerical value 6 =64.2°

0,2
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Formula (19) (%j - 2%/ 995410 0,2
@ Jp 1+v, /c
Formula (20) m, = Tz—? 0,2
m,,M
Formula (21) F =G—— 0,2
r
Formula (22) hdw =—Fdr 0,2
Formula (23) d_a):_GI\Z/I d_;' 0,2
@ c‘r
Formula (24) In(ﬂj:—GzM 0,2
@, c’R
24 GM V2 22
Formula (25) o= o, exp R = @, EXP ey 0,2
Formula (26) v, = ,/% 0,2
. 2
Formula (27) (A_a)j =|1- 1=vy Ic exp —V—”2 0,2
@ ) 1+v, /c 2C
1 fl—vX /c
1 /
Formula (28) v, =~/21In % C 0,2
Numerical value v, = 7.108x10™*c = 21.31km/s 0,2
Formula (29) ux'z% 0,1
Formula (30) u, ' = ‘;—i’ 0,1
Formula (31) u, :% 0,1
Formula (32) u, :3—{ 0,1
dx'+\Vvdt'
Formula (33) dx = ————= 0,1
3.1 V1-V*/c? 11
Formula (34) dy =dy’ 0,1
1 ) 2
Formula (35) dt:M 0,1
J1-VZ/c?
u,'+Vv
Formula (36) u, = Y 0.2
1+
c
H-viie
FOI‘mula (37) Uy =Wuy 0’2

C2
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M _\2 /a2
Formula (38) cosa'= 11 \\//s/rf c/osa ~cosa(1+Vsina/c) or
- N 0’2
sina'z%zsina—Vcos(xz/c
-Vsinal/c
Formula (39) sina'=nsin g’ 0,2
Formula (40) v, :% 0,2
Formula (41) v, sin _ VmSINAHV ~V, sin f'+V
3o | Formula(4l) v, sinf = v Vsing = Vmsin AT 0,2 14
J1-V?/c? .
Formula (42) v, COS'B:W on COS B' =V, cos B 0.2
+7
c?
Formula (44) A = —sma 0,2
Formula (45) Bl:—M 0,2
Formula (47) A, —% 0,2
3.3 0,4
Formula (48) B, = (1—%jsin,8 0.2
n
_C 1
Formula (49) v, =—+V |1-= 0,2
n n’
c 1
Formula(50) v.=—-V|1-= 0,2
n n’
4Lv(n® -1
34 | Formula (51) At—&—& # 0,2 0,9
VooV, C
ALv(n® -1
Formula (52) Al :cAt:Q 0,2
c
4Lv(n® -1
Formula (53) AN :AI:Q 0,1
A cA
Formula (54) n= /1+ cAAN 0,1
35 aLv 0,2
Numerical value n= /l+ CAAN =137 0,1
4Lv
Total 10,0
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SOLUTION TO THE EXPERIMENTAL COMPETITION

Absorption of light (15,0 6amura)
Part 1. Studying a photodetector

1.1 The working measurement circuit is shown in the figure on the right. When the
switch is shortened, the multimeter should be switched to the voltage measurement ==
mode, i.e. the voltage across the resistor is measured. When the switch is open, the R
multimeter should be switched to the ohmmeter mode, the resistance is measured.
1.2 — 1.5 The results of the measurement of the voltage across the resistor as a function of its resistance are
shown in Table 1. It also presents the results of calculations of the current using the formula

U
| =— 1
- )
and the heat power generated in the resistor and calculated via the expression
2
P:UI:IZR:U? )

Table 1
R, kQ U, mvV I, uA P, uW
104 389 3,74 1,46
87,4 388 4,44 1,72
69,5 387 5,57 2,15
48,5 385 7,94 3,06
29,3 382 13,04 4,98
15,9 373 23,46 8,75
10,8 363 33,61 12,20
8,6 353 41,05 14,49
7,9 348 44,05 15,33
6,8 336 49,41 16,60
6,4 330 51,56 17,02
53 307 57,92 17,78
51 301 59,02 17,76
4,3 266 61,86 16,45
3,9 246 63,08 15,52
3,1 196 63,23 12,39
2,8 176 62,86 11,06
2,4 154 64,17 9,88

2 131 65,50 8,58
15 100 66,67 6,67
13 86 66,15 5,69

The graph of the voltage across the resistor versus its current is shown in the figure below.
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Voltage versus electric current
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The graph of the heat power in the resistor versus its resistance is shown in the figure below.

Heat power versus resistance
20
18 4
16

5
12 ‘l
4

o

%
4

Heat power, mW

*--‘-"'0--—___‘__‘

/

0 10 20 30 40 50 60 70 80 90 100

Resistance, kQ

To determine the position of the maximum, it is necessary to take additional measurements in the
range of 0 to 10 kQ. According to the measurement results, it turns out that the maximum heat power
generated in the resistor is reached at

R=5,4kQ. @)
Part 2. Absorption of laser radiation
2.1 Since the transmittances of the same type of light filters are equal, and the laser radiation is
monochromatic, the dependence of the transmitted light intensity on the number of filters has the form of a
geometric progression

I, =k"l,. (4)
2.2 The results of measurements of the dependence of the light intensity on the number of filters are given in
Table 2. The measurements have been carried out at the resistance of 3.3 kQ.

Table 2
grey yellow blue grey yellow blue
filter filter filter filter filter filter
n U, mvV U, mvV U, mvV n LhU LhU Lnh U
0 196 197 197 0 5,28 5,28 5,28
1 104 180 74 1 4,64 5,19 4,30
2 50 161 24,9 2 3,91 5,08 3,21
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3 254 148 9 3 3,23 5,00 2,20
4 13,6 135 3,6 4 2,61 4,91 1,28
5 6,6 128 5 1,89 4,85

To verify formula (4) it is convenient to present it in the semi-log scale as
Inl, =Inl,—nihk. (5)
At such a scale, the dependence of In I | on the number n of light filters should be linear. The measurements

and calculations confirm this conclusion, i.e. formula (4) correctly describes the intensity of the transmitted
light. The figure below shows the results obtained.

Transmittance of laser radiation
6,0

|
+

e ]
L e
.

3 4 5 6

F
=)

/

7

-
o

Logarithm of intensity, Ln/

o2

=)
o
-
N

Number of filters, n

2.3 As it follows from formula (5), the slope of the dependence is equal to the logarithm of the transmittance

a=Ik, (6)
therefore, the transmittance is calculated by the formula

k =exp(a), (7
and its error is determined by the expression

Ak =exp(a)- Aa, (8)

Table 3 shows the results of calculations (using the least squares method) of the slope coefficients a,
their errors Aa, the transmittances k and their errors Ak for all three types of light filters.

Table 3
grey | yellow blue
filter filter filter
a -0,678 | -0,089 | -1,011
Aa 0,014 0,008 0,032

k 0,508 | 0,915 0,364
Ak 0,007 0,007 0,012

2.4 The transmittance of a pair of filters for the laser monochromatic radiation is equal to the product of the
transmittances of each filter:

K., =k, -k, 9)

Table 4 shows the measured and calculated transmittances for all pairs. As it follows from the data
presented, there is a good agreement between these results, i.e. formula (9) is experimentally verified.

Table 4
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Pair of filters measured calculated

blue + yellow 0,342 0,333
blue + grey 0,187 0,185

yellow + grey 0,460 0,464

Part 3. Absorption of white light
3.1 The results of measurements of the light intensity transmitted through the filters are shown in Table 5.
(the measurements have been made with the resistance of 10.1 kQ).

Table 5
grey | yellow blue grey | yellow blue
filter filter filter filter filter filter
n U, mvV U, mvV U, mvV n LnhU LhU Lh U
0 84,8 77,8 72,6 0 4,44 4,35 4,28
1 39,4 59,4 31,7 1 3,67 4,08 3,46
2 17,9 50,8 19,2 2 2,88 3,93 2,95
3 8,4 44,5 14 3 2,13 3,80 2,64
4 3,8 39,2 10,8 4 1,34 3,67 2,38
5 35 8,7 5 3,56 2,16
The graphs of these dependencies are shown in the figure below.
Transmittance of white light
5,0
45
= 4,0 =
- T
5 35 \"\ ‘-___-'___""—h——t__yellow_
g 3,0
S
£ 25
2 20 \q.,_ ML*‘_—m blue
é 15 \\
= * oray
gﬂ 1,0
— 05
0,0
0 1 2 3 4 5 6
Number of filters, n

3.2 It can be seen from the graph that formula (5) is correct for grey filters, but not for blue ones. The main
reason for the violation of the obtained law is that the transmittance significantly depends on the wavelength
of incident light. So, for grey filters, the transmittance varies little in the visible range of wavelength and
formula (5) is applicable within the experimental error. For blue filters, though, the transmittance varies
noticeably, such that formula (5) turns inapplicable.
3.3 The measured transmittances for the three light filters provided are given in Table 6.

Table 6
grey filter 0,450
blue filter 0,431
yellow filter 0,759
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Table 7 shows the measured and calculated transmittances of pairs of light filters. It can be seen that
for the white source the transmittance of a pair of filters is not equal to the product of transmittances of each
filter, which is prescribed to the dependence of transmittances on the wavelength.

Table 7
Pair of filters measured calculated
blue + yellow 0,271 0,327
blue + grey 0,188 0,194
yellow + grey 0,362 0,342

Marking scheme

Part Content Total Points
for part

Part 1. Studying a photodetector 6,0
1.1 | Switch in the right place 0,2 0,2
1.2 | Measurements U(R): 3,5

Marked only if data are within 50% from the provided in the official

solution:

- maximumal voltage no more than 350 mV; 0,2

- maximumal resistance no more than 90 kQ; 0,2

- minimal resistamce less than 2 kQ; 0,2

- number of points 15 or more (10-14, 7- 9, less); 2(1;0,5;0)

- not less than 5 points in the range of 0-10 kQ; 0,5

- monotonically dcreasing dependence; 0,2

- units stated correctly (kQ. mV); 0,1+0,1
1.3 | Load characteristic: 0,9

(marked only if 1.2 had been marked)

- formula to calculate electric current; 0,1

- current calculated for all experimental points; 0,2

- unit of current stated (uA); 0,1

- correct qualitative behavior (slow decrease followed by sharp decline); 0,2

Plotting a graph:

- axis named and ticked; 0,1

- all points correctly drawn; 0,1

- smooth curve drawn; 0.1
1.4 | Heat power versus resistance: 0,9

(marked only if 1.2 had been marked)

- formula to calculate heat power; 0,1

- heat power calculated for all experimental points; 0,2

- correct unit of heat power (uW); 0,1

- correct qualitative behavior (maximum in the rage of 0-10 kQ followed by

slow decrease); 0.2

Plotting a graph:

- axis named and ticked; 0,1

- all points correctly drawn; 0,1

- smooth curve drawn; 0,1
1.5 | Maximum found In the range of 5-6 kQ (4-7 kQ, out of) 0,5 ]0,500,3;0)
Part 2. Absorption of laser radiation 55
2.1 | Formula I, =k"l, 0,2 0,2
2.2 | Transmittance measurements 2,6
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Marked only if data are within 50% from the provided in the official
solution:
- Measurements in the range of 0-200 mV; 0,1
- Initial measurement without filters; 0,1x3=0,3
- measurements with 5 (4) filters; 0,3x3=0,9
- decreasing dependence obtained; 0,1x3=0.3
Linearization
- Correct semi-log scale; 0,2
- logarithns calculated for all points; 0,2
Plotting a graph (marked only if measurements had been marked)::
- axis named and ticked; 0,1
- all points correctly drawn; 0,1
- straight line drawn; 0.1
Linear dependence obtained; 0,3
2.3 | Formula for the transmittance k = exp(a) 1,4 0,1
Formula for the experimental error Ak =exp(a)-Aa; 0,1
Calculations for all points (LSM, averaging); 0.3
(Calculations for 2 points only); 01
Transmittances found:
Gray in the range of 0,45-0,55 (0,4 -0,6; out of) 0,2(0,1;0)
Yellow in the range of 0,85-0,95 (0,8-0,98; out of) 0,2(0,1;0)
Blue in the range of 0,30-0,40 (0,25-0,45; out of) 0,2(0,1;0)
Experimntal errors found 0,1x3=0,3
2.4 | Measurement of transmittance 1,3
Gray+yellow in the range of 0,30-0,40 (0,25-0,45; out of) 0,2(0,1;0)
Blue+gray in the range of 0,15-0,25 (0,10-0,30; out of) 0,2(0,1;0)
Gray +yellow in the range of 0,40-0,50 (0,35 — 0,55; out of); 0,2(0,1;0)
Formula k,, =k, -k,; 0,1
Products found; 0,1x3=0,3
Experimental results agree with the theory; 0.1x3=0,3
Part 3. Absorption of white light 3,5
3.1 | Transmittance measurements 19
Marked only if data are within 50% from the provided in the official
solution:
- Measurements in the range of 0-100 mV; 0,1
- Initial measurement without filters; 0,1x3=0,3
- measurements with 5 (4) filters; 0,2x3=0,6
- logarithns calculated for all points; 0,3
Plotting a graph (marked only if measurements are marked):
- axis named and ticked; 0,1
- all points correctly drawn; 0,1
- smooth curve drawn; 0,1
Linear dependence for gray filter; 0,1
Nonlinear dependence for blue filter 0,2
3.2 | Theroretical formula not confirmed 0,3 0,1
Reason: transmittance depends on the wavelength 0,2
3.3 | Transmittance measurements 1,3
Gray filter in the range of 0,4-0,5 (0,35-0,55; out of) 0,2(0,1;0)
Blue filter in the range of 0,4-0,5 (0,35-0,55; out of) 0,2(0,1;0)
Yellow filter in the range of 0,7 - 0,8 (0,65 — 0,85; out of) 0,2(0,1;0)
Blue+yellow filters in the range of 0,22-0,3 (0,18 -3,5;out of) 0,2(0,1;0)

Blue+gray filters in the range of 0,14-0,23 (0,1 -0,27;0ut of)

0,2(0,1:0)
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Yellow+gray filters in the range of 0,3 - 0,4 (0,25 - 0,45; out of) 0,2(0,1;0)
Experimental and theoretical transmittances do not coincide 0,1

TOTAL

15
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EXPERIMENTAL COMPETITION
12 January, 2019

Please read the instructions first:

1. The Experimental competition consists of one problem. This part of the competition lasts 3 hours.
2. Please only use the pen that is provided to you.

3. You can use your own non-programmable calculator for numerical calculations. If you don’t have one,
please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper for drafts
of your solutions but these papers will not be checked. Your final solutions which will be evaluated
should be on the Writing sheets. Please use as little text as possible. You should mostly use equations,
numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the bordered area.

6. Fill the boxes at the top of each sheet of paper with your country (Country), your student code (Student
Code), the question number (Question Number), the progressive number of each sheet (Page Number),
and the total number of Writing sheets (Total Number of Pages). If you use some blank Writing sheets
for notes that you do not wish to be evaluated, put a large X across the entire sheet and do not include it
in your numbering.

7. Atthe end of the exam, arrange all sheets for each problem in the following order:
e Used Writing sheets in order.
e The sheets you do not wish to be evaluated.
e Unused sheets.
e The printed problems.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to take any
paper or equipment out of the room
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Absorption of light (15.0 points)

Experimental equipment

1. Optical bench with holders:

1a — support for a light source with the screw;
1b — support for a photodetector with the screw;
1c, 1d, le— holders;

2a — neutral filter on the stand,
2b, 3, 3a, 3b — not used in this experiment;

Light sources:
4 — light emitting diode (LED):
4a — leads to a power supply;
4b — fixing screw;
5 — laser:
5a — ring for turning the laser with the scale;
5b — leads to a power supply;
5¢ —screw for the beam width adjustment on the
front side;
5d — fixing screw;
6 — power supply for light sources:
6a — switch;
6b — leads to a light source.
Keep the source operating only while making
measurements!
Do not point the laser beam in your or anyone’s
eyes, it is very dangerous!
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7 — variable resistor 100 kQ:
7a, 7b, 7c — terminals for connection to a circuit;
7d — knob for changing the resistance;

8 — switch:
8a, 8h — terminals for connection to a circuit;

11 — multimeter;

11a — register to measure resistance (100 kQ);
11b — register to measure DC voltage (2V);
11d, 11e — connectors for test leads;

11f —power on/off.

If the display multimeter is in a "'sleep’ mode -
double-press power on/off!

When measuring the resistance with the
multimeter, it must be disconnected with a
power supply!

A set of film filters: 5 grey filters, 5 blue filters,
5 yellow filters.
Clothes-peg.
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Part 1. Studying a photodetector
To measure the light intensity the photodiode is used
hereinafter. The emf, produced when the light falls on the photodiode,

depends in a complex way on the intensity of the incident light. zk:/_,‘:_
CV) ol - ~~

Therefore, the circuit, shown in the figure on the right, is used to
measure the light intensity. The voltage measured by a multimeter
depends on both the intensity of the incident light and the resistance
of the variable resistor.

Install the photodetector and the laser on the optical bench. Direct the light beam exactly at the
photodetector. Install a neutral filter in one of the holders. Rotating the laser ring, make sure that the voltage
across the resistor (at its maximum resistance) is at least 350 mV.

1.1 Modify the circuit shown above by adding the switch, so that you can measure the resistance of the
resistor and the voltage across it with the single multimeter provided. Draw schematically the electric
circuit that you propose.

1.2 Using your electric circuit from 1.1, measure the dependence of the voltage across the resistor on its
resistance.

1.3 Using the data from 1.2, draw a graph of the voltage across the resistor as a function of its current.
1.4 Draw a graph of the heat power generated in the resistor as a function of its resistance.

1.5 Determine the resistance of the resistor at which the heat power turns maximal. Make additional
measurements, if necessary.

Part 2. Absorption of laser radiation
In this part of the experiment, make all measurements with the resistance of the variable resistor
approximately equal to 3 k. Write down the value of the resistance at which you have taken your
measurements. Install the neutral filter on the optical bench between the laser and the photodetector.
Turning the laser ring, make sure that the maximum voltage across the resistor is approximately 180-190
mV. Measure in the range of the multimeter 200mV. In this mode, the voltage on the multimeter is
directly proportional to the intensity of the incident light. Hold the light filters with the clothes-peg and
hold them directly near the photodetector.
The intensity of the light | transmitted through the filter is proportional to the intensity of the
incident light 1,:
I =kKl, 1)
The transmittance k does not depend on the intensity of the incident light but may depend on its
wavelength.
2.1 Using formula (1), obtain the dependence of the intensity of transmitted light through n identical
light filters on the number n of light filters.
2.2 Measure the dependence of the light intensity I, on the number of filters n for all the filters

provided (gray, yellow and blue). Draw graphs of the dependencies obtained in scales that allow you to

verify the formula obtained in Section 2.1.

2.3 Calculate the transmittance of all filters. Estimate the experimental errors of their values.

2.4 Measure the transmittance for pairs of different filters: gray + blue, gray + yellow; blue + yellow.

Theoretically calculate the transmittance of each pair of filters.

Part 3. Absorption of white light
Replace the laser with the LED which is a source of white light. Remove the neutral filter. Direct the

radiation of the LED straight at the photodetector. Set the resistance of the resistor to approximately 10 kQ.
Write down the value of the resistance at which you have taken your measurements.

3.1 Measure the dependence of the light intensity on the number of filters for all types of filters

provided (gray, yellow and blue). Draw graphs of these dependencies in the same scale as in Part 2.

3.2 Verify whether the formula obtained in paragraph 2.1 is fulfilled for the white light source. Specify

a main cause leading to possible violations of that relation.

3.3 Measure the transmittance for pairs of different filters: gray + blue, gray + yellow; blue + yellow.

Using the data obtained in the whole experiment, verify whether the transmittance of a pair of filters is

equal to the product of the transmittances of each filter.
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THEORETICAL COMPETITION
January 11, 2019

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
2. Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please ask for it from
Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper for drafts of
your solutions but these papers will not be checked. Your final solutions which will be evaluated should
be on the Writing sheets. Please use as little text as possible. You should mostly use equations, numbers,
figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
6. Begin each question on a separate sheet of paper.

7. Fill the boxes at the top of each sheet of paper with your country (Country), your student code (Student
Code), the question number (Question Number), the progressive number of each sheet (Page
Number), and the total number of Writing sheets used (Total Number of Pages). If you use some blank
Writing sheets for notes that you do not wish to be evaluated, put a large X across the entire sheet and do
not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:
e Used Writing sheets in order.
e The sheets you do not wish to be evaluated.
e Unused sheets.
e The printed problems.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to take any
paper out of the room.
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Problem 1 (10.0 points)
This problem consists of three independent parts.
Problem 1A (4.0 points)
A vertical cylinder of radius R is fixed on a smooth horizontal m
surface. A thread is tightly wound on the cylinder, the free end of ZO
which is lo long and attached to a small puck of mass m. The puck is
initially given a horizontal velocity v, which is perpendicular to the
thread (see figure). How long will it take for the thread to be torn up
if the maximum tension force it can withstand is T'.
Problem 1B (3.0 points)
A body cools in the air so that the rate of heat transfer is proportional to the temperature difference
between the body and the air. The graph below shows the dependence of the body temperature on time. Find
the air temperature.
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Problem 1C (3.0 points)

The equivalent circuit of a real source of alternating voltage of
frequency o =1.00-10%s? consists of an ideal voltage source with the
amplitude U = 15.0 V, of a resistor with the resistance r = 2019 Ohm and of U @
a capacitor with the capacitance C = 100 puF. Different circuits of resistors,
capacitors and coils can be connected to the source as a load. Propose a load
circuit, which assures maximum of the generated heat output in the load C
itself. Draw schematically your load circuit and evaluate parameters of its
elements. If you have found several solutions, provide the simplest one. Find also the maximum power,
which can be generated in a load.

I
1l #
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Problem 2. Conductors in an electric field (10.0 points)
When a conductor is placed in a constant external electric field, electric charges appear on its surface.
This phenomenon is called an electrostatic induction, and the charges themselves are then called induced.
This phenomenon is explained by a large number of free charge carriers in the conductor, usually electrons,
which can move freely inside.
The distribution of the induced charges for a conductor of an arbitrary shape can be quite complex,
but the following statements hold:
1) The electric field strength inside the conductor is exactly zero;
2) The electric field strength near the surface of the conductor is directed along the surface normal;
3) The induced charges are only located on the conductor surface;
4) All of the conductor points have the same electric potential.
In this problem, we consider several methods for calculating electric fields in the presence of
conductors and apply them to a specific physical situation. Consider the vacuum permittivity &, known.
Conductive ball and point charge
A conducting ball of radius R is grounded and a point-like charge q is placed at a distance [ from it.
In this case, in accordance with the foregoing, induced charges appear on the ball surface, which distort the
electric field of the point-like charge q. The image method is applicable to this situation, whose essence is
described as follows. The electric field outside the ball can be represented as a superposition of the field of
the point-like charge g and the field of some fictitious point-like charge Q located somewhere inside the ball
at a distance a from its center and on the line connecting the point-like charge g to the ball center. To
evaluate the total electric field, we make use of the Cartesian coordinate system on the plane shown in the
figure below. This is quite enough, since the system has axial symmetry.

XA

' 0=

S
ry
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2.1 Calculate the electric field potential at an arbitrary point A with coordinates (x,y) lying outside the

ball. Express your answer interms of q,Q, 1, a, x, y, &.

2.2 Using the above expression, evaluate the electric field potential on the ball surface. Express your

answer interms of ¢, Q, [, a, x, R, &,.

2.3 Using your answer from 2.2, find the charge Q and the distance a, expressing them in terms of

q,LR.

2.4 Calculate the work A that needs to be done on the point-like charge g in order to very slowly move

it to infinity. Express your answer in terms of g, [, R, &,.

2.5 Find the interaction energy W of the induced charges with one another and express it in terms of

0, LR, &.

Conductive ball in a uniform electric field
A conducting ball of radius R is placed in an external uniform electric field of strength E,. In this

case, the field of induced electric charges can be represented as a superposition of the field of two fictitious
uniformly charged balls of the same radius R located at a very small distance a < R from each other. The
net charge of these two balls is , of course, zero due to the charge conservation law, so one of them can be
assumed to be charged with the bulk charge density p, whereas the other is to be charged with the bulk
charge density —p.
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2.6 Calculate the electric field strength E,, inside a uniformly charged ball with the bulk charge density

p at a distance r from its center. Express your answer in terms of p, r, &;.

2.7 Calculate the electric field strength at the intersection of two fictitious balls mentioned above.

Express your answer in terms of p, a, &.

2.8 Find the surface density of the induced charges o as a function of the angle

6 shown in the figure above. Express your answer in terms of Ey, 6, €.

2.9 Find the electric field E outside the ball and just near its surface point, characterized by the angle 6.

Express your answer in terms of E, 6.

Conductive ball and charged ring
A thin ring of radius R is charged uniformly along its length by a charge g. An uncharged small

conducting ball of radius r and mass m can slide without friction along the long non-conducting needle,
coinciding with the axis of the ring.

q

2.10 Calculate the frequency w of small oscillations of the ball near its equilibrium position on the
needle. Express your answer in terms of g, R, 7, m, &,.

2.11 The ball is initially located at the ring center and is at rest. Find the work A, which must be done to
very slowly push the ball along the needle to infinity. Express your answer in terms of g, R, 1, &,.
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Problem 3. Laser (10.0 points)
According to quantum theory, a molecule can only be found in certain states ---.

characterized by discrete energy values E,, E, E,,.... These states are represented by ——FL,
horizontal segments on the vertical energy scale and are numbered in order of increasing —— £
energy, starting from 0. In the absence of external influence, the molecule is found in the state

with the number 0 and the lowest possible energy E,. This state is then called a ground state, ——£,

and the rest are then called excited states. The molecule can be driven from one energy state to another by
absorbing or emitting light quanta, i.e. photons. The intensity of the light flux is characterized everywhere
below by the density of the photon flux |, i.e. the number of photons passing perpendicularly through the
unit area per unit of time, the dimension of this quantity is obviously equal to [I]=m™2-s™.

For further consideration, it is necessary to take into account the following processes that take place
when the light flux passes through a medium.

Absorption. If a molecule is found in the ground state O, then it can 1
absorb a photon and be raised to the excited state 1. Such a transition is
possible if the photon energy is equal to the difference between the ™~ O E:’ L j]:
energies of the excited and ground states, hv,, = E, —E,, where v,, is the 0
photon frequency and h=6.63-10"*J-s stands for the Planck constant. If N, molecules are found in the

ground state O, then the number of molecules dN that have absorbed photons and have been elevated to the
excited state in a very short time interval dt is equal to

dN = lo, N dt 1)
where the quantity o, is called the absorption cross section and is determined by the properties of the

molecules.
Stimulated emission. If a molecule is found in the excited 1

state 1, then under the influence of a photon with the frequency v,,, it {:3
. . W S33
can be forced to move to the ground state 0 with the emission of

another photon that is completely identical to the first one and
propagates in the same direction, has the same energy and polarization. The number of such transitions dN
for a very small time interval dt is described by the formula similar to formula (1) as

dN =16, N,dt , (2)
where N, denotes the number of molecules in the excited state 1 with energy E,, and o, signifies the cross

section of the stimulated emission.

Spontaneous emission. A molecule in the excited state can 1
spontaneously drop to its ground state with the emission of a photon. In ... .Jﬂ
contrast to the stimulated emission, the direction of emission and the £ I:} O T
polarization of the photon are both random, and the energy can slightly vary, —_
i.e. the spontaneous emission cannot contribute to an increase in the light
flux. The number of spontaneous transitions dN from the excited state 1 to the ground state O for a very
small time interval dt is written as

0

dN = ANdt = 2 Nt ®)
T

where N, still designates the number of molecules in the excited state 1 with energy E,, A is the transition
probability or the Einstein coefficient, and its inverse value = A" is referred to as the lifetime of the
excited state.

To describe each state k of the molecule, it is convenient to use not the total number N, of

molecules in the state, but its reduced value divided by the total number of molecules N in the medium

nk :W, (4)

This value is called the population of the state. For populations, the normalizing condition is satisfied: the
sum of the populations of all the states of the molecules is equal to unity, i.e.
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Ny +Nn, +n, +...=1. (5)

If the number of molecules in a certain excited state exceeds the number of molecules in the ground

state, then this state of the medium is called the population inversion, and the emitted radiation may prevail

over absorption, which results in an increase in the intensity of the light flux propagating in such a medium.

This phenomenon is used in optical quantum light generators, called lasers. The population inversion is

conventionally created using an external energy source, called pumping. In this problem, we consider the

operation of an optically pumped laser, when the population inversion is generated by an external light flux.

Unlike this pumping light flux, the laser light flux is monochromatic, coherent, polarized and narrowly
directed.

Population inversion: two-level system
Consider a medium that is subject to monochromatic pumping light flux 1,. The incident 1

light flux leads to transitions of molecules only between two states, i.e. the ground state O and the

excited state 1. The absorption o, and stimulated emission o, cross sections are equal, i.e.

o,, = 0y, = o and the lifetime in the excited state is found to be z . 0
3.1 Write down an equation describing the change in the population of the excited state 1 over time, i.e.
express the derivative dn, /dt in terms of n,, I, o and 7.
3.2 Find the population of the excited state and the difference of the populations between the excited
and ground states under steady conditions as functions of the pumping light flux I,. Express your
answer in terms of the parameter I,o07.

3.3 Is it possible to achieve an amplification of the laser light flux in this case?
Population inversion: three-level system

Let three states of the molecule be involved in possible transitions: the ground state 0 1

and the two excited states 1, 2. Under the action of the pumping light flux 1,, the molecule * 2
can be raised from the ground state O to the first excited state 1. The absorption cross section

of this transition is equal to o . As a result of intramolecular relaxation, the molecule that has

resided in state 1 almost instantly drops to the lower energy state 2, whose lifetime is z. In

this case, assume that the stimulated emission is completely absent.
3.4 Write down an equation describing the change in the population n, of the excited state 2 over time.
3.5 Find the population 1, of the excited state 2 and the population difference (ﬁ2 - ﬁo) of the excited
and the ground states under steady conditions as functions of the pumping light flux 1,. Express your
answer in terms of the parameter 1,07 .
3.6 At what minimum value of the parameter 1,07 is it possible to amplify the laser light flux with the

frequency equal to the frequency of the transition 2 —07?
Population inversion: four-level system

Let four states of the molecule be involved in possible transitions. Under the action of 1
the pumping light flux 1,, the molecule can be raised from the ground state O to the first %z
LE

0

excited state 1. The absorption cross section of this transition is equal to o . As a result of
intramolecular relaxation, the molecule that has resided in state 1 almost instantly drops to
the lower energy state 2, whose lifetime is z. From this state, the molecule undergoes a
transition to the intermediate state 3, which results in the emission of a photon. In this case,
assume that the stimulated emission is completely absent. As a result of intramolecular relaxation, the
molecule that has fallen into state 3 almost instantly drops to the ground energy state 0.

3.7 At what minimum value of the parameter |,o7 is it possible to amplify the laser light flux with the

frequency equal to the frequency of the transition 2 — 3?
Resonator

3
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The four-level system is usually implemented in dye solutions. Dyes consist of
complex molecules with multiple energy states. Therefore, the possible energy states are
grouped into bands: the ground state band S, contains an almost continuous spectrum of

sub-levels, and the same is true for the first excited state band S,. Thus, there are two
bands of possible states. The absorption of the pumping light flux 1, leads to transitions
from the sublevels of the ground state band S, to different sublevels of the excited state
band S,. Transitions between the sub-levels of state 1 occur almost instantaneously, so
the stimulated emission of the laser light flux 1, occurs at lower frequencies, and the stimulated emission
due to the pumping light flux 1, can be neglected. In the approximation described, it is sufficient to know

the population of the ground and excited state bands. Rhodamine 6G is used as a dye, for which: the
absorption cross section in the transition S, — S, is o, =3,90-10"°cm?; the stimulated emission cross

section S, — S, is o =2,20-10°cm?; the lifetime of the molecule in the state S, is 7 =4,20-10"°s.
To generate light, cuvette 1 with the solution of rhodamine 6G is 4

placed between two parallel mirrors 2 and 3, thus forming a resonator. The )

solution is excited by a uniform pumping light flux 4 of intensity 1,, whose
frequency strictly corresponds to the maximum absorption of the solution.
The pumping light flux 4 is directed perpendicular to the axis of the
resonator and fully illuminates the entire cell. The intensity of this flux, of
course, decreases as it passes through the solution; however, for carrying
out our estimations, consider I, constant in the entire bulk of the resonator,
assuming it to be averaged over the solution volume. The laser light flux 5
generated in the resonator propagates along the resonator axis, and its amplification occurs due to multiple
reflections from the resonator mirrors. Consider mirror 2 fully reflective, and the second mirror 3 translucent
with the reflectance p . The absorption of light in the mirrors, the solvent-body, as well as the scattering of
light and other losses can be completely ignored. The resonator has the following parameters: the cuvette
length is | =3,00 cm ; the rhodamine 6G concentration is  =1.30-10"°cm™>; the reflection coefficient of the
translucent mirror is o =0,90; the refractive index of the solution of rhodamine 6G is r =1,50. The speed

of light is denoted as ¢ =3,00-10"cm/s.

For a simplified description of the laser light flux propagating Ji
along the resonator axis, one can consider the intensity of the light .
fluxes averaged over the length of the resonator. We denote the —p o
average intensity of the laser light flux propagating to the translucent < DIk
mirror as |, and the intensity of the laser light flux propagating in ' (1 —p)IG
the opposite direction as I . Since the transmittance of mirror 3 is e

small, then we can assume that the average intensities of these fluxes be approximately equal 1, ~ I .
3.8 Let a laser light flux I, be created in the resonator. Show that in the absence of absorption and

stimulated emission, the change in the intensity of the laser flux over time is described by the equation
dlg 1
gt T ©)
where T stands for the so-called photon lifetime in the resonator. Express the parameter T in terms of the
parameters of the resonator. Calculate its numerical value.
3.9 Show that in the absence of the photon losses through mirror 3, the laser light flux variation over
time obeys the following equation
dlg
ot Knlg, (7)
where n designates the population of the excited state of rhodamine 6G, andK is the resonator gain.
Express the resonator gain K in terms of the parameters of the resonator and the stimulated emission cross
section o of rhodamine 6G. Calculate its numerical value.
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Stationary generation mode
In this part, we assume that the pumping light flux is constant and does not depend on time. In the
stationary mode, all quantities remain constant: the population of the excited state and the laser light flux.
Assume that the population of the excited state is low, i.e. n<<1.

3.10 Write down a set of equations describing the change in the population (;_rt] of the excited state and

. dl, .
the laser light flux d—f in the resonator.

3.11 Obtain the formula and calculate a minimum (threshold) value n,, of the population of the excited

state at which the amplification (generation) of laser light in the resonator occurs. Express it in terms of
the parameters of the resonator K, T .

3.12 Derive the formula and calculate a minimum (threshold) value of the pumping light flux I, at
which the laser light amplification in the resonator starts. Let the wavelength of the pumping light flux
be A =520nm. Calculate the pumping flux in energetic units of W /cm?.
3.13 Find the laser flux at the output of the resonator as a function of the pumping light flux I,, and
express it in terms of the ratio n=1,/1,,, which is called the threshold overrun, and the characteristics
of molecules. Draw a graph of the laser flux at the output of the resonator as a function 7.
3.14 Find the quantum output f =N./N,, i.e. the ratio of the number of photons N. leaving the
resonator per unit of time to the number of photons N, absorbed in the resonator per the same unit of
time as a function of the parameter 7.
Mathematical hint for the theoretical competition
You may need to know the following integrals:
) I - %lnlax + b|.

ax+b

n+1

X - .
[ x™dx = — Where n is an integer number
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL

COMPETITION
Attention. Points in grading are not divided!

Problem 1 (10.0 points)
Problem 1A (4.0 points)

Since the thread is inextensible and under stress, then the speed of the puck is always
perpendicular to the thread. Therefore, the tension force of the thread does not perform any work on
the puck and its speed remains constant by modulus

v = const. 1)

The puck moves along its trajectory with the curvature radius equal to the length [ of the
unwound thread, therefore, the condition for the thread to be torn up is found from Newton's second
law as

2

sz%. (2)
The length of the thread changes as a result of winding on the cylinder according to
dl = —Rda, ©)
where
da = wdt, 4)
and the angular velocity of the thread rotation is obtained as follows
W=7 5)
It follows from equations (3)-(5) that
ldl = —Rvdt, (6)
and its integration entails
12 — 13 = —2Rvt. (7
Substituting formula (1) into (7), the time moment sought is finally found as
mVZ z
t = l(z)_( T ) _ lgTz—mzv" (8)
"~ 2Rv 2RvT?
Content Points
The puck speed remains unchanged 1
2
sz% 0.5
ldl = —Rvdt 1
12 — 12 = —2Rvt 0.5
_1§T? —mPv* 1
_ 2RvT?
Total 4.0

Problem 1B (3.0 points)
Possible solution. The power of the heat transfer from the body to the air is proportional to
the difference between the body T and the air T, temperatures with the factor «, i.e.
P=a(T-T,), 1)
as a result, the body with the heat capacity C cools down by the temperature dT over time period
dt, which obeys the heat balance equation

CdT =—Pdt. (2
Equations (1) and (2) with the initial condition T =T, have a solution
T()=T,+(T,-T,)e”, ®3)

where S =a/C isa constant.
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Let the body be cooled from the temperature T, to the temperature T, for a certain time
interval, then it follows from (3) that
(-To)=r(T-T,), 4
where y is a constant.
Over the following same time interval, this difference will also change in  times
(Tz _Tl)ZV(Tl_Tx)' )
Equations (4) and (5) result in the relation
(TO _Tx) _ (Tl _Tx)

_ | (6)
(Tl _To) (Tz _To)
which has the following solution
2
T = TOTZ _Tl . (7)

g (T0 +T2)— 2T,
It is obtained from the graph provided: the initial temperature T, =373K, in 10 minutes the
temperature is equal to T,=337K, and in 20 minutes it reaches the value of T,=319K.
Substituting these data into equation (7), the air temperature is finally calculated as

T, =301K =28°C.. (8)
Content Points

Correct method for determining the air temperature 1.5
The air temperature lies in the interval T, =27.5-28.5°C 1.5
The air temperature lies in the interval T, =27.0—29.0°C (1.0)
The air temperature lies in the interval T, = 26.5-29.5°C (0.5)
Out of the above intervals 0

Total 3.0

Problem 1C (3.0 points)
Let R be the active component of the load (the real part of the impedance), and X be the
reactive component of the entire circuit (the imaginary part of the total impedance). Then the
current amplitude is found as

U
The average thermal power in the load reads as
_ 1. U?R
P = I R= 2[(r+R)2+x2]

It is seen that the maximum power is achieved at X =0, i.e. there should be no phase shift in
the circuit. The remaining expression has a maximum atR =r.
The phase shift would be zero if a coiI was connected in series with the

capacitor such that — = wl, and, thus, L = —= = 1.00 - 10~2 Hn.
It turns out that the simplest load must con3|st of the reS|stor with the resistance
of 2019 Ohms and the coil with the inductance of 1.00 - 10~2 Hn. L
The maximum power is obtained as
Prax =22 =2 = 13.9mw
max 54 T ogr -7 MWV,
Content Points

The phase shift is zero 1
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Without justification (0,5)
The inductance of the coil L = wic 0,7
Correct numerical value L = 10”2 Hn 0,3
Maximum power at R =r 0,5
The maximum power itself B, = Z—rz 0,3
Correct numerical value P, = 14 mW 0,2
Total 3,0

Problem 2. Conductors in an electric field (10,0 points)
Conductive ball and point charge
2.1 The electric potential of the point-like charge g is equal to

_ q
P1= ameg/(1-x)2+y?' 1)
whereas the electric potential of the fictitious point-like charge @ is found to be

_ Q
P2 = e e @)

According to the principle of superposition, the full potential is just a sum of equations (1) and (2)

q Q
O R L e = = A e ®)
2.2 The equation of the circle corresponding to the surface of the ball is written as
x% +y? =R% (4)
Eliminating y with the help of relation (4) and substituting it into formula (3) yield
0=t (5)
amegVI2-2Ix+R?2  4megVa?-2ax+R2
2.3 The potential of the ball is zero, since it is grounded, i.e.
¢ =0. (6)
Equating expression (5) to zero, it can be rewritten in the form
Va2 — 2
%=—%=ﬁ=const<0. (7)
Raising equation (7) in the square, one gets the following equation
2x(Ip%? — a) + a? + R? — B%(I* + R?) = 0. (8)

Equation (8) should be satisfied for all x € (—R,R), and this is possible only if the
coefficient at the linear term x and the free term are separately equal to zero, i.e.

I? —a =0, 9)
a’ +R?*—-B?(I> +R?») = 0. (10)
Solving the set of equations (9) and (10), the following two solutions are obtained
a=1 p=-1, (11)
2
azRT' ﬁ:—% (12)
Only solution (12) is nonzero, so we finally get
R
Q=-q7 (13)
a=" (14)
2.4 The force acting on the point-like charge reads as
_ q?RIl
" 4meg(12-R?)?’ (15)
and, therefore, the work sought is found by integrating as
(g - _ TR
A= fl Fdl = TR (16)

2.5 Let the point-like charge be slowly moved from the initial position to infinity such that the
resulting current strength in the ball is negligibly small and the release of Joule heat can be omitted.
Let W, be the energy of the point-like charge q, W, be the sought interaction energy of induced
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charges, Wy, be the interaction energy of the point charge g with the induced charges, which is

simply obtained as
a’R
WQq -7 4mey(12—R2)’ (17)
When the charge is removed to infinity, the law of energy conservation must be satisfied,
which in this case has the form

The set of equations (16)-(18) finally provides the following result
___ 4R 19
Q@ ™ 8rmey(12-R2) (19)

Conductive ball in a uniform electric field
2.6 To find the electric field inside a uniformly charged ball, the Gauss theorem is written for a
spherical volume of radius r < R. The charge inside this volume is easily derived as

q =:mr3p, (20)
and the electric field flux is found to be
&g = 4nr?E. (21)
According to the Gauss theorem
(DE = :_0’ (22)
which ultimately entails
E=2L7¢ (23)
3&p

The last expression takes into account that the electric field strength vector is collinear to the vector
7.

2.7 Now consider the two fictitious balls with the bulk charge densities of opposite signs and
evaluate the electric field in the domain of their intersection. Take an arbitrary point inside this
domain and draw the radii of the vectors from the centers of the balls, denoting them 7, and 7,
respectively. Then, applying formula (23) for each ball results in

Ey =37, (24)
E.=-L7 (25)
0
The net electric field is found with the help of the superposition principle as
E=t@m-m)=2a, (26)
380 380

where d stands for the vector, drawn from the center of the negatively charged ball to the center of
the positively charged ball.
2.8 The field strength inside the conducting ball must be zero. The induced charges create,
according to formula (26), a uniform electric field, which must completely compensate for the
external electric field, whence we obtain that
pa = 3&yE,. (27)

The charges of the fictitious balls are fully compensated with the exception of a thin layer
near their surfaces, which can be considered a surface charge. The layer thickness § depends on the
angle 6 and, due to the smallness of a, is equal to

d =acosf. (28)
Hence, the magnitude of the surface charge near the angle 6 is equal to

o=2=22=ps. (29)
It immediately follows from equations (27)-(29) that

o = 3¢yE, cosb. (30)

2.9 Consider a thin cylinder near the surface of the conductor and apply the Gauss theorem to it.
Since the field inside the conductor is absent, and is directed normally just outside of it, then
according to the Gauss theorem
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s =% (31)

which yields
E = 3E,cosf. (32)
Conductive ball and charged ring
2.10 The conducting ball is very small, so that the electric field of the ring E in its vicinity can be
considered almost uniform. It has been shown in the previous part of this problem that its
polarization can be represented as two fictitious balls of opposite charge. These two balls behave in
an external field as a dipole with the moment

P = qd, (33)
where
q= pgnr3. (34)
Using (27), formulas (33) and (34) produce
B = 4nr3e,E, (35)

Let us evaluate the electric field of the ring E in the vicinity of the ball as a function of its
distance z to the center. Obviously, the ring field is directed along the needle. Dividing the ring into
small parts that carry an electric charge Aq; the projection of their field on the direction of the
needle has the form

_ Agjcosa
AE, = 41eg(22+R2)2’ (36)
Taking into account
zZ
cosa = m (37)
and summing over all elements of the ring, one gets
— az
E@) = e (38)
The force acting on the dipole is obtained as
dE dE
F=qE(z+a)—qE(z)=an=pE. (39)
Substituting formulas (35) and (38) into (39) gives rise to
_ Eriz(R?-22%) (40)

4meg(z2+R2)4 T
It follows from expression (40) that there are three equilibrium positions, which are
determined by the points
z; =0, (41)
Za=t5 (42)
A simple analysis proves that the equilibrium position (41) is unstable, and the symmetric
positions (42) are both stable.
Near the position of the stable equilibrium, expression (40) for the force simplifies to

_ 8q%r3x
F= 81meoR®’ (43)
where
R
x=z-%«R. (44)

Newton's equation for the motion of the ball along the needle at small deviations x has the
form

8q?r3

-x =0, (45)
81megR
which is a harmonic equation with the frequency
8q2r3
w = \I 81megomR®’ (46)
2.11 There is no need to integrate formula (40). In the initial position, the conducting ball is not
polarized and in the final state it is also not polarized, since at zero and at infinity separations the

mi +
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electric field of the ring vanishes. Therefore, it is immediately inferred from the law of energy
conservation that

A=0. (47)
It is natural that integrating expression (40) from zero to infinity gives the same answer.
Part Content Points
_ q
Formula (1) ¢, = pr— 0,2
_ Q
2.1 | Formula (2) ¢, = p e 0,2 0,6
_ _ q Q
Formula (3) ¢ = 91+ 92 = iy T imead oy 0,2
Formula (4) x? + y? = R? 0,2
2.2 _ q Q 0,4
Formula (5) ¢ = 4megVIZ—21x+R? + 4megVa?—2ax+R? 0.2
Formula (6) ¢ =0 0,2
Q _\/a2—2ax+R2 R
Formula (7) T T B = const <0 0,2
Formula (8) 2x(IB?> —a) + a® + R> — B*(I> +R*») =0 0,2
Formula (9) B2 —a =0 0,2
o3 |Formula(10) a® + R? — B2(I* + R?) = 0 0,2 18
' Formula(1)a=1, B=-1 0,2 ’
Formula(12)a =", p=-"% 0,2
Formula (13) Q = —q? 0,2
Formula (14) a = RTZ 0,2
_ q%RIl
- Formula (15) F = Tmea (P ROy 0,2 0s
' _ foe) _ CIZR ’
Formula (16) A = [ Fdl = e (PR 0,2
_ ___ @R
Formula (17) Wy, = o) 0,2

2.5 | Formula (18) W, + W, + Wy, + A =W, 0,1 0,6

Formula (19) W, = — L2
ormula (19) W, = Smea (R0 0,3
Formula (20) g = gnr3p 0,1
Formula (21) ®; = 4nr?E 0,1
26 | Formula (22) ®, = gi 0,1 04
0
Formula (23) E = 27 01
380
Formula (24) E, = 27 0,1
380
27 | Formula (25) E_ = — L 0,1 0,4
0
F=l (7)) =+g
Formula (26) E = ™ (ry—1m) = 3e, @ 0,2
Formula (27) pa = 3¢,E, 0,2
Formula (28) 6 = a cos @ 0,2
2.8 Formula (29) ¢ = % = st5 = pd 0,2 0.8
Formula (30) ¢ = 3¢y,E, cos 6 0,2

oS
£

29 Formula (31) ES = — 0,2 0,4
0




V International Zhautykov Olympiad/Theoretical Competition Page 7/12

Formula (32) E = 3E, cos 8 0,2

Formula (33) p = qa 0,4

Formula (34) q = pgnr3 0,2

Formula (35) § = 4nr3e,E 0,4
_ Agjcosa

Formula (36) AE, = o0 (AR 0,2

zZ

Formula (37) cosa = EETONE 0,2
_ az

Formula (38) E(Z) = W 0,4

Formula (39) F = qE(z + a) — qE(z) = qai—j = pz—j 0,4

210 | Formula (40) F = £2®*=22%) 0,2 3,8

4meg(z2+R2)*

Formula (41) z; = 0 0,2

R

Formula (42) z, 3 = iﬁ 0,2
_ _ 8q’rx
Formula (43) F = SimecR® 0,4
R
Formula (44) x = z — 5 < R. 0,2
.. 8q2r3
Formula (45) % + -x =0 0,2
81megR
Formula (46) w = /% 0,2
81megmR
211 Formula (47) A =0 0.4 0.4
: Formal integral of formula (40) without the correct answer (0.1) :
Total 10,0
Problem 3. Laser (10.0 points)
Population inversion: two-level system
3.1 The figure on the right shows a diagram of possible transitions and their n, o
probabilities. If the population of the excited state is equal to n,, then the >
population of the ground state is equal to (1—nl), since the molecule can only 1,0 %
be in one of two states.
The balance equation describing the change in the population directly (1)
follows from the drawn diagram as
dn 1
d—;:—;nl—loanﬁloa(l—nl). 1)

3.2 In the stationary mode dn, /dt =0, then it follows from equation (1) that the population of the

excited state is given by the formula
l,or

142107 @
Accordingly, the difference in the populations of the excited and ground states is equal to
AT =, —(-m)=2— " g1 3)
1+2l,07 1+ 21,07

3.3 Even with the intensity of the pumping light flux tending to infinity, the population inversion in
the two-level system cannot be achieved, therefore, the laser light flux cannot be amplified in this
system.
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Population inversion: three-level system
3.4 In this system, there are no forced transitions "down", so the balance equation 1
for the population of state 2 is written as:

' 2
dn n My
d_::_?zﬂoa(l—nz). (4) Io 1

Here, it is taken into account that the molecule can only be in two states: the T
excited state 2, or the ground state 0. 0 (1-n)
3.5 In the stationary mode dn, /dt =0, therefore, as it follows from equation (4), T2
the population of the excited state is derived as
l,o l,or
T T Talor ©)
—+1,0 09t

T
The difference between the populations of the excited and ground states is found by the
formula

AN=T, -1, =7, —(1—n, )= 07771

= _ 6
1+ 1,07 ©
3.6 Laser light amplification is possible when the population inversion is reached, i.e. An>0. It

follows from formula (6) that this is possible when
l,or >1. (7)
Population inversion: four-level system
3.7 In the four-level system, the balance equation for the population of state 2 14
coincides with equation (4), and the stationary value of the population of this state , rﬁ
is also described by formula (5). The essential difference of this system is that from :
state 2 the transition is undertaken to intermediate state 3, whose population is /o
practically equal to 0. Therefore, in this system the population difference is equal to 3
_ l,or
An=n,=—0"— | €)) 0—4£;j;J
1+ 1,07 :
and the population inversion between states 2 and 3 is achieved with practically arbitrary value of
the parameter
l,or>0. 9)
Resonator
3.8 The change in the number dN of photons in the resonator is due only to their output through
the translucent mirror. For a short period of time dt, the number of photons that leave the resonator
through the mirror is found to be
dN,, =(1-p)I;Sdt=—dN . (10)
where S stands for the cross section area of the resonator.
The intensity of the laser light flux 1, can be expressed in terms of the average density of

photons % in the resonator and the speed of their propagation % in the form

INC
o ==— 2. 11
¢ 2SIr (1)

The factor 1/2 takes into account that the laser light in the resonator propagates in two
opposite directions. Expressing the number of photons in the resonator through the intensity of the
generation flux

_2rsl

N ==l (12)
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and substituting it into equation (10), one gets

C C
dl; =———(1-p) 1 ,Sdt=—(1- p)—1.dt. 13
o= g 1A (A=P)5qte (13)
This equation has the required form
di,  c(l-p) 1
=— o =—=1g, 14
dt 2l ¢ ¢ (14)
where the photon lifetime in the resonator is determined by the formula
T2 _300.107. (15)
c(1-p)

3.9 Consider the change in the number of photons in the presence of the stimulated emission and
the absence of losses through the mirror. In accordance with the definition of the stimulated
emission cross section, the number of generated photons can be described by the equation
dN =2l o nVdt = 21 ;o-njSldt . (16)

Here nyV denotes the number of dye molecules in the resonator being in the excited state, and
V =Sl is the resonator volume.

Substituting the expression for the number of photons in the resonator (12) into the last
equation, the desired equation is finally obtained

I
‘L—fzﬂ%nlezme, 17)
with the resonator gain
K =2%% _5 72105, (18)

r
Stationary generation mode

3.10 To describe the dynamics of the intensity of the laser light flux, it is necessary to combine

equations (14) and (17):

dlg 1

—=Knl,-=1,. 19

1= Knle == (19)
The population of the excited state is described by the balance equation

%:IOJA(l—n)—%n—ZIGaEn, (20)

which takes into account the absorption of the pumping light flux, spontaneous and stimulated
emissions from the excited state.
3.11 To initiate the laser light amplification, it is necessary that the derivative in equation (19)
should be greater than zero, therefore the threshold value of the population of the excited state is
equal to

1

n, =—=583-10"17 1. (21)
KT
3.12 To derive the threshold value of the intensity of the pumping light flux, we make use of
equation (20) in the absence of the laser light flux 1; =0, whence we get

lpy=— T _35g.102%cm2 5. (22)
1o, (1— mh) 70,
To find the pumping energy flux, the calculated flux (22) must be multiplied by the energy
of one quantum

&= he _ 3,83-10™J, (23)
A

therefore, the pumping energy intensity is obtained as
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W

cm
3.13 In the stationary mode, the time derivatives in equations (19) and (20) vanish. Equation (19)
then yields

l. =ely,, =1,37-10° (24)

2

1
n=——, 25
KT (25)
and it is found from equation (20) that
ljo,——N
lg =—F—. 26
¢ 20N (26)
Expressing the intensity of the pumping light flux through its threshold value
n
lo=nlgy=1n1— (27)
O
and substituting it into formula (23), one obtains
n 1_
n—o,——n 1
I, = O, _r _n . (28)
20:N 270
At the output of the resonator, the laser light intensity is equal to
(L-p)
l=(1-p)l, = -1)=E(n-1), 29
(A=p)le =5~ =D=E(n-Y) (29)
in which the constant factor is introduced as
E-17P _541.10%cm?.s". (30)
270

The graph of relation (29) is a straight line, as shown in the figure below.
30 9 I(l 0% e -c_l)

:: /
/

15
I
10 //
5 /
0
0 1 2 3 4 5 n

3.14 On the one hand, the number of light quanta absorbed in the resonator per unit time is
calculated by the formula

N,y =7l,n07Sl. (31)
On the other hand, the number of quanta leaving the resonator per unit time is
Ne =E(7-1)S. (32)
Thus, the quantum output turns out to be equal
N _
— E _ E(’? 1) (33)

B N, B (IO)trO-A(M).

The substitution of all parameters included in this formula leads to the final result

; :777—1_ (34)
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Part Content Points
. 1
3.1 | Equation (1): %:——nl—loanﬁ loo(1-n,) 0,3 0,3
T
l,or
Formula (2): n, = —%—
)1, 1+2l,07 0.2
3.2 - 1 0,3
Formula(3): An=n,-(1-n)=2—2"" -1=—— ~—
®) - (-m) 1+2l,01r 1+ 21,07 0.1
3.3 | Answer: «no» 0,2 0,2
34 | Equation (4): %:—ﬁ+ o (1-n,) 0,2 0,2
T
l,o l,or
Formula (5): i, = —2>— =2
G):m, 1 1+ l,07 0,1
—+l,0
3.5 T 0,2
Formula (6): An=n, -0, =n, —(1-n,)= lpor -1 0,1
1+ 1,07
3.6 Inequality (7): 1,07 >1 0,3 0,3
Formula (5) is again used 0,1
l,or
Formula (8): An=n, = —2
3.7 (8) = 1hlor 0.1 05
Inequality (9): 1,07 >0 0,3
Formula (10): dN,, =(1-p)15Sdt =—dN 0,3
1N
Formula (11): I4 _-¢ 0,5
2Slr
3.8 o1l 15
Formula (15): T = 0,4
c(1-p)
Numerical value: T =3,00-10°s 0,3
Formula (16): dN =2l o.nNdt = 21 ;on)Sldt 0,6
3.9 | Formula (18): K =7C% 0,5 15
Numerical value: K =5,72-10"s™ 0,4
. I
Equation (19): dd—f = Knl, _Tl I 0,2
3.10 an 1 0,5
Equation (20): i l,o,(l1-n)—=n-2l 0.n 0,3
T
Derivative should be positive; 0,1
1
Formula (21): n, = — 0,2
3.11 (21): My =~ = 0,5
Numerical value: n,, =5,83-10°° 0,2
3.12 | The intensity of the laser light flux: 1, =0 0,1 1,0
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Ny L

Formula (22): 1,, = ~
(22): o 70, (1—nth) 7O, 0.3
Numerical value: I,, =3,58-10*cm™-s™ 0,3
h
Formula (23): ¢ :70 0,1
Formula (24): 1. =&l 0,1
Numerical value: I =1,37-10° C\:lqu 0,1
Derivatives turn zero 0,1
1
Formula (25): " = — 0,2
(25) KT
ljop,——N
Formula (26): 1, = ——-F— 0,2
20N
Formula (27): 1, =7l =77L 0,2
7Oy
3.13 n 1_ 2,0
n—o,——n .
Formula (28): 1, = I — - 0.3
20N 210,
Formula (30): E = 1=p 0.2
270
Numerical value: E =5,41-10%cu?-c™ 0,3
Drawing graph: axis are named and ticked 0,1
Drawing graph: straight line 0,2
Drawing graph: straight line passes through 1 0,2
Formula (31): N, =7l,,0,7SI 0,4
314 Formula (32): N = E(f—l)S 0,3 10
Formula (34): f =712 0,3
n
Total 10,0
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THEORETICAL COMPETITION
January 10, 2020

Please read this first:

1. The time available for the theoretical competition is 4 hours. There are three questions.
2. Use only the pen provided.

3. You can use your own calculator for numerical calculations. If you don’t have one, please ask for it from
Olympiad organizers.

4. You are provided with Writing sheet and additional paper. You can use the additional paper for drafts of
your solutions but these papers will not be checked. Your final solutions which will be evaluated should
be on the Writing sheets. Please use as little text as possible. You should mostly use equations, numbers,
figures and plots.

5. Use only the front side of Writing sheets. Write only inside the boxed area.
Begin each question on a separate sheet of paper.

Fill the boxes at the top of each sheet of paper with your country (Country), your student code (Student
Code), the question number (Question Number), the progressive number of each sheet (Page
Number), and the total number of Writing sheets used (Total Number of Pages). If you use some blank
Writing sheets for notes that you do not wish to be evaluated, put a large X across the entire sheet and do
not include it in your numbering.

8. At the end of the exam, arrange all sheets for each problem in the following order:
e Used Writing sheets in order.
e The sheets you do not wish to be evaluated.
e Unused sheets.
e The printed problems.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to take any
paper out of the room.
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Problem 1 (10.0 points)
This problem consists of three independent parts.

Problem 1.1 (4.0 points)
A mathematical pendulum is located on the equator of the Earth. Denote the period of its oscillations

at midday T;, and at midnight T,. Find the relative difference of these periods € = % Use the following

1
approximations and numerical values: Earth is an ideal ball of radius r; = 6,4 - 103 km; the Earth’s orbit is
a circle of radius r, = 1,5 - 108 km with the center located in the center of the Sun; the axis of rotation of
the Earth is perpendicular to the plane of the Earth’s orbit; the influence of the Moon and other planets is
neglected; acceleration of gravity at the Earth’s pole is g, = 9,8 m/s; the period of revolution of the Earth
around its axis is 1 day; the period of revolution of the Earth around the Sun is 1 year.
Problem 1.2 (3.0 points)

The space between two concentric well conductive spheres of radii a and b > a is filled with a
substance whose specific resistance depends only on the distance to the spheres’ common center. An electric
current of strength I flows in between the spheres, such that the bulk density of Joule heat losses in the
substance is the same at all points and is equal to w. Determine the average density of the space charge p,
accumulated in the volume of the substance over a sufficiently long time of the electric current flow.

Problem 1.3 (3.0 points)

At equal distances [ = 50 sm in between the screen S and the flat mirror M, a flat matte source L
emitting white light only towards the mirror is placed. The planes of the screen, mirror and source are all
parallel to one other. The source has the shape of a five-pointed star inscribed in a circle of radius ry,
whereas the mirror has a regular triangle shape inscribed in a circle of radius r,. The source and mirror
centers lie on the same axis perpendicular to the screen plane. Draw a schematic image of the source on the
screen, keeping its orientation in accordance with the figure below. Estimate the sizes of all elements of the
image.

+N S

Consider only two specific cases:
131r, =1,0mmandr, = 10 mm;
1.3.2r, =10mmand r, = 0,1 mm.
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Problem 2. Phase states and phase transitions (10.0 points)

At a given pressure, the transition from one phase state of matter to another always occurs at a
strictly defined temperature, and the transition itself is called a phase transition. For example, ice at
atmospheric pressure melts at 0 °C, so that when the heat is supplied, the temperature of the mixture of ice
and water remains unchanged until all the ice turns into water.

In all the subtasks proposed below, consider that the specific volume of the liquid phase is negligible
compared to the specific volume of saturated vapor, which can be considered an ideal gas. Assume as well
that the heat capacity of liquid water is independent of temperature.

Useful physical constants

Gas constant R = 8,31 J/(mol - K);
molar mass of air u,;,- = 29,0 g/mol;
acceleration of gravity g = 9,81 m/s?.
Normal conditions:
pressure Py = 1 atm = 760 mm Hg = 101325 Pa;
temperature T, = 273,15 K = 0 °C.
Properties of water (H20)
Molar mass of water u,, = 18,0 g/mol,;
water density p,, = 1,00 g/sm3;
ice density p; = 0,920 g/sm?3;
melting point of ice at normal pressure t,,, = 0,00 °C;
boiling point of water at normal pressure t;,, = 100,0 °C;
specific heat of water c,, = 4,20 ]/(g * K);
specific heat of melting ice q; = 334 ]/g;
specific heat of water vaporization (at 100 °C) r,, = 2259 J/g;
Poisson's adiabatic exponent for water vapor y = Cp/Cy = 4/3.

Specific heat of phase transition

If a transition from one phase state to another is associated with the release or absorption of a certain
amount of heat, called the transition heat, then such a transition is called the first-order phase transition. In
this case, the transition heat g for a unit mass is called the specific heat of the phase transition (melting,
evaporation, sublimation).

Since the phase transition occurs at constant pressure, according to the first law of thermodynamics,
the heat q is spent on changing the internal energy u and on performing the work A against constant external
pressure:

q = u,-u; + 4,
where u,, u, stand for the specific internal energies of the first and second phases, respectively.

During melting (crystallization), due to a small difference in the densities of the liquid and solid
phases, the volume change as a result of the phase transition is small, therefore, the work A can be neglected
in comparison with the change in internal energy.

2.1 Evaluate how much of the evaporation heat of water at t, = 100 °C is spent on changing the
internal energy. Express your answer in %.
2.2 Evaluate the specific heat of water vaporization at room temperature t = 20,0 °C.

In the following, the specific heat of vaporization of all liquids is considered to be temperature
independent.
The Clausius—Clapeyron relation
When the pressure changes, the temperature of the first-order phase transition changes as well, i.e.
the phase transition occurs at a strictly defined dependence P(T) between the pressure P and the
temperature T of the matter under investigation. This dependence, depicted on the (T,P)-plane, is called the
(T,P)-phase diagram, and the P(T) curve itself is called the phase equilibrium curve. The Clapeyron-
Clausius relation gives the slope of the phase equilibrium curve P(T) in the following form:
dP q
dT  T(v,- vy)
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where g denotes the specific heat of transition from phase 1 with the specific volume v, to phase 2 with the
specific volume v,.

2.3 Assuming that the pressure of the saturated water vapor at the temperature t, = 100 °C is known,
obtain an explicit dependence of the pressure of the saturated water vapor on its temperature P(T).
2.4 Evaluate the boiling point of water at the highest peak in Kazakhstan — Khan-Tengri mountain. The
height of the Khan-Tengri mountain peak is h = 7000 m above the sea level. The altitude air
temperature should be considered constant and equal to t, = 0 °C.
2.5 At what pressure (in atmospheres) the ice melts at the temperature of t = - 1,00 °C?
2.6 It is known that ice crystals begin to break down if a force is applied along any direction of the
crystal to create a pressure P > P.. ~ 1000 atm. Therefore, snow in frosty weather "crunches" when
walking. Estimate the maximum air temperature t,,,, at which the snow still “crunches” when walking.
2.7 One mole of the saturated water vapor occupies a vessel and has the temperature of t, = 100 °C.
The vapor heats up and at the same time its volume changes such that it remains saturated at all times.
Find the molar heat capacity of vapor in such a process.

Border boiling

Border boiling is boiling at the interface between two immiscible liquids. The border boiling point
may vary significantly from the volume boiling points of each liquid.

Tetrachloromethane or hydrogen tetrachloride is a heavy (density p = 1,60 g/sm?3) transparent
liquid with a molar mass © = 153,8 g/mol. Under normal atmospheric pressure, carbon tetrachloride boils
at a temperature of t = 76,65 °C, while it practically does not dissolve in water. A vessel with a volume of
¥V = 100 ml is half-filled with the carbon tetrachloride, and the same (by volume) amount of water is poured
over it. In this case, a clear water-carbon tetrachloride border is formed. When the vessel is uniformly heated
in a water bath, the border boiling at the liquid interface begins at the temperature of t* = 66,0 °C, which is
significantly lower than the volume boiling temperature of each liquid.

2.8 Calculate the specific heat of evaporation of carbon tetrachloride, if it is known that the pressure of
the saturated water vapor at the border boiling point is B, (t*) = 196 mm Hg.

2.9 Find the mass of liquid remaining in the vessel by the time the other liquid is completely boiled
away at such border boiling.

Consider another pair of immiscible liquids, water and fluoroketone.

Fluoroketone, sometimes called “dry water”, is used to extinguish fires in libraries, museums, and
offices because it does not wet paper. It is a heavy (density p = 1,72 g/sm3) transparent liquid with a
molar mass u = 316 g/mol, which practically does not dissolve in water. The boiling point of
fluoroketone at atmospheric pressure is t; = 49,2 °C, its specific heat of vaporizationisr = 95,0//g. If
water is poured over the fluoroketone into the vessel, a clear water-fluoroketone border is also formed.

2.10 Estimate the boiling point t, of liquids at the water-fluoroketone border if the saturated vapor
pressure of water is known at the volume boiling point of fluoroketone to be Pw(tf) = 89,0mmHg.
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Problem 3. Ring in a magnetic field (10.0 points)

Uniformly charged ring
A very thin ring of mass m and radius r is uniformly charged along its
length with a charge q. At the initial moment of time, the ring rests horizontally
and is released without a push. The subsequent motion of the ring appears in the
vertical gravitational field of the Earth, characterized by the acceleration of
gravity g and in the horizontal radial magnetic field of induction B. Neglect air
resistance and assume that the plane of the ring remains horizontal at all times.

3.1 Find the maximum velocity of the ring center of mass v,,,, for the entire time of motion.

3.2 Find the time interval At elapsed from the start of the ring motion to its first reaching of the
maximum velocity of the center of mass.

3.3 Find the maximum height h,,,, at which the ring center of mass falls over the entire time of motion.

Conductive ring
A very thin ring of mass m and radius r is made of a conductive material with a resistivity p and a
cross section area s «< r2. At the initial time moment t = 0 the ring rests horizontally and is released
without a push. The subsequent motion of the ring appears in the vertical gravitational field of the Earth,
characterized by the acceleration of gravity g and in the horizontal radial magnetic field of induction B.
Neglect air resistance and assume that the plane of the ring remains horizontal at all times.

3.4 Find the steady-state velocity v, of the ring center of mass after a sufficiently large period of time
having passed.
3.5 The dependence of the current strength I(¢t) in the ring on time t has the following form
I(t) = A; + By exp(y4t).
Find the constants A;, B; and y;.

Conductive ring with a cut

A very thin ring of mass m and radius r is made of a conductive material
with a resistivity p and a cross section area s. A cut with a width § < /s « r was
made along the radius of the ring. At the initial time moment ¢ = 0 the ring rests
horizontally and is released without a push. The subsequent motion of the ring
appears in the vertical gravitational field of the Earth, characterized by the
acceleration of gravity g and in the horizontal radial magnetic field of induction B. Neglect air resistance
and assume that the plane of the ring remains horizontal at all times.

3.6 Find the steady-state acceleration a, of the ring center of mass after a sufficiently large period of
time having passed.
3.7 The dependence of the current strength I(t) in the ring on time t has the following form
I1(t) = A, + B, exp(y,t).
Find the constants A,, B, and y,.

Mathematical hints for the theoretical problems
The following integrals may be useful:

) _ — Ilnjax + b).
ax+b a

xTL+1
[x™dx = ,
n+1

(1+x)Y ~ 1+yx+@x2,forx « 1andanyy

where n is integer
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL

COMPETITION
Attention. Points in grading are not divided!
Problem 1 (10.0 points)

Problem 1.1 (4.0 points)
The oscillation period of a mathematical pendulum is determined by the formula

T =2n \E (1)

where g stands for the acceleration of gravity at a given time of day.

The difference in the periods of oscillation of the pendulum at midday and midnight is due to
the influence of the Sun: gravitational attraction and centrifugal force due to the Earth’s motion
around the Sun. Using formula (1) for the period of pendulum oscillation the relative change in the
periods can be represented as

=h_ [0
€= \/; 1, (2)

where g4, g, denotes the acceleration of gravity at midday and midnight, respectively.

The directions of the Earth's rotation around its own axis and around the Sun coincide, as
shown in Figure 1. The directions of action of gravitational and centrifugal forces are different at
midday and midnight, as shown in Figure 2.

Earth

i
1
- l
- I

Fig.1

to the Sun Fig.2
In Figure 2: mg, is the force of gravitational attraction to the Earth; F; is the centrifugal force
due to the rotation of the Earth around its own axis; F, is the force of gravitational attraction to the
Sun; F; is the centrifugal force due to the motion of the Earth around the Sun.
Then the acceleration of gravity, taking into account the influence of the Sun, are determined

by the expressions:
At midday:

M
91=9go—wir, —G + w3y, 3)
At midnight:

92 =g0—w%r1+6m—w§rz. (4)

In the above formulas M designates the mass of the Sun and G signifies the gravitational constant.

To simplify the obtained expressions, we use the equation describing the motion of the Earth
around the Sun in the following form

M
G — w3, (5)
Given this relation, the acceleration difference is represented as
-2 -2
Ag=gi-g:=win(2-(1-2) = (1+2)") ©)

T2 T2
Note that in this case, in order to obtain a nonzero result in the power series expansions, it is

necessary to keep the second order terms, i.e. (1+x)? ~1—2x+3x?, such that:
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2
Ag = —6wir, (:—:) : (7)
Thus, the relative change in the periods of oscillations due to the influence of the Sun is equal
Ag Ag
ER — R~ — 8)

20 200
so that the final relation is derived as

_ g m\? oo ooz
e =32 (rz) ~ —3,3-10712, (9)
Content Points
Formula (1): T = Zn\/g 0,2
Formula (2): e = 2 = [&1_ 4 0,2
L5t 92
Earth’s gravity is accounted for 0,2
Sun's gravity is accounted for 0,2
Centrifugal force due to the Earth motion around the Sun is accounted for 0,2
Centrifugal force due th the Earth rotation is accounted for 0,2
Formula (3): g; = go — wir, — G oo T w3T, 0,4
Formula (4): g, = go — wir, + G o w3r, 0,4
Formula (5): G% = w3r, 0,3
-2 -2
. _ _ —_ 2 _ _n _ n
Formula (6): Ag = g1 — g2 = w3 <2 ( rz) (1 + rz) ) 0,3
2 1)
Formula (7): Ag = —6w3T, (—) 0,4
2
Formula (8): & ~ =L ~ 22 03
292 290 -
o= 3@ (T
Formula (9): ¢ = -3 0 (rz) 0,3
Numerical value in formula (9): ¢ = —3,3- 10712 0,4
Total 4,0

Problem 1.2 (3.0 points)
Consider a conductor with a resistivity p, length [ and a cross section area S in which the
current I flows. According to the Joule-Lenz law, the heat power dissipated in a conductor per unit of
time is equal to

W = I?R, 1)
where the current density is defined as
j=2 )
and the resistance is found by the formula
l
R=p 3)

It follows from formulas (1)-(3) that the heat power per unit volume is determined by the
expression

w .
w=3=pj* (4)
On the other hand, Ohm's law is written as
U=IR, (5)

in which the voltage across the conductor is expressed in terms of the field strength E in the form
U=El (6)
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Hence, equation (5), taking into account (2), (3) and (6), is written in the following
differential form

j=3E, (7)

Thus, according to the Joule-Lenz law, the heat power dissipated per unit of volume of the
substance is

w = p(r)j(r)*, (8)
where the current density is determined by the expression
jr) = —, 9)
with p(r) denotes the dependence of the resistivity on the distance r to the common center of
spheres.
On the other hand, Ohm's law (7) is written in the differential form as
jr) = %E (), (10)

where E (r) stands for the electric field strength in the substance.
It follows from relations (8)-(10) that the electric field strength has the form

E(r )_1() 47:Wr2. (11)
To determine the charge inside the conducting substance, we use the Gauss theorem for the

closed volume, which is practically enclosed between spheres of radii a and b
E(b)4nb? — E(a)4ma? = Eg (12)

0

where Q symbolizes the total charge inside the conductive substance.
Since the volume of the substance enclosed between the two spheres is equal to

V= %nb3 — %na3, (13)
Then, the average charge density in the conducting substance is obtained as
Q 12me b*—a*
po =5 =5 (5is) 149
Content Points
Formula (1): W = I?R 0,2
Formula (2): j =é 0,2
Formula (3): R = pé 0,2
Formula (4): w = g = pj? 0,2
Formula (5): U = IR 0,2
Formula (6): U = El 0,2
Formula (7): j = %E 0,2
Formula (8): w = p(1)j(1)? 0,2
Formula (9): j(r) = 0,2
Formula (10): j(r) = (—E( ) 0,2
Formula (11): E(r) = l) = MTW 2 0,2
Formula (12): E(b)4nb? — E(a)4ma? = 52 0,3
0
Formula (13): V = i7rb3 — i7ra3 0,2
12 b4— 4

Formula (14): py = "£°W (b3_z3) 03
Total 3,0
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Problem 1.3 (3.0 points)
To analyze the image on the screen, it is more convenient to build first the image L' of the
source in the mirror. This image is located at the distance [ from the mirror and has the same
dimensions as the real source.

1.3.1 In this case, the source size is much smaller than
the size of the mirror. As a first approximation, the
source can be considered point-like. Therefore, the
illuminated area on the screen has the form of a regular
triangle repeating the shape of the mirror (see. fig.).

It follows from simple geometric constructions
that the size of the triangle is 3 times the size of the
mirror, i.e. a triangle on the screen can be inscribed in a
circle of radius r = 3r, = 30 mm.

[ [ [

Since the source has, albeit small, but finite dimensions, the image of the triangle is to be
slightly blurry, i.e. bordered by a semi-illuminated strip (border). The width of this strip is
approximately equal to Ar ~ 3r; = 3 mm. It can be imagined that each source point gives an image
in the form of a triangle, these images are displaced relative to each other by the twice displacement
of the source points.

In the center of the triangle there should be a blurred shadow from the source (shadow and

semi shadow) whose radius is g = 2r; = 2 mm.
1.3.2 In this case, the size of the source is much larger than
the size of the mirror, which in the first approximation can
be considered as a very small “point” hole that forms an
inverted image of the source. Such an effect is used in a
pinhole camera, which also forms an inverted image.

It follows from geometric constructions that a star
can be inscribed in a circle of radius r = 2r; = 20 mm.
The final dimensions of the source lead to slight blurring
of the image with the width of the semi-illuminated strip
(border) approximately equal to Ar = 2r, = 0.2 mm.
Further, it should be noted that the real source creates a shadow on the screen in the form of the same
five-pointed star and of the same size! However, this shadow is not inverted. Therefore, only part of
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the bright star is closed, as shown in the figure. Thus, only five irregular quadrangles remain
illuminated on the screen.

[
[
Content Points
The rays are correctly constructed (the image of the source, or the correct 03
reflection of the rays); '
Image grading:
the main part is an inverted triangle; (if not, then the rest in this paragraph 0,3
1.3.1 | 'snotcounted); . . 13
"7 | Triangle size - numerical value (side or radius); 0,1 '
There is a semi-illuminated border; 0,2
Border width; 0,1
There is a blurred shadow in the center; 0,2
The size of the shadow (partial shade) is the radius in the range of 1-2 mm); 0,1
The rays are correctly constructed (the image of the source, or the correct 0.2
reflection of the rays); ’
Image grading
The main part is an inverted star; (if not, then the rest in this paragraph is
not counted); 0,4
132 The radius of the star (numerical value); 0,2 17
"7 | There is a border; 0,1 '
Estimation of the border thickness; 0,2
There is a shadow from the source; 0,2
Shadow is not an inverted star; 0,1
The size of the shadow coincides with the size of the inverted star; 0,2
Illuminated areas - 5 quadrangles; 0,1
Total 3,0

Problem 2. Phase states and phase transitions (10,0 points)
Specific heat of phase transition
2.1 The work of steam against constant external pressure during evaporation of a unit water mass is
found as
A =P, — v). (1)
Since v, > v;, we can neglect the specific volume of liquid v, in comparison with the
specific volume of vapor v,. Then, considering water vapor as an ideal gas with the equation of state

Py =— (2)
the work sought is obtained as

A =P, — vy) ~ 2L

P

3)
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Thus, the ratio of work to the total heat of evaporation at T = 373 K is determined by the

expression
A RT}

A _ RTy. 4)
s UwTw

and the rest of the heat goes to the increase of the internal energy of the system Au = n, — A, i.e.
f_ 1 B = 924, (%)
Tw HwTw

2.2 The evaporation of one mole of water at a temperature T consumes heat
Hwt (T) = Up(T) - Uy(T) + PV, = Up(T) - Uy(T) + RT. (6)

A similar expression for the temperature T,, = 373 K has the form

pwtw = Uz(Tp) - U1(Tp) + RT} . (7)

Subtracting equation (7) from equation (6), we obtain for the change in the molar heat of

evaporation

iwhr = AU, - AUy + RAT = CpAT — 1, AT = p,, (-2 = ¢, ) AT, )

u
where AT =T — T, and Ar = r(T) — ;.
Given that for water vapor, the molar heat capacity at constant pressure is

Cp = 4R, 9)
we obtain the specific heat of water evaporation
(D) = 1= (cw =) (T = Ty) = 2447 /g, (10)

It is interesting to note that the heat of evaporation is increased by Ar/r,, = 8 %.

The Clausius—Clapeyron relation
2.3 Neglecting the specific volume of water compared to the volume of vapor, we apply the
Clapeyron-Clausius equation to the vaporization in the form

dpP T _ Bwlw
w1 re2 b (11)

or
dP _ uyrydT
=R - - (12)
Integrating this expression at r = r,, = const gives rise to
— Bwrw (1 1
P =P, exp( - (Tb T)) (13)

2.4 As it follows from equation (13) the explicit dependence of the boiling point of water on external

pressure has the form
Tp

T=—7F"——. 14
1_ui;Trl:~ lnPio 4
According to the barometric formula for an isothermal atmosphere, we have
_ _ Uairgh
P =P exp( T ) (15)

Substituting this expression into formula (14), we obtain the dependence of the boiling
temperature on height and the numerical value of the boiling temperature of water at the altitude of
h =7km

T= —2—=349,6 K = 76,6 °C. (16)
1+ air
To uw Tw
2.5 It follows from the Clapeyron-Clausius relation the following holds at the vicinity of 0 °C
ap n
@___Tw 17
7 nED) 0

Therefore, we obtain that in order to lower the melting temperature of ice by 1°C, the pressure
should be increased by
AP =S AT =139 atm, (18)
so that the pressure should be equal to P = 140 atm.

2.6 In order for ice crystals to break when walking, and not to melt under the influence of pressure
P.,., the outdoor temperature should be lower than
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Pcr ~ o
tmax = Tpogs = —7,21°C, (19)

in which the derivative (dP/dT) is determined by formula (17).
2.7 Since for one mole of vapor PV = RT, then

d(PV) = PdV + VdP = RdT, (20)
thus, the elementary work of the vapor when changing its volume is derived as
PdV = RAT - VdP. (21)

From the first law of thermodynamics it follows that the heat supplied to the vapor has the
form
6Q = dU + 6A = CydT + RAT — VdP = CpdT — VdP. (22)
Given that from the Clapeyron-Clausius relation dP/dT = n,u,,/(T,V),, we obtain the heat

capacity of the vapor
c=2=¢ Yo ¢, AW — _ 757 1/(K-mol). (23)
dT ar Tp
Thus, the heat from the vapor must be removed so that it does not overheat as a result of
expansion. It is interesting to note that the specific heat in this process turned out to be almost equal

to the specific heat of water with aminussignc = Cp/u,, - 1,/Tp = —4,21]/(g - K).
Border boiling
2.8 A liquid boils when bubbles are formed inside such that the pressure of its saturated vapor
reaches the atmospheric pressure Po. At the liquids border, the total vapor pressure in the bubbles
formed upon boiling is the sum of the partial pressures of the saturated vapor of carbon tetrachloride
and water at t*
P, = P(t*) + B,(t"). (24)
It follows that the saturated vapor pressure of carbon tetrachloride at a boiling point is found

as
P* = P(t*) = P, — B, (t"). (25)
From the Clapeyron-Clausius relation for carbon tetrachloride it follows that
ap urdT
P RrZ (26)

After integrating from the lower bound T = t + 273,15 = 349,8 K to the higher bound

T* = t* + 273,15 = 339,15 K results in the following formula

In(Py/P*) = rudT/RTT", (27)
which means the heat of vaporization of carbon tetrachloride is obtained as

RTT*In(Py/P*)

r= o ~ 180J/g. (28)
For reference: the experimental value isr = 195 ]/g.
2.9 The ratio of evaporation rates from the border layer is obviously equal to the ratio of the masses
of vapor of tetrachlomethane and water in the bubbles formed during boiling, which, in turn, is equal

to the ratio of the densities of the vapors found as
m_r __Pr
my  pw  Pw(t)pw 25. . . . @9
Thus, carbon tetrachloride evaporates 25 times faster (by weight) than water. This means that
by the time of evaporation of carbon tetrachloride, the amount of water that finally evaporates is

written as

am =20 = 325, (30)

Accordingly, the amount of water remaining after evaporation of all carbon tetrachloride is

derived as

M, = p,V/2-A4m = 46,7 g. (31)
2.10 Let border boiling occur at a certain temperature t,, then the saturated vapor pressure of
fluoroketone P and the saturated vapor pressure of water P, at this temperature should equal the
external atmospheric pressure, i.e.

Py = P(ty) + Ry(ty). (32)
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Thus, the saturated vapor pressure of fluoroketone at the border boiling point decreases by the
value of the saturated vapor pressure of water at this temperature

P(ty) = Py — By(tx). (33)

From the Clapeyron — Clausius equation (in the approximation of small liquid volume and
vapor ideality) it follows that the slope of the phase equilibrium line P(T) at the volume boiling point
of fluoroketone reads as

__dP __ rTuPy
(Xf = ar - RTfZ. (34)
For water at the same temperature, a similar derivative is more than 6 times less
_dap _ ﬂwrwpw(tf)
Ow = g7 = RTF (35)

Since ar/a,, = 6,30, the decrease in pressure and, correspondingly, in the boiling point are

both small relative to the same values for fluoroketone, therefore, we can use the linear
approximation near ts

Py — P(ty) = ofAT = P,(ty) = Py(tr)- awAT, (36)
where AT = T; — T, wherefrom the lowering of the boiling point is found as
_ Pw(tf)
AT = 37)
Finally, the temperature for the border boiling is obtained as
ty, = tp - AT = 46,3 °C. (38)
For reference: the experimental value ist, = (46 + 1) °C.
Content Points
Formula (1): A = P(v, — v,) 0,2
Formula (2): Pv = z—T 0,2
21 | Formula (4):% = HI;T:W 0,2 1,0
Formula (5): M- B 0,2
w HwTw
Numerical value in formula (5): 92,4 % 0,2
Formula (7): w1, = Uy(Ty) - U;(Ty) + RTy 0,2
29 Formula (9): C, = 4R - 0,2 1,0
Formula (10): v(T) = r, — (cw - H—) (T - Ty) 0,2
Numerical value in formula (10): 2447 J /g 0,2
.ap T _ HEwlw
Formula (11): T Tz P 0,2
2.3 rw(l 1 04
- p = Bwhw (2 2
Formula (13): P = P, exp( - (Tb T)) 0,2
Formula (14): T = % 02
1_llwrwl P_O ,
. D — __ HUgirgh
24 Formula (15): P = P, e);p( TR ) 0,4 10
Formula (16): T = — 22— 0.2
1+T0 Hw Tw ,
Numerical value in formula (16): 76,6 °C 0,2
.ap qi
25 | Formula(17): — = SR (L_i) 0,2 0.6
Pw _ Pj
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Formula (18): AP = Z—;AT 0,2
Numerical value in formula (17): AP = 139 atm or P = 140 atm 0,2
. _ Pcr
” 6 Formula (19): t,ax = T 0,4 06
Numerical value in formula (19): t,,0x = —7,21°C 0,2
Formula (21): PdV = RdT - VdP 0,2
Formula (22): 6Q = dU + §A = CydT + RAT — VdP = 0.2
CpdT — VdP '
27 [ 5 50 vap T 10
Formula (23): € = — = Cp-—= Cp-—— 04
b 1
Numerical value in formula (23): ¢ = — 75,7 J/(K - mol) 0,2
Formula (24): P, = P(t*) + B, (t") 0,4
. 4P _ prdT
Formula (26): - = = 0,2
2.8 | Formula (27): In(Py/P*) = ruAT/RTT* 0,2 1,2
. _ RTT* In(Py/P*)
Formula (28): r = = 0,2
Numerical value in formula (2?):r ~ 180]/g. 0,2
Formula (29); = = £ =LK 0,4
my Pw Py (E9) pw
Vm,
sg | Formula(30): Am = %% 0,2 10
Formula (31): M,, = p,,V/2- Am 0,2
Numerical value in formula (31): M,, = 46,7 g 0,2
Formula (32): P, = P(t,) + PB,(ty) 0.2
. _ dp _ T'[LPO
Formula (34): ay = — = —— 0,3
f
Formula (35): &, = j—; = —rwuvgif(tf) 0,3
f
510 Estimation: af/a, ~ 6,30 0,3 2.2
Formula (36): P, — P(t,) = a;AT = P,(ty) = Py(t;)- a,AT 0,3
. Pw(tf)
Formula (37): AT = ———— 0.4
(ar + aw) !
Formula (38): t, = tr - AT 0,2
Numerical value in formula (38): t, = 46,3°C 0,2
Total 10,0

Problem 3. Ring in a magnetic field (10.0 points)

Uniformly charged ring
3.1 Under the action of gravity, the center of mass of the ring acquires a velocity v directed vertically
downward. In this case, the Lorentz force F;, arises, leading to the rotation of the ring around its own
axis with an angular velocity w, which in turn leads to the appearance of the vertical component of
the Lorentz force F;, directed against gravity, regardless of the sign of the ring charge.
The equation of motion of the ring center of mass has the form

m= =mg — Fis, (1)
where the Lorentz force is written as

Fi1 = qUrocB, (2)
and the linear speed of ring rotation

Vyor = WT. (3)

Thus, the equation of motion of the ring center of mass is finally derived as
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m% =mg — qwrB. 4)
The equation of rotational motion of the ring is written as
d
Id—‘: = M,,, )
where the torque of the Lorentz force moment F;, is determined by the expression
MLl = quT, (6)
and the moment of inertia of the ring is equal to
I =mr?, (7)
Let h be the vertical displacement of the ring center of mass, then its speed is
dh
v=—. (8)

dt
Putting together (5), (6) and (8) and integrating over time, taking into account the initial
condition w = 0 at h = 0, we obtain the relation
lw = qBrh. 9)
At the moment when the speed of the ring center of mass is maximum, the total force on the
right side of equation (4) vanishes, which leads to the expression

myg = qBrw,. (10)
Using relation (9) for this particular moment in time
lwy = qBrh,, (11)

we apply the law of energy conservation in the following form

2
MVnax + Twg

: (12)
2 2

Solving equations (10)-(12) together with the expression for the moment of inertia (7), we

find the maximum velocity of the ring center of mass in the following form

mg
Vmax = q_B (13)
3.2 Substituting relation (9) into the equation (4) of motion of the ring center of mass and using (8),
we obtain the equation of harmonic oscillations

d*h _ _ (@B)?
m——=mg— == h (14)
with the frequency
w =%, (15)
The time sought is quarter of the period of oscillation, i.e.
At = = =T (16)
2wy, 2qB

3.3 The initial velocity of the ring center of mass is zero and reaches its maximum at the moment of
passage of the equilibrium position, therefore, the maximum height h,,,,,, by which the ring center of
mass descends is obtained as

hmax = 2hg = 2gm (17)

282’
Conductive ring
3.4 Under the action of gravity, the ring center of mass acquires a velocity v directed vertically
downward. In this case, an induction current I arises in the ring as a result of the action of a magnetic
field, which leads to the appearance of a vertical Lorentz force F;, directed against gravity.
The equation of motion of the ring center of mass has the form

m%=mg—FL, (18)
and the Lorentz force is determined by the expression
F;, = BIL, (19)
with the ring length
L =2mr. (20)
When moving in a magnetic field, the following electromotive force arises in the ring
£=2=BLv, (21)

which, according to Ohm's law, leads to the appearance of the induction current of strength
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€ = IR, (22)
where the ring resistance is
R=p (23)

In the steady-state fall mode of the ring center, its velocity v = v, remains unchanged, then
from (18)-(23) we obtain
Y = Gyt (24

3.5 Expressing the velocity from (21), (22) and substituting it into equation (18), as well as using
(19), we obtain the differential equation

mRA — g — BLI, (25)
- - -y . BL dt. -
with the initial condition
1(0) = 0. (26)
The solution to equation (25) when (26) is satisfied is the function
__ mg 2nrsB?
I1(t) = Py [1 — exp (— —_ t)] (27)
Whence,
__mg
A = W#l,g (28)
By = — anB’Z (29)
2mrsB
Y1 == mp (30)

Conductive ring with a cut
3.6 The equation of motion of the ring center of mass of the is still described by equations (18)-(20),
and an electromotive force (21) is also generated in the ring. However, in this case, charges of the
opposite sign accumulate at the cut edges; therefore, instead of Ohm's law (22), we have

€ —% = IR, (31)
where
c=2 (32)
Since the cut edges are charged by induction current, then
(=4 (33)

dt’

In the steady state, the acceleration of the ring center of mass is constant, so according to the

equation of motion (18) and (19), the current strength is also constant. Differentiating (31) with (33)

and (21) taken into account, we finally obtain the steady-state acceleration
g

= 34
Qo (1+BZ(2:an§2.sos) ( )

3.7 Differentiating (31) with (21) and (33) taken into account, we obtain
BLZ =< +R%. (35)

Dividing this equation by the equation of motion (18) and substituting (19), we obtain the
differential equation for the current in the ring

dl 1 B?L1?

RS =gBL—(3+52)1 (36)
with the initial condition

1(0) = 0. (37)

The solution of equation (36) with (37) is the function
_ 2mrgegsB _ _ B%(2mr)?gys )

I(t) = 6<1+BZ(2;T£2505) [1 €Xp ( (1 + mé ) 2mrpeg t)] (38)
Hence,

Az — 2nrg&gSB (39)

T BZ2(2m2ens\?
5(1+B (27r) 505)

mé
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_ 2nrgegsB
B. = 6(1+_BZ(2:an§2£os)’ (40)
_ B2(2mr)?gys )
Y2 = (1 + mé ) 2nrpgg’ (41)
Content Points

Equation (1): m% =mg — Fj, 0,3
Formula(2): F;; = qU,o:B 0,2
Formula (3): v, = wr 0,2
Equation (4): m% =mg — qwrB 0,2
Equation (5): Ii—? = M;, 0,3
Formula(6): M;; = quBr 0,2

3.1 F . — 2 372
ormula (7): I = mr 0,2
Formula (8): v = % 0,2
Formula (9): Iw = qBrh 0,4
Formula (10): mg = qBrw, 0,4

2

Formula (12): mgh, = %’Z”“x + “UTO 0,3
Formula (13): vpa = % 0,3
Equation (14): m% =mg — %h 0,3

32 | Formula (15): w, = 2 0,2 08

V3 mm
Formula(16): At = CPETT] 0,3
2

3.3 | Formula(17): hyyge = 2hg = ffz’; 0,2 0,2
Equation (18): m% =mg — F, 0,3
Formula (19): F;, = BIL 0,2
Formula (20): L = 2nr 0,2

3.4 | Formula (21): € = C;—f = BLv 0,3 1,8
Formula (22): € = IR 0,3
Formula (23): R = p% 0,2

. _ _mgp

Formula (24): v, = py— 0,3
Equation (25): Z—f% =mg — BLI 0,2
Condition (26): 1(0) =0 0,2

35 Formula (28):4; = 27:;613 0,2 1,0

. —_™mg
Formula (29): B, = py—r 0,2
2nrsB?

Formula (30):y, = — - 0,2
Equation (31): € —% = IR 0,3

3.6 Formula (32): C = % 0,2 1,0
Formula (33):1 = % 0,2
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Formula (34): a, = (Bz(f#%s) 0,3
mé
. d 1 dl
Equation (35): BLd—: =+ RE _ 0,5
3.7 | Equation (36): R% = gBL — (% + BmL )I 0,5
Condition (37): 1(0) =0 0,1
2 B
Formula (39): 4, = % 0,3 2,0
mé
. _ 2nrg&gsB
Formula (40): B, = —Wyfﬂzgos) 0,3
mé
) _ B2(2mr)?ggs )
Formula (41):y, = (1 + s )ngo 0,3
Total 10,0
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EXPERIMENTAL COMPETITION
11 January, 2020

Please read the instructions first:

1. The Experimental competition consists of one problem. This part of the competition lasts 3 hours.
2. Please only use the pen that is provided to you.

3. You can use your own non-programmable calculator for numerical calculations. If you don’t have one,
please ask for it from Olympiad organizers.

4. You are provided with Writing sheet and additional papers. You can use the additional paper for drafts
of your solutions but these papers will not be checked. Your final solutions which will be evaluated
should be on the Writing sheets. Please use as little text as possible. You should mostly use equations,
numbers, figures and plots.

5. Use only the front side of Writing sheets. Write only inside the bordered area.

6. Fill the boxes at the top of each sheet of paper with your country (Country), your student code (Student
Code), the question number (Question Number), the progressive number of each sheet (Page Number),
and the total number of Writing sheets (Total Number of Pages). If you use some blank Writing sheets
for notes that you do not wish to be evaluated, put a large X across the entire sheet and do not include it
in your numbering.

7. At the end of the exam, arrange all sheets for each problem in the following order:
e Used Writing sheets in order.
e The sheets you do not wish to be evaluated.
e Unused sheets.
e The printed problems.
Place the papers inside the envelope and leave everything on your desk. You are not allowed to take any
paper or equipment out of the room
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Maxwell’s Disc (15,0 points)

In this experiment, you are asked to design all the experimental setups by yourself, connect threads
and mark them up if necessary. You can further fasten the discs with pieces of plasticine.

Instruments and equipment: Maxwell's disk (two disks mounted on a wooden stick), two tripods, threads, a
wooden stick, stopwatch, ruler, 2 loads of 100 g each, a piece of plasticine, adhesive tape.

Do not calculate experimental errors if you are not asked to do so.
Part 1. Rolling down

Pull two threads between the two tripods, so that they are
parallel to each other and make up some angle a to the
horizontal. Maxwell's disc should slide without slipping on T
these threads, resting on the wooden parts of the stick.

1.1 Derive the formula for the acceleration with which the axis
of the disk rolls, depending on the angle of inclination a.
Assume the disc is homogeneous and neglect the mass of the
wooden stick.

1.2 Investigate experimentally the law of motion, i.e. the T
dependence of the coordinate of the axis of the disk x(t) along

the thread on time ¢, when it rolls along the threads. Draw a graph of the resulting dependence. Prove that
the motion of the disc axis is approximately uniformly accelerated. Calculate the disk axis acceleration.
Indicate at what angle you have taken your measurements.

1.3 Measure the dependence of the acceleration of the disk axis on the angle of inclination of the threads « .
Draw a graph of the resulting dependence.

1.4 On the same graph plot the theoretical dependence of the acceleration on the angle of inclination a of the
threads. Indicate the results of additional measurements that you have used to calculate the accelerations.

Part 2. Moving down

Hang the disc on two threads as shown. Fix the threads on the — === ——————————{
stick with the adhesive tape to prevent them from slipping. Wind the
threads onto the sticks and release the disc.

2.1 Investigate the law of motion of the disk axis when it moves down.
Draw a graph of the resulting dependence.

2.2 According to the measurement data, calculate the acceleration at
which the axis of the disc moves down. Estimate the experimental error
of the obtained acceleration.

2.3 Derive the theoretical formula for the acceleration of the disc axis. | o m@m@
Calculate the theoretical value of the acceleration with which the axis of

the disc moves down. SmE
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Part 3. Moving up

If two additional threads are wound on the stick and a load
is suspended on them, then with proper winding of the threads,
the disk starts to move up.

3.1 Design the experimental setup such that the disk moves up
spinning around. Show schematically in the figure how the
threads should be wound on the stick.

3.2 Measure the dependence of the acceleration of the disk axis
for different masses of suspended loads.

s {(((0 .(:[[[[l_[unummm T
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SOLUTION TO THE EXPERIMENTAL COMPETITION

Maxwell’s disk (15,0 points)
Part 1. Rolling down
1.1 The basic equation of the dynamics of rotational motion relative to the point of contact of the stick and
thread is written as

2
(mg +mr2J%=mgrsina, (1)

where R stands for the disc radius and r denotes the stick
radius.

The formula for the disc axis acceleration is thus
obtained as

9 sina. )

50
2\r

1.2 To change and measure the angle that the threads make with the horizontal, it is necessary to shift up one
of the holders of the tripod to the height h. Therefore, the sine of the inclination angle is found as

. h
Siha = —, 3
a=r (3)

where L designates the threads’ length (in our experiment L =70sm).

In this part, the measurements have been taken for h=3,0sm. It is necessary to put marks on the
threads at regular intervals and fix the travel time with a stopwatch. The difficulty is that in practice it is
difficult to release the disk from the first mark without an initial push, therefore the first mark is used as a
reference point, but the disk speed is thus not zero! The time dependence of the disc axis position is shown
in Table 1 and in Fig. 1.

Table 1. Fig. 1
X. cM t,c| X/t 35
0 0
5 5,24 0,95 30 ,
10 8,44 1,18 /&
15] 1157 1,30 25 o
20 14,25 1,40 d
25 16,90 1,48 c 20
30| 1934 1,55 » /
X 15 o
PP
e d
10 @
P
5 = _©

t,s

The law of uniform acceleration has the form
2
x(t) = vt + %. (4)

Various methods can be used for linearization, but the following is preferred:
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X a
— =V, +—t. 5)
oVt ®)
. X .
Fig. 2 shows a plot of the value T (actually, average speed) versus time t.
Fig. 2
2,00
1,75
/@
1,50 —o—
o—
/
g 1,00
'
< 0,75
0,50
0,25
0,00
0 2 4 6 8 10 12 14 16 18 20
t,s

The approximate linearity of this dependence proves that the experimental law of motion can be
described by function (4).
The acceleration of the disk axis is equal to twice the value of the slope of this graph and it is

evaluated by the method of least squares to be equal to

a=0,081>1
S

(6)

1.3 Similar measurements have to be carried out for other values of the inclination angles of the threads. The
corresponding results are shown in Table 2.

Table 2
h=5 sm h=7 sm h=9 sm h=11 sm
X. Sm t,s | X/t X. sm t,s | X/t X. Sm t,s | x/t X. sm t,s | X/t

0 0 0 0

5 466 1,07 5| 353| 142 5 330| 152 5 3,38| 148
10| 751| 1,33 10| 581 | 1,72 10| 524 1,91 10| 532 | 1,88
15| 99| 1,51 15| 7,94 | 1,89 15| 7,14 | 2,10 15| 6,92 | 2,17
20| 12,28 | 1,63 20| 9,70 | 2,06 20| 8,73| 2,29 20| 8,36 | 2,39
25| 14,23 | 1,76 25| 11,26 | 2,22 25| 10,10 | 2,48 25| 945| 2,65
30| 16,10 | 1,86 30| 12,84 | 2,34 30| 11,46 | 2,62 30| 10,89 | 2,75

. X : :
Figure 3 shows the graphs of the dependences T on time t which are used to calculate the

experimental values of the accelerations.
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Fig.3
3,0
%
2,5 y /
2,0 %
g 1,5 vr/ /GA/’
§ /
1.0 r/
0,5
0,0
0 5 10 15 20
t,s

Table 3 shows the accelerations calculated by the slope coefficients of the graphs and corresponding
theoretical values evaluated via formula (2). In the calculations, the following measured values are taken:
the disk diameter D =85mm and the stick diameter d =3,0mm. Fig. 4 shows graphs of the dependences of
the accelerations on the angle of threads inclination.

Table 3

a, a, sina

h, theor. | exper.

sm | sm/s® | sm/s?
3| 0,104 0,081 | 0,043
5| 0,174 0,135 | 0,071
7| 0,244 0,195 | 0,100
9| 0,313 0,262 | 0,129
11| 0,383 0,340 | 0,157

Part 2. Moving down

Fig. 4

N

N

yd
e d

a, sm/ch2

A

/e(
I

0,00 002 004 006 008 010 012 0214 0,16 0,18

sin a

2.1 In this case, the travel time is small, therefore, measurements should be carried out for each coordinate
repeatedly. Table 4 lists the results of the time measurements needed for the disc to travel distance x,
averaged over 3 measurements. Fig. 5 demonstrates a graph of the obtained dependence.
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Table 4. Fig.5
X, SM t's x/t t2 =
0 0 0 30
5 2,11 2,37 4,45
10 2,95 3,39 8,70 %
15| 358] 419] 1282 g 20
20 4,03 4,96 16,24 :
25 4,56 548 | 20,79 15
30 4,96 6,05 24,60 10 2
5 /
0 /
0 1 2 3 5
t,s
To calculate the acceleration, we use Fig. 6

the previous methodology: we draw the

dependence % on t (Fig. 6) and find the

parameters of the linearized dependence.

The least squares calculations give the
following values of the coefficients of the

dependence %= Kt+b:

x/t, sm/s
S

K =130+ o,o7)ss—T

b=(-0,40+ 0,3)% 0 . 2 3

t,s

Then, the disc axis acceleration is found as
a=(2,60+0,13)2
S

2.3 The formula for the acceleration is automatically obtained from formula
(2), in which sing =1:

1+(rj
2\ R
The calculation using this formula gives the value of a = 2,44Z—T.

Part 3. Moving up

3.1 Threads should be wound such that when the threads tied to the load are
untwisted, the threads attached to the Maxwell disk are twisted. It is also
obvious that the threads with the load should be wound on a part of the stick
with a larger radius.

(7)
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3.2 In this case, the beginning of the motion of the disk axis is easily recorded, so you can simply measure
the rise time to a fixed height and calculate the acceleration according to the formula:

at® 2H
= a="—

9)

H=—o :
2 t?
During the measurements, the following data shown in Table 5 (at H =12sm) have been obtained.
Table 5
sm
n tl’s tzys t31S <t>,S aS_2
1 2,07 2,13 2,23 2,14 5,22
2 1,6 1,56 1,63 1,60 9,41
Marking scheme
Content Total Points
points for
parts
Part 1. Rolling down 8
11 Formula (2) a= g S Sina 03 03
1(r
1+ =
2R
1.2 | Experimental setup is properly designed; appropriate data are 0,5 0,5
obtained by order of magnitude
The value of sin« is stated: 0,2
Measurement method; 0,1
Numerical value lies in the range of 0,04 - 0,2; 0,1
The dependence measurement 1,2
Marked only if sin« is in the range above,
Data deviation from the official solution is within 25%:
- range of coordinate measurement exceeds 20 sm (exceeds 10 sm, 0,5(0,3;0)
less than 10 sm);
- number of data points 5 and more (4, less than 4); 0,5(0,3;0)
- the nonlinear dependence is obtained which is close to parabolic; 0,2
Graph of x(t) 0,3
(marked only if the corresponding data have been marked):
- axes are named and ticked; 01
- all data points are in the graph; 01
- smooth curve is plotted: 0.1
Analysis of the uniform acceleration model: 0,2
2
- the law of motion x(t) = v,t + % ; 02
_ Without the initial velocity: ©)
The analysis methodology: 1,0
X a
- linearization —=v, +—t; 1
2
- calculation of velocities v(t); (0,5)
- linearization x(t?); Egig
- acceleration calculation by 2-3 points; '
Graph of the linearized dependence 0.3
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(marked only if corresponding data have been marked):
- axes are named and ticked; 0,1
- all data points are in the graph; 0,1
- smooth curve is plotted; 0.1
Calculation of the acceleration (not marked if there is no unit); 0,4
- according to the linearized dependence (LSM, graph); 0,4
- by 2-3 points; 0,2)
- by 1 point; 0,1)
1.3 | Acceleration dependence on the angle 1,4
Marked only if data deviation from the official solution is within
25%:
Sine of the angle is within the range 0,04 - 0,2 : 0,2
- number of angles taken is 4 or more (3, less than 3); 0,8(0,5;0)
- number of data points in each dependence is 5 or more (3-4; less
than 3); 0,4(0,2;0)
Acceleration calculation (for each point but no more than 4): 1,0
- linearization; 0,2x4
- by 1-3 points; (0,1x4)
Calculation of sin« ; 0.2
Graph of the angle dependence of the acceleration (marked only if 0,3
corresponding data points have been marked):
- axes are named and ticked; 0.1
- all data points are in the graph; 0,1
- smooth curve is plotted; 0.1
1.4 | Disc and stick radii are measured:; 0,9 0,2
Correct formula is used for calculations; 0,1
Linear dependence is drawn; 0,1
Experimental data lie systematically below the theoretical curve; 0,5
Part 2. Moving down 4
Experimental setup is properly designed; appropriate data are 0,5 0,5
obtained by order of magnitude
2.1 | Experimental data 15
Marked only if data deviation from the official solution is within
25%:
- the range of the coordinate measurements exceeds 20 sm 0,5(0,3;0)
(exceeds 10 sm; less than 10);
- number of data points is 5 or more (3-4; less than 3); 0,5(0,3;0)
- average is done by 3 or more repeatitions; 0,3
- the dependence close to parabolic is obtained; 0,2
Graph of x(t) 0,3
(marked only if corresponding data have been marked):
- axes are named and ticked:; 01
- all data points are in the graph; 01
- smooth curve is plotted: 0.1
2.2 | Acceleration calculations (marked only if corresponding data have 1,3
been marked):
- linearization is used (allowed to use x(t°); 0,5
- acceleration is calculated using the linearized depemdence (by 1-
2 points); 0,5
- experimental error is calculated, 0,3
2.3 | Correct formula for the acceleration is derived,; 0.4 0,2
Numerical value is correctly evaluated, 0.2
Part 3. Moving up 3
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3.1 | Correct schematic figure for wounding the threads (threads are on 1
one side of the stick);

3.2 | Time of moving up is measured (within the range of 0,7 — 3,0 s) 0,5x2
Accelerations are calculated (within 50% deviation from the 0,5x2

official solution)

Total

15
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THEORETICAL COMPETITION
January 8§, 2021

Problem 1 (10.0 points)

This problem consists of three independent parts.

Problem 1.1 (4.0 points)

Water of mass density p=1.00g/sm’ is poured into a vertical U-shaped tube
of small constant cross-section s =8.00sm’, such that the total length of water in
both legs is /=50.0sm. Two pistons are placed into one leg of the tube with the ¥
spring of stiffness £ =1.00N /m in between. The pistons are watertight and can slide
along the tube without friction. At the initial moment, a weight of mass m =10.0g is
placed on the upper piston. Determine the possible frequencies of small harmonic
vibrations of the system near a new equilibrium position. The mass of the pistons and g
the spring can be neglected, the acceleration of gravity is equal to g =9.80m/s>. \ )

wWms
|

Consider water as an ideal incompressible liquid.

Problem 1.2 (3.0 points)

Some insects, such as water striders, are capable of moving freely on the water surface, because their
legs are densely covered with non-wetting hairs. To understand why this turns possible, consider the
following model problem. A square plate with the side @ =10.0sm and thickness 4 =2.00mm is carefully

laid on the water surface. The density of the plate material is equal to p=1.10g / sm’, the density of water is
p, =1.00g /sm’, and its surface tension constitutes o =7.30-10” N /m . Find the maximum mass m of a

weight that can be put on the plate so that it still does not sink. Assume that the weight does not deform the
plate, the acceleration of free fall is g =9.80m /s>.

Problem 1.3 (3.0 points)
The electrical circuit shown schematically in the figure consists of three capacitors with capacities
C,, C, and C;, a coil of inductance L and a source of constant voltage U, .

At the initial moment of time, the capacitors are not charged, and the current
in the coil is zero. The switch K is shorted. Find the maximum current / = K

through the coil and determine the minimum voltage U _. across the N

capacitor C,. Assume that the resistance of the connecting wires is rather

small.
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Problem 2. Thermodynamics of one-component plasma (10.0 points)

Plasma, considered a fourth state of matter, is an ionized gas containing electrons, ions and neutral
particles. In a plasma, particle concentrations and temperatures vary over a very wide range, so that a great
variety of physical effects can play an essential role. Therefore, at present, a great deal of plasma models
have been developed, and this problem deals with one of them, which is called a one-component plasma
model. Namely, let us consider a fully ionized plasma with no neutral particles present, which consists of
positively charged deuterium nuclei moving against a neutralizing uniformly charged background formed by
electrons. This model is a very good approximation for ultrahigh-pressure plasmas occurring at the center of
white dwarfs and giant planets like Jupiter. Let the charge and the mass of deuterium nuclei be

e=1.602-10""CI and m=3.44-10" g respectively, and their concentration be n=1,62-10"sm” at

temperature 7 =1.76-10*K . Under these conditions, an essential role is played by the interaction between
deuterium nuclei, which are located at the sites of a cubic lattice, whose two-dimensional projection is
shown in Figure 2.1. Plasma must preserve its neutrality, therefore, each cube with a nucleus located in its
center is neutral and referred to as a unit cell. The field produced by each cubic cell is rather complicated,
and instead the system is formally reduced to spherical cells, whose two-dimensional projection is depicted
in Figure 2.2. The justification of such a replacement is not obvious and depends on the type of problems
under investigation.

In numerical calculations, consider the following known: Boltzmann's constant k, =1.38-10%J /K ,

the vacuum permittivity &, =8,85-10 " F /m .

- - - - L e ) e @ | e !
\
\ /\\ AN /\\ 7
So ‘ ~ Pie S ‘ No P
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/ \Vi \Y4 \Y; \
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Figure 2.1. Two-dimensional projection of a one- Figure 2.2. Two-dimensional projection of a one-
component plasma model with cubic cells. component plasma model with spherical cells.

2.1 Calculate the smallest distance a between neighboring nuclei.

2.2 Show that interaction energy between nuclei plays a significant role under the given conditions. To
do this, estimate the ratio ' of the interaction energy of neighboring nuclei to their thermal energy.
Neglect the presence of a neutralizing background.

2.3 Calculate the bulk charge density p of a spherical cell in a one-component plasma model.

2.4 Calculate the potential difference between two points of a spherical cell located at distances a/2
and a/4 respectively.
2.5 Calculate the frequency of small oscillations @, of a nucleus near the equilibrium position in a

spherical cell.

2.6 At the given plasma temperature, estimate the rms amplitude 4 of oscillations of nuclei near their
equilibrium position.

2.7 The internal energy U of a one-component plasma, containing N spherical cells in the volume V',

has the form
4/3

U=0{1N+azw.

Determine constants ¢, and «, .
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The plasma state of matter is a promising working body for the controlled nuclear fusion. The main
problem in the implementation of nuclear fusion is to overcome the so-called Coulomb barrier, which is the
Coulomb repulsion between positively charged nuclei. Note that the presence of the neutralizing background
of nuclei results in lowering of the Coulomb barrier, since the repulsive force between nuclei decreases.
Consider the process of two fusing cells, which occurs as follows. Two cells fuse into one spherical cell with
the same bulk density of the neutralizing background, and a new nucleus appears in its center, formed by the
fusion of two initial nuclei.

2.8 Calculate the Coulomb barrier lowering for the fusion of two deuterium nuclei cells under given
conditions.

The expression for the internal energy of a one-component plasma in the  p 4
vell model in 2.7 above is interesting in that it explicitly depends on the volume, A
which is characteristic for nonideal systems. Let a thermodynamic state of the
system, whose composition remains unchanged, be depicted by a dot on the
pressure (P) — volume (V') diagram. In this diagram consider a process
consisting of two isotherms AB and CD, as well as two adiabats BC and 4D . ¢
Variations in volumes, temperatures and pressures in this process may be
considered so small that the quadrilateral ABCD can be assumed a 7
parallelogram.

2.9 Using the above cycle, express the derivative (0U /0V), of the internal energy with respect to
volume at a fixed temperature in terms of the derivative (OP/0T), of the pressure with respect to

temperature at a fixed volume as well as the temperature 7' and pressure P of the system.
2.10 The pressure P of a one-component plasma, containing N spherical cells in the volume V', has

the form
By
N N
P:ﬂl7+ﬂ2(7) :
Determine constants f,, £, and f;. Calculate the numerical value of the pressure for the plasma
parameters given in the problem statement.
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Problem 3. Optical waveguide (10.0 points)
At present, various waveguides are widely used to transmit energy and information. The propagation
of electromagnetic waves in waveguides differs significantly from the propagation of waves in free space,
and in this problem you are asked to describe the propagation of electromagnetic waves in the simplest plane
waveguide.
Description of waves
A plane monochromatic electromagnetic wave propagating along the axis Ox is described by the
formula
E(t,x)=Eocos(a)t—kx+g0). (1)
Here E ,E"O denote the electric field strength of the wave and its amplitude, respectively, the magnitude of &
is called the wavenumber, @ refers to the circular wave frequency, ¢ signifies the initial phase, and the
expression in the cosine is called the wave phase.
3.1 Express the wavenumber k in terms of the wavelength A and the period of oscillation 7' in terms
of the angular frequency .
3.2 Express the velocity ¢ of wave propagation in terms of £ and .
In a more general case, a monochromatic plane wave is described by the function
E(t,7) = E, coslot—k -7 + ). )
In this expression, 7 stands for the radius vector of an arbitrary point in space, Y

k designates the wave vector equal in magnitude to the wavenumber and
pointing to the direction of wave propagation.

Let the wave vector & lie in the plane Oxy and be directed at an angle &

to the axis Ox, as shown in the figure to the right.

3.3 Draw schematically a family of equidistant wave surfaces, which are surfaces of equal wave phases,
for a plane wave described by function (2).
3.4 Write down explicitly the expression for the electric field strength of wave (2) as a function of

coordinates £ (t, X, y).

An ideal monochromatic wave is infinite in time and space, therefore, it cannot carry information. To
transmit information, it is necessary to use either separate pulses (restricted in time) or variate the wave
amplitude (wave modulation). In these cases, the wave ceases tobe .
monochromatic, and can be represented as a sum (superposition) of Wﬂ I ﬂ ﬂ m Ll
monochromatic waves. N g '-v_{w\\ p

Consider a wave that is the sum of two waves propagating i
along the axis Ox: the first one having the angular frequency @,

T
and wavenumber k,; the second wave frequency is @, +Aw, WWWT\ ’ﬁﬂﬂm.%‘}gﬁ'v
el %

p
Awl @, , with the wavenumber k, + Ak,Ak ] k,. Note that, in the f&[@@ X
general case, the wavenumber is a certain function of frequency
k(a)) L

3.5 Show that the sum of these two monochromatic waves is a modulated wave consisting of separate
wave packets. Write down the formula describing the slow variation of the amplitude A4, (x,t) of the

resulting wave in space and time (it is called an envelope).

3.6 Determine the time duration of an individual wave packet 7. Write down the relationship between
the duration 7 and the frequency difference Av =Aw/2x.

3.7 Determine the spatial length of the wave packet L.

It turns out that the speed of the wave surface of constant phase v , which is called the phase

p°

velocity, differs from the speed of the wave packet v, , which is called the group velocity. The speed of the

envelope maximum can be considered a group velocity.
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3.8 Find the phase velocity v, of the considered modulated wave and express it in terms of
o, k,Aw, Ak .
3.9 Find the group velocity v, of the considered modulated wave and express it in terms of
o, k,Aw,Ak .
3.10 Establish a relationship between phase v, and group v, velocities for electromagnetic waves in a

vacuum.
Plane waveguide

In this part, consider the propagation of electromagnetic waves in
a plane waveguide. The waveguide is formed by two infinite parallel
conductive plates located at a distance a from each other. Assume a
vacuum in between the plates.

Under investigation are electromagnetic waves, whose electric
field strength vectors are directed parallel to the plates (they are called
TE waves). Let us introduce a coordinate system, whose Ox axis lies in
one of the plates, and whose Oy axis is directed perpendicular to the plates.

A wave propagating along the axis Ox in between the plates is described by the function
E(t,x,y) = E, cos(at — k x)sin(k, v ), 3)

where o is the known circular frequency of the wave. For this wave to propagate in the waveguide without
energy losses, the electric field strength on the plates must be zero.

3.11 Find the values k, at which the wave can propagate in the waveguide without energy losses.

A set of possible values k, is discrete and characterized by some integer m . Waves corresponding to

different values of this number are called modes (types of possible waves).

3.12 Show that the wave described by function (3) can be represented as a superposition of two plane
waves E| (t,x, y) and £, (t,x, y) with the wave numbers k,, propagating symmetrically at angles =6 to

the plates, see figure below.

0 X
3.13 Express the values &, k, in terms of the wavenumber k, and angle 6.
3.14 Determine the possible angles € at which the wave can propagate in the waveguide without

energy losses. Express the values of these angles in terms of the distance a between the plates and the
wavelength A4 in vacuum.

3.15 Determine the phase velocities v, of the waves of each mode. Express these velocities in terms of

the wave frequency @ and the speed of light ¢ in a vacuum.

Short pulses with a carrier frequency @, are supplied to the waveguide input. Since these pulses

have a finite time duration 7, they cannot be treated as a monochromatic wave, but instead contain a set of
monochromatic components in a certain frequency range Awll @,. These input pulses form a set of pulses

in each of the possible waveguide modes.
3.16 Determine the speed of the pulse propagation in the mode number m .

3.17 At what minimum distance X from the waveguide input the number of pulses is to be doubled if
a/ A =1.2. Express your answer in terms of the speed of light ¢ and the pulse duration 7 .
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To avoid the appearance of "extra" pulses at the information transmission process, waveguides are
used to operate in a single-mode regime, in which only one mode can propagate.

3.18 Find ratios a/ A at which only one mode can propagate in the waveguide.

Mathematical hints for the theoretical problems
The following formulas may be useful:
xn+1 . .
f x"dx = , where n is an integer;
n+1
y(r-1)

Q1+x)Y =1 +yx+Tx2,f0rx K 1andanyy.
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL
COMPETITION

Attention. Points in grading are not divided!
Problem 1 (10.0 points)
Problem 1.1 (4.0 points)

Let x be the spring compression, and y be the change in the water level in the tube leg in which the
pistons are located. When water moves in a tube, an inertial force acts on the body, which is equal to

F=-my, (1)
so that the equation of the weight motion is written as
mx =—kx+mg—my . 2)
The equation of motion of water in the tube has the form
psly =-2psgy+kx. 3)

The new equilibrium position is determined by the conditions x = x, = const and y =y, = const, so
that substitution into equations (2) and (3) gives rise to

== @
kx, m 5)

Yo~ 2pgs - 2ps
According to the problem statement, it is said that the system performs harmonic oscillations about
the new equilibrium position, therefore, a solution to equations (2) and (3) is sought in the following form

x=x,+Acoswt, (6)
y=y,+Bcosawt, (7
and after substitution we obtain the following set of equations
A(@! —*)=Ba’, (8)
Aw} = B(w; — @), €))
2
where @ =£, w =8 & -k
m / psl

After dividing equations (8) and (9), we obtain a quadratic equation for a possible oscillation
frequencies

(@~ (@ @) = (10)

which admits the solution

2 2 2 2 2 2\2 2 2
) _a)1+a)2+a)3i\/(a)1+a)2+a)3) —4o/ o, 1
@, = 5 . (11)

Note that both roots are always positive and give the following possible frequencies of harmonic
oscillations

\/a)l2 + @ + @) —\/(a)l2 +@ +@}) -4 @)
w =

51957, 12

5 (12)
2+ 2+ 2+ 2+ 2+ 2 2_4 2 2

o, =\/ of + e vl (@) . R AR YYIS (13)

In reality, the motion of the system is represented by the addition of harmonic oscillations with frequencies
(12) and (13).

Content Points

Formula (1): F =-my 0.3

Formula (2): mX = —kx + mg —my 0.3
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Formula (3): psly =—-2psgy + kx 0.3
Formula (4): x, = % 0.3
Formula (5): y, = o, __m 0.3
2pgs 2ps

Formula (6): x = x, + Acos wt 0.3
Formula (7): y =y, + Bcoswt 0.3
Formula (8): A(w —®’)= B’ 0.2
Formula (9): 4w} = B(w; — @) 0.2
Formula (10): (&) — @’ (@, —0*) = &’ @} 0.4
Formula (11): &, = o+, tojE \/(w,22+ @, + ;)" — 40wy 0.3

o + @) + 0} —\/(a)l2 +@ + @) -4 0] 0.2
Formula (12): o, = 2
Numerical value in formula (12): @, =5.19s~" 0.2
Formula (13): @, = \/“"2 o} + ol + (0] + 0} + &) ~4oje] 0.2

2
Numerical value in formula (13): @, =12.07s""' 0.2
Total 4.0
Problem 1.2 (3.0 points)
The plate has volume
V=ah, (1)
and it is subject to the gravity force
F,=plg. (2)

At the line of contact between the plate and water, a difference in water levels occurs, as shown in
the figure below.

As a result, on the lower surface of the plate with the area

S=a 3)
differential pressure applies

Ap = p,g(H +h), “4)
which results in a vertically upward force

F=ApS. (5)

To determine the value of H, we select a certain volume of water with the width / near its contact
line with the plate. It is subject to the surface tension force equal to
F =20, (6)
as well as the force due to the pressure of the liquid column
F, = PAS, (M)
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where the average pressure ia found as
_ 1
pP=3 PogH ®)
together with the cross-sectional area
AS =HI. 9)
From the water equilibrium condition
F,=F, (10)
it follows that the height difference is obtained as
H=2 2. (11)
Po8
The additional weight on the plate is acted upon by the gravity force
F,=mg, (12)
and equilibrium condition
F,+F,=F (13)
the mass of the weight is finally derived as
m=(p, - p)a’h+2a’ /0—”0 —52.6¢. (14)
g
Content Points
Formula (1): V =a’h 0.2
Formula (2): F, = pVg 0.2
Formula (3): S =a’ 0.2
Formula (4): Ap = p,g(H +h) 0.2
Formula (5): F'=ApS 0.2
Formula (6): F, =20l 0.2
Formula (7): F, = pAS 0.2
1 0.2
Formula (8): p= EpOgH
Formula (9): AS = HI 0.2
Formula (10): F, = F; 0.2
o 0.2
Formula (11): H =2 |—
P8
Formula (12): F,, = mg 0.2
Formula (13): F,+F, =F 0.2
0.2
Formula (14): m=(p, — p)a’h+2a’ /)
g
Numerical value in formula (14): m =52.6g 0.2
Total 3.0

Problem 1.3 (3.0 points)

The current through the coil cannot change instantly and immediately after the key K is shorted it
remains equal to zero. At the same time, since the resistance of the connecting wires is very small, the
capacitors C, and C, are almost instantly charged up to charges ¢,, and ¢,, respectively, whereas the

capacitor C; remains uncharged



XVII International Zhautykov Olympiad/Theoretical Competition c. 4/16

95 =0, (1)
since it can only be charged through the coil. Note that Joule heat is generated in the connecting wires.
Thus, at the initial moment of time, the capacitors C, and C, are connected in series to a constant

voltage source U, and their charges are equal

0 = 920> (2)
and the corresponding voltages add up, so that

0 |, 920
—+==U,. 3
ol G)
Thus, we find from equations (2) and (3) that
ccC
G =942 = C :‘éz Us. 4)

The total energy of the system immediately after the key K shortening turns out to be
_ %20 4 ‘bzo _ C1C2U02 . (5)
° 20, 2C, 2C+C)

After charging the capacitors C, and C,, the current through the coil starts to increase and harmonic

oscillations are generated in the system, at which Joule losses can already be neglected, since the resistance
of the connecting wires is very small.

Note that at that moment in time when the current in the coil is maximum, the voltage across it is
zero and the capacitors C, and C, turn out to be connected in parallel. For such a connection of capacitors,

the following relations for charges are satistied

49 =49,%94;- (6)
9 _ 4
2 13 7
¢ e (7)
49 , 9
—+===U,. 8
c e T (8)
Solving together the set of equations (6)-(8), we find the charges of the capacitors
C(,+C
= 1( 2 3) U() ) (9)
C +C,+C,;
CICZ
=——U,. 10
LTy, 0, " (10)
C1C3
=—13 U, 11
Yo (n

and the energy of the system in this state is obviously equal to
2 2

W: CI(C2+C3)U0 +leax . (12)
2(C+C,+()) 2

In this case, the work of the source is found as

A=(¢,—4,0)U,, (13)
and the energy conservation law is written in the following form
W,+A=W, (14)

which provides the maximum currect

I = & cU,. (15)
™ TA(C, +C,)(C, +C, +Cy)L

Finding the minimum voltage U across the capacitor C, is a slightly more difficult task that has a

rather simple solution. It is obvious that harmonic oscillations occur in the system, at which the potential
energy is constantly transformed into kinetic energy and backwards. For the presented electrical circuit, the
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role of the kinetic energy is played by the energy of the coil. Therefore, when the current through the coil is
zero, then the system is in its large deviation from equilibrium, while the voltage across the capacitor C, is

q C
20 = A= l Uo . (16)
C, C+¢C,
Note that the zero coil current corresponds to the initial moment when the key K is just shorted.
After a quarter of a period has passed, the current in the coil becomes maximum and the system
passes the equilibrium position, whereas the voltage across the capacitor C, drops to the value
U _ qz Cl

=L-__ 1y 17
PC, C+C+C " a7

that 1s, it falls by U,, —U,. After another quarter of the period, the voltage across the capacitor will further

drop by the same amount, which is, at the same time, equal to U, -U,

min °

so the minimum voltage is

ultimately obtained as

C(+(C,-C
Upin =2U, =Uy = IChde ) U,. (18)
(C,+C)C +C,+())
Content Points
Formula (1): ¢g,, =0 0.2
Formula (2): g,, = g, 0.2
0.2
Formula (3): Go 4 9 _ U,
Cl CZ
cC 0.2
Formula (4): ¢,y =gy = C i"éz U,
2 2 2 02
Formula (5): W, = Doy 9 _ GG,
2C, 2C, 2(C,+C,)
Formula (6): ¢, =¢q, +4, 0.2
0.2
Formula (7): 4 _ 4
C2 C3
0.2
Formula (8): 4, 4 U,
Cl C2
cC 0.2
Formula (10): ¢, =———=—U,
C +C,+C,
2 2 0.2
Formula (12): W = GG+ 6T, + Ll
2(C+C,+()) 2
Formula (13): 4=(gq, —¢,,)U, 0.2
Formula (14): W, + A=W 0.2
C 0.2
Formula (15): 7, = - U,
(C,+C)(C +C,+C,)L
Formula (18): U, =2U, -U,, 0.2
C((+(C -C 0.2
Formula (18): U, = (GHG=6) U,
(C,+C)C +C,+())
Total 3.0
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Problem 2. Thermodynamics of one-component plasma (10.0 points)
2.1 The smallest distance between neighboring deuterium nuclei coincides with the edge of the cube, and
since there is 1 nucleus per cube, their concentration is

1
n=—, 1
e (1
therefore
a=—L —851.10"x (2)

3/;

2.2 The electrostatic energy of interaction of two nuclei located at the distance a from each other is found

as
2
e
= , 3
P drea 3)
and their thermal energy is evaluated by the formula
E, =k,T, 4)
whence the sought ratio is obtained in the form
w e’
r=—2=—"__=111. ()
E, Arejak,T
2.3 In general, the spherical cell is neutral, and its radius is equal to
R=al2 (6)
with the corresponding volume
4
V= 3 7R, (7)
therefore, the bulk charge density is expressed as
p=—S=_ 663 8 e 4951041/ e, (8)
V a V4
2.4 Let us apply Gauss’s theorem
gSE as=2 (9)
S 80

to the sphere of radius r centered at the location of the nucleus. The flux of the electric field strength E
through this sphere, due to symmetry, is delivered by

$E-dS = E4nr’, (10)
and the net charsge O inside the sphere is obtained as
Q:e+p§7zr3. (11)
It follows from equations (9)-(11) that
E=—2 P (12)

2 5
dreyr”  3g,

and the sought potential difference is determined by the expression
al4

¢(a/4)—(p(a/2)=—jEdr, (13)

al2

which finally yields

o(al4)—p(al2)= 1656

g,

=211V . (14)

2.5 The second term on the right-hand side of expression (12) determines the strength of the electric field
created by the uniform charge distribution; therefore, the equation of motion of the nucleus projected onto
the radial direction has the form



XVII International Zhautykov Olympiad/Theoretical Competition c. 7/16

.—Qr

mit = 15
36, (15)
which is an equation of harmonic oscillations with a frequency
2 2
o, = |-=L = |2 |2 _5uges, (16)
3mpgo m,&,a m,g,

2.6 At a fixed temperature, the mean square thermal velocity of the nucleus is derived as

T
b= /kB_ (17)
mP

and the corresponding amplitude of deviation from the equilibrium position is determined as

A= =28510"m. (18)
wp

It can be seen that the condition 4 << a holds, i.e. the deuterium nuclei do indeed perform small oscillations
near their equilibrium positions.
2.7 The internal energy of the system consists of the thermal energy of the thermal motiont of nuclei and the
electrostatic energy of each cell. In turn, the electrostatic energy of each cell consists of the interaction
energy of nuclei with the surrounding electron neutralizing background and the energy of the background
itself.

Let us divide the cell into spherical layers and consider the layer located at the distance » from the
cell center and having the thickness dr . Its charge is obtained as

dq = p4rridr, (19)
and the corresponding interaction energy with the nucleus is

2
W - R edq _ 3e . 20)
0 4re,r dre,a
The energy density of the electric field is found by the formula
1
w= EgOEz, (21)

and since the electric field strength of the uniform background is determined by the second term in
expression (12) and outside the sphere has the form like that of a point-guuty charge, which formally
coincides with the first term of expression (12),, then the electrostatic energy of the uniform background is
evaluated as follows

R 2 © 2 2
W, = 1ng LT anrdr +lgoj ¢ N amrar=%. (22)
2 "o 3¢, 2 "o\ drg,r 107ze,a
Thus, the total electrostatic energy of a single cell is written as
2
W= W, =——2¢ (23)
207e,a

and is equal to the work that must be done to create it.
As shown above, the nucleus in the cell center is a three-dimensional harmonic oscillator, so its
thermal chaotic energy is determined as

E =3Nk,T, (24)
and hence the internal energy of N cells has the form
2 4/3
U=E+NW=3NkBT—9LN—1/3. (25)
207e, V
Thus, the sought constants are found as
a, =3k,T, (26)
2
PR 27)

207,
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2.8 In the absence of the neutralizing backgrounds of two nuclei, their fusion corresponds to the bare
Coulomb barrier. The presence of neutralizing backgrounds leads to a decrease in the Coulomb barrier,
which is obviously determined by the interaction of nuclei with their backgrounds and the self-energy of the
backgrounds, i.e. by expression (23). In this case, the thermal energy of nuclei remains small in comparison
with the lowering of the Coulomb barrier.

Each of the two cells before fusing has the electrostatic energy
2_1/3

W= 9¢’n . (28)
20r7e,
After fusion, a new cell is formed with the volume
V=2V (29)
with a helium nucleus in the center having an electric charge
e'=2e. (30)
In accordance with the general formula, the electrostatic energy of the formed cell is derived as
2_1/3
W= 2 31)
207s,
whence the following expression for the Coulomb barrier lowering is obtained
2/3 2. 1/3
sU = - =E TN 5 0h 4075 (32)

107¢,
2.9 The circular process ABCD is the Carnot cycle. Let us denote the p4
temperature on the isotherm 4B as T, and on the isotherm CD as T, while
they differ very little from each other, so that 7,, =T, T and T,, - T, <T.

The work A done in the cycle is equal to the area of the parallelogram ABCD,
which is, in turn, equal to the area of the parallelogram ABEF . Since
AF =(oP/0oT),(T,; —T,,), the work in the cycle is derived as

oP I T
A:[EJV(TAB ~T.,)(Vs=V,). (33) - —
In the process 4B, the temperature is constant, so the change in internal energy is expressed as
oU
U,-U, - (WJ (V,=7,). (34)
and the supplied amount of heat according to the first law of thermodynamics takes the form
O=U,-U,+P(V;-V,). (35)
Since the process ABCD is a Carnot cycle, its efficiency is written as
ézTAB_TCD , (36)
Q TAB
and combining equations (33) - (36), we obtain the required relation
oU oP
[_j :T(_j P, (7)
ov ), orT ),
2.10 Substituting formula (25) into equation (37), we obtain the first-order differential equation
P 2 4/3
T(a—j _p= —Nm, (38)
oT ), 20z, V
whose solution takes the form
362 N4/3
PTV)y=CV)T —————, 39
(TV)=CONT 0 %)

where C(V') refers to some constant, which, in principle, can depend on the volume of the system.

In the absence of interaction between the nuclei, the pressure of the system should be reduced to the
pressure of an ideal gas
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Nk, T
P(T V) eo=——, (40)
and we immediately find
Nk,T 3¢ N*°
P(T,V)=—L—- : 41
(¥ V. 20z, V*° “h
Thus, the sought constants are obtained as
B =ksT, (42)
3¢’
=— . 43
P 30w (43)
4
By = g : “44)
Substituting the numerical values, we obtain the numerical value for the pressure
P=-2,59-10"11a. (45)

The pressure turns out to be negative! In fact, the pressure of the entire system includes the pressure of the

electronic component and is definitely positive.

Content Points
Formula (2): a = SL 0.2
2.1 In 0.4
Numerical value in formula (2): a =8.51-10"m 0.2
E 0.2
Formula (3): W, =
dre,a
Formula (4): E, =k, T 0.2
2.2 & B =k : 0 0.8
Formula (5): I' = L — '
4re,ak, T
Numerical value in formula (5): T'=111 0.2
Formula (6): R=a/2 0.1
4 0.1
Formula (7): V = EJZ'R3
2.3 5 0.2 0.6
Formula (8): p=——ne '
V4
Numerical value in formula (8): p=-4.95-10"Cl/m’ 0.2
2
Formula (9): &E-dS = Q2 0
N 80
Formula (10): (JSE -dS = E4rxr’ 0.2
N
4 0.2
Formula (11): OQ=e+ ,0§7Z'I”3
2.4 1.4
Formula (12): E = ¢ > P 0.2
dreyr”  3g,
al4 02
Formula (13): ¢(a/4)—p(a/2)= —j Edr
al2
Formula (14): ¢(a/4)—¢@(a/2) = > 0.2
167e,a
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Numerical value in formula (14): ¢(a/4)—@(a/2)=211V 0.2
Formula (15): mi = P, 0.2
2
2ne’ 0.2
2.5 Formula (16): @, = ne 0.6
Tm &,
Numerical value in formula (16): @, =2.94-10's™' 0.2
k,T 0.2
Formula (17): v= [2—
mP
2.6 0.2 0.6
Formula (18): A4 =——
P
Numerical value in formula (18): 4=2.85-10"m 0.2
Formula (19): dg = p4xr’dr 0.2
2 0.2
Formula (20): W, = - 3
4re,a
1 0.2
Formula (21): w= 5 & E
3¢’ 0.2
Formula (22): W, =
107ze,a
2 0.2
2.7 Formula (23): W =— P 1.8
207g,a
Formula (24): E =3Nk,T 0.2
2 4/3 02
Formula (25): U = E+ NW =3Nk,T _e Nm
20ze, V
Formula (26): o, =3k,T 0.2
2 0.2
Formula (27): @, = ——%
207,
2 173 0.2
Formula (28): 17 = — <"
207,
Formula (29): V'=2V 0.2
Formula (30): e'=2e 0.2
2 13 0.2
28 | Formula (31): W'= -2 241 12
207s,
23 2 173 0.2
Formula (32): oU, =2 —Do¢n
107¢,
Numerical value in formula (32): U, = 5.72-107J 0.2
oP 0.2
Formula (33): A=| — | (T, —T,)(V,-V,)
oT ),
0.2
29| Formula (34): U, ~U, = (a—Uj v, -7,) 1.0
v ),
Formula (35): O=U,-U,+ PV, -V,) 0.2
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Formula (36): A Lyl 0.2
0 Ty
0.2
Formula (37): EG—UJ :T(G—PJ -P
ov ). \er),
2 4/3 0.2
Formula (38): T(a—P] _p= N
oT ), 20ze, V
3¢* NY° 0.2
Formula (39): P(T,V)=C(V)T -
(9% PV =CONT = 3o o
Nk, T 0.2
Formula (40): P(T,V)|, ,=—=
2 4/3 0.2
2.10 | Formula (41): P(T,y) =l 3¢ N_ 1.6
V. 20ms, V
Formula (42): B =k,T 0.2
3¢’ 0.2
Formula (43): B, =—
207,
Formula (44): g, :§ 0.2
Numerical value in formula (45): P=-2.59-10" Pa 0.2
Total 10.0

Problem 3. Optical waveguide (10.0 points)
Description of waves
3.1 The function

E(t,x)zl?ocos(a)t—kx+¢)), (D)
describing a wave at a fixed moment in time ¢ =¢, gives the distribution of the electric field strength in

space. When the coordinate is changed by the wavelength A, the argument of the cosine must change to
27 , therefore

(t, — k(x+ 2)+ @)~ (wt, —hx+p)=27 . 2)
It follows from this relation that
2z
k=—. 3
7 3)
Fixing a point in space x = x, and reasoning similarly, we can write
(ot +T)—kx, + @)~ (ot —hx, + ) =27, “4)
which yields
2
=—. 5
T )

3.2 The speed of propagation of a monochromatic wave is the speed of motion of a certain wave surface of
constant phase. This surface satisfies the equation

ot —kx + @ = const . (6)
It follows from this relation that the wave propagation speed is
dx
c == — . 7
d k 2

3.3 The surface of the constant phase at a fixed time instant satisfies the equation

k-7 =const, (8)
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and this is a family of planes perpendicular to the wave vector.

0 x

3.4 Expanding the scalar product, we obtain the wave equation in the coordinate representation:
E = E} cos(at — kxcos 0 — kysin 0 + ¢) 9)
3.5 Since the superposition principle is valid for the electric field strength, we can write for a composite

wave
E = E, cos(w,t — k,x) + E, cos((@w, + Ao} — (k, + Ak )x)=

A A A A . 10
=2E, cos a)0+—a) t— k0+—kx cos —a)t——kx (10)
2 2 2 2
Taking into account that Aw << @, , and, consequently, Ak << k,, we rewrite this expression as:
E = A,(x,t)cos(@,t — k,x). (11)
Here the following notation is used
Aw Ak
A,(x,t)=2E, cos — (12)

for slowly varying wave amplitude.
3.6 To determine the time duration of the packet, it should be taken into account that when passing from one
"zero" of the cosine to the next, the argument of the cosine changes to 7, therefore
%rzzz = rzz—”. (13)
2 Aw
Taking into account that Aw =27Av, we obtain from expression (13) the relationship between the

packet duration and its spectral width as

Av=1. (14)
3.7 For a similar reasoning, it is not difficult to find that
A 2
LUy (15)
2 Ak

3.8 The phase velocity can be found as the velocity of motion of the wave surface of constant phase. It is
derived from function (11) that this surface satisfies the condition

(wyt — kyx)= const , (16)
which results in the phase velocity
)
p ko

3.9 To determine the group velocity, we write down the condition that the wave amplitude, for example, is
maximum

A A
Ao, Ak . (18)
2 2
It is concluded from this expression that the group velocity is given by the formula
Aw
v, =—-o0. 19
Y (19)
3.10 For electromagnetic waves in vacuum, the relation Av = ¢ is fulfilled, which validates
o =kc, (20)
and it is finally obtained that
VvV = Q =C . (21)
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Aw

vg:A_k:c:Vp’ (22)
1.e. both the phase and group speeds are equal to the speed of light ¢ in a vacuum.

Plane waveguide

3.11 The function proposed in the problem statement describes the field in a plane waveguide

E(t,x,y) = E, cos(t —k x)sin(k, ) (23)
and satisfies one boundary condition: at y=0 the electric field strength E =0. Therefore, one should
choose such values of k, so that the second boundary condition is fulfilled: at y=a the field strength

should also vanish. This condition is satisfied when
. T
sink,a=0 = ka=mr = kyzmg. (24)
In the expressions above m stands for a positive integer, m =1, 2, 3...

3.12 Let us write the equations of symmetric waves

E, = E, cos(wt —k,xcos 0 +k,ysin@+¢), (25)

E, = E, cos(wt —k,xcos@—k,ysin6—g), (26)
where k, = @ s the wavenumber for waves, propagating at an angle =& to the planes of the waveguide,

c

and summing them up yileds

E=E +E, =2E;cos(wt—kyxcos&)cos(k,ysinf+¢), (27)
with the following relation

E,=E,/2. (28)

Note that there should be ¢ =—7/2.
3.13 Comparison of the obtained formulas (23) and (27) implies that they coincide if

k. =k,cos@, (29)
k,=k,sin@. (30)
3.14 Comparing the values of &, in formulas (24) and (30), we find
k,=kysing, =m= = sin@, =m—. 31)
a ak,

The wavenumber of the considered waves in vacuum is related to the wavelength by

2r
ky=—, 32
0= (32)
then the values of the possible angles are given by the formula
N — (33)
ak, 2a

3.15 Equation (23) implies that the phase velocity of wave propagation in the waveguide is given by the
formula
@ @

Pk, - kycos@
Expressing the value of the cosine of the angle in terms of its sine, which is determined by formula
(33), we obtain

(34)

w @ @

Vv = = = .
" kycos@  f\1-sin’6 2V
ko |1—

(35)
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Finally, using formulas relating frequencies, wavelengths and the speed of light in a vacuum Y _c ,
0

2 .. .
A= —”c , it is derived that
@

w 0 c

y = = = .
? kycos® g \1-sin?0 \/1 ( mjz

(36)
m =
wa

Thus, it turns out that the phase velocity of propagation of an undamped wave in the waveguide is greater
than the speed of light in vacuum.
3.16 The propagation velocity of a pulse is the group velocity, therefore, it is determined by formula (19), in
which the ratio of the increments can be replaced by the derivative
¢ Ak dk \do)
To evaluate the velocity using this formula, it is necessary to obtain explicitly the dependence of the

(37)

wavenumber on the frequency, k(a)) To do so, we use the general formula for the phase velocity v, =%

kzﬂzﬂJl_(mﬁf lJa) (mEj 8
Vp C wa C a ’

and the pulse propagation velocity is written as

and obtain

-1

dk ' |1 ® Y
V:Vg:(%J = Z > =C 1—(7’1’161—) . (39)

()

As follows from this formula, the group velocity is naturally less than the speed of light in a vacuum. Also,
it should be indicated that this speed is equal to ccos@, which is quite obvious.
3.17 Let us turn to formula (33) and substitute the given ratio a/ A1 =1.2
sin@, = mi ~0,42m . (40)
2a

Since the sine of any argument does not exceed unity, it follows from the obtained expression that
only two modes with m =1 and m =2 can propagate in a given waveguide, and, in other words, the input
pulse generate two pulses of these modes in the waveguide. The propagation velocities of pulses in these
modes differ markedly. First of all, let us express these velocities in terms of a given ratio @/ A4 in the form

v=c.[1- mﬁ =c.|1- mi . (41)
aw 2a

At the waveguide input, pulses in both modes are excited simultaneously, but since they move at
different speeds, as the distance traveled increases, they diverge in time. The number of pulses doubles when
pulses in different modes diverge for a time exceeding the pulse duration, hence, the minimum distance X
can be found from the condition

X x_, (2)

V., Y

which leads to the final answer
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T cT
X = ; = 1 ] ~1l4cr. (43)

M NEN )

3.18 For a waveguide to operate in a single-mode regime, it is necessary to satisfy the following condition

sin¢92=2i>1, (44)
2a
which yields the inequality
a
—<1. 45
B (45)
Content Points
Formula (2): (a)tO - k(x +)+¢)- (a)tO —kx + (p) =2r 0.2
Formula (3): k = 2% 0.2
A
31 Formula (4): (a)(t+T)—kx0 +g0)—(a)z—kx0 +@)=2x 0.2 0.8
Formula (5): o = 277z 0.2
dopmyia (6): @t —kx + @ = const 0.2
3.2 Formula (7): v= x_o 0.2 04
.k
3.3 | A family of planes, perpendicular to the wave vector.. 0.2 0.2
3.4 | Formula (9): E=E, cos(a)t —kxcos@ — kysin 0 + go) 0.2 0.2
Formula (10): £ =2E, cos((a)o +A—2wjt —(ko + A?ij]cos (Ath —A?kxj 0.2
3.5 A v 0.4
Formula (12): 4, (x,t) =2E, cos(th - ij 0.2
Formula (13): %TZH = T:2_7z 0.2
3.6 2 Aw 0.4
Formula (14): Av =1 0.2
3.7 | Formula (15): A—kL =r = L= 2z 0.2 0.2
2 Ak
Formula (16): (a)ot - kox) = const 0.2
38 | Formula (17): v, =2 0.2 0.4
ky
Formula (18): A—;’t—%kx:o 0.2
3.9 Ao 0.4
Formula (19): v, =— 0.2
(19): v, Ak
Formula (20): o = kc 0.2
1)
Formula (21): v, =—=c¢ 0.2
3.10 vla 2y, = 0.6
Aw
Formula (22): v, =E:c:vp 0.2
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3.11 | Formula (24): k, =m~ 0.2 0.2
a

Formula (25): E, = E; cos(wt —kyxcos @ +k,ysin 6 + @) 0.2

312 Formula (26): E, = E; cos (@t —kyxcos 0 —k,ysin 0 —p) 0.2 08
" [Formula (28): E =E, /2 0.2 '

Condition: ¢ =—x/2 0.2

Formula (29): k, =k, cos @ 0.2
313 Formula (30): k, =k, sin& 0.2 04

. /4 ) V4
Formula 31): k, =k,sn 6, =m— = sinb, =m— - 0.3
a a

3.14 - 7 - 0.6

Formula (33): sm@, =m——=m— 0.3

ak, 2a
@ @
Formula (34): v, = — =

S k., k,cosO 03

315 | Formula (36): v, = S 0.6
2
( ﬂcJ 0.3
1-| m—
wa
-1
Formula (37): v, = 22 — 4@ _{ dk 0.3
¢ Ak dk \do
0 o w1 e\’
3.16 | Formula (38): k:—=—\/l—(m—j :—\/a)z—(m—j 0.4 1.0
v, ¢ wa c a
me Y
Formula (39): v, =¢ 1—(m —J 0.3
am
®opmyna (40): sind, ~0,42m 0.2
Possible modes with m =1 and m =2 0.4
/1 2

Formula (41): v=c¢,|/1-| m— 0.4
3.17 2a 1.8

Formula (42): X X =7 0.4

V, W

Formula (43): X =1,4cr 0.4

Formula (44): sin 6, = 22i >1 0.3
3.18 - ‘ 0.6

Formula (45): 7 <1 0.3
Total 10.0
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January 9, 2021
COMPUTER EXPERIMENT:
A mathematical pendulum or what angle can be considered rather small ...

At its core, physics is an experimental science and this is definitely its strength. However, without
comprehending a large number of experimental facts, physics would degenerate into a description of a huge
amount of phenomena and processes. This is how the physical laws and the corresponding models came to
life in the remote past by ignoring insignificant features of the subject under consideration. In recent
decades, rapid progress has been witnessed in such a field as computer modeling or, as it has become
common to say, a computer experiment. The point is that the developed physical models can be directly
implemented on a computer in the form of a computational process and the regularities of interest can be
thoroughly investigated in their pure forms. In this competition, you are asked to carry out such a computer
experiment for a well-known system of a mathematical pendulum.

A formula is well known for the period of oscillation of a mathematical pendulum of length / subject
to a uniform gravity field of the Earth, characterized by the acceleration of gravity g. However, this

formula is only applicable for rather small deflection angles. The main question that you have to answer
when doing this computational experiment is: ""What angular deflection can be considered small?"

In the educational literature on laboratory experiments, you can find an indication that the maximum
deflection angle should not exceed 1°, 2°, 5°, etc. You must answer the above question on the basis of this
computer experiment! Namely, you are asked to study the dependence of the oscillation period of a
mathematical pendulum on its amplitude, which is the maximum angular deflection from the vertical.

The order of conducting and processing the results of a computer experiment does not differ much
from the order of a real, full-scale experiment. Therefore, the parts of this problem directly correspond to the
main stages of a real physical experiment.

1. Constructing a theoretical model.

Consider a mathematical pendulum, which is a small massive ball suspended
on an inextensible thread of length /. The pendulum is subject to the gravity field
with the free fall acceleration g. In the following neglect the air resistance

completely.

1.1 Write down a formula for the period 7 of small oscillations of a mathematical
pendulum.

Assume that at the initial moment of time #, =0 the angle of the thread

deflection from the vertical is ¢, , and the initial velocity of the ball is equal to zero.
The ball moves along an arc of a circle, therefore, its position is determined by the angle of the thread
deflection from the vertical ¢, and the rate of change of this angle in time is determined by the angular

velocity w = @

dt
1.2 Obtain an exact formula for the dependence of the angular velocity of the pendulum on the deflection
angle a)((p) for a given angular amplitude ¢, and known values of /, g .

The motion of the pendulum is symmetrical with respect to the vertical, therefore, to calculate the
period of oscillation, it is sufficient to evaluate the time 7 of its motion from the maximum to zero
deflection.

1.3 Write down an exact expression for calculating the time #, from the known dependence of the angular
velocity on the deflection angle w().
1.4 Express a period of oscillations 7' in terms of time ¢,.

In a computer experiment, when performing calculations, real dimensional quantities are rarely used,
since they can have very different orders of magnitude and are extremely inconvenient. Usually, all
quantities are made dimensionless or reduced with the aid of some values characteristic for a given problem.
For example, in our study, the characteristic time is the period of oscillations, so it is convenient to introduce
the dimensionless time 7, which is determined by the following formula:
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T=t §.
Vl
do

1.5 Write down a formula relating the angular velocity in dimensionless units @ = e to the previously
T

defined angular velocity @ .

1.6 Determine a period 7' of small oscillations of the mathematical pendulum in the dimensionless units of
time.

1.7 Determine a dependence of the angular velocity @ on the deflection angle ¢ : aN)(gp)

ATTENTION! In what follows, the introduced dimensionless quantities are used everywhere: time 7,

period T and angular velocity @, which are respectively denoted as ¢, 7 and .

2. Designing an experimental setup, planning an experiment.

In a computer experiment, this stage corresponds to the Py

development of a calculation algorithm. In this case, the main idea of

numerical (computer) calculations is to divide the trajectory of motion
into small sections, in which the motion is described approximately.

We divide the interval of motion from ¢=¢, to =0 into N

2
?

equal intervals of width A¢g. Let us denote the splitting points as ¢, ,
k=0,1,..N and the angular velocities at these points as @, . The main

approximation used in further calculations is that at each interval from
@, to @, the motion of the pendulum is considered uniformly

accelerated. It is natural to expect that with an increase in the number of
partition intervals N , the calculation accuracy should grow. P

Within the framework of the approximation made, it is straightforward to find the time of the
pendulum motion in the interval from ¢, to 0. For a given amplitude ¢, and the number of partition

intervals N , the calculation algorithm is revealed in the sequence of answers to the following questions.

2.1 Determine the partition interval Ag.
2.2 Determine the coordinates of the splitting points ¢, .

2.3 Express the angular velocity o, at the point ¢, at an arbitrary initial angle of deflection ¢,. Write down
this formula for a particular case of ¢, = % .

2.4 Determine the travel time Az, for the & -th interval from ¢, | to ¢, .

2.5 Find an expression for the time ¢, it takes the ball to reach the angle ¢, . To simplify matters, express it
in terms of the travel time ¢, | to the previous value of the angle ¢, ,.

2.6 Put down a formula for the oscillation period 7,, for a given split into intervals.

3. Trial experiment, estimation of errors.

At this stage, it is necessary to make sure that the installation is operational, which in this case means
the possibility of performing calculations according to the algorithm developed above, and to assess whether
the required accuracy of results is achieved.

As noted earlier, calculation errors depend on the number of partition intervals N . In this task, you
have to carry out calculations not on a computer, but "manually" using your calculator. A growth of N
reduces the error of calculations, but increases the time of their execution. Therefore, it is important to
choose its optimal value, i.e. the minimum value at which the required accuracy is achieved. At this stage,

carry out all calculations at ¢, = % .

ATTENTION! Hereinafter, calculations should be carried out with an accuracy of 4 decimal digits.
To save time, carefully think over the entire sequence of calculations: use previously calculated values,
define necessary constants that are present in the formulas (so as not to recalculate them several times),
write down results of intermediate calculations in the most convenient form.
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3.1 Calculate the travel times ¢, for the points with angles ¢, for N=1,2,4,816,32. Find the

approximate values of the periods of oscillation 7),, calculated for a given N . The results should be

complied in Table 1.
3.2 Plot Graph 1 of the law of motion ¢(#) of the pendulum for a quarter of the period based on the results

of calculations at N =16.
3.3 On the same Graph 1, plot the law of motion ¢(z), assuming that the oscillations are small. The results

of calculations of the law of motion should be presented in Table 2.
As an estimate of the relative error in calculating the oscillation period when dividing into N

intervals, we use the following value
£y = Iy -T, ,
T,
where T}, stands for the period calculated at N =32, which is closest to the true value.
The dependence of the relative calculation error &, on the number of partition intervals N is

described by the approximate formula

Ey =" >

N7
where C and y are some constants.

3.4 Calculate the relative errors &, in determining the periods. The results must be presented in Table 3.

3.5 Prove in Graph 2 the applicability of the above formula for the relative error and find the values of the
parameters C and y.

3.6 Determine the minimum value N _,
0.2%.

at which the relative error in calculating the period does not exceed

n

In further calculations, use only the found value N,

min

for the number of partition intervals.

4. Experiment: the dependence of the period on the amplitude.
At this stage of the computer experiment, we determine the dependence of the oscillation period of the
mathematical pendulum on the amplitude, T (goo) , which is described by the formula

2
T(%):TO(Q‘F%)J’

where 7| designates the period of small oscillations of the pendulum, a, b are constant values.

4.1 Calculate the periods of oscillation of the mathematical pendulum for the following set of amplitudes
@, : 15°,30°,45°,60°,75° and 90°, which you have already determined.

4.2 Prove in Graph 3 the applicability of the above formula for the dependence of the oscillation period of
the pendulum on its amplitude.
4.3 Determine the values of parameters a, b.

Let the error in measuring the oscillation period of the pendulum in a real experiment be
approximately equal to 5%.

4.4 Determine at what angles ¢,, expressed in degrees, the oscillations of the mathematical pendulum can
be considered small.
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SOLUTION
COMPUTER EXPERIMENT:
A mathematical pendulum or what angle can be considered rather small ...
1. Constructing a theoretical model.
1.1 The formula for the period of small oscillations of a mathematical pendulum has the form

T=27Z'\/z. (1
g

1.2 From the law of conservation of mechanical energy for the ball of the pendulum (the zero level of the
potential energy is taken at the suspension point)

2_2
mlza) =mgl (cos @ —CcosQ, ), (2)
the following formula is derived for the angular velocity of the pendulum
:\/ZTg(cosgo—cosgoo). 3)

1.3 Let us divide the entire section of motion from ¢, to zero into infinitely small intervals d¢ . The time
dt it takes for the pendulum to pass this interval is found as
d d
dr =22 = 9 . (4)

\/ (cosp—cosg,)

Then the time of motion ¢ is obtained as the sum of small intervals, which finally reduces to a
simple integration

dg . (5)

IJ %8 (cosp-cos)

1.4 The oscillation period is 4 times longer than the found time ¢,, viz.
T=4t,. (6)
1.5 The angular velocity in dimensionless units is expressed as follows

- _do _
o= 7
- ,— ,/ (7
1.6 The period of small osc111at10ns in dimensionless units reads as

T‘z\/%T=27r. (8)

1.7 The dependence of the angular velocity @ on the deflection angle ¢ has the form

= \/ 2(cos@p—cos@,) . 9
2. Designing an experimental setup, planning an experiment.
2.1 The partition interval is equal to

Dy
Ap="". 10
=N (10)

2.2 First, you should set the "zeroth" angle of deflection, and the coordinates of the rest of the splitting
points are given by the formula

O'—s§

P =P —AQ. (11)
2.3 The angular velocity w, at the point ¢, is described by the formula
o, :\/2(cosgok —CoS Q) . (12)

In the particular case of ¢, = % this formula further simplifies to
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, :4/2cosg0k . (12a)

2.4 In the recommended approximation of uniformly accelerated motion, the average speed at the selected
interval is equal to the arithmetic mean of the angular velocities at the ends of the interval, i.e.

(w) = %(a)k_1 +,),

Therefore, the travel time Af, of the & ’th interval from ¢, , to ¢, is obtained as
2A@

At = | (13)
Wy + O
2.5 The time ¢, to reach the angle ¢, is found via
t, =t +At (14)
at the initial condition 7, =0.
2.6 The oscillation period 7),, when dividing into N intervals is eventually written as
T, =4t,. (15)

3. Trial experiment, estimation of errors.
3.1 The results of calculating the angular velocities, times and periods of oscillations for the indicated values
of the number of partition intervals are shown in Table 1.

Table 1. Calculation of periods of oscillations with different numbers of partition intervals.

N= 32 N= 16
Ag 0,0491 Ag 10,0982
k @ w Aty I k @ [0 Aty I
0] 1,5708 | 0,0000 0,0000 0| 1,5708 | 0,0000 0,0000
1| 1,5217| 0,3133 | 0,3134| 0,3134 1| 1,4726 | 0,4428 | 0,4435 | 0,4435
2| 1,4726 | 0,4428 | 0,1299 | 0,4432 2| 1,3744 | 0,6246 | 0,1840 | 0,6274
3| 1,4235] 0,5417 | 0,0997 | 0,5430 3| 1,2763 | 0,7620 | 0,1416 | 0,7690
41 1,3744 | 0,6246 | 0,0842 | 0,6271 41 1,1781 | 0,8749 | 0,1200 | 0,8890
51 1,3254 | 0,6971 | 0,0743 | 0,7014 51 1,0799 | 0,9710 | 0,1064 | 0,9954
6| 1,2763 | 0,7620 | 0,0673 | 0,7687 6| 09817 | 1,0541| 0,0970 | 1,0923
71 1,2272| 0,8208 | 0,0620 | 0,8307 71 0,8836 | 1,1264 | 0,0900 | 1,1824
8| 1,1781 ] 0,8749 | 0,0579 | 0,8886 81 0,7854 | 1,1892 | 0,0848 | 1,2672
91 1,1290 | 0,9247 | 0,0546 | 0,9432 91 0,6872 | 1,2434 | 0,0807 | 1,3479
10| 1,0799| 0,9710| 0,0518 | 0,9950 | 10| 0,5890 | 1,2896 | 0,0775 | 1,4254
11] 1,0308 | 1,0140 | 0,0495| 1,0444| 11| 0,4909 | 1,3281 | 0,0750 | 1,5004
12| 0,9817| 1,0541| 0,0475| 1,0919| 12| 0,3927| 1,3593 | 0,0731 | 1,5735
13] 0,9327| 1,0915] 0,0458 | 1,1377] 13| 0,2945| 1,3834 | 0,0716 | 1,6451
14| 0,8836 | 1,1264 | 0,0443 | 1,1819 | 14| 0,1963 | 1,4006 | 0,0705 | 1,7156
15] 0,8345| 1,1589 | 0,0430 | 1,2249 | 15| 0,0982 | 1,4108 | 0,0698 | 1,7854
16| 0,7854 | 1,1892 | 0,0418 | 1,2667 | 16| 0,0000 | 1,4142 | 0,0695 | 1,8549
17 0,7363 | 1,2173 | 0,0408 | 1,3075
18] 0,6872 | 1,2434| 0,0399 | 1,3474
19| 0,6381 | 1,2674 | 0,0391 | 1,3865
20| 0,5890 | 1,2896 | 0,0384 | 1,4249
21| 0,5400 | 1,3098 | 0,0378 | 1,4626
22| 0,4909 | 1,3281| 0,0372 | 1,4999
23| 04418 | 1,3446 | 0,0367 | 1,5366
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24

0,3927

1,3593

0,0363

1,5729

25

0,3436

1,3723

0,0359

1,6088

26

0,2945

1,3834

0,0356

1,6445

27

0,2454

1,3929

0,0354

1,6798

28

0,1963

1,4006

0,0351

1,7150

29

0,1473

1,4065

0,0350

1,7500

30

0,0982

1,4108

0,0348

1,7848

31

0,0491

1,4134

0,0348

1,8196

32

0,0000

1,4142

0,0347

1,8543

Th=

7,4171

7,4197

0,1963

0,3927

At,

A,

1,5708

0,0000

0,0000

1,5708

0,0000

0,0000

1,3744

0,6246

0,6287

0,6287

1,1781

0,8749

0,8977

0,8977

1,1781

0,8749

0,2619

0,8906

0,7854

1,1892

0,3805

1,2783

0,9817

1,0541

0,2036

1,0941

0,3927

1,3593

0,3082

1,5864

0,7854

1,1892

0,1751

1,2692

AW |—O

0,0000

1,4142

0,2832

1,8696

0,5890

1,2896

0,1584

1,4276

0,3927

1,3593

0,1483

1,5759

0,1963

1,4006

0,1423

1,7182

RN N N[NV —O

0,0000

1,4142

0,1395

1,8577

Th=

7,4307

Th=

7,4785

0,7854

1,5708

At,

I

At,

Iy

1,5708

0,0000

0,0000

1,5708

0,0000

0,0000

0,7854

1,1892

1,3209

1,3209

0,0000

1,4142

2,2214

2,2214

o= O

0,0000

1,4142

0,6034

1,9242

Th=

7,6969

Th=

8,8858

3.2 — 3.3 To calculate the graph points of the law of motion in the approximation of small oscillations, it is
necessary to use the formula

T
t)=—cosSst.
o(t) 5

(16)

The calculation results for this law are presented in Table 2 and in the graph. There is also a line in
the graph representing the calculated law of motion (16). It is interesting to note that in the first case, the
time values are set, and the corresponding deflection angles are calculated; and in the second one, on the
contrary, the deflection angles are set and corresponding times are calculated.
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Table 2.

k ! %

00,0000 | 1,5708 Laws of motion
10,0982 | 1,5632 18

2 10,1963 | 1,5406

310,2945 | 1,5032 o "5'—%

4103927 | 1,4512 _511'4 e

510,4909 | 1,3853 =

60,5890 | 1,3061 c .

70,6872 | 1,2142 c NS

8 10,7854 | 1,1107 08 S

910,8836 | 0,9965 é 0,6 \ \
10 [ 0,9817 | 0,8727 o \a

11 1,0799 | 0,7405 Q o4 S
12 11,1781 | 0,6011 0,2 A \
13 | 1,2763 | 0,4560 0.0 N
14| 1,3744 | 0,3064 0,0 0,5 1,0 1,5 20
151 1,4726 | 0,1540 .

16 | 1,5708 | 0,0000 Time
3.4 - 3.5 The results of calculating the errors &,
of the oscillation periods for different numbers N Calculation error
of partition intervals are shown in Table 3.

0,0

Table 3. Calculation errors. 0

N |T En In N ngy ’

1]8,.8858 | 1,98E-01 | 0,0000 | -1,6195 -2,0 AN

27,6969 | 3,777E-02 | 0,6931 | -3,2774 20 \\

4174785 | 827E-03 | 1,3863 | -4,7952 ' 75\

87,4307 | 1,83E-03 | 2,0794 | -6,3026 % -4,0 N

16 | 7,4197 | 3,50E-04 | 2,7726 | -7,9584 s \

32| 7,4171 | 0,00E+00 £ 50 \

-6,0

To determine the parameters of the

20 ™~
-8,0 \GL_

c .
dependence ¢, = N it must be represented on a

double logarithmic scale as

Ing, =mhC—-ylhN. (17) -9,0
The figure on the right shows a graph of this 0,0 0,5 1,0 1,5 2,0 25 3,0
dependence, drawn according to the data in Table In(N)

3. The linearity of the obtained dependence clearly

proves the applicability of the formula for the
dependence of the calculation error on the number N .

The parameters of this linear relationship, calculated using the least squares method, are equal: the
slope coefficient a = —2,3 and the shift b ~ —1,65 . Therefore, the sought parameters of the dependence are
found as

~—a=23
g . (18)
C =exp(b) =0,19
3.6 It is easy to find from formula (17) that the number of partition intervals required to achieve the error
€ =0,002 is expressed as
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1y
N :(Ej -8, (19)

So, all further calculations should be carried outat N=N_. =8.

4. Experiment: the dependence of the period on the amplitude.
4.1 The results of calculating the periods of oscillations for various amplitudes of oscillations are shown in
Table 4.

Table 4. Calculation of periods of oscillations.

? | 0,2618 15° P 0,5236 30°
N= 8 N= 8
Ap | 0,0327 Agp 0,0654
k ® 10} Atk Iy k ® 0] Atk Iy
0| 0,2618 | 0,0000 0,0000 0| 0,5236| 0,0000 0,0000
1] 0,2291 | 0,1261 | 0,5190 | 0,5190 1| 04581 02484 | 0,5270| 0,5270
21 0,1963 | 0,1724 | 0,2193 | 0,7383 2 03927 03402 | 02224 | 0,7494
31 0,1636 | 02036 | 0,1741 | 0,9124 30 03272 04023 | 0,1763 | 0,9257
41 0,1309 | 0,2259 | 0,1524 | 1,0648 4| 02618 | 04470 | 0,1541| 1,0799
51 0,0982 | 02419 | 0,1399 | 1,2047 50 0,1963| 04791 | 01413 | 12212
6| 0,0654| 02527 | 0,1323 | 1,3370 6| 0,1309| 0,5008 | 0,1336| 1,3548
71 0,0327 | 02590 | 0,1279 | 1,4649 71 00654 | 0,5135| 0,1291| 1,4839
8| 0,0000| 02611 0,1259 | 1,5908 8| 0,0000] 05176 | 0,1269| 1,6108
T= 6,3630 T= 6,4432
T/To= | 1,0127 T/To= 1,0255
Py | 0,7854 45° P 1,0472 60°
N= 8 N= 8
Ap | 0,0982 Agp 0,1309
k|9 o Aty tk k @ @ At, f,
0| 0,7854 | 0,0000 0,0000 0| 1,0472| 0,0000 0,0000
1| 0,6872 | 0,3631 | 0,5408 | 0,5408 1| 09163 | 04664 | 05613 | 0,5613
2| 0,5890 | 0,4987 | 02278 | 0,7687 2| 07854 | 0,6436| 02359 | 0,7972
31 0,4909 | 0,5913 | 0,1801 | 0,9488 3] 0,6545| 0,7660 | 0,1857 | 0,9829
41 03927 | 0,6584 | 0,1571 | 1,1059 4| 0,5236| 08556| 0,1614| 1,1444
51 0,2945 | 0,7069 | 0,1438 | 1,2497 50 03927 0,9207 | 0,1474| 12917
6| 0,1963 | 0,7398 | 0,1357 | 1,3855 6| 02618 0,9653| 0,1388 | 1,4306
71 0,0982 | 0,7590 | 0,1310 | 1,5165 71 0,309 0,9914| 0,1338| 1,5643
8 | 0,0000| 0,7654 | 0,1288 | 1,6453 8| 0,0000| 1,0000| 0,1315| 1,6958
T= 6,5810 T= 6,7832
T/To= | 1,0474 T/To= 1,0796
? | 1,3090 75° P 1,5708 90°
N= 8 N= 8
Ap | 0,1636 Ap 0,1963
k ® 0] Atk i k @ w Atk i
0| 1,3090 | 0,0000 0,0000 0| 1,5708 | 0,0000 0,0000
1| 1,1454 | 0,5548 | 0,5899 | 0,5899 1| 13744| 0,6246| 06287 | 0,6287
21 0,9817 | 0,7704 | 0,2469 | 0,8368 21 1,1781| 0,8749| 02619 | 0,8906
31 0,8181 | 09217 | 0,1934 | 1,0302 31 09817 1,0541| 02036 1,0941
41 0,6545 | 1,0340 | 0,1673 | 1,1976 4| 0,7854| 1,1892| 0,1751| 12692
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51 04909 | 1,1163 | 0,1522 | 1,3497 5 0,5890 1,2896 0,1584 1,4276
6| 03272 | 1,1731 | 0,1429 | 1,4927 6 0,3927 1,3593 0,1483 1,5759
71 0,1636 | 1,2065| 0,1375| 1,6302 7 0,1963 1,4006 0,1423 1,7182
81| 0,0000 | 1,2175| 0,1350 | 1,7652 8 0,0000 1,4142 0,1395 1,8577
T= 7,0608 T= 7,4307
T/To= 1,1238 T/To= 1,1826

Below is a summary table for calculations of the oscillation period for different amplitudes.

Table 5.
I r_
?y,° (5 T T, (002 T,
15| 0,2618 6,3630 | 1,0127 | 0,0685 | 0,0127
30| 0,5236 6,4432 | 1,0255| 0,2742 | 0,0255
45| 0,7854 6,5810 | 1,0474 | 0,6169 | 0,0474
60 | 1,0472 7,0608 | 1,0796 | 1,0966 | 0,0796
75 1,3090 7,0608 | 1,1238 | 1,7135| 0,1238
90 | 1,5708 7,4307 | 1,1826 | 2,4674| 0,1826
4.2 — 4.3 For small oscillations, the formula for the . . .
oscillation period Oscillation perios versus amplitude
o (linearization)
T(py)=T,| a+=" (20)
b 0,20
must coincide with formula (1), whence it follows that J
the parameter a =1. To check the applicability of /
formula (20) to the description of the calculation 0,16 /
results, it is necessary to draw a graph of the
dependence of the value (Tl_lj on the square of the 0,12 //
0 -
amplitude ¢_, which is shown in the figure on the g /
right. 0,08
The slope coefficient of the obtained
dependence is 0,0706, therefore, the parameter b
appearing in formula (20) is approximately equal to 0,04
bx14. (21)
4.4 With an acceptable error of a real experiment is 5%,
the deviation of the period from the period of small 0,00
oscillations would not be noticeable if the inequality 00 05 10 15 20 25 30
holds o;
2
c;_o <0.05, 22)
whence it follows that the angles can be considered rather small for ¢, <45°.
Content Total for | Points
each part
1. Constructing a theoretical model. 1.5
/ 0.1 0.1
1.1 Formula (1): 7' =27 |—
g
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Law of motion 0.4
12 - conservation of energy (2); 0.1
- formula (3): w= \/27g(cos¢—cos goo) 0.3
Integration of the law of motion 0.3
_ formula (4): dr = 92 ol
@ .
1.3 4
- formula (5): ¢, :I > 9
0 \/Eg(cosgo—cosgoo) 0.2
1.4 | Period (6): T =4, 0.1 0.1
1.5 | Formula (7): @ = \/za) 0.2 0.2
g
1.6 | Formula (8): 7 =27 0.2 0.2
1.7 | Formula (9): &(p)=+/2(cosp—cosg,) 0.2 0.2
2. Designing an experimental setup, planning an experiment. 1.5
21 | Formula (10): Ap = % 0.1 0.1
2.2 Formula (11): ¢, = ¢, , —A@ 0.1 0.1
2.3 Formula (12): @, =./cos¢, —cos¢, 0.1 0.1
Uniformly accelerated motion 1.0
0.5
Main idea <a)> = l(a)kf1 + a)k)
2.4 2
2A
Formula (13): At, = ——2 0.5
W, +o
2.5 | Formula (14): ¢, =¢,_, + At, 0.1 0.1
2.6 | Formula (15): 7, =4¢, 0.1 0.1
3. Trial experiment, estimation of errors. 9.0
Graded only if the periods obtained differ from those in this official 4.2
solution lees than. Periods are correctly calculated for
N=32 1.2
N=16 1.0
31 N=8 0.8
N=4 0.6
N=2 0.4
N=1 0.2
Graph 0.5
3.2 | All points are plotted in accordance with the table; 0.3
Smooth line is drawn; 0.2
Graph 1.0
33 Law of motion is obtained, table 2 0.5
) All points are plotted in accordance with the table 0.3
Smooth line is drawn; 0.2
3.4 | Errors are correctly evaluated, table 3 0.5 0.5
Graph 2.3
3.5 | Double logarithm scale is used 0.5
Linearized dependence is drawn 0.5
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Linear dependence is obtained 0.3
The power is found as y = 2,3+0,1 0.5
The coefficient is found as C = 0,19+ 0,1 0.5
3.6 | Concluded that N =81 0.5 0.5
. Experiment: the dependence of the period on the amplitude. 8.0
Graded only if the periods obtained differ from those in this official 4.2
41 solution lees than 0,02
For each period obtained 0.8
One period is added from part 3 0.2
Graph of the linearized dependence 1.5
42 Correct linearization is used T’ ((pg ) 0.5
| Graph is plotted 0.5
Linearized dependence is obtained 0.5
Parameters of the linearized dependence 1.3
4.3 | Parameter a =1(only exact value is accepted) 0.3
Parameter b in the range 13-16 1.0
4.4 | Small angle is estimated as ¢ < 45° 1.0 1.0
TOTAL 20.0




XVIII International Zhautykov Olympiad/Theoretical Competition c. 1/15

SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL

COMPETITION
Attention. Points in grading are not divided!
Problem 1 (10.0 points)

Problem 1.1 (4.0 points)
At the initial moment of time, the ball rotates as a whole around the point of its contact with the
table. Let the ball rotate through a certain angle «, then the change in the potential energy of the center of
mass of the ball is written as

E, =mgR(l-cosa), 1)
and it turns into Kinetic energy
7
E =—mu?, 2
<= 10 (2)

where U is the speed of the center of mass of the ball.
According to the law of conservation of energy, we get
E,=E. 3)
At further motion, the ball is separated from the table. The equation of

motion of the center of mass of the ball (Newton's second law) in the projection

on the radial direction has the form
2

u |
mE=mgCOSa—N, 4) NS
o
where N stands for the normal reaction force of the table, and the friction force _ ., u
is not shown in the figure. ’
The condition for the separation of the ball from the table is defined as : mg
N =0. (5) .
Solving jointly equation (1)-(5), we find the separation angle and the E
speed of the ball at this moment
10
cosa =—, 6
7 (6)

[10
u= - oR. @)

The further motion of the ball is the free fall of its center of mass in the Earth's gravitational field.
The initial horizontal and vertical velocities are respectively equal to
V, =Ucosc . (8)
v, =usina, ©)
The flight range is determined by the formulas of uniformly accelerated motion in the earth's gravity
field as
L=Rsina+vt. (10)

2

H —R(l—cosa) =vyt+%, (11)

where t denotes the free flight time.
Eliminating time t from equations (10) and (11), we find

~ 567+/21 +20~/68305

4913

L R~1.6R. (12)

Content Points

Formula (1): E, =mgR(1-cos ) 0.3
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Formula (2): E, =L 02
10
Formula (3): E, =E, 0.2
2 0.3
Formula (4): mE =mgcosa—N
Formula (5): N =0 0.4
Formula (6): cosa = 10 04
17
10 0.4
Formula (7): u=,/—gR
(7) ,/17 g
Formula (8): v, =ucosa 0.2
Formula (9): v, =usin«a 0.2
Formula (10): L=Rsina +v,t 0.4
2
Formula (11): H —R(1-cosa) =v,t +% 0.4
Formula (12); L= 26721 +20/68305 o, o 0.6
4913
Total 4.0
Problem 1.2 (3.0 points)
The work dA done by the gas when its volume changes by dV reads as
dA=pdVv , 1)

where p denotes the gas pressure.

The change in the internal energy dU of one mole of an ideal monatomic gas is associated with a

change in its temperature dT by the relation
du = g RdT .
According to the formulation of the problem, the following relation holds

= d—A =const
=90 !

which, along with the ideal gas equation
pV =RT,

leads to the following relation
2 dv _dT

VT
Equation (5) is easily integrated and reduced to the form

2
T \VAREL
T [v_o j |
In the initial state, the ideal gas equation gives
PoVo = RTy,
whereas in the final state

%4VO:RT,

and, therefore, the temperature of the gas in the final state is obtained as
T=2T,.

)

@)

(4)

()

(6)

(7)

(8)

9)
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From equations (6) and (9) it is easy to find the coefficient
4
=_, 10
n=3 (10)

The total work of the gas in the process is determined by the integral of equation (1) and is equal to
4,

A= [ pdV =2pV,=2.0x10°J, (11)
Vo
Note: The process described in this problem is polytropic, i.e. it occurs at a constant heat capacity. Indeed,
since the work done by the gas is a fixed part of the change in the internal energy, this means that the heat
capacity of the gas remains constant throughout the process. In this case, the polytropic equation

pV" =const is valid under the chosen conditions of the problem with n=1/2, and the work of the gas,
obviously, does not depend on its type, whether it is a monatomic or polyatomic gas.

Content Points
Formula (1): dA= pdV 0.2
Formula (2): dU :ngT 0.2
dA 0.2
Formula (3): 7 =——=const
@): 7 U

Formula (4): pV =RT 0.2
Formula (5): 24V _dt 0.2

3nvVv T

T (v 2 0.4

n

Formula (6): —=| —

T \V,
Formula (7): p,V, =RT, 0.2
Formula (8): %4V0 =RT 0.2
Formula (9): T = 2T, 0.2
Formula (10): # =g 0.4
Formula (11): A=2p,V, 0.4
Numerical value in formula (11): A=2.0x10° J 0.2
Total 3.0

Problem 1.3 (3.0 points)

To study the problem of the stability of the equilibrium position, consider a situation in which the
ball deviates from the top position by a very small angle da and determine the forces acting on it.

The first force is electrostatic, but to study the equilibrium we need only its component directed
tangentially to the surface of the hemisphere. The idea of its calculation is based on the fact that in the
projection onto the radial direction, the electrostatic forces are compensated from two symmetrical regions
of the hemisphere I and 11 with respect to the new ball position, so that the only uncompensated force is due
to the segment AB of the hemisphere, cut off by an inclined plane passing at an angle 2d« . The left figure
below shows the corresponding section in the vertical plane.
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Xx A

Side view Top view

Let us consider a part of the sphere segment (see the right figure above, which shows the top view),
cut off additionally by the angles g amd g-+d/, such that its area is found as

dS =2Rcos fRd fde 1)
with the electric charge being equal to
dq=-0dS. (2)

In the Cartesian coordinate system, whose origin coincides with the top of the hemisphere, and the
axis is directed vertically downwards, the radius vector, directed from the point where the ball is located to
the selected part of the sphere segment, is determined by the coordinates

r =(Rcos S,Rsin 3,R), (3)
and hence the vector of the desired force is derived as
E =——qu3 F (4)
4re ¥
This force has the following projection on the tangential direction
F. = QA9 peos B. )

© 4mg,(W2R)®
therefore, integration over g from —z /2 to = /2 provides the total module of the electrostatic force from
the entire segment in the form

Qo
F,=———da, 6
@ 8\/§7ng “ ©

The second force acting on the ball is the force of gravity, whose projection on the tangential
direction is obtained as

F,=mgda. @)
The minimum charge of the ball is determined by the equality of forces
F=F (8)
which leads to the final answer
8\/§7zg m
Q= —00 g. ©)

Obviously, for larger charges the equilibrium position is stable.

Content Points
Formula (1): dS =2Rcos fRd fda 0.3
Formula (2): dg=odS 0.3
Formula (3): T =(Rcos S,Rsin 5,R) 0.2
Formula (4): F = —&qs r 0.2
4rg,r
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Qdq 0.3
Formula (5): F, = Rcos g
° o(f R)’
0.5
Formula (6): F, da
f 275,
Formula (7): F, =mgda 0.2
Formula (8): F, = F, 0.5
0.5
Formula (9): Q:8\/§7[¢mg
(o2
Total 3.0

Problem 2. Greenhouse effect (10.0 points)
Atmosphere without greenhouse effect
2.1 Direct calculation by Wien's formula gives the following result

Araxs = b_ 0.446 um. 1)
TS
2.2 In the steady state, the power of solar radiation incident on the Earth is
equal to the power of the thermal radiation of the Earth. When writing the é
energy balance equation, it must be taken into account that the Sun Hj\ ff

illuminates the Earth from one side, and the Earth radiates in all directions,
i.e.
W - 2R? = T, - 47R%, (2)
It follows from this relation that

T, = 4/4ﬂ =280.3K, 3)
O

and the same temperature in degrees Celsius is equal to

t, =7.15 °C. (4)
2.3 According to the Wien’s formula, we find that at the given temperature, the maximum radiation
corresponds to the wavelength

b

Avae =—=10.3um . (5)
TE

2.4 The same geometric relationships that lead to equation (2) allow one to conclude that the power of solar

radiation per unit area of the Earth's surface is found as
2
_w ”Ff _ W _ 350 wim?. (6)
4R 4

Various atmosphere models
2.5 We introduce the following notation:

t, (or T, in the Kelvin scale) — the emperature of the Earth's surface and the
lower layer of the atmosphere immediately adjacent to it; t, (or T,) — the
temperature of the upper layer of the atmosphere; w — the flux density of solar
radiation, i.e. the energy incident on a unit area of the Earth's surface per unit
time (or irradiated); R, — the thermal radiation power per unit area of the Earth;
R, — the thermal radiation power per unit area of the atmospheric layer; the

radiation fluxes of this layer towards the Earth and into outer space are equal. Y:,;W W\gﬂ
The energy balance equation for a unit area of the Earth's surface has the s GRS ﬁ“*‘\*—*‘“‘"
following form

W+R, =R (7)
A similar equation for the upper layer of the atmosphere gives rise to
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KR, =2R,. (8)
Using the laws of thermal radiation, energy fluxes can be expressed in terms of the temperatures of
the radiating surfaces as follows

R =0T}, 9)
R, =KoT, . (10)
Therefore, taking into account formulas (2) and (3), we obtain from expressions (7)-(10) the
temperature of the Earth's surface in the form
T, = To :
J1_K
2

(11)

Maximum greenhouse effect

2.6 For the maximum greenhouse effect K =1, therefore, it is obtained for this model

T,=T,42=333.3K=60.2 °C. (12)

Thus, the maximum increase in temperature due to the greenhouse effect on the "black earth” is

equal to

At, =53.0 °C. (13)

Water greenhouse effect

2.7 The Earth as a black body irradiates the energy

W, :Tro(/l,Tl)d/l, (14)

The absorbed energy can be expressed in terms of the spectral absorption coefficient and the spectral
density of the Earth's radiation as follows

W, :Tk(/l)ro (4,T,)dA, (15)

then the total absorption coefficient of terrestrial radiation by theupper layer of the atmosphere is calculated
by the formula

k(A)r,(4,T,)dA drw o(A,T,)dA
w

K = W— = s = =

* [n(AT)da onI¢LLﬂ)dA

0 0

2.8 Since in the indicated wavelength range from 5.0 to 8.0 um the water vapor absorbs all incident
radiation, the total absorption coefficient is equal to the fraction of radiation energy falling into this interval.
This fraction of energy is evalulated as the areas under the graphs given in the problem introduction.

O 3 8

>

k(2)g(A,T,)dA. (16)

o—3

0,08
0w 4= goC |
0,06 - } o
0,05
0,04
0,03
002 i
0,01
0,00
4 5 6 7 8 9 10
0,08 ]
0,07 «{ t=50°C —
00 J/“/
0,05 /l,
0,04 —
0,03
. i
0,02 A
0,01
0,00

4 5 6 7 8 9 10

The calculations carried out for 4 points gives the following values for the absorption coefficients
t=0°C: K,=0.092, (17)
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t,=50°C: K,,=0.158. (18)
2.9 It follows from the proposed relationship K(t,)= K,(1+ e, ) that
K, =0.002, (19)
a :i(ﬁ— J:o.om K, (20)
t50 0

2.10 At the temperature of t, =5,4°C, the absorption coefficient of the upper layer of the atmosphere is
found as
K(ty)=K,(1+at,)=0.101. (21)
Since the absorption coefficient is rather small, formula (12) for the steady temperature can be
simplified to
To K

T, = zTO(1+—), (22)
g1 K 8
2

and the rise in temperature is obrained as

K(t
At =T, E;O):3'55 °C. (23)
2.11 To accurately answer the question, it is necessary to solve the nonlinear equation
T=—To (24)
4 1_ K(Tl)
2

However, the relative change in the absolute temperature is small, so we represent the sought
temperature in the form
T, =T, +At, (25)
from which we find the value of the temperature change in view of the condition At < T,
T K, (1+aty)

0
At = 8 - AL —=373°C. (26)
1-T, %20 1T, “80
Amplification of the greenhouse effect by carbon dioxide
2.12 Let us calculate the absorption coefficient due to carbon dioxide. To make estimates, we can assume
that the air temperature differs slightly from 0°C . To do this, we take into account that: 1) in the range from
2.5 t0 3.0 um, the energy of the thermal radiation of the Earth is negligible; 2) in the range from 6.5 pm to
7.0 um all radiation is absorbed by water vapor; 3) in the range from 16 um to 18 um, the fraction of
radiation energy is equal to @ =0.08 (calculated according to the graph for t=0°C) . Therefore, the
additional absorption coefficient due to the presence of carbon dioxide is found as
K, =0.04. (27)
Since the absorption of carbon dioxide and water vapor lie in different spectral ranges, the total
absorption coefficient is equal to the sum of the absorption coefficients of water and carbon dioxide. Then
the change in the steady-state surface temperature (taking into account absorption by carbon dioxide)
increases by the value

K
At =T, ?2 ~1.4 °C. (28)
2.13 To calculate the absorption coefficient with increased concentration, we use the obvious reasoning: in
the presence of several absorbing layers, the total transmission is equal to the product of the transmission
coefficients of individual layers, therefore

1-k, =([1-k, ). (29)
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Hence it follows that if the concentration is doubled, the spectral absorption coefficient is expected to
increase from 0.50 to

k, =2k, —kZ =0.75. (30)
Therefore, the total absorption coefficient becomes equal to
K, =kd =0.06. (31)
I.e. increases by AK, =0.02. Therefore, the additional rise in temperature is finally obtained as
At =T, Ak, ~0.7 °C. (32)
Content Points
Formula (1): A, _b 01

2.1 s 0.2
Numerical value in formula (1): 4, =0.446 um 0.1
Formula (2): W - 7R* = &T,' - 42R? 0.4

,W 0.2
. = 4/—

29 Formula (3): T, pym 10
Numerical value in formula (3): T, =280.3 K 0.2
Numerical value in formula (4): t, =7.15 °C 0.2
Formula (5): A, _b 01

2.3 Te 0.2
Numerical value in formula (5): 4, =10,3um 0.1
Formula (6): W:V—V 01

2.4 4 0.2
Numerical value in formula (6): w =350 W/m? 0.1
Formula (7): w+R, =R, 0.2
Formula (8): KR, =2R, 0.2
Formula (9): R =0T, 0.2

25 | Formula (10): R, =KoT, 0.2 12
Formula (11): T, = _To 04

K
4/1_7
2
Direct use of K =1 0.1
26 | Formula(12): T,=T,%42 0.2 05
Numerical value in formula (13): At, =53.0 °C 0.2
= 0.2
Formula (14): W, = I L(A,T)dA
0
2 0.2
2.7 | Formula (15): W, :jk(i)ro(/l,Tl)d/l 0.8
0
K 0.4
Formula (16): K :Jk(l)go(/l,Tl)d/l
0
- Numerical value in (17): t, =0 °C: K, =0.092 0.6 L
' Numerical value in (18): t, =50 °C:  K,, =0.158 0.6 '




XVIII International Zhautykov Olympiad/Theoretical Competition c. 9/15

29 Numerical value in (19): K, =0.092 0.2 04
' Numerical value in (20): & =0.031 K™ 0.2 '
210 Numerical value in (21): K(t,)=0.0757 04 03
' Numerical value in (23): At, =2.65 °C 0.4 '

Formula (24): T, :T—O 0.2
4 1_ K(Tl)
V 2
Formula (25): T, =T, + At at At < T, 0.2
2.11 1 Ko (1+aty) 0.4 1.0
: ° 8 At
Formula (26): At = = <
1-T, %0 1T, “8 0
Numerical value in formula (26): At ~2.84 °C 0.2
’ 19 Numerical value in (27): K, =0.04 0.5
1 Numerical value in (28): At, ~1.4 °C 0.5 10
Formula (29): 1-k, =(1—k, ) 0.5
Formula (30): k, =2k, —k? 0.2
2.13 ula (30): k, =2k kg 15
Numerical value in formula (31): K, =k® =0.06 0.4
Numerical value in (32): At/ ~0.7 °C 0.4
Total 10.0

Problem 3. Corpuscular interpretation of light pressure (10.0 points)
Introduction
3.1 Let the concentration of photons with the energy & in the incident radiation be equal to n, then the
wave intensity is determined by the relation
I, =cen, (1)
where ¢ stands for the speed of light.
The number of photons AN falling on the area element AS at the angle ¢ per unit of time is written

as
AN =CnAtAS coso. (2)
The number of absorbed photons per unit of time is found as follows
AN, = (1-R)AN (3)
whereas the number of reflected ones
AN, =RAN . (4)

The normal component of the momentum, transferred by one photon to the area element upon
absorption, is equal to

Ap, =Zcosp, ®)
C
and the same value at reflection is put down as
Ap, =25 cosg. (6)
c

The total momentum transferred to the area element is determined by the expression
Ap = ANaApa + ANrApr ' (7)
and the pressure sought is calculated by the formula
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pszﬁz%’(H R)cos’ ¢. (8)
3.2 At normal incidence ¢ =0 and at complete absorption R =0, we obtain
p, = '? =4.70-10"Pa. ©)
and, accordingly, at total reflection R=1
.= 2(!5 =9.40-10°Pa. (10)

3.3 Consider a section of the spherical surface perpendicular to the incident light flux. For the mirror part of
the surface, which completely reflects light, the mechanical torque is equal to zero, since the transmitted
momentum is directed strictly along the radius of the sphere.

Let us consider a strip in the section located from the center of the sphere at distances from x to
X+ dx. The selected part of the completely absorbing surface has the area

dS = 24/R?* —x?dx, (11)

and the number of absorbed photons per unit time is equal to
IS

AN, ==dS, (12)
&
each of which has the momentum
Ap, =< (13)
c
The force shoulder is
l=x, (14)
therefore, the torque of forces acting on the selected area is obtained as

21,

dM = AN_Ap,| = R? —x*xdx, (15)
c

and the total torque of forces is determined by the integral
21.R?
3c

R
M =[dM = =3.13-10°N-m. (16)
0

Space station with the mirror sail
3.4 At the initial rest point of the station of mass m with the sail of area S, located at the distance R, from

the Sun of mass My, the gravitational force is exactly balanced by the light pressure force, which leads to

the equation

M.,m 2n

_52 = _0‘93 , (17)
R; C

where G refers to the gravitational constant, n, is the concentration of photons of solar radiation with

energy ¢ at the location of the station.

G
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Due to the spherically symmetric expansion, the photon concentration changes with the distance r
from the Sun according to the law

R 2
n(r) =n, (TOJ . (18)
The initial momentum of photons before the collision with the sail is written as

&
Po=—» (19)

C

whereas the final one constitutes
_gevV. (20)
cc+V

This relationship is easily obtained from the kinematics and is actually the formula for the Doppler effect. In
addition, the momentum of a photon after reflection from the sail mirror can be easily obtained from the
laws of conservation of momentum and energy by considering an absolutely elastic collision of a photon
with a moving massive mirror.

Thus, the change in the momentum of the photon is transferred to the mirror and is equal to

2¢
Ap=p—-p, = , 21
P=P=Po=—r (21)
and the number of photons falling per unit time At on the sail is derived as
AN
—=n(r)S(c-V). 22
I (rS(c-V) (22)
Hence, the force acting on the station due to the solar radiation is determined by the expression
2
f=apiN _ones[Ro| Y _gMmeV 23)
At r ) c+Vv r- c+V
The station is also subject to the force of gravitational attraction from the Sun
M.m
f,=G——. (24)

r
which means that the motion of the station in the radial direction is described by Newton's second law in the
form

mY _f g = eMM V. (25)
dt r- c+V
Bearing in mind that for a small displacement
dr =Vdt, (26)
we obtain from expression (25) the differential equation
(c+V)dV =-2GM % : 27)
which is easily integrated and, if the station stops, gives rise to
1 1 1
¢V, +=V=2GM | —-=|. 28
Loz (11 @
Solving equation (28), we find the distance sought as
R
R= e renll (29)
1- eV, + BV)R,
2GM
which, under the condition of the Earth's orbital motion
GM, =V{Zr,, (30)
as well as the relation V < c, yields the final answer of the form
— I:QO _ 10
R_l_ VR =9.93-10"m. (31)

V2T,
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3.5 It follows from formula (31) that the station is able to fly away to infinity R — o only if the
denominator of the expression becomes zero, which results in

_ v
CR,

V

min

=18.1m/s. (32)

Poynting-Robertson effect
3.6 The mass of the dust particle is determined by the expression

m= p%ﬁa3 , (33)

and its cross-sectional area is
S =ra’. (34)
Let us determine the effective force acting on the particle as a result of light absorption. To reduce it
to the pressure of light, let us move to the frame of reference associated with the dust particle. In this frame
of reference, the particle is affected by the pressure of light, calculated by formula (9), but its direction does
not coincide with the radial one due to the aberration of light, namely, it makes a small angle V /¢ with it.
Thus, in the tangential direction of the particle trajectory, a force appears due to the absorption of photons,
equal to
I
F=-V C—Sz S, (35)
which creates a torque about the center of attraction found as
M =—FR. (36)
Since the trajectory of the dust particle is almost circular, its velocity can be written as

GM,
V=/ = (37)

and the angular momentum relative to the attracting center

L=mVR. (38)
Collecting equations (33)-(38) together, we write
dL
—=M, 39
pm (39)
whence we finally find the time sought in the following form
2
r:z‘;pfmzl.zmog s. (40)
S

At the derivation, change in the intensity of solar radiation with distance is neglected, since the
radius of the orbit decreases only slightly and the corresponding corrections are of higher order of smallness.
Note: A consistent explanation of the Poynting-Robertson effect is based on the following interpretation. In
the reference frame associated with the particle, it absorbs the solar radiation, which propagates at a small
angle to the radial direction, and then reradiates the accumulated energy isotropically in all directions. In the
reference frame associated with the Sun, the primary radiation of the Sun propagates in the radial direction,
and the reradiation of the particle itself is no longer isotropic. In the first case, the appearance of the braking
force moment is explained by the aberration of solar radiation, whereas in the second case, by the Doppler
effect for the reradiation of the particle itself.

Laser tweezer
3.7 Let us calculate the force acting on the first converging lens, which is equal to the total change in the
momentum of photons incident on the lens per unit time. Obviously, the momentum changes due to the
refraction of light in the glass, since its direction changes, but not the module.

Consider all the rays passing through the ring on the lens, located from its center at distances from r
to r+dr.
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The area of this ring is written as
dS = 2zrdr . (41)
The change in the longitudinal momentum of photons passing through the given ring per unit time is
equal to

dp, = ! (1-cos6)dSs (42)
C
where the angle of refraction is found as folows
. r
sin@ =—, 43
= (43)

since all rays converge at the focus of the lens.
Integrating the resulting expression over the entire surface of the lens, we obtain
R 4
7zl 2 3/2 7IR
f =|dp =— RZ——[FS— F?-R? } ~ =2.64-10" N. 44
! ! = ( 3F ( ) AcF? “44)
Since the foci of the lens L and the particle M coincide, when leaving the "lens-particle™ system, the
light beam propagates again parallel to the optical axis, and, therefore, as a result of refraction on the particle
M, the photon momentum is restored. Consequently, the force acting on the particle M is equal in magnitude
to f,, butis directed towards the converging lens. This force draws the particle into the laser radiation field.

This is the principle of operation of the "laser tweezer".
3.8 Consider all the rays passing through the element of the semiring on the lens, located from its center at
distances from r to r+dr, and also cut off by azimuth angles from g to g+dpg. The area of this
semicircle element is derived as
dS =rdrd 3. (45)
The change in the transverse momentum of photons passing through the given ring per unit time is
equal to

dp, :%sin @sin gds , (46)

and integration over the entire surface of the half of the lens, taking into account formula (43), leads to the
expression

I 2% : 2IR®
f . =|dp, =— | |r?drsinpdg = =224-10" N. 47
=] dp, CFM pdp="_ (47)
Content Points
Formula (1): 1, =cen 0.1
Formula (2): AN =CcnAtAS cos¢ 0.1
31 Formula (3): AN, =(1-R)AN 0.1 0.8
Formula (4): AN, = RAN 0.1
Formula (5): Ap, =£COS(0 0.1
C
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Formula (6): Ap, = 25003(/) 0.1
c
Formula (7): Ap =AN,Ap, +AN,Ap, 0.1
Formula (8): p, = I—°(1+ R)cos® ¢ 0.1
c
Formula (9): p, :I—s 0.1
C
Numerical value in formula (9): p, =4.70-10°Pa 0.1
3.2 o 0.4
Formula (10): p, =—2 0.1
C
Numerical value in formula (10): p, =9.40-10°Pa 0.1
Moment of forces on the mirror part of the sphere M =0 0.1
Formula (11): dS =2+vR? — x?dx 0.1
Formula (12): AN, =|—SdS 0.1
&
Formula (13): Ap, = 2 0.1
c
33 IEormula (14): 1 =x 0.1 Lo
Formula (15): dM =%\/R2—x2dx 0.1
3
Formula (16): M = 2R 0.2
Numerical value in formula (16): M =3.13-10°N-m 0.2
Formula (17): G% :2n_ogs 0.4
0
R 2
Formula (18): n(r)=n, (T‘)j 0.2
Formula (19): p, _ 0.1
C
Formula (20): p=iﬂ 0.2
cc+V
2¢
Formula (21): Ap=p—-p, = 0.1
c+V
3.4 AN 3.6
Formula (22): N n(r)S(c-V) 0.2
Formula (23): f =G Mszm c-v 0.2
r- c+Vv
M.m
Formula (24): f, =G rsz 0.2
Formula (25): md—vz—ZG MSZmL 0.4
dt r- c+V
Formula (26): dr =Vdt 0.2
dr
0.2

Formula (27): (c+V)dV =-2GM{ —
r
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1 1 1
Formula (28): ¢V, + =V =2GM | ——= :
oy o2~z [ 1) 0
Formula (29): R= Ry
OV RVR, 0.2
2GM,
Formula (30): GM, =V¢r. 0.2
R
Formula (31): R=—-2—
(31) 1- cV,R, 0.4
V72T,
Numerical value in formula (31): R=9.93-10"m 0.2
2
Formula (32): V., zvarE 0.2
35 cR, 0.4
Numerical value in formula (32): V_,, =18.1 m/s 0.2
Formula (33): m= ,o%ﬂa3 0.1
Formula (34): S = 7a’ 0.1
Formula (35): F =-V I—iS 0.4
c
Formula (36): M =FR 0.2
M
3.6 | Formula(37):V = ‘/GR 5 0.2 2.0
Formula (38): L=mVR 0.2
Formula (39): ?j_lt_ =M 0.2
. __ 2upac?
Formula (40): 7 =—— 0.4
3l
Numerical value in formula (40): 7 =1.27-10° s 0.2
Formula (41): dS = 2zrdr 0.1
Formula (42): dp, =%(1—c05<9)d3 0.2
- sing ="
37 Formula (43): sing = = 0.2 10
4
Formula (44): f, = ' [ R? —i[lre'—(lr2 —Rz)ﬂ LR 0.3
c 3F 4cF
Numerical value in formula (44): f, =2.64-10™" N 0.2
Formula (45): dS =rdrd g 0.1
Formula (46): dp, =lsin @sin dS 0.2
c
3.8 3 03 0.8
Formula (47): f, = 2IR
3cF
Numerical value in formula (47): f, =2.24-10™ N 0.2
Total 10.0
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THEORETICAL COMPETITION
February 16, 2022

Please read this first:

1. The duration of the theoretical competition is 4 hours. There are three problems.
2. You can use your own calculator for numerical calculations.

3. You are provided with Writing sheet and additional white sheets of paper. You can use the additional
sheets of paper for drafts of your solutions, but these sheets will not be graded. Your final solutions should
be written on the Writing sheets. Please use as little text as possible. You should mostly use equations,
numbers, figures, and plots.

4. Use only the front side of Writing sheets. Write only inside the boxed areas.
5. Start putting down your solution to each problem on a new Writing sheet.

6. Fill in the boxes at the top of each Writing sheet with your country (Country), your student code (Student
Code), problem number (Question Number), the progressive number of each Writing sheet (Page
Number), and the total number of Writing sheets used (Total Number of Pages). If you use some blank
Writing sheets for notes that you do not wish to be graded, put a large X across the entire sheet and do not
include it in your numbering.
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Problem 1 (10.0 points)

This problem consists of three independent parts.

Problem 1.1 (4.0 points)
A ball of radius R rests on the edge of a horizontal table of height h = 3R. The ball starts to fall without
a significant initial push, and there is no slipping with the edge during the entire time of motion. Find at what
distance [ from the base of the table the ball first touches the floor. The free fall acceleration is equal to g, air

resistance is negligible. It is known that the kinetic energy of a ball rolling without slipping is equal to E =
7

m mw?, where v denotes the speed of the ball center with m being its mass.

NN
A\

Problem 1.2 (3.0 points)

A quasi-static process is carried out with one mole of an ideal monatomic gas, as a result of which its
initial volume V, = 1 m? increases four times, and the initial pressure p, = 10° Pa decreases two times. It is
known that for each small section of the quasi-static process, the ratio of work to the change in internal energy
is a constant value. Find the total work A done by the gas in this process.

Problem 1.3 (3.0 points)

A thin-walled dielectric hemisphere, negatively charged with the surface density - g, is placed on the
horizontal table. A point-like ball of mass m is carefully placed on its top. Determine the minimum positive
charge Q of the ball, such that it is still in a state of stable equilibrium at the top of the hemisphere. The charges
between the hemisphere and the ball are not redistributed. The free fall acceleration is g.

Q,m
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Problem 2. Greenhouse effect (10.0 points)
Introduction

Any heated body, whose temperature T is above absolute zero, radiates electromagnetic waves. The
spectrum of this radiation, called thermal, depends on the optical properties of the body surface and its
temperature. Despite the fact that the radiation of each body is its individual characteristic, general laws are
well known that describe the thermal radiation.

Kirchhoff's law. In a state of thermodynamic equilibrium, the ratio of the emissivity of a body (4, T)
to its absorptivity k(4, T) is a universal function ry(4, T) that does not depend on individual characteristics

r(AT) _
oD o4, T).

The value r(A, T)AA has the meaning of the energy emitted per unit area per unit time in a narrow wavelength
range from A to A + AA. The absorptivity of the body k (4, T) is a dimensionless absorption coefficient equal
to the ratio of the radiation energy absorbed by the body to the total radiation energy incident on the body
surface, if the wavelengths of the incident radiation lie in a narrow wavelength range from A to 4 + 4A. If the
body completely absorbs all the incident electromagnetic radiation k(A, T) = 1, then such a body is called an
absolute black body.

Wien's displacement law. The wavelength 4,,,,, at which the function rry(4, T) has a maximum, is
related to the absolute temperature by the relation

AnaxT = b,

where b = 2.898 - 1073 m/K is called the Wien constant.

Stefan-Boltzmann law. The total emissivity of a black body over all wavelengths is described by the
formula

where 0 = 5.670 - 1078 W /(m? - K*) stands for the Stefan-Boltzmann constant.
Using the Stefan-Boltzmann law, the formula for ry (A4, T) can be represented as

104, T) = oT*@ (A, T).
Here, the Planck function ¢ (4, T) describes the energy distribution in the black body radiation spectrum; the
value @ (4, T)AA is equal to the fraction of the thermal radiation energy per narrow spectral interval from A to
A+ AA. The total area under the graph of the function @(A,T) is equal to unity. In this problem, it is
recommended to use the graphs of this function, shown in the figure below and plotted at temperatures t =
0°C and t = 50°C.

The Planck function

0,08 -

0,07 A RS-

0,06 y v

0,05
' ) '/ ™ \
/ \\.\_\

0,04 7

0,03
}‘, / TR
0,02 /

fi(lambda)

VAV

0,01 /

N\

0,00 ,
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wavelength, micrometer
Model of the Earth and its atmosphere
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Climate change associated with an increase in the average temperature of the atmosphere is now an
established scientific fact. It is believed that the main cause of the global warming is the greenhouse effect.
Solar radiation, whose main part lies in the visible region of the spectrum, passes almost completely through
the atmosphere, and then is absorbed by the earth's surface. On the contrary, the thermal radiation of the earth's
surface, which lies mainly in the infrared region of the spectrum, is significantly absorbed by certain
atmospheric gases, mainly water vapor and carbon dioxide. In this problem, the simplest model of the
greenhouse effect is considered and some numerical estimates are made of its influence on the atmospheric
temperature.

The surface of the Earth is assumed to be an absolutely black body of a spherical shape, covered with
a layer of the atmosphere, whose thickness is much less than the Earth radius. Conventionally, the atmosphere
is divided into two parts: 1) the lower layer, directly adjacent to the earth's surface and having the same
temperature as the earth’s surface; 2) the upper (greenhouse) layer, capable of absorbing thermal radiation
coming from the earth's surface. It is assumed that the transfer of energy between the Sun, the earth's surface
and the atmosphere is carried out only through radiation, and the temperatures of the earth's surface and
atmospheric layers are the same at all their points and do not depend on time, for example, on the time of day
or year season. In the following, the solar constant W = 1.40 - 103 W/m? is considered known, which is the
power of solar radiation incident on the unit area of the Earth, oriented perpendicular to the incident light.

Atmosphere without the greenhouse effect

2.1 Evaluate the wavelength A,,,, s, which corresponds to the maximum in the thermal radiation of the
Sun, if the surface temperature of the Sun is approximately equal to Ts = 6500 K.

2.2 Neglecting the absorption of the atmosphere and considering the earth's surface as an absolutely black
body, evaluate the steady-state temperature of the Earth's surface T}, and also determine this temperature
to in the Celsius scale. This temperature is called below as the "black earth" temperature.

2.3 Calculate the wavelength A,,,,, g, Which corresponds to the maximum in the radiation of the "black
earth".

2.4 Calculate the power of solar radiation w per unit area of the Earth's surface.

Various atmosphere models
In reality, the upper layer of the atmosphere _w— . . .
effectively absorbs electromagnetic radiation of certain
wavelengths in the infrared region of the spectrum. For
example, the figure on the right shows the real dependence of
the atmospheric transmission as a function of the wavelength.

Transmittance (percent;

As can be seen, this dependence is rather complicated, 0 L A
. . . o] 1 2 8 4 5 =] & ) ] 10 1" 12 12 14 18
therefore, in the problem below, several simplified models " | L
1 £ $ 4 }—T +ct +o # H+O c+a ct),
2 o =33 e
are considered. [ e R a e Mo |

Let K be the total absorption coefficient of the upper
layer of the atmosphere for the thermal radiation of the Earth, i.e. the ratio of the energy of the thermal radiation
absorbed by the upper layer of the atmosphere to the total energy incident on the upper layer of atmosphere
from the earth's surface.

2.5 Obtain the formula for the steady-state temperature of the Earth's surface T; and express it in terms of
the "black earth" temperature T, and the absorption coefficient K.

Maximum greenhouse effect
Let the upper layer of the atmosphere completely transmit the solar radiation and completely absorb
the thermal radiation of the Earth.

2.6 Calculate how much the temperature of the Earth's surface At; = T; — T increases compared to the
temperature of the "black earth" due to the maximum greenhouse effect.

Water greenhouse effect
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Let the spectral absorption coefficient k(A1) of the upper layer of the atmosphere be a known function
of the wavelength A of the incident radiation and be independent of its temperature.

2.7 Express the total absorption coefficient of the upper atmosphere K in terms of k(4) and the Planck
distribution function ¢ (4, T;),, where T; denotes the temperature of the Earth's surface.

Assume that the absorption in the upper layer of the atmosphere is completely due to water vapor.
Approximately, it can be considered that water vapor completely absorbs radiation whose wavelengths lie in
the range from 5.00 to 8.00 um, whereas the rest is completely transmitted.

2.8 Using the plots of the Planck distribution function given in the introduction section of this problem,
calculate the numerical values of the total absorption coefficient K of the upper atmosphere for two values
of the Earth's surface temperatures t; = 0°C and t; = 50°C.

In the above specified temperature range from t; = 0°C to t; = 50°C, the dependence of the total
absorption coefficient on the ground temperature t; is approximately described by a linear function of the
temperature itself: K(t;) = Ko(1 + at;),, where K, @ are some constants.

2.9 Calculate the numerical values of the parameters K, and «.

In the following, assume that the temperature changes under question are small, so formulas of
approximate calculus can be used.

2.10 Neglecting the dependence of the absorption coefficient of the atmosphere on the temperature and
assuming it to be equal to the absorption coefficient at the temperature of the "black Earth" T, calculate
the change in the temperature of the Earth's surface At; = T; — Ty.

2.11 Calculate the change in the temperature of the Earth's surface At; = Ty — Ty < T if the dependence
of the atmospheric absorption coefficient on the temperature is described by the linear function of the
earth's temperature as defined above.

Amplification of the greenhouse effect by carbon dioxide
Let us take into account the effect of the absorption by carbon dioxide present in the atmosphere. At
the current concentration of carbon dioxide in the atmosphere (approximately 0.05%), it can be considered
that carbon dioxide completely absorbs the radiation of the Earth in the wavelength ranges from 2.50 to 3.00
pum and from 6.50 to 7.00 pm, and in the range from 16.0 to 18.0 um the absorption coefficient equals 0.500.
For other wavelengths, the absorption of radiation by carbon dioxide can be neglected.

2.12 Estimate how much, as compared to the water greenhouse effect model, the temperature of the Earth's
surface increases due to the absorption of radiation by carbon dioxide.

2.13 Estimate how much, as compared to 2.12, the temperature of the Earth's surface increases if the
concentration of carbon dioxide in the atmosphere increases by 7 = 2.00 times as compared to its current
concentration.
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Problem 3. Corpuscular interpretation of light pressure (10.0 points)
Introduction
Electromagnetic waves, reflected from the interfaces between media or absorbed by them, exert
mechanical pressure, whose corpuscular interpretation is the subject of this problem. The main postulate of
the corpuscular theory of electromagnetic radiation states that electromagnetic radiation, in particular light, is
a beam of particles called photons with an energy determined by Planck's formula. In what follows, take the
speed of light be equal to ¢ = 2.98 - 108 m/s.

3.1 Let a parallel beam of light with intensity I, fall on a flat surface at an angle ¢ with the normal, and
the coefficient of reflection from the surface is R = I,./I,, where I,. stands for the intensity of the reflected
light. Find the pressure of light pg exerted on the surface, provided that the reflection coefficient does not
depend on the angle of incidence.

3.2 Calculate the pressure p; of the solar radiation, whose intensity is equal to I; = 1400 W/m?. Assume
that light is incident perpendicular to: (a) the completely absorbing earth's surface; b) the completely
reflective (mirror) surface.

3.3 A ball with the radius R = 1.00 m is illuminated by a wide parallel beam of sunlight with intensity
I, = 1400 W/m?. One half of the ball is made of a material that completely reflects light, while the other
half absorbs it completely. Both halves are symmetrically illuminated by the beam. Calculate the moment
of light pressure forces acting on the ball about its axis of symmetry, which is perpendicular to the beam
and lies in the plane dividing the ball into the mirror and absorbing halves.

Space station with the mirror sail
The space station rests far from the planets at a distance of Ry = 5.00 - 107 km from the Sun, held by
a solar sail (fully reflective mirror) oriented perpendicular to the sun's rays. At certain time moment, the
station's engines turn on for a short time and give it an initial speed V; = 9.00 m/s in the direction from the
Sun. Completely ignore the influence of the solar wind, which is a beam of ionized particles, mostly protons,
helium nuclei and some others. Consider it known that the Earth moves around the Sun in a circular orbit of
the radius 7z = 1.50 - 108 km with the speed of V; = 30.0 km/s.

3.4 Calculate the maximum distance R from the Sun to the station.
3.5 Determine the minimum value of the speed Vy = V,,,;,,, at which the station will be able to fly away
from the Sun

Poynting-Robertson effect
In astrophysics, the physical process is well known, such that in the solar system solid dust particles
slowly fall onto the Sun along a spiral trajectory whose shape is very close to circular. Let us consider a similar
spherical dust particle of radius @ = 1.00 mm and density p = 3.00 - 103 kg/m?, which rotates around the
Sun at such a distance from it that light with intensity I, = 1400 W/m? falls on the dust particle. Under given
conditions, the radial component of the pressure of light on the particle can be neglected in comparison with
the gravity of the Sun. Consider that dust the particle completely absorbs the incident radiation.

3.6 Evaluate the characteristic time 7, during which the distance to the Sun R decreases by the relative
S8R

value p = — =10 4,
Laser tweezer

In 2018, the Nobel Prize in physics was awarded to A. Ashkin for the creation of "laser tweezer", a
device that allows one to hold and move transparent microscopic objects with the help of light. In one of the
devices of such a "laser tweezer", a parallel beam of light from a laser passes through a converging lens L and
hits a microparticle M, which can also be considered a converging lens. Point F is the common focus of L and
M (see figure 3.1 below). The light intensity in the beam is I = 1.00 uW /sm?, the beam radius is R = 1.00
cm, the focal length of the lens L is F = 10.0 cm. Ignore completely the absorption and reflection of light.

3.7 Calculate the force acting on the microparticle.

To create a force acting on the particle in the transverse direction of the beam, the left half of the lens
L is covered by a diaphragm (see figure 3.2 below).
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3.8 Calculate the force acting on the microparticle in the transverse direction of the beam.

Yy

Figure 3.1 Figure 3.2

Mathematical hints for the theoretical problems

The following formulas may be useful:
n+1 ) )
f LixMdx = J;H + C, where n # —1 is a fixed number, C refers to an arbitrary constant
e d .
7’6 =InIn |x| + C, where C stands for an arbitrary constant

(1+x)=1+yx+ @xz, for |x| < 1 and any value of y

Inlin(1+x) =x, for |x] K1
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Please read this first:

1. The duration of the experimental competition is 4 hours. There are two problems.
2. 'You can use your own calculator for numerical calculations.

3. You are provided with Writing sheet and additional white sheets of paper. You can use the additional
sheets of paper for drafts of your solutions, but these sheets will not be graded. Your final solutions
should be written on the Writing sheets. Please use as little text as possible. You should mostly use
equations, numbers, figures, and plots.

4. Use only the front side of Writing sheets. Write only inside the boxed areas.
Start putting down your solution to each problem on a new Writing sheet.

Graphs must be drawn on Writing sheets with the graph paper. All drawings must be done with a pen,
not a pencil!

7. Fill in the boxes at the top of each Writing sheet with your country (Country), your student code
(Student Code), problem number (Question Number), the progressive number of each Writing sheet
(Page Number), and the total number of Writing sheets used (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be graded, put a large X across the entire
sheet and do not include it in your numbering.

Dry friction
Experiment 1: Sliding friction
To measure the coefficient of sliding friction, the rolling of a solid homogeneous cylinder on an
inclined plane is studied at various angles of inclination of the plane to the horizon. We assume that the
force of sliding friction is described by the well-known Coulomb-Amonton law:
F=uN, 1)

where N stands for the normal reaction force and ¢, denotes the coefficient of sliding friction.

Consider the experimental setup to be a wide flat steel
plate, whose angle of inclination to the horizon can be
arbitrarily varied. The error in setting the angle of inclination
of the plane to the horizon is Aa =0.2°.

The solid homogeneous steel cylinder can roll down
the plate with its axis remaining horizontal all the time. To
measure the acceleration, three optical sensors (0, 1, 2) are
fixed on the plate. Each sensor consists of a light source and a
photodetector, which are mounted on the identical stands. The
solid homogeneous cylinder is placed on the plate and
released. The cylinder moves down between these stands and blocks the light beam so that at the moment of
light interruption, an electrical impulse is generated that controls an electronic stopwatch (not shown in the
figure). When the cylinder passes sensor 0, a stopwatch is started, when the cylinder passes sensors 1 and 2,
the times of these passages are recorded.

Thus, the following time intervals are measured in the experiment:

t, — cylinder motion time interval from sensor 0 to sensor 1;

t, — cylinder motion time interval from sensor O to sensor 2.
These time intervals are recorded with 4 significant digits. The instrumental error in measuring time
intervals t, and t, is equal At=2.10""s.

The distances between the sensors are measured as:
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from sensor 0 to sensor 1 S; =(50.0+0.2)sm;

from sensor 0 to sensor 2 S, =(100.0+0.2)sm.

When making numerical calculations, assume that the free fall acceleration is equal g =9.81m/s2.
The results of measuring time intervals t, and t, are given in Table 1 for different angles of
inclination of the plate to the horizon.

Table 1. Time intervals of the cylinder motion.
ao tl’ S t2, S

20 0,4546 0,7187
25 0,3936 0,6290
30 0,3462 0,5589
35 0,3229 0,5211
40 0,3358 0,5283
45 0,3084 0,4911
50 0,2682 0,4347
55 0,2816 0,4432
60 0,2600 0,4113
65 0,2461 0,3908
70 0,2308 0,3675
75 0,2218 0,3542

Theoretical part
1.1 Derive formulas for the acceleration of the cylinder axis in two cases: A) the motion of the cylinder
occurs without slipping — acceleration a,; B) when moving along the plate, the cylinder slips — acceleration

a,. Express your answers in terms of «, g, z .
1.2 Express the maximum angle «a =« of inclination of the plate, at which the motion of the cylinder still
occurs without slipping, in terms of the coefficient of friction ;.

Processing of measurement data
1.3 Using the measurement results given in Table 1, calculate the acceleration with which the cylinder axis
moved for each angle of inclination of the plate. Put down the formula for the acceleration, according to
which the calculations are carried out. Draw a graph of the acceleration versus the angle and with its aid find
an approximate value of the critical o, .
1.4 Carry out the linearization of the obtained dependence, i.e. find such values X(e,a) and Y (e, a) so that
the dependence Y(X) turns linear for the both cases when the cylinder moves without slipping and with
slipping. Draw a linearized dependence Y (X ) for all experimental points.
1.5 Using the linearized relationship Y (X ), calculate the coefficient of friction x, between the cylinder and
the plate. Estimate the error Az, of the obtained value. Put down the formulas used in your calculations.
1.6 Using the linearized relationship Y(X), calculate the value of the critical angle e, at which the

cylinder starts to slip. Estimate the error of the obtained value. Put down the formulas used in your
calculations.
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Experiment 2: Rolling friction

In reality, even in the absence of slipping between the bodies,
there are frictional forces called rolling friction forces. In this
experiment, the following setup is used to study the rolling friction. A
small rod is rigidly attached to the side surface of a massive solid
cylinder, whose imaginary prolongation crosses the axis of the
cylinder. The cylinder is located on the two horizontal plates so that it
can roll over them without slipping. In this case, the rod lies always in
the gap between the plates.

Let us use the following notation: the radius of the cylinder R,
the mass of the cylinder M, the mass of the attached rod m, which
can be considered significantly less than the mass of the cylinder, the distance from the center of mass of the
rod to the axis of the cylinder | .

Usually, the formula for the rolling friction force is written as

F="N,
R

where N is the normal reaction force, R stands for the radius of the rolling body, and « refers to the rolling friction
coefficient. In this part of the problem, it is necessary to determine the dimensionless value p, = R which for brevity

is called the coefficient of rolling friction. Typically, the coefficient of rolling friction is much less in magnitude than
the coefficient of sliding friction studied above.

During the experiment, the cylinder is placed
into its initial position in such a way that the rod is
directed vertically upwards, after which the cylinder is
released without any significant push. The cylinder
starts to roll on the plates, performing damped
oscillations due to the action of the rolling friction
force. In this case, the coordinates of successive
extreme positions of the cylinder (stoppage points) are
written down: x, — initial position, X, X,, X;... —

coordinates of successive stoppage points. The origin

of coordinates x =0 corresponds to the point where the rod is directed vertically downwards. Table 2 shows
the experimental values of the coordinates of the stoppage points, whose measurement error is found as
AX=0,2sm.

xiO

Table 2. Coordinates of the stoppage points.

X, , SM

15,8
-11,6
10,1
-9,0
7,7
-7,0
5,7
-5,3
4,7
-3,9
2,8

OO N0 WIN (- |O|x

(BN
o




XVII International Zhautykov Olimpiad/Experimental Competition 4/4

To determine the setup parameters, the period of small oscillations of
the cylinder near the equilibrium position (point x =0) is measured. For this,
the times of five oscillations of the cylinder with the rod are measured several
times. The results of these measurements are shown in Table 3. The
instrumental error of the time measurement is At =0,02s

Table 3. The times of five oscillations
k t;, S

7,39
7,21
7,26
7,47
7,44

O WIN|F-

Theoretical part
2.1 Derive the formula for the period of the small fluctuations described right above. Express the oscillation
period in terms of the setup parameters M, m,R,| and the free fall acceleration g .

2.2 Derive an equation relating the coordinates of two successive cylinder stoppage points X,, X, , in the

described cylinder rolling experiment. This equation, in addition to the coordinates, may include the setup
parameters M, m,R, |, the free fall acceleration g and the coefficient of rolling friction g, .

2.3 Express the coordinate of the k ’th cylinder stoppage point in terms of the initial coordinate x, and the
coordinates of all previous stoppage points x;, X,,... X, ;. This equation, in addition to the coordinates of the
stoppage points, should include only the free fall acceleration g and the period of small oscillations T .

Processing of measurement data
2.4 Using the measurement results given in Table 3, calculate the period T of small oscillations of the
cylinder. Estimate the measurement error AT of this quantity.
2.5 Propose such values Y(x,) and X(x,, %,,-.. X, ) such that the dependence Y(X ) turns linear and allows

you to calculate the coefficient of rolling friction x, . Draw a graph of the linearized relationship Y(X).
2.6 Using the linearized relationship Y (X ), calculate the coefficient of rolling friction 4, . Estimate the error
Au, of the obtained value.



XVIII International Zhautykov Olympiad/Experimental Competition Page 1/12

SOLUTION
Dry friction
Experiment 1: Sliding friction
Theoretical part

1.1 The formulas for the accelerations of the cylinder axis can be obtained in various ways, but they are all
based on the use of Newton's second law. When a cylinder rolls down an inclined plate, it is subject to the

following forces: mg — gravity due to the Earth, N — normal reaction force, F — friction force.

A) In this case, the friction force does not perform any work, so we can write down the equations of
the law for the conservation of mechanical energy as follows
%mRZVC2 =mgSsin «, (1)
which takes into account the energy of rotation of the cylinder around its own axis.

To determine the acceleration, we calculate the time derivative of this equation to obtain
%mRZ-ZVCa:mgsina-Vc. 2)

Here V. = z—? stands for the speed of the cylinder axis, and a = % refers to its acceleration.

It follows from equation (2) that when rolling without slipping, the acceleration of the cylinder axis
is described by the formula

a1=§gsina. 3)

An alternative way to derive this formula is to use the equation for the rotational motion of the cylinder.
B) If the cylinder slips during its downward motion, then the friction force is determined by the
formula

F=uN=upumgcosa, 4)
then the equation of Newton's second law in projection onto an inclined plane has the form
ma =mgsin & — u,mg cos« (5)
It follows from this equation that the acceleration of the cylinder in this case is equal to
a, = g(sina — u cosar), (6)

1.2 It is obvious that the motion without slipping occur at angles of inclination of the plate that are less than
some critical value ¢, , whose magnitude can be found in various ways. For example, it can be found by
equating the accelerations described by formulas (3) and (6).
Here is another method for obtaining the critical angle. From equation (2) of Newton's law, we
obtain
ma=mgsina—F .
Let us express the value of the static friction force, taking into account the found acceleration, as
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. 1 .
F= m95|na—ma=§mg5|na
and assume that this force does not exceed the force of sliding friction
F<uN=pumgcose .
It is derived from the last inequality that

%mgsina<,usmgcow = tga<3u. @)

Thus, the value of the critical angle is determined by the formula
a,, =arctg (3u, ). 8)
Processing of measurement data

1.3 To calculate accelerations according to the measurement results given in the problem formulation, we
write expressions for the distances traveled by the balls

at/
S =Vt +—
2 S, S a
, = o5k, ()
at; t, t 2
SZ :V0t2 +7
The formula for calculating accelerations is then found as:
t t
_ 2 L) (10)
tz _t1

The results of acceleration calculations according to formula (10) are shown in Table 1.

Table 1. Calculation of accelerations.

m
a° t,s t,, S a, 2
20 0.4546 0.7187 2.208
25 0.3936 0.6290 2.715
30 0.3462 0.5589 3.244
35 0.3229 0.5211 3.739
40 0.3358 0.5283 4.196
45 0.3084 0.4911 4,543
50 0.2682 0.4347 5.239
55 0.2816 0.4432 5.950
60 0.2600 0.4113 6.718
65 0.2461 0.3908 7.286
70 0.2308 0.3675 8.116
75 0.2218 0.3542 8.595

Based on these data, Graph 1 of the dependence of acceleration on the angle of inclination of the
plate is drawn.
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Graph 1. Acceleration dependence on the nclanation angle
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It is clearly seen in the graph that it consists of two different branches: at small angles, the motion
occurs without slipping (acceleration is described by formula (3)), whereas at large angles, the cylinder slips,
so the acceleration is described by formula (6). The abscissa of the intersection point of these graphs is the
critical angle, which is seen to be approximately equal to

o, ~46°.
Note: In principle, it is not needed to specify the free fall acceleration, which can be determined from the
behavior of the acceleration at small angles. However, this is not required in this problem.

The linearization of the obtained dependence can be carried out in two alternative ways, which are
approximately equivalent. Let us consider these methods in detail.

Solution 1
1.4 As a variable Y we take the combination
y-_—2& (11)
gcosa
then it follows from the formulas for accelerations:
2 . q %tg a
=—gsin cos
a 3 gsino N gcosa ’
. a2
a, = g(sin a — u, cosa) =tg o —
gCcosa
i.e. the new variable Y is a linear function of X =tg « , such that
2
Y==X, a<a,
3 . (12)

Y=X-u, a>a,

Calculations of the chosen variables are provided in Table 2. In the table the highlighted values
correspond to the motion without slipping.
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Table 2. Linearization 1.
a,m X=tga y__2a
OCO s2 gcosa
20 2.208 0.3640 0.2395
25 2.715 0.4663 0.3053
30 3.244 0.5774 0.3818
35 3.739 0.7002 0.4653
40 4.196 0.8391 0.5584
45 4,543 1.0000 0.6549
50 5.239 1.1918 0.8308
55 5.950 1.4281 1.0574
60 6.718 1.7321 1.3697
65 7.286 2.1445 1.7575
70 8.116 2.7475 2.4188
75 8.595 3.7321 3.3851
Graph 2 shows the linearized dependencies.
Graph 2. Linearization 1.
4
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1.5 Indeed, both dependences turn out to be linear. We represent these dependencies in the form
Y =cX +b. (13)

The calculation of the coefficients of these dependencies by the least squares gives the following

results:
At the motion

without slippi

¢, =0.659+0.008

ng:

b, =0.0004+0.005'
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¢, =1.011+0.009
b, =-0.38+0.02
It follows from formula (12) that the coefficient of sliding friction is equal to
u, =—h,=0.38+0.02. (14)
Note that the calculated random error (of the order of 10%) significantly exceeds the relative errors
of direct measurements of both distances between sensors and motion times. Therefore, the latter can be

with slipping:

ignored.
1.6 The value of the critical angle can be found by equating the two linear relations above:

%X:X—#s = X =tga, =3, (15)
or

a,, =arctg (3u, ) =0.855=49°

The error of this value is equal to
3Aus

Aa, =———=0.03,
(Bus) +1
and we finally get
a, =0.86+£0.03=49°+2°. (16)
Solution 2
1.4 As a variable Y we take the combination
y=—2_ 17)
gsin a
then it follows from the formulas for accelerations:
2 & E
— Zgsin sina 3
a 3 gsino N gsino ’
a, = g(sin & — u, cosar) % -1 uciga
gsin a
i.e. the new variable Y is a linear function of X =ctg« , such that
2
Y=—=, a<a,
3 : (18)

Y=1-uX, a>a,

Calculations of the chosen variables are provided in Table 3. In the table the highlighted values
correspond to the motion without slipping.

Table 3. Linearization 2.

a, m X =ctgo V- <_a
a® g2 gsina
20 2.208 2.7475 0.6580
25 2.715 2.1445 0.6548
30 3.244 1.7321 0.6613
35 3.739 1.4281 0.6645
40 4.196 1.1918 0.6655
45 4.543 1.0000 0.6549
50 5.239 0.8391 0.6972
55 5.950 0.7002 0.7404
60 6.718 0.5774 0.7908
65 7.286 0.4663 0.8195
70 8.116 0.3640 0.8804
75 8.595 0.2679 0.9070
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Graph 3 shows the linearized dependencies.

Graph 3. Linearization 2.
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1.5 Indeed, both dependences turn out to be linear. We represent these dependencies in the form
Y =cX +Db. (19)
The calculation of the coefficients of these dependencies by the least squares gives the following
results:
At the motion

) o ¢, =—0.002+0.003
without slipping: b, = 0.663+0.006

it lioning: ¢, =—0.38+0.02
with slipping: b, =1.01+0.01
It follows from formula (18) that the coefficient of sliding friction is equal to
u, =—C,=0.38+0.02. (20)

In this case, the errors of direct measurements can also be ignored.
1.6 The calculation of the critical angle is carried out similarly and we obtain

a, =arctg(3u, )=0.84=48°

The error of this value is equal to

Ao = BHs  _q0o

“ (3 )2 +1
and we finally get
o, =0,84+£0,01=48°t1°. (21)
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Experiment 2: Rolling friction
Theoretical part
2.1 When the axis of the cylinder is displaced by the distance X, the axis of the rod deviates by the angle
X
=-_, 22
v=1 (22)
To calculate the period of small oscillations, we write the equation for the law of conservation of

energy
%MV2 +mgl(1—cos¢)=mgl(L—cos g, ). (23)

Hereinafter, we neglect the Kkinetic energy of the rod motion, since its
mass is small.

On the other hand, the potential energy of the massive cylinder remains
constant, so the change in the potential energy of the system is the change in the

potential energy of the rod. For small oscillations, the approximate formula for
2

the cosine of a small angle cosp~1-2— should be used, which leads to a X

2 o |
simplification of equation (23) to: ’ \

2 2
§MV2+mgI¢)—:mgI¢)—°. @
4 2 2

Using relation (22), we obtain the equation
3 mgl x’
= =—-2 24
4 R® 2 R® 2 (24)
which is the equation of harmonic oscillations with the period of

2
T=2r /3’2'\:]; . (25)

2.2 At the stoppage points, the kinetic energy of the cylinder with the rod is zero, so the change in the
potential energy when moving from one stoppage point to the next is equal to the work of the friction force.
Therefore, the following relation is valid:
mgl(1—cosg, ) = mgl(l_COS(Pk—l)_,Ung|Xk ~ Xl (26)
Applying relation (22) between the angle of rotation and the displacement of the cylinder, we obtain
the required relation

(1—003%} :[1—COS%J—M%|XK — Xy - (27)

2.3 Let us sum up relations, similar to (27), for all intervals of motion from the initial position to the k ‘th
stoppage point, which finally yields

X X M
1-cos—=* |=|1-cos=2 |-, —S,, 28
(1-cos% | (1-cos’® |-, 20, 8)
where S, is the path the cylinder passes to the k ’th stoppage point
k
S =1[Xo = X +[Xp = X[+ X = X y| = Z‘xj - xj_l‘. (29)
j=1
In the initial position, the rod is directed vertically, i.e. ¢, = 7, therefore X, = zR, and one can write
down
X
R=20, (30)
T

From the formula for the oscillation period, one can also express:
M T2 29 T?g Tig

ml 47z23R? 62°R? 6%
We substitute these values into equation (28), which yields
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2
1—cos(;zﬁj= 2—ﬂrT—§sk. (31)
X 6}

Thus, the value Y, Zl—COS[ﬂ'%j linearly depends on the path S,. The slope of dependence
0

coefficient contains the rolling friction coefficient sought as well as other known values. The unity in
expression (31), of course, can be omitted. But the value Y , up to a constant factor, is equal to the potential
energy, therefore, in the accepted definition, the dependence Y(S) is more preferable.

Processing of measurement data
2.4 The oscillation period is calculated in the traditional way.
We calculate the average value of the time of 5 oscillations: (t;)=7.354 s ;

We also calculate the random error of this value: At, =2

Then the oscillation period is obtained as
T =(1.47+0.02)s. (32)

2.5 The results of calculations of the quantities, appearing in formula (31), are shown in Table 4.

Table 4. Linearization.

Y, :1—cos[7r—k]
k X,,cm | AS, = |Xk - ka1| ,m S,,m X,
0 15.8 0 2.000
1 -11.6 0.274 0.274 1.671
2 10.1 0.217 0.491 1.424
3 -9.0 0.191 0.682 1.217
4 7.7 0.167 0.849 0.960
B -7.0 0.147 0.996 0.822
6 5.7 0.127 1.123 0.576
7 -5.3 0.110 1.233 0.506
8 4.7 0.100 1.333 0.406
9 -3.9 0.086 1.419 0.286
10 2.8 0.067 1.486 0.151

The dependence Y(S) is shown in the following figure.
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Graph 4. Energy as a function of the path
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2.6 The resulting dependence is linear, which confirms the theoretical model used. The slope coefficient of
this graph, calculated by the least squares, is equal to
C=(1.23+£0.02) m™.
The theoretical formula for this coefficient makes it possible to express the value of the rolling

friction coefficient:
2

g 6,
— = =C
6X¢ =g

To calculate the error of this value, we make use of the formula for the error of indirect
measurements:

ol CR] R

2 2 2
=8.69-10° _o.ozj + 2—0'02j +[292) _38.10¢
1.23 1.47 15.8

The final result is written as

=8.69-10°, (33)

C=p

i, =(8.7£0.4)-107, (35)
Part | Content Points Total
Experiment 1: Sliding friction 10.0
Theoretical part 1.5
Motion without slipping:
equation of motion; 0.2
formula (3); 0.3
11 Motion with slipping: 10
equation of motion; 0.2
formula (6); 0.3
Critical angle value:
1.2 | the condition for the start of slippinge: the boundary value of the 0.2 0.5
static friction force; equality of accelerations (3) and (6); '
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relation between the critical angle and the friction coefficient: formula
_ 0.3
(7) or (8);
Processing of measurement data 8.5
Calculation of accelerations:
formula (10) for acceleration; 0.2
all accelerations are calculated (graded if the formula for calculating
acceleration is graded); 19
0.1 for each point, acceptable error of acceleration calculation is '
+0.01;
Plotting a graph (graded if the results of acceleration calculations are
graded):
13 the axes are named and ticked, 0.1 2.5
all points are drawn; 0.1
two smoothing curved lines are drawn; 0.2
two dependences are obtained: two different intersecting curves are 0.3
visible in the graph;
Critical angle value;
determination method: the point of intersection of two curves; 0.2
numerical value: acceptable error +1°; 0.2
Linearization of the dependence:
New variables:
any reasonable: (_i,ctgaj, (L,tga} and equivalent, leading 1.0
sin cosa
to linear dependencies;
Numerical calculations:
14 graded if the choice of new variables X,Y is graded; 1.2 28
' 0.1 for each correctly calculated point, acceptable error +0.02; '
Plotting a graph (graded if the results of the calculations of the
variables X,Y are graded):
the axes are named and ticked, 0.1
all points are drawn; 0.1
two straight lines are visible; 0.2
two straight lines are drawn; 0.2
Calculation of the coefficient of sliding friction:
coefficients of the linear dependences are calculated:
0.2 for each coefficient (graphically for all points, LSM); 0.1 — by two 0.8
points; '
the use of theoretical values is not graded,;
formula for the coefficient of friction through the coefficients of 0.2
15 linear dependencies; ' 19
' numerical value of the coefficient of sliding friction: ’
graded if the formula for the coefficient of friction is graded, the 0.4
acceptable error +0.05;
formula for the error: only through the coefficients of the linear 0.2
dependencies; '
numerical value of the error: graded if the formula is graded, 0.2
correct rounding; 0.1
Critical angle value:
16 calculation method: analytical calculation of the intersection point of 13
' two lines, the use of numerical theoretical values of the coefficients is 0.5 '
acceptable;
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numerical value of the critical angle: graded if the method of 0.2
determination is graded,
formula for the error: through the errors of the coefficients of the 0.3
straight lines;
numerical value of the error: graded if the formula is graded, 0.2
correct rounding; 0.1

Experiment 2: Rolling friction 10.0
Theoretical part 2.5
Derivation of the formula for the period of small oscillations:
initial equation: either dynamic or energetic; 0.2
2.1 P ————— 0.5
approximation of small oscillations; 0.1
formula (25) for the period: incorrect numerical factor (-0.1); 0.2
Recursive relation:
use of the law of conservation of energy; 0.3
2.2 | expression for the potential energy in terms of deflection angle; 0.2 1.0
relation between the angle and coordinate; 0.1
final form of the recursive relation: formula (27) or equivalent; 0.4
Expression for the stoppage point coordinates:
expression for the energy change through the path traveled; 0.2
2.3 | determination of the disk radius through the initial coordinate; 0.2 1.0
use of the formula for the period of small oscillations; 0.2
final relation: formula (31) or equivalent; 0.4
Processing of measurement data 7.5
Calculation of the period:
Formula for the period; 0.2
numerical value of the period, acceptable error +0,01; 0.2
2.4 | formula for the error; 0.2 1.0
numerical value of the error; 0.2
the dimension is indicated; 0.1
correct rounding; 0.1
Linearization:
choice of variables (equivalent variables are acceptable if expressed 1.6
in terms of the measured known values);
calculated for all points (graded if the choice of variables is graded); 1.1
2.5 | 0.1 for each point, acceptable error +0.02; 3.2
Plotting a graph (graded if the calculation of points is graded):
the axes are named and ticked, 0.1
all points are drawn; 0.2
smoothing straight line is drawn; 0.2
Calculation of rolling friction coefficient:
Calculation method of the friction coefficient:
according to the slope coefficient — 0.6; 0.6
by 1-2 points — 0.3;
slope coefficient found:
according to LSM - 0.5;
2.6 graphicalgly - 0.4, 0.5 3.3
by two points — 0.2;
acceptable error +0,05;
error calculation method; 0.2
numerical value of the error; 0.2
formula for calculating the rolling friction (only through the slope 0.3
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factor);

numerical value of the rolling friction coefficient (graded if the

formula is graded); the error propagation rule does not apply to 0.5
numerical values!

formula for the error, the errors of all quantities included in the 0.6
formula are taken into account; '
numerical value of the error; 0.2
correct rounding; 0.2

TOTAL

20.0
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THEORETICAL COMPETITION
February 2, 2023

Please read this first:

1. The duration of the theoretical competition is 4 hours. There are three problems.
2. You can use your own calculator for numerical calculations.

3. You are provided with Writing sheet and additional white sheets of paper. You can use the additional
sheets of paper for drafts of your solutions, but these sheets will not be graded. Your final solutions
should be written on the Writing sheets. Please use as little text as possible. You should mostly use
equations, numbers, figures, and plots.

4. Use only the front side of Writing sheets. Write only inside the boxed areas.
Start putting down your solution to each problem on a new Writing sheet.

6. Fill in the boxes at the top of each Writing sheet with your country (Country), your student code
(Student Code), problem number (Question Number), the progressive number of each Writing sheet
(Page Number), and the total number of Writing sheets used (Total Number of Pages). If you use
some blank Writing sheets for notes that you do not wish to be graded, put a large X across the entire
sheet and do not include it in your numbering.
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Problem 1 (10.0 points)
This problem consists of three independent parts.
Problem 1.1 (4.0 points)
One mole of an ideal monatomic gas, located in the cylinder under the piston, is quasi-statically
heated from the temperature 7, =300K to 7, =600K, changing its volume in such a way that the

dependence of the heat capacity C of the gas on its temperature has the form shown in the figure below.
Find the work done on the gas from the state in which the graph of its volume versus temperature reaches a
local maximum, to the state in which the same graph reaches a local minimum. Express your answer in
joules assuming that R =8.31 J/K is the universal gas constant.

C

R

2,0

1,5

1,0

0,5

0,0

200 300 400 500 600 T’ K

Problem 1.2 (3.0 points)
The figure on the right shows an AC bridge circuit. The resistance
R =2.5kQ, the inductance L=1H, the resistance of the inductance r, =1€2 are
all known. At the frequency of the alternating sinusoidal voltage v =100 Hz, the
balance of the bridge occurs at R, =800 2. It turnes out that when the frequency of

the alternating current is doubled, the balance of the bridge is not violated. Find the
leakage resistance r,. of the capacitor and its capacitance C .

Problem 1.3 (4.0 points)
The Nobel Prize in Physics for 2019 was awarded to the Swiss astronomers M. Major and D. Quelo
for the discovery of non-luminous satellite planets (exoplanets) around stars. Consider the planet Jupiter in
our solar system as an exoplanet for the Sun. The orbital period of Jupiter is 7, =11.9 year at a mass of

M, =1.90-10”" kg, while the mass of the Sun is equal to My =1.99-10* kg . Consider also known the
speed of the Earth on its orbit v, =29.8 km/s , and assume that the orbits of all planets are circular. Let an
observation be carried out by a spectrometer located far away from outside the solar system so that the
observer is in the plane of motion of the Sun—Jupiter system. Find the minimum resolution of the
spectrometer R . , which allows one to positively detect the presence of the massive exoplanet Jupiter near

the Sun. Consider the speed of light to be ¢ =2.99-10° m/s.

Note: The resolution of a spectrometer is its ability to distinguish between two closely spaced
spectral lines, which is characterized by a dimensionless parameter R=A4/AA, where A1 denotes the
smallest difference between the wavelengths of two lines still recorded as separate by the instrument, and 4
stands for the average wavelength of those two resolvable lines.
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Problem 2. Fermi acceleration (10.0 points)

Cosmic rays contain extremely high energy particles. A possible mechanism for the appearance of
such particles is called Fermi acceleration.

Fermi acceleration is a stochastical mechanism for the acceleration that charged particles experience
when they are repeatedly reflected, usually by magnetic mirrors. In this problem, we consider the main ideas
underlying this paradoxical, at first glance, phenomenon.

Why are there more oncoming cars than overtaking cars?

On a motorway with three lanes A, B, C, cars move at a constant speed in one direction: along the
central lane B, a car moves at a speed of v =90 km/h; cars move along lane A at speeds v—Av =80 km/h ;
cars move along lane C at speeds v+ Av==100 km/h. The distance between cars is the same on each of

lanes A and C, the number of cars per unit of lane length for each of them is n=5.0km™".
V + AV
c G— @y —
B B—L
y G vV —Av ﬁ a

Consider the car moving in lane B.

2.1 Calculate how many cars N, in lane A overtake the car B within the time period of 7=1.0 min as

well as the time T, between two consecutive overtakes.

2.2 Calculate how many cars N, in lane C overtake the car in lane B within the time period of
t=1.0 min, as well as the time 7, between two consecutive overtakes.

Now let the car move in lane B towards the cars moving in lanes A and C. The speeds of all cars and
their density on each lane remain the same.

¢ m vV + AV a ﬁ
B LA |
P PEEYS Gy Gy

2.3 Calculate the number of cars N in lane A and N, in lane C that the car B encounters within the

time period of 7=1.0 min, as well as the corresponding times 7, and 7, between two consecutive

encounters.
Elastic collision
In this part, we consider the classical problem of elastic collision of two bodies. The main purpose of
this consideration is to determine the conditions under which the kinetic energy of one of the selected bodies
increases as a result of the collision.

Two elastic balls, whose masses are equal to m, and m,,
1 1 4

respectively, move along the axis x. The speed of the first ball 1 ¥y

before the collision is v,, whereas the speed of the second is v,. O O Tx

Let us denote the speeds of the balls after an absolutely elastic m, i ™ =
central collision as u, and u, , respectively. The speeds of the balls O O 2 £

should be understood as the projections of their velocities on the x
axis, therefore, they can be both positive and/or negative.

2.4 Express the velocities of the balls u, and 1, after the collision in terms of their velocities before the
collision v, and v, , as well as their masses.
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Let us denote the ratio of the ball masses as u = &, the ratio of the speeds of the first ball after and
m,
before the collision as 7, = % and the ratio of the velocities of the balls before the collision as n, = % For
Vi v

definiteness, consider that v, >0.

2.5 Draw a set of graphs that represents the dependence of the parameter 77, on the parameter 73, for all
characteristic values of the ball mass ratios x .

2.6 Find the relation between the parameters 73, and g, at which the first ball increases its energy as a
result of the collision.

2.7 Consider the case of a light ball colliding with a heavy one such that m> >> m;. In this limiting case,

find the speed of the first ball #, after the collision and determine the range of velocities 73, of the

heavy ball before the collision, at which the energy of the light ball increases as a result of the collision.

The simplest Fermi acceleration model
A massive plate, located perpendicular to the x axis, ==eo=/ 5

performs harmonic oscillations in the direction of the x axis. The ——0
oscillation amplitude is A with the period being 7" . Light balls H ——0
move with equal speeds u in the direction of the plate along the x H O —_ X

axis such that the times of ball arrivals to the still plate are
randomly and uniformly distributed.

2.8 Express the maximum speed of the plate V, in terms of the amplitude and period of its oscillations.

2.9 Calculate the fraction ¢ of incident balls that are to increase their kinetic energy after the collision.
Express your answer in terms of # and V. For a numerical estimate, consider the following two cases
separately: a) u =1.5V; b) u=0.50V;.

Let us approximate the harmonic law of the plate motion by a piecewise linear function, see the

figure below, i.e. assume that the modulus of the plate speed remains constant at the same values of the
amplitude and period of oscillations.

X,
AN
A :-‘ T \/ 2T 4
—A] VA VA

2.10 Express the value of the plate speed modulus V in terms of the amplitude and period of its
oscillations.

2.11 Calculate how many times ¢ = A the average energy of the incident balls changes, where E| is
0

the kinetic energy of the balls before the collision, and E symbolizes the average energy of the balls
after the collision with the oscillating plate. For a numerical estimate, consider the following two cases
separately: a) . =1.5V ; b) u=0.50V .
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Problem 3. Magnetron (10.0 points)

Both electric and magnetic fields act on moving charged particles, which in a certain way change the
character of their motion. Everywhere below it is assumed that charged particles move in a vacuum, and the
radiation of electromagnetic waves can be neglected.

In this problem, the motion of electrons, which are classical point-like particles, is considered. When
carrying out numerical calculations, consider, where necessary, that an electron has a negative electric

charge, whose modulus is equal to e=1.60-10"""Cl, and its mass is m=9.11-10‘31kg. The electric and

magnetic constants are equal &,=8.85-10""F/m and 4, =1.26-10°H/m, respectively, the Boltzmann

constant is denoted as k, =1.38-10J/K .

At the initial moment of time 7 =0 an electron is at rest at the origin of U

Electron motion in electric and magnetic fields

coordinates, and a uniform electric field with the strength E is applied along the e—
positive direction of the x axis. The electron is given an initial velocity u,, also = X

directed in the positive direction of the x axis.

3.1 Determine the maximum value of the electron coordinate x,_, for the entire time of its motion.

Now, at the initial moment of time ? =0, an electron is at rest at the -

origin of coordinates, and a uniform magnetic field with the induction B is B
applied along the positive direction of the z axis. The electron is given an initial

velocity u, directed in the positive direction of the x axis.

3.2 Determine the maximum value of the electron coordinate x . for the

u,

o . . X
entire time of its motion. T

_‘l'J

an electron is at rest at the origin of coordinates, and a uniform electric field
with the strength E is applied along the negative direction of the x axis. In
addition, a uniform magnetic field with induction B is created along the
positive direction of the y axis. The electron is released with the zero initial

velocity.

3.3 In the process of moving along the trajectory, at some moment of time, an
additional velocity du is given to the electron in the direction perpendicular to
its current velocity # and lying in the plane of its initial trajectory, such that
ou u . Determine the period of the arisen two-dimensional oscillations of the
electron with respect to its initial unperturbed trajectory.

Again, at the initial moment of time =10

3.4 Determine the maximum value of the electron coordinate x,, for the entire time of its motion.

At the initial moment of time 7 =0 an electron is at rest at the origin of
coordinates, and a magnetic field is applied along the positive direction of the z
axis, such that the inductionmt in the plane xy depends on the distance r to the

v z axis according to the law B=ar=a(x’+y*)">. The electron is given an
initial velocity directed in the positive direction of the x axis.
o X' 3.5 Determine the maximum distance . from the electron to the z axis for the
entire time of its motion. v4

In some region of space, an axisymmetric magnetic field is created with
respect to the z axis. At the moment of time ¢ = 0, the magnetic field is absent,
and then it begins to slowly increase, such that at all points in the xy plane the
field induction vector is directed along the z axis. After a certain period of
time, the induction of the magnetic field reaches its final value and ceases to
change. The final field distribution in the xy plane has the form
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B, O0<r<y
B(r)=4B,, n<r<r,,
0, r>rn,

where 7 denotes the distance to the z axis, 7, and r, are known quantities.
At a moment in time ¢ = 0, the electron is at rest at some point lying in the xy plane. When the field
is turned on, the electron begins to move along a circle in the xy plane, whose center lies on the z axis.

3.6 Determine under what conditions for the ratio B,/ B, the described situation turns possible.

Cylindrical magnetron

Magnetron is an electronic electrovacuum device, in which the amount of flowing current is
controlled by electric and magnetic fields. Let us consider the simplest magnetron, consisting of a
conducting coaxial long cylindrical cathode and anode with radii @=3.00-10"mm and b=6.00 mm,
respectively, located inside a vacuum tube. The lamp is placed in the center of a cylindrical solenoid, whose
axis coincides with the axes of the cathode and anode, and the number of turns is N =2590 with the length
being equal L =210 mm and the diameter of D =105 mm . The potential difference between the cathode
and the anode is constant and equal to V,=75.0 V. Consider that the electrons leaving the cathode are
formed due to thermionic emission and have a zero initial velocity, neglect the space charge of the electron
cloud in the lamp.

3.7 Calculate the potential difference V between the cathode and a point in space located at a distance
r=3.00 mm from the common axis of the solenoid and the lamp.
3.8 Calculate the smallest solenoid current / . at which the current in the magnetron between the

cathode and anode vanishes completely.

3.9 Find the condition for the cathode temperature 7', under which the initial electron velocity can
indeed be considered zero.

Mathematical hints for the theoretical problems
The following formulas may be useful:

n+l
X ) ) .
jx"dx = 1 +C, where n# —1 is a fixed number, C refers to an arbitrary constant;
n+
dx .
I— =In|x|+C, where C stands for an arbitrary constant;
X
dx X .
I I A VR R, +C , where a,C stand for arbitrary constants;
(x"+a’) a(x +a’)
yy=D ,

(1+x) z1+yx+Tx , for | x|- 1 and arbitrary y ;

In(l+x)=x, for | x| 1.
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TEOPUSAJIBIK TYP

2 aKnaH, 2023 Kbl
AJIIBIMEH MBIHAHBI OKbBIN HIBIFBIHBI3:

TeopusuTbIK Typ YII TanichipMaaH Typabl. Typ/bIH Y3aKThIFbI 4 caFart.
Ecenrey yiniH e3iHI3MIH KaabKyISTOPBIHI3IEI Mai1aaaHyFra 0oaipl.

Cizre 6oc kara3 »xoHe Kazy napaxmapwr (Writing sheets) Oepineni. boc kara3 mapakTapelH €3
KaJlaybIHBI3IIa TaigaianyFa Ooyanael, ojap Tekcepimmeimi. JKa3y mapakTapblHIa *KYMBICTBI TEKCEPY
Ke3iHae OaranaHaThlH —ecemnTepliH memimaepl ka3putybl  Tuic. llemimaepiHizme —aybisiia
cUMarTaMajapAbl MyMKiHAIriHIme a3 mnaiiganasbiab3.  Llemrimini3ni TyciHAIpy YUIIH HEri3iHEeH
OpHEKTEeP/Il, CAaHaP/Ibl, SPINTepl, CypeTTep/i koHe rpaduKTep/i naiaanaHFaHbIHbI3 KOH.

Kazy napakrapeiasiH (Mriting sheets) Tex alabIHFBI OCTIH TMaiiIaTaHBIHBI3, APTHIHA JKa3yFa OOIMaiiIbl.
Kazy ke3inae OenrieHreH paMKajgaH MIbIKIaHbI3.

OpOip jkaHa eCeNTiH MIeHIiMiH XxaHa napaktaH (Mriting sheets) 6acray kepek.

OpOip maiinanaHbpUIFaH ka3y MapakTapblHAa, Oyl yuriiH OepuireH OGaranmapaa ci3 emiHizai (Country),
KoABIHBI3EI (Student Code), ecentiy pertik HoMipiH (Question Number), opOip mapakThIH aFbIMIAFbI
HoMipiH (Page Number) xoHe OapiblK ecenTepii IICHIyle NailalaHbUIFaH MMapaKTapAblH KaJIibl
causiH (Total Number of pages) xepcetyiHi3 kepek. JKayaObiHbpI3Fa KelOip KoimaHeurran JKazy
napakrapbid (Writing sheets) Kocynbl KaqaMacaHpl3, OJlapbl OYKil TApaKThIH YCTIHEH YJIKEH KPECTICH
CBI3BIIT TACTaHBI3 KOHE OJIAP/IBI TAPAKTAP/IBIH JKAJIIBI CAHBIHA KOCIIAHbI3
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1-ecen (10,0 ynaii)
Byn Tanceipma Gip-6ipiMeH OailylaHBICHI KOK Y1 O6JIIKTEH TYpabl.
1.1 ecen (3,0 ynaii)

[Topumienb acThiHAAFbl LWIMHJIPJAE OpHAlackaH ujaean Oip aromiabIK rasabiy Oip moibiH T,=300 K
temneparypacsiHan T,=600 K -re neifiH KBa3UCTATHKAJIBIK TYpJE KbI3AbIPAAbl KOHE Oyl Ke3le OHBIH
KeJeMiH Oyl ra3fblH JKbUTy ChIMBIMIBUIBIFBIHBIH TEMIIEpaTypara TOYENJUINT TOMEHIErl CypeTTe
KepceTitreneil erin esrepreni. Ochl *Karaiarbl ra3 KeJeMiHIH TeMmIeparypara TOyelIuliK rpaduriHig
MaKCUMYMFa >KEeTKEH KYHIHEH coJl TpaduKI1H MUHUMYMFa KeTKeH KYHWiHEe Je1HI1 apalibIKTa ra3fa jkacajiFra
KYMBICTBI TaObIHBI3. JKayaObIHBI3/IbI [DKOYIBMEH KOPCETiHI3, aMOeban ra3 typakreicbiH R=8.31 J[x/K.

C
R

TN
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0,0 } r
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Ecen 1.2 (3.0 ynaii)

Cyperte aiiHBIMaNBl TOK KeIipi Ti30eri KepceTuireH. MyHIaFbl

K, — BOm

Kezepri , uHAykTuBTiniK . =TH | MHIyKTUB KaTylIKachIHBIH

C— ] o . . u
7 =M . AHHBIMANBl CHHYCOUIAIBIK KEpHEYMiH ¥ 1)

R, - €09

Keneprici

KUUTITIHAC KOIipAeri Tene-TeHIIK Keaepri OoJFaHzIa JKy3ere
acaapl. AMHBIMANBI TOKTHIH >KUUTITIH €Ki ece apTThIpFaH/ia Kemipjeri Tene
TeHIiK Oy3puiMaiinel ekeH. KonpencartopablH C CHIABIMABUIBIFBIH KOHE

P ..
KOHJICHCATOpJIaH © ary KeIepTriCiH aHBIKTaHBbI3. N

Ecen 1.3 (4.0 ynaii)
2019 xbutrel Gusnka OoibiHIIa HOOENB CHIANBIFBI MIBEHIIAPUSIIBIK acTpoHOMAap M.Maimpkop MeH
JI.KBenora KynbI3napislH aiHAIAChIHIA JKApBIKBIPAMANTBIH CepikTep (dK30IUIaHeTanap) Oap eKeHIiH
amkansl yuriH Oepinai. Ocel TYpFbIAaH KYH kyiecinmeri FOnmutep minanerachkiH KyHHIH SK30IU1aHETachl

petinae Kapacteipaitblk. Omurepnin aitnamy nepuonsl 7,, = 11.9 xbu1, Maccacsl M, =h00-107

M, =199-10*

, al

KynHiH maccachbl . Kepnin o3 opOuUTaCBIMEH KO3Faly >KbLIIaMIbIFbI v, T ENA

eKeHiH Oenrisi gen ecenteHi3. Ilnaneranapasiy opoutanapsl mendep 6oncbiH. bakputaymsr Kyn-FOnurep
KYHWECIHIH KO3FJIBIC Ka3bIKTHIFBIHIA OOJICHIH JKOHE OaKbLIay[bl KYH >KYMECIHEH TBIC JKep/e OpHaJacKaH
CIIEKTPOMETP apKbUIbI JKy3ere achIpchlH. KyHHIH »aHbIHIA MaccUBTI 3k3oriaHera lOmwurepnin Oap
EKEHJIITIH aHBbIKTayFa MYMKIHIIK OEpeTiH CIMEKTPOMETP/IIH MUHUMAJAbl aXKBIPATKBIIITHIK KAOUTeTI R, -1

)
TaObIHBI3. JKapBIK KBUTTAMIBIFEI ' = B2 -10)

Ecxepmy: CnexTpoMeTpiH aXbIPAaTKBIIITHIK KaOUIeTi JeNm OHBIH JKaKbIH OpPHAJIACKAaH €Ki CIEKTpP
CBI3BIFBIH @XbIpaTa ajly MYMKIHJITIH CHUNATTalThIH ejmeM Oipiikci3 MbIHaIail mapaMeTpii aiTabl
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R . o .
R=nidAn , MYHJIarbl AL CIICKTPOMCETP JKCKC CBI3BIKTAp ACII TIPKEU aJIaTbIH €K1 CIICKTP CBhI3bIFbIHbIH

TOJIKBIH Y3bIHIbIF bIHBIH aﬁBIpLIMBI, - AXKBbIPATBIIATBIH €Kl CBI3BIKTBIH OpTallla TOJIKbIH Y3bIH/IbITbI.
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Ecen 2. ®epmu yaeyi (10.0 ynaii)
FapreIThik coymnenepain KypaMbIHIa 6Te dKOFapbl SJHEPTUsuIbl OommekTep 6ap. MyHai
OesmmiekTepiH naiiaa 60IybIHBIH MYMKIH MexaHu3Mi depMu yaeyi Aen aTanabl.
depmu yaeyl — 3apsATanarad OeleKkTep 91eTTe MarHUTTIK aifHa/IaH KalTa-KalTa MarFblIbICKaH
Ke3Jle maiifa 0oJIaThIH CTOXaCTUKAIBIK YIey MexaHu3Mi. by ecenre 613 O6ip KaparaHaa
KapaMa-KaHIIBUTBIKTEI OOJIBIIT KOPIHETIH OChI KYOBUTBICTHIH HETI31H/Ie )KaTKaH UACsUIap bl KapacThIPpaMbI3.

HeJjikTeH 6arbITTac KOJIIKTEPre KaparaHaa Kapchbl KeJjie JKaTKaH KoJIKTep Komn?

A, B, C pgen OenriieHTeH YOI KoJbl Oap aBTOMarucTpaibMeH Oip OaFbITTa TYPaKThI
KBUITAMJIBIKTAPMEH ~ aBTOMOOWJIBICP KO3FANBINIT KEJedi: OpTajgarbl B KOJBIMEH Kejle JKaTKaH
ABTOMOOMIIBACPIIH KbUIIaMABIFI v = 90 KM/caF, A JKOJBIMEH JKYpIill Kelie jKaTKaH aBTOMOOWJIbACPIIIH
KBILTaMIBIFRL v -Av = 90 km/car, anm C KOJIBIMEH KeJle jKaTKaH aBTOMOOWIbaepaiki v +4v = 100 km/car. A
xoHe C KOJITapbIHBIH dp KaHCBICHIMEH KeJjie )KaTKaH aBTOMOOMJIBACP/IIH ©3apa apa KallbIKTapsl Oipacii. O
KOJLIAPABIH OipIIiK Y3bIHABIFBIHAAFEl aBTOMOOUIBAEPIIH canbl N = 50 kv

v+ AV
C G oy s
-
p PR & N

B xonbsiMen )KYle KCJIC JKaTKaH aBTOMO6I/I.TIB,Z[i KapacCThIpaJIbIK.

2.1 {=HhHn yakpITTa A KOJBIMEH KeJe jKaTKaH KaHmia N; aBTOMOOWIb B KOJIBIMEH Kelle jKaTKaH
aBTOMOOWMJIB/II OACKINT O3aTHIHBIH AHBIKTAHBI3 KOHE Karap €Ki 0achIl O3YIbIH apachIHIAFBl T, YaKbITTHI
AHBIKTaHBI3.
2.2 {=HHn yakpITTa C KOJIBIMEH Kele jKaTKaH KaHmia N, aBTOMOOWIIb B KOJIBIMEH Kelle jKaTKaH
aBTOMOOMJIB/I1I OAcChIll 03aTHIHBIH AHBIKTAHbI3 KOHE Karap €Ki 0achlll 03yIbIH apachbIHIAFbl T, YAKbITTHI
AHBIKTaHBI3.

Enmi B xonmbIMEH Kelie jKaTKaH aBTOMOOWIh A xkoHe C >KOJIBIMEH Kelle aTKaH aBTOMOOWIIbIIEpre
Kapchl 0arbITTa KO3FAJICHIH. ABTOMOOWIIBIEPAIH KbIIAAMABIKTAPHI JKOHE JKOJI OOWBIHIAFEI THIFBI3IBIKTAPHI
OYpBIHFBI )KaFdalIaFbIIaii.

C ; V+ AV & G’g

™
B —

p G = o &

2.3 {=YH0 yakpITTa A >KOJIBIMEH Keje >KaTKaH KaHiia N; aBToMOOWIb koHe C KOIBIMEH Kele

KaTkaH KaHmia N, aBToMoOwWIb B KONbIMEH Kelle >KaTKaH aBTOMOOWIbIl ke3mectipeai? Karap eki
KE3/IECYTe COMKEC KEJETIH T3 )KOHE T, YaKbIT MOH/ICPIH aHBIKTAHBI3.

CepniMi COKTBIFBICY

Ecentiy Oyn GemniMiHIe €Ki JAEHEHIH CepHiMl COKTHIFBICYBIH KapacThlpaMbl3. Bysl KapacThIpynbIH
HEri3ri MakcaTbl COKTBIFBICYJIBIH HOTHXKECIHAE TaHJalFaH JeHeNepAiH OipeyiHiH KUHETHKAJbIK
SHEPTHUSACHIHBIH 6CY IIAPTHIH aHBIKTAY OOJIBIIT TaOBLIa I

Maccanapsel m, %oHE m, CEpHIMI Iapiap X OCiHiH 0OWbIMEH m, 5 m, 5
Ko3ranaael. COKTHIFBICKAHFA ICHIHT1 O1pIHIII MAPABIH KLU IAMIBIFbI ! O S
V|, all eKIHIIICIHIKI — V,. AOCOIIIOT CepIiM/Ii OPTaJIBIK COKTHIFBICYIaH -
KEIHI1 COMKeC MMIapUKTEepiH KbUINAMIBIKTApbIH U, XOHE u, JIen m, ; m,

oo . . u ; i,
Oenrinerimiz. HlapukTepaiH >KbUIAaMABIFBI A€M OJApAblH X OCiHE O : D 2
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MPOEKIUACHIH TYCIHY KKET, COHIBIKTAaH OJ1 OH J1a, Tepic Te OOIYbl MYMKiH.

2.4 1llapukTep/iiH COKTHIFbICKaHHAH Keiinri 1 sxone 2 kplmmamMabIKTapblH onapbIH COKTHIFRICKAHFA

v

I[CﬁiHl"i I )KOHE ¥z KbUTAAMABIKTAPBI )KOHC MaccaIapbl apKbIJIbl OPHEKTCII JKa3bIHbI3.

i,
U= -

[MapukTepaiH MaccalapblHBIH KaThIHACHIH "I en Oenrineimiz, OipiHIN IIAPUKTIH

_
= W
COKTBIFBICKAHFa JIEHIHTI KbUIIaMILIFBIHBIH COKTBIFBICKAHHAH KEHIHT1 )KBUIIAMIBIFbIHA KATHIHACKI S

Vv,
M, =—+

an IIapUKTepIiH COKTBHIFBICKAHFA JEHIHT1 KbUIIaMIBIKTAPBIHBIH KAThIHACHI YI' | HakTbuibk YIiH

¥ * 0 jen ecenrentis.

2.5 1llapuKTep MaccachlHBIH i KaTBIHBICHIHBIH OPTYPJ MyMKiH Monaepi ymin 'l mapamerpinin Iz
napaMeTpiHeH TOYeNIUIIrHIH I'paUKTEPIH TYPFhI3bIHbI3.

2.6 M= xome M mnapamerprepiHiH apachlHIa KaHgali KaThlHAC OONFaH Ke3je OipiHIN MIapuk
COKTBIFBICY/IBIH HOTHIKECIH/IC ©31HIH SHEPTUACHIH apTTHIPAIbI?
2.7 JKeHin MIApUKTIH ayblp IIAPUKIIEH COKTBIFBICYBIH KApaCTBIPBIHBI3, SIFHU M, >> m;. OCHI IEKTIK

JKarjaijarel  OGipiHIN [IAPUKTIH COKTBIFBICKAHHAH Keiinri M

| KBUIIAMJIBIFBIH OHE COKTBIFBICY
HOTHKECIHIE JKEHiJI INaPUKTIH HEPIUACHl apTaThIH 12 -HiH MOHJIEPiHiH aliMaFbIH aHBIKTAHBI3.
®epmu yaeyiHiH KapanaibIM MoJeJi

X OCbiHE TIEPIECHIUKYISP OPHAIACKAH ayblp IUIHTA X OChl <o 4 x

OarpITbIHA TapMOHMKANBIK TepOemictep xkacaiiabl. TepOemic ‘.LO

amMIuiTynacel 4, an nepuoxas! 7. [Tnurara kaparta x ochi O0HBIMEH 0

KeH mapnap Oipaei u KbliIaMabIKIeH Kosranaasl. [lapnapasia — 0 x
IUIATaFa Kely yaKbIThl KE3EHCOK KoHe OipKENKi TapasraH. H o

a
I

2.8 IInuradeig KO3FaJIbICHIHBIH i MaKCUMaJIbIl
JKBUIJIAM/IBIFBIH OHBIH TEPOEIICIHIH aMIUTUTYIAChI )KOHE TTEPUO/IbI APKBIIBI AaHBIKTAHBI3.

2.9 CoKThIFPICKAaHHAH KEHIH YIIBIN Kelle KaTKaH IIapuKTep/iH KaHaai P Gomiri o3iHiH SHEPTUSICHIH

r

5
4

APTTBIPATBIHBIH AHBIKTAHbI3. X(ayaHTapLIHBISI[BI 4 xoHe APKbIJIBI ©PHCKTCIT )KAa3bIHbI3. MBIHaI[aﬁ

€Kl JKaFJai yIiiH: a) n- L3, ; 0) 1~ 0307, HaKTBLJIbI €CENTEYJIEep KYPri3iHi3.
[Inuta KO3FaNBICHIHBIH TapMOHMKAJBIK 3aHbIH OOIKTI-ChI3BIKTHIK (YHKIUSIMEH >KybIKTalMBI3,
TOMEHJIETI CypeTTi KapaHbI3, SFHH aMIUIATYIAchl MEH TepOelic Meproabl Oipaeil MoHAepiHAe TUIMTaHBIH
KO3FaJIbIC KbUIJaM/IBIFBIHBIH MOZYJI1 TYPAKThI OOJIBIN Kasajbl A€M ecenTenmis.
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X
Ll " ‘\\ r
/ \ A
\ T \ 27
_A_ VA AV A

2.10 IInutanelH V KbpUIgaMIBIK MOIYINIHIH MOHIH OHBIH TEpOENiCTEepiHIH aMIUTUTYJachl MEH MEPUO/IbI
OOMBIHILIA OPHEKTEHI3.

E
L= £ £
2.11 TyckeH mapnap/ablH opTalia SHEPTUsiChl "0 KaHIa ece ©3TrepeTiHiH eCenTeHi3, MyH/IaFbl "
—HIapIapAblH COKTBIFBICKAHFA JEHIHIT KMHETMKAIbIK SHEprusicel, £ — TepOenMeni IUMTKaMeH

COKTBIFBICKAHHAH KEWIHT1 Iapap/IblH opTalia SHeprusicbl. MbplHaIal exi skarnaiiap yuin: a) H = 1.5V

:6) ¥ =030V pakreuen ecenreynep xyprisinisnep.
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Ecen 3. Marnerpos (10.0 ynaii)

DJeKTp ’KOHE MAarHUT epicTepi ojapia KO3FajaThlH 3apsATajfaH OeIIeKTepre ocep eTeimi, Oy
ONapJbIH KO3FaJBICBIHBIH CHUMIAThIH Oenriii Oip Typae esrepreai. Temenaeri OapiblK KapacTblpylapia
3apsATaIFaH OeJIIeKkTep BaKyyMa KO3Falajbl, all AIEKTPOMATHUTTIK CAyJIe IIBIFApyAbl eleMeyre Oomabl.
JIeIl ECENTENHE].

By ecenTe KiIacCHKaJIBIK HYKTENIK OOJIIIEK JEM eCenTeyre OOJaThiH AIEKTPOHIAP/IBIH KO3FAIBICHI
KapacTeippiianbl. CaHIBIK €CenTeylepAl KYprisreHnae, KaxeT OONFaH JKarmaiiia 3JCKTPOHHBIH Tepic

- —y . .. ; T
¢ =Kal- 10 3apsiIbl 6ap eKeHiH ecKkepini3, an oHbH Maccacer # =Rl 1-14 . DIEeKTp JKOHE MAarHUT

o =WB§ 107" =T 107 %, = TLARKI O

TYPaKThUIAPBI , bOJIBLIMaH TYpaKTBICHI

DJIeKTP KIHE MATHHUT OpicTepiHAeri 3IeKTPOHAAPAbIH KO3FAJIbIChI

Bacrankpr =10 YaKpIT ME3€TIHJE OJCKTPOH KOOPAMHATTHIH Oac u,
HYKTECIHAE THIHBIIITHIKTA TYpP, a1 X OChiHIH OH OaFbIThIHAA KepHeyniri £

OonaTbiH OIPTEKTI AEKTp epici Oap. DIEKTPOHFa X OChiHIH OH OarbITHIHIA &l E X
OacTarnkpl )KbUIIAMIBIK Oeperti.

. X .
3.1 DnekTpoHHBIH OYKIUI KO3FaJFaH YaKbITBIHIAAFbl KOOPAUHATTHIH €H YJIKEH ~ ™ MOHIH aHBIKTaHBI3.

-

Bacranker { =V yakpIT Me3eTiHZE OSIEKTPOH KOODAMHATTBIH 6ac
HYKTECIH/I€ THIHBIIITHIKTA TYPCHIH, ajJl Z OChIHIH OH OaFrbIThIHAA WHIYKIUSICH B
OIpTEKTI MarHUT epici OepinreH OOJICHIH. DIEKTPOHFA X OChIHIH OH OarbITHIMEH

i . U,
OarpITTasIFaH " OacTamNKbI KbUITAMIBIK Oepei. e

3.2 DneKTpOoHHBIH OYK11 KO3FaJIfaH yaKbIThIHAAFbl KOOPIAUHATTHIH €H YJIKEH X

X N
X MOHIH AHBIKTAHBI3.

3.3 O3 TpaeKTOpUACBIMEH KO3FaJbIN KeJle KaTKaH AJICKTPOHFa YaKbITThIH Oip
ME3€TIHJI€ OHBIH COJl ME3ETTerl u >KbULJaM/bIFblHA MEPIEHAUKYISIp OarbITTa

KBUTTAMIBIFBI Oepiiel ®oHe ou << y. DIEKTPOHHBIH OaCTanKbl YHBITKbIMaFaH
¥ TPACKTOPHUSICHIHA KATHICTHI €Ki OJIIIeM/I1 TepOeITiCiHIH MePHOIbIH aHBIKTAHBI3.

i KOHE OHBIH AIFALIKB TPACKTOPHSCHI JKATKAH JKAa3bIKTHIKTA KOCHIMIIA OW
<

Bacrankel { =V yakeiT Meserinme snexTpoH
KOOPJIMHATTBIH 0ac HYKTECIHAE THIHBIIITHIKTA TYp, al X OCBIHIH Tepic
OarbIThIHAA KepHeyairi £ 6onateiH OipTekTi 371eKTp epici 6ap. CoHbIMEH Karap,
y OCbiHIH OH OarbIThl OOWBIHIIA HMHAYKUUACHI B OIpTEKTI MarHut epici
OepisireH. DNeKTPOH bl OacTanKbl KbUIIAMABIKCHI3 00caTabl.

3.4 DAeKTPOHHBIH OYKIUT KO3FaIFaH YaKbITBIHAFbl KOOPAWHATTHIH €H YIKEH Ymx \omin AHBIKTAHBI3.

B Bacranker { =0 yakpIT MeseriHme 37EKTPOH KOOPIMHATTHIH 0ac HYKTECiHIE
TBIHBIIITHIKTA TYPCHIH, Z OCBIHIH OH OarbITBIHIA MAarHUT WHAYKLIUSCHL X)
Ka3bIKTBIFBIHIA Z  OCBIHEH 7 apa  KAalIBIKTBIKTaH MBIHA  TYpHe

— A — '-] 4 !: | l . . . . . . .
B=ar=a(x +y7) TOyeNJi MarHuT epici OepuICiH. DIEKTPOHFa X OChIHIH

- x ..
- Uy OH OarbITHIHIA H OacTanKbl KbLIIAMIBIFBI OEpisIe/Ii.

. . . e s r
35 KOSF&J’IHC KE31HJCT1 3JICKTPOHHAH Z OCBhIHC ACHUIHT1 €H YIKEH ™** apa KallbIKTbIFbIH aHBIKTAHbBI3.

KewnicrikTiH Oipkarap OeJiriHiie z OChiHE KaTbICThl OCbKE CHMMETpPHUSJIBI MAarHUTTIK epic

TyFEI3bLIFAH. YakeITThiH £ = ) Me3serinze MarHuTTIK epic XOK, a1 COIaH COH Jaimam ece GacTaiibl xKoHe
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OPICTIH MarHUT WHIYKIHICHI X) JXKa3bIKTHIFBIHBIH Ke3 KeJTeH HYKTeCiHAe z ociMeH OarpITTanFaH. bipas
yaKbpITTaH COH MarHUT MHIYKIUSCHI ©31HIH IIEKTIK MOHIHE JKeTel Je, o/laH api ecneiii. JKoHe ne epicTiH xy
Ka3bIKTBIFBIH/IA TAPATYbl MBIHA/IAM:
F. Ma<ran
R A
1{}, bl
. - )
_ . o . ¥ 14
MYHAAQFBl I — COJM = OCBhiHE JIeHiHT1 apa KaIlIbIKTHIK, ajl J)KOHE -
OeIriyi mamanap.

A1 7 4 . o .
i '.I '|,_,,-" X yaKLITTBIH t= ﬂ MEC3CTIHAC JJICKTPOH X) KA3BbIKTBIFbIHBIH KaHJIaW Oa 61p

/ ;f""'f T l'u "i,ll'"'i\ \*-\_\ HYKTECIHAE THIHBIIITHIKTAa TYp. Opic KOCBUIFAaH Ke3lle JJIEKTPOH XY
/)] !,/ L\ N Ka3bIKTBIFBIH/A JKaTKaH, LEHTPi z OcChiHzeri mieHOep OoHbIHIIA KO3Faja
AR / \ \ , S o
Gacraiiipl.
5

fB, o . . .
I " "7 KaTbIHACBIHBIH KaHJ1all MOHIH/IE KOFaphl/la alThIIFaH KO3FaJIbIC MYMKIH OoJaabl?
Huauuapiaik MarHeTpoH

MaraeTpoH — 3IEKTPOHIBIK ANEKTPOBAKYYMABIK KOHABIPFBI, OHJAFbl OTETIH TOKTHIH IIaMaChl IIEKTP

JKOHE MAarHWT epicl apKbUIbl peTTenenl. BakyymablK JIaMmaHblH IMIIHE OpHAJIacKaH, ochkTrepi Oip-OipiHe
. _ -l e )

coiikec, pagmyctapbl # =3H0-10 Kome P =HH0 OONaThIH MUIWHAPIIK KAaTOJ TEH aHOATaH

TYpAaTBIH, KapamaibIM MarHeTPOHIBI KapacThIpaIbIK. Jlamma ochi KaTox IMEeH aHOITHIH OCBTEPIMEH COMKeC

. I
KEJICTIH OUJINHAP COJICHOUATHIH OpTaChlHAa OpHAJIaCKaH. COJ‘IGHOI/II[TLIH opaM CaHBbI ﬁ" = *500 » Y3BIHIBIFBI

L =1 U JauaMmerpi — L =H3b . AHOI TeH KaTOATHIH apachIHJAFbl MOTCHIMAJIAD aWbIPHIMbI

Fo ~B5.0 Karonran mibIFaTelH 37E€KTPOHAAP TEPMORJIEKTPOHIBIK AMUCCUSHBIH CalapblHAaH Iaiia
Oomanel, OGacTanKkpl >KBUIIAMIBIFEI HOJTE TEH JEN €CENTEHI3 KOHE 3JICKTPOHABIK JaMIaJarbl KeHICTIKTIK
3apsATapIbl ECKEPMEHI3.

3.7 JlamMma MeH CONEHOMITEIH OpTaK ochinen * = R KAIlBIKTBIKTa OPHAJIACKAH HYKTE MEH KaTOJ
apacheIHIAFbl V OTeHIMANIap albIPbIMBIH €CETITEHI3.

.
3.8 MarneTpoH1aFsl KaTo/1 MeH aHOATHIH apachlHIAFbl TOK HOJITE TeH O0JIATHIH COJICHOUITHIH €H a3 ~ ™in

TOTBIH €CENTEHI3.
3.9 Karonrein 7 Temmeparypachl YIIiH 3IEKTPOHAAPABIH KbUIAMIBIFEl IIIBIH MOHIHAE HOJTe TEH
0OJIaThIH MAPTTHI TAOBIHBI3.

T €opuUsIblK ecenmepdi ueuntyee AapHaiZaH MamemamuKaiblK Kenec

Ciznepre ToMeH/IET1 HHTETpAIAPIbI OUTy Ka)XeT O0Iybl MYMKIH:

k|

. A .
J.t"cb; =
n+1 ,rme H# =1 some € — MIPOU3BOJIbHAS IOCTOSHHAS,
v
J==In|x|+C
X ,tne € —6oc MYILE;
oy X
_F s o a A e .
{x"+a’) @ (x"+a’) , mynzaarsl & — Goc mymesep;
(1+x)" =l+yx+ MIJ

, Ke3 KelreH f sxoHe |x|<<1 yrmim;

I+ x)= % gyq xj<<1 yuin.
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TEOPETUYECKHUHU TYP
2 ¢peBpaan 2023 roga

CHavaJja, noxanyiicra, Ipo4uTaiiTe ciaeaympuiee:

1. Teoperuueckuii Typ COCTOUT U3 Tpex 3a1ad. [IpogomxkuTenbHOCTh Typa 4 yaca.
2. Jlnsa pacuetoB Bel MOXeTe UCIIOJIB30BATh CBOM KaJIBKYJISATOP.

3. Bawm mpenocraBiieHbl 4ucThie JTUCThI Oymaru u Jlucmut ona 3anucu (Writing sheets). Yuctbie nUCTHI
OyMaru mpeaHa3HAYCHBI I YSPHOBBIX 3amucel, X Bbl MOkeTe MCmoiib30BaTh Mo Bamemy ycMmoTpe-
HUIO, OHU He TpoBepsitotcs. Ha Writing sheets crnepyer 3amuchiBaTh pelIeHUs 3ajad, KOTOpbie OymyT
OIICHEHBI TIPH MPOBEPKE paboThl. B pemeHunsx Kak MOKHO MEHBIIIE UCTIOIb3YyHTE CIIOBECHBIC ONTUCAHMUS.
B ocHOoBHOM BBl TOJKHBI UCTIOJIB30BATh YPABHEHUS, YKclia, OYKBEHHbIC 0003HAYCHUs, PUCYHKH U Tpa-
bukn.

4. Wcnonw3yiite TONbKO nuLEBYt0 cTropoHy Writing sheets. Ilpu 3anucu He BBIXOJHUTE 3a IpPEZeEbl OTMe-
YEHHOMN pPaMKH.

5. Pemenue xaxmoi 3aauu clieyeT HaUMHATH C HOBOUM ctpaHuilsl Writing sheets.

6. Ha xaxmgom ucnonns3zoBanHoMm Writing sheets, B OTBEIEHHBIX Ui 3TOTO Tpadax, HEOOXOIUMO yKa3aTh
Bamry ctpany (Country), Bam xoxn (Student Code), nopsinkoBbiii Homep 3anauu (Question Number),
TEeKyIHii HoMep Kaxaoro ymcra (Page Number) u 1oiTHOE KOJIMYECTBO JIUCTOB, UCIIOJIB30BAHHBIX TIPU
pemenun Beex 3anau (Total Number of Pages). Eciu Bol He XoTuTe, YTOOBI HEKOTOPHIE UCIIOJIB30BAH-
ueie Writing sheets OblIM BKITIOYCHBI B OTBET, TOT/A TIEPEUCPKHUTE X OOJBIIMM KPECTOM Ha BECh JIUCT
U He BKJIIOYaiiTe B Bamn moAcuér moaHoro KoJau4ecTBa JIMCTOB.
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3agava 1 (10.0 6ana)
DTa 3a/1aua COCTOUT U3 TPEX YacCTe, HE CBA3AHHBIX JIPYT C APYTOM.
3agaua 1.1 (3.0 6a11a)
OauH MOJb HI€aTbHOIO OJIHOATOMHOTO Ta3a, HAaXOSIIMICS B HUIMHAPE O] MOPIIHEM, KBa3uCTa-
THYeckH HarpesaroT oT TeMmuneparypel 7, =300 K no 7, =600 K, usmeHss 00bEM TakuM 00pa3oM, 4To 3a-

BHUCUMOCTbH TEIIOEMKOCTH Ta3a C OT TeMIepaTypsl UMEeT BH/, IOKa3aHHBIA Ha pucyHke. Haiinute pabdory,
COBEPLIEHHYIO HaJl ra30M OT COCTOSIHUSA, B KOTOPOM I'padUK 3aBUCUMOCTH €ro 00béMa OT TeMIepaTypsl J10-
CTUTAJI JIOKQJTHHOTO MAaKCHUMYyMa, JI0 COCTOSIHUS, B KOTOPOM 3TOT e rpaduK JOCTHrall JOKaJIbHOIO MHHU-
myma. OTBET BBIPA3UTE B JHKOYIIAX, CUMTAsl YHUBEPCATBbHYIO Ta30BYIO MMOCTOSIHHYIO paBHOH R =8.31 JIxw/K.

C

R

2,0

1,5

1,0

0,5

0,0

200 300 400 500 600 T K

3agava 1.2 (3.0 0as1a)
Ha pucyHke mnokazaHa cxema MoOCTa II€PEMEHHOIO  TOKa.
Conporusnenue R, =2.5 kKOM, unayktuBHocTh L=11H, conporuBieHue

KaTylUKH MHIyKTHBHOCTH 1, =1 OM. Ha uactrore mnepemMeHHOro
cuHyconaanpHoro HanpsbkeHuss v =100 [ 6amianc MocTa HacTymaeT mpu
R, =800 Om . Oka3anoch, 4To IpH YBEIUYEHUN YaCTOTHI IEPEMEHHOIO TOKA

B JIBa pa3a OajuiaHCc MOcTa He Hapymiaercs. Haliure conpoTuBiIeHUE yTeUuKn
I'. KOHJIEHCATOpa U ero eMKoCTh C .

3agaua 1.3 (4.0 6an1a)

HobGenesckas npemus no ¢usuke 3a 2019 r. Obuia mpucyxaeHa MIBeHIIapckuM acTpoHoMam M.
Maiitopy u JI. Keno 3a oTKpbITHE HECBETAIIUXCS CIYTHUKOB (PK30IUIaHET) y 3BE3A. PaccMoTpum miiaHeTy
IOnutep B Hamelt conmHeuHol cucteme Kak sk3ormanery st Comuna. [lepuon o6pamenust FOmutepa co-
crasnser 7, =11.9 roma 1pu macce M, =1.90-10*" kr, a macca Connua pasa Mg =1.99-10* xr. Cuu-

TaiTe TaKk)kKe M3BECTHON CKOPOCTH ABIKEHUS 3eMiu 1o opoute v, =29.8 KM/C, a OpOUTHI IJIAHET MPEAIIo-

naraiite KpyroBbiMu. [lycTh HaOMIOI€HNE TIPOBOAUTCS CIIEKTPOMETPOM JIAJIEKO M3-32 MPEIeIOB COMHEYHON
CHUCTEMBI TaK, YTO HAOJIIOJATENIb HAXOAUTCS B TUIOCKOCTU JBWKeHUs cuctembl Comane—tOmurep. Haiioure
MUHHMAJIBHYIO Pa3pEIIAOIYI0 CIOCOOHOCTh CEKTPOMETpa R ., KOTOpast MO3BOJISET ONPEACIUTh HATMUUE
y CoIHIla MaccuBHOI sK30mnaneTs FOnurep. Cunraiite ckopocTh cBeTa paBHOi ¢ =2.99-10° m/c .
Ilpumeuanue: paszpemaromeid CrmoCOOHOCTBIO CIIEKTPOMETpa Ha3bIBAECTCS €r0 CIOCOOHOCThH pa3iiv-
4aTh JIB€ OJIM3KO PACIIOIOKEHHBIE CIIEKTpaIbHbIC TUHUH, KOTOPAsh XapaKTepusyeTcs: 6e3pa3MepHbIM mapa-
mMerpoM R=A/AA rme AA — HauMmeHbIas pasHOCTD JUIMH BOJH JBYX JMHHUH €Ile PErHCTPUPYEMBIX TIPH-

60pOM KaK OTACIbHBIC, A - CpCaHAs AJIMHA BOJIHBI ABYX paspClIaCMbIX JIMHUHN.
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3anaua 2. Yckopenne @epmu (10.0 6anna)

B kocmuueckux tydyax oOHapyKMBAIOTCS YaCTHIIBI, 00JIa1aI0IINe YPE3BbIYAHO OOJIBIION SHEPTHEH.
Bo03MOXHBIN MEXaHNU3M IOSBICHUS TAKMX YACTULl HAa3bIBAeTCs yCKopeHneM depmu.

VYckopenne @epMu — 3TO CTOXAaCTHUUECKUN MEXAHU3M YCKOPEHHUS, KOTOPOE 3apsKEHHBIE YacCTUILIBI
UCIHBITHIBAIOT IIPU MHOTOKPAaTHOM OTpPa)KEHUH, OOBIYHO OT MarHUTHOTO 3epKaia. B nanHoil 3anade paccmat-
PHUBAIOTCSI OCHOBHBIE UJIEU, JIEKAIUE B OCHOBE 3TOT0, 11apaJ0KCaIbHOTO HA IIEPBBIN B3IJISL, SBJICHUS.

Ilouemy BCcTpeYHBIX MAIIMH 00JIbIIE, YeM MOMYTHBIX?

ITo aBTOMarucrpanu, umeroieil Tpu nosiocsl A, B, C , 1BUXKYTCS ¢ TOCTOSHHOM CKOPOCTHIO B OJTHOM
HAaIpaBJIICHUU aBTOMOOWIIN: 110 LIEHTPAJIBHOH 1oJjioce B aBTOMOOWIIb ABMIKETCS CO CKOPOCThIO V=90 KM/4;
110 T0JI0CEe A JIBHKYTCSI aBTOMOOMIIH €O CKOpOCTsiMu v — Av =80 km/4; o mosioce C IBHKYTCS aBTOMOOH-
7 €O ckopocTsimu v+ Av ==100 kM/4, PaccrogHue MEXy aBTOMOOWJISIMH OJMHAKOBOE Ha KaXJIOH U3 MO-

s0oc A u C, 9uciio aBTOMOOMIICH Ha €IUHUILY JJTMHBI TIOJIOCHI JUTSl KaXKI0 U3 HUX cocTaBiseT n=35.0 KM .
V + AV
c v @ P
B S—+
V— AV
A - oy g

Paccmotpum aBTOMOOWIB, ABMIKYIIMIiCA 110 mTosoce B.

2.1 PaccuuTaiite, CKOIBKO aBTOMOOMIIEH N, , ABMXKYLIUXCA 1O monoce A, oOronser aBromoouns B 3a

BpCM: t=1.0 mun » @ TAKXKC BPEMs 7| MCXKAY ABYM: IIOCICA0BATCIbHBIMU o0roHamu.

2.2 PaccuuraiiTe, CKOJIBKO aBTOMOOMIIEH N ,, ABMKyIHUXCs 10 noynoce C, KOTOpble 0OTOHAOT aBTOMO-
O Ha nojoce B 3a pems f =1.0 MuH | a Takke BpeMs 7, MEXIy JBYyMs HOCIENI0BATENbHBIMU 00r0-

HaMH.
HyCTb TCIICPb aBTOMOOUJIb JABHIXKCTCA 11O I10JIOCE B HaBCTpCUy aBTOMO6I/IJI$IM, ABMKYIIUMCS I10 I10-
mocaM A u C. CKOpOCTI/I aBTOMOOMJICH M KX INIOTHOCTh Ha A0pOore OCTaroTCA NMPEKHUMHU.

& m vV + AV G a
B L &
, PEEYS . e

2.3 Paccunraiite yncia aBToMoOunel N, IBIKyMUXCsA 10 mojoce A, u N, IBHXKYIIUXCS 10 TI0JI0CE
C, xoropsle BcTpeyaeT aBToMoOWIs B 3a Bpemst £ =1.0 MUH . a Takke COOTBETCTBYIOIUE BpEMEHa 7, U
T4 MC)KI[y ABYM IIOCJICIOBATCIbHBIMHU BCTpe‘IaMI/I.

Yupyroe croiKHOBeHHE
B naHHOM YacTH paccMOTpPUM KJIACCHYECKYIO 3aady 00 ynpyroMm CTOJIKHOBEHHMH JBYX Ted. OCHOB-
HOM LENBbI0 JAHHOT'O PacCMOTPEHUS SBIISETCS ONPEEICHNUE YCIOBUM, TP KOTOPBIX KMHETHYECKAsI IHEPTHS
OJTHOTO U3 BBIOPAaHHBIX TEJI BO3PACTAET B pe3yJIbTaTe yaapa.

JlBa ynpyrux Iiapuka, Macchl KOTOPBIX PaBHBI mi, U M,
5 n, 2
JOBUKYTCSL BIOJIb OcH X . CKOpPOCTh MEPBOTO HIApPUKA O CTOJIKHO- mb Vi O vy

BCHHUA paBHA v, CKOPOCTb BTOPOI'o — V,. O0o3HaYuM CKOpPOCTH

MIAPUKOB TOCEe abCOMIOTHO yHPYToro IEHTPAIBHOTO CTOJKHOBE- m, . ",

u y U,
HUA U, U U, , COOTBETCTBEHHO. [Tox ckopocTsIMU IIAPUKOB CIEAYET 1 ; : D =
IMOHUMaTh NPOEKLUHUH CKOPOCTEM HA OCh X, MOATOMY OHHU MOTYT

OLITH KaK MOJIOKUTCIIbHBIMU, TaK 1 OTPHULIATCIIbHBIMH.
>
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2.4 BbipasuTe CKOPOCTH LIAPUKOB i, M 1, TOCIIE yJapa 4epes UX CKOPOCTH 10 yJapa v, U v,, a TakKe
MacCChI IIapUKOB.
m,
0G603Ha4MM OTHOLIEHHE MAcC MIAPUKOB KaK 4 = —=, OTHOIIEHHE CKOPOCTHU TIEPBOTO HMIAPHKA MOCIIE
m
I
u, . Va
M 70 yaapa Kak 7, = —- 1 OTHOIIEHHE CKOPOCTeil MAapUKOB J0 yjaapa Kak 77, = —=. Jljis onpeieneHHOCTH
1% v
1 !

cuuTaiite, uto v, >0.

2.5 Iloctpoiite ceMeHCTBO TpaQUKOB 3aBUCUMOCTEN MapaMeTpa 77, OT IapaMeTpa 73, Ul BCEX Xapak-
TEPHBIX 3HAYEHUN OTHOIIEHUN MACC IIAPUKOB /I .

2.6 Haiijute COOTHOIIEHHE MEXK]TY TIApAMETPAMH 77, U 4 , IPM KOTOPOM IEPBbIi IIAPUK YBEINYMBAET
CBOIO DHEPIHIO B PE3YJIbTATE CTOJIKHOBEHHUS.

2.7 PaccmoTpuTe Cilydail CTOJTKHOBEHUS JIETKOTO IIapuKa ¢ THKENIbIM m2 >> my. Haiinure B 3TOM mipe-
JIENBHOM CIIy4ae CKOPOCTh NEPBOrO IIAPUKA MOCIE CTOIKHOBEHUS [, M ONPENENUTE 00JaCTh 3HAUCHHMA
CKOPOCTEH TSKENIOro MIApUKa 77, 1O CTOJKHOBEHMS, IPH KOTOPBIX SHEPIHUs JIETKOr0 MIapHKa BO3pacTa-

€T B PE3YyJIbTATE CTOJIKHOBEHUS.
IIpocreiimas Mmoaesb yckopenus ®@epmu
MaccuBHass IIMTa, PACHOJIOKECHHAs IEPIEHIUKYISAPHO <—o- A 3

OCH X, COBEpIIAcT rapMOHHYECKHE KOJcOaHHMS B HaNpaBICHUH "LO

ocu X . AMIUMTyJa KosneOanuit paBHa A, ux nepuon — 1. B —0
HANPABJIEHUU IUIMTHI BAOJIb OCH X C OJMHAKOBBIMU CKOPOCTSIMH ——0 x
U JBWXKYTCA JIETKHE apuku. BpemeHa noajiera mapukoB K IUIH- H -—0

T€ ABJIAOTCS CIIyYalHBIMU U PABHOMEPHO PACIPEACICHHBIMM.

2.8 BrIpa3ute MakCUMaJIbHYIO CKOPOCTb JABMKEHHS IUIUTHI V,, depe3 aMIUIUTyly M Hepuoj ee Koieba-
HUM.

2.9 PaccunraiiTe OO ¢ HAJICTAIONIMX MIAPUKOB, KOTOPHIE TIOCE CTOJIKHOBEHUS yBEJIMYAT CBOIO KH-
HETHYeCcKyIo sHepruto. OTBeT BeIpazute uepe3 u u V. st YMCIeHHON OIEHKH OTAEIBHO PacCCMOTPUTE
nBa ciryyas: a) u=1.5V,; 6) u=0.50V}.

ATNIpOKCUMHpPYEM TapMOHHYECKMH 3aKOH JIBU)KEHUS IUIUTHI KyCOYHO-TMHEWHOW (PyHKIMEH, cMOT-
pUTE PUCYHOK HUXE, TO €CTh OyJIeM CUMTaTh, YTO MOJAYJIb CKOPOCTH V JBMKEHUS IUIUTBHI OCTAETCS MOCTO-
SSTHHBIM HpI/I TEX KC 3HAUCHHUAX aMIUIUTYAbl U IICPHOAa KOJ'IC63HPII>1.

X,
Y
217

B
A -

s i v r]

.\ - ‘\ .
_A‘ e e

d
]

2.10 Bripa3zute 3HaUE€HHUE MOJYJISI CKOPOCTH JBUKEHUS TUITUTHI V depe3 aMIUTUTY1y U MEepuoj ee KoJie-
OaHMiA.

N E
2.11 PaccuuTaiiTe, BO CKOJBKO pa3 U3MEHHUTCS CPEIHSS SHEPrusl HAJIETAIOUINX IIAPUKOB & = o rae
0

EO — KHHCTHUUYCCKAs SHCPTHUA HIApUKOB J0 CTOJIKHOBCHH, E - CpCaAHAsA SHCPrud HIAPUKOB IIOCIIC

CTOJIKHOBEHUS C KOJeOomencs mIuTou. [ aucieHHoi OIeHKH OT/IeTIbHO PACCMOTPHUTE JIBa CITydas:
a) u=1.5V ;6) u=0.50V.
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3agaua 3. Marnerpos (10.0 6an10B)

W s51eKTprYecKOoe U MarHUTHOE IIOJIsI BO3ACUCTBYIOT Ha JBMXKYLIUECS B HUX 3apsKCHHBIC YACTHILIBL,
KOTOpbIE ONpPEETICHHBIM 00pa30M MEHSIOT XapakTep CBOEro JIBMXKeHUs. Bcrony B panbHeleM npearnosa-
raercs, YTO 3apsHKEHHBIE YAaCTULIBl JBUTAKOTCS B BAKYYME, a U3IyYCHUEM DJIEKTPOMArHUTHBIX BOJIH MOXKHO
peHeOpeYb.

B nanHOI 3a1aue paccMaTpUBaeTCs JBIKEHHUE IEKTPOHOB, KOTOPBIC IMPEICTABISIOT COOOM Kilaccu-
YeCKHe TOUEYHbIe YacTULbl. [Ipu MpoBeAeHNN YUCIEHHBIX PACYETOB CUMTANTE, I1€ HEOOXOAUMO, UYTO JJIeK-
TPOH 00J1a/]aeT OTPULIATEIBHBIM SIEKTPHUECKUM 3apsI0M, MOLY.Ib KOTOporo paseH e =1.60-10""Ku, a ero
Macca paBHa m=9.11-10""kr. DjeKkTpuueckas M MarHUTHAs MOCTOSIHHBbIE PaBHBI &, =8.85-10°®/M u

ty =1.26-10°T'n/m , mocrosinHas Bonbumana k, =1.38-107 Iw/K .

JIBHKEHHE 3JIEKTPOHA B 3JIEKTPHYE€CKOM M MATHUTHOM IOJISAX
[TycTh B HauaJIbHBI MOMEHT BpeMeHU ! = 0 3JIeKTPOH OKOMTCS B Hava- -
JIe KOOPJAMHAT, a BIOJb IOJOKUTEIBHOIO HAIIPABICHUA OCH X IIPHUIIOKEHO OJ- @_::9
HOPOJHOE 3JIEKTPUUYECKOE MOJI€ HANPSDKEHHOCThIO E . DIIEKTPOHY COOOILAIOT
HAYaJIbHYI CKOPOCTbh U, TAKXKE HAIPABICHHYIO B IIOJIOXKMTEILHOM HallpaBlle- E x

HHUH OCH X .

3.1 Onpezennute MaKCUMaJIbHOE 3HAUYCHNUE KOOPAUHATHI JIEKTPOHA X, . 3a BCE BPEMS €r0 JIBUKEHHUS.
[TycTh B Ha4YaJ bHBIM MOMEHT BpeMeHH ! = 0 3JIeKTpOH MOKOUTCS B HaYa- z

JIe KOOPAMHAT, a BJIOJIb IIOJIOKUTEIBHOIO HANIPABJICHUS OCU Z IPWIOXKEHO O- JB

HOPOJHOE MarHUTHOE I0JI€ ¢ MHAYKIHMEH B . DIEeKTPOHY COOOILAIOT HAaYaJIbHYIO

CKOPOCTD U, , HAIIPABJICHHYIO B IIOJIOJKUTCIIbHOM HaIIPAaBJICHUHN OCH X . I_E
0

®

3.2 Onpenennure MaKCUMalbHOE 3HAYCHHE KOOPAUHATHI 2JIEKTPOHA X, 34
X

BCE BPEMS €T0 JIBUKEHHS.
3.3 B npolecce ABMKEHUS 1O TPAEKTOPUH SIEKTPOHY B HEKOTOPBIA MOMEHT
BpEMEHM COOOLIMIN JIOTIONHUTENBHYIO CKOPOCTh OU B HAIPaBJIEHHH, TIEPIIECH-

.y ;i JWMKYISPHOM €ro TeKyIell CKOPOCTH U W JIeXKAIeM B IUIOCKOCTH €ro Hadallb-

e:{ HOW TpaeKTOpuH, mpudeM Ou  u . OnpeaenuTe Mepuo BOSHHUKIIMX JBYMeEp-

ONOU gk konebaHMil AIEKTPOHA OTHOCHTEBHO €ro MepBOHAYANBHOH HEBO3MYIIIEH-

HOM TPAEKTOPHUH.

B

[Tycts B HayanbHBIHE MOMEHT BpemeHH ! =0 3JeKTpOH MOKOUTCS B
Hayaje KOOPAMHAT, a BIOJIb OTPULIATENIBHOIO HAIIPABIIEHUS OCH X IIPUIIOKEHO
OJHOPOJHOE DJIEKTPUYECKOE IIOJIE HAIpsHKEHHOCThIO E . Ilommmo 3toro,
BJIOJIb TIOJIOKUTEIIBHOTO HAIIPABJIECHHUS OCH Yy CO3IAHO OJHOPOJHOE MAarHMT-

HOE€ ToJie ¢ MHIAYKIHEeH B . DIeKTpPOH OCBOOOXIAIOT C HYJEBOW HayalbHOM
CKOPOCTBIO.

3.4 Onpenennte MaKCUMaJIbHOE 3HAYEHUE KOOPAMHATHI DJIEKTPOHA X, 33 BCE BPEMS €r0 JIBUKECHHS.

HyCTB B HaydalbHBIA MOMEHT BpCMCHU t=0 OJICKTPOH IIOKOUTCA B
HayvaJi€¢ KOOpAUHAT, a4 BAOJIb IMOJIOKUTCIIBHOI'O HAIPABJICHUSA OCU T IIPUIIOKCHO

MAarauMTHOC II0JIC, MHAYKIHA KOTOPOTO B INIOCKOCTH XY 3aBHUCHUT OT PACCTOSHUA

172

y r 710 OCH Z TI0 3aKOHYy B=ar=o(x’+y*)"* . DnekTpoHy cooOmaT Hauab-

HYIO CKOPOCTb U, , HAIIPABJICHHYIO B ITOJIOKUTEIILHOM HAIPABIEHUH OCH X .
X

3.5 Onpeznennte MakCMMalbHOE PAacCTOSHUE 7, OT DIIEKTPOHA IO OCH Z B

nmponecce €ro ABUKCHUs.
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B HGKOTOpOﬁ o0ractu MMPOCTPAHCTBA CO3JACTCA OCCCUMMCPUIHOC OTHOCUTCIIBHO OCH T MArHuTHOC
mone. B MomeHT BpEMCHHU [ = 0 MarmuTHOE MOJE OTCYTCTBYCT, a 3aTCM HA4YHMHACT MCIJICHHO HapacTaThb,
Z IIpHUYEM BO BCCX TOYKAX INIOCKOCTHU XY BEKTOP MHAYKIHWH II0JI HaAIlpaBJICH

BJ0Jb ocu Z. Ilo mpomiecTBUM HEKOTOPOrO MPOMEKYTKA BPEMEHH MHIYK-
I[US] MAarHUTHOT'O IOJIL TOCTUTaeT MPEJESbHOrO 3HAYCHHsI U IepecTaeT W3-
MeHAThCS. [Ipr 3TOM B INIOCKOCTH Xy pacHpeesieHue Mo UMEET BUJL

B, O<r<p
B=<B

0, r>r

s Kh<r<r,

rJle ¥ — PacCTOSAHHE JI0 OCH Z,a I; U F, — U3BECTHBIE BETUYHHEI.

B MomenT Bpemenu 7 =0 3JIeKTpOH MOKOUTCSI B HEKOTOPOH TOUKE, JeKalllel B IIIOCKOCTH Xy . [Ipu
BKJIFOYEHUU TOJI JEKTPOH HAYMHAET JIBUTAaThCS 10 OKPYKHOCTH B IJIOCKOCTH Xy , LEHTP KOTOPOH HaxXo-
JUTCSI HA OCH 7.

3.6 Onpenenure, pu KaKOM OTHOLIEHUU B, / B, BO3MOKHO OIMCAaHHOE JABUKECHUH JIEKTPOHA.

HuamHApHYECKUid MATHETPOH

MarHeTpoH — 3JIEKTPOHHBIH 3JICKTPOBAKYYyMHBII MPHUOOP, BEIIMYMHA IPOTEKAIOIIETO TOKA B KOTOPOM
YIPABJISACTCS JICKTPUUSCKUM U MAarHUTHBIM IOJieM. PaccMOTpUM MpOCTEHIHii MarHETPOH, COCTOSIIIUIN 13
NPOBOAAIIMX COOCHBIX JUIMHHBIX IMIMHAPHMYECKUX KaToja ¥ aHoja ¢ paaumycamu a=3.00-10"'mMMm u
b=6.00 MM COOTBETCTBEHHO, PACIOJIOKEHHBIX BHYTPH BaKyyMHOH jammbl. Jlamria HaXOAUTCsS B LEHTpE
[WIMHAPUYECKOTO COJCHOUIA, OCh KOTOPOI'O COBIAIACT C OCSIMHU KaToja M aHOja, a YMCJIO BUTKOB COCTaB-
asier N =2590 , nnuna paBaa L =210 MM u quamerp — D =105 MM . Pa3HOCTh MOTEHIIMATIOB MEKIY KaTO-
JOM U aHOJIOM HOCTOsIHHA U paBHa V,, =75.0 B. Cumnraiite, 4yTo nmokuaromue KaTto/ 3JIeKTPOHbI 00pa3yoT-

Csl BCJIEZICTBUE TEPMOIJIEKTPOHHOM SMUCCUM U UMEIOT HYJIEBYIO HaYaJIbHYIO CKOPOCTh, a TaKXke IpeHeope-
raifTe mpoCTPaHCTBEHHBIM 3aps/IOM 3JIEKTPOHOB B JIAMIIE.

3.7 PaccunraiiTe pa3HOCTh MOTCHIMAIOB V MeXTy KaToJIOM M TOYKOH B IMPOCTPAHCTBE, PACIIOIOKCH-
HOI Ha paccTosiHuu + = 3.00 MM 10 OOIIEH OCH JJaMIIBI U COJICHOU/IA.

3.8 PaccunraiiTe HAMMEHBIIIHMI TOK coneHouaa I IIpU KOTOPOM TOK B MAarHeTpOHC MCKIY KaTOJAOM U

min ?

aHOJ/IOM 00paIaeTcsi B HOJb.

3.9 HaiinuTe ycnoBue i TeMIieparypsl katoga 7', IpH BBHIIOJHEHUH KOTOPOTO HAYalbHYIO CKOPOCTh
3JIEKTPOHOB JICICTBUTENIBHO MOKHO CUMTATh HYJIEBOM.

Mamemamuueckan noocKazka 014 3a0a4 MeoPemMuiecKozo mypa

Bam mosxeT moHao0UThCs 3HAHUE CIIEAYIOMNX HHTErPaJIoB:

+1
xn

Ix”dx = +C,rne n#—1 u C —npou3BoibHAs MOCTOSTHHAS,

n+l1

dx
J.— =In|x|+C, rane C — npou3BoJbHAs TOCTOSIHHAS,
X

+C ,tne a,C — npou3BOJIbHBIE TIOCTOSIHHBIC;

3/2

I dx _ X
C+d)”?  dC+d)

1+ x)” z1+;/x+y(yT_1)x2,zm;1 | x|- 1 unro0bIX y;

In(l+x)=~x, s | x|. 1.



XIX Xanbikapanbik XXayTbikoB Onumnuagacel/TeopusanbIk Typ c.1/24

TEOPHAJIBIK TYP/bIH ECEINITEPIHIH LIIEHIIMI
Ha3zap aynapsinbi3: ynasiaap 0arara 0eJsiiHOeiai
Tanceipma 1 (10.0 ymaii)

Tanceipma 1.1 (4.0 ynaii)

TepMmonnnamuKkaHbIH OipiHIl OacTaMackiHaH OemTii
S0 e U 4 d A , (1)
MYH/IaFbl 0 OepuUITeH >KbUTY MO, dU ki SHEPTHsl e3repici, 4 _ rasgpim sxacaran YKYMBICHI.
Wnean ra3zapig O6ip Momi yuIiH Oyil mamanapabl Oenriii £ xpiceiv kesinmeri komem “F sxome

temmeparypa 1 esrepici Typinze keneci Typae xKasyra 60mabl

A ;ufl" 2)
dl =( . dr . 3)
Kbty CHIIBIMIBUIBIFBIHBIH aHBIKTaMachl OoibIHIIA O1371e Oap
= T
T 4)

onna (1)-(4) karbIHACBIHAH AJIAMBI3

dT , )
TEH TYPaKThI KeJIeMJIeT1 Oip aTOMJIbI Ta3/IbIH MOJISIPIIBIK KbUTY CHIMBIMIBUIBIFBIH/IA
1
€, ==R
<. (6)
[aptra Gepinrex rpaduKTeH Kopyre 601aIbl, MbIHA TEMIIEpaTypaaa
T =150
(7
-C & -0
JKBLTY CHIABIMTBLITBIK " xome, coiikecinme, . Ochl TeMrieparypa apKbUIbl OTKSH]IE TYBIHJIbI

I

#I" Genrici mmoc MuHycKa e3repeni. By ocel TemmepaTypaja ra3 KeneMi )KeprilikTi MAKCHMYMFa JKeTeli

.. .. T =T =Kl
nereHpl Oimmipemi: ™
MpbiHa Temneparypaia

I, =R
: ®)
il
— (.
Tysiasl @1 12 HenTe TeH jKOHE OCHI HYKTeneH R
OTKEH/IC OHBIH TYBIHJIbI O€NITiCI MUHYCTaH IUTIOCKA
2.0 4
esrepeni. by ¢ KeprilikTi KeNeMHiH MUHEMYM
. . . . . T =T =H0 R
HYKTeCl eKeHiH Ouinipeni: ™ - .
I, =830 I, =B ]
-JICH J0 : -re 1 1
neitinri Gemikre raz & KBUTY MOJIIIEPIH anajbl, el :
CUY royenninirinin aymaHeIHA CaHIBIK Typie o0 . A . 13 | |
TeH, arHu ABCDE ¢urypaHblH ayaaHbl OOJBII e we [ am I, 50 I.K

TaObLTA IbI. Tk SHEprus e3repici
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AU =Gl -, ! ABDE TIKTOPTOYPHIIBIHBIH ~ ayJaHbIHA CaHABIK TypAe TeH. TepMOIMHAMHUKAHBIH

. r I I, ...
OipiHIIi OacTamacblHaH A=AL =L connpikran -IeH - -Te JEWIHIl ra3fa aTKApbUIFaH >KYMBIC
caHIbIK KarblHaH ABDE TiKTepTOYpHIIbIHBIH aygaHnapsl MeH ABCDE ¢urypacsl apachlHIarbl
alpIpMaIIblUIbIKKA TeH, sFHU. BDC mTpuxTtanrad GUrypaHbiH ayaaHbl:

min

A=Lrpw, -1 =312
4 )

Kocbimuia: alikpa TOyEIITIK A E

i. I. T 1 .‘: I.' T_TI L
—_ = — & I—
ooV T Pll_ AT | [=K0 =T7<d8k AT =100 K
' £, erep : KOHE ;
4 T| exp| =6
—_ = — ) S
¥, \I | p.l AT, | [, =80 <=T<hek Al =200 k
/ © 4, erep o KOHE .
[a3aer  KBI3ABIPY MPOIIECIHET] UL xome PV TOYENAUTIKTepl TOMEHIETI CypeTTepie
KOPCETUIrEH.
tl PV
LM I%
o0
06 1 o
" S
£ o £, B
i
L (%]
o "
AE O M B b & B B e i T [FE ] o, (5 ] L] a0% B q,0m
Ma3MyHBI Ynaiiaap
®opmyna (1): G0 = dU +dd 0.2
®opmyna (2): A = pdV 0.2
f AT 0.2
Dopmyna (3): dU =C.dl
e aQ 0.2
dopmyna (4): ol I
v e 0.4
p—==0-
dopmymna (5): T
1 .
c -3g 0.2
dopmyna (6): 2
. _ 0.4
®opmyna (7): I, =B50
dopmyna (8): ly = KO 0.4
‘ = l H: :lr;r..l. - ]r;l.ll :l 02
dopmyna (9): 4
(9) popmyaHbIH CaHIBIK MOHI: ° | = Al 0.4
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| bapabIrbl 3.0

Tanceipma 1.2 (3.0 ynaii)

Kemipain skBUBaneHTTI Ti30€ri TOMEHACTI CYpeTTe KOPCETIITEH, O UACaNIbl eMeC WHIYKTHUBTIIIK

. . . . . 1 I . o
Ti30eri DKBMBAICHTTI €KEHIiH eCKepemi - Oyl Maeanabl KaTymIKajap L >koHe pe3ucrtop | TizOexrei

JKaIIFaHFaH; aFblll TYPFAaH KOHACHCATOPIBIH SKBUBAJCHTTI Ti30€Ti uaean bl KOHIEHCATOp C _ra napasiesnb

,
KOCBUIFAaH “ pe3uCTOphI OOJIBIT TAOBLIAIBI.

R,

M emim 1. Kypaeni cannapaarsl kemip OaJaHCHIHBIH MIAPTHI ObLIal jKa3bLIa bl

.-'fl..."."( =f ."4‘: , (1)
MYH/IaFbl Keieprijiep CoOUKeciHIle
£o=r +iml
(2)
KOHE
_ ’§
1 +imCr, . 3)
(1)-(3) epHexTepal TYpACHAIPYAEPACH KSHiH alaMbl3:
iR,
in|L=-RRC)=r —=
G 4)
KuimikTi e3repTkeHie, TeHICY/IH €Ki kKarbl 1a Heare TeH 0oica, Oy TeHAIK OY3bUIMali/Ibl, COHIBIKTaH
L
€= ;R )
2 , (5)
KR,
r.o=——%= MO
: (6)
Iewrim 2. KonaeHcatoparel KepHey OOJICHIH
U =L "n:u:-.m." 0
COJIaH KeWiH OJI apKbUIBI TOK O©TE/I1
{ - =—Cwcoso
. , @)
YKOHE OHBIH aFbIll KETy KeACePrici apKbUIbl OTETIH TOK
[ = L, COS
G 3)

Konzgencarop 6ap TyTKa apKblIbl ©TETiH Kbl TOK T€H
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’KOHE Kellip TeHIEeCTIpUIreH OONFaHIbIKTaH, COJI TOK KeJIeprici apKbUIbl OTEI1, IeMEK,
U, =1R

€KIHIII YKaFbIHAH, OYJI KepHEY WHTyKTHUBTLIIT1

U, =U,

UBIKTaFrbl KEPHEY1HIH TOMEH/IEY1HE TEH, OJI YILIIH KEpHEYIIH TOMEHeY1

U,
i,

OaTaHCTBHIK TeHIIEyiIMeH OepinreH, ce0eoi

U, =U,

(1)-(9) Tenneynepai 6ipre >xuHAI, aJaMbI3

| L . 1,. . R )
el |, sin o | L |E COsan
R, ) A

k1
F

(10)

By TenaikTeH TeHACYIIH €Ki JKaFbl 1a HeJre TeH 00J1ca, JKUUTIKKE TOYeJICI3 TeNe-TeH IIK IIapThI

OPBIHJAAJIATBIHBIH KOPYI'C 6ona)11>1, SAFHA )Kaya6LIH aJlaMbI3.

L
C= =
i,

(11)

F.o= il B0

[
£

(12)

(4)

©)

(6)

(7

(8)

)

Ma3MyHbBI

Ymnaiinap

Hlemim 1

OKBUBAJIEHTTI AuarpaMma: bapiblk 3JIeMEHTTED AYPHIC OPHATIACTHIPBLIFaH

0.5

®opmyina (1): '{" '{‘ =4 H:

0.3

=r 4 i
®opmyna (2): &, =0 Hal

0.3

Z =
dopmyna (3): L+iolr,

0.3

R R,
iw|L-RR.C)=r, ——
Fi

®opmyna (4):

0.4

L

C=
®opmyna (5): K%,

0.4

Cangpik MoH (hopmyna (5)-Te: C = s

0.2
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R R, -
J': —
dopmyia (6): n
] 0.2
Cansik Mos dopumya (6)-ma: ! 2 Om
BapJibIFbl _
Il enrim 2
DKBHMBAJICHTTI JuarpamMma: bapiblk 3J1EMEHTTEP IYPhIC OPHAJIACTHIPBUIFAH 05
=S 0.1
Dopmyna (1): Up =U, cosan
CDOpMyna (2) 'll. = —{ i cos il 01
[ o= L, cos ax —
dopmyma (3): %
Irl _ "Ic ! 0.1
dopmyna (4): .
Un = IR 0.1
®opmymna (5): " i
V=l 0.1
®opmyna (6): &
I ) ol —
P = o
dopmyna (7): :
b=ty = 0.1
dopmyna (8): 'R,
Un =Y 0.1
®opmyna (9): = F
Yy "_ F . . 0'4
-2 FCeal, L7, sin oot | "lt?' 4 U, cos ot
®opmyna (10): . oy
= 0.4
dopmymna (11): R,
aHJBIK MOH (opMyIia e: C .
C yna (11)-ne: € = D —
RER, _
J'! —
®opmyna (12): Fy
3 0.2
CanzapIK MoH hopmyna (12)-1e: r. = MU
Bapibirbl _

Tanceipma 1.3 (4.0 ynaii)

Maccacet  mmanHeta Kynnai aiiHanmansl opOUTa paguychl R Goitpama JKBEULIAMJIBIKIICH
KO3FaJIChIH, OHJIA TUTAHETAaHBIH PaJuaIbl OaFbITKA MPOCKIMUICHIH/A KO3FAIBIC TeH Y1 ObLIail jKa3bl1a bl

mv.  _ mM
= iLr -

R R (D

olaH
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Y R 2)

MyHaFsl U — rpaBHTAIMSIIBIK TYPaKTH .
J unpexci 6ap FOnurep xone £ unaexci 6ap XKep yurin ¢popmynansl (2) sxa3bli, 6eJIreHHeH KeiiH
aamMbI3

—
v, |R,
=7
V, i
I 1I| T (3)
aJ eKiHnn areiHaH, Kemepain yuinmi 3a0piHa colikec, © koHe < aliHaiy neprOATapbIHbIH KATBIHACKI
y11iH 6i31e Oap
I R
T R
;R 4

HOnuTepiH KO3FaabIChIH CIIEKTPOMETPMEH aHBIKTay MYMKIH eMec, Oipak o1 KyH yuriH ae skacamybl
MYMKiH, eiTkeHi o1 KyH-HOnurep xyieciHig Maccanap HEHTPIH Jie aitHanbim oTeni. KyHHIH KbUTIaMIbIFbIH
MbIHA ODHEKTEH OHal Tabyra

M,
Ko =V,

i1 v
M, . (5)
KyH >xylieHiH >xaimbl macca ILEHTpl alHanachlHAa KO3FalaThIHABIKTAH >KoHe Oakpliaylibl Oip
Ka3bIKThIKTa OpHaJacKaHAbIKTaH, Jlomiep a3gdexTiHiH popmynackl OOibIHIIA aHBIKTAY K€31H]I€ KeJecl mapT
OpBIHIAJIa]IbI

AL v,
A Lo (6)
(3)-(6) Tenneynepai 6ipre *KHUHaI, COHFBI XKayaNThl aJlaMbl3
R, = sl L | = 1.20-10
M VT 2w, ' )

Byn pykcar omeMHiH opTypili eNiepiH/e WIbIFaphUIFaH KONTereH 3aMaHayd CIIEKTPOMETpIIEp YIIIH KO
JKETIMI.

Ma3mMyHbI Ynaiinap
S mM
Y L - 0.2
®opmymna (1): R R
| .Ilur.\,
v=,0G— 0.2
®opmyna (2): VR
. (R
= |ZE 0.2
v, ",|| R,
®opmyina (3): :
K 0.4
®opmyna (4): I, R, .
M, 1.0
Fe =¥
dopmyna (5): M
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T 1.0
®dopmyna (6): A .
M |" Ty e —
dopmyna (7): M\ T ] 2w,
=1.20-10' 0.5
Cangsik MoH hopmyna (7)-nae: R =1.20-10
Bapabirbl -

Tanceipma 2. @epmu yaeyi (10.0 ynaii)

HeaikTeH oTin 0apa :KaTKaH KeJIKTepre KaparaHaa Kapchl KeJle :KaTKaH KoJiKTep Kon?
21 1 YaKpIT ilIiHAe B KOoNTarbIHIaFbl KOTIK ©31HeH
F =1y =¥ — Ay P:l"'—."'nn'. (1)
KAIIBIKTBIKTA TYPFaH KOJIKTep/li FaHa Oacklm 03aabl. COHOBIKTaH OYJI KOMKTePAiH CaHbI

N, =nl =nlvi = (L83 o)
bipin-6ipi 03y apacbIHAAFbl YaKbIT

|
I = =i T2e

i i (3)
2.2 ¥xcac maiipiMaaynap Oachlll 03yjlap caHbl MEH OachIll O3yJap apachbIHAAFbl YaKbIT ©3repicci3 Kalaibl
ACTCH KOPBITBIHAbITA QKGHCI[i, SATHU.

N, =mi =ndvt =083

|
Iy = =042 T2 e
G fat . ®)
2.3 Kapcel kene aTkaH KOJIKTEpIIH CaHbIHA Kapail KO3Faly Ke3iHIe »OHe KaTapblHaH €Ki Ke3iecy
apachIH/IaFbl YaKbIT MBIHA (hopMymanap OOUBIHIIA €CenTeNe/i:
Noy=nlv+vEAv)l=n2v:Avk
I

) {2y + Av) (6)

; 4

T14

’KOHE CaHJIBIK ecernTeyep Keneci MoHaepai Oepeni
N, =142, r,=42c;

N =158 r,=38¢c _ %

CepniMji COKTBIFBIC
2.4 IMImynibCTiH caKTally 3aHbIH

Y+ LW = LI Bl (8)

JKOHC MCXaHHUKAJIBIK SOHCPTUAHBIH CAKTaJly 3aHbIH Ka3aMbI3

v M., Jililu.' b i
el B 36 p—
b ¥ 1 g

©)

Ocpl TeHaeyAepAl MblHA TYpJle KaWTTaH jKa3aMbl3
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WV = I = I — Vs
.'i'?I "-I: .I'.IJII-I'l'I m:rr_;' .l'.l.':'l'é
(10)
aJ1, eKiHII TeHAey/l OipiHIIire 6o, MbIHA HOTH)KECHI aJlaMbl3
¥, + My =y + W,
(11)
Ocsl TeqikTen “: = Vi +1 = Vs gpgekTen, MMIY/IBCTIH CaKTaly 3aHBIH TEHJIEYTE KOIMBI3

e, + o, Do [.-rr, — 1t I, + 2maLw
b

(12)

OCBIZAH IILIFaIbI

m, —m, 2m,
i, = =¥, + —,
m, +m, m, +m,

(13)
Exinmni mapasie xbeiaaMaslFbiH (13) dopmymnanarsl «1» koHE «2» MHIAEKCTEPIH ©3repTy apKbLIbl OHAi
ajyra 6onajpl.

_?IJJI ., =
i, = I'I T . I-'_-
m, +m, m, +m,
(14)
2.5 (13) dbopmynaHbl naigaIaHpII, KaKETTI TapaMeTpiiep apachlHAaFbl TOYCIIUTIKTIH alKbIH TYPIH aJlaMbl3
|- m, 2 m,
i L8 i, jn'fl ¥y T my v
—_ - + - —_ = - —_ —
GO K R - m, 1+ iy
i, Iy
l-p  2u
LT Tl
k H . (15)

Kak AJIbIHFAaH OpHEKTCH WIBIFATBIHAAM, ' MaccaiblK KATHIHACHIHBIE K3 KEJIICH MOHJEpi YIIiH
) TOYENIIri CBISBIKTHI, SIFHH. OHBIH rpaduri Ty3y Gonansl. Byn Tysymepain Gapisirer = 1171 = |

n =1

4. HYKTeCiHe Koaoey KodhduimeHTi HeJre

HYKTeCi apKbLIbl OTETIHIH Oailikay 1a KublH eMec.

YMTBITAABI, SFHM TOYeNIiNik rpaduri KeljeHeH Ty3yre YMThUIAfBl. e

TOYEJIUTIK YMTBLTA IbI:

HYKTECIH/IE KaJlaraH

m=-1+2n,

(16)

byn pynkuusnapasie rpaduKTIK TOOBI TOMEHET1 CYpeTTe KOPCETUITEH.
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Tl

-
i

2.6 IllapapiH KHHETHKAIBIK YHEPTHSICHI, €Tep COKKBIAH KeWIHT1 JONTHIH KbUIIaM/IbIFBIHBIH MOYJI1 COKKbIFa
JEHIHT1 )KBIIAAMIBIK MOIYJTIHEH YJIKEeH 0oJica, SFHU TEHCI3IKTEp OphIHIAICA apTaIbl

]JJ, =]

ml=1 =
|_.I:|| < —]
(17)
"I 1mamace! yurin opusiHa (15) epHerin KO#bII, TEHCI3MIKTEP/I alaMbI3
[1-p 2
b
l+pn T+pu
|- 2p
H = n, <=l
1+ 1+p
(18)
By TeHci3aikTep keneci KaTbIHACTap apKbLIbI MISTIeI]:
a)
n, =1
(19)
SFHU OYJ1 IapTThI OPbIHIAY YIIIH KIHII JOI O1pIHIIICIH KYBIM XKeTyl Kepek;
6)
|
M = ——
H b
(20)

OyJ1 skaFaiiia eKiHIi JIoN Kapai KbUDKY KePeK KoHE OHBIH KbUIIaMIbIF bIHBIH MOYII KOPCETIIreH MOHHEH
aCBII KeTYl KepeK.

. m, 5 om o
2.7 I_HeKTey XaragaunbIHIA = COKTBIFBICKAHHAH KCHU1HI'1 6lleHIl JOIITHIH XbIJIdAaMABIFbI

-+ ll.'_
s

i, = —W,

(21)
SFHU OIpIHII JONTHIH >KbUIIAMIBIFBl TAaHOACKIH ©3repTe/l (0T MIAFbUIBICAIbI) HKOHE OHBIH MOAYJI eKiHIII
aybIp TONTHIH KBUIIAM/IBIFBIHAH €Ki €Cere e3repe/i.

JKeHin map e3iHiH KbUITAMIBIFbIH )KOHE, IEMEK, KHHETUKAIIBIK SHEPTHICHIH apTThIPAJIbI, erep:

a) aybIp JIOM OHBI KYbIIT )KeTei (apThiHaH COFy) '+ = .

6) aybIp 10T OFaH Kapaii xeumkuasr “r < W

®epmu yaeyiHiH eH KapanaibiM Mojesi
2.8 IlnuTaHbIH KO3FaJIbIC 3aHBIH JISCTYPIIL TYPAE Ka3aMbl3
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xli )= Acos(aw)
(22)
OHJIA KBUIIaMIBIKTBIH YaKbITKA TOYEIIUIITT (PyHKINSA apKbLIbI CUIIATTAIIAb]
wli ) = — A e sinloaw )
(23)
COHJBIKTaH IIaT(GOPMAHBIH MAKCHMAJIIBI JKbLIaMIbIFbI

. A
VF, = Am=2r —

(24)
2.9 byn cypakka »xayan Oepy yuiiH miuardopmansik Tepoemicrepid Oip Ke3eHIH KapacThIpy >KETKLTIKTI.
[Inarpopma KoOpAMHATACHIHBIH YyakbpITKa (22) TOoyenAUNriHiH TrpaduriH TYpFbI3allblK JKOHE OFaH

x=x,—ul . . ..
! TY3y OONBII KeleTiH TYCKkeH O6JIIeKTepaiH KOOpIWHATAIAPBIHBIH YaKbITKA TOYEIAUTIK

rpadUKTepiH canaubIk..

B S . i . T—

. ~
e | IS IF SN N

[

Cyperte xKarmail kepcetuireH. COKKbI HOTHXKECIHIE MuaTdopMa ~ OCIHIH OH OarbIThIHA

Kapail KbUDKBIFAH COTTEpHe TUIaTGOpMaMEeH COKTHIFBICATHIH OOIIEKTEep >KbUIIAMIIBIFBIH apTTHIPAIbI, OYIT
r

)KaF)IaI\/’I}Ia COKTLIFBICTAp 2 JKOHC T YaKbIT apaJibIFbIHAIA 6OJ'IYI)I KCPCK. I[CFCHMCH, COKTBIFBIC YAaKbITTApPhI

OipkesKi OeJIHTeH Ke3JeHCOK ImaMa emec, Oipak IUIaCTHHAHBIH ©31HE JKaKbIHAAy YaKbITTaphl O1pKENKi

GomiHreH, coHmbIKTaH * = | KA3BIKTBIKTBI KapacTEIpaMBbI3, KAKbIHIAAY YaKBITTaphl Oipieil BIKTHMAIL.
T
b . . |l = & ]
[TnarpopmMaMeH COKTBIFBICKAH OOJIIEKTIH KO3FaIbIC 3aHBIH CHIIATTAUTBIH TYy3y JKYPri3euik -
YaKBITBIHZA (CypeTTe — KyaH ChI3bIK). by 6emmex * = <! a3bIKTBIFRIMEH KeCill OTKeH yaKbIT MOMEHTIH
nern Oenrinerik. Ocbl HYKTEINeH KeiiH Iar¢)opMaMeH COKTHIFBICKAH OOIIIEeKTep >KbUIAaMIIBIFBl MEH
SHEPIUACHIH apTThIpaibl. bipak Oyi Oemmekrep ' xkoHe r VaKbIT MHTEpBAnbIHAa * = | Ka3BIKTEIFBIH
KecCin eTe/l, COHIBIKTaH Oy OeeKTepAiH yIeci Keleciaen ecenteneni
T —1,
n= X
T
(25)
ByJ1 GestiekTiH KO3Fajblc 3aHbIHAH ' YaKbIT MOMEHTIH Taly oHai
T 24
f,=—-—
2
b
(26)

OHJIa Y/IETUIreH OeNIEeKTepAiH yieci TeH 6oaabl
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-1 2.4 ¥
?;I=?= —

o

+—=
il

Il |
Bl | —

27)

'I_I

T

._
,-||..
[
i
el

Mynna (24) dbopmynanaH KeJaeTiH KaThIHACTBI KOJIIaHAMBI3.: . Kepcerinren

CaH/BbIK MOHIH AYBICTBIPCAK, MbIHAHbI aJIaMbI3:

I |
”=:+| .

= (L7

(28)

) ) T ) .
Temenzeri cyperTe KopceTiireH " -nme Gipmama 6acka yKaraai OpbIH alajbl.

ByJ1 skaraiiia yaeTiireH jKoHe TeKeITeH OoIIeKTep apachlHIarsl | «IIEKTepi» TOMEHIET] CypeTTe
KopceTuIreneil 1uatopMaHblH KO3FalbIC 3aHBIHBIH TpaduriHe jkaHaMa OONAThIH TYy3y CBI3BIKIICH
AHBIKTAJIAIbI.

Exi ¢ynkmumsaeiy rpadukrepi *  yakpIThIHIa THIN TypraHga, (QyHKIMSUIAPIBIH ©37EpiHiH e,
OJIap/bIH TYBIHIBUIAPBIHBIH J1a MOHIEPI COWKec Kelell, sSiFHU TuiaTrgopMa MEeH IIapblH KbUIIAMIBIKTaphl,
COH/IBIKTaH

— Amwsinlay, | = —u
b

(29)
onaH Ta0aMbI3
| .M I . M
{, = —arcsin = arcsin —
i dw 2n K

(30)
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v. = A cosaf, = .-f.,.ln'll —sinaw, = A —”—1
(1)
Byst eprextep * © 4 xa3spIKTBIKKA JKAaKBIHIAY yaKBITHIH aHBIKTAayFa MYMKIHJIK Gepei
h o f 5 %
A=x, ., w o F [, u”
=i - - ::n.:run‘—_—— | - Il—F
(32)

Ochbl yakpITTBIH TepOeric Ke3eHiHe KaThIHACKHI MIaT(opMaMeH COKTHIFBICATHIH, OHBI KYBII KETETiH
OeMIIeKTeP/IiH YIECIH aHBIKTaU Ibl, COHBIKTAH OJIAP/ABIH YHEPTUSICHl TOMEHACHII:
—

.o ; I
| = =—| argsin———| 1 - |]—ﬁ = (),
in V., wu L/
W, L A ,
(33)
COHJIBIKTaH COKKBIJIaH KEH1H YHEPTUSACH ©CETIH OOIIIEKTEPIIH YIeCl TeH
n = [t
(34)

2.10 3 TepGenicrin 6ip keseninne miardpopma 44 xombIMeH xKypei, COHIBIKTAH OHBIH JKbULIAMIBIFBIHBIH
MOJyJI1 TEH,
4.4

VF=—

(35)
2.11 IllapapiH KBUIIAMIBIFGI TIAT(GOPMAHBIH KBUIIAMIBIFBIHAH YIIKCH OOJIFaH Ke3/1e, COFy HOTHKECIHEC
SHEPTHUSACH apTKaH mapiapsiH yieci (27) popmynara ykecac hopmyna OoiibIHIIIA ecenTeNne/i:
-1 1 24 1 I

(36)
KOHE ColiKeC CypeT TOMEH 1€ KOPCETIIreH.
X \

A "u"

s
A1 4l

4

[Tnatrdopma KeUTIAMIBIFEIHBIH MOMYJI TYPAKTHI €M KaObUIMaHFAHIBIKTAH, COKKBIIAH KEWiHT1
OeJIIeKTepIiH KbUIIaMIbIFBIHBIH MOAYI1 TEH OOMabl

i, =i+ 2
(37)
O-men  ''-re gediHri yaxkpIT apajbifblHAa IUIATGOPMAaMEH  COKTBHIFBICKAH — OOJIIEKTEPIiH

KBUTTAMIBIKTAPhI TEH 0O0JIaIbI.

i =u—2F

(38)
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Ocpuraiinia, COKKbIIaH KEHIHT1 OOIeKTep IiH opTama YSHePrusiAChl TeH 00Ja bl

) i’ mu’ m(1 PO w1 P a3 |
3 L+ (1=n) | =+ — N+ 2V) 4 (u-2¢)
2 2 2\02  2uj L2 2u) J
y T AT, Ay ) , Fp
P | ] | | W | FIFEF 1
- le— 122 +l1-=]1-21] = I+H|—
4 1L al TR A T | i) M
(39
K9HE, IEMCK, OpTaHIa BHCPFI/ISIHI)IH ¥J'IFaIOI)I TCH
Y
E=]1+8] — = & i
Y,
(40)

BenmexrepiH KbplUIIaMABIFbI TUIATGOPMAaHBIH JKbULAAMIBIFBIHAH a3 00Jica, OH/1a OapIbIK OeJIeKTep
maarpopMaMeH Kepi OaFrbITTa COKTBIFBICAIbI, COHJBIKTAH OapiiblK OeJIIeKTep >KbUIIAMIIBIFBl MEH

_H_l_'!l|'

SHEPTUSICHIH apTThIpaabl. COKTHIFBICKAHHAH KEHIH OOJIIeKTepAiH JKbUIIaM/IbIKTaphl =" xkoHe

OJIapAbIH SHCPIUACbIHA TCH 60nam>1

e |

. _ M apeyd _
E= 1{.'.'+_IJ =

=] s

1+ Ei— |
"y
(41)

JKOHE, JIEMEK, COKTHIFBICY/IaH KEHIHT1 )KOHE COKTBIFBICKA JICHIHT1 OOJIIEKTePAiH SHEPTUsIapbIHbIH KaThIHACHI
TEHp

/ oy
e=|1+2—]| =250

'y . o
Ma3smyHBbI ¥Ynaiiaap
Vi = niv 0.1
Dopmyna (2): ! ndvi
s 0.1
Cannwik MoHI popmyna (2)-1e: N - (.83
2.1 — | _ g
Dopmyia (3): ' mAv
bl 0.1
CaHJpIK MOHI (bOPMYJIa (3)-Te: Ly e 7le
2=y 0.1
®dopmyna (4): II’ nAw
i N, =083 01
Canzblk MoHI popmyna (4)-Te: -
2.2 0.4
= 0.1
®opmyia (5): 2 A
T, =0 W 0.1
Canpgpik MoHI popmyna (5)-te: by ! e
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N,,=n(2viAv)r 04
_ I
: 3.4 - [ .
2.3 ®Dopmyisl (6): n(2viav) 0.8
N,=142; r,=42¢; 0.4
Cannpik MoHI Gopmyina (7)-ae: Ny=I58 r,=38c
CDOpMyJ‘Ia (8) Y+ LW, = e+ L 0.1
My MLV ma g 0.1
SR
@opmyna (9): = = £ 2
2.4 ", =, 2, 0,2 0.6
i, = =, y,
Dopmyna (13): m, +m, mt, + i,
2m, m, —m 0,2
iy = |'I & |,'._
Dopmysa (14): m, + m, m, +m,
l=p  2u 0.2
®opmymna (15): l+p 1+u
JlmarpamMmana TeK Ty3y ChI3BIKTap 0ap, oiiTnece quarpamma OaragaHOa bl 0.2
2.5 o=l =1 . 0.4 1.6
Bapisik Ty3zynep I = '+ = 1 gykre apkpuis ereni
= 0.2
=1 Ty3y 6ap
i, = -1+ 2, Ty3y 6ap 04
=1 142 0,2
BapibIK chI3bIKTap | xone = 1 =1 apackiHga opHanackan
(1, =1 0.2
m =1 = ]| ; _
Tenciznik (7): [ < -
Terciznik (19): M = ! 0.1
2.6 0.4
I 0.1
m,<—-——
Tencizaik (20): H
®opmyna (21): = —v, + 2w, 0.1
2.7 Tenciznix a): '+ = ! 0.1 03
Tenciszik 6): *» =V 0.1
®opmyna (22): - (r)= Acoslex) 0.1
28 | popmyna (23): Vir)=—Awsinfex) 0.1 0.4
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A 02
V= Aw=2r—
dopmyina (24): T
S 0.3
Dopmyna (25): r
‘= T 24 0.3
®opmyna (26): 2
LE 03
n= : o —
Dopmyna (27): L mu
Caugpik MOHI popmyia (28)-xe: 1 =71 03
dopmyna (29): ~ Amsin{on, | = —u 0.2
| oesin = T aresin X 02
{, = —arcsin = o aresin
2.9 | dopmyna (30): o Aw  Zn a 27
u 0.3
'|_- = .'l III ——-
@opmyna (31): Vv K
]r . B F ;I I ”: V) 03
{ = arcsin—-—2| 1- [l-— |
L | . i I|I I .
®opmyna (32): \ ‘S
( 1) 0.3
|- =—| aresin ———2 1- [I-— ‘ ‘
2r| V, u 'lil e
®opmyna (33): \ ’ g,
Cangpik MoHi popmyna (34)-te: 1 = 0. 96 0.2
. dA 0.2
2.10 F=— o2
®opmyna (35): T
LY 03
J]‘ = — —_—
®dopmyna (36): 2 2u
CDOpMyJIa (37): . =u+2F 0.2
®opmyna (38); ¥ =u -2 0.2
: " 0.3
mu, I
E=n=+1-n)5
®opmyna (39): 2 2
(VY 0.3
2.11 - =] 4+8| — -
®opmyna (40): \ e )
CaHzpbik MOHI popmyia (40)-ta; & = 4.6 0.2
E=Z(u+2v) 0.2
Dopmyna (41): 2
f ¥ 0.3
E=|1+2—
dopmyia (42): \ Ty
Canzbik MoHI hopmyia (42)-me: & = 23.0 02
Bapabirsl -
0
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Tancsipma 3. MarneTpon
DJIEKTP 7K9HE MATHUT OpicTepiHaeri 31eKTPOHIAPABIH KO3FAIbICHI
3.1 BipTeKTi 271eKTp OpICIHIH 9CEPIHEH AIEKTPOH TYPAKTHI YIEYMEH KO3Falabl
el
L] , (1)

on * OcCiHIH Tepic OarbIThIHA OaFbITTATFaH, COHIBIKTAH KOJ JKETKI3UIreH KOOPAMHATAHBIH MaKCHMAaJIbl
MOH1 OpHEKITCH aHBIKTAJIA b

o =

My

'rlll.l'. -

2a 2eE 2)
3.2 biprekTi MarHuT epiciHae Ko3raiFaH ke3ae JIopeHIr Kyl aJIeKTpoHFa dcep eTell, TeH
Fo=eu 8
! : 3)
YKOHE OJ1 paInyChl R HproTOHHDBIH eKiHII 3aHBIHAH AHBIKTAIFAH meHOep OOMBIMEH KO3Fala bl
Uy
m—=F
R (4)
OnmaH nIbIFaasl
B = ML
el (5

byn sxkarnaiina KOOpIMHATaHBIH MAKCUMAJIJIbl MOHI TeH 0O0JIaTBIHBI aHBIK

LY
'y =R=—2=

- ©)
3.3 Ecenm 3eprxaHajblK aHBIKTaMAaJIBIK J>KyHene OHail IIemIieni, oHJa JSJIEKTPOH TeMeHri TypiHae (5)
(dhopMyIaMeH aHBIKTAIFaH YKUUTIKIICH eHOep OOMBIMEH KO3Falabl.
i, el

ff=—=
R m (7)
DNEeKTpOoHFa IIaMallbl KOCHIMINA >KBUIIAMIBIK OepiinreHse, of OacTanKblFa KAKbIH YKOHE OHBIMCH
IraMeTpaibal Kapama-Kapchl €Kl HYKTele KHUBUIBICATHIH IeHOep OoMbIMEH KO3Fajajabl, OyJ MEepUOATHI
XaOBIK €Ki eJIIeM/Ii TPaeKTOpHUsl OOMBIHINIA KO3FAJIBIC PETiH/IE KapaCThIPBUTYBl MYMKIH.

2 2mm
T ==
wm el ®
3.4 Koopmuuar -~ wmakcuManibl OoiraH keszme, M GemeriHiH JKeUIIaMABIFEIL £ oci OOWBIMEH

OarbITTaJIFaH ’KOHE YPHEPTUSHBIH CaKTaly 3aHbl OOWBIHIIA TEH

_ mu-

efx = —
£ 9)
Kosranbic TeHsIeyl ¢ OCbKe MPOEKIUIAa HIEKTI allblpMalIbIIBIKTap MbIHA TYPIHE Ka3bLIa]Ibl
L
= = el
A
(10)
Av=u A

ece0iMeH MbIHA KaTbIHAaCKa QKCJIG,Z[i

.'rJ_"..!r., = ¢ffAx
(11)

OJ1 K&KETTI MOMEHT YIIIiH MbIHA TYPAl KaObLIIai b1
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mu = efx
(12)
(9) xone (12) Terneynepin Oipre menrirn, 613 COHBIH/IA aJaMbI3
) 2mE
¥ o =
- el ,
(13)

3.5 Marsut epici )KYMBIC ICTEeMEHUTIHAIKTEH, JIEKTPOHHBIH JKbUIIaM/IBIFBI A0COTIOTTI MOHJIE TYPAKTHI OOJIBIT
KaJIaJpl )KOHE OacTalKbIFa TEH

UH=Nu,= (WA
(14)
u =dr/!dl u_ =rdp/d
TonbIK KBUTIAMIBIKTBL paguanabl kKoHe a3UMYTTBHIK KypaylIbUlapra
Oeseiiik. DIEeKTPOHHBIH 0acTanKbl HYKTEre KaTbICThl OYPBIIITHIK UMITYJIbCI QaHBIK TCH
.Ir. = H”-“._:
(15)
MKOHE COJI HYKTere KaTbICThl JIOPEHIl KYIIiHIH MOMEHTI
M =elu r
(16)
MowmeHTTep TeHeyi OOMBIHIIA aTaMbI3
i
=M
o
(17)
u_=dar/dl

naiaJaHyMEeH MbIHA KaTbIHACKA aJIbIT KeJel

d{mru )= ear dr

(18)

Ocbke AeHiHr1 KAIIBIKTBIK MaKCHUMyM OOJIFaH YaKbITTa paualiabl >KbUIAAMIBIK >KOFalajbl, aj
a3UMYTTHIK KbUIaMIBIK (14) dopmynara coiikec OacrankbiFa TeH, COHABIKTaH (18) KaThIHACTHI
MHTETpaniay TeHJIeyTe oKeNe/l.

[

mr, U, = e ——
. 3
(19)
OJIaH IIBIFAIBI
3,
F — |—
[[INE '||I| &
(20)
3.6 DnekTpoH OapiblK YakbITTa MIeHOEep OOWBIMEH KO3FanaTbiHABIKTaH, (7) TeHIey OOWMBIHIIA OHBIH
opOHUTaChIHAAFBI MATHUT OPici apTKaH CallblH UMITYJbCTIH TYBIHIBICHI 3aHFa COMKeC e3repei
) i
ke S R
ot i
21)

DNEeKTPOH KYUBIHJBI 3JICKTP OPICIHIH OCEPIHEH KO3Falabl, OHBIH KapKBIHIABLIBIFEl £ KaThIHACKIMEH
AHBIKTAJIA]TbI
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| dd

2ar ’

(22)
on @apaeii 3aHbpI OOMBIHIIA AIIEKTPOH OPOUTACH! APKBUIBI MATHUT WHTYKIIUSICHIHBIH, aFbIHBIH KAMTH/IbI, TCH

i = _[Hu 1 2rrd

(23)
OpOurtanarsl AJIEKTPOHHBIH YieyiHe apHaiFaH HBIOTOHHBIH €KIHIII 3aHBIHBIH TEHJEYl MbIHAJIal
TYpre ue
|
L. AP
el X
(24)
(21)-(24) TtenneynepiHiy OipecKeH IIENIIMI MarHUT ©pici YIIIH KeJecl TEeHJIKKE oKelledl, OJ
aCTBIHAAFbI OPHEK [UKJIOTPOH IIAPTHI JICTl aTanajbl

J.i'ﬂ Fi2ardr=2nr' B,

(25)

(25) popmynanaH OHBIH OPBIHIATYBI JIEKTPOH HMHIYKLHSMEH * MarHuT epici aiimMarbiHIa
KO3FallFaH JKarjaiiia raHa MYMKIH Oonlazbl JereH KOPBITHIHABIFAa KeJIeMi3, COHABIKTAH IIapTTa OepiireH
MarHuT MHIYKIUSCHIH KAIIBIKTHIKKA OaliJIaHbICTHI HHTETPAJIacaK, KaTbIHACTHI aJJaMbl3

H.JTJ'II - H_.:rlrx r) = EHJ'.H_.
(26)
OHBIH IIENIIMi MbIHA TYpiHAE O0Taab
i pt
L=]+=—
. r
(27)
DIEKTPOHHBIH HIEHOEP GOMBIMEH KO3FAbIChl HHAYKIHMACHL © TEH OONAThIH aylaHIa FaHa MyMKiH,
harar . . e .
SIFHUA © Ke3iHje, OYI KaXKeTTi KaThbIHAC MHTEPBAJI/IA kKaTy KepeK JereH i Oimmipeni
2. B ‘1 r
R, e
(28)

HuauHapIiKk MATHETPOH
3.7 UHunmuHApmiK KaToA TNEeH AaHOATHIH Y3BIHABIK OIpMIKTEpiHIH 3apsabl A _Fa TeH OONCHH, ai

TEKTPOATAP/BIE KaIIbl y3bHabiFsl | . Conma ayce Teopemachl GOMBIHINA KATOX TEH aHO apaChIHIAFbI
KEHICTIKTET'1 2JIEKTP OPICiHIH KepHEYIri TeH 1Y apKbUIbl aHBIKTAJIa/Ibl.
_ Al
EXmrd
&

i
b

(29)
OJlaH aJIaMbI3

(30)
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MyH/la " —MarHeTpoH OCiHE JEHIHI1 KalIbIKTbIK.
[ToreHumanaap albIpMachIHBIH © KAIIBIKTBIKKA TOYEJIJUIIr, aHBIKTaMachl OOMBIHIIA WHTErpaj
peTiHIe ®a3buIaasl

For a

Ine,

r'=j Fir = A I|'|£

(1)

Keke *=h yIrin oepemi

(32)
(31) xone (32) TeHueynepin Oipre MICIIIl, aTaMbI3
=y, W) g
In(h/a)

(33)

3.8 Paauycel R jxyKa cakMHaHbI KapacThIPAbIK, OJ1 apKbUILL | TOK OTEJli )KoHE CaKUHa OCiHiH HYKTeCiHzeri
MarHUT WHIYKIUSICHIHBIH [IAMAChIH €CENTEHI3, COJaH KeHiH O * KAIBIKTHIKTa OHBIH OPTAJIBIFBI 0OJIaIbI.

Cakunanpl @ kimn snementTepre Gesemis, OHIAa MarHUT MHAYKOUSCH Keieci buo-CaBappa 3aHbIMEH
aHBIKTAJIA/bI
B i F .I'.;'.'r' r
df = Lol &
4z ¥

(34)

ouma " Bekrophl TOK “ dlIeMEHTIHIH OpHANACKAH YKEPiHEH MATHHUTTIK MHIAYKIHUSA i31enerin O HyKTeciHe
NEH1H ChI3bLIaIbI
Byt reoMeTpUsIIBbIK KaTbIHACTAPIaH TyBIHAANIbI
dl =r =l ,
(35)
’KOHE aJIbIHFAaH MAarHUT MHIYKIUACHI CAaKWHA 0C1 O0bIMEH OaFbITTaIFaH/IbIKTaH
i i sin o

b

(36)
conas Keiiig & = rsino TEOMETPUSIIBIK KaThIHACHIH KOJIAAHBIN, €H COHbIHA ajlaMbl3
T ]
dg =tud B
’ dx
(37)
dB. =l
or"
2\
\
-\.lh r

(37) dopmynara eHri3iIreH apakalbIKTHIKTAP TYPAKTHI )KOHE
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r=R4+z ,
(38)
CO/IaH KeHiH caKWHAHBIH OapiIbIK AIEMEHTTEPiH KOCKaHHAH KeiliH TabaMbI3
I R’
g =Ml L
2 (RP+z7)"

(39)

Enmi coneHOMITHIH IEHTPIHJAETI MAarHUT OPICIHIH HHIYKIUSCBIH €CeNTeiik, eWTKeHl Oy xkepiae
MarHeTpoH InaMbl opHajackaH. O yurH nenTpaeH = Gacram = d= _ka neifiHri KAIIBIKTHIKTA OpHaJacKaH
OypBUIBICTAP/IBI KAPACTHIPANBIK, OJIap apKBLIBI TOK OTE/I

M
e.l':." = — ¢z
£ .

(40)

byn OypbuibicTappl MarHuT UHAYKUUACHL (opmyna (39) OoifbIHIIA aHBIKTATIATBIH CAaKWHA PETiHAE
KapacTeIpyFa 0omanbl, ofgaH 013 anambI3

NI R
ap=t= = 4
2L (RO+27)°
(41)
OJ1 UHTETpalusIaH KeHiH COHFbI OpPHEKTI Oepei
H=;.r,."l..".|'E" J 1:9':. _ r;.n:,."..l'
2L 1. (R +27) L1+ D 1P
(42)

myuma U=2R puamerp yurin epHek konmaHbuiasL.
MarHneTpoH1arbl 2IEKTPOHAAPABIH KO3FajbIchl YiliH (18) ¢popmynara ykcac »koHE TOMEHT1 TypiHJeri
bopmyra xapam/bl
dimru )= eBrdr

(43)
TYPAKThl MATHUTTIK WHAYKIIHS KaFIalbIH/Ia MHTETpaaay Oepei

mrn = —efh
L i

-

(44)
Exinmni JKarblHAH, DOHCPI'UAHBIH CAKTAJy 3aHbIHAH IIbIFaTbIHbI

.-rJ1 g -:I ¥
—u +u =2
y -

(45)
TOKTBIH KPHUTHUKAIBIK MOHIHE JKETKEH Ke3/l¢ AaHOATHIH JKAaHBIHIAFBl MATHUTTIK WHIYKITHS
AEKTPOHIAPIBIH PAIUAIIIBI KBUIIAM/IBIFBI YKOWBUTIATBIHIAW 00J1a b, OYJT JKaF/IaiFa oKee/i.

u =0, r=h, V=¥

b

(46)
(44) >xone (45) epHEKTEpiH NaiiJananblll, MATHAT ©PICIHIH KPUTHKAIBIK MOHIH Oepei
B
B= |—
I'J eh*
(47)

(42) dopmynaHbl maianaHbII, COCHOUATAFBI COMKEC TOKTHI TAOaMBbI3
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| =
- IF-.IHJ_ A+ DL

il =1} Tk
) V e L, N

(48)
3.9 Karomka »akplH IIamMIarbl JIEKTPOHIAPABIH OacTamKbl SHEPTUSACHl KATOATHIH TEeMIIEpaTypachiIMEH
aHBIKTAJIaAbI )KOHE

E. =kT
(49)
By sHeprus aHOATHIH JKaHBIHIAFbI JJICKTPOHIAP IbIH SHEPTUACHIHAH dJ1/IeKai1a a3 00Iybl Kepek L , SFHU
E U E,
(50) |
MyHJa s = €V , OJIaH 13/eJIiHreH OaraHbl ajlaMbI3
ra B _g70.10°
ky
(51) |

Oyl IIBIH MOHIHIAE TMalJaJaHbUIFAH KYBIKTAy[Abl KOJIJIaHy MYMKIHAITIH OuUIIipeni, ©WTKeHI Karo[
TEeMIIEPaTypachl SJIETTE KeM JeTeHe €Ki peT TOMEH.

Ma3MyHbI Ynaiijia
. el 0.1
a=—
®opwmyia (1): m '
3.1 : 0.2
£ =t 0.1
®opmyna (2): ™ 2eE
®opmyra (3): Fy =eu,d 0.1
m'!;—'e' =F, 0.1
) 4):
32 pRopwyma () 0.4
i
R=—0>" 0.1
dopmyna (5): el
e = R =2 0.1
dopmyna (6): el
o="0_ 02
) 7): R m ’
33 (oopyma () - 0.4
r_ 3_"' _ e 02
dopmyia (8): w  ef '
Eq mu’ 0.2
Lo =% .—..l\. =T .
®opmyna (9): 2
3.4 2 B 0.2 1.0
— = i . .
) ®opmyna (10): A
Popuyna (11). M- = €BAT 0.2
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Dopwyna (12): " e 0.2
. 2 02
l"I.l!. = -4 .
dopmyna (13): el
®opuyna (14): 1~ o = COm! 0.2
L=mn
®dopmyna (15): "y 02
1. =F 3
®opwmyna (16): f =edu 0.2
il
—=M
dopmymna (17): ' 02
3.5 1.4
®opmyna (18): d(mru, )= ear dr 0.2
s 0.2
mr, i, = e — .
®opmyna (19): u
I'i-'rru,, 02
II-;II.I'i = M
dopmyna (20): V e
dap f i, 02
—_— =
dopmyma (21): i ol '
| 4@
= 0.2
dopmyna (22);  Lar i
:]1=IH[J V2 rd 0.2
®opmyna (23): 0
wlf _
— =gk 0.2
dopmymna (24):
3.6 ) 1.6
IH: rF)2rrdr = 2xr B, 0.2
®opmymna (25):
dopmyana (26): Hlm'lm ' H."ﬂ"" "'|~] = j"f"m""'r_- 0.2
B r
| +— 0.2
®opmyna (27): B, fi
2 2tcte 0.2
®opmyna (28): B, fi
E2mel A 0.1
dopmyana (29): Ea ’
A
k= 0.1
Ve .
3.7 | ®opmyna (30): o L0
A f
V= — I 0.2
Ame, 4

®dopmyna (31):
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b= - ! I“ III:' 0.2
®opmyna (32): <k, d

oy Iria) 0
dopmyia (33): In(h/ a) .
CanpnpIK MoH dopmyna (33)-xe: V=816 0.2

pMYy.

dff = Mol dLxT 02
dopmyna (34): T .
Mopmysa (35): el =r = dl-r 0.2
Dopmya (36): dB_=dBsina 0.2

B e § Rl 0.2

i =———— )
®opmyna (37): T
®opmysa (38): * =R 4= 0.2

I R

3_:‘}1' s 0.2
dopmymna (39): < (A +27)

i = ﬂ az 0.2
®opmyna (40): L

NI R

u.a:*”j'f s 0.2

dopmyia (41): L (R +27)
3.8 Ill'_,f'r'.l' 3.2

e N NT] 0.2
®opmyna (42): [N1+ D" /L
dopwmyna (43): d(mru, ) = eBrdr 0.2

mre_ = l-l"H-' : 0.2
dopmyna (44): 2

[ 5 )

— +r|L_ll=|'I1- 0.2
dopmyma (45): £

= a— I = ’
dopmyna (46): u =0, r=b, Fy 0.2
[Bm

H: | ”J:' 02

dopmyna (47): \ eb
| I \ \

o= 3mh Gy 02
dopmyna (48): . Ho Vb
Canppik MoH dopmyna (48): L =B 101 0.2
Dopmyna (49): £ =k 0.2

CEE 0o
3.9 ®dopmyna (50): 0.8
n €Ly
't k 0.2

®opmyna (51):
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CanpIk MoH (opmyma (51): 7 1 ET70-10° 0.2

bapabIrsl
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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL
COMPETITION

Attention. Points in grading are not divided!
Problem 1 (10.0 points)
Problem 1.1 (3.0 points)
It follows from the first law of thermodynamics that
00=dU +dA, (1)
where 6Q is the amount of heat supplied, dU is the change in internal energy, dA is the work done by the
as.

: For one mole of an ideal gas, these quantities can be written in terms of a change in volume dV and
temperature d7" at a known pressure p in the following form

0A=pdV, (2)
dU =C,dT . 3)
By definition of heat capacity, we have
c=-22 )
dT
then from relations (1)-(4) one obtains
dv
—=C-C,, 5
pP AT v (&)
at the molar heat capacity of a monatomic gas at a constant volume equal to
3
C = ER . (6)

From the graph given in the problem statement, it can be seen that at a temperature
T =350 K (7)

the heat capacity is C=C, and, accordingly, Z—‘;=O. When passing through this temperature, the

derivative sign changes from plus to minus. This means that at this temperature the gas volume reaches a
local maximum: 7 =7, =350 K.

At a temperature
T, =500 K (8)

the derivative Z—; also equals zero, and when

passing through this point, the sign of the
derivative changes from minus to plus. This

means that 7, is the point of the local minimum
of the volume: T, =T, =500 K.
In the section from 7, =350K to

T, =500 K, the gas receives heat Q, numerically

equal to the area under the dependence C(7), i.e. L3
the area of the figure ABCDE. The change in |
internal energy AU =C, (T, —T,) is numerically ra

I

m an 07 e 1 vee Ty

equal to the area of the rectangle ABDE.
According to the first law of thermodynamics, therefore, the work on the gas from 7, to 7, is numerically

equal to the difference in the areas of the rectangle ABDE and the figure ABCDE, i.e. area of the shaded
figure BDC:
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~T_)=31217. )

max

A:lR(T
4

Note: Exact dependence V(T):

712
T-T
K:(ZJ exp(— ATIJ ,at 7, =300 K<T <T, =400 K and A7, =100 K ;

Vi 1 I
v (T (1-1
—=|—1| exp L1 ,at T,=400 K<T <T, =600 K and AT, =200 K.
v, 7, AT,
Dependences V(T') and P(V) in the process of gas heating are shown in the figures below.
v(T) P(V)
e o S
3 1:00 i 4 ‘ T ——
> o8 \- 7 o 10 >
0‘96 \“ ’f
0:94 rH—rT 0,5
200 250 300 350 400 -:,5(')( 500 550 600 650 700 0,94 0,96 0,98 \:I,:I‘:) 1,02 1,04 1,06
Content Points
Formula (1): 6Q =dU +dA 0.2
Formula (2): 6A = pdV 0.2
Formula (3): dU =C,dT 0.2
0.2
Formula (4): C = 5—Q
dT
av 04
Formula (5): p—=C-C
S):p AT v
0.2
Formula (6): C, = %R
Formula (7): T, =350 K 0.4
Formula (8): 7, =500 K 0.4
Formula (9): A= %R(Tmax -T...) 0.4
Numerical value in formula (9): A=3121] 0.4
Total 3.0

Problem 1.2 (3.0 points)
The equivalent circuit of the bridge is shown in the figure below, which takes into account that the
non-ideal inductance circuit is equivalent to an ideal coil L and resistor r, connected in series, whereas the

equivalent circuit of a leaky capacitor is a resistor 7. connected in parallel to an ideal capacitor C .
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Solution 1. The bridge balance condition in complex numbers is written as
Z,Z.=RR,, (1
where the impedances are respectively
Z, =1, +ioL (2)
and
fe
= 3)
“ l+ioCr,
After some transformation we get from expressions (1)-(3):
RR
io(L-RR,C)=r,———=. 4)
’

C

While varying the frequency, this equality is not violated if both sides of the equation are equal to

zero, therefore

c=-L _os5.F,

172
RIR2

.

7. = =2 MQ.

C
Solution 2. Let the voltage across the capacitor be
U.=U,coswr,
then current through it is found as
I.=—Cowsinat
and the current through its leakage resistance is
_ U, cos wt
Ic *

e

The total current through the upper arm containing the capacitor is
L=1.+1_,

and since the bridge is balanced, the same current flows through the resistance R, therefore

U, =IR.

On the other hand, this voltage is equal to the voltage drop across the arm with the inductance

U, =Uyg,

for which the voltage drop is given by
dl

UL = L7t2 + Ier ,

in which the current is determined by the balance equation
U
L=1, =—%.
2 Ry R,

since

U, =U,.

2

S

(6)

)

2)

3)

4

®)

(6)

(7)

8)

)
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Collecting equations (1)-(9) together, we obtain
oL . R
[——+Ca)RI]Uosma)t=(—1—r—LJUocosa}t. (10)

r

2 C 2

It can be seen from this equality that the frequency-independent balance condition is satisfied if both

sides of the equation are equal to zero, that is, one obtains the final answer

L
C=——=0.5 uF, (11)
1772
re _RR, =2 MQ. (12)
rL
Content Points
Solution 1
Equivalent circuit: All elements are correctly connected 0.5
Formula (1): Z,Z. =RR, 0.3
Formula (2): Z, =r, +iwL 0.3
Formula (3): Z,. = r—c 0.3
1+ioCr,
Formula (4): io(L-RR,C)=r, _RR& 04
Ie
L 4
Formula (5): C = 0
R1R2
Numerical value in formula (5): C =0.5 uF 0.2
Formula (6): r. = RR, 04
rL
Numerical value in formula (6): 7. =2 MQ 0.2
Total 3.0
Solution 2
Equivalent circuit: All elements are correctly connected 0.5
Formula (1): U, =U cos ot 0.1
Formula (2): 1. =—Cwsin ot 0.1
Formula (3): I, :M 0.1
C rc
Formula (4): 1, :IC+IrC 0.1
Formula (5): UR] =R 0.1
Formula (6): U, =U, 0.1
1
Formula (7): U, :%Jrlzq 0
]
1
Formula (8): I, =1, _Ye 0
2 R2
Formula (9): UR2 =U,. 0.1
0.4

2 2

L . R
Formula (10): (—%+ Ca)RI]U0 sin @r = (—l—r—LJUO cos ot
Te
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0.4
Formula (11): C = L
Rl 2
Numerical value in formula (11): C =0.5 uF 0.2
0.4
Formula (12): 7. = RiRy
rL
Numerical value in formula (12): 7. =2 MQ 0.2
Total 3.0

Problem 1.3 (4.0 points)

Let a planet of mass m move around the Sun in a circular orbit of radius R with a speed v, then the
equation of motion of the planet in the projection onto the radial direction is written as

2
my mM
which results in
M
V= GYS, (2)

with G being the gravitational constant.
Writing formula (2) for Jupiter with the index J and Earth with the index E, we get after dividing

v R
= (3)
VE RJ

and, on the other hand, we have according to Kepler's third law for the ratio of rotation periods
TZ R3
L @
TJ RJ

The motion of Jupiter cannot be detected with a spectrometer, but it can be done for the Sun, since it
also moves around the center of mass of the Sun-Jupiter system. The speed of the Sun is easy to find from
the expression

MJ
Ve =V, —. (5)
S J MS

Since the Sun moves around the common center of mass of the system, and the observer is located in

the same plane, according to the Doppler effect formula, the following condition is satisfied for detection

AL 2vq
i 6
R (6)
Putting together equations (3)-(6), we get the final answer
1/3
ML © 150407, (7
M, \T,) 2v,

Such resolution is achievable for many modern spectrometers manufactured in different countries of
the world.

Content Points
2
my mM
Formula (1): ' G RQS 0.2
M
Formula (2): v= ?S 0.2
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VJ RE
Formula (3): —=,[— 0.2
VE R.]
2 3
Formula (4): T_52 = R—§ 0.4
R
J J
M 1.0
Formula (5): vy =v, —
MS
2 1.0
Formula (6): M =
A c
1/3 0.5
Formula (7): R, = %(T—’J .
M, \T, 2v,
Numerical value in formula (7): R . =1.20-10’ 0.5
Total 4.0

Problem 2. Fermi acceleration (10.0 points)
Why are there more oncoming cars than overtaking cars?
2.1 Within the time period ¢, a car in lane B overtakes only those cars that are located at the distance no
longer than

I=(v—(v—Av)k=Avt. (1)
Therefore, the number of those cars is
N,=nl=nAvt=0.83. (2)
The time between overtakes is found as
TI=L=0.02h=728. 3)
nAv

2.2 Similar reasoning leads to the conclusion that the number of overtakes and the time between overtakes
remain the same, i.e.

N, =nl =nAvt = 0.83, 4)
72=L=0.02h=72s. 5
nAv

2.3 When driving towards oncoming cars, the number of cars and the time between two consecutive
meetings are calculated by the formulas
N, = n(v+(EAv))=n2v+Av)
I ’ (6)
M n(2v £ Av)
and numerical calculations give the following values
N,=142; 7,=42s;

: (7)
N,=158; 7,=3.8s.
Elastic collision
2.4 Let us write down the momentum conservation law as
my, +m,v, =nmu, +m,u, (8)
together with the conservation of kinetic energy
i i o

2 2 2 2
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" m "
i, 1 z -
| ¥, ¥,
E :}_=._ .
m, : m.
il X TH
G X

Rewriiting these equations in the following form
my, —mu, = nyu, —nm,v,

2 2 2 2 (10)
my, — i, =myi, —n,v,
and dividing then, yields the relation
VU =, . (11)
From this equality, we express u, =v, +u, —v, and substitute it into the equation of conservation of

momentum
(ml +m, )”1 = (ml —-m, )Vl +2m,v,, (12)
from which it follows that
u, = il v, + 2m, v, . (13)
m, +m, m, +m,
The speed of the second ball can be easily obtained by changing the indices "1" and "2" in formula
(13)
o) _
w, = ——y M (14)
m, +m, m, +m,
2.5 Using formula (13), we obtain an explicit form of the dependence between the required parameters
m m
ﬂ=m1_m2+ 2m, Yy _ m‘+ m, v, N
vl ml+m2 ml+m2 vl 1_ﬁ 1+@Vl . (15)
m, m,
1- 2
S ey T
1+u 1+u

As follows from the resulting expression, for any values of the mass ratio ., the dependence is
linear, i.e. its graph is a straight line. It is also not difficult to see that all these lines pass through the point
n, =17, =1. When u— 0, the slope coefficient tends to zero, that is, the dependence graph tends to a

horizontal straight line 77, =1. At x — oo, the desired dependence tends to
m=—1+27,. (16)
The set of graphs of function (15) is shown in the figure below.
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2.6 Kunernueckasi 3Heprus IIapuKa YBEIHYUTCS, €CIIH MOJYJIb CKOPOCTH IIapHKa IOCJE yJapa CTaHeT
00JIbIlIe MOJTYJII CKOPOCTH 10 yAapa, TO ecTh IpH BbinosHeHnu HepaBeHCTB The kinetic energy of the ball
increases if the modulus of its velocity after the collision becomes greater than the modulus of its velocity
before the collision, that is, if the following inequalities are fulfilled

m|>1 = {771>1

Substituting expression (15) for the quantity 7,, we obtain the following two inequalities
1—u N 2u

I+ 1+u

) (17)
n, <-1

m>1
(18)

The solutions of these inequalities are the following relations:
a)
n,>1,
(19)
that is, to fulfill this condition, the second ball must catch up with the first one;;
b)

1
n, <——, (20)
u

in this case, the second ball must move towards the first one and the modulus of its velocity must exceed the
above specified value.
2.7 In the limiting case m, = m,, the speed of the first ball after the collision is
U, =—v, +2v,, (21)

that is, the speed of the first ball changes sign (the ball is reflected) and its modulus changes to twice the
speed of the second, heavy ball.

The light ball increases its speed, and, consequently, its kinetic energy, if:
a) the heavy ball catches up with the light ball (hit from behind) v, >1;
0) the heavy ball moves towards the light ball v, <0.

The simplest Fermi acceleration model
2.8 We write the law of motion of the plate in the traditional form

x(t)= Acos(ar), (22)
then the dependence of the velocity on time is described by the function

v(t)=—Acwsin(ar), (23)
thus, the maximum speed of the platform is

Vs :Aa):27z?. (24)

2.9 To answer the question posted, it is enough to consider one period of plate oscillations. Let us plot the
dependence of the plate coordinates on time (22) and plot on the same graph the dependences of the
incoming particle coordinates on time, which are straight lines x = x, —ut .
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X

T. 1
The figure shows the case u >V,. As a result of the collision, balls that collide with the plate

d4

increase their speed at those time moments when the plate moves towards the positive direction of the axis ,

while collisions must occur in the time interval from B to T . However, the collision times are not

randomly and uniformly distributed, but the times of approach to the plate itself are uniformly distributed, so
we consider a plane x = A, the times of approach to which are equally probable. Let us draw a straight line

that describes the law of motion of a ball colliding with the plate at the moment of time ¢ = g (the thick line
in the figure). Let us denote #, as the moment of time when this ball crosses the plane x = A. Balls that

collide with the plate after this moment of time increase their speed and energy. But these balls cross the
plane in the time interval from ¢, to T, so the fraction of these particles is obtained as

T -1,
=1 25
- (25)
The moment of time ¢, is easy to find from the law of the ball motion
T 2A
=22 26
"2 u (26)
then the fraction of accelerated particles is equal to
_T-4_ 1,24 1V, 27)
T 2 ul 2
Here we use the relation that follows from formula (24): 2714 W . Substituting the specified
V4
numerical value u =1.5V,, we get:
1 1
=—+——=0.71. 28
=2 sn %)

A somewhat different situation is realized at u <V, which is shown in the figure below.
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In this case, the "border time" f, between accelerated and decelerated balls is determined by a

straight line, which is tangent to the graph of the plate law of motion, as shown in the figure below.
X

) I5
When the graphs of two functions touch at the moment of time 7,, the values of both functions
themselves and their derivatives, that is, the speeds of the plate and the ball, coincide, therefore
— Awsin(at, )= —u, (29)
which gives rise to

t, = —arcsin o Larcsin iy (30)
0] Aw 217

0
2
x, = Acosat, = Ayl —sin’ wt, = A ’1—%. (31)
0

These expressions allow us to determine the time of approach to the plane x = A

A_ 2
=t A% T en 2 Yol o2 || (32)
u 2 Vo u Vs

The ratio of this time to the oscillation period determines the fraction of particles that collide with the
plate, catching it up, such that their energy decreases:

2
== aresin e~ Yo| 1— 1= ||~ 0.04, (33)
27 V, u v

therefore, the fraction of balls whose energy increases after the collision is equal to

7~0.96. (34)
2.10 In one period of oscillation, the plate travels a path 4A, so the modulus of its speed is equal to
4A
V=_" 35
T (35)

2.11 When the ball speed is greater than the platform speed, the proportion of balls that increase their energy
as a result of the collision is calculated by a formula similar to formula (27):
Toy 1,24 LV
T 2 ul 2 2u’
and the corresponding figure is shown below.

(36)
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X |

A

Since the modulus of the plate velocity is assumed to be constant, the ball velocity modulus after the
impact becomes equal to

u, =u+2V. (37
The velocities of balls that collide with the plate in the time interval from O to ¢, are equal to
u =u-2V. (38)

Thus, the average ball energy after the collision becomes equal to

E=p™ +(1_77)”"_“3=ﬂ(6+;_uj(u+2v)2 +G—2%j(u—2v)2j _

2 2

m ((V vy’ % AR vy’ ’ )
= [1+—J(1+2—) +(1——J(1—2—j = 1+8(—j
4 u u u u 2 u
and, consequently, the increase in the average energy is equal to
2
g:1+8(zj ~4.6. (40)
u

If the speed of the balls is less than the speed of the plate, then all the balls collide with the plate
when it moves in the opposite direction, so all the balls increase their speed and energy. After the collision,
the particle velocities become equal u, =u + 2V, and their energy

m > mu’ VY
E=—(u+2V) =—|1+2—|, (41)
2 2 u
and, consequently, the ratio of the ball energies after and before the collision is equal to
2
g=(1+2zj =25.0. (42)
u
Content Points
Formula (2): N, =nAvt 0.1
Numerical value in formula (2): N, =0.83 0.1
2.1 0.4
Formula (3): 7, = 1 0.1
nAv
Numerical value in formula (3): 7, =0.02 h=72s 0.1
Formula (4): N, = nAvt 0.1
Numerical value in formula (4): N, = 0.83 0.1
2.2 0.4
Formula (5): 7, = 1 0.1
nAy
Numerical value in formula (5): 7, =0.02h=72s 0.1
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N,,=n(2v£Av)t 0.4
Formulas (6): 1
Ga=
2.3 n(2vEAv) 0.8
) ) N,=142; 17,=42s5; 04
Numerical values in formula (7):
N,=158; 7,=38s.
Formula (8): mv, + m,v, = mu, + m,u, 0.1
myp | myvs _mug | m 0.1
Formula (9): + = +
2 2 2
24 | Formula (13): u, = il v, + 20y v, 0.2 0.6
m, +m, m, +m,
Formula (14): u, = 2m, v, + My~ v, 0.2
m, +m, m, +m,
- 0.2
Formula (15): 7, = 1=u +2—'u772
I+u 1+u
There are only straight lines on the graph, otherwise the graph is not 0.2
graded
2.5 | All lines pass through the point 77, =1;77, =1 0.4 1.6
There is a straight line 77, =1 0.2
There is a straight line 77, =—1+2n, 0.4
All lines are located in between 77, =1 and 7, = —1+2n, 0,2
.. n >1 0.2
Inequalities (7): [,|>1 =
n, <-1
2.6 | Inequality (19): n, >1 0.1 0.4
A
Inequality (20): 7, < 1L 0
7
Formula (21): &, =—-v, +2v, 0.1
2.7 | Inequality a): v, >1 0.1 0.3
Inequality b): v, <0 0.1
Formula (22): x(t)= Acos(cx) 0.1
,g | Formula(23): v(t)=—Awsin(er) 0.1 04
Formula (24): V, = Aw = 2;;? 0,2
Formula (25): 77 = % 0.3
Formula (26): ¢, = r_24 0.3
2 u
1V 0.3
2.9 | Formula (27): n= St ”—Ou 27
Numerical value in formula (28): 7= 0.71 0.3
Formula (29): — Awsin(ar,)=—u 0.2
Formula (30): ¢, = larcsin s 0.2
0
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2 0.3
Formula (31): x,=A |[1-—
VO
2 0.3
Formula (32): ¢, =1 arcsini—& 1- 1_u_2
2 V, u V,
2 0.3
Formula (33): 1-77=——| arcsin - Yo/ 1— [ %
2 Vo, u Vs,
Numerical value in formula (34): 17 = 0.96 0.2
2.10 | Formula (35): V = % 0.2 0.2
Formula (36): 7 =+~ 0.3
2 2u
Formula (37): u, =u+2V 0.2
Formula (38): u_ =u—-2V 0.2
2 2 0.3
Formula (39): E = + (1—77)%
V) 0.3
2.11 | Formula (40): ¢ =1+ 8(—] 2.2
u
Numerical value in formula (40): ¢ ~ 4.6 0.2
Formula (41): E:%(mzv)2 0.2
v’ 0.3
Formula (42): ¢ = (1 + 2—)
u
Numerical value in formula (42): € =25.0 0.2
Total 10.0
Problem 3. Magnetron
Electron motion in electric and magnetic fields
3.1 Under the action of a uniform electric field, an electron moves with a constant acceleration
eE
a—fE (1)
m

which is directed in the negative direction of the x axis, so the maximum value of the achieved coordinate

is determined by the expression

2 2
_ Wy _ i,
Xnax = 5 .
2a  2eE
3.2 When moving in a uniform magnetic field, the Lorentz force acts on an electron, equal to
F, =eu,B.
and it moves in a circle whose radius R is determined from Newton's second law
2
u
m EO =F,
which yeilds
R = Mo

eB

It is obvious that the maximum value of the coordinate in this case is equal to

2)

3)

4)

®)
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mu,
. 6
eB ©
3.3 The problem is most easily solved in the laboratory reference frame, in which the electron moves along
the circle with the frequency determined by formula (5) in the form
_uy, _eB

R m (7)
When an electron is given a small additional speed, it begins to move along a circle that is close to
the original one and intersects with it at two diametrically opposite points, which can be considered as
motion along a closed two-dimensional trajectory with the period
=27 _2mm )
w eB
3.4 B MOMeHT, KOT/1a KOOpJIMHATa X MaKCHMalbHa, CKOPOCTh YaCTUIBl i HAaIpaBlieHa BJIOJIb OCH Z W IO
3aKOHY coxpaHeHHs sHepruu paBHa At the moment when the coordinate x is maximum, the particle

velocity u is directed along the z axis and, according to the law of conservation of energy, is equal to

'xmax = R =

2
mu
eEx = . 9
max 2 ( )
In the projection onto the z axis, the equation of motion is written in finite differences in the form
m _ opu (10)
At
which, with account of Ax =u At, leads to the relation
mAu, = eBAx, (11)
which for the time moment sought takes the form
mu =eBx,__ . (12)
Solving equations (9) and (12) simultaneously, we finally obtain
2mE
X . =—, 13
max €B2 ( )

3.5 Since the magnetic field does not perform any work, the electron velocity remains constant in absolute
value and equal to its initial value
U =1u, =Cconst. (14)

Let us divide the total velocity into radial u, =dr/dt and u, =rdp/dr azimuthal components. The

angular momentum of the electron relative to the origin is obviously equal to

L=mru,, (15)
and the torque of the Lorentz force about the same point is

M =eBu,r. (16)

According to the moment equation, we have

dL

—=M, (17)

dt
which together with the use of u, = dr/dt provides to the relation

d(mru,) =ear’dr. (18)

At the moment of time when the distance to the z axis is maximum, the radial velocity vanishes, and
the azimuthal velocity is equal to the initial one in accordance with formula (14), so the integration of

relation (18) leads to the equation
3

mr. uozea%, (19)

max

which finally gives rise to

rmax = 3mu0 * (20)
V ea
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3.6 Since the electron moves all the time along a circle, then, according to equation (5), with an increase in
the magnetic field B, at its orbit, the derivative of the momentum changes according to the law
d, dB
P _ o 0,
dt dt

The electron is set in motion due to the vortex electric field, whose strength E is determined by the
relation

21)

1 do
2zr dt

which, according to the Faraday law, includes the flux of magnetic induction through the electron orbit,
equal to

(22)

® = [ B(r)2zrdr. (23)
0
The equation of Newton's second law for the acceleration of an electron in orbit has the form
ap _ eE. (24)
dt

The joint solution of equations (21)-(24) leads to the following equality for the magnetic field, which
is called the cyclotron condition

j B(r)2xrdr =27r*B,. (25)
0

From formula (25) we conclude that its satisfaction is possible only in the case when the electron
moves in the region of a magnetic field with induction Bj=B,, therefore, integrating the magnetic

induction given in the formulation as a function of distance, we obtain the relation

Bxr +Ba(r’ —17)=27r’B,, (26)
whose solution has the following form

B 2

2ioe D 27)

B, h

The motion of an electron in a circle is possible only in the area in which the induction is equal B, ,

that is, at r; <r <r,, which means that the ratio sought must lie in the interval

2
12

2B (28)
B, h
Cylindrical magnetron
3.7 Let the unit length of the cylindrical cathode and anode have a charge equal to A, and the total length of
the electrodes is . Then, according to the Gauss theorem, the electric field strength in the space between the

cathode and anode is determined by the equation

E2zri =21, (29)
80
which immediately yields
A
E= . (30)
2meyr

Here r stands for the distance to the magnetron axes.
The dependence of the potential difference on the distance r, by definition, is written as an integral

V=| Edr= Al 31)
’ 2me, a
which in particularly for r =b gives rise to
V,= 4 In b . (32)

2re, a
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Solving equations (31) and (32) together, we obtain
In(r/a
= 0¥:57.6 V. (33)
In(b/ a)
3.8 PaccmMoTpuM TOHKOE KOJIBLIO pajguyca R, MO KOTOPOMY NPOTEKAeT TOK j, U PAaCCUUTAEM BEIUUYHHY
MarHMTHOH HMHIYKIIMM B TOYKE HAa OCH KOJIbIIA, OTCTOSIICH TO €ro LEHTpa Ha PacCTOSHHUU Z . Pa3oObem

KOJIBLIO Ha Majible JIeMEHTHl dl , Torja MarHUTHas MHAYKIHS ONpEIeNseTcs CIeAyIOIIUM 3aKOHOM buo-
Casappa Consider a thin ring of radius R, through which the current j flows, and calculate the magnitude
of the magnetic induction at a point on the axis of the ring, which is located at a distance z from its center.
Let us divide the ring into small elements dl , then the magnetic induction is determined by the following
Biot-Savart law
B =0l AT (34)
4T r

in which the vector 7 is drawn from the location of the current element d/ to the point O where the
magnetic induction is sought.
It follows from geometric relations that

dl xr=dl-r, (35)
and since the resulting magnetic induction is directed along the axis of the ring
dB, =dBsina, (36)
then, using the geometric relation R =rsina , we finally obtain
dB, = o) Rl 37)
A r
dB.| = dB
o1
i r
-\-\____.:____,--
)
Considering that the distances included in formula (37) are constant and
r2 =R2 +Z2, (38)

then after summing over all elements of the ring one finds

. 2
B = £ 2 K 2332 (39)
2 (RP+2)
Let us now calculate the magnetic field induction at the center of the solenoid, since this is where the
magnetron lamp is located. To do this, consider the turns located at a distance from the center from z to
7 +dz, through which the current flows

dj = % d. (40)

These turns can be considered as a ring, whose magnetic induction is determined by formula (39),
such that

B = M R®

dz, 41
2L (R2 + ZZ )3/2 ( )
which after integration gives the final expression
2 L/2
5 MNIR de_____ N “2)

2L 4, (R*+2°)" L\/1+D2 /I?
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where the expression D =2R is used for the diameter.
For the motion of electrons in a magnetron, a formula is valid that is similar to formula (18) and has
the form
d(mruw) =eBrdr, 43)

whose integration under the conditions of constant magnetic induction and a <<b gives
|
mru,, = EeBr . (44)
On the other hand, it follows from the law of conservation of energy that
m
E(uf+u;)=eV. (45)

At the moment when the critical value of the current is reached, the magnetic induction near the
anode becomes such that the radial velocity of the electrons vanishes, which leads to the conditions
u =0, r=b, V=V, (46)

which, using expressions (44) and (45), results in the critical value of the magnetic field

= 2 (47)
eb

Using formula (42), we find the corresponding current in the solenoid
8 L
I, =\/ "o (14D )
e H,Nb
3.9 The initial energy of electrons in a lamp near the cathode is determined by the temperature of the
cathode itself and is on the order of

=0,701 A. (48)

E, =k,T. (49)
This energy is obviously must be much less than the energy of electrons near the anode, i.e.
E, = E|, (50)
where E, = eV, , whence we obtain the desired estimate
E
T4 0 =870-10° K, (51)

B
which actually means the applicability of the approximation used, since the cathode temperature is usually at
least two orders of magnitude lower.

Content Points
Formula (1): a = @ 0.1
m
3.1 - 0.2
Formula (2): X, =—— 0.1
2eFE
Formula (3): F, =eu,B 0.1
2
Formula (4): m% =F, 0.1
3.2 0.4
Formula (5): R = mj;o 0.1
e
Formula (6): x, =R = mzo 0.1
e
Formula (7): o= % _ é 0.2
33 R__m 0.4
Formula (8): T = 2—7[ = 27m 0.2
w eB
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mu®
Formula (9): eEx, , = 0.2
Formula (10): m AAMZ =eBu, 0.2
t
3.4 Formula (11): mAu_ = eBAx 0.2 1.0
Formula (12): mu =eBx,,, 0.2
Formula (13): x,_ = 21E 0.2
eB
Formula (14): u =u, = const 0.2
Formula (15): L= mru, 0.2
Formula (16): M =eBu,r 0.2
L
Formula (17): ij— = 0.2
3.5 d . 1.4
Formula (18): d(mru,) = ear-dr 0.2
3
Formula (19): mr,  u, = ea = 0.2
3mu,
Formula (20): r = 0.2
ex
B
Formula (21): dap = erh 0.2
dt dt
1 do
Formula (22): £E=—— 0.2
2rr dt
Formula (23): ® = [ B(r)2zrdr 0.2
0
dp
Formula (24): —=¢E 0.2
3.6 dt 1.6
Formula (25): IB(r)Zﬂrdr = 27rr2B0 0.2
0
Formula (26): Bzr’ +B,x(r’ —r’)=27r"B, 0.2
B 2
Formula (27); —- =1+ 0.2
B, h
2
Formula (28): 2<—<1+-= 0.2
2 h
Formula (29): g2zr1 =2 0.1
&
A
Formula (30): E = 0.1
2me,r
3.7 1 p 1.0
Formula (31): V = In— 0.2
2me, a
Formula (32): V, = 4 lné 0.2
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1
Formula (33): V = v, (/@) 0.2
In(b/ a)
Numerical value in formula (33): V=57.6 V 0.2
Formula (34): dB =Mdl—>;r 0.2
Az r
Formula (35): dl xr =dl-r 0.2
Formula (36): dB, =dBsina 0.2
Formula (37): dB. = *2/ R‘fl 0.2
Y 4 r
Formula (38): r* =R*+z° 0.2
. 2
Formula (39): B, =0/ R 0.2
' 2 (R°+2z2°)
Formula (40): djz%dz 0.2
2
Formula (41): dB = HoN > R =54z 0.2
2L (R*+z°)
3.8 Formula (42): B= _ N 0.2 3.2
IN1+D* /1
Formula (43): d(mru ) = eBrdr 0.2
Formula (44): mru, =%eBr2 0.2
Formula (45): %(uf+u;):ev 0.2
Formula (46): u, =0, r=b, V=V, 0.2
Formula (47): B = /8’"‘2/0 0.2
eb
Formula (48): I = \/8m—V°(1+D2 /1) L 0.2
e H,ND

Numerical value in formula (48): I . =0,701 A 0.2
Formula (49): E, =k,T 0.2
Formula (50): E, = E, 0.2

3.9 Formula (51): T »& ¢k 0.2 0.8

B

Numerical value in formula (51): 7 =2 8.70-10° K 0.2

Total 10.0
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PEIIIEHUE 3A4/]AY TEOPETHYECKOI'O TYPA
BHuManue: 0aJJIbI B OIIEHKAX He JeJsaTcs!
3agaua 1 (10.0 6anua)
3agaua 1.1 (4.0 6a71a)
3 IIEpBOro Hayajia TCPMOAMHAMHKU CICOYECT, YTO
00=dU +dA, (1)
rae 0Q mnpeacTaBisieT co0OH KOJIMYECTBO MOJBOJMMOTO Teria, dU — W3MEHEHHE BHYTPCHHEH SHEpruw,
dA — coBepllieHHas razoM pabora.
I[J'IH OIHOT'O MOJIA UACAJIIBHOI'O I'a3da MOXKHO 3aIllMCaTh 3TH BCIIUMYHWHBI YE€PE3 USMECHCHUC O6’b€Ma dV n
TEMIIEPATYPhbL dT IIpU U3BCCTHOM JAaBJICHUHU p B CICAYIOLICM BUIC

SA=pdV, (2)
dU = C,dT . 3)
ITo onpeaeneHuto TENI0EMKOCTH UMEEM
c=22. 4
dT
torja u3 cootHomenuit (1)-(4) nomyuyaem
dv
—=C-C,, 5
P T v (&)
MIPU MOJISIPHOM TETNIOEMKOCTH OJIHOATOMHOTO r'a3a IPH MOCTOSIHHOM 00beMe PaBHOM
3
C, = 5 R. (6)
W3 npuBeAcHHOTO B yCIOBHH rpaduka BUIAHO, UTO IIPH TEMIIEpaType
T, =350 K (7)

dv
TCIIIIOCMKOCTD C=CV H, COOTBCTCTBCHHO, —=0. HpI/I nepexoae 4Yepe3 3Ty TEMIICpATYpPY 3HAK
dT

dv .
MMPOU3BOJHOU d_T HU3MCHSACTCA C IIJIFOCA HA MHUHYC. 3HaLII/IT, IIpU 3TOU TEMIICPATYypC 00BEM Taza A0CTUTACT

nokanbHoro Makcumyma: T =T =350 K.

IIpu Temneparype
T, =500 K (8)

Vv
MMpOU3BOJAHAA d_T TAK¥XC PABHACTCA HYJIO, a4 IIPpU

nepexoae 4epe3 3Ty TOUKY 3HAK €€ HpOI/I3BOILHOI71
HU3MCHACTCA C MHHYCa Ha IIIIOC. 910 O3Ha4acrT,

qTO0 T; SBJISIETCS TOYKOM JIOKaJbHOTO MUHHUMYyMa
o6béma: 7. =T, =500 K.
Ha yuactke ot 7, =350 K no 7, =500 K

1
1
i
1
ra3 mnojJy4acTt TCIUIOTY Q, YUCJICHHO PAaBHYIO .
1
i
1

mromaad mojx 3aBucumocteio C(T), TO ecTh %
wiomaan  ¢urypst  ABCDE.  W3menenue | r
BHYTPCHHEH SHCPruH AU =C, (T; _T{*) :I:I:I:l:l a7 e 1. Fii YLK

YUCJICHHO PpPAaBHO IIIoMaad MpsAMOYTOJIbHHUKA
ABDE. Tlo nepsomy Hauany Tepmoaunamuku A =AU —Q, nostomy pabora Han rasom ot T, 1o T,

YHUCJICHHO paBHA pa3HOCTU IUiomaned mnpsmoyroiabHuka ABDE u ¢urypet ABCDE, T.e. miomanu
3amTpuxoBaHHou ¢urypst BDC:
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A:iR(T;—Tl*):?)lZ JIx . )
Jlonoanenue: Slnas 3asucumocts V(T) :
772
T T-T,
Y_|L exp| — L | ,mpu 7, =300 K<T <T, =400 K u AT, =100 K;
v 7, AT,
v (1" (T-T
— == exp| — | ,mpu T, =400 K<T <T, =600 K u AT, =200 K.
v, \T, AT,
3aBucumoctu V(T') u P(V) B mpouecce Harpesa ra3a rnoka3aHbl Ha pUCYHKaX HUXKE.
v(m) P(V)
e oS
S 1’00 N\ g I B = au
> 0:98 \ _-"‘ [ 1,0 >
0,96 \“
0’94 et 0,5
200 250 300 350 400 -:’5(')( 500 550 600 650 700 3 0,96 0,98 \;I,:)/(:) 1,02 1,04 1,06
Conep:xanue Bajibl
Dopmyna (1): 60 =dU +dA 0.2
®opmyina (2): 6A= pdV 0.2
®opmyna (3): dU =C,dT 0.2
o0 0.2
®opmyna (4): C=—
pmyna (4) T
dv 0.4
®opmyina (5): p—=C-C,
puya (3): p—r v
2
®opmymna (6): C, = %R 0
dopwmyina (7): T, =350 K 0.4
®opwmymna (8): 7, =500 K 0.4
Dopuyna (9): A= R(T; ~T)) 04
YucnenHoe 3Hauenue B popmyne (9): A =312 Ix 0.4
Hroro 3.0

3agava 1.2 (3.0 6as1a)

DKBUBaJICHTHAS CXE€Ma MOCTa ITI0Ka3aHa Ha PUCYHKE HMIKE, HA KOTOPOM YUYTCHO, UTO S3KBUBAJICHTHAsA
cxXeMa HeHuJealbHOI HHAYKTHBHOCTU — 3TO MOCJIICAOBATCIBHO COCAMHCHHBIC HJICAJIbHASA KaTyIIKa L n
PE3UCTOP 1 ; OKBHUBAJCHTHAA CXEMa KOHACHCATOpa C YTGQKOP'I — OJTO PpEe3ucCTop 7. IMapaJlicIbHO

MOJICOEAMHEHHBIN K UeaTbHOMY KOHAeHcaTopy C .
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Pemenue 1. Yciaosue 0ananca MOCTa B KOMIUIEKCHBIX YHMCIIaX 3alIUCHLIBAETCS B BUIE

Z,Z.=RR,, (1)

IJIe UMIICTAaHCHl PaBHBI COOTBETCTBEHHO
Z, =r, +ioL (2)

u
rC
=, 3
° l+ioCr, ©)
[Tocne npeobpazoBanuii u3 Beipaxenuii (1)-(3) momyyaem:

RR

io(L-RR,C)=r,——=. (4)

e

[Tpy U3MEeHEHUH YacTOThI 3TO PABEHCTBO HE HAPYIIAETCs, €CIM 00€ YacTH ypaBHEHUs PaBHBI HYJIIO,
IIO3TOMY

L
C= =0.5 MkD, (5)
1772
RR
_ 172
.= =2 MOwm. (6)
rL
Pemenne 2. [TycTs HanpskeHUE Ha KOHJEHCATOPE PaBHO
U.=U,coswr, (1)
TOT/J1a Ye€pe3 HETO NMPOTEKAET TOK
I.=-CU,wsin et , 2)
a TOK 4epe3 €ro CONPOTHUBIICHNUE YTEYKU COCTABIISET
U, cos ot
L = 3)
C
e
ITonHbIN TOK Yepe3 IIIeH0, COAEPIKaAIee KOHIEHCATOP, PaBEH
L=I.+1,, “4)
a TaK KaK MOCT cOaJlaHCUPOBAaH, TO TaKOMU ke TOK UJET uepe3 CONPOTUBIIEHHE R,, mO3TOMY
Ug =1R. (5)
C npyroit CTOpOHBI, 3TO HAIPSKEHUE PAaBHO MAJACHUIO HANIPSDHKEHHS Ha TJIe4Ye C MHAYKTUBHOCTHIO
U,=U,, (6)
JUIsL KOTOPOH MaICcHUE HAIIPSHKEHUsS ONIPEAEIIAETCS BbIpAKECHUEM
dl
U =L—2>+1Lr,, (7)
L dt 2°L
B KOTOPOM TOK OIpe/eNseTcs ypaBHEHHEM OaaHca
U
L=1, =—¢. (8)
RZ

TaK KakK
U, =U,. )

2
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Cobupas coBmectHo ypaBHeHUs (1)-(9), momyuaem

oL . R 7
[——+Ca)R1]UO 51na)t:£—1——L]U0cosa)t. (10)
2 Te 2
U3 3TOr0 paBeHCTBa BUIHO, YTO YCIOBHE OajlaHCa, HE3aBHUCSIIETO OT YaCTOTHI, BBIIOJIHACTCS, SCIIH

00e yacTH YpaBHCHUA paBHEBI HYJII0, TO €CTh I10JIy4ac€M OTBET

C= L =0.5 Mx®D , (11)
1R2
I"C=ﬂ=2MOM. (12)
rL
Conep:xanue Bbasibl
Pemenne 1
DOKBHBAJICHTHAs CXEMa: BCE DJIEMEHTHI PACIIONIOKEHBI IPABUIIBHO 0.5
®opmyna (1): Z,Z. =RR, 0.3
®opmyina (2): Z, =r, +iwL 0.3
7 0.3
®opmyna (3): Z, =——
pryna (3): Ze 1+iwCr,
0.4
®opmyina (4): io(L-RR,C)=r, _RR,
e
L 0.4
®opmyna (5): C =
pmyia (5) RR,
Uucnennoe 3Hauenue B popmyie (5): C =0.5 mxd 0.2
0.4
®opwmyia (6): r. = RR,
rL
UYucnennoe 3HaueHue B popmyie (6): 7. =2 MOm 0.2
Hroro 3.0
Pemenue 2
DOKBUBAJICHTHAs CXEMa: BCE AJIEMEHTHI PACIOJI0KEHBI MPABUIHHO 0.5
opmyna (1): U, =U, cos ot 0.1
®opmyna (2): 1. =-CU wsin ot 0.1
0.1
®opmyina (3): 1, =M
c rc
Gopmyna (4): [, =1.+1, 0.1
®opmyna (5): Uy =1,R 0.1
®opmyna (6): U, =U, 0.1
dl 0.1
®opmyna (7): U, = 72 +Lr,
1
1
Qopmyna (8): I, =1, = Ye 0
2 R2
®opmyna (9): Uy =U, 0.1
R 0.4
®opmymna (10): _a)_L+ CoR, |U,sinwt = AL U, cos wt
R, . R,
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0.4
®opmyna (11): C = L
1772
UYucnennoe 3nayenue B popmyine (11): C =0.5 mxd 0.2
0.4
®opwmymna (12): r. = RR,
rL
YucnenHoe 31auenue B popmyie (12): 7. =2 MOm 0.2
Hroro 3.0

3apava 1.3 (4.0 6ay1a)

ITycte nanera maccel m ABuxkerca Bokpyr ConHa 1o KpyroBoi opoure paauyca R €O CKOPOCTBIO
V, TOrJla ypaBHEHHUE JBUKCHHS IIJIAHETHI B IIPOCKLMHU Ha PaJUalbHOE HAIPABJICHNE 3aIIUCHIBACTCS B BUJIE
2
my mM ¢

®UR ™

M
V:'/GTS’ )

rac G — I'paBUTalUOHHAA [MOCTOSAHHA.
3amuceBas hopmyny (2) mist FOnmurepa ¢ mHmekcom J m 3emun ¢ WHIEKCOM FE, TOCTe JEICHUS
MoJIy4aeM

OTKyJa

Voo |Re
== (3)
VE J
acC L[pyroﬁ CTOpOHLI I10 TpeTLeMy SaKOHy Kennepa JJIA OTHOLLICHUA HepI/IO,ZLOB BpaH_[eHI/I}I TE nu TJ HMEEM
2 3
L _R @
TJ RJ

Juwxenne IOmuTepa Henb3s 0OHAPYKUTH C MOMOIIBIO CIIEKTPOMETPA, 3aTO 5TO MOXKHO CIENATh JUIst
ConHia, Tak Kak OHO TOXeE JBHraeTcsi BOKpYr HeHtp macc cuctemsl Conuie-tOmurep. Crkopocts Conaila
JIETKO HANTH U3 BHIPAKEHHS

M
v =v, —L. 5)
MS

Tak kak CoJHIE ABHraeTCsi BOKPYT OOIIEro LEHTPa MacC CHCTEMBI, a HabII0aTelb PACIIOIOKCH B
3TOH e MIOCKOCTH, TO cornacHo popmyie addexra Jloriepa npu 0GHAPYKEHHH BBITTONHACTCS CIISIyOLIEe
ycioBue

AL 2v
ek (6)
A c
Cobupas BMecte ypaBHeHUs (3)-(6), moy4aeM OKOHYATEIbHBIN OTBET
1/3
=M L €007 @)
M, \T.) 2v,

Takass paspemiaromas CHOCOOHOCTh  JIOCTYIIHA MHOTMM  COBPEMEHHBIM  CIEKTPOMETpam,
MIPOU3BOIMMBIM B Pa3HBIX CTpaHaX MUPA.

Conep:xanue Baibl

my* mM
_ 7

dopmyna (1): T G—2 0.2
/ M
®opmyna (2): V= GTS 0.2
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VJ RE
®opmyna (3): — =, | 0.2
E RJ
T R,
dopmyna (4): L& =—£L 0.4
pmyJia (4) R
M 1.0
®opmymna (5): vy =v, M_:
2 1.0
®dopmymna (6): At =Y
A c
1/3 0.5
@opmyna (7): R, = %(T—’j <
M, \T,) 2v,
Yucinennoe 3uauenne B opmyse (7): R =1.20-10 0.5
Hroro 4.0

3agaua 2. Yckopenue @epmu (10.0 6amna)
IMoyemy BeTpeYHBIX MAIIMH 00JIbIIE, YeM MOMYTHBIX?
2.1 3a Bpemst t aBTOMOOMJIb B 1osoce B OOrOHUT TOJIBKO T€ aBTOMOOWJIM, KOTOpPbIE HAXOASTCS OT HEro Ha
pacCTOsIHUN

I=(v—(v—Av))=Avr. (1)
CrenoBaTenbHO, YHUCIIO STUX aBTOMOOHIICH PaBHO
N, =nl=nAvt=0.83 . 2)
Bpewmst Mex 1ty 00roHaMu COCTaBIseT
2'1=L=O.02 yac=72c. 3)
nAv

2.2 AHanoruyHble pacCy>KIEHHs MPHUBOJIAT K BBIBOAY, YTO YHMCIO OOFOHOB M BpeMsi MEXIy OOroHamu
OCTarOTCA MPEKHUMH, TO ECTh

N, =nl=nAvt =0.83, 4)
72=L=0.02 qac=72c. &)
nAv

2.3 Ilpu [BWKEHHH HABCTPEUYy UHUCIO BCTPEYHBIX AaBTOMOOWJIEH M BpeMsl MEXIy JABYMs
MOCNe0BaTEIbHBIMU BCTPEUAMHU PACCUUTHIBAIOTCA MO popmymam
N, = n(v + (v + Av))t = n(2v + Av)t
1 , (6)
n(2v + Av)
a YMCIIEHHBIE PACUETHI Ial0T CIECAYIOLIUE 3HAUCHUS
N,=142; 7,=42c¢;
N,=15.8; 7,=3.8¢c.~

T34 =

(7)

Ynpyroe cToJIKHOBeHHE
2.4 3anumieM 3aKOH COXpaHEHUS UMITYJIbCca
myv, +m,v, = nmu, +m,u, (8)
Y 3aKOH COXPaHEHHUSI MEXaHUYECKOM YHEPTUHr
2 2 2 2
my;, m,v, U, MU,

= + . 9
2 2 2 2 ©)
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" m "
i, 1 z -
| ¥, ¥,
E :}_=._ .
m, : m.
il X TH
G X

[lepenuineM 5T ypaBHEHUS B BUJIE
my, —nmu, =nm,u, —m,v,

(10)

m1V12 _m1”12 = m2”§ - m2v22
Y, pa3JelMB BTOPOE YPABHEHUE Ha IIEPBOE, B PE3YJILTATE HOIYYUM
v, +u =u, +v,. (11)
N3 »sToro PaBCHCTBA BbIPA3UM u2 :Vl +I/t1 —V2 U IIOACTaBUM B YPABHCHHUC 3aKOHA COXPAHCHUA

UMITYJIbCa
(ml +m, )”‘1 = (ml —m, )V1 +2m,v,, (12)
13 KOTOPOT'O CIIEAYET
m, —m 2m
u=—"—7=v + —v,. (13)
m, +m, m, +m,

CKOpOCTh BTOPOTO LIAPUKA JIETKO MOJTYYHTh, €CIH MOMEHATh HHIACKCH «1» U «2» B popmyite (13)
2m m, —m
u, = Ly, +—=—"Lv,. (14)
m, +m, m, +m,

2.5 Ucnonw3ys popmyiry (13), momydum siBHBINA BUJ] 3aBUCHMOCTH MEXIY TPEOYEMBIMH ITapamMeTpaMu

mm
wo_m-m 2m, Vo__ My _m Yy
vioomptmy omptmy v My 1, (15)
m m
l-u  2u
ﬂl=m+mf72

Kak cnegyer u3 MOIYyYEHHOrO BBIPAXEHHUS, MPH JIIOOBIX 3HAYEHUSX OTHOILEHUS Macc i
3aBHUCHUMOCTh 77,( 2) ABJIIETCS IUHEHHOM, T.€. ee rpa@uKoM sIBIsSETCS MpsiMas JUHUSA. Takke HE CII0KHO
3aMETHTh, YTO BCE ITU HPSAMbIE MIPOXOAAT uepe3 Touky 77, =1;7, =1. Ilpu g — 0 xoddpdunnent HakiIoOHA
CTpEeMHUTCS K HyIO 77, =1, TO ecTb rpaduk 3aBUCUMOCTH CTPEMHUTCA K TOPU3OHTaIbHOW mpsimoi. [lpu
M —> %0 MCKOMasl 3aBUCUMOCTb CTPEMUTCS K

m=-1+2n,. (16)

CewmelicTBO rpauKoB 3TUX (QYHKIHMI TOKa3aHO HA PUCYHKE HIDKE.

. /
.

]
_—

—

Tl

7 i’f:
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2.6 Kunernueckas sHeprus IIapuKa YBEIMYUTCS, €CIM MOIYJb CKOPOCTH IApHKa IOCIE yAapa CTaHET
OoJiblIe MOJYJISl CKOPOCTH JI0 yapa, TO €CTh IIPU BBIIIOJHEHUN HEPABEHCTB

n, >1

m[>1 = (17)

m<-1

IToncrasiss Bepaxkenue (15) Ui BeMUUuHBI 77, , HOTy4YUM HEPABEHCTBA

(18)

I+u 1+u
PemienneM 3TUX HEPABEHCTB SIBJIAIOTCS CIEAYIOIHUE COOTHOLIEHUS:
a)
mn>1, (19)
TO €CTb JUIsl BBIIIOJHEHUS 3TOT0 YCIOBHsI BTOPOH IIAPUK JOJHKEH JOTOHSTH MEPBBIN;
6)
1
n,<-—, (20)
)7

B 9TOM CIIy4ae BTOPOW MIAPHK JOJDKSH JBUTATHCS HABCTPEUY W MOIYJb €r0 CKOPOCTH JIOJDKEH MPEBHINIATh
yKa3aHHOE 3HAYCHUE.
2.7 B npenensHOM ciiydae i, = mi, CKOPOCTb IIEPBOr0 IIapHKa MOCIIe CTOJIKHOBEHUS PaBHA

u, =-v, +2v,, 21)
TO €CThb CKOPOCThH IIEPBOrO INApHKa M3MEHSET 3HAK (IIApHK OTPAXKACTCS) M €ro MOAYJb M3MEHSETCS Ha

YABOCHHYIO CKOPOCThb BTOPOI'O, TAKEJIOTO IIapUuKa.
Jlerkui IIapuK yBCJIIMYUT CBOXO CKOPOCTD, 4, CJICA0BATCIIbHO, U KHHCTUYCCKYIO SHCPIruto, €CJIu:

a) TsDKENbIH AapUK ero A0oroHseT (yaap c3amu) v, >1;
0) TsDKeIbI MIapuK ABUKETCS eMy HaBcTpedy v, < 0.

IIpocreiimas Moaesb yeckopenusa ®@epmu
2.8 3anuiem 3aKOH JBIKEHUS TUIUTHI B TPAIUIIMOHHOM BU/IE

x(t)= Acos(ax), (22)
TOTJa 3aBUCUMOCTb CKOPOCTH OT BPEMEHH ONUCHIBAETCS QyHKIMEH
W(t)=—Awsin(ar), (23)
MMO3TOMY MakKCUMaJIbHas CKOPOCTb ABHUKCHUS HHaT(l)OpMLI paBHa
A
Vo=Aw=27 . (24)

2.9 YtoOBbl OTBETUTH Ha IOCTABJICHHBII BOIPOC, JOCTATOYHO PACCMOTPETh OJUH IEPUOJ KOoJeOaHH
wiatgopmsel. [TocTpouM rpaduk 3aBUCHMOCTH KOOPJAMHATHI IUIaTGOpMbl OT BpeMeHH (22) U HaHeceM Ha
HEero rpauky 3aBUCUMOCTEH KOOpPIMHAT HAJIETAIOIIUX YAacTHUIl OT BPEMEHHM, NPEICTABIAIOLIMNX COO0M
MPSAMBIC TAUHAN X = X, — Uf .
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d4

A | |
2
Ha pucynke nzobpaxen ciyyail u >V,,. CBOIO CKOPOCTb B pe3yjbTaTe yJaapa yBeIudaT YacTHIIbI,

KOTOPBIE CTOJKHYTCS C IUIAaTGOpMOil B T€ MOMEHTHI BPEMEHH, KOT/a Iiatdopma IBHKETCS HABCTPEdy B
[TOJIOXKUTEIIbHOM HAIIPaBICHUU OCU X, IIPU 3TOM CTOJIKHOBEHMS JOJDKHBI IIPOU30MTU B UHTEPBAJIE BPEMEHU

T . . N
oT B no T . OgHako BpeMeHa CTOJIKHOBEHUN HE SIBJISIIOTCS PAaBHOMEPHO PACHpPEENICHHOM CilydalHOU

BGHHHI/IHOﬁ, d PAaBHOMCPHO pacCHpCaAcCIICHbI BPEMCHA IMOAJICTa K caMou IUIaCTUHE, IMO3TOMY pPacCMOTPUM
IINIOCKOCTBb X:A, BpEMCHA IIOAJICTA K KOTOpOﬁ PAaBHOBCPOATHLI. HpOBeI[eM MNpsAMYHO, OIHUCBIBAIOIIYHO

. T
3aKOH JIBMD)KEHUS YaCTHUIlbl, CTAJIKUBAIOLLYIOCS C IUIAT(GOPMON B MOMEHT BPEMEHHU f = By (Ha pucyHke —

kupHas IuHUS). O003HAYMM f, KaK MOMEHT BPEMEHH, KOTJa 3Ta YaCTUIA MEePEeCceKaeT IIIOCKOCTh X = A.
YacTuipl, KOTOpbIE CTOJKHYJIUCh C IUIATGOPMOM IOCIEe 3TOr0 MOMEHTa, YBEJIUYaT CBOIO CKOPOCTh U
sHepruto. Ho 3T yacTuipl mepecekyT INIOCKOCTh X = A B MHTEpBalie BpeMeH OT f, 10 T , mo3ToMy H0is
3TUX YaCTHUIl PACCUUTHIBAETCS KaK

T -1,
= : (25)
7 T
MoMeHT BpeMEHH {, JIETKO HAWTHU U3 3aKOHA JIBHXKCHHS DTON YaCTHIIBI
T 2A
t=———1, (26)
2w
TOTJ1a 10JIs1 yCKOPUBILNXCS YaCTHI] paBHA
_r-4 _1.24_1 % 27)
T 2 uT 2 m
2A 'V,
31ech HMCHOJIb30BAHO COOTHOLICHHUE, cienyroliee u3 ¢Gopmynsl (24): Eet IToncraBum
V4
yKa3aHHOE YUCIEHHOE 3HaueHue u =1.5V,, nomyuunm:
1 1
n=—+——~=0.71. (28)

2 157
HeckoibKo nHast CHTyanus peanusyercs npu u <V, KoTopas OKa3aHa Ha PHCYHKE HUKE.
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ANV

B »stom cjlydyac «rpaHuna» tl MCXKAY 4YaCTUullaMM YCKOPUBIIMMHUCA W 3aTOPMO3UBIINMUCH

OTpesieNIsieTCsl MPSIMOM, KOTOpas SIBJSETCS KacaTeslbHOM K TpaduKy 3aKOHa ABMXKEHUS MIIAT(OPMBI, Kak
MOKa3aHO HAa PUCYHKE HUXKE.

HpI/I KaCaHuHu Fpa(I)I/IKOB ABYX q)YHKI_II/Iﬁ B MOMCHT BpPCMCHHU tz COBIIaAAOT 3HAYCHHUA KaK CaMHUX

(GyHKIUH, TaK U UX IPOU3BOJIHBIX, TO €CTh CKOPOCTEN ABMKEHUS IIIATQPOPMBI U IIAPHKA, TOITOMY
— Awsin(at, )= —u, (29)
OTKYJa HaXO0uM

t, = larcsin Ao Larcsin . (30)
w Ao 2r V,

x, = Acosat, = A\l—sin’ wt, = A, [l - — . (31)

t=t, 222 = % | aresin — — 20| - . (32)

OTHo1IEHHE ITOr0 BPEMEHHU K NepUOAY KoJeOaHUl onpeensieT H0I0 YacTUll, KOTOPbIe CTOIKHYTCS
¢ mIat(opMoii, JOroHss ee, IO3TOMY MX SHEPrusl YMEHBIIUTCS:
~0.04, (33)

1
1-n=—
T 27

CJICAOBATCIIbHO, AOJI YaCTHUIL, SHCPI'Ud KOTOPLIX YBCIMYUTHCA ITOCJIC yapa, paBHA

7~0.96. (34)
2.10 3a oguH nepuoa KonebaHuit miaTGopma IpoXoauT MyTh 4A , IO3TOMY MOAYJb €€ CKOPOCTH paBeH
4A
V=—. 35
T (35)

2.11 Ilpu ckopocTH 1mapuka 60JbIIe CKOPOCTH MIaTGOPMBI OISl HIAPUKOB, YBEIUYUBIINX CBOIO SHEPTHUIO B
CIIeICTBUE yJapa, pacCUUThIBaeTcs 1o (opMmyJie, aHaoruuaHoi popmyne (27):
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polzh_ 1,24 1.V (36)
T 2 uT 2 2u
a COOTBETCTBYIOIINN PUCYHOK TIOKa3aH HIIKE.
K 3

A

Tak Kak MOJyJb CKOPOCTH IUIAT(GOPMBI MPUHUMACTCS MOCTOSHHBIM, TO MOJYJIb CKOPOCTH YaCTHI]
1ocJie yJapa CTaHeT paBHbIM
u, =u+2V. (37)
CkopocTH 4yacTull, KOTOpbIE€ CTOJKHYThCA ¢ IIaTdGopMoii B MHTepBase BpeMeHu ot 0 go ¢, OyayT
paBHbI
u =u-2V. (38)
TakuMm oOpa3om, cpeliHsIs SHEPTUs YaCTUIl II0CIE yAapa CTAaHET PaBHOM

E =77mui +(1_T7)m_uf =ﬁ((l+1j(u+2v)2 +G—;—uj(u—2v)2j =

2 2 2\ 2 2u

e e ) o (0

a, CJICAOBATCIbHO, YBCIIMYCHUC CpeHHeﬁ OHCEPIUr paBHO

2
g:1+8(Kj ~4.6. (40)

u

Ecnu, ckopocTh 4acTHIl MEHbIIE CKOPOCTH IUIaT(HOPMBI, TO BCE YAaCTHUIIbI CTOJIKHYTCS € MIATPOPMOi
Ha BCTPEYHOM [BIDKEHUH, IIO3TOMY BCE YAaCTHUILBI YBEJIMYaT CBOK CKOpPOCTb U 3Hepruto. Ilocne
CTOJIKHOBEHHSI CKOPOCTH YacCTHIL[ CTAaHYT PaBHbIMU U, = U + 2V, a uX 3Heprus

m mu’ VY
E==(u+2v) =——[1+2=|, (41
2 2 u
a, CJIeJI0BATEIbHO, OTHOIIEHHE YHEPTUN YaCTHII TIOCTIE U IO CTOJIKHOBEHHUSI PAaBHO
2
g=(1+2zj =250. (42)
u
Conep:xanue Bajbl
®opmyna (2): N, =nAvt 0.1
Yucnennoe 31auenue B popmyne (2): N, =0.83 0.1
2.1 0.4
®opmyna (3): 7, = 1 0.1
nAv
Yucnennoe 3navenue B popmyne (3): 7, =0.02 yac=72 ¢ 0.1
®opmyna (4): N, =nAvt 0.1
2.2 : 0.4

Yucnennoe 3HaueHue B popmyiie (4): N, = 0.83 0.1
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Dopmyna (5): 7, = 1 0.1
nAv
Yucnennoe 31auenue B popmyie (5): 7, =0.02vac=72 ¢ 0.1
N,,=n(2v£Av)t 0.4
®opmybl (6): 1
z-3,4 =T A AN
2.3 n(2vEAv) 0.8
N,=142; 7,=42¢; 0.4
Uucnennoe 3HaueHue B popmyne (7):
N,=158; r,=38c.
@opmyna (8): myv, +m,v, =mu, +m,u, 0.1
dopmyiia (9) m1V12 + ’712‘}22 _ mlulz + m2”22 0.1
Y 2 2 2 2
2.4 ®opwmymna (13): u, = M v, + 2m, v, 0.2 0.6
m, +m, m, +m,
®opwmyna (14): u, = 2m, v, + M v, 0.2
m, +m, m, +m,
- 2
Dopmyna (15): 7, :1—’u+2—‘uf]2 0
I+u 1+u
Ha rpaduke ToJIbKO MpsIMbIEC JIMHUU, HHAYE TPapUK HE OIICHUBACTCS 0.2
2.5 | Bce npsiMbie mpoxoaar uepes Touky 77, =1;77, =1 0.4 1.6
Nmeercs npsamas 7, =1 0.2
Nmeetcs npsmast 7, =—1+2n, 0.4
Bce npsimble pacmionokensl Mexay 7, =1 u 1, =—1+2n, 0,2
n >1 0.2
Hepasenctsa (7): |771| >1 =
m <1
2.6 | Hepasenctno (19): 77, > 1 0.1 0.4
A
Hepasenctso (20): 77, < 1L 0
U
®opmyma (21): U, =-v, +2v, 0.1
2.7 | HepaBencto a): v, >1 0.1 0.3
Hepagenctso 0): v, <0 0.1
dopmymna (22): x(t)= Acos(ar) 0.1
28 ®dopmyna (23): v(t) = —Aa)sin(at) 0.; 0.4
Dopmyna (24): V, = Aw = 27[? 0,
®opmymna (25): = r-1 0.3
Dopmyna (26): ¢, = % 24 0.3
u
29 2.7
®opmyna (27): n = 1 + Yo 0.3
2 nu
Yucnennoe 3nauenue (28): 77 ~0.71 0.3
dopmyna (29): — Aa)sin(atz) =—u 0.2
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®opmyina (30): ¢, = l arcsin Mo l arcsin u 0.2
1 Ao 2« 1A
u’ 0.3
®opmyna (31): x, = A, [1-—
Vo

T u oV u’ 0.3
®opmyna (32): t, =—1| arcsin———| - [1-—
2r Vo, u Vi
0.3
1 u Vv u’
®opmyna (33): 1-n=—1| arcsin——-2| 1- [1-—
pmyna (33): 1-717 27[( v u[ 1/ VOQJ]

Yucnennoe 3nauenue (34): 7 =~ 0.96 0.2
4A 0.2
2.10 | ®opmyna (35): V = - 0.2
dopmyina (36): 7 :l+1 0.3
2 2u
@opmyna (37): u, =u+2V 0.2
®opmyna (38): u_ =u—-2V 0.2
2 2 0.3
®opmyna (39): E=n it (1 — n)%
VY 0.3
2.11 | @opmymna (40): e =1+ 8(—] 2.2
u
UucnenHoe 3HaueHue B popmyie (40): & ~4.6 0.2
Dopmyna (41): E:%(sz)2 02
VY 0.3
®opmyna (42): & = (1 + 2—)
u
Uucnennoe 3HaueHue B popmyie (42): £ =25.0 0.2
Hroro 10.0

3amaua 3. Marnerpon
I[BI/DKCHI/IC JJIEKTPOHA B JIEKTPUYECCKOM U MATHUTHOM IMOJISAX
3.1 HO,[[ ﬂeﬁCTBHCM OOHOPOJHOTO SJICKTPHUYCCKOTO MOJIA JICKTPOH ABUKCETCA C IIOCTOAHHBIM YCKOPCHHUEM

a=‘E, (1)

m
KOTOPO€ HaAIpaBJICHO B OTPULATCIIBHOM HAIPAaBJICHHU OCH X, IIO3TOMY MAKCHUMAJIbHOC 3HAYCHUC
HOCTHFaeMOﬁ KOOpAWHATHI OIMMPEACIIACTCA BRIPAXKCHHUEM

u  mu
0 0
X =-2=-_"0 (2)
"™ 2a 2eE
3.2 TIpu JBMIKEHUH B OJHOPOJAHOM MAarHUTHOM IIOJI€ Ha JIEKTPOH AeiCTBYeT cuita JIopeHIa, paBHas
F, =eu,B. 3)

U OH COBEPIIAECT JIBMKEHUE IO OKPYKHOCTH, paguyc R KOTOpPOH OINpeNensercss W3 BTOPOTrO 3aKOHA
HrroTtona

2
u
mEOZFL9 (4)

OTKY/Ja IoJIy4acm
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mu
R=—21". )
eB
OueBUAHO, YTO MAKCUMAJIbHOE 3HAYCHUE KOOPAUHATHI IIPU 3TOM PaBHO
mu
0
x =R= . (6)

3.3 3agava mpolie BCero pemaercs: B JIa0OpaTOPHOUM CUCTEME OTCYETa, B KOTOPOM 3JIEKTPOH JBUTACTCS IO
OKPY>KHOCTH C YaCTOTOM, onpenessieMon hopmyJioit (5) B Buae
w=to -8 (7)
R m
[Tpr cooOeHnn SIEKTPOHY MajloW JOMOJIHUTEIBHOM CKOPOCTH OH TEpeHeT Ha JABIKEHHE IO
OKPY’KHOCTH, OJIU3KOM K TIepBOHAYalbHOW M TMepeceKamoleics ¢ Heil B JABYX JUaMeTpalbHO
MPOTHBOMOJIOXKHBIX TOYKAX, YTO MOYKHO pacCMaTpuBaTh KakK JBWKCHHE II0 3aMKHYTOW JIBYMEpPHOM
TPACKTOPHUU C IEPUOJIOM
r= 272 ®)
w eB
3.4 B MOMEHT, KOrJja KOOpJuHaTa X MaKCHUMallbHa, CKOPOCTb YAacTUIIbI 1 HAmpaBjeHa BJIOJb OCH Z U MO
3aKOHY COXpaHEHUs YDHEPTHH paBHA

2
E mu
e 'xmax - 9

B npoekiuu Ha OCh 7 ypaBHEHHUE IBUIKECHUS 3aIMCHIBAECTCS B KOHEUHBIX PA3HOCTSIX BUJIE
Au
m—==eBu_, (10)
At
4TO ¢ yueToM Ax =u Af IPUBOAUT K COOTHOLIEHUIO
mAu, = eBAx, (1T)
KOTOpOE JUIsl ICKOMOI'0 MOMEHTA IPUHUMAET BUJ
mu=eBx_, . (12)
Pemas coBmectHo ypaBHenus (9) u (12), okoHUaTEeNIbHO MOIyYaeM

2mE (13)
X = ,
max €B2
3.5 Tak kak MarHWTHOE ToJie PabOThl HE COBEPIIAET, TO CKOPOCTh JJEKTPOHA OCTAETCSA MOCTOSHHOM IO
MOJYJIKO ¥ PAaBHOW Ha4aJIbHOMN
U =1u,=const. (14)

9)

Pa300beM MOJHYHO CKOPOCTb Ha pajuanbHyro u, =dr/dtr wn asumyrtansHyto u,=rde/dr

cocTapisromue. MoMeEHT HMITYJIbCa 3JICKTPOHA OTHOCUTCIIBHO HaYajla KOOPAUHAT OYCBUIHO paBCH

L=mru,, (15)
a MOMEHT CHJIbI JIopeHI1a OTHOCHTENTHO TOH K€ TOUKU COCTABIIAET

M =eBu, r. (16)

CoracHO ypaBHEHUIO MOMEHTOB HMEEM

dL

—=M, (17)

dt
9TO C UCHOJB30BAaHUEM U, = dr / dt IpUBOIUT K COOTHOIICHHIO

d(mruw) =ear’dr. (18)

B MoMeHT BpeMeHH, KOrjia pacCTOsSHUE /10 OCH Z MaKCHMaJbHO, pajlaibHas CKOPOCTh OOpalaercs
B HOJIb, a a3sUMyTajbHas CKOPOCTb pPaBHA HAyaJlbHOW B COOTBETCTBHM C ¢opmynoil (14), mostomy

MHTETpUpOBaHUE COOTHOLIEHUs (18) mpuUBOAUT K ypaBHEHUIO
3

mr, U, =ear‘“?, (19)
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H3 KOTOPOro CaeayceT, 4To

3mu
_ 0
rmax - . (20)
ea
3.6 Tak Kak DJIEKTPOH BCE BPEMs JBUIKETCS 110 OKPYKHOCTH, TO, COTJIACHO YpaBHEHHUIO (5), MpU HapacTaHUU
MarHuTHOTI'O IOJIsI Ha ero opoure B, mpou3BOIHAS UMITYJIbCA MEHSETCA IO 3aKOHY
d dB
P _ o Q1)
dt dt
DNEKTPOH MPHUXOAHUT B JIBIKEHUE 3a CUYET BHXPEBOTO SJCKTPHUECKOTO IMOJISA, HANPSIKEHHOCTh E

KOTOPOro onpeaciaeTCsa COOTHOIICHUEM

1 do

E=—-—, (22)

2y dt
B KOTOpOE 110 3aKony Papajiest BXOJUT MOTOK MAarHUTHOM MHAYKLUH Yepe3 OpOUTY 3JIEKTPOHA, paBHBII

D= IB(r)Z;rrdr. (23)

0
VYpaBHeHHe BToporo 3akoHa Hpl0TOHA A1 yCKOpEHUs 3J1€KTPOHA 10 OpOUTE UMEET BUJ]
dap =eE. (24)
dt

CoBMecTHOE pelieHue ypaBHeHUl (21)-(24) npuBOIUT K CIIEAYIOIIEMY PABEHCTBY JUIsi MarHUTHOTO
10J15, KOTOPOE Ha3bIBAETCS LIUKIOTPOHHBIM YCIIOBUEM

[B(r27rdr =27r°B,. (25)
0

U3 popmynsl (25) 3akimoyaeM, YTO €ro BBHIIOJHEHHUE BO3MOKHO TOJBKO B Cllydae, KOTJla AJIEKTPOH
JBMOKETCSI B 00JIACTM MarHUTHOI'O MOJIA C MHAYKIMEH B, = B,, M103TOMy MHTErpUpysl 3aJJaHHYIO B YCIOBUHU

MarHUTHYIO UHIYKIHIO KaK QYHKIUIO PACCTOSHUS, OTy4aeM COOTHOIICHUE

Brr’ +B,x(r’ —1’)=27r’B,, (26)
pelieHre KOTOpOro MMEET BUJL

B, r’

— =1+—. 27

B r’ (27)

JIBuKeHHe SJIEeKTPOHA MO0 OKPYXHOCTHM BO3MOXHO TOJIBKO B TOW 00JacTH, B KOTOPOM WHIYKIIHS

paBHa B2 , TO €CTh IIPH 1 <r< 7, , 4 3HAYUT UCKOMOC OTHOLICHUEC JOJDKHO JICXKATh B MHTCPBAJIC

2
7.

B
2<—L<1+3. (28)
2 h
uauHaApUYECKUIT MATHETPOH
3.7 IlycTh Ha eTUHUIIBI JUTHHBI [AIMHAPHIECKOTO KaToa U aHO/Ia TIPUXOAUTCS 3apsijl, paBHBIA A , a moHas
JUTMHA DJIEKTpoaoB coctaBisier [. Torma mo teopeme ["aycca, HampsHKEHHOCTH SJIEKTPHUECKOTO TONS B

IMPOCTPAHCTBEC MECKAY KaTOAOM M aHOAOM OIPCACIACTCA YPaBHCHUCM

E2mr =L, (29)
80
OTKy,Z[a nonyqaeM
A
o , (30)
2meyr

3,Z[CCB r —PacCTOAHUC 1O OCU MArHeTpoOHaA.
3aBUCHUMOCTh Pa3HOCTHU MOTCHIOHUAJIIOB OT PACCTOAHUA 1 II0 ONPCACICHUIO 3allMChIBACTCA B BHUIAC
HHTETrpajia

A Il 31)

V=] Edr=
/ 2me, a
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KOTOPBIN B YaCTHOCTH IS 7 =b maer

V,= A In b . (32)
2re, a
Pemias coBmectHo ypaBaenus (31) u (32), nosydaem
V:%M:57.6B. (33)
In(b/a)

3.8 PaccMoTpuM TOHKOE KOJBIO paauyca R, IO KOTOPOMY MPOTEKaeT TOK j, U PAacCUUTAeM BEIMUUHY
MarHMWTHON HMHIYKIIMM B TOYKE HA OCH KOJIbIIA, OTCTOSAIICH TO €ro IEHTpa Ha paccTosHUU Z . PazoObem
KOJIBIIO HAa MaJIble DJIEMEHTHI d/ , TOrJja MarHWUTHAs WHAYKIHUS ONpPEaeseTcs CICIYIOINUM 3aKoHOM buo-
Casappa
= My jdl x¥
B = a7z
B KOTOPOM BEKTOp 7 MPOBEJICH U3 TOYKH PACHOI0KEHHUs dieMeHTa Toka dl B Touky O, B KOTOPOUW HIIETCS

MaravMTHas MHAYKIOUWS.
3 TCOMCTPHUUCCKUX COOTHOIICHUM CJIeayeT, 4To

(34)

dl xr=dl-r, 35)
a Tak KaK pe3yJIbTHPYIoIIas MAarHUTHAs MHYKIIMs HalpaBJieHa BJIOJIb OCH KOJIbIIa

dB, =dBsina, (36)
TO, MCIOJIb3Ysl TEOMETPHUYECKOE COOTHOIIICHHE R = rsin ¢ , OKOHYATEILHO MOTydaeM

i Rdl
dB, = £ T2 37)
A or
dB. = dB
o%,
@

-
=

Y4uThIBasA, 4TO pacCTOAHUSA, BXOAdIIME B hopMyy (37), SIBISAIOTCS MOCTOSHHBIMU U

R4 (38)
TO IIOCJIC CYMMHPOBAHUS 11O BCEM 3JICMCHTAM KOJIbIIa HAXOJUM
. 2

z 2 (R2+Z2)3/2
PaccunTaeM Temeps WHAYKIMIO MArHATHOTO TOJS B IICHTPE COJIGHOMJA, TaK KaK WMEHHO TaM
pacroyio’keHa Jjiamiia MarHeTpoHa. J[jis 3Toro pacCMOTPHUM BHTKH, PACIONIOKCHHBIC HA PACCTOSHUU OT
[IEHTpa OT Z 10 7+ dz, MO KOTOPBIM MPOTEKAET TOK
. NI
dj=—dz. (40)
L
OTH BUTKM MOXKHO paccMaTpHBaTh KaK KOJIBIIO, MarHWTHAas HMHAYKIUS KOTOPOTO OMpEAeseTCs
dbopmyoii (39), u3 KOTOPOH ToTydaeM
Nl R’
B = ran 42
2L (R*+7)
YTO MMOCI/IE HHTEIPUPOBAHHS JaeT OKOHYATEIIbHOE BhIpaKEHHE

2 L/2
B H,NIR dz _ Mo NI 42)

2L —L2 (Rz + 22)3/2 L1+ D*/I? ’

(41)
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IJIe UCIOJIb30BaHO BEIpaXKEHUE UTd quamerpa D =2R.
Jlns mBYDKEHMS JIGKTPOHOB B MarHeTpoHe cripaBeminBa Gopmyina, aHamoruuHas (opmyse (18) u
HMEIOILAst BUJ
d(mru,,) = eBrdr, (43)

WHTETPUPOBAHUE KOTOPOU MPHU YCIOBUHU MTOCTOSIHCTBA MArHUTHOM MHAYKIMU U a << b JlaeT
1
mru_=—eBr*. (44)
2
C npyroit CTOpOHBI, U3 3aKOHA COXPAHEHUsI SHEPTUU CIEAYET, YTO
m. ., 2
E(ur +u,)=ev. (45)

B MOMEHT [IOCTH)KCHHS KPUTHYCCKOH BEJIMYMHBI TOKA MAarHUTHAs WHIYKIMS BOJIM3M aHOIA
CTaHOBHTCS TAKOU, YTO pagraibHast CKOPOCTh JIEKTPOHOB 00paIacTcs B HOJIb, YTO MPUBOJHUT K YCIAOBHIM
u =0, r=b, V=V, (46)

YTO C UCIIOJIb30BaHUEM BbIpakeHU (44) u (45) naeT KpUTHUECKYIO BETMYMHY MAarHUTHOTO MOJIS

B= /Sm‘;" : 47)
eb

Hcnons3ys Gopmyiy (42), HAXOIMM COOTBETCTBYIOLIYIO BETMYMHY TOKA B COJIECHOMIE
I =\/8mvo (1+D? /1)L
e H,Nb

3.9 HauanrHas OHEPTIHUA SJICKTPOHOB B JIAMIIC BOJIM3H KaToJa OIpCACIIACTCA TeMnepaTypoﬁ CaMoOro Karoga u
COCTAaBJISACT MOPAAKaA

=0,701 A. (48)

E, =k,T. (49)
Orta SHEPrusid, O4YCBUIHO, JOJ’KHA OBITH MHOI'O MEHBIIIE OHCPIUH SJICKTPOHOB B6JII/I3I/I aHoa EO , TO €CTh
E, = E,, (50)
rae E, =eV,, oTkyna noiny4aeM HCKOMYIO OLEHKY
E
T 220 =870-10° K, (51)

B
4qTo (baKTI/I‘IeCKI/I O3HA4YaCT NPUMCHHUMOCTb HCIIOJIb30BAHHOI'O HpI/I6HI/I)KCHI/I${, TaK KaK TEMIICpaTypa KaTtola
OOBLIYHO MHWHUMYM Ha JiBa NMOpAJKa MCHBIIIC.

Conep:xanue Baybl
®opwmyna (1): a= £ 0.1
m
31 - 0.2
@opmyna (2): X, = —— 0.1
pmyia (2) SoE
®opmyna (3): F, =eu,B 0.1
2
®opmyna (4): m% =F, 0.1
3.2 0.4
®opwmymna (5): R= mIL;O 0.1
e
®opmymna (6): x,, =R= mj;o 0.1
e
®opmyna (7): w= u—lg _B 0.2
m
3.3 0.4
®opmyna (8): T = 4 = 27m 0.2
W eB
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mu’
®opmyna (9): eEx,, = 0.2
®opmyna (10): m AAMZ =eBu, 0.2
1
34 T Gopmyna (11): mAu_ = eBAx 0.2 10
®opmyna (12): mu =eBx, 0.2
®opmyra (13): x,_ = 2’"'3 0.2
eB
®opmyna (14): u =u, = const 0.2
®opmyua (15): L=mru, 0.2
®opwmyna (16): M =eBu,r 0.2
®opmyna (17): fZ_L = 0.2
3.5 J - 14
®opmyna (18): d(mru,,) = ear dr 0.2
3
©opmyna (19): mr,, u, = e == 0.2
3mu,
®opmyna (20): 7, = 0.2
ea
B
®opmyina (21): ap _ erh 0.2
at dt
o 22) 1 do 02
opmyJa L= .
Py 2rr dt
®opmyna (23): © = JB(F)Zﬂrdr 0.2
0
dp
®opmyna (24): = =¢eE 0.2
3.6 dt 1.6
dopmymna (25): IB(r)Z;zrdr =27r’B, 0.2
0
®opmyna (26): Bxr’ +B,x(r’ —17) =21r’B, 0.2
B 2
®opmyna (27): —+ =1 r_2 0.2
B, h
. Bl r22
®opmyrna (28): 2< —L<1+-= 0.2
B, h
®dopmyna (29): E27zr1 = A 0.1
€y
A
®dopmyna (30): E= 0.1
2me,r
3.7 1 . 1.0
®opmyna (31): V = In— 0.2
2re, a
A b
®opmyna (32): V, = In— 0.2
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In(r/a)
@opmyna (33): V =V,
pmyaa (33) "I/ a) 0.2
UrcneHHOe 3HAYCHHE B (1)0p_MyJIe (33): V=576 B 0.2
dopmyna (34): dB = Hof dl fr 0.2
dr  r
@opmyna (35): dl xr=dl-r 0.2
®opmyna (36): dB, =dBsina 0.2
®opmyna (37): dB, = Hol chl 0.2
" Adror
®opmyna (38): r* =R*+7° 0.2
i R
®opmyna (39): B. = 0.2
pmyna (39): B. 2 (R +2)"
®opmyia (40): dj = %dz 0.2
Nl R
®opmyna (41): dB = dz 0.2
pmyuna (41) 2L (RE+2)"
3.8 ®dopmyna (42): B= _ N 0.2 32
L1+ D/ I
®opmyna (43): d(mru,) =eBrdr 0.2
®opmyna (44): mru,, = %eBr2 0.2
®opmyna (45): %(uf +u;) =eV 0.2
®opmyna (46): u, =0, r=b, V=V, 0.2
8mV,
Dopmyna (47): B = / ad 0.2
eb
g8mV,
dopmyna (48): 1. = \/ "1+ D1 1) 0.2
e U, Nb
Yucnennoe 3HaueHue B popmyne (48): 1 . =0,701 A 0.2
®opwmyna (49): E, =k, T 0.2
®opmyna (50): E, = E, 0.2
3.9 0.8
®opmymna (51): T -5 ekﬂ 0.2
B
Yucnennoe 3Havenue B popmyie (51): 7 = 8.70-10° K 0.2
HTroro 10.0




XIX MexayHapogHas XXayTbikoBckass Onnmnuaga/dkcnepuMeHTanbHbIA TYp 1/4

3 ¢eBpass 2023 roaa

CHavaJja, noxanyiicra, npo4uTaiite ciaeaympuiee:

1. DkcnepuMEHTAIbHBIN TYyp COCTOUT M3 OJIHOM 3amaun. [IpogomKUTeIbHOCTD Typa 4 Jaca.
2. Jlnst pacueToB BbI MOXKETE UCIIOJIB30BATh CBOM KAIBKYJIISTOP.

3. Bam npemocTaBiieHbl YHCThIE JUCTHI OyMard, KOTOpbIe MpeAHa3HaYeHbl I Y€PHOBBIX 3amucei, ux Bol
MOYKETe HCIOJIb30BaTh MO BareMmy ycmotpenuto, oHu He npoBepsitorcs. Ha Writing sheets ciemyer
3aIMCHIBATL PENIEHHE 3a]a4yM, KOTOpoe OyIeT OLEHEHO MpH MpoBepKe paboTel. MoKeTe 3aruchiBaTh
OYCHb KOPOTKHUE MOSICHEHUS, HCIIOJIB3Ysl YpaBHEHHUSI, YCia, OyKBEHHbIE 0003HAYCHHUS.

4. Vcnone3yiite Tonbko JuueByr cropony Writing sheets. Ilpu 3ammcu He BBIXOZUTE 3a IIPEEIIbI
OTMEYECHHOU PaMKH.

5. T'padpuku HeobOxomumo crpouth Ha Writing sheets B oGmactu ¢ MuutMMeTpoBoil Oymaroii. Bce
MIOCTPOCHHSI MPOU3BOJNTE PYyYKOW, a He Kapanmamom! Eciu Bam HykHBI gomonHutenbHbie Writing
sheets ¢ MHUTEMETPOBOI OyMaroii, To Bbl MOJKETE HAWTH WX B KOHIIC BAIIEr0 KOMILUICKTA 3a1aHUi.

6. Ha xaxmom mcnosab3zoBanaom Writing sheets, B oTBeieHHBIX Ui 3TOro rpadax, HEOOXOIUMO yKa3aTh
Barmry crpany (Country), Bamr xon (Student Code), mopsiakoBeiii Homep 3amaun (Question Number),
TeKymuii Homep Kaxxaoro yucra (Page Number) u monHoe KOJIMYEeCTBO JMCTOB, UCIOIb30BAHHBIX MPH
pemenun Bcex 3amau (Total Number of Pages). Eciu Bbl He XoTuTe, 4YTOOBI HEKOTOpHIE
ucrons3oanubie Writing sheets Gpuii BKITFOYEHBI B OTBET, TOT/IA MEPEYEPKHUTE UX OOJBIIMM KPECTOM
Ha BECh JIMCT U HE BKJIOYaiTe B BaIil o cyeT mojgHOro KOJMYeCTBa JINCTOB.
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dypbe-cnekrpomerp?

BBenenue

OcHoBHo#1 aemeHT Dypbe cnekrpomeTpa — uHTEephepomMerp MalikenbcoHa.

JonycTuM, y HAC MMEETCA KOTE€PEHTHBIM MCTOYHUK H3IYyYEHHUS C OINPEIACICHHOW JIMHOM BOJIHBIL.
Korga pasnocts Xoaa AByX Jy4el, NpUILIEIIINX B IPUEMHUK, KPAaTHA MOJOBUHE JJIMHE BOJIHBI, TO €CTh Jy4d
MIPUIILITA B MPOTHBO(A3e, HHTEHCUBHOCTh PETHCTPUPYEMOT0 H3IIyIeHUs Onr3Ka K Hymo. [Ipu nepemeniennu
OJTHOTO M3 3epKal uHTepdepomMeTpa pa3HOCTh XOAa Jy4yeil H3MEHSETCs, IMO3TOMY HW3MEHseTcs U
WHTEHCUBHOCTh CBETa, pErHCTpUpyeMas TNpPUEeMHUKOM. I3BeCTHO, 4YTO HWHTEHCHUBHOCTH OyJeT
MaKCUMaJbHas, KOI/1a pa3HOCTh X0/1a KpAaTHA JUIMHE BOJIHBI.

Ecnu omHO W3 3epkan mHTEpdepoMeTpa IBUIKETCS C MOCTOSHHOM CKOPOCTBIO, TOTZA Ha BBIXOE
nprUeMHHUKa OyAeT HaOII0laThCs CHHYCOMAANbHBIM CHUTHAJI. AMIUIMTYAA CHUHYCOU[BI MPOMOPIHMOHAIIbHA
MHTEHCUBHOCTHU CBETA, a €€ EPUOJ] 3aBUCUT OT JIMHBI BOJIHBL.

Ha pucynke moka3zana cxema uHTephepomeTpa 4
Maiikenbcona. CBETOBOI MOTOK OT MCTOYHHMKA | C MOMOIIbIO B N U x(t)
nuH3  QopmupyeTcss B HapajUIeTIbHBIM My4YOK Jyded U
HaIpaBJIIETCS HAa CBETOAEIUTENbHYIO IUIACTUHKY 2. YacTh x
cBeTa (MOJOBMHA [0 WHTEHCUBHOCTH) TPOXOAHUT uepe3
IUTACTUHKY, [OMa/1aeT Ha HEMOABM)KHOE 3€pKajio 3, MOJIHOCTHIO
OTpa)kaeTcsi OT HEro W CHOBA IIONAJaeT Ha IUIACTUHKY 2,
OTpakaeTcsi OT HEe W IMOIMAaJgaeT Ha 3KpaH C (POTOMPHUEMHUKOM
5. Bropas mnonoBuHa CBETOBOTO TMOTOKa OT HMCTOYHHKA 2
OTpa)kaeTcsl OT CBETOAEIIUTEIbHON MIJIACTUHKY 2 U MONaIaeT Ha
MOABUKHOE 3epKaylo 4, OTpakaeTcsa OT HEro, MPOXOJIUT yepe3
MJTACTUHKY 2 W TaK)Ke MOMaaaeT Ha 3KpaH ¢ POTONPUEMHUKOM
5. Takum o0pazoM, Ha SKpaH TOMATAIOT JBE KOTEPEHTHHIE - 5
BOJIHBL, OTP@KEHHbIE OT 3epkal 3 u 4. DTu  BOJHBI Uy o
UHTEPPEepUPYIOT MEXAy CcOOOH, a MPUEMHHUK PETrHUCTPUPYET
PE3YIABTUPYIONIYI0O HHTEHCUBHOCTh CBETA Ha DKpaHe, KaK QyHKIUIO BpeMeHHU. JTa (QYHKIIHS 3alUChIBAETCS B
naMsTh KOMIBIOTEPA VI MOCIEAYoel 00paboTKy.

Jlns nimroctpanuu npuBoauM (oTorpaduio 3aperucTpupOBaHHOIO CUTHANA U3 YKa3aHHOM CTAThU.

U Freq Sensor
— 5 o= Hann ™ FFT
© 20H: ) BH: O FRersignal ] s, (DI Adzeros [ 0o 9 Si O Ge

PLAY
AMPLITUDE

| SOUND | RAW signals | SYNC signals | INTERP signal | FREQ spectum | A spectrum |

ANALYSE
REF MAX: 1873 PERIOD: 81
REF MIN: -2311 PERIOD: 11
REF PERIODS: 68
NON SYMMETRIC
REF IS GOOD: OK

T ) TGS
L

Jli.

Signal MAX: 237

FFTlength: 0
MAX of specirum:
MAX lambda:

Ter[epL npeacrtaBum, 4TO 3€pKalo 4 ABUIKETCA HCPAaBHOMCPHO W/MIM UCTOYHHMK CBETA HE SIBIISICTCS
MOHOXPOMATHYECKUM, TO €CTh COJACPIKHUT B cebe HECKOJIBKO JJIMH BOJIH. Taxkum O6p330M. Ha BBIXOJC 6y21€M
HMETh 00JIee CIIOKHBIM YeM CHHyCOHHaHBHLIﬁ CHUI'HAJI. HpI/I COOTBCTCTBYIOIJ_IGI\/’I MaTeMaTH4eCKOM 06pa60T1<e

! Mannoe sananue pa3paboTaHo Ha ocHOBe MaTepuaiioB cTaTbi «Camo/enabHblil Dypbe-cniekTpomerpy (https://habr.com/ru/post/253947/).



https://habr.com/ru/post/253947/
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3TOr0 CUTHAJIa MOXHO MOJYYUTh 3aKOH JIBMKEHUS 3epKaia 4 WM CIEKTP U3Iy4YeHHs] UCTOUYHUKA CBETA, TO
€CTh UHTEHCHUBHOCTb M3JIyYCHHS Ha PA3JIMYHbIX JJTMHAX BOJIH.

[Tpu BBIMOTHEHUH 33JaHUN UCIIOJB3YHTE YIIPOILIAIOIINE MTOJIOKEHUS U 0003HAUCHUS:
1) peructpupyemoe ¢oronpuemuukom Hanpskenue U (t) mpomopumoHansHO HMHTEHCHBHOCTH CBETA,

9yBCTBUTEIHHOCTh (DOTONPHUEMHHKA HE 3aBUCUT OT JJIMHBI BOJHBI CBETA; C IMOMOIIBIO 3JIEKTPOHHOM
CXEMbI MOCTOSIHHASI COCTABJISIONIAs CHUTHAlla OTPE3aeTcsi, MOITOMY Ha rpauKax OTPa)kaeTcsl TOIBKO
IIEpEMEHHAsl COCTABIIAIONIAS;

2) NOABWKHOE 3epKajio Koyiebiercs no rapMonudeckomy 3akony X(t) ¢ wacroroit 20 I'i ¥ mocTOSHHON

aAMIUTATYI0H; MOKHO CYUTATh, 4TO IpU X = 0 pa3zHOCTh X0Ja HHTEP(HEPUPYIOIIUX BOJIH paBHA HYIIIO,

3) UWHTEHCHBHOCTH HHTEP()EPUPYIOIINX HA TPUEMHUKE BOJIH PABHbI;

4) HayaJlo PErHCTpAIMK CHI'HAJa COTJIACOBAHO C JIBU)KEHHEM IIOJIBUYKHOTO 3epKajia M BCEeraa HAYMHACTCS
IIPU OZHOM M TOM K€ MOJIOKEHUU 3epKaa;

5) perucTpanms cuUrHaia MPOBOJUTCS B PABHOOTCTOSIIME MOMEHTHI BPEMEHHU U 3aIUCBIBACTCS B SYCHKU
MaMsITH, KOTOpbIe B JajbHEiIIeM HyMepyloTcs LenbIMU 3HaueHusMu t. PDaktuyecku t ecTh Bpems
pErucTpalyy B OTHOCUTENIBHBIX SAMHHIIAX.

6) Ha Bcex PHCYHKax HPHMBOAATCS rpadMKU 3aBUCHMMOCTeH permcrpupyemoro Hampsokenus U () ot

HOMepa sueiiku mamsatd t. s ympomenust paboTel K KakaoMy rpaduKy Mpuiiaraercsi Tadiuua, B
KOTOpPOM yKa3aHbl IOJOXKEHHS SKCTPEMYMOB (MAKCMMYMOB M MHMHHMMYMOB) 3aperUCTPUPOBAHHOTO
curHaia t,, , 3T SKCTpeMyMbl HyMepyroTcs OyKBoi M .

Bunmanue! Ha oraensubix smctax Writing sheets mpuBeneHbl 3aperucTpupOBaHHBIC CHTHAIIBI
3aBHCUMOCTH HaNpsDKCHUS Ha (OTONPHEMHUKE OT BPEMEHH, KOTOPbIE BaM IPEACTOMT 00pabaThiBaTh.
OTMeTHM, YTO TPHUBEICHBI TOJBKO YaCTh BCEX CHTHAJIOB. [IpW BBINOJIHEHWU NAHHOTO 3ajaHus Bam Her
HEOOXOIMMOCTH HCIIONb30BaTh BCE NPHBEICHHBIC YHCICHHBIC MaHHbIC. MCIoIb3yiiTe TONBKO TE, KOTOPbIC
CUUTaeTe HEOOXOAMMBI JUIss pacuera TpeOyembix BenuuuH. [lpu moctpoeHur rpaduKoOB HCIHONB3YHTE
pazymHOe Komr4yecTBO AaHHbIX (10-15 Toyek), 0JJHAKO MOMHHTE, YTO TOYHOCTh PACYCTOB IOBBIILIACTCS MPH
YBEJIMUYCHUU YHCIIa HMCHOJIB3YeMbIX MaHHBIX. OO0s3aTelIbHO YKa3bIBAWTE B PEUICHWH, KaKUE JaHHbIC Bl
UCTIONIB3yeTe, TakXKe O00s3aTeNIbHO MPHUBOAUTE (OPMYNBI, MO KOTOPHIM MPOBOAATCS pacueThl. Jlms
NPOBEJICHUST PacueToB BbI JOJIKHBI KCIOJB30BaTh TOATOTOBICHHBIE Tabmumbl B Writing sheets. [[ns
HOCTpOCHUsI TIpaduKOB WCHONB3yiTe ONaHku, OpuBelcHHbIe B Tex ke Writing sheets. O6parture
BHUMaHUe, 4T0 Toabko Writing sheets Oynyr oumenmBatbesi. J[is 4epHOBBIX 3amuceld BBl MOXKETE
UCIIOJIB30BaTh Oelble IUCTHI OyMaru, HO OHHM OLIEHUBATHCS HE OYAyT!

3aganusa
1. Teoperuyeckas yacThb
HuTepdepomerp ocBemaeTcss MOHOXPOMATHYECKHM U3ITyYEHHEM C UTHHOW BOJIHBI A .

1.1 O603HaUNM UHTEHCUBHOCTH KaXI0H N3 HHTepdepupyromux BoiH |, caBur a3z mexay BomHaMu Ag .
3anummre GopMyITy ISl HHTEHCUBHOCTH | pe3ynbTupyromiel BOJHBI.

1.2 3anummmTe GopMyny sl HHTCHCHBHOCTH BOJHBI Ha npueMHuKe |(X) B 3aBHUCHMOCTH OT IMOJOXKEHHUS
MOJIBIDKHOTO 3epKajia X .

1.3 3anummre GopMybl, yKa3pIBAIOIINE, IPU KaKUX 3HAYCHUSAX KOOPAWHATHI 3epKajla X, MHTECHCUBHOCTH

CBETa Ha HKpaHe Oy/eT MaKCMMaibHa, a TPU KaKUX MUHUMAaJbHA.
1.4 3anummure oburyo GopMyity, ONpenesaoNy0 KOOPAUHATY 3epKaia X,,, IPU KOTOPOH MHTEHCUBHOCTb
CBETa Ha HKpaHe dKCTpEeMalbHa.

2. MoHoXxpoMaTHYecKoe U3JIy4eHre U3BEeCTHOM JUIMHbI BOJIHbI — TPAaAyHPOBKa nNpudopa

Ha pucynke 1 mnoka3aHa 3aBUCMMOCTh WHTEHCHUBHOCTH CBETa OT BPEMEHH IPU OCBEIIEHUU
UHTepdepoMeTpa MOHOXPOMATHYECKAM H3IydeHHeM ¢ juimHON BouHBI A, =0.640 Mxm. B Tabmume 1

MNPUBCACHLI 3HAYCHHA BPCMCH t IpHU KOTOPBIX MHTCHCHUBHOCTL CBCTA 3KCTPCMaAJIbHA (MaKCI/IMYMLI u

m s
MI/IHI/IMyMBI), a TAK)KC 3HAUYCHUA CUTHAJ1a U m B 3THU MOMCHTBI BpeMeHI/I.

2.1 Ompenenure 1eHy neieHus At=1 HCIONB30BAaHHOW BPEMEHHOW IIKAIBI JIAHHOTO YCTPOWCTBA B
MUJUTUCEKYHAX.
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B nanpHeiimem Bce pacdeTsl IPOBOIUTE B YCIOBHBIX €IUHHIIAX MIKAIBI IPHOOpa.
2.2 Ha ocHOBE MPUBEICHHBIX YKCIIEPUMEHTAIBHBIX JAHHBIX MMOKAXHUTE, YTO JBUKCHHE 3e€pKalia MOKET OBITh
onucaHo QpyHKIueH

x(t)= Asin(z_l_—ﬂ (t —to)). 1)

Omnpenenure 3HAYCHHS MAapaMeTpPOB OTOW (YHKIWHU: MEpuoa | B CIUHUIAX IEHBI JCICHUS IIKAJbI,
aMIUIMTYJy Konebanuii A B MHKpoMeTpax; MOMeHT BpemeHH f,, mpu kotopom X =0. Iloctpoiite

JUHEeapu30BaHHbIN Tpaduk 3aBucumoctd (1), JOKa3bIBAOIIMKA MPUMEHUMOCTH ATOH (OPMYIBI Ui
onucanus Koyuebanui 3epkana. ONEeHUTEe MOrPEITHOCTh OMPEISIICHUS aMIUTATY bl KosteOanuii AA.

@yuknuio (1) ¢ HaliICHHBIMM 3HAUYEHUSMHU [IAPAMETPOB CJIEAYET WUCIIOJIB30BAaTh IPH BBITOJHEHUU
CIIEYIOIINX YacTeil 3aaHusl.

3. MoHoxpoMaTH4ecKoe 3JIy4YeHHe ¢ HeM3BeCTHOM JAJTHHOM BOJIHBI

HuTepdepomerp ocBemiaercs MOHOXPOMATHUECKUM HU3IYyYEHHEM C HEM3BECTHOW JJIMHOM BOJIHBI,
KOTOPYIO BaM HEOOXOAUMO OIPEAETUTh.

Ha pucyHnke 2 nokasana 3aBUCUMOCTbh HHTEHCUBHOCTH CBETa OT BPEMEHH B 3TOM ciiydae. B Ttabnuie
2 npuBeIeHBl 3HAYEHUS! KOOPAMHAT SKCTPEMYMOB 3TON (YHKIIUH.

3.1 Tlocrtpoiite rpaduk 3aBUCUMOCTH KOOPIAMHATHI 3epKama X P KOTOPHIX MHTEHCUBHOCTD

m>
IKCTpeMalibHasi, OT HOMepa SKCTpeMyma M .
3.2 Ucnomb3yst MOCTPOSHHBIN rpaduK, ONMPeIeIuTe ¢ MAKCUMAIbHONW TOYHOCTHIO 3HAYCHHE JJTHHBI BOJIHBI A
cBeTa ucTouHnka. OIEHUTE MOTPEIHOCTh A4 HalICHHOTO 3HAUCHHSI.
4. JlBe MOHOXpOMATHYECKHE BOJHBI
Wurepdepomerp ocBeIaeTCs U3IYYSHUEM, COACPIKAIIUM JBE MOHOXPOMATHYCCKHUE BOJHBI. J[imnHa
BOJIHBI OZ1HOW M3 HUX paBHa A =0.640 MkM, a airHA BOHEI A4, BTOPOH HEW3BECTHA.

Ha pucynke 3 npuBezeHa 3aBUCHMOCTb HHTEHCUBHOCTH CBETA Ha SKpaHe OT BpeMeHu. B tabnuie 3
IIPUBEJICHBI 3HAUEHHSI SKCTPEMYMOB NPUBEIEHHON (QYHKLNU.
4.1 Vicionp3ysl IpUBECHHBIE TAaHHBIE, ONPEIEINTE ¢ MAKCUMAILHOM TOYHOCTBIO JUIMHY BOJIHBI A, BTOpOH

CHCKTpaHBHOﬁ KOMIIOHCHTBI. OLIGHI/ITC MOrpeIIHOCTDH HalJIEHHOTO 3HAYCHUS AJIMHBI BOJIHBI Aﬂ? .

4.2 OnpenenuTe OTHOIICHHE HHTEHCUBHOCTEH BTOPO# 1 mepBoit BomubI |, /1, .
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Please read this first:

The duration of the experimental competition is 4 hours. There is one problem.
You can use your own calculator for numerical calculations.

You are provided with white sheets of paper for drafts of your solutions, but these sheets will not be
graded. Your final solutions must only be written on the Writing sheets. You can write very short
explanations using equations, numbers, letters.

Use only the front side of Writing sheets. Write only inside the boxed areas.

Graphs must be drawn on Writing sheets within the graph paper area. All drawings must be done with a
pen, not a pencil! If you need additional Writing sheets with the graph paper, you can find them at the
end of your worksheet.

Fill in the boxes at the top of each Writing sheet with your country (Country), your student code
(Student Code), problem number (Question Number), the progressive number of each Writing sheet
(Page Number), and the total number of Writing sheets used (Total Number of Pages). If you use
some blank Writing sheets that you do not wish to be graded, put a large X across the entire sheet and do
not include it in your numbering.
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Fourier spectrometer ?

Introduction
The main element of the Fourier spectrometer is the Michelson interferometer.
Assume that we have a coherent light source with a certain wavelength. When the difference in the
path of the two beams that come to a receiver is a multiple of half the wavelength, that is, the beams come in
antiphase, the intensity of the detected intensity is close to zero. When one of the mirrors of the
interferometer is moved, the difference in the path of the light rays changes, so the light intensity recorded
by the receiver also varies. It is known that the intensity is to be maximum when the path difference is a
multiple of the wavelength.
If one of the mirrors of the interferometer moves at a constant speed, then a sinusoidal signal is to be
observed at the output of the receiver. The amplitude of the sinusoid is proportional to the light intensity,
and its period depends on the wavelength.
The figure shows a setup of the Michelson interferometer.
The light flux from source 1 is formed by lenses into a parallel S
beam of rays and directed to beam splitter 2. Part of the light
(half in intensity) passes through the plate to hit the fixed mirror X
3 and is completely reflected from it, and then hits the plate 2
again to be reflected from it and hit the screen with the
photodetector 5. The second half of the light flux from the
source is reflected from the beam-splitting plate 2 to hit the 7
movable mirror 4, it is then reflected to pass through the plate 2
and hit the screen with the photodetector 5. Thus, two coherent
waves reflected from the mirrors 3 and 4 fall on the screen.
These waves interfere with each other, and the receiver registers ..
the resulting light intensity on the screen as a function of time.
This function is written to the computer's memory for further
processing.

For illustration, we present a photograph of the registered signal from the specified article.

d Ux(t)
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Let us now imagine that the mirror 4 moves non-uniformly and/or the light source is not
monochromatic, i.e. it contains several wavelengths. Thus. at the output a more complex than a sinusoidal
signal is to be detected. With appropriate mathematical signal processing, it is possible to obtain the motion
law of the mirror 4 or the light spectrum of the source, that is, the light intensity at different wavelengths.

When solving problems, use the following simplifying assumptions and notation:

! This problem is developed on the basis of the article « Homemade Fourier spectrometer» (https://habr.com/ru/post/253947/).
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1) the voltage recorded by the photodetector is proportional to the light intensity, the sensitivity of the
photodetector does not depend on the light wavelength; using an electronic circuit, the constant component
of the signal is cut off, so only the variable component is reflected on the graphs;

2) the movable mirror oscillates according to a harmonic law x(t) with a frequency of 20 Hz and a
constant amplitude; it is assumed that at x = 0, the path difference of the interfering waves is equal to zero;

3) the intensities of the interfering waves at the receiver are equal;

4) the beginning of the signal registration is coordinated with the motion of the movable mirror and
always starts at the same position of the mirror;

5) signal registration is carried out at equidistant moments of time and recorded in memory cells,
which are further numbered with integer values t. In fact, the registration time t is recorded in relative
units.

6) all the figures in the problem show graphs of the dependences of the recorded voltage on the
number of the memory cell. To simplify the solution, each graph is accompanied by a table, which indicates
the positions of the extrema (maxima and minima) of the registered signal t_, the extrema themselves are

numbered with the letter m .

Attention! On separate Writing sheets, the registered signals are given in the form of the dependence
of the photodetector voltage on the time, which you are assumed to process. Note that only a part of all
signals are given. When solving this problem, you do not need to use all the given numerical data. Use only
those that you consider necessary to calculate the required values. When plotting, use a reasonable amount
of data (10-15 points), but remember that the accuracy of the calculations increases when the number of data
used grows. Be sure to indicate in the solution, which data you use, and be sure to include the formulas used
for calculations. For calculations, you must use the prepared tables in the Writing sheets. To draw graphs,
use the forms given in the same Writing sheets. Please note that only Writing sheets are to be graded. For
draft notes, you can use white sheets of paper, but they will not be graded!

Problems
1. Theoretical part

The interferometer is illuminated by the monochromatic radiation with the wavelength 4 .
1. Let us denote |, as the intensity of each of the interfering waves, and the phase shift between the waves
as Ag . Write down the formula for the intensity | of the resulting wave.
1.2 Write down the formula for the intensity 1(x) of the wave at the receiver as a function of the position of
the movable mirror x .
1.3 Write down formulas indicating at what values x_, of the mirror position the light intensity on the screen
is to be maximum or, correspondingly, minimum.
1.4 Write down the general formula that determines the mirror coordinate X, at which the light intensity on
the screen is extreme.

2. Monochromatic radiation of a known wavelength as an instrument calibration

Figure 1 shows the dependence of the light intensity on the time when the interferometer is

illuminated with monochromatic radiation with the wavelength 4, =0.640 zm. Table 1 shows the times t,

at which the light intensity is extreme (maxima and minima), as well as the signal values U, at

corresponding time moments.
2.1 Determine the division value At =1 of the device in milliseconds.
In the following, all calculations must only be carried out in the units of the instrument scale.
2.2 On the basis of the given experimental data, show that the motion of the mirror can be described by the
function

X(t) = Asin[ZT_” (t-t, )j. )

Find the values of the parameters of this function: period T in units of the instrument scale; oscillation
amplitude A in micrometers; point in time t, at which x=0. Plot a linearized graph of dependence (1),
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proving the applicability of the above formula to describe the oscillations of the mirror. Estimate the error
AA in determining the amplitude of oscillations.

Function (1) with the found values of the parameters should be used when performing the following
parts of the problem.

3. Monochromatic radiation with unknown wavelength

The interferometer is illuminated by a monochromatic radiation with an unknown wavelength that
you have to determine.

Figure 2 shows the dependence of the light intensity on the time for this case. Table 2 shows the
values of the extrema coordinates for this particular case.
3.1 Plot the dependence of the mirror coordinates x, at which the intensity is extreme, as a function of the
number of the extremum .
3.2 Using the plotted graph, determine with maximum accuracy the value of the wavelength 4 of the light
source. Estimate the error A4 of the obtained value.

4. Two monochromatic waves

The interferometer is illuminated by radiation containing two monochromatic waves. The
wavelength of one of them is 4, =0.640 zm, and the wavelength A, of the second is unknown.

Figure 3 shows the dependence of the light intensity on the screen as a function of the time. Table 3
shows the values of the extrema for this particular case.
4.1 Using the given data, determine with maximum accuracy the wavelength A, of the second spectral

component. Estimate the error A4, of the found value of the wavelength.
4.2 Determine the ratio of the intensities of the second and first waves 1, /1, .
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3. XKazba xobamappiHa apHaiFaH 0OC Kara3 MapakTapbl YCBIHBUIAIGI, OJApIbl 63 KaJlaybIHBI3 OOWBIHINA
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®Dypne ciekTpomerpi’
Kipicne

®dypbe CIeKTPOMETPiHIH HEeTi3ri 21eMeHTi MalikenbCcoH HHTeppepoMeTpi OOIBIT TaObLIA b

bizge Oenrim Oip TOJMKBIH Y3BIHABIFBI Oap KOTEPEHTTI coyieseHy ke31 Oap memik. KaOwuimarbiiika
KEJITeH €Ki COYJICHIH KOJIBIHaFbl Al bIPMaIIbUIBIK TOJIKbIH Y3bIH/IBIFBIHBIH JKapThIChIHA €celli OONFaH/1a, SFHU
coynenep aHTH(daszaga KelnreH KesZe, aHBIKTAIFaH COYNEJICHYIIH KApKbIHIBUIBIFBI HOJTE YKAKbIH OONabl.
WutepdepomeTpiiH aiHanapbIHBIH O1piH JKBUDKBITKAHIA COYyJeNep >KOIbIHIAFbI ailbIpMallIbUIBIK ©3repe,
COHJBIKTAH KaOBUIMAFbINI Ka3blll aJFaH >KapblK KApKBIHIBUIBIFBI Aa e3repeni. JKom ailbIpbIMBI TOJIKBIH
Y3BIH/IBIFBIHA €CeNTiK O0NIFaH/1a KapKbIHIBIIBIK MAaKCUMAaJIIbl 00IaThIHBI O iIi.

Erep wuntepdepomeTpniH aitHamapbIHBIH Oipi TYpPaKThI 4
KBUIIAM/IBIKIICH KO3Falca, OHJIa KaObUIIaF bIIITHIH . N U x(1)
IIBIFBICHIH/IA CHHYCOMIANBI CUTHAN Oaiikanansl. CHHYCOUITHIH
aMIUTUTYIAchl >KapbIKTBIH KApKbIHIBUIBIFBIHA MPOMOPIHOHA,
al  OHBIH TEPHONbI TOJKBIH Y3bIHIBIFbIHA OalIaHBICTHI.
Cyperre MaiikenbcoH HUHTEPHEPOMETPIHIH JHarpaMMachl 1 o
KOPCETUIreH. 1 JKapelK KO3IHEH JKApbIK aFbIHBI JIMH3AMap o —
apKbUIbl Mapajuleib Coylesep IIOFbIHA alfHalaabl )KOHE Coylle
Oenrimke 2 OarbiTTamanel.  JKapelkTeiH ~— Oip  Oediri 2
(MHTEeHCUBTLIIrT OOMBIHIIA KAPTHICHI) TUIACTUHKA aPKBUIBI OTIM,
KO3FaJIMAWTHIH aifHara 3 TYCIN, O/1aH TOJILIFBIMEH MIAFBLIBICHII,
KaliTajaH IUIaCTMHKAara 2 TYCeAl, OJaH INAFbUIBICHIINI,
(hoTOKaOBLIAAFRINT 5 apKbUIBI IKpaHFa Tycemi. Ke3neH mbikkan — 5
KApbIK  aFbIHBIHBIH ~€KIHIIl JKapThIChl COyJeHI OeseTiH U(I) o
TUTACTUHAAH 2 MIaFbUIBICAABI JKOHE JKBUDKBIMAJBI aifHara 4
TYCEIi, O/laH IIAaFbUIbICA/Ibl, IJIACTUHA 2 apKbLIbl ©TE/l, COHBIMEH KaTap (OTOKAOBUIIAFBIIICH 5 SKpaHFa
tyceni. Ocbutaiima, 3 »xoHe 4 aliHamapAaH IIAFbUIFAaH €K1 KOTEPEeHTTI TOJKbIH BSKpaHFa Tycenai.byn
TOJIKbIHAAp Oip-OipiHe Kenmepri >kacaiiibl, ajd KaObULAAFblll Maiia OoJiFaH >KapblK MHTEHCUBTUITIH yaKbIT
GYHKIMSCHL PETIHJE JKpaHfa Tipkeial. byn ¢QyHkuus omaH opi eHiey YIIIH KOMIBIOTEPIIH XaJblHa
Ka3bLIaIbl.

Kepnexunik yiiH 613 KepceTiareH Makaia/iaH TIPKeITreH CUTHAIIABIH (POTOCYPETIH YChIHAMBI3.

Freq
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Enpi aifna 4 Gipkenki eMec KO3FallaJbl KoHE/HEMece KapbhIK K631 MOHOXPOMATHKAIIBIK €MecC, SFHU
OHBIH OipHeIIe TOJKbIH Y3BIHIABIFEI 0Oap eKeHiH ejecreTin Kepeuik. Ochuiaiiia, HOTWKECiHIE 013
CUHYCOMJAllbl CHUTHAJFa KaparaHia KypIelipeK CHUrHajara wue Oonambl3. bynm curHammel coiikec

! Bepinren tanceipMa MbIHa MaKaJlaHbIH HETi31HAE KYPacThIpbUIFaH «O3imi3 :kacaran ®@ypbe-cnexkrpomerpy (https:/habr.com/ru/post/253947/).
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MaTeMaTUKaJbIK OHJIEY apKbUIbl aifHa 4 KO3FaJbIC 3aHBIH HEMece KapbIK KO31HIH COyleNeHy CIEeKTPiH, SFHU
OPTYPIi TOJNKBIH Y3BIHIBIFBIHIAFEI COYIICICHY/IIH KaPKBIHIBUIBIFBIH aTyFa 00JIa bl
Tanceipmanapabl OpeIHIAY Ke31H/E KEHUIIETETIH epexenep MeH Oenriiep/ii nai1anaHbIHbI3:

1) doTokaOBUIAAFBINI TIPKEN ajFaH KepHEy u) JKapblK HMHTCHCHUBTUIITIHE MPOMOPIIMOHA,
(OTOKAOBIIIAFBIIIBIH CE3IMTaNIIBIFBI )KaPBIKTBIH TOJIKBIH Y3bIH/IBIFbIHA TOYEI/Il €MEC; IEKTPOHBIK
cXeMaHbl KOJJaHy apKbUIbl CHUTHAJIJBIH TYpakThl Kypamjac Oejiiri Kecuiedl, COHJIBIKTaH
rpaduKTepae TeK alHbIMAaIbl KOMIIOHEHT KOPCETLIeI];

2)  SKBUDKBIMAIBI aifHa TAPMOHMKAJBIK 3aH () ooiipiama sxuimiri 20 ' skoHE TYpaKThl aMILUTHTYIAChI

Goitbiama TepOeneni; ¥ =0 Hykrecinae keaepri xKacaiThIH TONKBIHAAPBIH KON AiBIPHIMBEI HOJITE TCH
JieT1 caHayFa 0oJaibl;

3) KaOBUIIAFBIIIKA KEAEPTi )KaCaUTHIH TOJKBIHIAPABIH MHTEHCUBTLIIT TEH;

4) curHannmbl TIpKeymiH OacTalybl >KbUDKBIMAIbl aifHAHBIH KO3FAJIBICBIMEH KEJICLIeHl KoHE OpKalllaH
aifHaHBIH COJI KaJIIBIH/A OacTasaibl;

5) curHaniel TIpKEYy YaKbITTBIH TEH KAIUBIKTBIKTaFbl MOMEHTIHAE JKY3€re achblpbUIaibl MOHE JKaj

VAIIBIKTApbIHA Ka3blIajbl, onap opi Kapail 6yTin ! MonpmepiMeHn HemipineHeni. IllsiH Moninge, ! -
CaJbICThIpMaIbl OipITIKTEpIe TIPKEY YaKbITHI.

U(r)

6) OapnblK CypeTTepAe >Ka3bUIFaH kepHeyiHiH ! KaZpl YAIIBIFBIHBIH HOMIpiHE ToyelIiliK

. . . . . . t
rpadukrepi KepceTinreH. JKyYMBICTBI KEHUIACTY YIIiH opOip JUarpaMMara TipKelIreH " CHIHAJIbIHBIH
IKCTPEMYMIAPBIHBIH (MaKCUMYM >KOHE MHHHMYM) OPBIHAApBl KOPCETUIreH KecTe Koca Oepiieni, Oy

skcTpemymaap M opniMeH HeMipJIeHE].

Hazap aynapwinbi3! JKazy napakmapweinoiy Oenek TapakTapblHIA KepHEYIiH (oTomeTeKTopra
YaKkpIT OOMBIHIIA TOYENAUIITIHIH TIPKEITreH CHUTHAIAAphl OepuireH, onapiasl eHJAeY Kepek. bapibik
CUTHaJAapAbIH Oip Oediri FaHa 6epiireHiH eckepiHi3. by TanceipMaHbl opbIHIAY Ke3iHIe OapibIK OepiiareH
CaHIIBIK MOJIMETTepJi NalganaHylblH KakeTi >XOoK. KakerTi MoHIepai ecentey YVIIIH KakeT e
CaHAWTBIHIAP/BI FaHA TalJalaHbIHGI3. [paduKTi Kypy Ke3iHIe ICPEKTepAiH aKblUIFa KOHBIMIBI KOJEMiH
naigananeiHez  (10-15  ymait), Oipak ecemrTeynepAiH TONJIIri TaiTalaHbUIFaH JCPEKTEepP CaHBIHBIH
VIFAIOBIMEH OCETiHIH ecTe cakraHbi3. lllemimae kanmaid nepekTepii NaiaaJaHaThIHBIHBI3IBI KOPCETIHI3
KOHE ecenTeyiep YUIIH KOJNJAHBUIATBIH  (opMmynanapasl  KocbiHbI3. Ecenmreymep ymiH — JKazy
napakmapeinoazel NAaWbIHIAIFAH KecTelepal mnaimanany kepek. ['padukrepmi kypy ymiH con Kazy
napakmapsinoa OepiireH MilIiHACPAl NaiganaHelHbI3. Tek jka3zy mapakrapbl OaralaHATBIHBIH €CKEpiHi3.
JKaz0a »o0anapsl YIIIiH aK mapakTapabl naigananyra 6omaapl, 6ipak onap OaraimanOa b

TancsipmaJjiap

1. TeopusiibIK 06J1iM

I/IHTep(bepOMeTp TOJIKBIH Y3bIHABITBL A MOHOXPOMATUKAJIBIK COYJICTICHYMCH KapbIKTaHAbIPbLIA/IbI

Ag

1.1 HNHTephepeHIIUSIBIK  TOJKBIHAAPABIH OpPKAHCHICHIHBIH 1y MHTEHCUBTLIITIH, TOJIKBIHJIAP

apacbiHIarel (a3aiblK BIFBICYBIH Oenrineifik. [laiima OonFaH TONKBIHHBIH I yarencusrinirinig
(bopMyIachIH JKa3bIHBI3.

1.2 KpupkbiManel ¥ aifHaCBHIHBIH OpHBIHA OalIaHBICTHI 1(x) KaOBUIIAFBIIITAFEl  TOIKBIHHBIH
KApPKBIHIBUTBIFBIHBIH (DOPMYJIAChIH Ka3bIHBI3.

1.3 AifHa KOOPIAMHATACHIHBIH ™ KaHIAil MOHACPIHAC SKPAHIAFbl KAPHIK HHTCHCHBTLNINI MAKCHMAIIBI
0O0JIaTBIHBIH JKOHE Kall Ke3/1e MUHUMAaJIbl OOIAaThIHBIH KOPCETETIH (popMynanap/ bl xKa3bIHbI3.

e . X o
1.4 Dxpangarbl KapblK HMHTCHCHBTUIII IIEKTEH KOFapbl OOJaTblH ~” aWHACBIHBIH KOOPIWHATACHIH
AQHBIKTAWTHIH KBl (DOPMYJIaHbI )Ka3bIHBI3.
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2. beJarini TOJKbIH Y3bIHABIFBIHBIH MOHOXPOMATHKAJIBIK COYJIEJICHYI — acClanThbl Kaaudpaey

A, = Ot
l-cyperte uHTepdEpOMETp TONKBIH Y3BIHABIFBI ~ * MOHOXPOMATHKAJIBIK CIYJIEIEHYMEH

KAPBIKTAHBIPBUIFAH/IA JKAPBIK KapKBIHABUIBIFBIHBIH yaKBITKA TOYEJAIITN KepceTureH. 1-kecTene sKapblK
t o
KAPKbIHABUIBIFBl IIEKTEH ThIC (MakCUMyM J>KOHE MHUHHUMYM) OONaThlH ” yaKbITTapbl, COHJAH-aK OCHI

U . .
YaKbITTarbl " CUT'HaJIBIHBIH MOHAECP1 KOPCETIIICH.

2.1 Ocbl KypbUIFBIHBIH HaliladaHpUIFaH yakpT mkanackl A =1 Gemiminin MomiH MuMCeKyHMIEH
aHBIKTaHBI3.

Bonamakra 6apislk ecenTteynep achanThIK HIKaJIaHbIH epiKTi O1pIiKTepiMeH KYpri3iiei.
2.2 bepuireH 3KCHEPUMEHTTIK MAIIMETTEp HETI31HIE ailHa KO3FaJbIChIH (DYHKIMSI apKbUIBI CHUIATTayFa
0O0JIaThIHBIH KOPCETIHI3

x()= Asin(%ﬂ =1y )j | (1)

Ochl QyHKIUSHBIH MapaMeTpiepiHiH MOHIEPiH aHBIKTAaHbI3: IIKAJaHBIH O6ITiHy 6arachHbIH Oipiirinaeri 1
. _ . .t . . .

nepuozer; Tepbenic ammmrynackl 4 mukpomerpae; ¥ =0 mykrecimperi " yakeIThl. Aifna TepGenmicTepiH

cUmarTay YUIiH ockl (hOpMyIaHbIH KOMIAHBUTYBIH JOIENAeH OTBIPHII, (1) TOyenAUTIKTIH ChI3BIKTHIK Tpadurin

KypbiHb13. A4 Tepberic aMITHTYIaChIH AHBIKTAY KATEIiTiH GaFaIaHbI3.
[Tapamerpnepain TabbuFaH MoHACpPl Oap ¢dyHKuuMsa (1) TancelpMaHbIH KeJieci OOIKTepiH OpBIHIAY
Ke31H/Ie KOJIJIaHBLTYbl KEPEK.

3. ToNKbIH Y3bIHABIFBI 0€JITiCi3 MOHOXPOMATHKAJIBIK CIYJIeJIeHY

Wuteppepomerp  Oenrici3  TONKBIH  Y3BIHABIFBI  0ap  MOHOXPOMATHKAJIBIK  COYJIEICHYMEH
’KapBIKTaH/IbIPBIIA b, OHBI AHBIKTAY KaXKeT.

by xarmaiia xKapblK KapKbIHIBUIBIFBIHBIH YaKbITKa TOYEIJIUIITT 2-CypeTTe KOpCETUIreH. 2-KecTee
OCBI (D)YHKITHSIHBIH KCTPEMYM/IapbIHBIH KOOPIMHATATAPBIHBIH MOH/IEP] KOPCETIITCH.

. LoX
3.1 VHTeHCHBTINIT MIEKTEH THIC OONATHIH aifHa ~” KOOpAWHATANAPBIHBIH 7 3KCTpEeMyMBIHBIH CaHbIHA
TOYeNIUIIriHIH rpadUrid TYpFHI3bIHBI3.

3.2 Kypburran rpaduKTi mMaliganaHel, OacTamnKbl KAPBIKTHIH A Tonkwpm Y3BIH/IBIFBIHBIH ~ MOHIH
MaKCHMAaJIIbI JQJIIIKIIEH aHBIKTaHbI3. TaOblIFaH MOHHIH AL KaTeciH OarajlaHbI3.
4. Exi MOHOXPOMATHKAJIBIK TOJKBIHIAP
HuTtepdepomerp eki MOHOXPOMATHKAIBIK TOJKBIHBI 0Oap COyJEICHYMEH JKapbIKTaHIbIPbLIAIbI.

2, = 640

Omnapapiy OipeyiHiH TOJIKBIH Y3bIHIBIFbI , aJl eKIHITICIHIH TOJIKBIH Y3BIHIBIFBl ~ 2 Oemrici3.
3-cypeTTe JKpaHIaFbl KapbIK KapKBIHIBUIBIFBIHBIH YaKbITKA TOYENIUTII KOPCETINTreH. 3-KecTene
KBICKAPTBUTFAaH (DYHKIMSHBIH 3KCTPEMYMIAPBIHBIH MOHJIEP1 KOPCETUITCH.

4.1 BCleFCH MAJIIMCTTEPA1 ITanajiaHa OTBIPLIII, CKIHII CIICKTPI1K KOMIIOHCHTTI1H 2 TOJIKBIH Y3bIH/IbIT'bIH
. A, . .
MaKCHUMaJIAbl AJJIOIKIICH aHBIKTaHbI3. TOJIKBIH Y3bIH/IbIF' BIHBIH TaOBLIFaH MOHIHIH KaTCJIII'H 6aranaHH3.

o .. . L/
4.2 Exinmmi >xoHe OipiHmm 2 ! TOMKBIHBIHBIH KaPKBIHIBUIBIKTAPBIHBIH KaThIHACHIH aHBIKTAHbI3.
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SOLUTIONS TO THE PROBLEMS OF THE EXPERIMENTAL

COMPETITION

1. Theoretical part
1.1 With the interference of two waves of the same intensity, the resulting intensity is determined by the
formula

A
I=210(1+COSA¢)=4IO cos27¢. (1)

1.2 When the mirror is displaced from the initial position by a value x, the path difference changes by 2x.
In this case, a phase difference arisen between the two waves is equal to

4
Ap=—x, 2
=" 2)
therefore, the dependence of the intensity on the coordinate has the form
2
I =21, cos’ 7”)( . 3)
1.3 The intensity maximum is observed if the path difference is equal to an integer number of wavelengths,
Le.
A
2x, =mA = X, =m, 4)
and intensity minima arise under the following condition
2xm:m+ll = xm=m+li. (5)
2 2)2

1.4 The intensity changes from maximum to minimum (and vice versa) when the mirror is shifted by a
quarter wavelength. Therefore, the sought coordinates of the mirror are described by the formula

X, :mi. (6)

2. Monochromatic radiation of a known wavelength as an instrument calibration
2.1 It follows from the given figure that the extreme positions of the mirror correspond to the values of the
times

t.,=67; t,, =901. (7)
This shift occurs in half the period of the mirror oscillation, so
T=2(, —1t,.)=1668. (8)

On the other hand, the oscillation period can be expressed in terms of a given mirror oscillation
frequency v =20 Hz:

1

T=—=50-10" s=50 ms. 9)
1%
Equating expressions (8) and (9), we find that the division value of the time scale is equal to
Z:LzO.OSO ms. (10)
2(901-67)

2.2 TlpuBeneHHslii rpaduK 3aBUCUMOCTH HHTEHCHUBHOCTH OT BpPEMEHH CHUMMETPUYEH OTHOCHTEIHHO
«IEHTPATLHOTO» MaKCuMyMa, HoMep kKoToporo paBeH The given figure of the intensity dependence on time
is symmetrical with respect to the "central" maximum, whose number is equal to

:0+54:27 (11)

my,

and this maximum corresponds to the time
t, =486. (12)

For further calculations, we choose 13 extrema (to round it off), approximately symmetrical with
respect to the central maximum, see Table 1.

Table 1.
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(27
sin (— (t -1, )j

m t, | m—m, | t—1, T X,, » MKM
1 118 -26 -368 -0,983 -4,16
5 224 -22 -262 -0,834 -3,52
10 302 -17 -184 -0,639 -2,72
15 361 -12 -125 -0,454 -1,92
20 414 -7 -72 -0,268 -1,12
25 465 -2 -21 -0,079 -0,32
27 486 0 0 0,000 0,00
30 515 3 29 0,109 0,48
35 567 8 31 0,300 1,28
40 623 13 137 0,493 2,08
45 684 18 198 0,679 2,88
50 766 23 280 0,870 3,68
53 855 26 369 0,984 4,16

Let us carry out the following calculations:
Extremum number relative to the center m' = m —m,;

Temporal shift from the center t' =7 —1¢,;

A
The mirror coordinates at intensity extrema x, = m'?‘).
To test the applicability of the law of motion
. (2
x(t) = Asm(Tﬂ (t- to)j (13)

we plot the dependence of coordinates x, on S = Sin(z%Z (t -1, )j . It should be noted that when choosing

points for plotting, you should:

- select points with the maximum range of coordinates change;

- do not include utmost extremes, since they may not satisfy condition (6).
Below is a graph of this relation.

==

O O O O D

P -
D D D D E; D O D D @

Xm

id
A

|
5\"01
s d NS S CREE( VRN SR ) |

O O O O D

sin

The linearity of this graph confirms the applicability of formula (13) for describing the law of mirror
motion. The parameters of this dependence calculated by the least squares method have the following
numerical values:
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A=(4.23%0.01) pum
b=(0.04£0.06) um

(14)

The slope coefficient A is the amplitude of the mirror oscillation. When this numerical value of the
shift parameter b is less than its error, therefore, it can be assumed that » =0, and the analyzed
dependence is directly proportional.

3. Monochromatic radiation with unknown wavelength
3.1 From the table of extrema, we select symmetrical points (according to the formulated criteria)

Table 2.

m t, X, 5,0
1 138 | -4,088 4,0 <
5 240 | -3,382 30 yd
10 320 | -2,476 ’ f
15 384 | -1,586 2,0
20 442 | -0,698 10
24| 486 0,000 £ Bt
28 529 | 0,682 x 00 /
33 586 | 1556 409 5 0 15 M 25 30 3 4 45 50
38 653 | 2,489
2,0 =
43 730 3,363 /@/
47 830 | 4,071 -3,0 v
-4,0 G/
-5,0
m

3.2 For each extremum, using formula (13), we calculate the value of the mirror coordinate x, , after which

we plot the dependence of the mirror coordinate on the extremum number m . This dependence is described
by the formula
A
X, =m 1 (15)
The resulting graph confirms this dependence (shift along the number axis m in this case does not
play a role and is due to a different numbering of extrema). The coefficient of the slope of the graph
calculated by the least squares is equal to

a= (0,1771i0, 0008) um .
It follows from the form of function (15) that the radiation wavelength is equal to
l:4a:(0,709i0,003) um . (16)
4. Two monochromatic waves
4.1 Waves with different wavelengths do not interfere, in this case the recorded signal is the sum of the

intensities of these waves. Using formula (3), we write an explicit expression for the dependence of the total
intensity on the mirror coordinate and transform it (using the trigonometric formula for the sum of cosines):

4 4
U(x)=21, cosfx+2[2 CoS 2 x =
2

=21, c0s 27 x4 cos 37 +2(12—Il)cos4—7rx: : (17)
2 7 7

2 2

=41, cos| 27 1.1 x |cos| 27 i+i X +2(12—11)cos4—ﬁx
ﬂ'l /12 /11 /12 /12
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The resulting function describes the modulated signal obtained experimentally. The formula is too
complicated to get explicit expressions for the extrema of this function. Therefore, the only way to obtain
the required characteristics is to analyze the envelope of the fast-changing signal. Up to a constant term, this
envelope is described by the function

lj(x):Ul cos| 27 1.1 x|=U, cos(z—ﬂxj, (18)
A A
where we denote
o1 (19)
A Al A
Here A — spatial period of signal modulation (see figure below).
250 - | K
200 Umax
150 i """"""" r "'"""'i """""""""" o
100 [ . ! \
Pl-l.nl-- —--h—[\-- =l e & o= ..-..-..-H_-_n-._-

W A

e

-100 4—

P

-150

-200 .
M= 234 5
-250 4
0 100 200 300 400 500 600 700 800 200 1000

The envelope function (18) is extremal under the condition
2 V4
—x, =—M, 20
) (20)

where M =0,t1,£2... — extremum number of the envelope.

In the above signal, 5 such extrema can be distinguished, they are also shown in the figure. It follows
from formula (20) that the corresponding coordinate of the mirror is determined by the formula
A
x,, :Z(M—MO). (21)

Here M is the “initial” number, which is insignificant for further analysis and determines the start of

counting the numbers.
Using the table of extrema, we

. . . 4
determine the times ¢,, at which extrema are o
observed, then, using formula (14), we calculate 3,0
the values of the mirror coordinates x, and 20
plot the dependence x,, (M ) These values are o /G/

shown in Table 3 and on the graph.

Table 3. £ 00
2 /; 4 5 ¢
-1,0

M ty X,y » MKM /@/
-2,0
1 292 -2,823 /
2 397 -1,392 -3,0 <
3 486 0,000 40
4 577 1,422 ' "
5 679 2,811




XIX International Zhautykov Olympiad/Experimental Competition Page 5/7

The slope coefficient of this graph, calculated by the least squares, is equal to
a=(1,41£0,01) um,
and as follows from formula (21), the spatial period is equal to
A=(5,64%0,04) um. (22)

Finally, from formula (19) we calculate two possible values of the wavelength : 4, :

-1
11
A, :[__XJ =0,722 ym

n : - (23)
(L) AA A A
A, —(/11 A] e (Aj AA =0,001 ym
Ay 2(%+%] =0,575 ym
1 (24)

/12 2
MD:(X] AA =0,001 zm

4.2 To estimate the ration of intensities of the two waves, you can use the maximum and minimum values of
the modulating function. From formula (17) it follows that
Umax ~ 2(1() + Il)

Umax ~ 2|10 _Il| ‘
The values U, .U, .

(25)

can be taken approximately from the graph (or from the table) U, =170,

max? n

U
U, =40. Theirratiois y = ﬁ =~ 4,25 . On the other hand, formulas (25) one gets
TR RN I S X3 (26)
I, -1, I, l+y

Thatis 1,,/1,=0,62.

1
The second option is also possible.: 22 ~1,62.

1

For the it
Ne Content part P
1. Theoretical part 1.0
(incorrect coefficients - the formula is not graded) i
1.1 | formula (1) I =21,(1+cos Ap)= 41, cos® A—z(” 0,2
. 4r
1.2 formula for the phase shift (2) Ag = N X 0,2
. . ) 2T
formula for the intensity (3) I =41, cos 7 X 0,2
A
1.3 formula (4) x, =m ) 0,1
1\1
formula (5) x, =| m+— |— 1
52 (meL): )
A
1.4 formula (6) x, = mZ 0,2
2. Monochromatic radiation of a known wavelength as an 8,0
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instrument calibration

2.1

Determination of the division value:

- maxima 0 and 54 — utmost positions of the mirror — 0,4;
- the motion time — half the oscillation period — 0,2;

- period calculation in relative units T =1668 - 0,1,

- calculation of the period in seconds T =50 ms - 0,1;

- calculation of the division value At =0,030 ms - 0,2

1,0

Determination of the law of motion

Using the found oscillation period;

0,5

determination of the center point:
0+54

=27 -0,3;

- the number of the maximum m, =

- time when passing the center point t, =486 - 0,2;

0,5

Choice of points:

- 10 or more points are used 0,3 (5 or more -0,1);
- outmost points not included - 0,2;

- maximum range used - 0,3;

- points are roughly symmetrical - 0,2;

1,0

coordinate determination method:
. . A
- distance between adjacent extrema - 1 0,5;
- nepenHymepayusi MaKkcumymos om cpeotezo — 0,2;

, . A
- formula for calculating coordinates x,, = m'?o -0,3;

1,0

coordinate calculation
(the correct calculation are carried out for all selected points;
the allowable calculation error is 10%)

1,0

dependence linearization:
. (2
- dependence x on sm(?ﬂ (t -1, )} -04;

- sines are calculated 0,6,

1,0

graph plotting:

(graded if calculations are graded);

- axes signed and ticked — 0, 1;

- all points are plotted in accordance with the table — 0,2;
- linear dependence is obtained -0.2;

- smoothing straight line drawn — 0,2;

0,7

calculation of the amplitude of the mirror oscillations:

LSM used — 0,3 (graphically, or averaging over all points —
0,2; using 2 points 0,1);

(calculation carried out according to the number of extrema
-0,1);

numerical value obtained in the range 4,2 — 4,3 um — 0,5 (in
the range of 4,0 — 4,5 um — 0,3; out of the range - 0);

0,8

amplitude error calculation:
- LSM used -0,3 (other methos -0,2),;

- numerical value of the order 107 um -0,3;

0,5

3. Monochromatic radiation with unknown wavelength

5,0

3.1

Choice of points:
- 10 or more points used 0,3 (5 or more -0,1);
- utmost points excluded - 0,2;

1,0
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- maximum range used - 0,3;
- points are roughly symmetrical - 0,2;

extrema coordinates calculation:
- using the correct formula for coordinates — 0,5;

- the coordinates of extrema calculated with an error of no =
more than 10% - 1,0 ;
graph plotting:
(graded if calculations are graded);
- axes signed and ticked — 0, 1; 0.7
- all points are plotted in accordance with the table 0,2; ’
- linear dependence is obtained -0.2;
- smoothing straight line drawn — 0,2;
wavelength calculation:
- LSM used — 0,5 (averaging over all point — 0,3 ; 1-2 points
3.2 used — 0,2); 1,3
- numerical value in the range 0,70 — 0,72 um — 0,8 (in the
range of 0,68 -0,74 um - 0,4, out of range —0);
wavelength error calculation:
- LSM used — 0,2 (other reasonable method — 0,1); 0,5
- value of the order 107 um - 0,3;
4. Two monochromatic waves 6,0
4.1 Formula for the resulting intensity (17) 0,5
Envelope analysis (calculations based on the position of 0.5
extrema are not graded); ’
choice of extremum points of the envelope:
1,0
- 0,2 for each extremum,
wavelength calculation formula |— — i = i 0,3
A A A
two solutions for the wavelength:
LSM used (averaging over all points) — 0,4 (by using 2 points
—-0,2);
Numerical values in the ranges 16
0,70 — 0,74 um; 0,56 -0,59 um — 2x0,6; ’
In the ranges
(0, 67-0,77 um; 0,53 — 0,62 um — 2x0,3;)
Out of range — 0;
error estimation:
formula for error of indirect measurements
AY 0,5
AL = (—1) AA -0,3; ’
A
Numerical values — 2x0,1;
4.2 Formula for calculating ratio of intensities: L = 1_—7/ 0.3
I, 1+y ’
two solutions for intensities ration (reference to two values); 0,3
calculating ratio of intensities, numerical values:
in the ranges 0,5 —0,7; 1,5-1,7 — 2x0,5; 1.0

(in the ranges 0,4 —0,8; 1,4—1,8 - 2x0,2)
out of ranges - 0

TOTAL

20,0
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PEINIEHUE 3A/1AY SKCIIEPUMEHTA/IBHOI'O TYPA

Dypbe-CneKTPOMeTP

1. TeopeTnyeckas 4acThb
1.1 Ilpu wHTepdepeHIMH ABYX BOJIH OAWHAKOBOH HHTCHCHBHOCTH, PE3yJbTUPYIOIIAs HWHTEHCHBHOCTD
ornpenensercs popmyInoit

I1=2I,(1+cosAp)=4I, coszA—;. (1)

1.2 Ilpu cMemeHun 3epKajia U3 HAdyalbHOTO IOJIOKEHMs Ha BEIMYMHY X Pa3sHOCTh XOJa U3MEHsSETCs Ha
BelMuuHy 2x . IIpu 3TOM Mex 1y 1ByMs BOJIHAMH Pa3HOCTh BO3HUKAET (a3

4
Ap = 7 X, (2)
MOATOMY 3aBUCUMOCTh UHTEHCUBHOCTH OT KOOPAMHATHI UMEET BU/]I
2
[=2I,c08" ~—x. 3)
A
1.3 MakcuMyM HHTEHCUBHOCTH HAOJIOIAETCs, €CIIM PA3HOCTh X0/1a PaBHA 1IEJIOMY YUCITY JUIMH BOJIH, T.€.
A
2x,=mA = Xx,=m—, “4)
2
a MUHUMYMbI HHTEHCUBHOCTH BO3HUKAIOT IIPHU BBINOJIHEHUH YCIOBUS
1 1\ 1
2x,=|m+=-|1 = x,=|m+—=|—=. (5)
2 2)2

1.4 MIHTCHCHUBHOCTh M3MCHSICTCS OT MaKCUMyMa JI0 MUHAMyMa (M HA00OpOT) MpPU CMENICHUH 3epKaja Ha
YeTBEpPTh AJUHBI BOJTHBI. [[09TOMY HCKOMBIE KOOPAUHATHI 3epKajia OMUCHIBAIOTCS POPMYIIOi

A
X, =m—. (6)
4
2. MoHoxpoMaTHUecKoe U3JIy4eHne N3BeCTHOM JJIHHBI BOJHBI — TPAyHMPOBKA Npudopa
2.1 U3 mpuBeneHHoro rpaduka cieayer, YTO KpaHUM MOJIOKEHUSAM 3epKajia COOTBETCTBYIOT 3HAUYCHMUS

BpeMEH

fom =675 1. =901. (7)
310 CMCHICHUC ITPOUCXOOUT 34 IMOJIOBUHY IIEpUOaa KoJe0auuit 3€pKaja, mosToMy
T=2(, —1t,,)=1668. (8)

C npyroif CTOpOHBI, TIEpUOJ] KOJIeOAaHUN MOKHO BBIPa3UTh Yepe3 3a/IaHHYI0 YacTOTy KoJieOaHUM
3epkana v =20 1y:

1
T=—=50-107 ¢c=50 mc. 9)
1%
HpI/IpaBHI/IBaSI BBIpa)KeHI/ISI (8) n (9), HaxXxoauM, 4TO II€Ha ACJIICHUA BpeMeHHOﬁ IIKaJIbI paBHa

50
Af=———
2(901-67)
2.2 HpI/IBeIleHHHﬁ rpa(bm( 3aBUCUMOCTH HWHTCHCHUBHOCTHU OT BpeMeHI/I CI/IMMeTpI/I‘leH OTHOCUTCIIBbHO
((I_[eHTpaJ'II)HOFO» MaKCI/IMYMa, HOMep KOTOpOFO paBeH
0+54
m, = =27 (11)
2
Hn aT OMy MaKCI/IMYMy COOTBGTCTByeT MOMCHT BpeMeHI/I
t, =486. (12)

Jns  panpHedmmx pacderoB BblOepeM 13 skcTpeMyMoB ([UiE POBHOTO CYeTa), NPUMEPHO
CUMMETPUYHBIX OTHOCUTEIIBHO LIEHTPAIbHOT0 MakcumyMma. Tabmuia 1.

=0.030 mc. (10)

Tabauua 1.

. (27
sin[ 22 (c—1.)
m t, | m—m, | t—t, T X, , MKM




XIX MexayHapoaHasa XayTbikoBckasg OnumMmnunaga/dkcnepMmeHTanbHbIN TYp c. 2/7

1 118 -26 -368 -0,983 -4,16

5 224 -22 -262 -0,834 -3,52
10 302 -17 -184 -0,639 -2,72
15 361 -12 -125 -0,454 -1,92
20 414 -7 =72 -0,268 -1,12
25 465 -2 -21 -0,079 -0,32
27 486 0 0 0,000 0,00
30 515 3 29 0,109 0,48
35 567 8 81 0,300 1,28
40 623 13 137 0,493 2,08
45 684 18 198 0,679 2,88
50 766 23 280 0,870 3,68
53 855 26 369 0,984 4,16

[IpoBenem cremyromire pacyeThl:
Homep akcTpeMyMa OTHOCUTEIIBHO LIeHTpa m' = m —my;

BpeMeHHOi#t CIBUT OTHOCUTENBHO LEHTpa ' =1 — 1, ;

KOOpI[I/IHaTBI 3€pKajia Ipu 3KCTpEMyMax HHTCHCUBHOCTU X, = m

I |;>>

st mpoBEepKHM MPUMEHUMOCTH 3aKOHA JABUKEHUS
(2
W)= Asm(% (i to)j (13)

. (27
HOCTPOMM TpadUK 3aBUCHMOCTH KOOpPAMHAT X, OT S :sm(T (t—to) . Cremyer OTMETUTh, YTO MpH

BBIOOpE TOYEK ISl IOCTPOCHHUS TpaduKa CIeIyer:

- BBIOMPATh TOYKU C MAKCUMAJIBHBIM JIMANIa30HOM U3MEHEHHs KOOPIMHAT;

- HE BKJIIOYATh KpalHUE SKCTPEMYMBbI, TaK KaK OHH MOTYT HE YJIOBJIETBOPATH YCIOBHIO (6).
Huxe npuBenen rpaduk 3Toil 3aBUCUMOCTH.

/

SN CRRN'CRERY NERN'< )
O O P O D

D

D

Xm

A

O D D D D\NDP DD D D D

o s b3
S B S DD

sin

JIluHelHOCTh 3TOrO TrpaduKa MOATBEPKAAET NMPUMEHUMOCTh Gopmybl (13) it omucaHus 3aKoHa
IBUKEHMs 3epKajia. PaccunTaHHble N0 METOAy HAMMEHbBIIMX KBaJpaToB IapaMeTpbl 3TOM 3aBHCHMOCTH
UMEIOT CJIETYIOIINE YUCIEHHbIE 3HAUEHUS:

A=(4.23£0.01) mxv
b=(0.04£0.06) mxm

Kosdpdumuent nakimona A sBIgeTCS aMIUTUTYIO0N KoseOaHui 3epkana. [lpm 3TO YHCIeHHOE
3HaQUE€HHE I[apaMeTpa CJBUIa MEHbIIE €ro MOTPEUIHOCTH, IMOATOMY MOXKHO HpHHATH, uro b=0, a
aHaIM3UpyeMasi 3aBUCUMOCTD SIBJISICTCS IIPSIMO IPONOPLIMOHATIBLHOM.

(14)
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3. MoHoXxpoMaTH4YecKOe 3JIy4YeHHe ¢ HeM3BeCTHOM AJTHHOM BOJIHBI
3.1 U3 Tabauiibl MAaKCUMYyMOB BBIOEPEM CUMMETPUUYHBIE TOUKH (110 CHOPMYITUPOBAHHBIM KPUTEPHUSIM)

Tabnuma 2.
m t, X, 5,0
1 138 | -4,088 40 @
5 240 | -3,382 30 o4
10 320 | -2,476 ’ g
15 384 | -1,586 2,0
20 442 | -0,698 10
24| 486 | 0,000 £ Pt
28 529 | 0,682 x 00 ,22/
33 586 1,556 _1’0) 10 16 25 30 35 40 45 50
38 653 | 2,489
2,0 =
43 730 3,363 /@/
47 830 | 4,071 -3,0 v
-4,0 a/
-5,0
m

3.2 lna xaxaoro skcrpemyma o ¢gopmyne (13) paccunraeM 3HaueHHE KOOPIMHATHI 3e€pKaja X, , IOCIE

9ero MmoCcTpouM TpaduK 3aBUCHMOCTH KOOPJAMHATHI 3epKajla OT HOMEpa IKCTpeMyMma M. JTa 3aBHCUMOCTH
OTHCHIBACTCS (PYHKIIHEH

A
=m=. 15
X, =m (15)

m

[TosrydeHHBIN rpa@uK MOATBEPKIAET 3Ty 3aBUCUMOCTbH (CIBUT IO OCH HOMEPOB 771 B JAHHOM CIIy4yae
POJIM HE UIpaeT U 00YCIIOBIIEH Apyroi Hymepanuen skctpeMyMoB). Paccunrannsiii mo MHK koad¢unment
HakJIOHa rpaduka paBeH
a=(0,1771£0,0008) MKMm .

W3 Buna ¢ynkiuu (15) cneayer, 4To IJIMHA BOJTHBI U3TyUYEHUS paBHA
A =4a=(0,709%0,003) MKMm. (16)

4. /IBe MOHOXpPOMATHYECKHE BOJHBI
4.1 BonHbl ¢ pa3HbBIMH JUIMHAMU HE HUHTEP(PEpPUPYIOT, B JTAHHOM CiIydae 3aperuCTPUPOBAHHBIA CHTHA
ABJISICTCSA CYyMMOIH MHTEHCHBHOCTEW STHX BOJH. 3amuiieM ¢ MOMOIIbI0 (GopMyisl (3) sSIBHOE BbIpakeHHE
3aBHUCHUMOCTH CYMMAapHOM HMHTEHCHBHOCTH OT KOOPAMHATHI 3€pKaja M IpeodpazyeM ero (¢ MOMOIIbIO
TPUTOHOMETPHUUYECKON (POPMYJIBI IIs1 CyMMBI KOCUHYCOB):

U(x)=2I cosiq—”x+2]2 cos4—ﬂx:
2

=21, cos4—”x+cos4—ﬂ-x +2(12—Il)cos4—”x= . (17)
A A A

2 2

=41, cos(Zﬁ(i—ijxjcos(27z[i+ij]+2(lz —Il)cos4—ﬂx
A A I Z

[TomydyeHHass (QYHKIMS OMHCHIBAET MOAYJIMPOBAHHBIM CHTHAN, MOJYYEHHBIH 3KCIEPUMEHTANbHO.
dopmyia CIUIIKOM CJI0KHA, 4TOOBI MOJyYUTh SIBHBIE BBIPAKEHHS JUISI SKCTPEMYMOB JaHHOM (YHKLUH.
[ToaTOMy €IUHCTBEHHOW BO3MOXHOCTBIO ISl MOJY4YEHHS] TpeOyeMbIX XapaKTepUCTHK SIBISETCS aHaln3
orubaromieil OpicTporiepeMeHHOro curraiga. C TOYHOCTBIO JI0 MOCTOSHHOI'O ClIaraeéMoro 3Ta orubaromias
OTMHCHIBAETCS PYHKIIMEH
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Ux)=U, cos[27{l—iij=U1 cos(z—ﬂxj, (18)
A 4 A

riue 0003HauYeHo

INInY n
A A A
3nech A — NpOCTPaHCTBEHHBIN MEPUO] MOAYJISILIMK CUTHATIA (CM. pUC. HUXKE).
250 - | K
Bl EEEEEEE Umax
150 HH TR AT e PRt TR T e prerrasrarra e o=
ol | . | |
N ___E\]_[L A LU
s (UL H\ .
IVETRIRIIMLLII | \ i
-100 4+— L| J i ; hé | E ! i
-150 i . tt E 1
-200 ; : f : !
oo M= 1] 21 3| 4 3
0 100 200 300 400 500 600 700 800 900 1000

OruOaromas ¢pynkius (18) axcTpemanbHa MpU BHIMOIHEHUH YCIOBUS

27 T

—x, =—M, 20

) (20
rne M =0,1t1,+2... — HOMep IKCTpeMyMa OruOArOIIEH.

B IMPUBCACHHOM CHUTHAJIC MOXHO BBIACIIUTD 5 Takux OKCTPEMYMOB, OHH TaKXXC IIOKa3aHbl Ha
pucynke. M3 ¢opmynsr (20) cinemyer, 4yTO COOTBETCTBYIOLIAas KOOpAMHATAa 3€pKajla OmNpeAessercs I0
dbopmyre

A
Xy :Z(M—MO). (21)

3necs M, — HECYILECTBEHHBIH /s NalbHENIIEr0 aHAIN3a «HAYaJIbHBII» HOMEDP, ONpPENeNAoIUil Hadallo

0TCHUCTa HOMCPOB.

IIo Ta6J'II/II_[e OKCTPEMYMOB OIIPpCACIIMM 3HA4YCHUS BPEMCH f IIprU KOTOPBIX Ha6J'IIOL[aIOTC$I

M
SKCTPEMYMBI, 3aTEM 110 POPMYVIIE 14 aCCYUTAcM 3HAUYCHHUS KOOpAUWHAT 3€pKajJa x,, U HOCTPOUM a(PUuK
M

3aBUCHMOCTH X, (M ) OTu 3HAYCHUS IPUBEACHBI B TaOuIe 3 1 Ha Tpaduke.

Tabnuua 3.
4.0
M tM X,y » MKM
1 292 2,823 30
2 397 -1,392 2,0
3 486 0,000 o //
4 577 1,422 !
5 679 2811

-3,0

-4,0
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Koadduuuent nakiaona sroro rpaduka, paccuutannslii no MHK, pasen
a= (1,41i 0,01) MKM ,

a Kak ciexyet u3 Gopmydsl (21) , mpocTpaHCTBEHHBIN TIEPHO]] PaBEH
A= (5, 64+0, 04) MKM . (22)

Haxownen, u3 gopmyis! (19) paccunraem Ba BO3MOKHBIX 3HAYEHUS [UIMHBI BOJIHBI A,

-1
A, = i—l =0,722 MKM
A A

B : : (23)
AL, = 11 A—lz\ =(£j AA =0,001 Mmxm
A A) A A
-1
Ay :(i—k%J =0,575 Mxm
A (24)
/1 2
AL, = (XZJ AA =0,001 Mmxm

4.2 ]It OLIEeHKH MHTEHCUBHOCTH BTOPOM BOJIHBI MOXKHO BOCHOJIB30BAaThCsl MAaKCUMaJIbHBIM U MMHUMAJIbHBIM
3HAYCHUSIMU Moayimpytouien ¢pyakmuu. M3 popmynsl (17) cnenyer, yto
Umax ~ 2(10 + Il)

Umax zz|IO _Il| ‘

U, MOXHO MNpUOIMKEHHO CHATh ¢ rpaduxa (uam u3 tabmuusl) U, ~170,

(25)

3Hauenua U

max ?

m

U
U, ~40.Hx otHomeHnue y = ﬁ ~ 4,25 . C npyroii croponsl, u3 hopmy (25) cnenyet
y:L+Q
|I 1 2|

Toecrs 1, /1,=0,62.

= L 177 o6, (26)
I, l+y

. 1
Bo3MoskeH 1 BTOpoii BapuaHnT: —= ~ 1,62 .
1

3 Oasb
Ne Copnepxanue 4acTh
1. TeopeTnyeckasi 4acTb
1,0
(He gepHble Koahuyuenmol — hopmyna ne oyenugaemcs)
1.1 | bopmyna (1) I =21I,(1+cos Ap)= 41, cos’ A—;D 0,2
4
1.2 dbopmyna aiis cnpura ¢as (2) Ap = 7 X 0,2
, 27
bopmyna i uHTeHCUBHOCTH (3) I =41, cos 7 X 0,2
A
1.3 dopmyna (4) x, = mE 0,1
1)/4
dopmyna (5) x, =|m+— | = 0,1
2)2
A
14 dopmyna (6) x,, =m 1 0,2
2. MoHOXpoMaTHYeCKO€e U3JIy4eHne U3BECTHOI TJMHBI BOJTHBI — 3.0
rpagyMpoBKa nmpuoopa i
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Ornpenenenue LEHbI ACJICHUS:
- makcumymsol 0 u 54 — kpatinue nonooswcenus zeprana — 0,4,
- 8pemsl 08UdICeHUsl — NON0BUHA nepuoda Konebanuil — 0,2;

2.1 - pacuem nepuooa 6 omu. eounuyax T =1668 - 0,1; 1,0
- pacuem nepuooa 6 cexkynoax T =50mc - 0,1;
- pacuem yenwt denenusi At =0,030mc - 0,2

2.2 OrnpezienieHre 3aK0OHa JABUKECHUS
Hcnonp30BaHue HaWGHHOTO MEpUoJia KoJieObaHuii; 0,5
orpesieNieHUE LIEHTPAIbHOM TOUKH:
- HOMep MaKcumyma m, = % =27 -0,3; 0,5
- 8pemMs NPOXOdACOeHUs YyeHmpanbHou mouku t, = 486 - 0,2;
BBIOOp TOYEK:
- ucnoavzosano 10 u 6onree mouex 0,3 (5 u 6onee -0,1);
- He eKtouensl kpatinue - 0,2; 1,0
- UCNOJIL306AH MAKCUMANLHBIU OuanasoH - 0,3;
- MOYKU NpUMepHo cummempuunol - 0,2;
METO/I OTIpeieNICHUs] KOOPAUHAT:
- paccmosiHue mexucoy COCeOHUMU IKCMPEMYMaMU - il 0,5;
- nepeHymepayus MaKkcumymos om cpeonezo — 0,2; a0
- popmyna ons pacuema KOopoOuHamol X, = m'% -0,3;
pacdeTr KOOpAHHAT
(nposeden npasubHblUL pacien no 6cem 8blOPAHHbLIM 1,0
mouxkam oonycmumas nozpewinocms paciema 10%)
TUHeapu3aIius 3aBUCUMOCTH:

. (27
- 3a8ucumocms x om Sin (7 (t -1, )) -0,4; 1,0
- nposeder pacuem cunycos (),6;
nmocTpoeHue rpaduka:
(oyenusaemcsi, eciu oyeHeHvl pacyemsl);
- ocu noonucausl u oyughposaust — 0,1; 0.7
- HaHeceHbl 6ce MouKU 8 coomseemcemeauu ¢ maoauyeti 0,2; ’
- nonyyena auHelinas 3agucumocms -0.2;
- nposedena cenaxcusarowias npamas aunus — 0,2;
pacueT aMIUIUTYAbl KoNleOaHuii 3epKana:
ucnonvzoean MHK — 0,3 (epaghuuecku, unu ycpeounenue no
ecem moukam — 0,2; no 2 moukam 0,1),; 0.8
(pacuem nposeden no yucny sxcmpemymos — 0,1); ’
NOIYYeHO YucienHoe 3Hadenue 8 ouanasone 4,2 — 4,3 mkm —
0,5 (6 ouanasone 4,0 — 4,5 mxm — 0,3, ene ouanazona - 0);
pacyeT MorpenrHoCTH aMILUTUTY AL
- nposeden no MHK -0,3 (unvim pasymusim cnocooom -0,2); 0,5
- YUClIeHHOoe 3HaueHue NopsoKa 1072 mkm - 0,3;
3. MoHoXxpoMaTH4YeCKOe H3JIYYeHHe C HeM3BEeCTHOM /VINHOH BOJIHBI 5,0

Br160p Touek:
- ucnonvzosaro 10 u 6onree mouex 0,3 (5 u 6onee -0,1);

3.1 - He eK0Yenbl kKpaunue - 0,2; 1,0
- UCNONIL30BAH MAKCUMANbHBI Ouana3on - 0,3;
- MOYKU NpUMepHO cummempuurol - 0,2;
pacueT KOOpAMHAT HIKCTPEMYMOB: 1,5
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- UCNONIBL308AHUE NPABUILHOU POPMYIbL OJis1 KOOPOUHAM —
0,5;

- npoBedeH pacuem KoOpOUHAm SKCMpemymo8 ¢
nozpewrocmoio He bonee 10% - 1,0 ;

nocrpoenue rpaduka:

(oyeHusaemcs, eciu OyeHeHbl pacyemol);

- ocu noonucauwsl u oyughposanvt — 0,1;

- HaHeceHbl 6ce MoyKu 6 coomsemcmeauu ¢ maoauyetl 0,2,
- nonyyena auHetinasn 3agucumocms -0.2;

- npogedena canadicusarowas npsamas aunus — 0,2;

0,7

3.2

pacyeT IJTMHBI BOJIHBIL:

- ucnoavzoean MHK — 0,5 (ycpeonenue no 6cem mouxkam —
0,3 ; no 1-2 mouxam — 0,2);

- NOYYeHo yucierHoe 3navenue 6 ouanazoune 0,70 — 0,72
mrm — 0,8 (8 ouanazone 0,68 -0,74 mxm - 0,4, 6ne ouanazona
—0);

1,3

pacyeT MOrpemHOCTH JJIMHBI BOTHBI:
- ucnoavzoean MHK — 0,2 (unou pasymusiii cnoco6 — 0,1);

-2
- nonyyero 3uauvenue nopaoxka 10~ mxm - 0,3;

0,5

4. I[Be MOHOXPOMATHYE€CKHE BOJHDBI

6,0

4.1

dhopmysa 11t cyMMapHOH HHTEHCUBHOCTH (17)

0,5

AHanu3 orudarouieit (pacuemul O NOIOIHCEHUIO
IKCMPEMYMOB8 He OYEHUBAIOMCS),

0,5

BBIOOP TOYEK IKCTPEMYMOB OT'HOAIOIICH:
- no 0,2 3a Kasxcowiii IKCMpemym,

1,0

1 1] 1
aCycT AJIUHBI BOJIHbBI pOopMyJia (— — —| = —
p opmy. Py /11‘ X

0,3

JIBA PEICHHUS ISl ITTUHBI BOJIHBIL:

Memoo pacuema no MHK (ycpeonenue no écem mouxam) —
0,4 (no 06ym moukam — 0,2);

Yucnennvie 3Ha4enus 8 OUAna3oHax

0,70 — 0,74 mxm; 0,56 -0,59 mxm — 2x0,6,

B ouanazonax

(0, 67-0,77 mxm; 0,53 — 0,62 mxm — 2x0,3;)

Bre ouanazornoe — 0;

1,6

OLIEHKa MOTPEUTHOCTEMH:
Gopmyna ons nocpeuHocmu KOC8eHHbIX U3MepPeHUl

=%

Yucnennvie 3navyenus — 2x0,1;

2
j AA - 0,3;

0,5

4.2

dopmyna ais pacyeTa OTHOLIEHHS MHTEHCHBHOCTEM:
L _I7y
I, 1+y

0,3

JIBA PEIICHHUS /111 OTHOIICHUSI MHTEHCHBHOCTEH
(ecTb yKa3aHM€ Ha J1Ba 3HAUCHUS);

0,3

pacyeT OTHOIIEHUS HHTEHCUBHOCTEH, YUCIIEHHBIC 3HAUCHHSL:
6 ouanaszonax 0,5-0,7; 1,5-1,7 — 2x0,5;

(6 ouanaszonax 0,4 —0,8;, 1,4—1,8 - 2x0,2)

Bre ouanasonos - 0

1,0

BCEI'O

20,0
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SKCHHEPUMEHTTIK TYP/AbBIH TAIICBIPMAJ/IAPBIHBIH IHITELITIMT

Dypbe-ClIeKTPOMeTP
1. TeopusiabIk 061iM
1.1 KapkpIHOpIbIFRl Oipiel €Ki TOJKBIH MHTEephEpeHUsIIaHFaHa KOPTKbl KapKbIHABUIBIK MbIHA ©PHEKIIEH
aHBIKTAJIAJbI

: - Aip
F =24 01— cosAg) =41, oy
2 (1)
1.2 Aiinanapael 6acTtankbl OpHBIHAH X OJIIEMIC aybICTBIPFAH KE3/I¢ KAIIBIKTHIK albIpMAIIbLIBIFBI 2X
ememre e3repeai. COHBIMEH KaTap €Ki TOJIKBIH apachlH/ia (a3aiblK aibIpMaIIbIIbIK

Ap = 4—1:1
A 5 (2)
COHJIBIKTaH MHTEHCUBTUTIKTIH KOOPAMHATKA TOYEJAUTITT MbIHA TYp/ie O0Ia bl
-2
J =21 cos” 7 x
. 3)

1.3 KapKbIHABUIBIK MAaKCUMYMBbI €Trep >KOJ allblpMachl TOJIKbIH Y3BIHJBIFBIHBIH OYTIH CaHblHA TEH Oosca
OalKaJIaapl, SFHU.

Iy, =md = x_=m
; 4

aJ1 KapKbIHABIJIBIKTBIH MUHUMYMJAPEI MbIHA HIAPTTAa naﬁz[a 60J'Ia[[bl

“r
s )
1.4 AiiHa TONKbIH Y3bIHABIFBIHBIH TOPTTEH OlpiHE aybICKAaHJa KAapKbIHIBUIBIK MaKCUMyMHaH MHUHHUMYMFa
(okoHe kepiciHie) esrepeni. COHIBIKTAH alHAHBIH KaKETTI KOOpAMHATajapsl MbIHA (opMylaMeH

cuIiarTajaaabl

i -
L. 12
2.1'“_=|m+— A= xm=|m+— —
L2 . 2

(6)

2. beariyi TONKBIH Y3bIHABIFBIHBIH MOHOXPOMATHKAJIBIK CIYJIEJIeHYI — acIanThl KaJaudpJiey

2.1 Xorapblgarel rpaUKTeH ailHaHBIH ILIETKI JKaFJailllapplHa MbIHA YaKbIT MOHIEpIHE COMKeC KeleTiHl
IIBIFaJIbI

¢ =67 ¢t =90l
e iy . (7)
by bIFbICY aitHaHBIH TepOeIic IEPUOIBIHBIH )KAPTHICHIH]IA OPBIH aJa/ibl, COHABIKTaH
T=Mr  —1 =668
{, s |r||r) . (8)
ExiHIi »karblHAaH, TepOelic MepHoIblH OepinreH aiina TepGemic kuimiri * = 20 4y apKBLIBI
KepceTyre 60mabl
| R
T=—=fa.10% ¢ =50
v : )

(8) xoHe (9) epHEKTEPIH TEHECTIpPE OTHIPHIN, 013 YaKbIT IIKAJTACHIHBIH OarachIHBIH MBIHAFaH TEH
eKeHiH TabaMbI3.
50

— )30
2{01-a7)

(10)
2.2 KapKbIHIBUIBIKTBIH yaKbITKA TOYEJAUIITIHIH JKOFapbIIarsl Tpaduri «OpTalblKy MaKCUMyMFa KaThICTBI
CHUMMETPHSLIBI, OHBIH HOMEPi MbIHaFaH TeH



XIX Xanbikapanbik XXayTbikoB OnMmMnuanacbl/QKCNepUMEHTTIK TYp c.2/9

0+34
By, =
N

27

(11)

JKOHE OYJT MAKCUMYM MBIHAIal YaKbITKa COMKEC Kemei
i, =486
(12)
Opl Kapail ecenTeyiep YIIIH OPTAJIBIK MaKCHMyMFa KAThICTBI IIaMaMEH CHUMMETpUsIIbl 13
AKCTPEMYMIbI (3KaKChI ©JIIIIeM YIIIiH) TaHIalMBbI3. 1-KecTe.

1-kecre.
C . !
i £ m=—m, | -1, SlIlI\I—.{i‘ ~h ] | X, | MEM
1 118 -26 -368 -0,983 -4,16
5 224 -22 -262 -0,834 -3,52
10 302 -17 -184 -0,639 -2,72
15 361 -12 -125 -0,454 -1,92
20 414 -7 =72 -0,268 -1,12
25 465 -2 -21 -0,079 -0,32
27 486 0 0 0,000 0,00
30 515 3 29 0,109 0,48
35 567 8 81 0,300 1,28
40 623 13 137 0,493 2,08
45 684 18 198 0,679 2,88
50 766 23 280 0,870 3,68
53 855 26 369 0,984 4,16
Keneci ecenteynep/i opbIHIANBIK:
OpranbIKKa KaThICThI SKCTPEMYM CaHbI nE=Rrem,
OpTanbIKTaH yaKbpIT OOMBIHIIA ayBITKY ==k ;
x =m' &
KapKbIHABUIBIKTBIH SKCTPEMYMBIH/IAFbI aiiHa KOOPAUHATTapbI " 4,

Kosraibic 3aHbIHBIH
I 2 *
xlr)= Asinl e )l
S T -

(13)
&
§=sin ‘?‘_i(;r—.fn)|
KOJIJAHBLIYBIH TEKCEPY VIIIH KOOPAHHATTAPBIH TOYEIIUIIiH CBI3y ' OT L4 4 . AiiTa KeTy
KEPEK, ChI3y YIIIiH HYKTEJIEP/li TaHIaFaH Ke3/Ie MbIHAIAP KaKET:
- KOOp/IMHATAIAPBIHBIH MAKCHMAJIIBI JIHANIA30HbI Oap HYKTEIEP I TAaHIaHbI3;
- IIETKI AKCTPEeMYyMIap/Ibl KOCIaHbI3, ce0ed1 onap (6) mapTThl KaHAFaTTaHABIPMAaybl MYMKIH.

TemMeH/ie 0Chl KaThIHACTBIH Tpaduri OepisireH.
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5,00
4,00
3,00
2,00

1,5

1,5

sin

Bbyn rpaduKTiH CHI3BIKTBUIBIFBI aifHa KO3FasbIChl 3aHbIH cunarray yumiH (13) dopmymnansin
KOJIAHBLIYBIH pacTaiiibl. EH Kimn KBaaparTap 9MICIMEH €CenTeNleTiH Oyl TOYeNIUTIKTIH MapamMeTrpiiepi
KeJieci CaH/IbIK MOHJIEPIe Ue:

4=({423+0.01)
b = (o —0.06)

(14)

Kenbey xoaddummenti 4— aitHa tepOenic aMmIuTyaacel. bIFpicy mapaMeTpiHiH CaHIIBIK MOHI OHBIH

Karemirinen a3 Oosnran kesme, # = COHmBIKTAH TaNTAHATHIH TOYSNIUTIK Typa MPOHOPIMOHAIIBI JET
Ooipkayra Oonaibl.

3. ToJaKbIH Y3bIHABIFbI 0€ITici3 MOHOXPOMATHKAJIBIK CIYJIeJIeHY

3.1 Makcumymaap kectecineH 013 CHMMETPUSUITBI HYKTETEep/Ii TaHIalMBbI3 (TY KbIPBIMIAIIFaH KpUTEpHilepre
colikec). 2-KecTe.

Fat) it

1 138

5 240
10 320
15 384
20 442
24 486
28 529
33 586
38 653
43 730
47 830

3.2 Opbip

(13) dopmynans
KOOPAMHATHIHBIH

€CeITenMI3

TOYENIUTIK MbIHA (DYHKIMS apKBUIbI CUTIATTAJIa b1

Xm

5,0

4,0
3,0 1

2,0
1,0 1

0,0

T
—_

-1,0

-2,0
-3,0 1

e

-4,0

-5,0 <

HKCTPEMYM  YILiH

KOJITAHBIIL,
MOHIH

aliHa

X o o ..
°', COJaH KCHIH anHa KOOPAHWHATHIHBIH di OKCTPEMYM CaHbIHA TIYCIAUNIH CbhI3aMbI3. B¥H
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A
X, =n
(15)
AnpiaFaH Tpaduk Oy TOYeNAUTIKTI pactaiapl (Oyi1 skarmaiga caHmap oci OOWBIHINA KBUDKY pell
aTKapMaiabpl JKOHE ON IKCTpeMyMAapAblH Oacka HeMiplieHyiHe OaitmaHbICThl). EH Kimn KBaapaTTapMeH

ecenrenreH rpaduKTiH Kodey kodhOUIIMEHT] MbIHaFaH TEH

a — | BT 1+ 0, 0008)

OyukiusaHbH (15) TypiHeH coyieneHy TOIKbIH Y3bIHIBIFBIHBIH MbIHaFaH TEH OOJaThIHbI IIBIFA IbI
A= ﬂmn[ﬂ. 709+ 0,003)

(16)
4. Exi MOHOXPOMATHKAJIBIK TOJKBbIHAAP

4.1 Oprypmi Y3BIHABIKTaFbl TOJKBIHAAP KeAepri jkacamanbl, OyJl ’KaFjaiia »as3blIFAaH CHUTHAl OCHI
TOJIKBIHAAP/AbIH KAPKbIHABUIBIFBIHBIH KOCBIHABICHI O0JbIN TaObu1a kL. (3) (opMynaHbl MaiialaHbll, TOIBIK
KAapKbIH/IBUIBIKTBIH ~aliHa KOOpJIMHATAaChlHA TOYEJNJAUIN YUIIH alKblH ©pHEeK »a3aMbl3 >KOHE OHBI
TYpAeHIpeMi3 (KOCUHYCTapblH KOCHIH/IBICBIHBIH TPUTOHOMETPUSIIBIK (OPMYIIaChIH MaiijaiaHa OThIPHIIN):

4z dar
it+2lons—x=

- b

Lilx) =21 cos

b

A In ] ir
=21, LCUEA_I"!:-FCUS-_I ‘+ 2{f. =1 Jeos—x=

. Fn
= 'y

/ 3
2:r| 1L J€|+2(J: —{ ]Ct}sﬁﬁ
\ L ) ";l

.f 'l 1 I ] "
4f cos| 2@ ——— | x |cos
(17)

AnbiHFaH QYHKIUS TOXKIPUOEIIK )KOJIMEH allbIHFaH MOAYJISAILUSIIAHFAH CUTHAJIIBI
cunarTaiapl. by QyHKITUSHBIH SKCTPEeMYM/Iaphl YIIIiH aiiKbIH ©pHEKTEP/Ii any YIIiH GopMysia ThIM
kypaemni. COHIBIKTaH KQKETTI CHITaTTaMaIap/Ibl aTyIbIH OipJeH-01p JKOJIBI - T€3 ©3TePeTiH CUTHAIIBI
KYBIKTAIl ChI3a OTBIPBIT TalAay. TypakThl MyIere IeiiH Oy )KybIKTay MbIHA (DYyHKIIHS apKBLITBI

cUuIiarrajiaabl
- SRR f27
U{x)- U oos 2;{| ——— |.l: —L-"ltos‘ —A‘J
I". L._!'ill ) b, 1'1l
(13)
MYH/IaFbl
1 l 1
A A A
(19)

An A — cUrHaJ MOIYNSLMACHIHBIH KEHICTIKTIK HepHO/IbI (TOMEHIET] CypeTTi KapaHbi3).
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250 1 [

2004—— [/

150 i

T Y N AU L UO
{!

) 1
1 (] 1
Ll 1 L) L]
R ; ) \ l
AL VRN TR DA J
AR R AL R R (R TRV, L
1 ]
-100 \ : . HA-— ; ’
1 I 1 1 ' ]
-150 y: f ' | 1R
- | FR RS I ; R |
200 : ; : ! 5
) ' . ! .
M= 1 o 311 4 53
250 ' i . - |
0 100 200 300 400 500 600 700 800 900 1000

Kysik pynxnus (18) MpIHA MIAPT OpBIHAATIFAHAA YKCTPEMAIIBI
2 T
—X,, =M
A 2

(20)

MYH/IaFbl M=0 10112

—3IKCTpEeMyMa HOMeEpI.
JKorapsigarsl cUTHAJIA OCBIHAAN 5 AKCTpEeMaIIIbl aXKbIpaTyFa 00Iajpl, oJIap J1a CypeTTe KOpCeTiIreH.

(20) popmynanan aifHaHBIH ColiKec KOOpAMHATACHI (POpMyia OOMBIHIIIA AHBIKTATIATHIHBI IIBIFA]IbI

x, = j (M =M

1)

MyHiarsl My «bacTamnkp» caH, opl Kapail Tannay YILIiH eleyci3, 0J caHIapbl caHayAblH OacTalyblH
aHBIKTaMIbI.

OKcTpeMyMmIap KEeCTeCiH TaijanaHa OTBIPBIN, O3KCTPEeMyMIapAblH OalKaldaThlH —YaKbITTapbIH
aHbIKTaliMbI3, comaH KeiiH (14) dbopmynanbl naianasein, aifHa KOOpAMHATTAPbIHBIH MOHJEPIH €CenTerl,
TOYEJIUTIKTI ChI3aMbI3. By MoHzep 3-kecTene xkoHe rpaduKTe KOPCETLIreH.

3-KecrTe.
4,0 1
. 3,0 1
AT {af A1 MKM
1 292 -2,823 20
2 397 -1,392 1,0 1
3 486 0,000
E 0.0 1
4 577 1,422 = | L
5 679 2.811 -1,0
-2,0
-3,0 1
-4,0
M

By rpadukTiH eH Killli KBaJpaTTapMeH ecenTereH kejaodey KoahUIHMeHTI TeH
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& =|:’1-L|4|=J1tfl__l'l|\_]

3

xoHe (21) popmynanan kenecigel, KeHICTIKTIK IEPUOIBIH ajlaMbl3
A =[Butd +0,04)

(22)
C dq.-| . . . o . .
oHbIH/A (19) dopMynamaH ~* TOJNKBIH Y3bIHIBIFEIHBIH €Ki MYMKIH MOHIH €CenTenMi3:
- |
3 | R fugan
SolA A
s K 2 A PP
Al = _i-i M‘ _[ A | AN =i
LA A AT LAY
(23)
w1
A, = ( 11 1 = B 3
ol A 4
(R
A= —= | AA =50
W, 4"\ _,nl
(24)

4.2 ExiHII TOJKBIHHBIH KApKBIHIBUIBIFBIH OaFraiay YIIiH MOIY/SAIUsIay (GyHKIUSICHIHBIH MAaKCUMAJIIbI )KOHE
MUHUMAJJIBI MOHJIEPiH Naigananyra 6onansl. (17) popmynanan Obuiail MIBIFAIbI

U 200+ 1))
I-’I.-m;n. = 2 'rlil 'r'l
(25)
L . =170
ree T MQHIIEPIH OKYBIKTan rpadukrten (OoiMaca KecTeleH) aHbIKTayFa Oomambl '™ ,
I _r = E{I'l'j}t = 4,25
Ly = 4{-}. OnapbIH KaTbIHACHI £ i . Exinmi sxareiHaH (25) 6pHEKTeH MbIHAY [ITBIFa/IbI
v = f'+£‘ = l’r—]=|_? =0 62
|J'l f_._‘ . T+y
(26)
emy o R 0,62
I = 1,62
MpbIHaai HycKa 1a MyMKiH:
3a Oayur
Ne CopneprxaHue YacThb Bl
1. TeopusiabIK 001iM 1.0
(xoachchuyuenmmep Oypwic bormaca eprexkmrep bazanianoaiovl) i
1.1 I = EIDI:I - um.-‘\{,u] =45, Cos” A 0,2
Opnex (1) 2
dx
1.2 . Ap=—x 0,2
dazanbIK bIFbICY ©pHeT1 (2) A
- 2
=47 cos” _T X 0,2
Kapxpiaapuiblk epHeri (3) /-
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A
1.3 X, =m 0,1
Opnek (4) 2
X —Ifm+|”\;" 0,1
OpHexk (5) 2;2 ’
A
1.4 X, =mn 0,2
OpHek (6) 4
2. Bearijti TONKbIH Y3bIHABIFBIHBIH MOHOXPOMATHKAJIBIK 3.0
covJIeJeHYi — acHaNThLI KAaJH0pJey i
Beik KyHBIH aHBIKTAY:
- makcumymoap 0 scane 54 — atinanviy wemxi Kyui — 0,4,
- K032amy yakwvimvl — sHcapmol nepuood — 0,2;
2.1 - nepuoomvl canvicmp 6Gipnikme omuey ¥ =1608 0 ] 1,0
- nepuodmei cexynonen onwey ¥ =30me 0 ]
- boNliK KYHbIH ecenme) AL 00650me g 2
2.2 Ko3ranapIc 3aHLIH aHBIKTAY
TaObu1FaH TepOeTic MepUOIbIH MakiIaIaHy; 0,5
OpTasiblK HYKTEHI aHBIKTAY:
= ﬂtﬂ =27 05
- MAKCuMym Homepi - -0,3; ’
. 1, = 486 ,
- OpMANLIK HYKMEHI 6my yaKvlinbl -0,2,
Hykrenepai Tannay:
- 10 srcane odan ken nykme natioanranviiean 0,3 (5 u 6onee
-0.1); 1,0
- wemkinepi eckepinmezen - 0,2; ’
- Makcumaib ouanazon nauoaranviizau - 0,3;
- HyKmenep wamamer_cummempusiivl - 0,2;
KoopnuHarThl aHBIKTAY 9ici:
A
- KOpuii IKCMpeMymOapobiy apa Kaubikmoiesl - % - 0,5; L0
- MaKcumymoapowl opmanvikmaun kauma oeneiney — 0,2; ’
Ay
X, =m
- KOOPOUHAMMbL ecenmetimin opHex 4 .03
Koopaunarrs! ecenrey
(6apnvlk manoangan Hykmenep yulin Oypuic ecenmey 1,0
orcypeizinoi, pykcam emineen ecenmey xameci 10%)
ToyenainikTi TuHEapu3anysiay:
i P b
sin| —{i-1,]] 1,0
- X min N 4 -man mayenoiniei - 0,4,
- cunycmap ecenmenzet 0,6,
I'paduk TyproI3y:
(ecenmeynep 6azanawnca, bazaranaowl),
- ocbmepee bencineneen xcarne yugpranzan — 0,1; 0.7
- bapnvlK HyKmelep Kecmeze calikec culzvliaowsl 0,2; ’
- CBI3LIKMbIK MAYeN0iNiK anviHaowl -0.2;
- my3y cvlzbikmol mezicmey — 0,2;
aiiHa TepOeCTEPiHIH AMIUIUTYIACHLIH €CEMNTEY: 0.8
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Ey kiwi keaopammap 20ici nauidanansinzan — 0,3
(epaghuxanviy mypoe nemece 6apivik HyKkmenep OOUbIHULA
opmawanay — 0,2; 2 nykmenepmen 0,1),;

(ecenmey s3Kcmpemymoap canviHa catikec KHcypeizindi — 0,1);
ouanazonoaevl CaHoblK MaHOI anowvl 4,2 — 4,3 mxkm — 0,5 (
ouanazonoad,0 — 4,5 mxm — 0,3; ouanazonnan moic - 0);

aMIUTUTY/a KaTeCiH ecenTey:
- MHK 6otivinwa-0,3 (backa adicnen -0,2);

-2
- CaHObIK MOHI WaAMAMEH 107wk 0,3;

0,5

3. ToaKBbIH Y3BIHABIFBI 0€JITiCi3 MOHOXPOMATHKAJBIK COVJIEJIeHY

5,0

3.1

Hyxrenepni Tannay:

- 10 srcone ooan xen nykme naudanranvinzan 0,3 (5 scone koen
-0,1);

- wemkinepi eckepinmezet - (),2;

- MAKCUMQIb Ouanasox navoairanwiicar - 0,3;

- HyKmenep wamamer_cummempusivt - 0,2;

1,0

DKcTpeMyMaap KOOPIMHATHIH aHbIKTaY:

- Koopounam ywin oypuic hopmyna — 0,5;

- 9Kcmpemymoap koopournamuinvly Kameniei 10% man yakeH
emec- 1,0 ;

1,5

I'paduk Typre3Y:

(ecenmeynep 6azananca, 6a2aranaowl);

- ocbmepee beneinenzen dcane yuppranean — 0,1;

- bapnvik HyKmenep Kecmeee calkec cbizvliaovl 0),2;
- CbI3LIKMBIK MaYenoinix anviHaowl -0.2;

- my3y culzbikmol mezicme)y — 0,2,

0,7

3.2

ToNKBIH Y3BIHABIFBIH €CENTEY:

- MHK natioananvinzan — 0,5 (bapnvlx nykmenep 60ubiHua —
0,3 ; 1-2 nyxenep — 0,2);

- CanOblK MaH MblHa ouano3onoa anvinean 0,70 — 0,72 mxm —
0,8 (mvina ouanosonoa 0,68 -0,74 mxm - 0,4, ouanazounan
moic — (),

1,3

TonKbIH Y3BIHABIFBIHBIH KATENITIH €CeNTeY:
- MHK natioananvinzan — 0,2 (backa adic — 0,1);

2
- anvinzan mon wamamen 107" mrar 0,3;

0,5

4. Exi MoHOXpOMAT TOJIKbIHAAPD

6,0

4.1

KopTeIHABI KapKBIHIBUILIKTEIH opHeT (17)

0,5

XKybIkTayasl Tangay (3xcmpemymoapobliy OPHbIH AHBIKMAY
bazananbatiovl);

0,5

JKybIKTayIbIH SKCTPEMYM HYKTETIEPiH TaHIay:
- op0Iip sxcmpemym yuiin 0,2 ;

1,0

1 1

A

A .
TOJIKBIH Y3bIHJBIFBIHBIH OpHEr: | !

0,3

TonKBIH Y3BIHABIFBI YIIIH €Ki MeiM:

MHK 6ouvinwa ecenmey (bapnvlk HyKkmenep eckepiieet) —
0,4 (exi nykme — 0,2);

Canowvik MoHi MbIHA OUANO30HOA

0,70 — 0,74 mxm; 0,56 -0,59 mxm — 2x0,6;

Mpuina ouanosonoa

(0, 67-0,77 mxm; 0,53 — 0,62 mxm — 2x0,3;)
JHuanozonnan moic — 0,

1,6
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Karenepni ecenrey:
gy
Al lﬁ AA 0,5
Kanama enwmemoepdiy kamenikmepi Ay -0,3;
Canowix mon — 2x0,1;
KapKbIHABUTBIKTEIH KaTBIHACHIH €CENTEHTIH OPHEK:
42 | L _1-¥ 0,3
I 14y
KapKpIHIBUTBIK KaTBIHACHI YIIIH €K1 IIeiM 03
(exi menrimre Hyckay 6ap); ’
KapKpIHIBUTBIKTBIH KATBIHACKIHBIH CaH]IBIK MOHI:
Mbuvina ouanosonoa 0,5 —0,7; 1,5-1,7 —2x0,5; 1.0

(mvina ouanosonda 0,4 —0,8; 1,4— 1,8 - 2x0,2)
Juanozonnan moic - ()

BAPJIBIT'BI

20,0




	IZhO-2010-Theory_eng_f
	IZhO-2010-Theory_eng_sol_f
	IZhO-2010-Exp_eng_f
	IZhO-2010-Exp_eng_sol_f
	IZhO-2011-Theory_eng_f
	IZhO-2011-Theory_eng_sol_f
	IZhO-2011-Exp_eng_f
	IZhO-2011-Exp_eng_sol_f
	IZhO-2012-Theory_eng_final
	IZhO-2012-Theory_eng_sol_final
	IZhO-2012-Exp_eng_final
	IZhO-2012-Exp_eng_sol_f
	IZhO_2013_theory
	IZhO_2013_theory_sol
	IZhO_2013_experiment
	IZhO_2013_experiment_sol
	IZhO_2014_theory
	IZhO_2014_theory_sol
	IZhO_2014_experiment
	IZhO_2014_experiment_sol
	IZhO-2015-Theory_eng
	IZhO-2015-Theory_eng_sol
	IZhO-2015-Exp_eng_sol-1
	IZhO-2015-Exp_eng-1
	IZhO-2016-Theory_eng
	IZhO-2016-Theory_eng_sol
	IZhO-2015-Exp_eng
	IZhO-2015-Exp_eng_sol
	IZhO-2017-Theory_eng
	IZhO-2017-Theory_eng_sol
	IZhO-2017-Exp_eng
	IZhO-2017-Exp_eng_sol
	IZhO-2018-Exp_eng_sol
	IZhO-2018-Theory_eng
	IZhO-2018-Theory_eng_sol
	Problem В (4.0 points)
	Problem С (3.0 points)
	Problem 2. Physics in the mountains (10,0 points)

	IZhO-2019-Exp_eng_sol-converted
	IZhO-2019-Exp_eng-converted
	IZhO-2019-Theory_eng
	IZhO-2019-Theory_eng_sol
	IZhO-2020-Theory_eng
	IZhO-2020-Theory_eng_sol
	Problem 1.1 (4.0 points)
	Problem 1.2 (3.0 points)
	Problem 1.3 (3.0 points)

	IZhO-2020-Exp_eng
	IZhO-2020-Exp_eng_sol
	IZhO-2021-Theory_eng
	IZhO-2021-Theory_eng_sol
	IZhO-2021-Exp_eng
	IZhO-2021-Exp_eng_sol
	IZhO-2022-Theory_eng_sol
	IZhO-2022-Theory_eng-Physics
	IZhO-2022-Exp_eng
	IZhO-2022-Exp_eng_sol
	IZhO-2023-PhysTheory_2023
	IZhO 2023 PhysTheory_eng
	IZhO 2023 PhysTheory_kaz
	IZhO 2023 PhysTheory_rus

	IZhO-2023-PhysTheory_sol_2023
	IZhO 2023 PhysTheory-kaz-sol
	IZhO 2023 Theory_eng_sol
	IZhO 2023 Theory_rus_sol

	IZhO-2023-PhysExp_2023
	IZhO 2023 PhysExp_rus(1)
	IZhO 2023 PhysExp_rus
	IZhO 2023 PhysExp-қазақша

	IZhO-2023-PhysExp_sol_2023
	IZhO 2022 Exp_eng_sol
	IZhO 2023 Exp_rus_sol
	IZhO 2023 PhysExp_kaz_sol.docx


