Pan Pearl River Delta Physics Olympiad 2005
Jan. 29, 2005
Morning Session (9 am — 12 pm)

Q1 (5 points)

Two identical worms of length L are lying on a smooth and
horizontal surface. The mass of the worms is evenly distributed
along their body length. The starting positions of the two

worms are shown in the figure. The coordinate of the center of ' N A
worm-A is (0, 0). Worm-B then starts to climb slowly over 0
worm-A with their bodies always form an angle 6. After Worm- X \

B has completely climbed over worm-A, what are the center B

positions of the two worms?

Q2 (13 points)

An air bubble of size 0.001m? and a rigid tank of the same volume and mass as the bubble are
released at a depth of 2.0 km below the sea surface. Ignore friction. The temperature of the air
bubble remains the same at any depth. Air density at sea level is 1.21 kg/m® and the

b
atmosphere pressure is 1.0 x 10° N/m?. (hint: | x__1 m(a +ﬂ0J )

ca+px B \a+pa
(a) What is the size of the bubble when it rises to the sea level? (3 points)
(b) Derive an expression for the net energy gained by the bubble and the tank at height h. (7
points)
(c) Find the final velocities of the bubble and the tank when they reach the sea level. (3 points)

Q3 (12 points)

A man with mass 0.5M is standing on a round table (disk
shaped, uniform thickness) rotating at angular speed . The
mass of the table is 0.5M and the friction between the table and
the ground is negligible. The man carries with him 10 stones
each with mass 0.01M. The radius of the table is R and the man
is standing at a distance r (< R) from the center of the table.

(a) Find the total angular momentum of the system. (4 points)

To slow down the rotation of the table, the man decides to
throw the stones outward from the table, each at speed v
(relative to him) and with angle 9 relative to the radial
direction (see figure).

(b) Determine the angular speed of the table after the man has thrown his first stone as a
function of angle 4, and find the optimum angle ¢ to slow down the table. (4 points)

(c) What is the angular speed of the table after the man has thrown all his stones, each time at
the optimum angle? (Leave your answer as the sum of multiple terms.) (4 points)
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Q4 (8 points)

(@)
(b)

A uniform rod of length L and mass M is resting in a smooth
hemisphere of radius R (>0.5L), as shown.
Find the vibration frequency of the rod about its

equilibrium position. (4 points)

In the vibration motion, the maximum deviation angle of the rod
from its equilibrium position is 6, . Let the amplitude of the
contact force from the hemisphere to the rod at each end be N. The
difference between N when the rod is at &, and when the rod is

at its equilibrium position can be written as AN = aMgé?,, . Finda .
(4 points)

Q5 (12 points)

The electric field of an electromagnetic (EM) wave isE = E, X,

10=0 " where E, is a real

C . . . . ~ .
constant, and w = —k . Here o is real, c is the speed of light in vacuum, and n is the complex

n

dielectric constant of the medium.

(@)
(b)

(©)

(d)

Briefly discuss what will happen to the EM wave amplitude as it propagates in the
medium if N is real, imaginary, or complex. (4 points)
Find the magnetic field B, and the time-averaged (over one period) Poynting’s vector
<§=L(ExB)>. (4 points)

Ho
S >

The quantity q= d< describes the loss of EM wave energy to the medium.

Calculate q and briefly discuss the physical meanings of the results if n is real,
imaginary, or complex. (3 points)

With reference to the results above, does an EM wave that decreases in amplitude
while propagating always loose energy to the medium? (1 points)
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Pan Pearl River Delta Physics Olympiad 2005
Jan. 29, 2005
Afternoon Session (2 pm -5 pm)

Q6 (12 points)
Consider a uniform magnetic field B within the shaded region and pointing out of the paper
plane, as shown below.

(a) (b) (©)

(@) Find the total force of the magnetic field on a closed thin wire coil carrying a steady
electric current I, all of which is inside the field region. The coil plane is within the
paper. (3 points)

(b) The total force of the magnetic field on the coil when part of it is outside the field
region can be expressed as F = awBI, where w is the distance between the two points
where the coil intersects the bottom edge of the field region, and its direction is either
upward or downward depending on the direction of the current. Find the value of . (3
points)

(c) A semicircle thin wire coil of radius r, resistance R, and mass m is falling down and out
of the field region. The plane of the coil remains in the paper plane, and its straight
edge remains parallel to the horizontal bottom edge of the field region. Ignore self-
inductance of the coil. Derive the differential equation for the distance between the
straight edge of the coil and the edge of the field region y (< R). If you have not found
a in (b) you may take it as a known constant in solving this part of the problem. (6
points)

Q7 (15 points) IE?

fields are applied to a piece of semiconductor, a voltage V,,
perpendicular to the direction of charge motion will be

induced (see figure). The phenomenon is called the Hall ) V i’
Effect. X

It is well known that when crossed electric and magnetic y. /V -
]

(a) Assume that the semiconductor is a square sheet of sizeW xW . The electric current is
due to the motion of positive charge carriers each carrying charge e. The surface
density of the carriers is n, and the conductivity of the semiconductor is o. There is
also a negative charge background so there is charge neutrality everywhere except at
the side edges. The electric field is uniform in the semiconductor. A magnetic field B
is applied in the direction perpendicular to the sheet. When a voltage V is applied a
voltage V,, across the two edges parallel to the current along the x-direction will be

induced, in addition to the electric current j . When the steady state is reached, find
the Hall Coefficient R, =V,, /V . (Note that ] is a unknown quantity) (6 points)
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Nowadays it is also known that for certain semiconductor structures, a spin-Hall effect will
also occur. The effect is associated with the magnetic moment M of the charge carriers. For
two dimensional structures it is known that an additional force F =, (MxV) (called
Rashba force) will act on the carriers, where vV is the velocity of the carriers on the 2-
dimensional (X-Y) plane, andn; is a constant. The magnetic moment m is restricted to point

perpendicular to the plane, i.e. Mm=+mz. The external magnetic field is absence. Ignore the
magnetic dipole interactions between the carriers.

(b) Assume again that the electric field is uniform and y
its force along the x-axis is much stronger than IfR ,
find the currents flowing in the y-direction in terms
of the voltage V and other parameters given in (a).
How are the currents related tom ? (6 points)

(c) Due to collision with the boundary, the carriers with particular magnetic moment will
loose their sense of direction within a ‘life time’ 7 after they reach the edge. In other
words, each second there are ny,/z of carriers loosing their moment direction within a
unit length of edge, where ny, is the surface density of the carriers still maintaining

their moment direction (+ Z ). Find the magnetization M near the edges. (3 points)

S N
Vv

Q8 (23 points)
Electrorheological (ER) fluids, which are composed of small

dielectric spheres suspended in an insulating liquid, such as Plate
silicone oil, are materials that can transform from liquid-like
form to solid-like under an external electric field. A typical test ER Fluid

setting of ER fluids is shown in the figure, where ER fluid is

filled between two parallel conducting plates of area A separated |

by a distance D. When no voltage is applied between the plates Plate

the ER fluid is liquid-like so the plates can moved horizontally

almost without friction.

When a voltage V is applied, the small spheres are polarized and aligned into vertical
columns, and to move a conducting plate relative to the other by a small displacement ok

requires a small force of. The shear modulus 7 is defined as 7 :%g The radius of the
X

spheres is R (<< D), their dielectric constant is &, and the volume fraction of spheres to fluid
is m. The dielectric constant of the liquid without the spheres is 1. Ignore gravity. You are to
find 7 in terms of the physical qualities given above.

@ The first step is to find the polarization P of an isolated sphere g
in a uniform external electric field E,. This can be done by 0 O

solving (al) — (a3) below, and utilizing the known fact that
under such circumstance the polarization is uniform in the

sphere and parallel to EO.

(al) Find the electric field due to the polarization P at the center of the sphere. (3 points)
(a2) Find the total electric field inside the sphere. (3 points)
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(a@3) The total induced electric dipole moment of a sphere can be expressed as p, :aEO.
Find the constant «. (3 points)

(b) Treat each sphere as an ideal electric dipole located at the center of the sphere, and

oo 8 =5

(©)

assume that the dipole moment depends only on EO. If you have not found « in (a3)

you may take it as a known constant in solving the following problems. (Hint: Keep
the expansion terms up to d?, where d is the length of the dipole.)

(b1) Find the electrostatic energies of two spheres in contact in the side-by-side and the
top-bottom configurations, as shown in the figures below. (4 points)

(b2) Find the electrostatic force of the conductor plate on the sphere that is in contact with
the plate. (3 points)

(b3) Find the restoring horizontal force between two spheres when the upper one in the
top-bottom configuration is displaced horizontally by a small distance da, as shown.
(3 points)

(b1) (b2) (b3)

Assume that under the applied electric field, all spheres form

continuous, straight, and single file thin columns between

the plates. According to your answers in (bl), do the O O
columns like to bunch together? Consider only the force 8 8 8
between adjacent spheres within a column, when the top O O O
plate is displaced by a small distance &%, the top sphere of
each column remains stick to the plate and is moved by the
same distance. As shown in the figure, each sphere in the
column below is then displaced uniformly relative to the one
just above. The bottom spheres remain fixed to the bottom
plate. Find the shear modulus 7. (4 points)
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Pan Pearl River Delta Physics Olympiad 2005
Jan. 29™, 2005
Morning Session Marking Scheme

Q1. Original Position of A (center) A (2 4a - 07 E: (0,0)---- (1 47)
Original Position of B (center) A B 4sH 0o & (L/2cos &,-L/2sin &) --- (1 53)
Center-of-mass of A+B remains fixed A+B [ E LA ---- (1 43)
Final Position of A (center) A &AL E : (L/2cos &,-LI2sin &) ---- (1 47)
Final Position of B (center) B [#] &z £¢HH 0 i B (0,0) ------ (17)

A
\ \ -
B final

Q2.
a.  According to the Boyle’s Law | FH L AH < 44 Ji 2,

P1V1 = P2V2

P. = p,gh+ P, =[(L000x9.8x 2x10%) +10°]Nm2---- (1 4})

—1.97x10" Nm 2 (1 4)
.
v, = Ve _197X107 sy g qg7me —emn (148

P, 10°
@)
b. Buoyant Force i% /7,
F=ApgV  Ap=p,-p (pu>>p,Ap=~p,)
For the tank £,
p= p\(}VO = (1'211)(()(_’;197) kgm™ =238.4kgm™ ---- (1 47)
h

E, = ApgV,h = (1000—243.21)(9.8)(10 ®)(2x10%)J =1.48x10*J --- (1 4})

For the bubble <,



Energy gained = buoyant force part % 1{ETh

P
porP = py oo =2 (p G+ Ry (1))
0 0

E, = [ Fdh

h PV
=[(ow —&(pwgh +P)g(— 22— )dh

WO+ P,
P gPV
= (" (L V)dh
= [ (Luoto anep )

—PV, In [PT’)Wgh]— LgV,h
0

=[(1.97 x10*) In[197] — (1.21)(9.8)(0.197) (2 x10%)]J
= (1.041x10° — 4247.3)J
=0.998x10°J - (1 43)

(if assume W% Ap ~ p,,, we have the following modification $4/173 1)

%o _ygp

= P, Inf o * 2u8y

0
= (1.97x10*) In[197]J
=1.041x10°J

3 (791)

c. For the tank 43,

Lo - E,
2E ) 4
_ 2B [2048x100) o g amst e (1 43)
oV, \(1.21)(0.197)
L - E,
2

5
_ [2E, _ [200998x10°) i 0o,
oV, | (1.21)(0.197)

-2-



5
V= 2(1.041x10°) _ 934.5ms™ ---- (2 43)
(1.21)(0.197)

I=Zmiri2=(0.5M+10(0.01M)r2+%MR2 letit  Rons1
i r

=(0.6+0.5n*)Mr?
L=1lw=(0.6+0.5n")Mar® (44})

b. L=mar® where M =(0.6+0.5n*)M and m=0.01IM
In the 1% throw, by the conservation of angular momentum, ¥ 7 —FA /5, HEZhE

RRE!
L=(M -—m)o,r’ +mr2(xsim9+a)1) - (2 %97)
r
L—-mvrsing
S0 =———
Mr
For the optimum angle to slow down,
=sin@=1=6=90°C
- (14)
L —mvr L mv, 1
> w, = = (=) ---- 153\
oMr2 Mr?r (M) (177)
(445

c. Forthe 2" stone %% —BiHTI5,
L, —mvr
w, = el
2 Mr2 ( )
where ' L =(M -m)w,r’ and M, =M -m
L mv,61 1

= ——(=+
Mr? r(M M —m

) = (1 4)

For the n" stone #5% n A T7/5,



L mvy 1
o, = B e ——
Mr?2  r SM—(i-1)m

L mver 1

— 2%
Mr2 r SM-(i-I)m 277)

Wy =

Q)

Q4. (a) KEFLE Lizs). BREAHER .G, N 0. - (150D
According to the Parallel Axis Theorem #5471 & 3,

1 1
=1, +M(R? == 12) = —ML? + Mh? - (24})
o+ M( 1 ) B

T=27| 1 where H.rh thRZ—ELZ
Mgh 4

1 gh
L U P
2 2
27\ h +%2 L
3t 4
(b) KA AR A IR 14 5119 At maximum angle the forces on the ends are
N £ N, respectively

2N'sin f=Mgcosé, =Mg(1—%0niax), - (D)

B2 2
Hrr wheresinﬁsRTlmL o

Mho’6,.,, =Mgéb,., —2Ncos B--- (2)

ANLsin g =1,0°0,,, --- (3)

Putting(3) into(2) one gets the same frequency as in (a) H(3)SF N . ¥ (3) /RN (2) A%
i, H(@mFE-.

KA KB PR 5 1) 1344 At level position both end forces are N’, angular speed is £f3i% &
N’ =Mgho> /1.

2N'sin 8 = Mg + Mho?® - (4)

Finally /573 a = ( +%)/sin 8.

__ 6
12+(L/h)?



Q5.

a.

 ~

E=E, %'  where ttf k==n
c

Leté\kzg(aﬂb) where i A=a+ib
c

aandbarereal, a 1 b A5z
_bwz . (az_)

. az .bz
L~ do(—+i—-t) —  io(—-t I\
E=EXe ¢ ¢ =Ege % °¢ - {17

if i k=2a,
C

E=Egge” ) WEARBEERTE — (140

if 41 k=%(a+ib),
WERE AR AR - (15

if a5 k:iw—b,

C

bwz

E=Ege © xe ' WIRBEMAEFETE - (15

e )

b. B=lVxE= _i(ikEoye“kZ-W‘))
1w

iw
K g 1)

bawz . (%,)

:%(a+ib)E0e°§/e'w e (14D

For complex k, 1 k &5 %

2bwz

(S) = Re(ExB") = - Re[~(a-ib)EZe © ]
Ho 2444 c
2bwz
-2 E2% ¢ (34D
244,C
$ (540



d<§> a a wa)EozefLZ’Z

4= dz :Zyoc c
2bwz
S A0 2T (2
HoC

ifaorb=0 2 a B b=0K q=0

Z:. i—’laZO /fE biOHTJ‘9 ?EZWE&E’%?%W’}E, {E[q:Oo
No. When a = 0 butb = 0, the wave amplitude changes but q=0. (2 %)



Sz Bk =AY AL e T 5E
FHETEE
Q6
(393) BE—: IEEEBERIE NYIETTTP AL E 0 SR - /N

(a)
GEHEZ > NILENENES -
HR T BB B SIEAT BT, NI EEEN, RS RE

Bx=. HREHY.
(b) MEREEWIZOF PR BRE—IEFIHER - - (193)
a=1-- (243)
H (353)
(¢) LB TIEonT > YIERAAI RS
w=2yr*—y* - (143)
= A R
_ Bwv P
| = - (143)
zﬂ . JAN
Hrv ™ (143)
a3 N R EHIAE FH T
F=Blw — (1%})
_ d’y
i@iﬂ?ﬁ%‘jﬂmdtz =F-mg --- (157)
g b BE:
d?y 4B? 2 oy =
dt2+mR(r y)dt+g—0 (143)
H(6453)
Q7

. , Vv . I
j=nev=ocE,--—- (143) E_W— (14)

FEze\\//VH,--- (155) F,=eB\-— (143)
EEIFE:FB v - (143)
Ba (141

Aok Y -B
\Y en

(649
(b) PRIKITA LI E e b, — R0 ETER . ¥ X rrasih Ty 77



97 =+, =0, fH jn %00 jon 267 FREEREET > TR R -

oF, _omgMv, _ongm oV _ o'nmV

Jy =k, = e e e new nWe?
MR T IR — A —4, HEER LG TIRGE - £ (6 43)
(c)
REBSEET - ARFEAY T T R AN e Ry T
Wb
T e
M =n m—m - (14)
" Wne?
H (353)
Q8
(@) 5
Al:
Surface charge density Hifa A% & o = Pcosd - (147)
E = P ><2><j‘d6?cosé?~stiné?-cosé?zfd¢=i - (24%7)
 4mg,R? 0 g 3g,
H (353)
AZ2:
E=E - =E- 16, — (24) WEE=—EF - (14)
° 3, ° 3 e+2 °
H (353)
A3:
B:(g—l)gog--- (145)
(e-D=
=3g,~—LE, - (1%}
%o e+2 ° (153)
—~ 4 _i= g-1—
=—7R*P =4 R® E
P o e+2 °
a=dme, R ST (141)
&E+2
H (353)
(b) #7r
B1.:



2 2
mE W=t 2 -

= —— 2 AN
dre, 2R «/4R2+d2] 327¢,R® (257)

2

p
E W =-— e (2 5
r 167z50R3 (253)
H (457)
B2: (FE{4% image charge) --- (143)
p2 oW 3p2
= y 07 1 4 F = — e 1 PN
1672:90R3 (173) O(2R) 327&90R4 (143)
H* (347)
B3 :
2 : L 1 3p2 2
) - - )=-— = X
4re, \/4R2+x2 \/(ZR—d)2+x2 \/(2R+d)2+x2 12872, R
e (14)
dw 3p2
F = — = & R 2 JAN
dx  647g,R° (253)
H+ (347)

() #a)  FEaHRFIn - GEENIE » SEEE=JOTREL » R E—HE © - (1 93)

AL gnR x [; S NERIEEET - ADm
AR 5 e (159)
fﬂR3 =
3 2R
2R
=0, o =F - (151)
Dot 9mg0 e-1,, Mg, e-1,, N
n=o = )()— o (E)E - (1)
St (459)
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Pan Pearl River Delta Physics Olympiad 2006
2006 FETHRIT =AY E
Part-1 #%-1
(9:00 am — 12:00 pm, 02-09-2006)

Q1 (8 points) FH 1 (8 43)

A meson is composed of two quarks with rather complicated interaction between them. To learn the
physics inside the meson high energy electrons are usually employed to collide inelastically with
the mesons. The process is very difficult to interpret, and to grasp the essential elements of it the
Parton model was developed. The model assumes that the incoming electron collides elastically
with only part of the meson, 1. e., with only one quark. The quark then passes its energy to its parent
meson. The essence of the model can be illustrated with the following drastically simplified model.
The electron of mass mi and kinetic energy E collides elastically with a quark of mass m2 in a
meson. The other quark has mass m3. The two quarks are connected by a weightless spring. Before
the collision the two quarks are at rest and the spring is at its natural length. All motions are along
one dimension only, and ignore all relativistic effects. Find the internal energy of the meson as
represented by the vibration energy of the spring, and the kinetic energy of the meson as a whole

after the collision.
Electron #&-F
(@)

Meson A+

I RIE S R R - M55 v 2 FIEYRH B 7F FI A SR - BHIE /0 AT 8 A S pe B8 B 2 (R o PR R A T
FRC R SRR EERY oA > RERE LT - A5 7 —RERb Ay ks A - HERRER |1
SRR (EEnE P —(ER550 ) (ERMERGE - MiERnyss e i aE /T NI B /E FICsE BRI & (EF
SEEEAE T - PRI EERE AT A TAY RE CAA SR A - — BB EE R m BIRE R £ B TR —(E55 e (8
B m2) {FRMERE - /TS —(ERE e AVE & R m3 - 55 vef Dl — e E S 58 AH A - R ATES SEe A LIRAR
SRR Y HAARIE - FrA EEHE 4T - RES— USSR UE © SRRLE & DB RN A ARA T EE
FOA 518 Fy—BEBGFT BARVBIRE -

Q2 (8 points) 7H2 (8 43)

A uniform iron pulley of total mass Mi and radius R is fixed above the ground. It can spin freely
about its center. Additional weights in the form of many small magnets with total mass M2 can be
attached to the pulley. A long thread is winding around its edge, and at its end hangs a weight of
mass M3 at height H from the ground that can be released suddenly. Assume that there is no slip
between the thread and the pulley. (a) How should the magnets be placed with circular symmetry on
the pulley such that the final speed of M3 is minimum when it reaches the ground? (b) Find the
minimum speed.

— R E R Ry My > B R [EEAEME BJ5 - M5dm el Dle 0 E i) - SSAMEE R M2 I9EF2 /N
IR PR b - —RAMESEETIRES - SumiE—EE R Ma /NES > BEtS SR H - AR
FOHE) - () NSRS E B AR B R o i A0 b A RE(E/ NEE SR I G 1% B I I Y 2R R die N 2 (b) 3K
L
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Q3 (10 points) & 3 (10 43)
A cylindrical vessel of radius R is filled with water (density p) up to height H.

(a) Calculate the force of water exerting on a narrow vertical strip of width d (<< R < H) of the
cylinder wall. (3 points)

(b) The vessel is then placed on a platform spinning at angular speed @ (<,/gh/R). The rotation

axis coincides with the central axis of the vessel. The water spins at the same angular speed as the
platform. Find the shape of the water surface, and the extra force of water exerting on the strip due
to spinning. (g is the gravity acceleration.) (7 points)

B

AR
R
1
%
}]

—ERAEREE R R SRR H K (BERP) -

(a) RAMEEE E—RER d (S<R < H) NEERIET - (G 97)

(b) BAEBEIAE AR @ (<\/g_H /R) g b EEEE AP OMES o KEE e - K
KRR ZK S 8 L A PN i 7 ARAV I IR T © (g RsEEJTMIERSEE ) (7 43)

Q4 (12 points) & 4 (12 53)
A cylinder of fixed volume V is partitioned into left and right compartments separated by a movable
piston of negligible mass. The left and right compartments are filled with »#, and n, moles of the

same ideal gas, respectively, at initial temperatures 7, and 7.

a) What are the volumes of the left and right compartments V, and V, initially when the
system is at equilibrium? (2 points)
b) Suppose heat can be exchanged between the two compartments but there is no heat exchange
: . oL A
between the cylinder and outside world. The amount of heat flow per unit time %

from left to right compartment is proportional to the temperature difference between the two

. A : .

compartments, i.e. % =k(T, —T,). Find the temperature difference, 7, -7, as a
t

function of time. (8 points)
c) Find outhow ¥V, and V, changes with time. (2 points)

—BEERER VAR E T E R AR FNEOEZENR - £ BRESRTA N, - ny, EEVER
FEaRkT, ~ TR -

a) SRV AR VY, Ve - 29

ASQ?LA»R

b) B~ EREZME A LMERSGR - (HESNUEEE AR - BT A E A SR BRI R
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A
FERCIEEE - Eﬂ% = (T, = Ty) « R T, — Ty, SR04 - (8 4)
O KV, VB G - 2 5)

Q5 (12 points) & 5 (12 4)

A planar boundary at y = 0 separates two non-magnetic media with refractive indices 71 (real) and

n2 (can be complex). An electromagnetic wave E, = E,%,e'“ " is incident onto the boundary,

and its reflected wave and transmitted wave are given by E, = E,%,e' ™" and E, = E %,e"" ",

respectively.

(a) Use the boundary conditions of electric and magnetic fields to find r=E /E, and
tr=E, /E, interms of n and n2. (8 points)

(b) Forni =1, n2=2.0i, wherei=+/—1, find the reflection R=| 7 |*. (1 points)

(¢) Formi=1,n2=1.0+ 2.0i, find the phase shift of the reflected wave relative to the incidence
wave. (3 points)

Boundary

ni n2

—firity = 0 WIFEIILE - A5 FIRITHEE m (FE) - n2 (TERBONIERMENE - —RLE
E, = E %" " g/ - HE5HE R Ey = E,%,e" 70 mahi s By = E X0

(a) FIFIERUBMEBFEN  Sitir=E, /E,, tr=E,/E, - (RIVEZERE m Al m - 8 5)
b) # m=1,m=2.0i 8, Hpi=v—1, KREER=r[* - (14)
(©) # m=1,n=1.0+2.0i B, REZHRHET AFDEAIRATE - 3 5)
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Pan Pearl River Delta Physics Olympiad 2006
2006 FEIZTERIT = A YRR
Part-2 #%-2
(2:00 pm — 5:00 pm, 02-09-2006)

Q6 FE 6 Casmir Effect R KEEE
(13 points 13 43)

Part-A  What is the pressure of ideal gases when the temperature goes to absolute zero? (2 points)

Part-B  Casmir proposed in the 1950’s that vacuum is actually filled with virtual electromagnetic
waves, and the energies stored in the vacuum produces an observable force between two parallel
metallic plates separated by distance d. The electromagnetic energy stored between the plates is

given in Quantum Mechanics by £ = 1 Y E ,where E =hck,, cis the velocity of lightand 7# isa
n<p

fundamental constant called Planck’s constant, p (>> 1) is a large number that depends on the

material properties of the plates. k,=27/4,, where A is the wavelength of a standing

electromagnetic wave that fits into the space between the plates.

(a) Assume that the waves take the form ofsink, x , what are the possible values of k, such that

at the plate surfaces x = 0 and x = d the standing waves vanish? (2 points)

(b) Show that the vacuum electromagnetic force is of the forma/d*. What is the constant a? (5
points)

(c) What is the force due to the vacuum electromagnetic waves outside the two plates? (2 point)

(d) Find the amplitude of the force when d = 1.0 mm. (Hint: If you cannot get a in (b), use
dimensional analysis to estimate its order of magnitude.) (2 points)

(h=1.05x10""* (Joulessecond); p = 2000 ;c=3.0x10° m/s.)

(A) EBEERRBAVEEEBN TR - HESAZD 22 57)

(B) RASKETE 50 FAFRL - E22 T HE RN T e B - CrFrE AR aH—SHHiRIERE R d (9%
1

BRI - IRIBET D& WIRRHIEANERR E =5 2E,, HPE, =hck,,c FEZEHE I Ky

n<p

WEATTH L p > DIRERANE - AISBIROMRIEEER - k, =27/4,, Hb A SafERiR > R
BRI & -
(a) YEREHHIIEE AL sink, x BN ERIRE x =0 F1 x = d 0N - Sk k, AR
{8 - (247)
(b) BHEZ=BHNERE a/d’ BRI TKER a - (G5
(©) HRINBIELZEBRIIH B0 2 4Y)
@) kEd=1.0 mm B EE o G MRICZETE (b) #55kE a » (RETHE@SHRES I
KN ) (2 43)

(h=1.05x10"* (EZE.F0); p=2000 : ¢ =3.0x10° m/s.)
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Q7 RH 7 Electric Current Driven Magnetic Domain Movement 257 BRE) LIS E )
(15 points 15 47)

Electrons and some atoms have permanent angular momentum called spins (S) that are fixed in
amplitude while their directions can be changed by an external torque. Associated with the spins are

the magnetic moments that make them as individual magnetic dipolesm = ,uBg, where u, is a

constant called magneton. For simplicity, we assume that the electrons and the atoms here have the
same spin amplitude S and magneton.

(a)

(b)
(c)

Refer to Figure-A below. Dipole-A is at 7 =0 and alongZz,, and Dipole-B is at7 = ax, and
along y, . Find the torque of Dipole-A on Dipole-B. (3 points)

Find the direction of Dipole-B after a short time A¢, assuming that the direction of Dipole-A
remains unchanged. (5 points)

Figure-B is a schematic of a magnetic domain in (xo, xo + 2b) that contains many atoms
(Dipole-B’s). The directions of the dipoles are pointed in an ordered fashion, as shown.
Dipole-B’s are at the fixed sites of equal distance along the x--axis (within the space of 2b
there are 10* dipole-B’s). An electron (Dipole-A) flies by and its action on the Dipole-B is the
same as your answer in (b). Figure-C shows the initial angular profile of the dipoles. The
dipoles at xo + b are along ), the dipoles at x< xo are along —X,, and that at x > xo + 2b are

along x,. Dipoles along —X, can no longer rotate. Dipoles along X, cannot rotate either,

except for the ones close to the domain edge which can rotate freely as the ones pointing in
other directions. Given the electric current carried by the electrons as /, find the speed of the
movement of the domain center when the current is just turned on. (Take the electron charge e
as known) (5 points)

(d) Find the time it takes for the whole domain to pass the xo + 25 point. (2 points)
(Hint: Magnetic field B(7) at position 7 due to a magnetic dipole i at coordinate origin is given by
B(F)= 4’”03 [3(’% -2r)r - nﬁ} . Torque N of magnetic field B on a dipolen is N = i x B.)
r r
i Angle £ ¥
180°] —
) \
e 0°
I = "X ' ] o
Figure-A Figure-B X Xo+ 2b
Figure-C

BN R T B i B B & E A B &

P HAVNEAERY > BU5 RSN o B e HIE

S
BRAERE T 1 = p1,S | Hoop gy B o BRREEE - FRIPHERR T TR T I ERIRA (T4 -

(a) SR LE-A - WG F-AEr =05 S8 Z, » BUEET-BAEF = axX, » )51 Y, o KEGEMmT-A

(b)
(c)

¥ EMR-B 1Y% - (3 43)

R R R T--A YT [AEE » SR 7RI AL 1% > FEEERT-B #7571 (5 43)

B fE A E—(EE(x0, X0 + 2b)ZEMENEH RS R (REEGT-B)IIHE  MAEHET-B ST

x--lifl FAYEEEIEAIE - EM R EARET - (fF 2b RENTEA 10* (EHEET-B) - —

B AT A RS - EHEERERRT-B AYEIAIO)E 2 HVEZEHE o RE-C RyBaiGHT L i1

FH RS - AE X0+ b BYREERR T v, 518 > FE X = X0 + 2b BYRLEAGR T X, J51E > 7 X< xo AIREE

TR — X J71] o 35 — X BIREAEAR TR AL Pl » Ik X, ARG TR T SR s G AR L DML AR
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BEMEE) o 5 e A 5 R AT RN S 1 T — BEBEAYIE X, BVRES ST 7T B ehigE) - 48 BT HYER
Fo 1> SREFRMIBHAGIF AR T LAV - (EETER e HKERD (5 53)
(d) SRE(ERIEEE X0 + 2b BEFFFRAVESRT - (2 4)

(T 167 B R ST i R 5 B(F) =

3(m-F)r . P s oy
4%3[m20rﬂ40E@%3%m%
r r

i m 2 5EN B N =mxB -)

Q8 Force between a conductor sphere and a conductor plane ZEE5ER BHZERERT ~ [EIHY 1]
(22 points 22 473)

The uniqueness theorem of the theory of electric field ensures that virtual charges could be placed
outside the closed space where the electric field is to be determined to mimic the real boundary
conditions. For example, in Figure-A below, to find the electric field when a point charge ¢ is
placed in front of a large planar conductor at zero potential, a virtual, or ‘image’ charge -¢ is placed
at the mirror-image position so that the combined contribution of the two charges is to make the
potential everywhere on the plane zero. The force on ¢ by the plane is then the same as the force by
the image charge.

Part-A

Consider the force of a conductor sphere of radius R held at zero potential on a point charge ¢ at a
distance d (> R) from the sphere center. The image charge ¢’ should be inside the sphere (outside
the space outside the sphere) and on the line joining the sphere center and ¢, as shown in Figure-B.
The combined contribution of ¢ and ¢’ is to make the potential everywhere on the sphere surface
zero. Find the position and the value of ¢ . (4 points)

Part-B

As shown in Figure-C, a problem often encountered in atomic force microscopy is to determine the
force of the sample on the probe tip, which is a conductor sphere of radius R held at electric
potential V" at distance Ao from a large conducting sample surface at zero potential. In the following
we will apply the ‘image charge’ method step by step to find the force.

(a) We start by putting a point charge qo inside the sphere such that the sphere surface is an
equal-potential one with voltage V, while ignoring the effect of the conductor plate.
Determine go in terms of /" and R. (1 point)

(b) Determine the value and position (/1) of the image charge of go and call it g1, such that the
combined contribution of them is to make the sample surface a zero-potential plane. (2 points)

(c) The presence of g1 now makes the conductor sphere surface no longer equal-potential. Put
another point charge ¢2 inside the sphere such that the combined effect of go, g1and g2 is to
make the potential on the sphere surface equal to 7 again. Determine g2 and its position A2. (2
points)

(d) Repeat (b) to determine the image charge g3 of g2, and repeat (c) to find the image charge g4
of g3. Derive the general expression between /2n and howm+1), g2n and gam+1), and gant1 and
gy, n=0,1,2... (3 points)

(e) Derive the total force of the sample on the sphere in_the form of a summation over an
infinite series. (2 points)

(f) Suppose the force in (e) is 1.1 x 10> N whenV = Vo, R=1.0 x 108 m, and o = 5.0 x
10" m, find the force when V' =2Vo, R=1.0 m, and 4o = 5.0 m. (4 points)

(g) Given R/ho = 1/51, to determine the force in (e) up to ~1% accuracy, what are the terms that
should be kept? (2 points)

(h) Estimate the order of magnitude of the relative error caused by the terms neglected in (g). (2
points)

Pan Pearl River Delta Physics Olympiad ;%% = faYBEEgE 2006




(C )=

(A) (B)

q1

©)

F RS E— e T —PAS 2= AN — R R iy o M 2R EE AR AR R B 3598 FR R > LA
(ERHPAG ZEFARES/ Y - WE-A Fs - — Bl ¢ BUEZEEAREE VEAT > RKEY - (DU E
R — B Ei-q - WERNYSESEFEESIARE o SFEE g (IIER-9 ¥ q 8977 -

(A)
M5B8 Ry R (VB BRI MR ORERE Ry d (> R) EVBEEETT q 09JRIRRE - A10E-B AR > g
HISRRERT ¢ FERRSEE (BRDUSMERIEISNE) SR g AR I - g W1 ¢° B EESEIRMA LIRgEsh /% -
Kq NEFLE - (457)

(B)
WE-C FrR - R I8 AR RS S E B T R ] - Rt iR — R R BER V
AVERGER  BEE B RIAERER ho - BRAnEBRE o TEHEMF ARG ER A PP HIE I RaOR T -

() &Eo ERSAAE > I—HBEERT Qo EERL « SKREFERERVESA R VI qofIfE - (1 43)

(b) go MIEHYERGEESRT g1 WAFRESLAVRAIEEES HZE - K q1 (VEFRME - 2 57)

() qi VHIREERSERE R PRS2 H - TERREE RBERT g2 0 (1 qo, g1 1 q2 WV EESGEIKEIER F
Ve Xk qeyERME h2 o 2457)

(d) E=# (b) K ISR ER g3, TE (c) K g3 (EHEER qa © ZH hon B hoen), g2n 81 @21y LA
e qanr1 L oyl ZFERT— MR . n=10,1,2... 3 4D)

(e) KiRSBIERNS] - BHETTUMBEBAENTRERE - 2 597)

O B V=Vo,R=1.0 x 10%m, ho=5.0 x 10° m i a8k 1.1 x 102N, k& vV
=2Vo, R=1.0m, and ho = 5.0 m #4947 - (4 53)

(g) THIR/ho=1/51 > WFRFH ()M EZAGTE IR T EIRLY 1%AVEHER > FREAREWAIE 2 2 47)

(h) flist(e)H RIZEE ELARIEFTS LAV E RNV - 2 57)

END 5
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Pan Pearl River Delta Physics Olympiad 2006
Note to graders:

e [f the final answer is correct and there are sufficient steps to show the process, give full
marks.

e If the final answer is wrong, find the step(s) where mistakes are made and deduct points
there only. No repeat deduction of points for wrong answers being used for further steps.
This is the principle of error non-progressiveness which we follow here.

Q1 (8 points)
4m1m22
(m, +m1)2(m3 +m,)

4m,m,m;,

Kinetic energy of meson E, =

Internal energy of meson E, = >
(my +m,)"(m; +m,)

Suggested steps:

(1) Use energy and momentum conservation to obtain the speed of m: after collision with mi.

v, = 2miE (2 points)
(my +m,)

The problem then becomes a pair of weights connected by a spring, with one mass suddenly
acquires velocity.

(2) Find the center-of-mass speed V. of mz-ms system (ms3 is still at rest right after collision). The
kinetic energy Ex of the mx+m3 system is then (m2+m3)/2 times the square of V. (3 points)

(3) The 'internal energy' Ei can then be found using energy conservation, counting both the meson
and the electron after collision, or just counting the energy mo> has after collision. (3 points)

Q2 (8 points) When the moment of inertia of the pulley is the largest, which means putting mass
along the edge. Then use energy conservation that the initial potential energy is equal to the kinetic
energy of mass ms3 and that of the pulley. (2 points)

Moment of inertia [ = %M \R*+M,R*> (2 points)

v=Rw (1 points)

M, gh= %Ia)2 +%M3v2 (2 points)
4M . gh )
V= 38 (1 points)
M, +2M, +2M,

Q3 (10 points)
(a) Pressure is proportional to depth, and the total force is found by integrating the entire depth. The
force acting on the strip is

P = pgh (1 point)

H 1 2 .
F=[Pd4=d jo pghdh = pgdH® (2 points)



(b)
Step-1 Find the shape of the liquid surface (2 points)

Method-1: In the rotating reference frame the inertia force is @’r, and the associated potential is

U= %a)2 r*. The liquid surface is an equal-potential surface, and the gravitation potential is gh. So
. . . 1
the shape is a rotating parabola determined by gh + Ea)zr2 = constant.

Method-2: The slope of the surface ? should be such that normal force should balance the gravity
r

in the vertical direction, and give the concentric force for @’» in the horizontal direction. That leads

to the same answer as Method-1.
Method-3
F,= pA= AW, =-PAV where AV =2mrArAh

F. =ma’r = AW, = ma’rAr where m = 27zphrAr
AW, =Y AW, =0 0
= 2aphrAr)w*rAr = pgh(2mrArAh)
dh Ah o
3 ~ —

—_ =—7
dr Ar g
2
:h:;)—rz +C where C is a constant. ()
g

Step-2 Determine C (2 points)
Consider the Volume during rotation,

R 2
27[_[0 hrdr = 7R H

2
21 [ (Z-r* + Oydr = iR’ H
0 2g

2p2
:C:H—WR
4g
2 2
[h:a)_(,,z_R_)_,_H} )
2g 2
2p2
For r=R, h:a)R + H (1 point)
2 p2
Fret pea (R mry (1 point)
2 4g

The Amount of Extra Force is

2p2 2p2
AF=F'—F=lpgd o R H+(wR ) (1 point)
2 2g 4g

Q4 (12 points)
a) Use the ideal gas law,

(n,T, +n,Ty)

P:R#, V=V, +V; V, (2 points)
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b) Energy conservation c=n,T,(0)+n,T,(0)=n,T,(t)+n,T,(t) (1) (1 point)
and 0=n,dT, +n,dT, (1a)
Equal pressure leads to n, T, (£)V,(¢) = n, T, (t)V, (¢) (2) (1 point)
dT, N dv, _ dT, N dv,
T,() Ve®) T V,(0)

Heat transfer plus work done due to expansion

k(T, (1)~ T, (t))dt = dQ = —%RdTL —P(t)dV, = —%RdTL —n,RT,(t) ;WL

L

(2a)

(3) (1 point)
Finally we have V =V, (t)+V,(¢) 4)
From Egs. (1), (2) and (4) we get n, RT, (t);’—%) =n,RdT, (%) (1 point)

Also from Eq. (1a) d(7,(t)-T,(¢))=(1+ n—R)dTL (6) (1 point)
n,
Put Egs. (5) and (6) into Eq. (3) 0 —Ta) __2k (L

1
d 5 +_j(TL_TR)=_ﬂ(TL_TR) (2

ng, ng
points)

Where g = ?—]l:[L + ij ,and (T, ()= T,(t)) = (T, (0)—T,(0)e™”". (2 points)

n,  Ng
c) Find outhow ¥V, and V, changes with time.

The conservation of energy supplies another equation

Using Eq. (1)
Ty(t) = — (1, T, (0)(1 = ™) 4 Ty (O)(ny + ™)),

nprn

(1 point)

T, (1) = (1T ()1 = ™)+ T, (0)(n, +npe™))

nprng

nL(R)TL(R)(t)
(n,T,(2) + np T (1))

and V), , = (1 point)

Q5 (12 points)
(a) The E-fields in medium-1 and -2 are E, =E, +E,, E,=E, (I point)
wB=kxE,with k =kp, (1 point)
B, = E(EO —E, )z, e (1 point)
@

B, =5E,zoe"“‘zy-a’” (1 point)
10
Using the boundary conditions E| = E!', B/ =B! aty=0, (1 point)
Dispersion relation k& = @, (1 point)
c

one gets £, —E, =E,,and En —E,n =E.n,, (1 point)



—-n, 2n,

Solving the equations, one obtains » = T t= (1 point).
n, +n, n, +n,
(b) R=1 (1 point)
(c) Use (a) and find the phase of » with the given n1 and n2. r = 1% (2 point),
Phase shift =45° (1 point).
Q6 (13 points)
Part-A  PV=nRT so the pressure goes to zero. (2 points)
Part-B
(a) k,d =2mm , where n are integers. (2 points)
nhe
b) E=— k:— =——n(n-1)="=——n". (2 points
®) 2217 a5 Zd( V2 G pomt)
OE 7hc

The force is given by F =——= n*. (2 points)

od ~ 2d°
The system energy decreases with increasing d so the force is pushing outwards. (1 point)
(¢) Outside we have d =o (1 point), so F = 0 (1 point)

(1.05x107* Js)(3x10° ms™")72[2000(2000 —1)] 1

(d) F= 2 (X107 m)? =9.89x107"* Nm” . (2 points)
Q7 (15 points) o AS
(a) The torque is 7= 4'23 m,Xm, = —%fo which is
perpendicular to 1, (3 points) S
(b) The torque causes S 5 to spin within the x-y plane, (2 points)
and the angular speed is given by 7=Sw. (2 point)
Hy

w1, SAt (1 point)

3

The angle of the y-axisis A8 = wAt = i

_ _ Angle I
(c) Find how many electrons should pass to cause a particular

spin to rotation from 90° - 4@ to 90°and from € find 180°]

position of the spin. (iAé’)dt =df = %dx (3 points)
e

Oo |

> x
_dx 200 o bIuZSAt (2 points) %o X +2b
dt e 2er”a Figure-C
2 3
(d) t=2b/v= 46# . (2 points)
Mol SAL

Q8 (22 points)

Part-A
Place a point charge ¢’ at distance x from the center, which is at a distance  from a point on the
sphere surface. The distance of this point to charge ¢ is L.

Then L’ =R*+d’ —2Rdcosf (1)
r* =R’ +x>—=2RxcosO (2)
(1 point)




5

Zero potential on sphere surface => — = -4 (3) (1 point)
r

~

Putting Eq. (1) and (2) into (3) leads to

q° (R* +d* —2Rd cosf) = q*(R* + x* —2Rxcos 0) 4)
Equation (4) must be true for all angle 0, so

g (R*+d*)=q*(R* +x?) (5) and

q'"> Rd cos@ = q*>Rxcos 0 (6)

Solving Eq. (5) and (6), we get two sets of solutions.

Solution-1: x = d and ¢’ = —q. Not the right one because ¢’ ends up outside the sphere.
Solution-2: ¢’ = —qR/d, and x = R*/d < R. Correct. (2 points)

Part-B

(a) g, =4ns,RV (1 point)

(b) —go and at a distance /o on the other side of the plane. (2 points)

(c) The contribution of g1 and g2 is to make the sphere surface zero potential. The answer in Part-A

R’ R
can be used here. h, =h, ——, =— 2 points
2 0 hy +hy 9, 20 g9, 2p )
Dh =k R’ . R : B .
(d) 2(n+1) — o _ho'"—hzn , (1 point) 91y _man , (1 point) ¢q,,., =—q,, (1 point)

_1 o0 o0
Z quQZn

(e) Sum over all charges on both sides of the plane. F = > (2 points)
472'80 m=0 n=0(h2m + th)

(f) Using (a) and (d), define k,=h,/R,

h 1
ky, =—U (1 point
2(n+1) R 0 ko Tk, (Ip )
q —;q = 1 1 1 q, (1 point)
2n ky+ky, o D k0+k2(n—1) k0+k2(n,2) k0+k2(n—3) ’
© ® 1 1 1

Using (e) F =—-4ne V> =4z Vie(k,). (1 point

g VB By + k) (g + ) (s + 5 o7 gk - (1 point

The force is proportional to ¥, and depend only on the ratio of ko=R/ho. So the answer is 4.4 x

102 N. (1 point)

(g) Since all the image charges above the surface must be inside the spheres, the distance between
any charge outside the sample and those inside should be large than 2(4, —R). Then

hy+h,, , >2(hy—R) . Solq,, |Zho"‘% |92 ’<ﬁ |92, ‘:ﬁ
the n =1 terms should be kept. (1 point)
The total force is the sum of gqogqi, qog3, and g¢2q1, or (01), (03), and (12) for short.
me, V'’
517

|42,2 |, and only

F=-

1
1+—). 1 point
( 51) (1 point)
R 2
(h) The terms in the expansion that are of the order of [ﬂ} =(107%)* are (05), (23), (41),
.

-4 -4 -4
- 47:501/2{10 2 10 10 1

| F 2
(50)

error

2 2 + 2
4 A1/ ky+1/k)" 4/ k +1/ky)
So the relative error is at most 3x 10, (2 points)

} 376,107



What are left in (g) in the force calculation is

10 10 10 © 1 R e
+2 X ( )

|F 2 + 2 + 2 2
4h2 " A(hy+hy) A(hy +hg) a2 (hy, +hy) 20k~ R)

error

< 47Z£OV{

3 © 0 1 R
<4me V107 ———+ "
o [4(/10—13)2 25 n -2k 20 —-R) }
1

1 = 1.,Y
<A4re V10— (3+ —)" | 23zg, V10—
e, ( (Z( ) J & (h, — R)’

A(h,—R)> % 100

So the relative error is at most 3x 10,
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2007 FIZER=FA K h EAR YR B R E
Part-1 (Total 7 Problems) #%-1 (F£78H)
(9:30 am — 12:30 pm, 02-26-2007)

Q.1 (3 points) FE 1 (343)

An airplane is initially rising up at speed vo at an angle @to the horizon. Find the trajectory of
the plane such that weightless condition can be achieved in the plane.

—ZRIRAE USSP IR O AR ZRE vo BT o SRR DU TEEERAVENBIRT T - RERETREHE
EVIRRPE N R EIRRE

Q.2 (6 points) F 2 (647) <«
m

As shown, two identical weights are fixed on the two ends of a uniform

rigid rod of length L. The upper weight is restricted to move on a smooth

horizontal rail and the rod is free to swing along the rail. The masses of

the weights and the rod are equal. Find the small angle vibration m

frequency of the system. N—=

SRR - WEEE R m AVESR T BIEEE—IREE R L EE R m FY T il - &
I BT LSO B BRI T » FF RTS8 ] i) - SRE(E 250/
FEIRENIER

Q.3 (6 points) FH 3 (643)

0]
(a) A disc shaped medium block of radius R and
thickness d (<< R) is uniformly magnetized with
magnetization M perpendicular to the disc plane. i \
(b)

Find the magnetic field at point-O on the central
axis of the disk and at a distance % from the cavity
center. ()

—IER R LRy d (<< RMENE S SR ENE » BRI R M - AR
M o SKIENE BB PO BERE R A (S O (R -

(b) A long and thin cylindrical medium is uniformly magnetized with magnetization M
along the cylinder long axis. Find the magnetic field inside and outside the medium.

— YRR A [ SR RESRE R M - SRAVEEE ~ SNBSS -
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Q.4 (5 points) fH4 (543)

A large flat dielectric slab of thickness d and dielectric constant & y
is moving along the x-direction at speed v. Its large surface plane E
is perpendicular to the y-axis. A magnetic field of strength B is

applied along the z-direction. Find the surface bound charge
density on the two large surfaces of the slab, and the electric field
in the slab.

—MEERERy d > IrEE By e FASPARLURRE v i X-J7 (RS - EHYFRE S Y-
HZJ5 ﬁbﬂﬁﬁ%%B KPR R AR A - AR -

Q.5 (10 points) 5 (1043)

The space between two concentric conductor spherical shells of radii R1 and R3 is filled with
two types of media. The dielectric constant and the conductivity of medium-1 and medium-2
are €1, o1 and €2, o2, respectively. The voltage difference between the two shells is V0.

(a) Incase-A, the media form two concentric shells with the conductor shells, and the
radius of the boundary between the two media is R2. Find the following: (i) total
current from the inner shell to the outer shell; (ii) total free charge on the two
conductor shells and on the boundary between the two media.

(b) In case-B, medium-1 fills the upper hemisphere and medium-2 fills the other half. Find
the following: (i) total current from the inner shell to the outer shell; (ii) total free
charge on the upper and lower halves of the two conductor shells.

Case-A Case-B

WEFTR > WAL B R Rifil Ry Y[R E R BRRR 2 M e R 1 WS ME - KR [
B Voo /VE 1M 2 N EEBHRIEERITH R 1, 01 fl e2, 02

()  WATESME R BRI ERERRRE LHYERRR - HFRHR-FE R ReAYBRTHE » (1) SKIWEEEER
FRIEHIARERIA ¢ (i) KB ERR LU i 1 1E Z [T 5 T LAY BT -

(b) IME- lfﬁﬁ?ﬁjﬁﬁﬁﬁ% TYE-2 IS FREY © () KB EEBRRR RV ¢ (i)
KB BB~ MEBTHIERLT
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Q.6 (12 points) FH 6 (1243)

(a) Assume that atmosphere is made of diatom ideal gas in adiabatic equilibrium. Determine
air pressure P, temperature 7 and density p as a function of altitude 4, provided that their
values at 4 = 0 are known. (Hint: Set up a differential equation for a thin layer of air at

x*"", where a #1 is a constant.) (6 points)

some altitude. [x“dx =
a+1

(2) KSR AIERAEECPH YR T EGR RS - SRZ25ABER P~ O TR pfE Rsie)
& h kg REETHE h=0mIERTDH - (Fr + HEsE— @Rkt

ISR o [x“dx = — s axl) (64)
o+

(b) When the partial pressure of water vapor in air exceeds the saturated water vapor pressure
(Ps) at a given temperature, the water vapor will condense into droplets which fall down
as rain. Ps=55.35 mmHg at 40°C, and Ps = 6.50 mmHg at 5 °C. The air/vapor mixture
can be considered as diatom ideal gas and the mass of a water molecule is approximately
the same as an ‘air’ molecule. In the humid air at sea level at 40°C the water vapor partial
pressure is 90 % of Ps. The density of air is po = 1.18 kg m™ at 20 °C and 1.0 atm. The
humid air then rises adiabatically to an altitude where the temperature is 5 °C. Ignore air
pressure change due to the reduction of water vapor.

(b1) How much rain can one cubic meter of the humid air at sea level generate? (5 points)
(b2) Use the results in (a), find the altitude where the temperature is 5 °C. (1 point)

(b) & 22 R /KRR BRI A ORI T BV BERIKZR SR (P > 7K 78S BE T B
BECRER o T 40°C B Ps=55.35 mmHg > 5 °C B Ps = 6.50 mmHg - ZER/7KFE5,
HUEEYITEFRE R FHERE - Ko TiWEEAUER ZER HTHEER -
40°C IR ERVEDRZZ AT » /KZRR ST ERRE PsHY 90 % o ELA1 20 °CHf > 1 {EK
SRR T Y22 RS po = 1.18 kg m™ o Z2WE F A 7K ZE IS AR D BB SRBR 5% - s
RIERER AR —EE - ZERER S5 °C -

(bl) —IrJ5oRiE VI ERYRTRZE BAESE A2/ VRl 2 (5 77)
(b2) M (a) HYEER » SRORER S °ClmiEE » (157)
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Q7 (8 points) RH 7 (8473)

(1)
(ii)

(iii)

(iv)

)

(@)

(ii)

(iii)

(iv)

)

Find the torque on an electric dipole p in a uniform electric field £ . (1 point)

A medium is uniformed polarized with polarization P by an electric field £ . Find
the torque per volume on the medium exerted by the electric field. (1 point)

. o~ = | =\ ilkz—ar) . . .
An electromagnetic wave E= Eo (XO + yo)e’( ) is propagating along the z-axis
in an isotropic medium. In such medium the relation between the electric
displacement Dand E is given by D = gogE , so D and E are always pointing in the

same direction. Find the torque per volume on the medium exerted by the
electromagnetic wave. (1 point)

I~ = ikz = ikyz\ —iwt
An electromagnetic wave E= Eo (xoe B o N e s propagating
along the z-axis in an anisotropic medium. In such medium the electric
o = ikz = ikyz\ —iwt - -
displacement is D= 50E0 (5xxoe o+ €, )ve e , 50 D is not parallel to E .

Note that &, = 2\/5 andk, = Q\/g , where c is the speed of light in vacuum.
c

c
Find the time-averaged (over one period) torque per volume on the medium exerted
by the electromagnetic wave. (3 points)

Following (iv), find the time-averaged total torque on a section of cylindrical
shaped medium of unit cross section area with its long axis along the z-direction
from z = 0 to z = d, and the smallest value of d at which the total torque is
maximum. (2 points)

Sk EERET p 2 E P2 R4 - (14)

B VEEEE E Al o LR R P o SREM R E S ES T2
%R © (14Y)

&AM ET > B E = E) (X, + 5,)e" ) 5l 2 {sE - 1%
VB PEMBERDRIES E (NFIRHE D =s,6E » HAL Dl E 427 H
—J71] o SRELA R/ VR BN PRI T4 - (1 4Y)

ik z

ti— B e - B E = Ey (%€ + 5,e)e ™ s o
& - e E P Eis s D = 6,E, (6,5, +£,5,e")e™ . gyt
DRI ERPAT - 88k =\, by ="k, > c REZEPRIE - KW
W AT BN P EI— (R T - 3 5)

8 Giv). SR BT 28 B R A BT 2= 0 5 2 = d )
5 P — B T 14 - DU 5 AR AR dBVEIME - (243)

THE END 5&
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Pan Pearl River Delta Physics Olympiad 2007
2007 EZR=FA R P LRV RN IC B
Part-2 (Total 3 Problems) %&-2 (3£ 3&H)
(2:30 pm — 5:30 pm, 02-26-2007)

Q1 Folded Space (6 points) & 1 &#EAYZERE] (643)

(a)

(b)

(©)

(b)

(©)

Consider a one-dimensional standing electromagnetic wave
in the form of E(x) = 4sin(k x) along the x-direction

confined within the space between x = 0 and x = a. The S
wave must vanish at these two end points. Find the allowed 4
values of k. (1 point) X

The String Theory predicts that our space is more than
three-dimension, and the additional hidden dimensions are
folded up like the dimension y on the surface of a thin
cylinder shown in the figure. Suppose the radius of the
cylinder is b (<< a), and the electromagnetic wave on the
surface now takes the form E(x, y) = 4sin(k x)cos(k,y) ,

where y is the coordinate of the folded space around the
cylinder. Find the allowed values of &y. (3 points)

hc
The photon energy is given by W = — k> + k> , and hc = 1239 (eV x nanometer),
p gyisg yw=— Vi +k, ( )

where eV stands for electron volt and 1 nanometer is 10" meters. The highest energy
photons human can make so far is about 1.0 x 10'% eV. If this is sufficient to create a
photon in the folded space, what should be the value of 5?7 (2 points)

—ERMAEES E(x) = Asin(k,x) £ x- 5 RIPRAIE x =0 .=
Mx=a ZfH o FEMEHREEZEERR K © oK kHTATHE X
H-(1757)

57 e B ZE ] T =4 - 2 R e AT 52
MEFERZRE s TR > fE o y AR - 5%

[EIFERYHEEE b (<< a), 1EEIFE A EERORHITE R Ry

E(x,y) = Asin(k x)cos(k,y) + Hrft y SEEEFEIHTEZE .,

A ARAE o 3K by AV TTREME © (3 47) - I/—‘X

TTRERW =§—c K2 +k2 , Hrp he = 1239 (eV x nm) » eV For: 1 EF-(RE, 1 nm 2
T

1A 1073k o B FT ASHEEAE LR R SR AL T R4UM 1.0 x 102 eV o WIS ZFE AR
S AE—(E T B ZE R T b BIE MR (TR 7 (2 57)
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Q2 Atomic Force Microscope (AFM) in thermal noise (22 points)
R 2 FUREE TR JIRERLER (22 47)

(1) An AFM is modeled as a uniform rigid rod of length / and
mass m1 with a point mass m2 on one end (the tip), and the

other end is fixed at point O around which the rod is free :I: Roceasessrersrr™— O
to rotate. A spring of force constant K is attached to the tip.
Find the resonant frequency ao of the AFM. (4 points) F(t)

Fr BRI b RS R [ EER m FBAEN > —InA —(EE
B Ry mo VRS ($14R) > So—ImEELERE O > FFRl%elh O B g - —(Ess 1
THREUR K HSEEEHE TR o SRIF T NEMBEH IR w0 - (457)

(11) Given an external driving force F'(t) = F; cos(a,t) , derive the differential equation for

the small vertical displacement x(¢) of the tip from its equilibrium position, and solve
it using a trial solution x(¢) = 4, cos(a,t + ®@,) where the amplitude 41 and phase @

are to be determined. (4 points)
S5 —HINSEE) ) F (1) = F, cos(ayt) , FEEFHREEPE L EHY/IMIFS x(OFIHT T5
T2 0GR x (1) = 4 cos(ayt + @) fFE > HiRiE 41 RO 7€ © (4 57)
(ii1)  Given two driving forces F'(¢) = F, cos(w,t) + F, cos(w,t), find x(¢) . (4 points)
45 EWESNSEE) 1T F (1) = F, cos(wt) + F, cos(w,t), K x(t) ° (447)
(iv)  The driving force comes from thermal noise, which can be described as a sum of
many harmonic driving forces F; (t)= ZF cos(w,t) in the entire frequency range.

thermal

Find x(¢) under the thermal noise driving force. (2 points)
Badh IR BB - TRES RS B S A ARV % AR SR Bl T A
themzal (t) ZF COS(CO t) ?/\\\%Eéjjjj‘FE/\j X(t) ° (2 éj\)

(V) Consider the electronic band pass filter as shown. Given V°—| Vout
. iot C R
the input voltage V,, (t) =V, ", find the value of
inductance L such that the denominator of the absolute L

value of the output voltage is minimum. (2 points)
B (ENE TR E TAER S - ABERR TV, () =Ve™ kit E
BRAEEHE S B/ NV R RN L HYME © (2 97)

(vi)  The AFM signal which is proportional to the solution x(¢) in (iv) is applied as the

input signal to the filter. Assuming that only the signal with the frequency wn = o,
where @ makes the denominator of the output voltage amplitude minimum in (v), can
pass through the filter, draw a sketch of the amplitude of the output voltage vs L if Fn
=1 for all n, and describe briefly how the AFM resonant frequency in (i) can be
found experimentally. (6 points)

RFIEEERY (Giv) o x() BYIRT- D BMER (E 90 AR T Es - BE(EAHR
on Y (v) (i S ERE EHE T B Y o B S SR AL R a5 > BOE
HFTE n o Fo=1 > slE i EERAY AN L S ERIRGEE - I B E b
el s (1) AR BERERE HIRAEER - (6 77)
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Q3 The Lorentz-Lorenz Relation (22 points) RE 3 & faZk- /2 fmiLm% 22 9

The dielectric constant £(w) of a dielectric medium is given by the so called Lorentz-Lorenz

-1 1 . : .
£(@) -&, ==K (), where n is a number and K is a material-related constant that
e(w)+n 3

Relation

depends explicitly on the frequency @ of the applied electric field. You are to derive the
relation through the steps below.
g(w)-1

BRI R B e (0) e FTafiy i i 248 AR i ST
FTNESSHRR o DU Y ENYYE EEARE - n 22— 85 - THZEPHELE % -

1
& =§K(a)) » Horp K Bl

(i)  An atom can be approximately treated as consisting of a uniform
spherical electron density (electron cloud) of radius R with total
charge —Ze and positive charge nucleus Ze at the center, where e is
the charge of a positron. The nucleus mass is much larger than an
electron mass me. In a uniform external electric field Eo the electron
cloud is displaced slightly from the nucleus while maintaining its
spherical shape. Find the displacement. (4 points)

— (B R A] AT {UE B 48R e Ro—Ze ~ A1 iR -F1E Ry RAVERIPEE T > H1
Bl LAY B Ze R FIZ4HEL » H e B IEEFHYER - MAVEEERNE
THEE me - {EHHMNES Eo T ETEEMIREH - (BIRFFEOE - KimEEaIir

o (497)

(ii) The atom is placed in an oscillating uniform electric field £(¢) = A cos(@t) . Find the
induced dipole moment of the atom. (6 points)

KR IAERE Y 21915 E(1) = Acos(ar) o » SRIFFHYEEHHAE < (6 57)

(ii1)) In a medium the number of atoms per unit volume is &, find the polarization P of the
medium. (2 points)

EAYTER RS TE8E N KIERIEERE P - (257)

(iv) Note that in (iii) the electric field is the external field Eext. Consider a small sphere
containing many atoms in the large medium. The total field Etotal in the sphere consists
of two contributions, namely that from the medium inside the sphere Eseif and the
external field Eext. Given that the electric fields are uniform inside the sphere, find the
relation between Eext and Etotal, and determine # and K in the Lorentz-Lorenz Relation.
(7 points)

(i) THVESGEIMNNES Eext © FREKTETH—(EE SRS FTHVNEK 2K
HYREEELS Eow AR RER Y » — KT AV MEEAENVESS Eer » /NI
35 Eext © CAIERTTAVEESS B4 A » 3K Eext F Eroral HIREA > WKIR 24T MR 2L
HPEInFIK > (7 77)

(v)  Use the result in (iv), briefly explain the Mirage phenomenon. (3 points)
FGv)HIEE R B E B S - (3 97)

THE END 58



Answers
Part1

Q1. The plane should follow the parabola FRf&JE (Sl 45 &) -
x=v,tcosf, y=v,itsinf —%gt2 (3 points)
Q2 (6 points)

lo=T

The center of the rod will not move in the horizontal direction 9. E/KE T
EENIE

2
1= oy = L
12

- 2 points
3 5 (2 points)

There are two ways to find the torque. % JJFERY 5475 WifE l Img

Method-1 J57%£-1
The forces acting upon the rod are shown. The torque mg

to the center of the rod is FHZ[E JIHY 4 #T > A 15

T =—(2mg + mg)é@ = —mg%@ . (2 points)

mg

mg

Method-2 J57%-2
Given a small angle deviation € from equilibrium, the
potential energy is 457E —{E Y/ MO > SARE Ry

U =mg%(1—cos«9)D mg%@z.

oU 31 .
=———=—mg—0 2 points
50 g5 (2 points)
2
Finally, £/415 7’1"21 0= 3”;5’] 0= a= /f—f .(2 points)

Q3 (6 points)

(a) The bound current density on the disk edge is #&¥EHYHAHEE R BT B

K =-Mxii=—M , (1 point)



The bound current is FHE R = [ = Jd = —-Md , (1 point)

2 2
The B-field is 7835 B(z = hy=— R #RMd (1 point)

3 3

2AR*+hY)? 2R +h)?

(b) The bound current density is K =—M x7 =—M , which is on the side wall of
the cylinder. (1 point)
FE(ITA AR BRI By K = —M xii =—M

The problem is then the same as a long solenoid. Take a small Ampere loop we

get B=pu K =M inside;
Ry R— RGBS - B/ NEAGES 15BN B = 14,K = M (1 point)
Outside /&4 B =0 (1 point)

Q4 (5 points)

Each unit charge in the slab experiences the Lorentz force —vB y,. (1 point)

The problem is then the same as a dielectric slab placed between two parallel

: o
conductor plates that carry surface charge density to, and — =vB . In such case,
)

L ) D -1
the electric displacement s D=oc. P=D-g§E=D—-—= 50vB(8—) .2
& £

point)
== =, s 1T — > e N O
IMEWNENLE R )] -vB ¥, o MREEE W E 5 %% fy o, and — =vB 1Y

&
MRS - L D=0. P=D—g,E=D —g - govB(gT_l) .

Finally, the bound surface charge iso, =P=80vB(g—_1). The upper surface
g

carries positive bound charge, and the lower surface carries negative charge. (1
point)

SR R o, =P=80VB(8T_1) FREHEE - TRESEE -

The electric field is E = )7 ( )yo, which is along the y-direction
&

0

(opposite to the Lorentz force). (1 point)



=i %E:Z—y :vB(ST_l)jzo Bl Lorentz 1175 [ M -
0

Q5. (10 points)
(a) Because of the spherical symmetry, the E-field and the current density J

are all along the radial direction. In steady condition, the electric current /
through any spherical interfaces must be equal. Since the area of the sphere is

- - K.
proportional to 7*, J must be proportional to 1//*. So letJ = —7, where K
r

is a constant to be determined, and the expression holds in both media. (1
point)

IR ET A - RIS J U T - FRARNY  JE A E (R

AN > > et 7 S A = 7 K
BROLIYERIEAEERAHSE > Rt J B2 17 BROELE - SERTEE S = o K
RFFETEE -

. o 1 1 K
In medium-1 /"&-1, E, = —J = ——, and the voltage drop from R1 to R> is
o, o, r?
1 1 1
Vi=—K(——-— 1 point
1 o) (Rl Rz) (1 point)
P 1 1 K R
MHE-LE =—J=——{ER F| R Bﬁa@ﬁi%V——K(———)
o, o, r o,
Likewise, in medium-2, £, =——-, and the voltage drop from R> to R is
0,
V= Ko=) (1 poi
= S t

"6, 'R, R (1 point)
=14 AN 1 K SRR V — K
IR ENE-2, E,=—— R B Ry (NEERV, =— (———)

o, r o, R, R,

The total voltage drop between Ri and R is Z2FEEE V=11 + V2.



11 11
So 7 = V{ (R R) Z(R2 R3)}

The current is ZEfi By [ = 47 R} J(R) = 47K . (1 point)

£
. . . . 1.2 .
The electric displacement in media are D, , =—=J , so the charge on the inner,
0
1,2

outer, and boundary shells are 47K 4 , —4rK 23 , and 47K & _& ,
0 o, o, O

respectively.

fIME-1 %E'E{XZ%DM— 22 g RELE & E BRI B dnK 2L —4zK 22

O, 2 Uz
aoxcl 2 ).
o, O

- K .
(b) Due to symmetry, the electric field is of the form E=—r ,
r
1 3 1
soV =K| —-—|,andK =V (2 point)
Rl 3 1R3
':F_" E K 7 ISl — VA=
S TR BB E=DF  EHEERY =K | @
1 3
R3 — Rl

!

The current densities in the two hemispheres are J, = GIE andJ, = 0,E . The
total current is / = 27R’ - J,(R)+27R} - J,(R) =27xK (o, +0,). (2 point)

T ERBEE RS, =0k » J,=0,E - 4

h

MW

I=27R}-J,(R)+27R}-J,(R)=2nK(c,+0,).

The total free charge isQ, = 27£,&,R, - E,(R) =27K e, on the upper half

andQ, =27K¢g,&, on the lower half of the inner shell. On the outer shell the



charges are negative of the corresponding ones of the inner shell. (1 point)

PERTE LB E TR O = 275,6,R] B (R) = 27K 8,8, > FHH4E
HER & O, =27Ke,6, - SR BB NEREHK

Q6. (12 points)

dP :
a) B, —F.y=pgdh= - re (1 point)

7 7 5

PV5 =Constant = P=Cp’ = p = (§)7, where(C = ioz) (1 point)
Py’

Combine these two equations, & =15

2 7
d_P:_( )7 :P:g(l—%gh)z (2 point)

0

5
O(I—M)Z,andT:%(l—z’s‘;Jgh). (2 point)

0 0

2
b) TV>= Constant,i2 = Constant (1 point)

e

2 2

p> 1183 3132 )
The density at 40°C is —= =1.18x(=—2)2 1 point
y 33 203 P ( ) (1 point)

2

2
5 E

40°CE[\ = R % =
VEREE R T 3= 0 = 203

The fraction of water vapor at 40°C at sea level 40°C FY/KZ&/547 R By,

55.35
760

n = x90% (1 point)

The fraction of water at 5°C at high altitude 5°C Y /K755 7 R By,

n = 6—5 (1 point)
760(&)5
313

Rain [FR=



5
= (771—772)><pr:(55'35X90%—6+57)X1.18X(£)2:O.O7kg (1 point)
7 785 293
760(=-—)?
313

2x1.18x9.8xh
7%x1.03x10°

=T 278 =313(1- )= h=3500m (1 point)

Q7. (8 points)
i) pxE (1 point)

iiy PxE (1 point)
iiiy D=g E+P=P=(s-1)g,E = PxE=0 (I point)
iv) P =[)—50E =¢g,[(&y —l)EX)ﬁ(0 +(&y —I)EY}%] (1 point)
T = %Re(? xE") = %Re(f) xE") = %goE(f (&, —&,)cos(Akz), (1 point)

Where E it Ak = (g, —\/Z)Q. (1 point)
c

— d
v) T= %go(gX —¢&,)E; [ cos(Akz)dz = ﬁgo(gx —¢&,)E; sin(Akd) . (1 point)
0

Maximum occurs when & KABEAE Akd = % =d= ﬁ (1 point)



Part 11
Q1. (6 points)
a) ka=nr=k =2 n=123.. (1 point)
a
b) k 2bm=2mrx =k, =—m—123 ...... (3 points)
1239 5 2 1239 n 7Z' 12
,/k +k, 1/ b_2 =10
S 1239m o 551230 10 < 2x1070 um (2 points)
2 b V4

Q2. (22 points)
i) T=ml>+ %12 (2 points)

loo=F(t)-1 < (ml’ +%12)9’ = —Ok> = o, =

i) (m,l +mTll))'é = F cos(wt)l —xkl (2 points)
x=A cos(wt+d¢)
= —(% +my)) Ao cos(wt+ @) =F, cos(wt)— A cos(wt + )k

F .
=¢=0,4 = 1 (2 points)

—<%+mz)wf

i) (m, + %))’é = F cos(awt) + F, cos(w,t) — xk (2 points)

X = A, coswt+ A, cos w,t

il 5

=4 = A, = (2 points)
k—(%+ m,)o] k—(%erz)a)zz
, n F .
V) x=3 A4 cosot = A = p” . (2 points)
- (?1 + mz)a)nz
. . . 2 .
V) V. =V, = R+ilw Ve = zRa)C2 Lo°C Ve
1 : 1-Lo”C+iRwC

——+R+ilw
ioC



oy (RoC)* +(L&’C)’

= 1 point
" 0-La’CY +(RoC)y O PO

| out

To make the denominator minimum, we should have {4535/

1-LCw* =0=> L= !
C

- (1 point)
10
(vi) For a given L, only the signal withw, = /é in the answer of (iv) can pass

through the filter, (1 point) and the output is proportional to 4n. (1 point) By varying L

one selects differentw,, and the output is proportional to the selected An. (1 point)
From (iv), the maximum An is the one whenk = (%+m2)a)nz. (1 point) So as L is

varied, one finds a particular Lmax at which the signal peaks, and k = (%4‘ m,)CL,.. .

(1 point)

. , 1 o et )
G L AIRAEHEEE, =,/ L M EFR ] R s, (1 point) EAR/NIEELT

An. (1 point) L HYEBEFEREFREAEN o, YEHE. (1 point) Hi(v) A,
k= (% +my)o,” I An B K. (1 point) PRI IS # HESR B ARHV RN Loax > A

k= (%+ m,)CL, .

Correct sketch is a flat line with a peak at Lmax (FHEAVEHEIR—F4% * {F Lmax B —

43 (1 point)

Q3. (22 points)

3
i) Only the charge ¢ = %Ze that is inside the sphere » will have a non-zero net

force on the nucleus. (2 points)

3

Hfg= %Ze BRI A B E TR TR BE -

3
1 Zeq - 1 rZe 5 :r:47rgozE0R
e

(2 points)



i) Zm,i' = ZeE(0)

Ze x% (2 points)

g,

E(t)= Acos(wt),r = Bcos(wt + @) (1 point)

= —Zm, B’ cos(at + @) = ZeAcos(wt) —

ACE 8 B cos(wt + @)

£, R
= ¢=0,B=—7 ed (2 points)
Ze 1 )
3 m,w
4re, R
Ze*A .
=>p=Zer=— cos(awt) (1 point)
Ze 1 )
——m,®
dre, R °
2
i) P(0)=Np=—~ N lze E(t) (2 points)
2

i) P=CE,, =(e-D¢,E,,, =(-Dg(E,, +E, ) (2points)

ext

The electric field £ in a uniform polarized ball with polarization vector P can be
calculated by considering the surface bound charge Pcos @ distributed on the ball.

YA EERNEYEESS £ R ER BRI Y SR F Ao P oos O 3KF5: -

1 Pcos@(—cosb) , . P .
E . = R sin@dOdp =——— 2 points
self 472'80 .U R2 ¢ 380 ( p )
P 1 )
.=——=—CE__ (1 point
self 380 3 ext ( p )

'E
= CEext = (‘9 _1)80 (Eext - ¢ EX[)
3¢,

-1 7o’
= 3¢, = -c= 5 Nze
£+2 Ze i—maf
dre, R° ¢
NZé? N(Ze)?
:>K(a)): = - (2) PINE)




10

3

4 .
where @ = Lz is the resonant frequenc of an atom .
Zm,(Ze) (2 points)
and n=2
,  A4ng,R’

- RIFTHIHIRES -

w, =
* " Zm (Ze)

v) For air K is very small and&(w) is close to 1. /\
So the L-L relation becomes

e(w)—1 :LK(a)) (1 point)

€y

Air density decreases with height. So refractive index decreases with height.
(1 point)
Light rays are bent in such condition. (1 point)

J= N 4 S o 1 = 3
72m M (o) ¥ 1> KR/ » FaltsE RS {E R 8(60)—1=8—K(w) o ZE SR
0

FEREE RN > RTS8 N - TR E FRE AR E -
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Pan Pearl River Delta Physics Olympiad 2008
2008 FIZER=H K T4 B H AL 50 B 7E
Part-1 (Total 6 Problems) -1 (3£ 630
(9:00 am — 12:00 pm, 02-14-2008)

Q.1 (4 points) & 1 (443) Anucleus-A with mass ma and initial velocity v, along the x-
axis collides with a nucleus-B with mass mg at rest. Some kinetic energy E is absorbed by

nucleus-B and converted into nuclear energy during the collision. Since E << m,c® where ¢

is the speed of light in vacuum, the change of mass of nucleus-B can be neglected. After the
collision nucleus-A moves at an angle € = 90° to the x-axis. Find the speed of nucleus-A and
the velocity of nucleus-B.

IR ma T -A BT X-Fl ) T vo 55— it D me (F#% 1L 5T #%-B A
o iR —FE A HUEE E B 7% -B T A iR 1T E <<mge®, e
FEEAGH, B DAR] RS SR i%-B R A . Rk R T -A TS X-Rli g = 90°
M5 Kt o SR AZ-A IR, LU JR T 1%-B I

Q.2 (6 points) & 2 (6 4))
Two large parallel conductor plates are held at voltage different V at distance d apart. A large
dielectric slab of thickness d/3 and dielectric constant ¢ is placed midway in the gap between
the plates and is moving parallel to the plates at speed v (<< speed of light).

(@) Inthe reference frame where the plates are stationary, find the magnetic field in the
middle of the upper air gap, in the middle of the slab, and in the middle of the lower air
gap.

(b) In the reference frame where the dielectric slab is | |
stationary, repeat (a).

v
 ——

PR H AR (] d, 2 TR 2E Ve — I8 dI3 R i, AL e, AEPIARC ]
DG v (<< WS HCHATIN T iz 3.

(a) TEFHMEH IS AR, KA L. F AR AL E LU A AR b (B A7 B 13 .
(b) FES AR IS AR, SRAE B RSB TRl A2 & LA R A AR B A7 (R 3 o

Q.3 (7 points) & 3 (74
An electron has intrinsic angular momentum | called spin, and a permanent magnetic dipole

moment M = —Zg—ef associated with the spin, where e is the positive electron charge, m is
m

the electron mass, and g is a number called g-factor. An electron with its spin aligned along

its initial velocity in the x-direction enters a region of uniform magnetic field in the z-

direction. Show that if g is exactly 2, then the spin is always in the same direction as the

velocity of the electron. (The real g =2.00232... . The deviation from 2 can be calculated

precisely by quantum electrodynamics.)
B A AR fshE ), BOh BRE A5 B BAHSS R B M = —% I el

IEH T HAT, mOVH TR, g g - IR AT B e X-J5 1, BEA
— WO Z-J7 gy . UEWIAY g WIBFAE T 2, 122 Jm B BERT B e dh 28 e R —
JilAle  (SEPRM) g =2.00232... . 1 2 (22 ] Hl &7 gl 2 HEmfi vt 5. D
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Q.4 (12 points) X 4 (12 43)
The atmosphere could be considered as ideal gas at constant temperature T = 300 K. The
mass per mole of “air’ molecule is m = 0.029 kg. The gas constant is R = 8.31 J/(K*mol).

(a) For stationary atmosphere, set up a differential equation that relates the pressure p(h)
at height h with the gravity acceleration g, the atmosphere mole number density p(h),
and mass per mole m. (1 point)

(b) Using the ideal gas law and the result in (a), set up a differential equation for the
pressure p(h) as a function of height h. (1 point)

(c) Assuming p, is the pressure at h =0, solve the differential equation in (b), and find

the height where the pressure |s . (Hint: j— In(x)) (4 points)

(d) In the case of wind with constant veIOC|ty v blowing in the atmosphere at all height,
dp V2 dp

-m Find the pressure
a2 dan P9 P

the differential equation is approximately

p(h) at height h. (3 points)
(e) In (d) the effect of Earth spinning is ignored. In general, any object moving at velocity
v on Earth will experience an additional ‘inertia force field’ f,, =2QxV , where Q is

the angular velocity of the spinning Earth, in addition to the gravitational field g.
Verify that the inertia force field can indeed be ignored even in the case of typhoons
where the wind speed is up to 500 km/hr. (1 point)

(f) Using the wind speed in (e), find the height where the pressure |s . (2 points)

KAEFYVEIREE A T = 300 K &5 B AR S 44 mole ¥ Kt m = 0.029
kg. FHAHS4AH %L R =8.31 J/(K*mol).
(@) XL RS, B TR, AL h AR ESE p(h) T
g« KA1 mole % p(h) . FIEE mole (KRS mix sy # B R K.

(14)
(b) FIFHARS AR T FERI (@) 45 8, 257 p(h) 4 h IR BRI T FE. (1 4))

(©) WAEh=04bEMN p, » ML) T RE, Fdkrh Do pO REIG R 1 (4R

1= in00) (4 )
@) R B R v, MR

%+m2v zﬁ’:_mpgo SRAERTRE h AL I TE R p(h). (3 49)

(e) AE()PEAHREHERI HL . — Wik, AT LIS v (£ Bk R [ 3 4
¥k, BT ES g4, BB BN T, =20xV MR, ot Q ek b %
I . B0UF FE 2 7E &) 500 km/hr 1) & XU ek B # F80N AT n] Z0% . (1 43)

@ F(e)RE, ﬁ%?ﬁﬁa%é&ﬂ@%ﬁo 249
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Q.5 (11 points) & 5 (1143
A uniform solid sphere with mass M, radius R, and moment of
inertia | :EMR2 around its center is initially rolling without

slipping at center speed v on a horizontal surface. It then

encounters a ditch of width d such that sin@ = Zd_R as shown in

the figure. For convenience you may use & and R to replace d in B A
the following calculations. The initial speed v is smaller than a
value vmax such that when the sphere arrives at the near edge of the
ditch at point-A, it falls off while keeping in touch with point-A
without slipping, until it hits the other edge at point-B.

(@)  Find the angular speed of the sphere right before it hits point-B. (3 points)

(b)  Find the maximum initial speed vVmax that the sphere can keep in touch with point-A
without slipping before it hits point-B. (2 points)

(c)  Assuming no slipping when the sphere hits point-B, find the minimum initial speed
Vmin SUch that the sphere can get over the ditch. (4 points)

(d) To satisfy both the conditions in (b) and (c), the angle @ must satisfy f (8) > 0.
Determine f (6). (2 points)

—EIANIERFUR M, SRR R, sERL S 15 R I=§MR2, FE AR 2R, B

DL V. ZJiEE ), HEEd, ﬁDFﬁ%sine=2d—Ro NI, AE LR R

PRATHL @ R R RAVES d o BRIGHIHE v EE Vi /1, PRI S BRBTEVE (1) 3 A RUALI,
H—HY5 A RREEICHE S el H R ERRERIIE 55— B K.
(8 SRAELF| B RIRT BRI BRI fEE . (3 47)

(b)  SRERREEITE 55— 140 B /BT H5 A mOREFICH SR 1 SR SL Vi (2
)

(c) WEKALE B mJa ol s, SKAEMEHIRE A 15 MITEE Vinin - (4 97)
(d)  ZALE (o) A () ZATAR AL, FTE O 2L f(0)>0. K T(0). (27)

Q.6 (10 points) & 6 (1043)

Consider a big block of mass M; placed on a smooth horizontal surface with a hollow
rectangular cave carved out in the interior, as shown in the figure. Inside the cave are a spring
of force constant K with one end attached to the wall, and a smaller block of mass M,

attached to the other end of the spring which can move on the horizontal smooth cave surface.

3 —>

F(t) 'VWV'
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The natural length of the spring is about half the length of the cave. When the small block is
moving relative to the big block it never hits the wall of the cave. Both blocks are confined to
the motion along the x — axis. A periodic external force F(t) = F, cos(wt) is applied to the big
block which can push and pull the block. Let the position of the big block be Xy(t), and since
the interior of the big block is hidden from the external observers, the effective mass of the

2
system is then M, (1) , where X, (t) E% is the second derivative of X;(t) to time.

X

(a) Find the effective mass. (7 points)
(b) Find the range of frequencies in which the effective mass is negative. (3 points)

Wk, R My RIS b, RERNAT — Ko, WA
K IFRS, —ImlEE AR ERE b, 5y I AR AT U M (NI, TG
JRP I SRS BARKE LA N S SN 2, /NP2 I AN SRl 21 P 1
BE. PrAyizshdlt it x - S —4iizsh. — FWITESN T F(t) = R cos(et) I RPpH
b REHERT hiE . BORPIERALE A Xot), BERYIB AR B/ A, AR

GeATRUT R M, F((t)) X, (0) %

X ORI k5, K0 =, .
S . FO] il

(@) KA. (79)

(b) ATHUTR y SORRIBAIE . (3 4)

THE END 5%
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Pan Pearl River Delta Physics Olympiad 2008
2008 FIZER=H K T4 B H AL 50 B 7E
Part-2 (Total 3 Problems) #-2 (3£ 3 &)
(2:30 pm - 5:30 pm, 02-14-2008)

Q1 Point charge in a magnetic field (16 points) & 1 B HH# BT (16 2D

A point charge —q (g > 0) with mass m moves without friction inside a region of magnetic
field given by B = B, %2 (Bo > 0), where r = /x* + y? is the distance from the z-axis. Att =0,

the initial position and velocity of the charge is (x =a,y =0,z = 0) and (vx = 0, vy = Vo, V; = 0),
where a, vo > 0.

(@) Show that the particle always stays on the xy plane. (1 point)

(b) Find the initial speed at which the charge should be launched so that it can perform
circular motion around the origin. (2 point)

(c) Now the initial speed does not equal to the answer in (b). Set up a differential

. L .
equation, in the form of —3 =constant, for angular momentum L of the charge with
r

respect to the z-axis, and solve the differential equation. If you cannot determine the
constant, just assume it is known and solve (d) and (e).

(Hint: Ax(éx é) :(A- E)é —(A-C) B ) (5 points)

(d) From the result of (c), find the distance of the charge from the origin when it is
moving in the tangential direction (V L r). Find the minimum v above which the
charge can never move in the tangential direction after it is initially launched. (5
points)

(e) Find the distance from the origin when the charge is moving in the radial direction (V

parallel tor ). Find the minimum v, above which the charge can never move in the
radial direction after it is initially launched. (3 points)

~ﬁ§m%ﬁ@ﬁ-qm>m%mﬁﬁﬁm%52%§z@pm¢@@,E*rEJﬁ+W
R 2B B B

75t =0 i, F AT A7 B RE 230 (x =a,y=0,2=0) fl (vy=0, vy = Vo, v, = 0), 1 @, v > 0.
(@ R RIESh A AL xy i E. (1 4)
(b)  HRLTLUESAER Iz s, KRYLEE . (2 4))
()  WHR TRV EAET OB R. P58 z-50 0 8w Bl 2 iy i ke, J0E

ﬁ@%%%:*ﬂ;#%Zo%%&%%$%;%ﬂ@&ﬁﬁaﬂ,ﬁ%%%ﬁ@ﬂ
€). (Fr: Ax(éxé)=(A~§)é—(A-é)§ ) (54)

@) QML 4T L F BT B I . 258 TR R ACE ATV LF 10
FIEIIL, K vo IBME. (5 29)

(€ KNV TATF F IR T8 IR 8. 458 T ARG AR T4 AT T F I 0
B, 3K v E/ME. (349)



Pan Pearl River Delta Physics Olympiad 2008 2008 FRHE=MA R PHRLARYERR

Q2 Electric Fan (16 points) f% 2 ®E (16 40

Consider an electric fan with moment of inertia | around its central axis initially rotating
about the axis at constant speed mo driven by a motor. The fan will slow down once the motor
is turned off and finally stops due to the friction forces from two sources. One is the fixed
torque t due to the friction between its rotating central axis and its holder. The other is the air
resistance on the fan blades which is proportional to the instantaneous rotating speed w(t), so
the air resistance torque is ym(t), where v is a constant.

@) Theory

(a.1) Write down the differential equation for the instantaneous rotating speed w(t) of the
fan. (2 points)

(a.2) Given the initial speed o, , the time it takes for the fan to stop (t;) can be expressed as

t. = A-In(1+ Bw,) . Determine the constant A and B in terms of I, t, and y. (4 points)

(b) Design of experiment
Suppose the initial speed of the fan can be so slow that In(1+ Bw,) = Bey,, or can be so fast

that Ba, >>1. The initial speed of the fan can be set and read from the meter on the fan

controller. You are also given the following items: a ruler, a stop watch, and several pairs of
small known mass blocks (about 1/10 the mass of the blades) that can be firmly attached to
the blades of the fan, but their air resistance can be neglected. Design an experiment to
determine 1, y, and I. You should state clearly what data are to be collected and processed,
what plot(s) should be drawn, and how to extract the parameters from the plot(s) to reach the
final answers. (10 points)

—HUR L O L B |, MILRITTE SR RS LU oo SO B . ik kT
s BTN EEERE D s R sh 12 ok, BHENE L. B2 — A S A E 2 TE 1)
[l 5 BEFEBH ) e T — AN R s i, SR A S o) SOEL, BRIk hT
Rk Fgyo(t), Forb v A HL

(a) i

(a.1) 5 A R RIS AR RS R TR (2 43)

(a2) SEVIEMIELE @y, INF IS S R T I Tt r] ik ik t, = A-In(l+ Bay,) - H
I, ot y KRB REA. B, (4497)

() SR
e L ) A0 S FEE AR, 8 IN(L+ Bao,) = Baoy AR o sRARME, i Baoy >> LA LU
FhL 50 0 A 3 T B T O B B . SRR I, IR A, R LR
B BRI 110 ) o DREEEHLBINE LN E e, N ey T . it
SCROBROIE Ty R L. AR B B MRS B, o fE R b B,
(TR, MEE SIS, TR 125 0. (10 4)

Q3 Negative Resistance Instability & Zero Resistance State (18 points)
B 3 S BN 2 A B RS (18 43)

Two years ago it was discovered that the resistance of a semiconductor device containing two
dimensional electron gas becomes negative when it is in a constant magnetic field and under
strong microwave radiation. Because a system including the device and other circuit elements
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such as normal resistors, capacitors, inductors, and voltage sources will be unstable (violating
the second law of thermodynamics) if the total resistance of the system R, is negative, the

system reorganizes itself into a new state with zero total resistance. The resistance of the
device can be expressed as a current and charge dependent resistance

e (1

where R ,>0 so that the resistance is negative when the current passing through the system
I or charge storing in the system  is small, and becomes positive when there is large enough
current or charge building up in the system. HereR ,i_,q, are constants that depend only on
the internal structure of the device, the strength and frequency of microwave radiation, and
the strength of the magnetic field. When R, is connected to other normal circuit elements

like capacitor, normal resistor, inductor, and voltage source, the usual Kirchhoff’s circuit
laws still apply.

P EE FT AT T A DA IR, 6 LGS PP 1 b 2 F R B R o S A A 1 L BEL 7 e
o MRS HOLRL, e, g LIRS L Ry ARES T, A
W3 S A 2o e, ITARGE S HahiTY, BUAR] - Hri T IR A a1 pL S

i~ Hr A R PRIE N
N2 2
Ry =R(i,q) =R, [[Ilj +[qi] —1}

HPR >0 B RGEHHG § 80 q KN, HABHY f. T4 2R 5000 i el i A 8
Ky, JLRPHAR A IE . R,,i,,q, ATHE, NGRS Sk, LR o i f
SRPEAT . VO T R AL e s A B R, g, YRR R, L Kirchhoff His
JE AT R

a) We start with simple systems. Al fi 510 RS TFA

(i)  When R, is in series with a normal resistor with

resistance R, find the DC current and the voltage drop
across R and R, . (Consider both cases when R >R, and R, L

R <R,.) (2 points)
R A1 RLHLEE R 83, SRRV EIRHAA R « R,
FfHE, (F%ER >R, M1 R< R IXHHIEI. ) (2 4)
(i)  When R, is in series with a normal inductor with inductance L, find the DC

RNL

current and the voltage drop across L and R, . (1 point)
Ry FI—H BRI L HRIE, KRB ERBERML . R, EMHEE. (14)

(iii)  When R, is in series with a normal capacitance C and a DC voltage source V,
find the minimum voltage V needed to make R, =R, =0. Also find the DC
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b)

(i)

(i)

(iii)

(iv)

(v)
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current and the voltage drop across C and R, . (Hint: Ry

The charge g on the capacitor is the charge stored in L I I J_
the system that determines the value of R .) (2 C

points) VT

R Fl—HHHZ C. HWER vV B, kAl
Rye = Ry =0 Jrila U Es /NI, IFSRIXIN B B LA C R MR, (32
e B RIHE q U R, MGEF T RGN HBATRD (2 4)
Now a small AC or DC voltage source V, is added in the above circuits. In the
following calculations of the contribution of V, to the additional current and/or charge
on top of the original ones, keep only their first order. In the cases when the small
voltage source is AC, you should set up differential equations first.
AR DL B s rpon— BB TR /N YR Voo AELUTBITHE Vo BT K IR & 4k FL i
AT R, KRR EAT kI /N FER AR IS, SNy TR
When R, is in series with a normal resistor with resistance R and a small DC
voltage source Vy, find the DC current. You should

consider both the casesR >R, andR <R,, separately. R

(3 points) E— R
MR BB Ry /N ERHLRIR Vo HE, SKRER V,
Hiit. (DAFER>R,, MIR<R X -FEdt. ) (3

)

When R, is in series with a normal inductor with Ry,

inductance L and a small AC voltage source with o

amplitude V, and frequency , find the current L
through L and R, . (3 points) Vo
MR IR L SR ol B4 Vo 1 /NS

R IE, KB G 4) R ]

A small AC voltage source with amplitude V, and - 1
frequency o is added to the circuit in part-a(iii), find Qv C

the charge on the capacitor. (2 points) ﬁ) VT

i) &4 (4 FiL s HEL DN R R ol B2 Vo (/AT i
B, KA LT (2 43)

) o . R
Consider an LCR circuit with R, as the resistor in the -N"
presence of DC voltage source V, find the current in the

circuit. (2 points) L ¢ \Y

£ LCR Hi g ML B R A08F, I m B —

HURE V. K. (2 43) Ryl

A small AC voltage source with amplitude V, and h
frequency o is added to the circuit in (iv). Find the vV C

current in the circuit. (3 points) 0 L \%

FELL_E(iv) (1 FL s i _ESRC olf 4 Vo I9/NAZR
HUT I, SR, (3 43)

THE END 5¢
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Q1: (4 points)

In the process energy and momentum are conserved, so

WL AT JE B A RE R S E, Bl

MpVy =MgVg,  0=mMgVy, + MV, (1 point)

MuVo = M,Va +MgVg, +Mgve +2E (1 point)

Where, v, is in the y-direction, we can get v, /&3 Y-J7 IR EE . BT

- \/mA(mB _mA)Vg _2EmB (1 point)
A ’

M, (Mg +m,)
Vg, = ﬂvo, Vg, = —ﬂvA. (1 point)

Mg Mg

Q2: (6 points)

From Gauss theorem, the area density of the free charge at the surfaces of the conductor
platesis o, =D. (0.5 points) AR¥E = e, Ttk b 5 HH HL A 25 B2 -5 A R B 7 1
YFENo,=D.

In the air gap E, = E, = D/ ¢, while in the dielectric E, = D/ gg,. (0.5 points)

S SHE =E,=Dlg,, (ENAMNE,=D/leg,, HIEN

d d d dD 1. do; 1
V=—E+—-E+-E,=—(2+-)= 2+-),

3E1 32 3° 350( g) 36‘0( g)
H 45

V 3g,& ,

=— . (1 point
1 =G 2p 1 PO
The bound charge iso, =¥¢,(E, —E,) :iﬂw. (1 point)

d 2¢+1

N b T e g _ _V g(e-))
7l E’i_l:\ Tﬁﬁ%%?@%ﬁﬂﬁ?ﬁgﬁ% :+80(E1—E2):+Fmo

When the slab is moving with speed v, the electric currents at two sides are K = +o,v. From
Ampere law, B, =B, =0 (1 point)
NEBGEENN, b TR ERRE RSN K =+o,v o HI 72855 E FRATLE 7 B R] 1)

% B, =B,=0

Inside the dielectric slab the magnetic field is £/ 5k B Hi3%
V g,(e-1) .

B, = 1,K :ﬂoo-bvzﬂoVFZgT- (1 point)

When the parallel conductor plates are moving with speed -v, the electric currents at two

&+
2, N NSO N , V 3
é@%*}ilz;zjjﬁﬂ‘7 _t\ ‘F*}iﬁ‘]ﬁ%yﬁiﬁgﬁK :iafV:ivazgflo
&

Eﬂ?i%féfﬁff% Bl = Bz = Bg = _,Lloo-fv
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Q3: (7 points)
The electron spin (angular momentum) is I, and the associated magnetic dipole moment is

- Qe
2m

In the B-field, the torque on the spinis M xB and perpendicular to M . (1 point)

The procession frequency is then determined by MBAt = Al , (1 point) Al

MBALt = 1A8 (1 point)

AO .

= MB=1 N loo (1 point)

which leadsto o= % B. (1 point)

AG,

L e - . . N
The negative sign in M :_Zg_l ensures that the spin turns in the same direction as the
m

2

v =er:>a)’:§ (2 points)
m

e

electron trajectory under Lorentz force.

BTHIEHE A A1 S IUEXIRAE T M =~ 2T

TR BRI AM xB 5 M EH. (1 point)

Mt 3h 1A B N 2R R Al
MBAt = Al , (1 point)

MBAt = IAG (1 point)

0

A .
=>MB=1—=I1w (1point
At (1 point)
/%'Ca)zg—eB.(l point)
2m
2
2 B e N (2 points)

R m,
M :_%rq:a@ﬁ%%m [ e R 7 165 7 5% AL B B B —

Q4 (12 points)
(@) Consider a thin layer of air at rest, the pressure difference balances the gravity,
W—#E2R, b T ER s ZNGES E -F,

p(h+Ah)—p(h) =—mpgAh

dp . (1 point)
: —

ah £Y
(b) Putinthe ideal gas law p = pRT, the differential equation is then

RN ST p=pRT , 545 772
dp mg

—=—-mpg =———>>p. (1point
an o) RTp (1 point)

(c) From (b), Hi(b)fiffs
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R
Iy

mg
d—;):—%dh: Inp—-Inp,= g h:> p(h) = p,e RTh. (3 points)
Put in the numbers, fSA%{H,
mg _ 0.029x9.8 —ikm‘l
RT 8.31x300 88
So the height is 55 &K
8.8xIn2=8.8x0.693=6.1km. (1 point)

(d) With a constant wind with velocity v we replace the pressure equation by the
Bernoulli’s equation
A, TN
dp mv’ d dp
=-mgp.
a2 ah 9P
Using the ideal gas law, we obtain S\ p = pRT HESIKHE, 15

d & m
—p(1+ 2R_I_)— mg p (1 point)

h

Therefore fif#f5 p(h) = p,e J . (2 point)

(e) QxV =~ QxVv =27x500000/ (24x60x60x60x60) ~0.01m/s? << g. (1 point)
(f) The decay length in this case is fS AZ{H

mv?
RT +— 4
h = In 2(—) _ 0.693x 8.31x300+0.5x0.029x2.5%x10" / 3.6 614024 = 6.3 km
mg 0.029x9.8
(2 points)

Q5 (11 points):
(@) When the ball arrives at point A, it begins to drop down. In this process the potential
energy transforms into kinetic energy.
RE| AR5 T, 2B R, Haesin
AP =MgR(1-cosé) (1 point)
The moment of inertia about the edge is ZEERIAI IS AN
7

I~=I+MR2=€MR2.

Kinetic energy is #hHEN

K, —lla) L IR = L w2 (0.5 points)
2 2°5 10

So (At K, :% Mv'? = MgR(l—cosé’)+%Mv2 (0.5
points)

=V = g gR(1—cos @) +V?




2
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L, 10 % .
=—0g(ll-cosf)+| — 1 point
= 7R9( ) [Rj (1 point)

(b) The critical condition for the ball to keep contact with point A before it touches
point B is that: At the moment it touches point B, the centrifugal force equals the
gravity component.

B S A SaEfh, BDERUL A AR HiE3, HiEa 4l s iRt
MV/Z

=Mgcosd (1 point)
10 ) , OR .
:7gR(1—c059)+vmaX =gRcosd =v., :7(17c059—10) (1 point)

. _d*

R 92
where cos@=1 4 - 4 fl——z
R 4R

(c) In the process of the ball collide with point B, the angular momentum of the ball
around point B is unchanged. Before the collision, the angular momentum of the

ball around point B is 1o’ + MRV = | &'+ MR (R’ cos 26) = MR%’@ +COS 29) :

After the collision, it is [@" = % MR?@" .
15 B ffib it f2 e, BRAEN TS A& . M AshEnR
|’ + MRV = |’ + MR (Ra' cos 26) = MRZa)’(§+c052¢9j R 0E WERP R

|~a)" = Z M ﬁa)” o
5

Hence [Xlit

7

s MR*e'" = MRZw'(é +c0s 20} _, o = 2+500s20

@' . (2 points)

So the total energy after collision is fif % i FI5hRE A
7 1 2 .
K, =—MR?*®»" = —(2+5c0s20)  Mv'* (1 point
=g MR =751 ) (1 point)
The requirement for the ball to get over the ditch:
R i, SR E SR F e,

K :7—10(2+Scos 29)2 Mv’? > MgR(1—cosé) (1 point)

3

= v’ >10gR ;z—l (1-cos®)
(2+5c0s260)" 7
) 7 1 .
= Vo, =10gR| —————— —=|(1-cos &) (2 points)
(2+5c0s26)" 7
(d) We must have HR¥EEE, V2, <Vi,
7(1-cosé
g Loosg— L2080 g
10 (2+5c0s20)
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(Numerical result of Max @ #UE T 5455 KA N 0.597797 9L, 8% 34°.)

Q6 (10 points)
Suppose the spring is extended, and choose the natural length as the origin of the coordinate
of the small block X; = 0. The Dynamic equation of this system is

W RPN, LR AR KRNI EI AR X = 0. RAMIZEIHTEA
F+KX, =M,X, (1) (L point) —KX,-M, X, =M, X, (2 (1 point)
Note that HF X,, =—@’X,,, (1 point)

2
oM,

From (2) we get HH(2)73 X, = 2 X,. (1 point)
K —a’M,
‘M KM .
Then I F =-M,0°X, ~K =22 X =X (M, +———2—) (2 points
@O, (M, K—a)ZMZ)( points)
(a) Finally f/513 M, = F KM, KM,

+—=—=-M, ——— 1 point
—*X, 1 K-oM, ' @&’M,-K (1 point)

(b) Negative effective mass 14 R4 &:
For negative M, we get, after some algebra, o” < K(i +i ). However, the term

1 2
ZKL must be positive. So the final answer is
oM, -K

K ) 1 1 . .. K ) .

—< o <K(— +— 3 points Missing— < @~ (-1 point

M, (NIl Mz) (3 points) 9M2 (-1 point)

- AR A a2 1 1 - KM, N

T M, <0, 2 RIRREBEH, 13 0° <K(— +— ) fHR ———2— UIRIEN.
M1 M2 oM, -K

A 15

2
K ) 1 1 . . K ) .
—_— K(— +— 3 points R — , (-1 point
<@ < (M1+M2) (3 points) ﬁ’ﬁﬁM <w’, (-1 point)

2 2
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Part-11

Q1 (16 points):

(@) By Lorentz force law, F=—qvxB, F has no z-component when B is along the
z-direction. Hence if v, = 0 initially, it always remains zero. (1 point)

WA JINF=—quxB, 5 XY AT, HTVIERER Z-7r & v,= 0, AR IREFE

XY 1 gz,
(b) The B-field at r = a is just right to keep the particle on a circular orbit of radius a.

7 r = a A B W AT LZERERLT- LA a AR 3 s 3 .

w =qv,B, =V, _ B2
a

(c) Let the angular momentum of the charge about the origin be L. Then L(t =0) = mayv, .

SR GRIR R ABEN L W L(t=0)=may,

— =-rFsin@ (1 point)

. (2 points)

=—qrvBcosg=—qrBv, (1 point). v, = % is the radial velocity /2 )7 E & v, = % .
= qBrﬂ (1 point) )
dt p)
dL i ¢ -
:a:qBr (1 point) F

One can also obtain the same differential equation by

WA H T AR
O('j—lt'_er_—qrx(VXB )=-q[(r-B)v (r-v)B]=qurB=qr%B (2 points)
dL dr

— =qBr— (1 point
g Olt(|o )

= a =(gBr (1 point)
dr

v

L(r)-L(a) :quBrdr =qB,a(r—a). (1 point)

(d) Because B field does not do work, the speed of the charge is always vo. Note that the
angular momentum can be L =xmrv,
H T A, BT HIER—EH A voo EREABNEFLUE L=+mrv,.
When L =mrv,, r =a, no tangential motion occurs afterwards. (1 point)
HL=mrv,, r=a. XRAGAEYIENH, ZEHAFHIT .
qB,a—mv,

When 4 L=-mrv,, r=a———2. (1 point)
gB,a+mv,

When qB,a <my,, the only solution is r = a, which corresponds to the initial condition. No
tangential motion occurs afterwards. (1 point)

HaBa<my,, ROV r=a, ZEMAHHINT .
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a qB,a—my,
qB,a+my,
It is possible. X Z&A] LA IS L -

% gB,a>my,, (1 point) r= <a. (1 point)

(e) When the charge is moving in the radial direction, L = 0. (1 point)
KL F A2 S sl , L =0,

Therefore, Xl
r= a[l— MY, ] (1 point)
B.a

0

When gB,a > my,, r > 0, the motion can be radial. (0.5 points)

2 gB,a>mv,, r >0, R AR AiE 5]

When gB,a < my,, r <0, the motion never becomes radial. (0.5 points)
M gBa<my,, r <0, K AafiERIEs).

Q2 (16 points)

(A.1) The differential equation 173 77 N —lo=7+yw (2 points)
(A2)

Y
0 ts —
d—“’=—1dt:»jd—“’=—1jdt:»|n r_ 7y = Lines %) 2 points)
T I 4 I 4 I Y T
o+— @ @+— 0 w, +—
v e /4
So A:l, (1 point); B:Z,(l point)
V4 T
(B)

e First, add each pair of blocks at equal distance to the center in order to avoid
warbling, keep w, fixed and measure stop time ts,

I +nAl
t =

sn

In(1+7/a)°)=nAI In(1+7a)°)+lln(1+@). Here n = 1, 2, ., and
T 4 T /4 T

Al =mr?, where m is the mass of the small block, and r is the distance to the center of

the fan measured by the ruler. Plot t, ~nAl , one gets the slope K :lln(1+ @) and
V4 T

the interception b=--In(L+2%0) . Then 1 =b/K . (4 points)
14 T

o B, TREF o, WEHL ReEEXT/INE Y B AR S A P R b, R
{5 1IN TH] tone

1AL 7%y PAL 7Dy Vi 7%y stdin=1,2, L Al=mr?,
T y T’y T

v
m REHNEVINEE, r Z2/0EYEHER. Kt ~nAl FE, BELHIRE

K=1n@+?%), 5y 0% b=t in@s 7% . sRAHERE | =b/K .
V4 T V4 T

o Secondly, let the initial angular @, be very slow such that

t

sn

7
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-+

t, = AIn(l+Baw,) = ABa, = la)o .
T

From the slope of the t, ~ @, line we can get the value of 7 . (3 points)

%:,%%%%ﬁﬁ¢,ﬁgzmmuB%qu%zl%&ﬁoMg~%#¢@o
T

b N Y I /
HERRERE N - HtE
T
e Finally, let the initial angular @, be very fast so that
t. = AIn(1+ Bw,) = AIn(Bay,) = l[In(Z) +In(a,)]-
V4 T

Change @, and plot t, ~ In(@,)which forms a straight line. The slope is I/ . Since I is
already known, y can be readily obtained. (3 points)

R RBUGREAET L, = Aln(Lr Bay) = Aln(Boy) = In(E) +in(oy)] 3
t, ~In@, FIEE. BLRREN Y. HILEy .

Q3 (18 points)
Ans:
a) (i) ForR <R, there must be a constant current i is flowing in the system to increase

Rnr SO the total resistance of the system will not be negative.

HR<R,, TABALAE R 900, fERGHE R AN .

N2
| :
{R -R, [1— (—J =0 (Kirchhoff’s law) (0.5 points)
IO
i R, - R. _
=>l==x I (0.5 points)
R0
N2
I . i
Voltage drop across R,,= — R, 1—(_—] I =—RI = - voltage drop across R. (0.5
IO
points)

fES iR,= — R 1—[_lj i = Ri
|

0

For R > R,, the total resistance > 0, so the solution is i = 0. There is no voltage drop. (0.5
points)
#HR>R,, WRSKLEBHEVIE, BARNE.
(ii) L has no resistance. So a constant current 1 ==i_ flows through the system and
Rus =0. There is no voltage drop anywhere. (1 point)

HURTCER M, FTUARg =0, M A =%, (HEHE.

8
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(iii) In this case i = 0 and charge ==, is needed to maintain the circuit in
equilibrium (Ryr = 0). (1 point)
Therefore a minimum voltageV, =+q, /C is needed to maintain the system at equilibrium.
There is no voltage drop across R .. (1 point)
B AR =0, ALK Eaﬁjjq *0,, Ry=0. s/ EEAV, =+q,/C. Ry,
TR

b) (i) For R<R, the Kirchhoff’s Law becomes 1R<R , A
|
|

Writing 1=

| + j=1+] where j is small,

AN / - |+J—|+J,Etl3 N—F/NE,

we obtain to linear order in j fR¥F j BI—Z%/hE, 15

oo renf

0 j= Vo for both AC and DC. (1 point)
2( 0 )
V,

wEl Cbit& ACEDC) j=—="2—,
Z(RO_R)

(I+j) 2(R,—R)j, (1 point)

. \2
For R>R,, the original current is zero. R, [[i] 1} =-R,;.

. V .
So we obtain  j=—2%—. (1 point)
(R_ Ro)

N2
4 R>R,, FRNHTNE. thRo[[_iJ 1J:Ro, M=,
I (R_RO)

<<Notice that for R =R, we obtain 24 R=R I}, 1%

2 1
; 3
ROH j=V:j=[ii§J
Io RO

(i) In this case we obtain fEILIE, FATH
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- Ro[l—(i": j] J(io +i)+ L%:V (1 point)

0

Note that {H & % =0.

_R{l_(ioi:jn(ioﬂ) (1+2—OJ—1J( +])=2R, ]

We then obtain FH 4557 75 7% 2R, j+ L% =V . (1 point)

For AC voltage V (t)=V,sinat , the solution of this equation is j = j,Sin(et + &) where

L
tan5:——w and j, = Vo —— . (1 point)
2R, 2R, coso —Lwsino
d . . . V.
Oor —=—iwj,and j =—2——
O 4= b= 3R —ile’

. L
LV (t)=V,sinat ., N j= ], singt+5) . ﬁAﬁéfﬁiﬁﬁa@——E?,

(o]

V

0

2R0 cosé— Lwsing

(ﬁ% o], AANEO TR = FEARSE
2R—La)

Jo =

(iii) For small additional voltage source there is additional small amount of charge ¢’. The
equation becomes

/NIRRT, ORI AT S BEIN—/NE ¢ ORI N

2
_R{l_[qwq j J(d(qwq )j+qo+q Vv (L point
o dt C

ad,

Note that =0, and 2:—" =V . The above equation then becomes

RA+24 90 A\ 9y
do dt C C
It is true for both AC and DC. (1 point)

9 5 % _ % da’, a'_\/ 9 _y
Eiﬁdt—o,c =V, BiRTHE MJCESZRO(lq 1)0| V:>CV

S t C
AC =% DC #li&E H .

(iv) For DC voltage at equilibrium i = 0 and the situation is same as (b(ii)). A minimum
voltage V, =%q_/C is needed to maintain the system at equilibrium. (2 points)

10
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R
il

FMpGi)FEE. V, =xq,/C
(v) In the presence of an additional AC voltage, Kirchhoff’s Law becomes

Z—/> AC HJR, JIFEH

) 2 r 2 T 1 2 r
R |[ %t +ioz(d(qo+q)j 1 (d(qo+q)]+qo+q o 9% *a) _
q, dt dt C dt (1 point)

=V +V’

Note % =V, and dd% =0, the first term becomes

EB?%:V, %:o, R — T AL

ROMM] +ioz(d(qo+q')]21J(d(qo+q')j
o dt dt
eI R

l g ° Ldt dt

_ q ., dq _,,. _
Sowe obtain % fF  —+L—=V"', (1 point)
C dt
Therefore, forV'(t) =V, sin ot . We obtain q'(t) = (C+°sz)sin wt. (0.5 points)
And j(t)za)—vocosa)t (0.5 points)
(C*-Lo?)
MR AN, 15 q'(t):V—OSina)t, j(t):a)—vocoswto
(Cfl - sz) (C’1 - La)z)
Or 5§
, V, . dq’ —laV,

11
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Pan Pearl River Delta Physics Olympiad 2009
2009 FZER=FA K P LRV EMIC R BR R
Part-1 (Total 5 Problems) #%-1 (F£58H)
(9:00 am — 12:00 pm, 02-04-2009)

Math hints 823 R: [x"dx = %x”” +C; jﬁ =lnx+C.
n+ X

Q.1 (8 points) FH 1 (847)
Two large parallel square conductor plates Ci and C: of side length a are separated by two
types of media. The cross section is shown in the figure. The distance between the plates is d.

Medium-2 is a rectangular insulator slab with dielectric constant & thickness d/2, and side
lengths @ and a/2, respectively. The rest of the space between the
plates is filled with medium-1 with conductivity o1 and dielectric $
constant 1. Find the resistance and capacitance between the two

plates. W
B o (IETTPATAEER C fl C 2 MdEmEN L2
B HEmWERTR - SERMENERS Jd - NME2 B—EE

Fod2 > BRI a Fl a2 BGETIN - BN BRI e, o BB M2
e T VE- HAEEES o 0 EERGo - KWEERZHHVEHMER -

Q.2 (10 points) FE 2 (1043)

A galaxy is made of many stars revolving around its center on circular orbits. One way

scientists study galaxies is to measure the relation between the revolving speed v of a star in

the galaxy and its distance » from the center. Expressing the relation as v oc 7", scientists pay

special attention to the exponential power n.

B HHRZ ST OEEIPHEETHVE RN - BIEZMITE 2 —(E AR HEE

AT Z PHETHE v FIEEE O HTEERE o v oc " IERRHIRR (R E - RIEER

R plEE a3 n -

(a) If'the gravity force on the star under investigation is mainly from a massive black hole
at the galaxy center, derive the value of n. (4 points)
EERATHEENS N EZEREE AT OB > KndEH - (457)

(b)  Suppose there is no black hole at the center and the stars in the galaxy are evenly
distributed such that the mass of the galaxy is evenly distributed in a flat disk. Consider
a star in the disk at distance r from the center. The total gravity force on the star from
the stars enclosed by its circular orbit can be treated as if they are concentrated at the
center. The total gravity force on the star from the stars outside the orbit is zero. (This
is like the case of a uniform density sphere.) Derive the value of n. (4 points)
ERZTOLERE - ERVEE WSS > BEEATEFE - (EEEES 010
AYRRIEIRE o BT —(ERET 05 r VIEEAGH - ZRE#ENEVIEZRY5 B e
EPRIERE LT LN - REPUBIMVERRS I IENRE - CHEUTHEEE
BRIVIET, ) KntIfE - (453)

(c) What scientists found from real galaxies is that for most of them, » is larger than 1.
Give your brief explanation to this scientific puzzle. (2 points)

FIERMEEE - RZEEE RN n>1 - GEE R - (29)
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Q.3 (10 points) &H 3 (10 53)
As shown, a block of mass m1 is connected to a spring of force constant k& on the smooth
slope (inclination angle &) of a wedge of mass m2 placed on a smooth floor. Given a small
disturbance to the block and the system starts to oscillate.
During the oscillation motion the block keeps in touch with
the slope, and the wedge maintains contact with the floor. Find
the oscillation frequency, and check your answer for two
special cases of =0 and € =90°.

AR - —BUECERIN B8 mo El’]ﬁ%ﬁﬂﬂ’]ﬁ%/%ﬂﬁj: (Ttﬁﬁ%)%ﬁ) 7'5? 7]%
B kS - 58 FAEEER m B/NIBE - &/ MIBR—ESURENR - 2 4BHRTR
% o FEIREHAR] NYIBRAGE SR (R - RPIBRARSS LA ORI REAE - SRS AR
o HH 0 =0F10 =90 E M [EFFARB bR EZE -

Q.4 (10 points) FE 4 (1043)

An electromagnetic (EM) wave is propagating along the Z, direction in a non-magnetic
conducting medium with conductivity o and dielectric constant . Both constants are real

numbers. Its electric field is E (z,1) = E,X, ’(kz “) where Eo and @ are real constants while

F=2Je+i < [Ho

c 2 ee,
— B IR R VR s 2, T A - SRR A E e MRS
e - BROLHIESS E(2,0) = E %, ﬁEPIF:Qf +z EofloB

&90

8o
(a) Find the magnetic field of the EM wave. (2 points)
SKEWER A - (253)

(b) Find the time-averaged (over one period) Poynting’s vector < S> = 1 <(ExB)>.(2
Hy
points)

SR 4% B — ([ BRI RS SEH 1 Poynting 258 < S > :ﬂL<(Ex§)> o (24%)

d<S>

(c) The quantity g =— describes the loss of EM wave energy to a unit volume of

the medium. Calculate ¢. (2 points)
d [=]=1 i &b = >
52 (R B N EER Ko (29)

(d) Find the power consumed by a unit volume of the medium by directly calculating the

q:

Joule Heat averaged over one period of the wave < JUE >, where J is the current
density. (2 points)
SKENIASTEN /M E DURE BV 206 —(E R P RE B E < JLE >

Hepb J BERERE - (247)

(e) Compare the answers in (c) and (d) and explain why they are equal or not equal. (2
points)
FEEE(OFUDHVEZE - AR EMTHFAHEFAEA - (253)
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Q.5 (12 points) FH 5 (1243)
Consider a non-ideal gas with internal energy U given byU =3PV, where P and V are the
pressure and volume of the gas, respectively.

—IEERARINRE R U =3PV > Hot P AR BRs: - V RysRAeivagia -

(a) Find the relation between P and } in an adiabatic process. (2 points)
KEEFGEIE PEL VIR - (297)

Experiments show that the temperature 7 of the gas depends only on P, irrespective of its
volume. The scale of the temperature can be fixed by setting 7= 1 when P = 1. Consider the
following Carnot Process

B AR B R A R o T BLAG AR IR - JRERIERE AT HE P=1Hf T=
1 ZGE - FRELLU N HIReE1EE

Iso}E}c‘Lmal Ad’i_%l\)_a‘tic Iso%:&nal Ad'i_a’lﬁi‘tic
(B.1) = (R7) » (BV:) »> (B.V) - (BJ)
(Isothermal = Z£)% ; Adiabatic = 481 )

(b) Calculate the heat Q1 absorbed by the gas in the first isothermal process. (1 point)
KB R AR RAS R EE 01 - (157)

(c) Calculate the heat O absorbed by the gas in the second isothermal process. (1 point)
KB T EE R A ARSI ENE Q20 (177)

(d) The temperature 7 can be defined as L = _9 . Find the P ~ T relation. (4 points)

2 2
. I . o
RIETIERA -=- O ok PR TR - (49)
2 2
(e) Find the heat capacity at constant volume of the gas. (2 points)
KRIHEREANEE - (297)
(f) Find the entropy S of the gas in terms of P and V, given that S =0 when 7'= 0. (2 points)
ARSI S TORE T= 0055 - SERIIN - FHRL PRI VERE - (243)

THE END 5%
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Pan Pearl River Delta Physics Olympiad 2009
2009 FZER=A K P ELRYE RN IC B E
Part-2 (Total 3 Problems) &-2 (3£ 3&H)
(2:30 pm — 5:30 pm, 02-04-2009)

Math hints B2 3ER: [x"dx = % "y Cy j— =lnx+C.
n+

Q1 Solar System in the Early Days (16 points) & 1 FHIFI AR % (16 43)

In the early days of our solar system when the planets were not yet formed, the sun was
surrounded by a big ball of gas at rest. The mass of the sun is Ms. Assume for simplicity that
the gas is ideal and is made of single type of molecules of molecular mass m, and the total
mass of the gas is much less than Ms, you are to find the distribution of the gas at a distance r
(>> diameter of the sun) from the sun.

FHIR RIS R ITEE AR - KEGH— KERGEEE - CRIKGIVEER M, - R
FERECRES AR > HEEES TEED m 15 T4 - REBNEEERE/NT M, - [RFFE
SREBERIGEERE r (>> KF5HAL) B RARHY 0T -

(a) Suppose the gas is all at the same temperature 7o. The mass density distribution of the
gas can be expressed as p = p,e”” . Find . (3 points)

ERCRBBITRIE B Tt LA » REBNEBRESARER p = pe”” » Ko -
(353)
(b) There is a major flaw in the mass density expression in (a). Point out the flaw. (2 points)
HURBGHYE B iR —E ARG - feERE - (293)

(c) In an improved model, suppose the sun emits Jo amount of thermal energy per second,
and there is no energy loss when the thermal energy flows from the sun out to the gas
via thermal conduction, find the energy current density (energy through a unit area per
second) at a distance » from the sun. (3 points)

TR BHVIRARIEE - (e KPRV EEE & Jo > & *ﬂﬁ‘éuﬁ\%ﬁﬁ T"‘iﬁﬁ@@”h
ARIFEIRZL - SREERIGIERE r REGE RS (S E A B EfkaEE (343)

(d) The thermal energy current density /(r) in (c) is proportional to the temperature
gradient. That is, /(r) = —a(:;—T , where ois a positive constant called heat conductivity.
r

The minus sign comes from the fact that heat always flows from high 7 region to low T’
region. Find the temperature at distance » from the sun. (3 points)

S B RIRRE 1) BB R ELL » B 1(r) = — f%’ﬁﬁweﬂ B

B APV AR A R EUR SRS I SR IR A EOR BRI o SKEEKFZEERE r RO -
(343)

(¢)  The pressure can now be expressed as P = P, (r /1, )_ﬂ . Find S and the mass density
distribution. (3 points)

FHMOEE RIS P= P, (r /1) SRBLUREREE ST - (35))

(f) From (d) one can see that beyond certain distance 7o from the sun the temperature is
below the ice temperature. Estimate 7o in terms of the radius of a planet orbit of the
present solar system. (2 points)

FH(d) AT R B EERE ro SRASHVR A T /KETIKEE « ro AMEBLER A BUIMETT 2 AYEEF
I ? (243)
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Q2 Spin Torque (16 points) & 2 gHjiE4E (1645)

An electron has permanent angular momentum called spin (S ) that is fixed in amplitude

h /4 , where h is the Planck Constant, while its direction can be changed by external
interactions. Consider a thin wire with electric current /, the lower half of which is made of a
magnetized conductor and the upper half non-magnetic conductor. Due to quantum
mechanics, the electron spins can only point to one of the two directions, namely in

the electric current direction or opposite to it. In the magnetized section of the wire

there are a (> 50%) portion of the electrons with spins in the current direction, while 7

in the non-magnetic section there are equal numbers of electrons with spins in the

two directions. The extra number of electrons with spins in the current direction in

the magnetic section will instantly flip to the opposite direction once they cross the
boundary and enter the non-magnetic section. As a result, a net torque is exerted on the wire.

ETAAEEASES - UMEkE - HITm I EESNSTAIH R NS - HoR/NRBIEER
hidm > B h BB B - —EEEHAER [ B8R N i b T HVERRHER > E
B IR EERGAHR - (HE T NREH - ETHVE e s EE T - BB T
A - LB a (>50%) ErHYETHYE el F TR » JRHEMEAG A 5 el E ]
FIRAIS T FAVE T EAHEEE - B EEREA 2 Ay B e s 5 7 [RIHY R T I R
B G ZEE MR T > (EMm e T EF R RS L -

(a) Find the torque in terms of 4, I, , and electron charge e. (4 points)
DL h, I, o, FIEET-EEfe] e REFREESIHE < (447

(b) To measure the torque, a conducting side wing is attached rigidly to the wire but is
electrically insulated from it, as shown in the figure. The wire is suspended between
two fixed points A and B. Under constant current /o

the spin torque will twist the entire wire along the AB A

axis up to a small angle &, until it is balanced by the v

elastic restoring torque 7, = —x6,, where x is a - i Top View
positive constant, at the two fixed points. Given that g

the moment of inertia of the entire structure with

respect to the AB axis is J, and there is also a friction B

do . o
torque of —777 , where 77 is a positive constant, find
t

0
the angle A as a function of time ¢ after the current is —’:I: %‘ Front View
suddenly turned off at # = 0. (6 points)
Ry THIETHE > WFHEESE B F—HEIBHE (side wing) - AR E(top view) I TEFT E
(front view)FfTR 3B BEELELEHHERERMIMEHY - (HAH G AN EER - BEEHY RS A
A~ BRyES > TfEEZE - BEEER LI - Hie/IEREEL AB SififfHiE—/mEo -
HEW A ~ BEHYEM I 7, = —x6, BRI > B« ZIEFEE - CRIE(EASRL AB

o _ . do N - \
FeEhHEEhEE S J o BRI IER i Heh R IR H 8 - 72K 1= 0 BRI HZE R
VIR > KO Z1&AVEAE - (6973)

(c) When an alternating electric current / =/ e

iot

is applied, the wire will twist back and

forth. The side wing of length L at a distance d from the wire follows the twisting
motion of the wire. A magnetic field B is applied perpendicular to the side wing, as
shown by the solid arrow in the figure. The field will not change the spins. Find the
electromotive potential between the two ends of the side wing. (6 points)
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et AR ] = [e™ > AEs ko) - s bR - B RES
Fy L BEEGSAIEREER d - SNIMERRIEESEE, B > TRISIEREEE - A8 E ST
AR » s AA EEETHIE IE - SKIERFImZ HHVEHES - (647)

Q3 Nuclear Magnetic Resonance (18 points) & 3 3Lz (18 43)

Like the electrons, most nuclei have permanent angular momentum called spins () that are
fixed in amplitude while their directions can be changed by an external torque. Associated
with the spins are the magnetic moments that make them as individual magnetic dipoles

m = uS , where 4 is a constant. Here we will study the spin dynamics using classical
mechanics.

KEHFE TS ETIMEAUESENERAEIES - HA/NEE - JEpEs

AR PSS o HH e A AT 5% i = S ELoP u B8 - RIS
S B ey E ) -

(a) A nucleus with spin S is placed in a static magnetic field Bz, in a B3
laboratory, as shown in the figure. Find the motion of the spin of the o
nucleus as seen in the laboratory reference frame. (4 points)

AE - —EBER S MR FAZR T BB = (AR B,Z, o © SRACE R = S
SRABIZEFHE envES) - (457) /

(b) Inarotating reference frame with angular velocity @, the nucleus spin

appears stationary. Find such reference frame. (2 points)
TE—(E LA o, TeEny 2 RABZ R B g2 & E A gy - HH
ZSHHk e (273)

(c) The correct answer to (b) indicates that in a rotating reference frame with angular
velocity @ there is an additional magnetic field Ew seen by the spin. Find the

additional magnetic field. (2 points)
EH (b)Y IEMEE ZE - £ —(ELLAERE & Ty
BBYNIIRESS B, © SKREEINES - (243)

(d) Back in the laboratory reference frame a second magnetic field is applied. The second
field with strength B is always perpendicular to Z,but its direction rotates in the XY

\\\>§v

IR > HiEgRZs—(E

plane at constant angular speed —, . Switching to the reference frame that rotates with
the second magnetic field, find the total magnetic field seen by the nucleus. (3 points)
FERESEE > WSS o sZ5eE R B > HJjmeZ FE -
£ XY FHAN LI AHEE -0, el - fFiEEZaeEn a2 R 4% > KE
ez FIHI4EMES - (3 3)

(¢) Whenwm, = w,, find the minimum time it takes to flip the spin from +Z, to—Z,. (This
situation is called the Nuclear Magnetic Resonance) (4 points)

E o, = o KB TER +Z, JTREE] -2, HRPTFRIVESERE o CERIPHES
tEAR)  (457)

() Whenaw, # o, find the motion of the spin observed in the rotating frame. (3 points)

H o, # o} RKIEEFH SR AEEEINE eES) - (357)

THE END 53
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Part-1 55—%&

Q1 /& 1 (8 points 8 43) Solution fi#:

For resistance R, only half of the area is conducting, as the other half is blocked by medium-2.
Let the voltage between the plates be V, then the electric field

FeoREEH R - /VE-2 NEE > FrLARA IV EEREE - SHIRZERYERS Vo Al
EISR
E="V/d, (1 point 1 47)

The current density is B i & J =o,E, (1 point 1 77)

2

The current is B&fi ;% [ :%Ja2 :%alg. (1 point 1 47)
Vo 2d )
So the resistance is [RHEE[H 5 R = - = . (1 point 1 97)
o,a

For capacitance, it can be treated as two capacitors in parallel. The capacitance on the right is

FRES - RERAEESLAMEESHE - AENEER

gga
C = 1 point 1 4
1 2d (Ip 77)

For the left half, let the electric displacement be D> which is the same throughout the region.
HEAE - SBAES Dy T EEME - (1 point 1 57)

The total free charge on the left half is

B AR B I ET R

2

Q——D (1 point 1 47)
The total voltage between the two plates is
HEM Z FIHVRER S

1 1 d
V=—Ed+—Ed=—D,(—+—). (1l point 1%
5 P 2g ( ) (Ip 77)

0 & 52
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2

&a &&
So NIt C, = 4——2—,
€1+82
2
C=C+C, =228, 4% | (1point 1 4})

2 g +e,
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Q2 7 2 (10 points 10 47)  solution fi#:

(a) Let the mass of the blackhole be M, then

SHENEER M > |

GM_v2

2
r

=—, (2 points 2 77)
r

So JJ:I;‘/G—M =v, (1 point 1 47)
r

n =—%. (1 point 1 47)
(b) Let the areal mass density be o, then

CHEmHE o Al

Gror® Vv’ .
>—=—, (2 points 2 77)
r r

So Kt VGror =v, (1 point 1 47)

n=%. (1 point 1 47)
(c) Anything reasonable is fine. It DOES NOT have to be dark matter.
EAoTA —E B HIVAEREEN T - A —EFEREYE A 1] (2 points 2 77)

Q3 /& 3 (10 points 10 47)  Solution f#:
Method 1: Using conservation of energy

HiA-1 s MR SFE

Equations J5f&:
N
m
Mx, =-mx,, y, =(x,—x,)tan0 =(1 +M)x2 tan 6
(1 point 1 47)

All coordinates are in the rest frame. Ffi744REHY

HEF L2 MR A -
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The total kinetic energy of the system is

HEEIEE R
1 .2 1 .2 1 ) . ya
T=§Mx1 Jramx2 +§my2 (1 point 1 57)
l m2 ) 1 ) 1 2 ) m ., .
=—M—x>+—mx; +—mtan " Oex;(1+— 1 point 1 4
Y Ty Ty 5 ( M) (Ip 47)

The total potential energy 4&Z45E B

v =%k[(x2 —x)? +y2]-mgy, (1 point14})

1 m m m
= Ek[(lJrﬁ)zxz2 +(1 +M)2x22 tan’ 0] —mg(l+ﬁ)x2 tan @

1 m
=—kx’(l+—)" e
2 2 ( M)

1
cos’ @

—mg(l +%)x2 tan@ (1 point 1 43)

2

Using FIJFH ax®> —bx = a()c—i)2 —b—, we get 15
2a 4a

. . 2
V:%k(l+%)2D 1 (xz_mMgsm2t9)2_(mgsm9)

1 point 1
0520 "2 k(M +m) o (Ipoint177)

Make a transfer of coordinate HY AL A

_ mMgsin26

, (1 point 1 47
X5 (M +m) (1 point 1 77)

We reach an expression for the total energy that is of the form of
T +V =ax’ +bx’ +c which must be constant by energy conservation. Letx = 4 cos(wt + @),
we get

T +V =ad’ cos’ (ot + @)+ bA’ @ sin’ (wt + @) +c = A*(a—bw*)cos’ (vt + )+ bA’w” +c.
For the total energy to be constant the cos’(wf +¢) term must be zero all the time, which

leads tow”* =a/b.

KMGEEEBNREXBT+V =a’ +b8" +¢c - NEERTEEERIERFE - ©

AN
=

x=Acos(wt+¢) * 15
T+V =ad’ cos’ (ot + @)+ bA* @ sin’ (ot + @) +c = A*(a—bw* ) cos” (vt + ¢) +bA’ @ +¢

VEEEE » F20 cos®(wf + @) TENESE - it o’ =a/b -

4
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Therefore, the oscillation frequency  in this case is
H EE RSN 0

1 m
+ﬁ _k( M+m
M +msin* @

m ., 2

. k(1+ﬁ) /cos” 6@ k
ﬂ2+m+m(1+ﬂ)tan26? n
M M

=— j.(lpointl
cos’0+(1+ ysin2g ™
M

77)

For §=0,wehave E60=0 S0’ =k +ﬁj (1 point 1 47),

1
m
For 6 =90° we have & 0 =90° > 5 &’ =£. (1 point 1 457)
m

Method 2: Analytical Mechanics J3,%-2 : 437 /12

N Fprine=-kx1/cos0
spring 1 N

mg

Force figure JJ[&E (2 points 2 47)

Equations /5f2

mx; =————cos@—Nsin@+mx-,
cos @

x1 is in the frame on the slope. x1 /240 B ELRH A AR o (1 point 1 47)

y, =x tand

mx tan @ = N cos @ —mg — kx, tan 6 (1 point 1 47)

M2 =—(Nsin@+kr,) (1 point 1 43)

Process fi# /72 52

Step 1: Eliminate x> *0852-1 © JFZ x»

mxi = —kx, —NsinH—%(Nsin@Jrkxl)
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mxitan@ = N cos@ —mg — kx, tan @
Step 2: Eliminate N 20EF-2 1 JHEN

o0 m m
mxi+(1+—)kx, =—Nsinf(1+—
1+ ( M) | ( M)

mxi tan@+mg + kx, tan@ = N cos @

Which means #4712 15
mcos @1+ cos (1 + %)kxl = —sin@(1+ %)[m tan @ x1+ mg + kx, tan 0] (2 points 2 57)

By assuming x, = 4¢*”, the oscillation frequency @ is obtained

2 _ iot | 4L IFE S22
Rl x, = A+ IR

.2
m sin” @
k(1+—) cos @+
k M+m .
o = M ;Osfinz 5 =;(M+msinzc9j' (1 point 1 473)

For =0, wehave E60=0 > 15 o :k(i+ﬁj (1 point 1 47),
m

o , k .
For 6=90°we have & 0=90°> 5w’ =—. (1 point 1 53)
m

Q4 7 4 (10 points 10 47) Solution fi#:

i(kz—ct)

(a) Let the magnetic field be B (z,t) = Eoe . The k-vector of the wave isk =l€20.

Using the equation V x E = —Z—I: )

OB

ke REBE =R, - MRV E=-""

SHinFEE B(2,0) = Bye

ExE(z,t)
@

we get 5 B(z,1) = , (1 point 1 4%)

i . i o
_ = = (kz—owt) __ = i(kz—ot)
=—F,(Z,xX,)e =—FEy,e

w a
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So (Kt B, _k v+ (1 point 1 573)
®

(b) Note that %U}fﬁlgzgx/gﬂ'% /ﬂEkRﬂ'k[.

&g,

So E<S =1 < (ExB) >=2LRe(Exz§*) (1 point 1 4%)

Hy Hy
E(f - . 2k 1 ky o 1 2= 2k
= Z,Re(k, —ik,)e """ =——RFE Z e = EZe ™" .
20,0 o Re(k, —ik;) 20, @ 0%0 2u.c 0%0 (1 point 1 43)
D Je [Ho
d kk c &€ _

© q=- <S> _ kik Eje = E—OEge‘zkﬂ = gE(fe_Zk’z. (2 points 2 47)

dz yING 2 uo 2

(d) Joule Heat EEF#EL = < JIE >= %Re(] E") = %Re(EDE*) = %Eg e (2 points 2

77)
(¢)  The energy loss of EM wave is equal to the Joule Heat.
BN AE EHHRA T THEMEL - (2 points 2 57)

Q5 (12 points) HS5 (12 47) Solution fi# :

(a) First law Z2V/JEEEE—E@#: dU =-PdV +560.

The equation of adiabatic processes is 4BZUEFEHY TIZR
8Q=dU+PdV =d(3PV)+PdV =4PdV +3VdP=0 (1 point 1 57)
= PV*? = Constant

= PV*? =8 (1 point 1 43)

(b) In the Carnot cycle fE-REEJGER HAFE H:

Isothermal Adiabatic Isothermal Adiabatic
=

—— ——
(B.V) — (BV) —» (BV:) = (BV,) — (BY).
Isothermal = 5% ; Adiabatic = 48Z{

7
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The heat supplied to the gas during the first isothermal process is
5l F R AR R Y BV
0, =3RV, =3BV, + [ RdV =4R(V;~V;).(1 point 1 53)
(c) Similarly, the heat supplied to the gas during the second isothermal process is

B F R AR TR U YRR B

Q,=4P,(V,-V,). (1 point1 43)

PlV24/3 _ Pz V34/3

(d) From (a) we have fq(a){5:

(1 point 1 47)

By definition FHEF%

L__g__E(I/Z_I/]) __El/4P23/4(V3—I/4)_P11/4

= . (2 points 2 47)
L, 0 B(V-7) p(V,-v)  B"

Therefore, one may define the absolute temperature by T = AP"*, where 4 is an arbitrary
constant. Since 7= 1 when P=1,T = P"*.

Rt AT A ESBERT = AP > Hh A BEEER - P=1 0 T=1-B5T7=P" -
(1 point 1 47)
e ¢ internal energy is then NEEF U = ) point 1 43

The i | is th NEEE U 3TV 1 14y

Hence the heat capacity is RIILEVEEEC, = (g—;{j =127°V . (1 point 1 43)
14

(f) The entropy is j{ﬁjﬁ% S = IOT CV % = 12VI0T T*dT =4TV = 4P3/4V . (2 pOil’ltS 2 ﬁ\)
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Part-11 55— %

Q1 (16 points) #H 1 (16 47)  Solution fi# :

(a) Consider a thin layer of gas of unit area and thickness dr. The pressure at » should be

. . n
larger than the pressure at » + dr in order to balance the gravity———. So we

have Z—f =— GZ\;I;mn , where 7 is the molecular number density of the gas.
FREBERES r RS R dr VB ETESRES © 1 r IR BAELLAE r + dr BEHYR
i ETIEAARIS ) T dr - WA S = - S S B
7T EEL - (1 point 1 57)
We also have the ideal gas law P = nkTo. Replace P with n we get% =— G}ij % .
0
FSHEMEREE TR P=nkTo - % P n LA {?@:_ngm% > (1 point 1 47)
0

M m

N

Finally, p = p,e”” , where ar = GM,m

0

GM m
kT,

=1,

EEE p=pe” » Hfa=

o (1 point 1 47)

(b) Whenr—>o0w, p—>p, instead of zero. That means the gas ball is infinitely large,

which is unphysical.

Er->0 > p—>p MIAEE - EEWEREEERAN > ARFEHEEFE - 2

points 2 47)
(c) The amount of energy per second through any concentric sphere shells should be

constant. That is, J, =4zr’1 .

TR R R — O BRI R IE R - FTPLJ, =427 - (1 point 1 57)

J,

Then {i£ {-=1.(2points 2 77)
r

@ 1= somit =0 (1 point 1 57)
dr dr dror
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']0
or
The integral constant should be zero, as 7 should be zero at large distance.

N E RS RS 7A R > DA EE AR B RS © (2 points 2 57)

Then HILET =

. e AP GM
(&) Again S IRIFES T, — - =~ Sy

r

But now P =nkT (r)=4J0 kn . Replace n by P in the first equation, we
nor

dP  4rGM moP

et—=— ,
s dr kJ,r
L P = nkT(r)=—22kn < 5 P A An » 390 - _AGMmOP i1 43
4ror dr kJr
7 4xGM mo
which leads toP:PO[Lj , where f = ————.
"o kJ,
7 4xGM mo
fﬁéﬁﬁ?%Pze)[Lj ’ﬁqﬂﬁszo(lpoimlﬁ)
To 0

_AmomrE ([ r
"o

-p
— | . (1 point 1
W j (I'p 77)
This time P and p go to zero at large r. IR{FHY P Flp(FfEES i8R % -

(f) From the surface temperatures of the planets we know today we estimate that ro is
about the radius of the orbit of Mars.

FERAE A T AR DR P AT DAHEHUARERDK 2 HYEEAHAT - (2 points 2 57)

Q2 (16 points) H2 (16 47 ) Solution fi# :

(a) The number of electrons crossing the junction per second is //e.

T e i LRI BE 18505 Z/e = (1 point 1 57)
On average, there are (o —0.5)/ /e electrons flip their spins.

A (a-0.5)1 / e YETHIE eS8 - (1 point 1 57)

. I
The net angular momentum change per second is then (« — 0.5)4—h x2.
e

10
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T2 = D7 4 -z Ih .
A ENFELE (o - O.S)E x2 o (1 point 1 77)
e
This is equal to the torque soz = (a —0.5) N I.
2re

FEB R L TS 7 = (a—o.s>2im1 . (1 point 1 53)

. d*o do
b) The equation of motion isJ =—n—=—xb.
®) a dr* g dt
=R 5 5 ===y d20 do .
B THRNEE IR J y =—77$—K6’ > (1 point 1 43)

Letd(¢) = 6,¢'” , where @ is complex,

L 0(1) =0 » Hrh o ZHE > we get {5(1 point 1 57)
@ —iyo-w; =0, where ol =x/J, y=n/J.(1point1 4})
ot o

Let @ = w, +iom, and solving the equation, we getd = 6 e

S d=w,+iw, » FEEHTTE  50=0e e > (1 point 1 53)
Where Eftw, =y /2, (1 point 1 53) » @, =+J@; +y> /4. (1 point 1 57)
it it

(c) This is a forced oscillation with the force given by 7(¢) = (o — O.S)zi] e =1.e
e

NN 5 =z h it it .
B E~aTRENEE - BE(E SRR () = (a —0.5)2—e]0e’“’ =7, ° (1 point 1 57)

2
The equation of motion is #H &) 512 % J ilhze = —n%— k0+t(t). (1 point 1 573)
Let % 0(¢) = 6, , (1 point 1 47)
7,/ J

we get the oscillation amplitude 6, = —;

2, . :
Wy, —O +iyw

, N 7,/J )
SIREMEE R 6, =——5—— - (1 point 1 43)
@, — O +iyw

The speed of the side wing is #8FHYHE B v(t) = iwd 0, , (1 point 1 43)

and the electromotive potential is FEEAE, £(¢) = BLv(1) =iwdBLO,e™ - (1 point 1 47)

11
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Q3 (18 points) HE3 (184))  Solution fift :

(a)

(b)

(c)

(d)

The magnetic dipole experiences a torque 7 =mx l;’o which is always perpendicular to

the S~Z, plane. The torque will turn the direction of S so S rotates around B, at

constant angular speed.

WS T2 B0 SIHE RS T = i x B, » HF AL S ~ 2, P E - S S ()
i o RIS 68 B, DL A B EHE - (1 point 1 53)

Let the angle betweenS andZ, beé. The torque ismB,sin@ = uSB,sin&, while the
change of angular momentum over time of is 6.5 = S sin 66¢ .

4 S B1Z) 2 R B 0 - BIJIAERIAVINE mB, sin@ = uSB, sin 0 > T fyEh AL
0S8 =8sin0o¢ - (1 point 1 47)

Since BEZA S'sin 66¢ = 6S = uSB, sin 05t (1 point 1 77)

We have {115 o, = % = uB,. (1 point 1 47)

In the reference frame rotating at angular velocity @,z, = —uB,Z,, the spin appears

stationary.

LU 0,7, = —uBz, BB 2R AE > Hige A8 © (2 points 2 57)

—

The effective B-field is 515 B Ew _— (2 points 2 47)
u

In the rotating frame of —@,Z,, B, also appears static.

TELLA RIS —0 7, FEEA 2 I8 43 > B 2R EY - (1 point 1 53)

Let it be along the X’ axis in the rotating frame, the total B-field is

B=(B,-“)z +B3,

y7,
% BEHHESIB AN X Jiih - HIXERIESE B = (B, - 1)zO+Bx0 > (2 points 2
77)

12
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(e)

®

In this case, only BX, remains. The spin will rotate around theX, axis at angular
speed o, = uB,,
BRIV ST B Y, o EINEREE LI o = uB Jief® - (2 points 2 77)

and the time to flip the spin is 8 5 JEFr BN B = %2—7[ = LB . (2 points 2 57)
@ HUD;

In this case the spin will rotate around the total B-field given by (c) at angular

2
speedw = ,u\/(B0 —QJ +B}.
U

ERFHYISH(OEH - BIeARES o= ﬂ\/[Bo —%] +B; (3 points 3 /)

13
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Pan Pearl River Delta Physics Olympiad 2010
2010 FRZEHR=MA K H AR ERRIL T BIER
Part-1 (Total 6 Problems) -1 (3t 6 )
(9:00 am — 12:00 pm, 02-19-2010)

3
Math hints 2375 [ X"dx = ilx'”l, [ xy/ A? = x?dx = —E(A2 —x*)?
n+

Q1
Al

(i)

(i)

(iii)

(iv)

(v)

3

Solve the following short problems. (11 points)
ETFI&E. (1140

Nucleus-A of mass Ma and kinetic energy Eq (<<Mac?) collides with nucleus-B
(mass Mp) at rest. After collision nucleus-A moves at 90° relative to its initial
velocity with kinetic energy E;. Find the kinetic energy that has been converted to
nuclear energy in the process. (Both nuclei can be viewed as free particles.) (2
points)

JF N Ma IR TH-A, FIEEEIRE Eg (SKMAC®), SHIUGHEHEIR T1%-B ik
Mp) fifdi. fbdE )5 57 1%-A LSPIGGEE LR 90° ) 77 1) ©ilt, 3hfe B SREERLE
R s Re R T AZ R RE . (R ER B BR T, ) (259

Find the resistance and the capacitance between two
concentric spherical conductor shells of radii a and b (> a).
The space between the shells is filled with medium with
dielectric constant & and conductivity o. (2 points)
PR E 72 S, RSN a s b (>a). BB
e, FHRFENSHINT. KM FERL AR EAMEZR. (2

7))

(@) The electric field of an electromagnetic wave is E= Eoioei(”*“ﬁ) . What is its
state of polarization? (1 point)

(b) Write down the expression in the same way as in (a) for the electric field of a
left circularly polarized electromagnetic wave. (1 point)

()i 0 E = EXe' ™ L it o iR A 42 (14D
(b) A5 (@) HH [ Fio ke 20es th e e [ i Fe p e i Fi gz . (10

The electric field of an electromagnetic wave in vacuum is E-= Eoioei(kz_”t) . Find
the magnetic field and the Poynting vector. (2 points)

B E = EgXe' Y . skl kiRl Poynting
249

Use the Lorentz transformation to derive the relativistic Doppler Effect when the
relative motion between the source and the receiver is (a) parallel or (b)
perpendicular to the wave propagation direction. (3 points)

MG ZEA M, HEHL T HMETERIARS 16 2 BN ()AL IR T 1) 5 i
PR R AT (D) BEHIARHE T I S NG A R . (3

5
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Q2 (5 points) A2 (54

(a) A spacecraft of mass m moves in a circular orbit at a distance r from the center of Earth
(mass Mg). What is its kinetic energy? (1 point)
— RN m B, EERIEROEEEY r MERTEHE Fis T HIIRBTEN Me. SRR
MzahEe. (10

(b) Suppose the spacecraft fires a rocket for a short time, speeding it up in the forward
direction. After this short firing time, its Kinetic energy increases by 30%. What is the
furthest distance of the spacecraft from the center of Earth? Express your answer as a
multiple of r. (4 points)
KRB KCET, FERLIN ) R IR BT, e RIS ERE N T 30%. iR KBS M R fR
RNEZB T2 (45

Q3 (9 points) &3 (94»

As shown below, a point light source is inside a glass block of refractive index ng at distance
y from the optical axis and distance T from the surface. A plano-convex lens made of
transparent plastic material of refractive index n is placed near the source. The thickness of
the lens is d, and the radius of its convex surface is R. The width of the air gap between the
glass block and the lens is t.

WTREFR, —ROCIREBSEA, SOtHMERE Yy, SEETmIEEN T. BOgmirx
HNNgo —IEBIPERCH MBS R n, B, DR R, SR
to

@) Determine the width of the air gap t so that the light from the point source forms a
parallel beam after passing through the lens. (3 points)
i ROGIR IS BB 5 O FATORR, R tiakissl. (340)

(b) Find the maximum thickness of the lens dmax such that it is still possible to adjust the
width of the air gap to produce a parallel beam. (1 point)
2 d KT dnax I, GIREFET t HEFRFATEH, 3R dnax IFRER. (150

(© Find the angle @ between the parallel beam and the optical axis. (3 points)
KPR S eI mo. (345

(d) If d is allowed to change by a small amount &d, and R is allowed to change by R,
find the angular change 66. (2 points)
i d i —/MEXM, REZ—/MER, KEMHZELSO. (277
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Q4 (5 points) B 4 (54
The Earth’s magnetic field is approximately a dipole field. One can imagine there is a
magnetic dipole m at the center of the Earth. For simplicity, assume that m lies on the
rotation axis of the Earth, pointing from north to south, as shown in the figure. Hong Kong is
at the latitude of o =22°. The magnetic field at distance r from

- [3(mer)r :
a dipole is B:ﬂ{g—%]
4 r r

WE PR, SERIRL ] AR08 — AR T 103, BT m A
kbl SHER A AR, AR . AL

o =22°. BHHHT F ALMRS N B = Z—O{M—ﬂ} :
TT

r r

@ Find the direction of the magnetic field in Hong Kong in
terms of east, west, north, south, and the angle to the horizontal plain. (2 points)
REF W R BRI 7717 (LR BE. PO JERUKPFION AR o (243

(b) A horizontal electric wire of 10 meters in length carrying 100 A of current is in the
north-south direction. Find the magnetic force on the wire. (You need to recall
roughly the strength of Earth magnetic field on Earth surface.) (3 points)
— B ALE R 10 KK LS, 0 100A FIHE. KMERWIN BN 1. (IR
H O HH IR KR8 ) (341)

Q5 (8 points) &5 (841

Shown in the figure is the Diesel ideal-gas cycle. All
processes are quasi-static and the gas is monatomic. The
two processes 1->2 and 3->4 are both adiabatic. Find
the efficiency of the cycle in terms of & =V, /V, and

r :Vl/VZ .

F E TR — A R T EUAE A R Diesel 1536, &34
RN AR MRS T, 122, 324 AdaTad 2.
R Ha=V,N, . r=VN, KK .

Q6 (12 points) &6 (1243)
A uniform half disk of finite thickness with radius R and mass M is resting on a rough
horizontal floor.

(a) Find the moment of inertia relative to the axis perpendicular to the half disk and through
the contact point on the floor. (6 points)

(b) An impulse P is suddenly applied to the edge of the half disk
as shown. The half disk rolls without slipping afterwards and
maintains contact with the floor. Find the minimum impulse
to flip the half disk. (6 points)

P

—ME R ERSERE, FRER, RE M, JRAERKE K L.

(@ R SEEER, A BT S AR . SR R A T2k
HIFEshiiE. (670

(b)  —rFEPRAMEATERINIGS. ZRFREFARS, H—BERT St Kig
il R SR B PR . (690

(THE END 52)



Pan Pearl River Delta Physics Olympiad 2010 2010 FRHE=MA M P ELZBRYETR

Pan Pearl River Delta Physics Olympiad 2010

2010 FZBR=H S A2 R W) FE BARIIL 3 38 3¢
Part-2 (Total 3 Problems) #-2 (3t 3 &)
(2:30 pm —5:30 pm, 02-19-2010)

aN+1 _1

a-1

Math hints #{5#7R: [x"dx = nilx”+l ; % a" =
+ n=0

, N>1 a=1.
Q1  Chain Reactions (10 points)
Bl BEYRR (1049

(@) The mass of a proton is roughly equal to that of a neutron and is 1.67 x 10" Kg. Find
the number of nuclei in 1000 Kg of *°U. (3 points)

— AR T F A AP IR, ¥4 1.67 x 1027 Kg. 3k 1000 A 2°U fier
R T8 H. (340)

(b)  When a U nucleus is hit by a neutron, it captures the neutron, splits into several
fragments, and releases 3 neutrons. These neutrons will hit 3 ?**U to create 9
neutrons, ... The time between a neutron is released to the time it hits the next 2 s
1.0 x 10°®s. Estimate the total time needed to consume 1000 Kg of **U. (7 points)
YA R A POU R TR, R TR TR, SRR R R A 34
FF 3T 34 PPU R T, A 9N T L TR T
— 2 R AR R 1.0 x 108s, it 1000 2 25U 2488 56 7 5 e
@le (75

Q2  Quantum Gravity (20 points)
B2 'BT31% 204

@ The Planck Length
The smallest length scale one can resolve is called the Planck Length Lp, which can be
estimated in the following way. To get information within the length scale L, one needs a
photon with the wavelength A roughly the same as the length scale. But any photon creates a
(tiny) blackhole within which no information can get out. When the photon wavelength is
equal to 2z times the radius of the blackhole (=Lp), then we obtain the smallest length scale
Lp. Note that a photon with wavelength A has energy E =hc/ A and effective massm = E /c?.
(Planck Constanth =6.63x10*J -s, speed of light in vacuum ¢ =3.0x10°m/s, universal
gravity constant G =6.67x10 "N -m? / kg?)

(i)  Determine the Planck Length. (4 points)

(i)  Determine the Planck Energy Ep which is the energy of a photon with its wavelength

equal to 27 times the Planck Length, in terms of electron volt (eV). You may find the

constant hc =1240 eV -nm useful. (1 nm=10"°m) (2 point)

(b) The Hubble’s Law
(i)  The light spectra of a distant galaxy exhibit a red shift of Z =(1'-1)/ 1=1.03,
where A is the wavelength if the source is at rest relative to us, and A’ is the observed
wavelength. Find the speed of the galaxy relative to us, and determine whether the
galaxy is moving away or towards us. (7 points)
(i) According to Hubble’s Law, the receding speed of a galaxy v is proportional to its
distance D from us, i. e., v=H D, where Hy = 21.7 (km/s)/Mly, and Mly represents a

million light years. Find the distance of the galaxy. (2 point)
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(o) Change of Speed of Light
Several quantum gravity models predict that photons with higher energies move slower, i .e.,
the speed of photon in vacuum with energy E is v=c(l—E/E,), where Ep is the Planck

Energy in (a). It can be tested by observing the light pulses from gamma-ray bursts, where a

low energy photon pulse and a high energy photon pulse are emitted simultaneuously. A

gamma ray burst was observed recently in the galaxy in (b). A low energy (~10°eV) photon

pulse and a high energy photon pulse with energy of 34 x 10° eV was observed.

Q) According to the models, what would be the time delay between the two pulses when
they reached us? (4 points)

(i)  The actual delay observed was 0.9 x 10 s. Does the evidence support the models’
prediction? (1 point)

(@ WK

BATRT oy e K E RN B e K E Lpo NIEFRARAN T E A . BEFRGKEN L 1250H

WHIEE, BAIFERE TR EAEM L Z2ARL5. (HeFHa GRMUND IR, SN

{5 BAEAMRZ TCVEAR BN . AT I KSET 27 sRULBIF M2 (=), FRATHA 2 /N

K. CAETHRIREEANE=hc/A, BRBURENM=E/c*. LU Hik

h=6.63x10*J-s, HE5tHc=3.0x10°m/s, 5| 1%% G =6.67x10"N-m?/kg?)

(i)  SREMWKE. 45D

(i)  SREKET 27 RS KERLFIRERE, FHusRAB T REFEVIERL. X
FRMWH AR Epe FHMHERARSWEAEH. (hc=1240eV -nm,
1nm=10°m) (24M

(b)y mPEs

(i) H—MEBTHERIDGENABNZ =(A'-A1)/ 1=1.03. HPAEIECERBK,
A RNBATTRERM B K. KA RMAXTIRATE R, Fifel R Es®ATm L, Ek
AT K. (75

(i) fRyEGEEE, BRCEERAMER v 5EERMMEER D BUEL, lv=H,D, M
Ho = 21.7 (km/s)/Mly, Mly A—EEF. KERFRMMER. Q24

(c) P

HETA L& 75 2 e il s e &6 FRGEE S8 — 4, BRSSP EEEN EMA TR

HEENV=c(l-E/E,), HH Ep @) R R . AU — i, FRATFE ZE 3
SRR R . NIBHT AR, YR RIS — MEREEM — N Re =Y FIkeR. ik,
7E (D) R FRA TV B — AN FD ST 230k % o JRAT BB — /MG RE B (~10° eV) B T i fikdr, A
—ANEE RN 34 x 10° eV [ B s B Tk

()  ARMEEALTIN, XPADPKHBIERERN R EE 2?2 (45

(i) SBEALIE A 22 R 0.9 x 103 s, x4 R LRI B 0] S EIAID? (140

Q3  The Sound of Bubbles (20 points)

B3 SHEZE (204

Consider an air bubble of radius R submerged in water of mass density p. In equilibrium the
pressure inside and outside the bubble is Py, if surface tension of water is ignored for the time
being. Air can be treated as diatomic ideal gas. Given a small disturbance the bubble then
vibrates radially at a characteristic harmonic frequency. The following steps can help you to
find the frequency. The approach is to express the potential energy of the vibrating bubble in
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2
terms of Ax?, and the kinetic energy in terms of B(%} , Where x is the small displacement of

the radius. The frequency is thencw=+A/B.

(@) Suppose the radius of a bubble is changed adiabatically from R to R + x, (x << R), find
the restoring force acting on the bubble surface which is proportional to x. (2 points)

(b) Find the energy required for x to change from 0 to a small value xo. (2 points)

(c) The radial velocity of water at the bubble surface of radius R isj—x. Given that water is

incompressible, what is the radial velocity of water at distance r (> R) from the bubble
center? (3 points)
(d) Find the total kinetic energy of water. (2 points)

(e) The Kkinetic energy in (d) is that of the vibrating bubble, because the mass of air can be
ignored. Find the vibration frequency. (1 point)

Now we consider the effect of surface tension of water on the vibration frequency. The
surface tension comes from the fact that it takes energy 5 to create a water surface of area S,
where yis the surface tension coefficient.

(f)  Find the surface tension force on one of the four sides of a flat and square water
membrane of side length a. (2 points)

(9) Find the surface tension energy needed to create an air bubble of radius R in water. (1
point)

(h)  Find the pressure difference between the inside and the outside of the bubble in
equilibrium. (2 points)

(i)  Modify the answer to (e) to include the effect of surface tension of water. (5 points)

—F400 R I3 IR AL TR B R pf K o 5 BTN AN G R IR 5K /7, P I
W SRR . BEANEGRY Poo 23R 2R 7 BRI/ L3, R
95 UL RPE SR AR AR SR B0 . DL P IREEFE BIROR tH R R . HE BUE R R IRs)

2
%%%ﬁﬁ&Aﬁ,%@%ﬁiﬁBG%j,ﬁﬁX%¥&%ﬁ¢&%§,%Eﬂﬁﬁﬁﬁ$

w=+AIB.

(@) AEIEMEARE RLAHIMA N R + X, (X <<R), RIEMFIRE ERIKRE ). ZINS
X IE. (249
(b)  RE XN OZBH xo ArFHIRERE. (240

() E%%%R%%@%E,K%%ﬁﬁﬁﬁ%oaﬂﬁ%ﬁﬂﬁ%%,ﬁﬁ%%@ﬁﬁ

r (> R)&KKIEFER. (370)
(d) skAKmEzhEe. (240
(e) FE=AHIBTEAT 2N, (d)FIShREAUE RIRSIBIRE. KRR . (17

BUAELEBATT S Fe /K M R T 5K SR BRI . 7728 — TN S IV 2R TH 75 B2 e )8,
Hh ik 7 28 Xt &Rk Sk
() — DU FERAERL Ky a, REP—UZERK . 25
(@) SRAKF—FENRRBIE R IAERE. 1)
(h) SRIZAEEFER N, AERZ 2. (249
(i)  REFKEIREK SN SIERERSR . (540
(THE END 5%)



1
SN Jmvz BRY v SR fa] B
Part-1 #%-1

Q1. &-1

=

(i) Conservation of energy fig & <y {H

Conservation of momentum zh & 57 &

Myvaph = Myvy 4+ MFEF'L

N (1 point)

So we have &

M
Ba= Bk _M_iEEG-F ) (1 point)

(ii) For the capacitance: Gauss law >R HL 7%, FJ ] = 7 2

fﬁ-ﬂdﬂx=g
13
= @
]3_41:'21'2?r
b
__[= _iﬁl_l)
V= LE ?dr_‘}’lteh m
b
E=g=4ne : .
v b-a (1 point)

On the resistance: Ohm’s law K #LFH, FJH Ohm &3

R==- =
o]

1F dr 1 b—a

g 4mr? " 4mo ab )
(1 point)

(iii) Linearly polarized along %, WFR, 7 M WP (1 point)

Left-handed circularly polarized: E = (&, + 1§,)Eqe™ " g [k (1 point)



(iv)
E= fueg XE = ieE i ol iut
M Ve (1 point)
I T T
§=_ExH"=-%, —E3
] 2 & “L [+ .
N (1 point)

Replace uby u,, & byeg, for vacuum. fEEF u H 1, 1R, & F g, 1

(v):
p=ot-KX=o't-k'X', o=ck, ' = ck;
k(; :7(ko_B'|z)
- vV 1/ .
ké=7(kp—ﬂko) ,B:E, 7=(1—ﬂ2)12 (1 point)
ki :kJ_
‘R‘:ko, w=ck, |K'|=k, o'=ck,
o' = yo(1- Bcoso)
For 6=0, o' =yo(1- /) (1 point)
Andfor =712, o' = yw. (1 point)

Q2
(a) Using Newton’s second law, I F 2F il 55 — & it

2
GIVZIm:mv_,_)V: /GM
r r r
~ GMm

Kinetic energy 3t K = %mv2 o (1 point)

(b) Let r¢ be the further distance of the elliptical orbit from Earth. Let v; be the
velocity of this orbit at this distance. After the firing of the rocket, the velocity of the
spacecraft becomes V1.3v.

A vy AR S B HO R s i, v A PRI C R R

Using the conservation of angular momentum, ff zj &~ 15

mr~/1.3v =mr,v, (1) (1 point)
Initial total energy #14f 5L fE &
K+U —138Mm_GMm __, o5 GMm

2r r r

Final total energy JILF & fit &



K +U = Lpy2 - MM
2 r,

Using the conservation of energy, f& & {0

%mv? _GMm _ —0.356@ @ (1 point)

r-f
Using (1) to eliminate vs, JH (L)% v¢ A CH,
2
imvz 1.32r ~ GMm _ 035 GMm
2 r{ r; r
From the result of (a) Hi(a)f,

GMm 1.3;r ~ GMm _ 035 GMm
2r r, r

2
o.as{i) ~ " 1035=0 (1 point)
r-f rf

T 1+,1-4(0.65)(0.35) _ Lor !
r, 1.3 13

r, =1.86r (1 point)

Q3

I FH 55 B U 1R B BRI AR 2 2K
n n, n,—n
— < =
S, S, R

(1

e ity 1

(@)
SIS BIR: So=t, (UEROCIRBFIHMERED

PR BOL R, T BERBRTT LB L WS, =t+T /n,,

Ne AEBIEIITIHH . I R IR, M (D, =1, n,=n G&B



AT 3, fHEEES, =—n(t+T/ng), BAFIIIACL . AR K~V T A A R Bk
4, BESERTE N +T /ng)+d . (1 point)

BRI R : Sy =nt+T/ng)+d, S, =0, n=n, n,=1, RAFE, FIHX

(L, f# R=(-){t+T/ng+d/n) (2) (1 point)
t:iR—g—l (1 point)
n-1 n ng
(b)
PR, MR % (B3t (2) dit=0) dmaxz(nan)—r;—To e
- G

TR N T UGB Rl L1110 S 7y VAR o= 1T il N 1 S WL
TR R CAL T 21 E. (1 point)

(c)

HH S A1 -

wiEl, P AL IR IE R A WA SRS R O i BRI T4,
T ) y _(n-Dy :

EEIMT?%%T%Q_nt+Tn/nG+(d—R)_ v (3) (3 points)

(d)

Hi t A R Iz 5 R IRZ T X (3) 1o 54

sa_s0_ |5d|+|5R|

= (4) (2 points)
a 6 nt+nT/n;+(d-R)

Q4
(@)
1 A\ A 1 A\ A\ A N
B=:—;F[3(m~r)r—m]=f—7‘;¥[3((—mz)-r)r—(—mz)]
:ﬂﬂs[—Bsin af~+(sin af—coswﬁ)} :ﬂﬂs[—ZSin ar —cos a(ﬂ
4z R 4z R

From north to south, at an angle /g =arctan(2tan «) = 38.9° pointing downwards. (2
points)
AR, HK TRk A B = arctan(2tan o) = 38.9°

(b)
B[=05x10*T (1 point)

F =1l xB = IBlsin@#=100x10x0.63x5x107° =0.0315N (2 points)



Q5
No heat exchange during 122 and 3>4. i 1252, 324 LHAH.. (2 points)

Heat absorbed in 2->3 2->3 1 FE M i
3 5 ]
Q= E( RV, - I:)2\/2)"' R, (Vs _Vz) - E P, (VS _VZ) - (2 points)
Heat released in 4>1 4> 1 i ik
3 3 ]
Q, = E(p4\/l ~PV,)= E(P4 —R)V,. (2 points)
& -1— 3(P4 — Pl)vl/2 :1_§ (P4 — Pl)vl
Q, 5P, (V;-V,)/2 5P,(V;—V,)

_1.3R-R VvV _, 3(R_R| VN,
5 P, V,-V, _ 5(P V,V, -1

5/3
I IAA R (AR RIS
5\ Vi V3/V2—l

_ _§( ZT/S_(EJMJLﬂ_Eu (2 points)

e=1-

5(\r r) Ja-1 = 5r*(a-1)
Q6
First find the distance of CM from the center 1 53K J5i /0 B9 45 Ca [ BF 59
:_J' J"Rz r M —— ydxdy
Ry 7R? [ 2
pur=vi J. 2y+/R? = y*dy (or start from here) (1 point)
320
2 o 2 (R*-v?) 4 4 .
= R*—y*d(R*-y?)= = R®=—R. (1 point
7R? -[R y ( y ) 7R? 3/2 37R? 3 (1 point)

R

] ] 1 ] ]
The moment of inertia about the center is = MR?. So the moment of inertia about CM

bﬁﬁ?ﬁﬁ%%ﬁﬁ%%%Mwoﬁﬁ,wﬁ?ﬁ®%%@ﬁ%ﬁ

1 4 YV (1 16
| . ==MR’-M|—R| = MR?. (2 points
M2 (3n j (2 972 j (2 points)

The moment of inertia about the point of contact is A%} T 55 Mk ) fis 55 iR 55 5 4%
N

1 16 ) ) .
l.=| =— MR* +Md~, (1 point
¢ (2 9z2j (1 point)



d= (l—i) R =0.5756R.
3

Hence [ itk

2
I, :(E_ lGZjMRZ M (1_ij R? :[E—iJMRZ —0.65MR2. (1 point)
2 97 3 2 3r

(b)
lo = PR:@z? (1 point)
U, =Mgd, (1 point)

P2R2
I

T,==lo :% (1 point)

U, =MgvR*+d*, T, =0 (1 point)

U, +T,=U; =

1
P? =1.3M 2g(\/R2 e —d)=1.3|v| ZgR(x/1+O.57562 —0.5756) - 0.752M 2gR (
point)

Thus, 74P, =0.867M./gR (1 point)

Part-2 4-2
Q1
(a)
N = 1000 _ 1000 — =2.548 x10% (3 points)
235 xm 235x1.67 x10
(b)
N=1+3+9+--=> 3 =%(3m+1—1) (5 points)
n=0
m :w—lz 58, T =mt=5.8x10"s (2 points)
log3
Q2
(a)
hc .
=E . =mc* (1 1 point
2nl, P (1) (1 point)
¢’ _Gm, 2) (2 points)
L L P



Gh

Solving (1) and (2) we getL, = - =1.6x10*m=1.6x10"nm (1 point)
c
(b)
E, = he __ 1240(ev ;?Gm) =1.23x10%eV (2 points)
2zL, 27x1.6x107"(nm)
(c)
7=4"4_ 2 _1 (1 point)
A w
Z+) =L =ya-p= "L (@points)
w 1+ 4
2 —
with Z = 1.03, we get S :(ZL)zl =0.61. (2 points)
(Z+D)"+1
Away from us Z AT 2. (1 point)
(d)
5
Dov/H, = 20300\ v _gaviotly (2 points)
21.7
(e)
10
At :2-£:8.4x109 x86400x365x%:8.4x8.64x3.65x£ .
¢ E, 1.23x10 1.23 (4 points)
=0.646 s
No. (1 point)
Q3

(2) According to the state equation of air in the adiabatic process £ # i #£(Cy/Cy =
7/5)

7

3x—
PRy ° = P'(R+X)

3><Z
5

(1 point)

>pr-pa-2% thatisp, —p =2 Xp
5 R 5 R

=> So the force J1 4 F = 47R*AP = —%ﬂR%X (1 point)

(b) The energy #Hg 4 E = .f Fdx = %zRPOJ' xdx :4—527zRP0x02 (2 points)
0 0

(c) According to the continuity equation ] JH 7K i 3% 25,

47R? % =4xzr®v(r) (1 point)



2
=> Therefore [A It v(r) = R—%

(d) The Kkinetic energy of water 7K [t 5l G

1 R? dx dx i
K = |=(4zr?pdr)(——)° = 27R3p(—)? (2 points
iz(” pn( ) =27Rp( )" (2 points)

21P,

(1 point)

(f) Note that a membrane has two surfaces, so its surface tension energy is E = 2ya’
WA PN, KR RE R E = 2pa” (1 point)

Let one side increase by dx, the energy change isdE = 2yadx, soF, =2ya A

tension

—IAMNE—/NBE dx, MIBER IR dE = 2pyadx , KL F, ., =2ya (1 point)
(9) E = 4y7R?, (1 point)

(h) > 8yzRdR = dE = PdV = P(47R%R) D P, =2y/R. (1 point)

SIS Py = Py = Py + Pnsion = Patm+%/ at equilibrium. (1 point)

The net change of pressure when R—> R+ X is

M R—> R+ x IR R R K AR A

dP =dP, —dP, o, = —3KP0%+ Zé/ 2X (2 points)

dE =dP-47R*x =47 (3xP,R—2y) X (1 point)

E=27Z’(3KPOR—2}/)X§,K=%,SOE= (%PR 47/) (1 point)

42
. M_ 1 [1(21R 2y
27R%p R

(1 point)
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Pan Pearl River Delta Physics Olympiad 2011
2011 SERIR=M R AR B AR DL 30 iR
Part-1 (Total 6 Problems) -1 (3£ 630

(9:00 am — 12:00 pm, 02-10-2011)

Math hints 24327 L+ x)* =1+ax forx << 1, [x"dx :le””, n=-1.
n+

Q1 (8 points) & 1 (8 4)

(a) A compound pendulum consists of a uniform rigid rod of mass m and | O
length L and a small ball of mass m attached to the end of the rod, as
shown in the figure. The upper end of the rod is attached to the joint
on the ceiling about which the rod can rotate freely. Find the simple
harmonic oscillation frequency of the pendulum. (4 points)

g, —HSRERE, B m, KECH L, Rim BOGHE B R
RAeM b, N —BeE O m ) NER . KRG RIEIRSIPE. (45

~-7

(b) Two point charges q and 2q are fixed on a smooth horizontal rail separated by a
distance L. A small cart carrying charge g and with mass m <->
can move freely on the rail, as shown in the figure. Find the &——® 2
simple harmonic oscillation frequency of the cart. (4 points) a g
WiE, A R g AT 2 200l [ E RGN L KPR U P . — A
m /NG, A, AIEEL B B BIEAT . SRANERTREREE . (490D

Q2 (9 points) & 2 (94)

The mass of an electron at rest, in the unit of energy using the mass-energy equivalence
relation, is 0.511 x 10° eV, or 0.511 MeV, and eV is electron-Volt. Find the momentum of an
electron, in the unit of MeV/c (c is the speed of light in vacuum) and keep only two digits,
when its kinetic energy is (i) 1.0 x 10° MeV, (ii) 1.0 MeV, and (iii) 1.0 x 10° MeV.

— b R R, 2 DUSTR- R R (S O R T A RE SN ST, O 0.511 x 10° eV, Bk
& 0.511 MeV. eV EHFIRFFAEE . SKLFHLL iR s, (Bl MeVic ki
fr, cREFTHIGH. R 2 MG %ET. D (i) 1.0 x 10° MeV, (i) 1.0 MeV, and (iii)
1.0 x 10° MeV.

Q3 (8 points) & 3 (84)

(a) Find the capacitance per unit length between a pair of parallel cylindrical conductors with
radius R and separated by a distance d (>> R), as shown in Fig. a. (b) A cylindrical conductor
with radius R is placed at a distance d (>> R) above a grounded conductor plate, as shown in

Fig. b. Find the capacitance per unit length between the two conductors.

"&'
1
1
1
1
1
1
|
1
1o
1
1
1
1
]
:
1
__V_
>
<5

(a) (b)
(@) WEa, W PATIRME SRR AR, HEE A (> R). SREEAA B SR 2 8] 1)
7o (b) Wb, —AFEFALEEAR, B SRR Ad > R). KA E
P AR TR P HL 2
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Q4 (10 points) & 4 (1043
This problem demonstrates why the energy density of gravitational field is negative.
AR 7 kg A ) 37 P e R T DU

(@) First, consider two large parallel flat sheets separated by a distance D, one carrying
uniform electric charge area density o, and the other carrying —c.
B e IEPYCPAT R, B RIS D, —Heir A WsTe, 53—
5] 1t AT —o
(1) Find the electric force from one sheet exerted on a unit area of the other sheet. (1
point)
SRS Iy — R A A . (193D
(if) Find the electric field E near the sheets. (1 point)
KA E. (140
(iii) Assume the total area of a plate is A. Let the separation distance D decrease by a
small amount oD . Find the work done by the electric force. (1 point)
BEARRTHIARA Ae 2B IEEE D Jb—/ e 6D, K ERTh. (170
(iv) Using the answer in (iii), find the energy density of the electric field and express the
energy density in terms of E. (2 point)
MAG)E S, KRR, JFiy EREE. (270

(b) Now, consider two neutral parallel flat sheets of uniform area mass density o separated
by a distance D.
A5 FE P ER P AT RN, B TR TR R D, iR % % Ao .
(i) Find the gravitational force from one sheet exerted on a unit area of the other sheet.
(1 point)
KRS S — B A 51 ). (1)
(if) Find the gravitational field g near the sheets. (1 point)
KR53 9. (190
(iii) Assume the total area of a plate is A. Let the separation distance D decrease by a
small amount oD . Find the work done by the gravitational force. (1 point)
BOARHITIAR Ao 2RI EE D Jdb—/NE sD, Kol e, (17
(iv) Using the answer in (iii), find the energy density of the gravitational field and
express the energy density in terms of g. (2 points)

AAGINES, Kol iR, IS0 g k&L, (270)

Q5 (5 points) & 5 (543)

A ‘magic’ transparent sheet can be placed onto the screen of a @
notebook computer to prevent peeping at large angles. Give a brief @9v T
explanation of a possible working principle of such sheet. R
o — “MEr EWIENSTE TS R i Beae L, wial BB S5 m A —_
fird. Wt —A “ME BB AR R

Please turn to the next page i %% K il
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Q6 (10 points) & 6 (10 4))
The operation of an internal combustion engine in automobiles can be modeled by the
following four-stroke cycle in the pressure-volume (P-V) diagram as shown in the figure:

A) Adiabatic compression from V; to V..

B) Heating raising the temperature from T; to T, at constant volume.

C) Adiabatic expansion from V, to V1, producing mechanical work.

D) Cooling at constant volume lowering the temperature from T3 to Ta.
Let n be the number of moles of gas operated in a cycle, Cy and Cp be the molar specific heat
of the gas at constant volume and constant pressure, respectively. Also let y= Cp/Cy,.

(a) Express the temperature ratios T,/T3 and T1/T4 in terms of the volume ratio Vi/V,. (2
points)

(b) Let Q be the heat absorbed by the gas in the heating stroke, and W; and W3 be the
work done by the gas in the compression and expansion strokes respectively.
Calculate the ratios W1/Q and W5/Q. (6 points)

(c) Find the efficiency of the engine in terms of Vi, V5, and y. (2 points)

P A

Vo Vi

VAR W IRAILIR IS B 1 R mT FH DAL () DU pp A el AR e - AR (P-V) ] 3R IA:
A) M Vi BV, e R i R
B) SR PR AR E N T8RRI T, -
C) M Vo3I Vi ikl fe, IHEDD,
D) SEARFAHI R AR To B2 Tgo
Won SR EE IR &, Cy Ml Cp 20 3l 4 PR BE IR R SRR 46 75 &, y= CplCyo
() Rl L TofTg A1 To/Ty MARALE VoIV SR SRIE . (243)
(b) & Q M SEARBUALE L FE AR [ ki, W BT W 4391 R “SOMRHE H 48 R0 I A ik
FEA e, SKRIDHEL Wi/Q « WalQ.  (64))
(©) SRNIABLIKZE, FFA Vi Voo kKA. (240

(THE END 52)
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Part-2 (Total 3 Problems) #-2 (3£ 3 &)

(2:30 pm - 5:30 pm, 02-10-2011)

Math hints 22327~ [cos(x)dx =sin(x) ; L+x)* =1+ ax forx << 1.

Q1
@

(b)

(©)

Q2
(@)

Neutrino Oscillation (15 points) £ 1 H TR (154

Neutrinos are very light particles with masses below 10 eV. Estimate the speed of a neutrino
with total energy of 10° eV in the unit of the speed of light in vacuum c. (3 points)

H TR AT RN (10 HUPARBATR) IRE 7o A — AN B RE RN 10° iR 1K h i
THEE (LR oeiE ¢ W 5fr) o (343)

Neutrinos have one fascinating property that no other particles have, namely they keep
changing continuously from one type to another and changing back as time goes by. For
example, an electron neutrino (state-1) will change to a muon neutrino (state-2) and change
back over a time period of T. Its mass will change from m; in state-1 to m, in state-2. This
phenomenon is called neutrino oscillation. Quantum mechanics says that the period T is

determined by T = , Where E; and E; are the total energy of the neutrino in state-1 and

| E1 o Ez |

state-2, respectively, | E, — E, | is the absolute value of the energy difference, and h is the
Planck constant. For a neutrino of fixed momentum p, find T in terms of my, my, h, p, and c. (7
points)
A MR A BRI P T, BEAE NI RO, AT LA A —Fr b kA B g — A
T, WAL R ORI T, IR, AKAME .t Wiy CIRE-
D AL Bl iy CIR&S-2) , AR R s i 7 X IR il
T —MEHFTA IR, By B, O T MEE7 0%, IR
T " £ U B A BRI RIRA-2 (I BAERL [E,~E, | R

1~ =2
Z IR, h R A EPTHIZNE p HEEME, mi. mey hy p.ochE
L, RIEGAMAT. (740
Suppose electron neutrinos with energy of 10% eV change to muon neutrinos after traveling
through the Earth, (You need to recall roughly the order of magnitude of the Earth diameter.)
estimate the minimum value |m? —m? | in the unit of (eV)?. You may find the constant
hc =1.24x107° eV -m useful. (5 points)
FHEEN 10° f AR A T P A R ER (R R AR B TR T, SR
|m2 —m?2 | {5/ ME CBAORTAR)? M eifr) o IR A C4 R AR LME, JFrlAg
2 hc=1.24x10° eV -m. (5%

Bending Light with Gravity (15 points) 2 5|hipRETHKELE (1540

The path of light bent by gravitational field is an effect of General Relativity. However, one

can analysis such phenomenon and obtain an approximate answer using Newtonian mechanics by
assuming that a light beam is made of photons traveling at speed c, with the effective mass of each
photon being equal to m = E /¢?, where E is the energy of the photon. Let us first consider the case of
a classical particle flying by a fixed point mass M at high initial speed v. The trajectory of the particle
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will be bent due to the gravity of the point mass. Because of the high speed of the particle, the bending
angle is very small and can be approximately calculated in the following way.

W) SRS, JeZfEs| i Al FILERE MR LU c iz AT R E

Koar, IR T T AR Em=E/c®, WILB S W n] LUK 400 2K MR, TS 3TN %
Ko B, WA IE—WIIAEE v AR R R T, iy MOIREDE B BT g
L R 25 o B R IR AR s 55 A ARV, DT HIBL R (3 ely
R

(i) Assume that the trajectory of the particle remains straight, as if the point mass was not there.

(i)

(b)

The distance from the trajectory to the fixed point mass is b, as shown in the figure. Calculate
the total impulse the particle receives from the point mass as it travels from the far left to the
far right in terms of M, b, G the universal gravity constant, and m the mass of the particle. You
may find it easier to use the angle @ as the integration variable. (4 points)

»
< »
~

6
\i M

s, ABRBORL T IS — BN EE, A GIIIRIS, B0 2 B R

b, SRR NAEBAT G ] e A A [ s R g b . AR R IR U

FIRESEI 25 H A G AR e me JHA oA Sl RER b ia . (450

Determine the bending angle of the particle. (1 point)

BT PULRIES AR, (150

The angular distance of two stars in the sky happens to be the same as the sun’s angular

diameter.

(i)

(i)

(iii)

(iv)

(V)

R A AT P RIUER ) A e MG ROKBH ) LA HE

The sun-earth distance is 1.5 x 10" m, and the sun’s diameter is 1.4 x 10° m. Calculate the
sun’s angular diameter in the sky. (1 point)

CANH-HUE B 1.5 x 107K, KBHINEAS 1.4 x 107K, sRARMINMAER. (14
When the sun happens to be right between the two stars in the sky, the

stars appear to be ‘pushed outwards’ by the sun, as shown in the figure. Apparent Position
Draw a diagram to briefly explain the phenomenon. (2 points) l l
2 IR B P A7 T T P A PRy o R INE, - P R 27 R AT T D R ) 7

(Original Position) 4+ 21 JL7E W %2 21 (1) AL 3t A7 . (Apparent Position). LR o0

VEfT PR b I S . (249D

Calculate the apparent angular distance between the two stars in (ii). The
mass of the sun is 2.0 x 10*°kg. The speed of light in vacuum
isc=3.0x10°m/s. The universal gravity constant is G =6.67x10™""N -m?®/ kg®. (5 points)
SR (i) P OU g2 21 K P S 2 TR) A ALE AR BB . K BH R 2.0 x 10¥kg, B Ny
c=3.0x10°m/s, 5l HHH NG =6.67x10"N-m*/kg’. (5%

With the present technology, why the phenomenon in (ii) can only be observed during a total
solar eclipse? (1 point)

AT RIS AT B A1 H A A REEE R (149

If the moon’s orbit size were doubled, could we still observe total solar eclipse? (1 point)

A HERIVE AR N AR WIS, b Hagiinm? (1)

Original Position



2011 4F32 BR =S Je Hp A2 Sy BE BURK DC 5 18517 5 Pan Pearl River Delta Physics Olympiad 2011

Q3  Magnetic monopoles (20 points) &3 REEART (20 40D

The uniqueness theorem of the theory of electric and magnetic fields ensures that virtual (image)
charges could be placed outside the closed space in which the fields are to be determined to mimic the
original boundary conditions. The fields in the closed space are then the same as the ones generated by
the real charges inside the space and the virtual charges outside the space. For an interface without

free charge and free electric current, the boundary conditions for electric field E , electric
displacement D , magnetic field B, and auxiliary fieldH areE;' =E, D, =Dy, B =B, H/ =H/.
Here * 1 ’means the components perpendicular to the interface, and ‘//” means the components parallel
to the interface.

MAIF S B B ME— PR e B, JRATT AT AR — A 2 1) Ak FH R 0L FELAr AT SR ™ A M D A AH [+ )
JLFEGAT s I X8 RPN AT 20 A1 A2 ) A J R AR Ay 20 A SR LD P& 28 TR I HL S B e AE—
ANEABEAT AR AT, BIHE. B AED . W B . HMBIA H iL AT
SN E!=E), D =Dy, B =By, H/ =H} . XHEL*. /iR ELE. AT TR

=
H o

@) Consider the case of a point charge g inside medium-1 at a distance d from the X
interface between two ordinary dielectric media with dielectric constants ¢, and &,,

respectively. The Z-axis is perpendicular to the interface, the point charge q is on the Z-
axis, and the interface is at z = 0. Two image charges q; and g are used to solve this
problem. In medium-2, the electric field is equal to what is generated by a point charge
of (g, +q/¢,) at position (0, 0, d). The field in medium-1 is equal to the total field by a
point charge q/ ¢, at position (0, 0, d) and a point charge g at position (0, 0, —d).

CAI -1 A R-2 AR h e, e, WFB A LAk, — f T q ZEN -1 W,
B I A AL ER 0 oo ARFR Z4h S S TE E, A qfE Z 3 b, FUAiE N z =
0o SRIFASETT ZE RIS BT g1 v Qe FEST -2 W HIAE(O, O, d)A sl AT 0, +9/ &
P AR -1 NI HAE(O, O, d) ) RUHR AT q / &, FI7E(O, O, —d) R s FiLar o 35 [F] A2

(1)  Apply the above boundary conditions to determine g; and gz. (3 points)

M R, Ko gze (343

(i)  Determine the total surface charge density at the interface. (1 point)

KA LR R A . (1)

(iif)  Verify your answer with the special condition ¢, = &,. (1 point)

FRRIE L 6, = &, RIUFIRIIZE S (143

(iv) Verify your answer with the special condition¢, << ¢, . (1 point)
FIRFIRIE DL €, << &, RIAFARIE ZE. (140

(b) A magnetic dipole is made of a south pole and a north pole. Interestingly, so far no magnetic
monopoles, namely the objects carrying only a south pole or a north pole, have ever been discovered.
If a magnetic monopole of ‘magnetic charge’ g ever exists, it will generate a magnetic field in the
same way as an electric point charge generates an electric field. Recently, pseudo particles behaving
like magnetic monopoles generated by the collective motions of electrons in a particular type of
materials, called the ‘topological insulators’, was theoretically predicted. Such particle can be induced
by an external electric point charge. Similar to part-a, a point electric charge q is placed at a distance d
from the interface between an ordinary dielectric medium (medium-1) with dielectric constant &, and
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magnetic permeability 4 , and a topological insulator (medium-2) with dielectric constant &, , magnetic
permeability 4, , and a magneto-electric coupling constant 4. The relations between various fields in

medium-1 are D, = £E,, and H, 5 Those in medium-2 are D, =¢,E, - fB,,andH, = E+,[3I§2 :
H Hy

The electric field and the magnetic field in both media can again be found by using image charges as

in part-a. For simplicity, let us use a set of specially chosen units such that the electric field at position

I generated by a point electric charge q at position T, is E(F) = q| F | , and the magnetic field
0

produced by a magnetic monopole of magnetic charge g in a similar spatial setting is B(F) = g | Fr _Fr0|3 .

0
In medium-2, the electric field is generated by a point electric charge of (g, +q/ &,) at position (0, O,
d), and the magnetic field is generated by a magnetic monopole with charge g; at position (0, 0, d). In
medium-1, the electric field is generated by a point electric charge of q/ ¢, at position (0, 0, d) and a
point charge ¢ at position (0, 0, —d), and the magnetic field is generated by a magnetic monopole with
charge g, at position (0, 0, —d).

WOABRR 3~ — g B R AR, BIIAE A 1B FRATTE V5 R 21 L B iR A b Al

H T E AR 1o —ANl W g ARG 3 AR IR AN — A RO A B FL S ) ik X
. &, AERIE, E—Mi#Hib4aZ4k (topological insulator) ¥4, EE?
(K38 B A] LA A2 R A AR 13X R R RHEERL o SXRORE T ATl R AT SN 7 A . B (a) 520 2R AL,
ST q FEIE A -1 A, B -1 S ANEGAR (A -2) B SHIRIERE Y do -1 EI’J

RN e, WEWET 1 o -2 R4 %%ﬁﬁ@,mwﬁﬁ%,%w%Agﬁﬁﬂ

J-1 WA IR RN D, =6E,, H, _B o -2 WENHZIRINK RN D, = &,E, - BB,,

RS

H, =224 BE, . H()MAALL A TR . T AL . Tk . S

H

ﬂ,&Mﬁﬁéﬁﬁﬁmiﬁ,ﬁ*ﬁ?ﬁ%ﬁ%ﬁqﬁfﬁ%%%%ﬁmzqr

|-

ql

, T

'ﬂ

o[
o TEMIE-2 WITHL AL (0, O, d) I AT g, +q/ &, 774,

a3 AL 10, 0, d)btday g1 2. #ES -1 AR H I B A2 3-(0, O, d) ) LT o / &, A2 T(0, 0, —d)

e T o 3[R A2, W3 i 320, 0, —d) FIRAAT g2 7
(1)  Use the boundary conditions to determine g1, gz, g1, and g». (10 points)
MMLFFAE K ais g2 g1v Q2. (1079

(i) Find the total surface electric charge density at the interface. To shorten the answers, you may
treat g, and g; as known. (1 point)
SR G F )G R RS B . AR L, P g go HAEC A, (190D

(ii1)  Find the total electric current density at the interface. As the electric current density is a vector,
you should find both the components parallel and perpendicular to the interface. To shorten the
answers, you may treat g1 and g; as known. (3 points)
KA LR R R R T R B R, AR Zies ) F IR R TR AT T A
. AR, It g g AfES . (343)

ﬁl

i g PR G B(F) =g I .

1l

(THE END 5&)



1
Note: The marking scheme is intended for grading when the final answer 1s wrong. If the
final answer is correct, full mark should be given regardless of the procedure.

PART
Q1 (8 points)

. : . 1 . 1
In a general variable g, if the potential energyU/, = anz , and the kinetic energyU, = qu‘z ,

then we have frequency @ = J% .

(a)
L 3 1.3 .
U, = mgL(1—cos&)+ mg-2—(1 ~cosf) = EmgL(l —cosd) = E(E mgl)& , (1 point)

U, = Lmper + 2167 = L &m0 here I =~ ml?. (1 point)
2 2 23 3

3 4 a 3 g )
Thena = ~mgL, db=—-mL2,thenaJ="-—=—1’—. 2 points
enda 2mg an 3 b 2\5 7 (Zp )

Altemative solution:

I =ml? +% I’ =%mL2 . (1 point}

Torquer = mgLf +%mgL6’ = %mgLG = K& . (1 point)
K _[33mgl __3 JE .

= |o— = - = . 2 i

v \{? 2.4mi} 22 VL (2 points)
(b)

2
U = d [ L + 2 ]
P Ame,\x+06x L-x-0x

_q [(L. 2 )_[iz-— 2 2)§x+[—13-+ 2 3J5x2].(1point)
dmey |[\x L-x x* (L-x) x {L-x)

2

2 . .

By properly choosing zero-energy as l i+ , and making coefficient of dx zero
Ame\ Xy L—x,

to find the balance point xo, 1. €., iz ——2—2 =0=x,= (\E -1 L, we have
x, (L-x,)
2 2
-4 L — 2 = [6x7 =(—2i¥@i5x2 . (1 point)
76| (V2-1) £ (1-(V2-1)L) 8L e,

U, =%m55¢2. (1 point)

1
4 § | 24 2)g’ 2
Then,a:u@— and b=m. @= |~ = (—~—+}7—\/_)i =1.96 ——éq—.(l point)
4xl’e, b 2L meym L'me,

Altemnative solution

2
Force F = A iz— 2 - 1. (1 point)
dre,\ x° (L—x)

Balance point at =0, x;, = (\E —1)L. (1 point)
1




2

2

. dF g’ 1 2 q _
The elastic constant K = ~—| __ = + =3.82——. (1 point
dx = 27e, L’ {(\E ~1y° (2—\5)2] &, (1 point)

2
a;="£=1.95 ’ g - - (1 point)
m €L

Q2 (9 points)

Relativistic total energy is E =+f p°c’ +m’c* (1 point)

Here mc? is the rest energy. The kinetic energy is given by K =4/ p’c” +m*c’ —mc* . (1
point)

1
So the momentum is p = —J(K +mc’) —m'ct = 1\/1(2 +2Kmc* . (1 point)
C (4

() K <<mc’, s0

p =1J2mc2K =l\/2><0.511><10*S =1.0x10" MeV /¢ . (2 points)
[ C

(i) p =1JK2 +2mcK :l\/1+2><0.511 =1.4MeV /c. (2 points)
¢ ¢

(iii) K >>mc*. p =~E =1.0x10°MeV / c. (2 points)
c

Q3 (8 points)
(a) Let one cable carry line charge density A, and the other carry ~A . Choose the line joining
the cable centers as the X-axis and choose x = 0 at the middle point between the cables, the

1 1 .
total electric field on the X-axisis £ = A ( + } (1 point)
2re\d/2+x d/2-x

The voltage difference between the two cables is

d12-R d12-R
V= J E dx= A {ln[iﬁ-xl—ln[i—x]] =ih1{———d_R}=iln(i]. 2
—{di2-R) 27e, 2 2 iy " R me, A\ R

points)

= % =7€e, /In [%] . (1 point)

(b) Employ the method of image charge, the electric field is £ = A [ ! + ! ] The
2rey\d+x d-—x

voltage difference is (1 point)

a
v= [ E-dx= - [In(d+x)-In(d-x)] , = 4 m[Zd‘RJ: A m{i‘i] @
(AR 27e, =R Dre, R 27e, R
points)

C =2re, fln[%) . (1 point)

Q4 (10 points)
(a)
(i) The force of plate-1 on plate-2 is determined by the field generated by plate-1 only. Apply
Gauss law to the conducting plate, with a pillbox boundary for §f E - ds = 2 .
5 £,

0
Since we are only considering the field of one plate, which is the same on both side of the

plate, the field is then E = —2~o—-~20. (1 point)
g

o



3
One can also use integration to calculate the field directly.
o = 2arldr -o L o

] = o=

Tame, 0 (B4ry” 26, (L+r)R 0 2g,

2
The force per unit area is I = 22-— z, - (1 point)
%
(ii) The total electric field is the superposition of the field generated by the two plates. The

field between the plates 1s E=Z 7,. Outside the plates the field is zero. (1 point)

o
(iii) The work done on an area 4 of the plate is
2
A
SW = AF -6D=2"-5D . (1 point)
&

(iv) The volume of the space where the field is non-zeto is decreased by AS8D . Let the energy
density of the field by H. Then the energy stored in the field is decreased by HA6D . By

2 A ) 2
9 2 5D. So the energy density is given by H = o 1 &E",
2¢g, 2g, 2

energy conservation, H46D =

which is positive. (2 points)

(b) )

(i) Gauss law for gravitational field4p g -dS = 42GM
5

In the same way as part (a), we have g = 22GoZ, (1 point)
The force per unit area is F = 27Go”Z, . (1 point)
(ii) The field in the space between the plates is zero. Outside the field is g = 4zGo

(iii) 6W = AF - 6D =22Ga” 45D . (1 point)
(iv) The volume of space where the field is non-zero is increased by ASD . The energy stored

2 2
in the field is decreased by —HASD . So H = -2xGo™ = —27:6343'7)2 = —%f—G .2 points)
iy 7

Q5 (5 points)
A homogenous sheet with n > 1 is incorrect. Possible solutions are given below. Any other
ones that are correct in principle should also be given full mark.

TIITTITLL e '
M /(;)\.

Q6 (10 points)

(a) PV" =C= NKTV""' = C, (1 point)

Then®, /T, =1,/T, = (¥, /V,Y". (1 point)

(b) Internal energy of ideal gas isU = N¢, + Ne, T, (1 point)

k
Then Q=AU = Nc, (T, - 1)) and¢, = 1 (1 point)
}/_
Work is

W= [PdV= fev7av= £ 7 (1 point)

1-y
Forpath A: C=C, = B¥J = NkT¥; ™, and for path C: C=C,. = BV] = NET,V}™' . Then we
have



C, py vy, N[ (VYT W

W, = _},(V2 4 )l_f;LI_LFEJ JTI T—y(T 7,) (1 point)
Coprs v N (VNTY

We=-1 Cy(Vz -V __ELPLZJ JTZ— y(TzuT)(lpomt)

Then
W, /1Q=—(T-T)NT,-T),and W, /Q=(T,-T,)/ (T, - T}) . (1 point)

(©
W, +W _(L+T)-(G+T)

T,-T, , {1 point)
( V AN A N
or n=—-—1- ’ 1- L ') . (1 point)
CV(l 2 Y,
PART II
Question 1 (10 points)
Solution:

(a) The total energy is much larger than the rest energy. So the answer is ‘1’, 1. e, the
neutrino is moving at speed very close to that of light. (3 points)

(b
E —E, =+p*c* +mic’ —\/pzc2 +mic* (1 point)
2 4 24 22y 4 2 4
:pc(l—lm'c )—pc(l»—{mzc )=l(m1 m)c _1Aame (4 points)
2 pc 2 pc 2 pe 2
h __ 2Fch . (2 points)

- |E,—E, | - Amit
If the expansion is done in (¢} instead in (b), full mark should still be given to (b).
2Pch

(¢) From expression of T in (b), we have Am’ = R (1 point)
. heE
Substitute P=E /¢ (1 point) into above: Am’c* =2—Tc~—.
c

On the other hand, ¢7/2=2R,,, , (1 point)and R, =6 x10°m. (1 point)
2hcE 100x10°x1.24x107
4R, 2x6x10°

Note: Any answer within the given range should get full mark.

=(1.0%0.5)x107° eV>. (1 point)

Then Am’e’ =

Question 2 (15 points)

Solution:

(a)

(i) The impulse perpendicular to the pathis/ = IF L(t)dt = I F(fycosB(t)dt. (1 point)

tan & = x/b and x = vt, we then have dtzldxzéd(tanﬁ)-—-ﬁ 12
y v v cos” @

72 GMmb

by
The impulse along the path is

I, = j F,(t)dt = jF(:)sm O(t)dt =

sé’d6'=2G

Then/ = J iy (1 point)

sinfdf =0 (lpomt)

-2

GMmb
by '[

4



. 2 .
(ii) p=mv, then &= L_ GT{ . (1 point)
p by
(b)
. . . 1.4x%10° 3 .
(i) The angular diameter of the sunis8, =R /d = [5210° =9.3x107. (1 point)
Sx
(i1} Correct drawing (2 points) -
(iii)
-1 30
59226Mﬁ2x6.67><10 x2x10 ~2.1x107

Rc® 1.4x10°x(3x10%)?
{4 points)
The angular distance is then 8 = 26, + 266 =2.280x10" (1 point)

sum

(iv) No, because the sun is too bright. (1 point)
(v) No, because the angular diameter of the moon would only be half of the sun. (1 point)

Q3 (20 points)
(a)

G F, = XX, + yy, +(z —d)zZ, 9. XX, + ¥y, +{z+d)z,

[xz +y +(z—d)’ ]3;2 & [x2 +y +(z+d) :Im

= XX, + ¥, +(z—d)Z,

q,,z>0. (0.5 points)

27F s 2 532 (i+Q1)=Z<0- (0.5 points)
[x +y +(z—d)il g

1

Full marks should be given if Z appears in the above answers.

<y
B,=e,B, D, =&F
Dr=Dr=eq,—qg=—c| L+ 1) (0.5 point
1 2 &g, — 4 =& . q, (1) (0.5 points)

1
E'=E! =¢q,=¢ (2) (0.5 points)
Solving (1) and (2), ¢, = ¢, = [ﬂj [i]. (1 point)

&§+& N\ &

y d 87d .
(i) o =47(E —E})=4r ———=% (gz—i+i+q1) = il —57 - (1 point)

[x +y +d] & 4 [x +y +a'}

Full mark should be given if £, instead of 4z is given.
(iii) & =¢,, g, =¢, =0. No interface and no image charge. (1 point)

(iv) q,=¢q,= 4L E, =0, no electric field in perfect metal. E, is determined by an image
1

charge g, = ~ 4 andareal chargei . {1 point)

\ &
(b) ) )
] ~ - ~ = = -~ B e :
(1} D,=¢,E,.—pB,, D =gk, H,=—+pE, , H=—.
Hy M
- X+, +(z—d)z, X v 4
E =257 (z-d)z g HU+W0+(Z+d)i?2 g,,z > 0. (1 point)

l [x2+y2+(z~d)2]m & [x2+y2+(z+d)2]



6

Ez _ XX, + ¥, +(Z‘“d)2(} (i+q]),240. (1 pOiﬂt)

¥z

[x2+y2+(z—d)2] &

XX, + Yy, +(z +d)Z,
32

BL:[ 2 2 2

Xyt +(z+d) |

- XX+, +(z—d)Z, )

= 20 J;y" ( 2)3?2g1.z<0.(1 point)
[+ +(z—d) ]

At z = 0, apply the boundary conditions.

g,,z>0.(1 point)

(i) B! =B;

= dz — -g,4z .

B = 2 gzz ) T ;= 2 ; 02 77— 81778 (1). (1 point)
[x +y +d'] [x +y° +d ]

i) O =Dy

bt —qdz, + £,4,42,

3z *

T [x2 +y? +d2:|3,.-2 [xz +7 +d2]

q
——+ 91}62‘7&-0
DJ_ [‘5'1 + Begdz,

T [ 2%+ +d2:|3”2 [x*+y° +a’2T2 '

So gl'?z—qzﬁg] — & [é‘i‘*‘glj (2). (1 point)
1

(iiiy £ = E

ol X%, + Vo ' XXy + Vo g
- ! 32 42
l I:x2+y2-i-a’2:|32 & [x2+y2+d2j|
] x;_é + v
il’f: 2 yyﬂ 32 (i""h)
2 2 2
[x +y +d:| &
So g, =¢, (3) (1 point)
(iv) H' = H]
ﬁ-"*’z_%i: Mt Wo &
i | 2 7 9 32 ?
A [x +y +d H
—, B X, + XXy + VP
Héfz_z*'ﬁE; = Mo T 373 By ; 02 yyoz ) ﬁ(i"'%)-
Hy [x2+y2+a'2] H, [x +y +d:| &

sof2-8,8%,4) (4. (1point)
Ho M &
Putting (1) — (3) into (4), we finally get

R RUAR A T _
q'_qzP[(e:]+.92)(1;’,u]+1fp2)+ﬁ2J(£,]’(lpomt)

- p q :
BTTA _((‘91 +&, )1/ 14 +lfﬂ2)+ﬁ2J{glJ. (1 point)




7
In the unit system used here, the Gauss’s Law becomeV - E = 4zp , where p is the total

charge density.
The electric charge sheet density is
d 8d .
o= 4}'3.’(E1J' —Ezl) = A - - — (g, _i+i+gl) = - % 57 (1 point)
[x +y +d] & % [x +y +d}

Likewise, the Ampere’s Law now isV x B=4xJ , whereJ is the

electric current density. Do not deduct any points if g, 1s used instead ff
of 47 . Choose a point on the X-axis, and take a loop with length L and
nearly zero height. 2

s _8 8- p_8 AT

B =223, =-=L% , B ==13,. For aloop perpendicular to the X- N

X X X \ |

axis and along the Y-axis (pointing out of the paper plane), the path : E | 5
intggra} . Ny E<__5'f

¢ B-dl =B L3, ~ B} - L, =0-0=0. (1 point)

i

For a loop parallel to the X-axis as shown in the figure,

= 3 = — B - L L ZL
$B-dl =-B Li,+B) -Li, ="5 4+ =5 = =21,
!

X X X

. 2L —_— i
Le the surface current density be X, then —-2& = (ﬁB -dl =4xKL . (1 pont)
X 1

Using the right hand rule, we have K= —% ¥ » 1. €., pointing into the paper plane. In
X

& (3%, —3¥y)
27r (xf! +y2)3f2
Any other ways to reach the above expression for the current density are fine.

general, we have K = . (1 point)
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Pan Pearl River Delta Physics Olympiad 2012

2012 FZ IR = A S 442 RO 2 BARIL 7 385 58
Part-1 (Total 6 Problems) -1 (3£ 6 &)
(9:00 am — 12:00 pm, 02-02-2012)

Q1 (5 points) & 1 (54))

It is found that the speed v of the neutrinos with 10 MeV of total energy is (1—v/c) <2x10~° . Estimate the
mass of the neutrinos in terms of eV, and determine whether the value you find is an upper or lower limit.
MAEE N 10MeV P FIBE v o -v/c) <2x107° o A4S LLH RS N sp itk 1 i, FF
PE RV SEAF B 2 BRI R RR

Q2 (10 points) & 2 (1043

Usually we only consider the motion of a simple pendulum of length L in one dimension, while in fact the
point mass can move in the horizontal plane, i. e., with two degrees of freedom. Find an initial condition for
the point mass such that its simple harmonic motion trajectory in the horizontal plane is (a) a straight line of
length D; (b) a circle of radius R; and (c) an ellipse with long axis a and short axis b. All the length scales of
the motion are much smaller than L.

W BRANAGERKE N L WP diiizsl, ERhs ERFRUE rT e Bigshr, a2 i,
AW H B BHEACETE E, Proriesiif KR/ L AT, 45 TR A0 da i A
frE, e sl 2@ KN D IHZ; (b)F42h RIVEE; (KA av kA2 b I
5] o

Q3 (9 points) & 3 (94))
A satellite of mass m is revolving around Earth on a circular orbit of radius R with angular frequency «, . It

is then hit by a meteoroid with a small impulse | in the inward radial direction. Determine the motion of the
satellite afterwards in terms of the position as function of time.

FE A m ) LR R F e Bkiz g, BUIEARN R, RN @, . —BUEAIR/NTE | R
[ A AR I g Tty 1 AL . SRR A A &5 IR R R

Q4 (6 points) & 4 (64))

As shown in the figure, a gyroscope consists of a uniform disk of radius r and an
axle of length R through its center and along its axis. The other end of the axle is
hinged on a table but is otherwise free to rotate in any direction. The mass of the
disk is much larger than that of the axle. The gyroscope is spinning with angular
velocity @ with the axle inclined to the vertical direction. Let g be the gravitational
acceleration. Find its angular velocity of precession.

WE R, — BRI A0 v S AI R R A B, Rl e /N T 5 4. el
W53 hh—imi S AE s b, AER R ] DAAEATA g ) b B sl . R AR o Fe3), FehhoiR:
TAEET M. 2 g AFIIEEE . SKEEIECHE B ) 3

Q5 (10 points) A& 5 (10 4»)

A point charge q is at Xo = 3R/2 on the X-axis in front of a grounded conductor
hemisphere of radius R on a large conductor plate perpendicular to the X-axis and
in the Y-Z plane. The center of the hemisphere is at (0, 0, 0). Find the potential
energy of the point charge. (Note: You must verify that the boundary conditions

are preserved if you use image charge(s).)

BT XEHAE Y-Z PR P AT B R0 R R S AR B
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BRI RO T (0, 0, 0)o FEFBRAT X #li_L x, =3R /2 44T FEAT RN q M AT . SR S HLT IR 3 e
Gt RE g sy, WA Z0E W A T A5 D

Q6 (10 points) & 6 (10 43)
As shown, a thermally insulated smooth container with a locked heavy piston . .
contains n moles of single atom ideal gas at temperature Ty in the left Piston 3
chamber and vacuum in the right chamber. The piston is then released and //
eventually sticks to the right wall of the container. A 7 portion of the Kinetic
energy of the piston is eventually absorbed as heat by the gas. The volume of .
the whole container is x times the original volume of the gas. Container 74

(@) Find the kinetic energy of the piston right before it hits the wall, and

verify your answer for x —oo. (3 points)
(b) Find the change of entropy of the gas, and proof that the change is positive. (6 points)

(c) Verify your answer in (b) for the case 7 = 1. (1 point)

W s, AN A gD UE I R JE . AR S IEE NG n BRI R T
BARRR, AR N T, A= RS RS, TREPORIIG A AR S 2. &
2, WESRE T ISR e (RBOZAE 0 ) B LARAGE Ry . BEAS R AR I AR B JsoK
SRR & A

(@) SRAETEZESd AT e 2 e (a3 ZE MR ZhRE . FHH o > oo RAEIRIMZ S, (370)

(b) SRAMARIRARA, FRUEBHZELAIEME. (670

() Mn=18IEMRb)FHEE. Q75

(THE END 52)
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Pan Pearl River Delta Physics Olympiad 2012

2012 FZ IR = A S 442 RO 2 BARIL 7 385 58
Part-2 (Total 3 Problems) #-2 (3t 3 &)
(2:30 pm — 5:30 pm, 02-02-2011)

Q1 Stella Interferometer (8 points) & 1 {EETF¥H 8 4}
A Stella Interferometer is used to accurately measure
the angular separation between two close-by stars. As

- I h A
shown, the light from the stars can be treated as two Star 'g:w %
broad parallel light waves of 5.0><1§)’7_meters in | Y — ,‘,‘ ' Slits s
wavelength; one (wave-1) is at normal incidence and B 7 .
the other (wave-2) is off by a small angle ‘ ;

Entrance Mirrors

60 =3.0x10"° degrees. Each wave is then split into g

two by the two entrance mirrors. The distance
between the mirrors is D. There is no phase difference

between the two waves split from wave-1 at the | . ——— Screen ¥
entrances. The waves at the entrances are then brought T Star |lght§-17L
to the two narrow slits of a Young’s interference Stella Interferometer k! %7 8%

experiment without introducing additional path
difference. The entrance mirrors are moved slowly to increase the distance D until the fringes on the screen
disappear.

(@) Find the value of D. (6 points)

(b) If an optical telescope is used to observe the two stars, what should be the minimum diameter of the
primary lens or mirror? (2 points)

L TSR] P SRt A ) B XU 22 IAU BN R A B . RIS, DA T A S HE SR 1 6 T 24 ikt
PR S KT, HgR K 5.0 107 2k Jel-1 IEAS, MR -2 s — AN 0 £
00=3.0< 1P NS, BT, FEAOCH AN DB 24N RO . 85 TR E Y Do fEA DAL,
-1 R I RO 2 M AR 22 . JRBEE BT I N B8 I T s i gk g L, A HAR UL 7
HHBA BINATAT B AMPOEREZE o 18IS N BT, BN b2 TR A8 25 D B2 B4 L4802k .
(@) ki DHIMEH. (643
(b) Wi G2F R B X P U R, W1 BN BAR N 1% e 2 /02 (2 40)

Q2 Y-Meson (12 points) &2 Y AT (124

Y-mesons with rest mass my = 1.058x10'° eV are produced by colliding electrons with positrons head-on in
the reaction " +e~ — Y. Each Y-meson will decay immediately into a pair of B-mesons: Y —B*+B".
The rest mass of the B-mesons is mg = 5.28x10°eV and their lifetime is 7, = 1.5x107? seconds. The rest

mass of electrons and positrons is 5.11x10°eV. When the momentum of the electrons is the same as the

positrons in the laboratory frame, the Y-mesons are at rest. (¢=3.0x10°m/s)
(@) How large is the decay length (the distance it travels) of the B-mesons in the laboratory? (2 points)
(b) Assume that the B-mesons are moving along the electron-positron trajectory. To increase the decay
length of half of the B-mesons, the Y-mesons need to be given momentum in the laboratory frame.
This is done by colliding electrons with positrons with different energies. What momentum (in the unit
of eV/c) should the B-mesons have if they will have decay length of 0.20 mm? (3 points)
(c) What is the total energy of the Y-mesons before they decay? (4 points)
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(d) What should be the energies of the electrons and the positrons in order to produce the Y-mesons in (c)?
(3 points)
Mo R e, B Y e +em Y, TR AR TR 1.058x10°eV [f Y AT, 0fi Y AT
SNLHNIER X B AT, BIRMNY - B +B . B AT HIFHIEN5.28x10eV, fhfi1i% 6k
7, =15x10" b, HLFRIE LT A ER U N 5.11x10° eV, fESEIEd, HTHIsE S EE T4 —

F, Y A FATFEIIRES.  (¢=3.0x10°m/s)

(@ ELBESF, BATHERKE (MELMERE L2027 (240

(b) & BATFRITER - IEBRTFHIEE), A THM—F B A rHERKE, FES Y 13
o XA LU HARGERMIER T 58 ARSI . WA %E B AT mELKAER 0.20
mm, B4 B FIshENIZANZ /> (LleVie AHAD 2 (343

() FEXLH, YN THEREZEZD? 45

(d) ATHEHBC)THY AT, HARIEBEFRGERES NN AZD? (34

Q3 Penning Trap (30 points) ¥&T#9H (3043
(@ Consider an ion (mass m and charge q) with initial velocity v in the X-Y plane in a uniform magnetic

field B along the Z-axis. Find its angular frequency ax (cyclotron frequency), and the kinetic energy in
terms of « and the orbital radius ro. (1 point)

(b) Consider a point charge g between two grounded conductor plates perpendicular -
to the X-axis separated by a distance D. It can be shown that the induced charge / )

on plate-1 and plate-2 are Q, = q(%—l} and Q, =—q%, respectively, where x

Is the distance between the charge and plate-1. Referring to the figure, find the
electric current in the circuit if the center of the ion orbit in (a) is at x = D/2. To ()
obtain larger current, should the orbital radius be bigger or smaller? (2 points)

(c) An AC electric field E(t) = E, cos(w,t) is applied across plate-1 and plate-2. Suppose the orbit of the

ion remains nearly circular for each revolution and the energy gained from the AC electric field in each
revolution is much smaller than the kinetic energy of the ion. The charges induced by the ion on the
plates can be ignored. After time T which is much longer than the orbital period, find the radius of the
orbit R. (3 points)

(d) The AC electric field in (c) is then turned off when 2R is still smaller than D. So far the ion is free to
move along the z-direction, which means that it can escape from the uniform magnetic field region if it
has initial velocity along the z-axis. To prevent that, another electric potential field in the form of
V(F) =V, (z° + BX* + By?) 1 22, where Vo > 0, is applied so that in the Z-direction the ion can only
oscillate around z = 0. Find the oscillation frequency w,. (2 points)

(e) For the potential field in (d) to be valid in the region of empty space, find the constant £ in (d). (1
point)

Such a combination of electric and magnetic field is called a Penning Trap. It is a device to trap an ion for a
long time so its cyclotron frequency ax, and therefore its g/m ratio, can be measured with very high precision.
Use ax and @, as known quantities for the remaining part of the question.
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(f)

(9)
(h)
(i)

)

(k)

0]
(m)

(a)

(b)

(©)

(d)

(€)

The ion is now in a Penning Trap as above. Derive the differential equations for the position of the ion
X(t) and y(t) in the X-Y plane. (4 points)

Let u(t) = x(t)+iy(t), where i =+/—1. Find the differential equation for u(t). (2 points)

Try solution u(t) = Ae™*, determine the two possible frequencies @ and @., with @ >a.. (2 points)
The general solution is then u(t) = Ae' +Ae™". Suppose the electric trap potential is turned on
after the magnetic field is on for a while. When the trap is turned on at t = 0 the ion is at X = R on the
X-axis, and the center of its orbit is at the origin of the X-Y plane. Determine A, and A., and take the
approximation that ax >> . (5 points)

To see what the trajectory of the ion looks like in (i), let us go to a rotating reference frame with
angular frequency £2. Using the definition of u(t) in (g), find its expression U(t) in the rotating frame.
(3 points)

Apply your answer in (j) to the answer in (i), and let 2 = @. Draw a schematic diagram of the ion
trajectory in the rotating frame on the X-Y plane. (1 point)

Draw a schematic diagram of the ion trajectory on the X-Y plane in the laboratory frame. (1 point)
Give three possible shapes of the ion trajectory on the X-Y plane in a rotating frame with angular
frequency /2 if the initial conditions are appropriate. (3 points)

A XY VI L WIENEh vIE T R m, Wk @) W Z A A
Wi B. SREMAIE 0, (HIESE) . FF L o, RBUEFA2 T, AT M. (159

BB A TR T X BB S0, B2 IIBERh D, ZIiE T
SRR g AR, TTBAERT, BR-1 AR -2 bR R L 4

Q=M%4HW%:ﬂ%,E*x%ﬁ%ﬁﬁﬁﬁmﬁ%om@%%,m

@) B TG O x=D /240, ke . A T IR K
U, B B A N AR NIRRT (240)

IRAERT-1 FAR-2 2 AN EAS 4 E(t) = E, cos(at) « M IERRIERE T,
B (B S AR BE T %, 5 ELAE 1 R0 AT b 345 1 g it
INTEFIENRE, [FIIN 208 SR bR AT, SR T GEKTHEEED J5aEk
%R, (349

{E 2R KT D ZHPk(c)h Asim i e, SIH BRI, BFr LIS Z 8y B higs), X
MR, WRE TR Z i LA, B U, A TR R,
AT AN BV (1) =V, (22 + B2+ By?) [ 22, Hrh Vo > 0, fFEF7E Z Ji EHBETE 2= 0
BT dRE) . KIEFHIE 0, . (249

FEAF () P A TE B PR 2, BB N T2 (140

KBS A SRR TEIE . BT LI TRl SR AT B 1, P DL AR O i 0
[l g LA 1114 g/m LEAEL
FERE T T A 1) N AT HE o, M 0, 2972 CAIE .

(f)

PAE, BT IR TR MR AR XY P AR x() « y(t) Prisi e
W Tt (44
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(9)
(h)
(i)

()

(k)

(0
(m)

Au)=xt) +iy®), Hi=J-1. SHu®) FrELmms . 249

SRR u(t) = Ae™, SR TRERIIIR 0, Mo, Ko, >0 . (24))

AT ut) = Ae > + AeT et BRAETT R Ja 2t — B Al i n B, 7E t = 0 IN%1
AN, BTANE x = R AR X b, HAUE SO ELE XY SFR R AL AR
A, HEBOEM o, >0, . (54))

AT IR E () P TS AT IR R ], RBEIRATAE A E  Q e 5% b . R
@ ut) e X, KRERESHE ZPemREat). 34
BREGHPARINEENATOF, H2Q=0w. NS FiEshlfEieit 2% 20 X-Y P
R, 15

] H B ARSI 5% A2 X-Y I B sh Bl . (14

MAIERN o, 121, HEVIGRAEE, BB TERESHE R =Malaen X-Y P Lz
S, (340)

(THE END 52)
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Pan Pearl River Delta Physics Olympiad 2012

2012 FZ IR = A S 442 RO 2 BARIL 7 385 58
Part-1 (Total 6 Problems) -1 (3£ 6 &)
(9:00 am — 12:00 pm, 02-02-2012)

Q1 (5 points)

E =ymc?, where y = 1 ~ 1
SRR T e parp) T \2a-p)

So mc? = E4/2(1- ) <10-4/2-2-10"° =632¢eV. (4 points)
Upper limit _Ff&. (1 point)

Q2 (10 points)
W XY PR, BESPET TS (0, 00, FUSIUEMEE (X, y) o FA/NERSIE

Pah gL, FAVAE 48 9K 55T S IE T, sk e X-Y P ESZ KA mg Yy
mFRE (0, 0) o Kk, XI5k

2 2
Fo=—mg¥ Y X ——%mg (i)

» i

L /x2+y2 -

2 2
Y RIS N E, =—mg Y Y Y ——Ymg ).

NN —%g:x, _%g:yo

A
X(t) = A cos(at) + B, sin(at) , y(t) = A cos(at) + B, sin(at)

F(t)=x(t)X, +yt)y,» @=4/g/L. (2 points)

B BRI 41 T(0) = X% + YoV r F(0) =V, %, +vy0370, j
x(t) =X cos(a)t)+ sm(a)t) Yy =Y, cos(a)t)+ sm(a)t) (2 points)
As we only ask for examples, there can be many dlfferent ways. @ H H R ey 1, Prllnl i 25

sz

(@)  Xo=D/2, others are 0 H:4x 4 0. Then U x(t) :%cos(a}t) , y(t)=0. (2 points)
(b)  7(0)=RX,, r(0) = Rwy,. Then x(t) = Rcos(at) , y(t)=Rsin(at). (2 points)

(c)  F(0)=aX,, r(0)=bwy,. Thenx(t) =acos(at), y(t)=bsin(at). (2 points)

Q3 (9 points)
In the rotating reference frame, the force along the radial direction is 7E % AR R e S AR, U
AT R A
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 and Fr(R)zmng—GRﬂzo.

2

Mm
r2

F (r) =mo’r - G

After the impact, the total angular momentum is still conserved R4 J&, #f & A8R <¥1H:
0=d(@r?),_, = R°dw+2m,Rdr.
Let the orbit radius change by dr, then A#1i& (128 4k 2 dr

dF. (R) = ma?dr + 2,Rde+m 2o0m

= dr = -meidr .

(Note that without taking into account the change of , the force is positive and the balance is unstable.# J
TG o124t MR, JSCRIIEIZ S RRATT T, IR ARTH. )

This is a SHM with 045 R o DR R s sl 2 il IRa), 1R E08 k = may, so BltdRah i
W= ax.

The initial condition is ¥145 45144 v, =1/m, and fil dr = 0. Sodr(t) = sin(awpt) .
Ma,
x(t)=[R- sin(myt)]cos(at), y(t) =[R- sin(apt)]sin(ayt) .
ma, @,

Q4 (6 points)

Angular momentum is fighE A J =mriw/ 2.
Torque JJ%1 7 =mgRsin@, and pointing perpendicular to the paper plane 77 [
B4R,
The change of angular momentum is fizh = 122464 AJ = (I sinO)Ag.
Al 2gR
T=—0 — .
r‘e

=(J sin@)A—¢=(J sind)Q2. So Q=
At At

Q5 (10 points)
Let the image charge be at x on the X-axis A2 4% HL AT £E X-Hil_E x 4k,

D(R) = — ( q - 0 jzo
4rg, | JR? + X2 +2Rxcos® R +b?+2Rbcosd
= q*(R* +b” + 2Rbcos ) = ¢/ (R* + X* +2RxC0s 0)

ORI AR B O FR S AL, BT
q°(R*+b%) =g/ (R*+x*) (i),

0’b =g’x (i)

B b A, 15

X2 — 2 (RE+x) 2 +q'R2 =0 (iii)e

it £ A SR g =—a, b=x, BIHEERSMA AT R RSB B A B AT
TEBRIT A, ATERTH BRI B S, FTUAARER, &2 A g =-Rg/x, b=R*/x. X
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SRS AT AT B . (It is OK if answers are given without derivations. 254 ik G i H A7 %
FWARRI. )

In order to make the potential on the plane zero, we need two more image charges, namely g, =—q,at
—R?/x, and g, =—gat —3R/2. One can see that g, and gz combined will make the potential on the sphere
surface zero. One can see that g, and g3 combined will make the potential on the sphere surface zero. Jy T
I AR 0, TATHE I EZ AT, g,=-0,7E—R*/x, and g, =—q7E—3R/2. Ifi d2 -
Qs ErEE kAR AT BRI R #5oh 0. (2 points)

_n2 _n2
R AP P TR A . S —— R & ®
4zs, (x—b)’ " 4z, X(x=R*/x)" 47 (x*-R?)

IAESR q Y EH, it g WETF b BB AL B s (e . HIAE ) A8 i o7k,

0 2 0 A2 A2 A2
Wl = I Fldx= q R .f X 2 dX: q ( 2 R zjz q ( 4 ): q o (4 pOintS)
3R/2 Argy sri2 (XZ _ RZ) 8rey \d° —R 8re,R\9-4) 107g,R

PR, AR R BT AR R A AR g BreEfn B it g, 74, HAEA

G 1 —q R — Fﬁu E/Jqs ok _q2
= = = . N N W = .
4re, (d—b)  4ze, (d2 - R2) 57¢,R TR 57¢,R

IE SRR R 22 s D, 2 DR D B A (BB S A er (R B2 B T AR P
AT S0 e i 3 A w5 0 592002 F A L 0 R AR AR 20 R AML

W:dex_quT X dx= qz(ﬂ'j: a :
2 s 4re, 3R/2(X2+R2)2 8ms,R\9+4 ) 267gR

2 2
W,= | Fdx= | —dx=——1 (2 points)
3R/2 3R/2 1672'80 247s,

2 2
W =W, +W, +W, =q—(—1 i—ij 161 4% (1 point)
27e,R\ 5 13 12) 1560 7z50R

Q6 (10 points)
(a) Let c—g so that ¢, = cnR . The expansion is an adiabatic process, BZAK L FE A 4l 72, Bt

PV —con,

The work done to the piston is X & ZEA 1 D)4
A A
W = [ PdV =RV, [ VAV =RV, (1-x ) = g nRT,(1—x %) . (2 points)
V,
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Maximum work is K AW, =gnRT0, which is the total internal energy of the gas 2% T~ /A i) 5L N BE,
A2 AR TTA H B oK D). (1 point)

(b) % =In(x)+cIn(T /T,) =In(x) +c In(% (T, _Zr\:V_R)J

Put in the answer in (a) we get S A (a) BLIhFRIEL, ?%A—: = In(x) +gln(l—n+nz<‘2’3) . (5 points)
n

To see if AS is positive, let £ AS =cnRIn(m), som-1=(1-7)(x**-1)>0, and AS > 0. (1 point)
(c) When =1, AS =0, which is consistent with the fact that there is no net loss in internal energy of
the gas. 477 =1, AS =0, which is consistent with the fact that there is no net loss in internal energy
of the gas fF &k H HHIZ K AR IX — 25 5. (1 point)
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Pan Pearl River Delta Physics Olympiad 2012

2012 FZ IR = A S 442 RO 2 BARIL 7 385 58
Part-2 (Total 3 Problems) #-2 (3t 3 &)
(2:30 pm — 5:30 pm, 02-02-2011)

Q1 Stella Interferometer (8 points)

(@) The difference between the path differences of the two pairs of split waves is A=D-56.
When A= A4/2, the bright fringes of one star coincide with the dark fringes of the other.
PSP IBAE NN BRI ZE N A=D-80 . A A= A1 2N, B E4

405 Ty BRI A SR TR, bl D= = 20020400 4o (6
200 2-3.14-3-10

points)
1224 12224 1.22-180-5.0-10°”7

(b) 560= ,S0D = =
50 3.14-3.10

m=12 m. (2 points)

Q2 Y-particle (12 points)

(@ The two B-mesons should have the same momentum and energy because the original
Y-meson is at rest. The kinetic energy of one B-meson is

E, =%(10.58— 2x5.28) =0.01 GeV, which is much less than the rest energy of B-mesons.

So we can use E, =%m5v§ . Putting the numbers in we getv, = /% ¢ =0.0615c. As the B-

mesons are moving at low speed their lifetime change can be ignored. So
L, = V,7, =3x10°x0.0615x1.5x10™* = 0.028 mm.

BT Y A TREER, BB B A TRUZIRMSE, Ty M. BA TIEIAEY
E, =%(10.58—2><5.28) 0,01 GeV, SRR AN %, BT BA A ) 2%

1 NN " . , 0.01 v
azimﬁﬁib%ﬁﬁo%ﬁﬁﬁkﬁ%%a%ECﬂNM%Bﬁ¥%ﬁﬁEﬁ

T S FR) 2 T 2, Rk

L, = V,7, =3x10°x0.0615x1.5x10~** = 0.028 mm. (2 points)

(b)  Rough estimation: the speed of the B-mesons should be v,L /L, =0.44c, so we need
precise formula which takes into account the lifetime change. *HI& AL 11 B /11 1)k
JEA VLT Ly =0.44c , [T LU 255 FEAHRT 8 RN

L=— Y sovy=—C  _0.406c.

J1-(v/c)? J(cry /L)* +1
P = ym,v = 0.406x1.094x5.28(GeV / ¢) = 2.35GeV/c (3 points)
(c) The Y-mesons move with the center-of-mass (CoM) frame of the B-mesons. From (a)
we get the speed of the B-mesons in that frame as vo = 0.0615c. From (b) we know that
in the laboratory frame the speed of the B-mesons is v = 0.406c¢. Let the relative speed
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between the CoM frame and the laboratory frame be —u, which is also the speed of the

Y-mesons in the laboratory frame, then v = 1\/—+/ Solving it we get u = 0.336¢. Y
+v,u/c

NFHEEE S BAFUOERE —2 () FA1400E B A FAE O S R A KHE
r”jj Vo = 0.0615¢. Hi(b) FA1%NIE B A FAESLK E S AR B IWH &N v = 0.406¢.
A USSR AANT T2 S S (W02 Y A T1E 525 = [ D) hy—u, )

V= V°—+uz . H1H7% u=0.336¢. The total energy of the Y-mesons in the

1+vu/c

laboratory frame is Y A T EfE TN E, =m,c?//1-(u/c)? =1.062m,c?. (4 points)
(d) Inthe CoM an electrons has equal and opposite momentum as a positron, while
together they must have the energy to create a Y-meson. The momentum 4-vector is

then (m(jCJln CoM. 7£ Y N 7SI AR Bl 7 ANE R T RIS EASE, Ak, &

REESE T Y iR, K Y 7Rz E-f KA {myc} In the

EE 4
laboratory frame the momentum 4-vector is 7/ESLI ES AR, 1% 4 KN

(7 ﬂy][ ][ﬂmc
=By v )Amc ym,c

Let the momenta of electron and positron be P; and P», respectively, and also note that
as the electron (and positron) rest energy (0.511 MeV) is thousands of times less than

that of the Y-meson, so the energy of an electron is simply cPy. 4 H, T F1 1 L ¥ 1) 5]
A Py Py X TEUE I RE R I K T E I L i & (0.511 MeV) ,
FITLLUE I BER A cP1. We then have it FeA 17

R-F pym,c
= here & =u/c.
(PﬁPJ (mecj’W ere 2ot B=ulc

The electron energy in the laboratory frame is then H, 1~ 7F 256 %5 (1) fE &2 A

CP = 1 (1+ B)ym,c’ = %><1.336><1.062>< m,c” =0.709m,c* =7.51 GeV.

IE Eﬁ? RN

cP, = > (1—ﬂ)7/myc2 = % x0.664x1.062xm,c* = 0.353m,c* = 3.73 GeV, or vise versa.

(3 points)
Q3 Penning Trap (30 points)
2
(a) qBv:mV—, S0 o, _v_gB E, " :lma)froz. (1 point)
I R, m 2 2

() x=2-reos@t-¢) , Q-Q,=-201-cos(@t—).

,_dQ

v = 2qr°—[cs)°sin(coct—¢) . Larger rq leads to larger current. (2 points)
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(c) The energy gained in each cycle is & i {115 2 1 B & 4

dE, = quO cos(a,t) - ro, cos(aw,t)dt :%qE roT.,and ddit =%qE0rcoc (1 point)

c'c’
T

C

On the other hand, from (a) we have H1(a) 1175 dEt = M, r% (1 point)

dr 1 qE :
So mw’r—==0gE.rmw.,andR=r. + —2T (1 point
° dt 2q0 ¢ " 2mw (1 point)

C

d) E=-22 o= % (2 points)

z
ZO 0

() VAV(F)=0so f=-1/2 . (1 point)
Use ax andw, as known for the remaining part of the question.

(f)  The electric field in the x-y plane is ¥ X-Y “FHif{HI% K E = —V % . (1 point)

The equation is *ﬁ?ﬂ’] BTN
m(XT(OJrWO):eV yyo+eB(xx0+yy0)><z _eV

0 0

m

—eB(Xy, - yX,)
(1 point)

)'('—a)C}'I—%a)ZX:O

A

y+a)c>'<—%a)fy=0 (2 points)
(g) Multiply i to the first equation, and add to the second one, ¥ 25— 3 i 5558 — A

hn, 43 we get ti+iau+bu=0, where a=m,and b:—%a)f : (2 points)

. + |0’ — @*

(h) o, :% (2 points)
(i) x@0)=R, y(0)=0,x(0)=0,y(0) =—-Ra, (2 points)

ThenR=A +A , Ro, =0, A +o A (1point)

2
Solving the equations we get fi# ik i, 3 A =2 "% R= —l(&] R,

A DO

+

R=R (2 points)
o, —@

()  %=xcos(xt)+ ysin(Qt), §=ycos(Qt)—xsin(Qt). Sod=ue™ . (3 points)

(k) G=ue'=A +Ae’@ )" whichisacircle centered at x=A X & A HDE
x=A f[E. (1 point)

() TR SRR HZ30. (1 point)
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(m) G=Ae™ +Ae“where o, =/o? -’ . (1 point)

So X=(A +A)cos(mt), ¥=(A —A)sin(at), which is an ellipse with (A, +A)
being one axis and (A, — A ) being the other. Under more special conditions, the ellipse

can become a line or a circle. X & MR, 7EHeE &0 Tl (A 5L A, 55T 0),
HMEZ(A =+A,) ((2 points)

(THE END 52)
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Pan Pearl River Delta Physics Olympiad 2013
2013 FZ BR= A S A A2 R FE BARIIL 3 38 3¢
Sponsored by Institute for Advanced Study, HKUST
ERMNERERET AR
Part-1 (Total 5 Problems) -1 (3£ 58)
(9:00 am — 12:00 pm, Feb. 15, 2013)

Q1 (9 points)
A bead of mass m and initial speed vq hits a uniform thin rod of mass m and length
L perpendicularly at one end, which initially rests on a horizontal plane.

a) If the other end of the rod is fixed on a hinge which allows the rod to rotate ¢
freely in the horizontal plane, and the bead stays on the rod after collision, find the mechanical
energy loss due to the collision.

b) If the rod is free to move on the plane and the bead stays on the rod after collision, find the
mechanical energy loss due to the collision.

c) The rod is free to move on the plane. The collision is elastic. The velocity of the bead is
perpendicular to the rod right after the collision. Find the angular speed of the rod, and the speeds of
the bead and the center of mass of the rod.

FE—E (9 7)

— Ry m B NER AR JEE v, T B AN R Ry m A L RS S0 i i . AR T aa kT
7T ot

a) HRAF A 55— I [ E AR — DG EREE A8 E W BAEAKCT T B s, flf s N ERFER L,
TSR A3 P e R A B RE AR AE o

b) WRATRILEV I A higsh, M NEREERT B, THRRLE T R KB REARAE .

) ERATAIAEFIH H Higs), T vE R . ERERE S AW, ANEREE I E AT A
TEAiE e A B AR RE S ool B AT/ N BR T E

Q2 (10 points)

Consider a pair of stars, with masses m; and mj, respectively, bound by their mutual gravity (binary system).
Denote their positions as r,(t) and T, (t), respectively.

a) Write down the differential equations for 1;(t) and T,(t).

b) Let 1 (t)= MEOTMLW® vy ¢ )i (1), find the differential equations for £ and 7.
m, +m,

c) Suppose initially r,(t=0)=0, and%(t =0) =0, solve the equation in b) forr_(t).

d) Assume that | F(t)|=a and a is a time-independent constant, find the solution in b) forr(t) with
initial conditionr (t =0) = aXx, .
e) The period of the orbital motion of a binary system, which is made of two neutron stars each having

1.0 solar-mass, is T =3.0x10"s. Find the distance between the stars. (G = 6.7 x 10** N m?/kg?, Mass
of the sun = 2.0 x 10*°kg,)
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8 (10 )

RS my R, (R T B AR (SR RS F () I () A BRI
frE

8) 5 E () T (1) BT AR (5 A

b) & ST (t) = mlrlgi:mzrz(t) PO =)=, S H T () () R R TR

2

¢) IR E (1) FIWIHRA A F (t=0) =0 . ‘; (t=0)=0, K by s /IR (1) -

d) WUR|F®)|=a i a5 HERIHE, K D) R R R . AR
rit=0)=ax, -

&) NI TR (R 1.0 A BB )M KU R SR BB IR T =3.0x10%s . R
TR AIBEES . (G =6.7 x 101 N m%/kg?, KPH & = 2.0 x 10°°kg)

Q3 (12 points)

A perfect conductor shell of radius R is charge neutral. Its center is at the origin of the X-Y coordinate. The
answers for the following should be expressed in terms of L, R, Q, and a fundamental constant, where L <R.

a) Find the work done by electrostatics to move a point charge g1 = Q from the shell center to (L, 0).
b) Another point charge g, = %Q is fixed at (RTZ, 0), find the work done by electrostatics to move the
point charge g; from the shell center to (L, 0).
c) If charge q; is fixed at (L, 0), find the work done by electrostatics to move charge g, from (o, 0) to
R?
(T , 0).
d) If charge q; is fixed at (L, 0), find the work done by electrostatics to move charge g, from (0, ) to

RZ
(O,T).

B=/(124))

—A PR B RAER TR R, O T AR IR . AR IR E TP AR L. R QAIHSK
MREAF R R XERL<R,
a) AT R g = Q MERTEH LA 2 (L, 0) By R i v /0 P8P B o

b) ﬁu%%~’n\'ﬁﬁﬁfﬁ?qz=%Q %E(RT,o), VR o, RS 0B B (L, 0) fs B e o A
ks,
¢) B 7 (L0), HEALE R g, M (o0, 0) B (RT,O)%%EEﬁﬁEﬁJzE@IﬂO

d) A o 7 (L,0) iﬂé%ﬁ%ﬁﬁqzy\(aw)%Z%U(O,%)%%%ﬁﬁﬁﬁ&%%
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Q4 (9 points)
Consider a faraway object with speed v and distance L from us. At one time, it is seen by us at certain
position in the sky. After some time At it is seen to have moved by a small angular displacement A« .

L-Aa

Visually, the lateral distance covered by the object isL-A«, and its lateral visual speed isv, . The

visual —
actual velocity of the object v is at an angle &to the line-of-sight.
a) If we observe the object by detecting the light it emits, find v,

of light c forv=0.9c and 8=45".
b) If we observe the object by the sound (sound speed is vs) it emits, like a bat tracking a moth, find
and the range of the object speed such that the object seems to move in the opposite direction

Verify if v, exceeds the speed

isual * isual

Vvisual !
asin a).

c) If we observe the object by detecting the solid beads emitted from it, and the relative speed between
the beads and the object is vp. All speeds are much smaller than that of light. Find v, . Can the
object seems to move in the opposite direction as in a)?

isual

Answers should be expressed only in terms of ¢ and the relevant speeds v, c, Vs, Or V.

SO 77)
—/NETEELE v, BRAOTMEEE L. %, FRATRESZW AT RSP —. i
THEAtZ )G, FEATWERERE T — AN ININANE Aa o« FATRIFI AR B S EN LAa ,

S BR FE EA :% IR B i A S S BT AR

a) WRVIMMAER B ENREES, KRRV, WS v=09c. 0=45HK v, ~&H
ot e,

b) AR AR A R RO B v )W EAE 5, A e ie B IR, SRR B0
BRI L v, ARLSERE AR @) HIRLSEIZ Bl 75 1) R B IR P4 1) 3 S0k 82 3

C) LR DAMMAR S ORI /INERVE NSRS 5, /INER S WD 8] (R AR T g v, o BT R o e
INT I, SRR R R FE v o KBTI DU 2144 S a) L5t iE 20 7 Al A I 138
B

AL ORI E v . oy v BUE v, RN

13

Q5 (10 points)
Consider the process of pumping a flat tire. The atmospheric temperature is T,. The atmospheric pressure is
Pa.. The initial pressure inside the tire is P;, and the temperature inside is also T,. After pumping, it reaches a
maximum pressure Pnax and temperature Tmax. The tire then cools slowly back to temperature T,, and the
pressure drops to the desired pressure Ps.
Note:
1. Air is ideal gas with heat capacity ratio .
2. The volume of the tire is a constant V.
3. The process of pumping is adiabatic.
4. Express your answer in terms of », Vo, Pi, Ta, Pa, Ps, R, and V,, for part-b.
@ Pumping by a large compressor (4 points)

The pressure of the air inside the compressor is P.. The temperature is T,. Both remain the same during
pumping. Find (i) the work done by the compressor, (ii) the internal energy gained by the air inside the tire
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(including the air pumped into the tire), and (iii) the minimum P, required to obtain the final desired
pressure Ps.
(b) Pumping by a small hand pump (6 points)

The volume of the pump is V. The air inside is initially at atmospheric pressure P,. Because V, is
very small, a large number of strokes of the hand pump is required. Assume that in the j-th stroke, the
pressure inside the tire is increased from Pj.; to P;, where Py = P;. Our model is that the air inside the pump
is first compressed adiabatically so that its pressure increases from P, to P;. Then it is transferred into the
tire under constant pressure P;. (i) Find the number of strokes needed to fill up the tire. (ii) Find the internal
energy gained by the gas after the j-th stroke in terms of P; and the given parameters. (iii) By using
integration as approximation of discrete sum, show that the pressure inside the tire just after pumping is

o 305
P P,
R0 47)

CEIASTIRENT,, KAEIAP, — MRV E I NP, WBEERT, . W 5S4 i
KEEANP,, » XBFREAT  , ZEEEAHRT,, KR FEFER AN PR E®RP, o

F A

1. FASHEESE, HHREL Ny .

2. HRRIAERN Y, .

3. IR LA,

4. ZZMy Vou Pis Taw Pav P P« RATV, (b-#873) FoRo

c

v

a) A—PNRETSELENIT R (457)
YRG0 P, 7EAT M R A, SRR N T, o SR() 76 BT AR LA 1 2
()RR 2 A LB BT NS HAROZ ) P B RO, (i) Jo T 75 B 20 I 3 P, 7 75 SR i/
P

b) FINEFEIHTAET . (64)
AR, , SR URRBIREEN P, o BV, RN, BTRERZ T .
BAES | Ui, ReRATRIO ISR P B P, R =R TR U B T %
SAEFT A A e R A A4S s el PN S Py, TS AENE E R P, MR R . ()RR
S (i)RES j RS IG A A A BERI T IN(H) P AN S 3R . (i) A AU B AR AT,
E WA RIT 56 U 46 R 1 3 P,

_a
P

50
&
I
i v)
=
+
TN
0
~—

(THE END 5%)
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Pan Pearl River Delta Physics Olympiad 2013
2013 SEZ BR=HA K H A4 B EE SR IL 52 8815 38
Sponsored by Institute for Advanced Study, HKUST

FHRHE R ERES T )
Part-2 (Total 2 Problems) #-2 (3£ 2 /&)
(2:00 pm — 5:00 pm, Feb. 15, 2013)

Q1 Inertia Inductance and Negative Refraction Medium 15 ¥4 /&5 f 371 51 i
A conductor cylinder has certain electromagnetic inductance due to Faraday Effect. Its exact calculation is
quite challenging in mathematics. Its order of magnitude, however, is the same as the model in a).

A TR LR N RN, — NIRRT SR A — 5 BRI o T2 R A% SR AR E By A A R K
(ECEVEE0EA S e/ TNV I Eith a8
a) Consider an infinitely long cylinder of radius r. The electric current is uniformly distributed in the
cross section perpendicular to the cylinder axis. On the surface of the cylinder there is a thin shell of
conduct insulated from the cylinder that carries the current in the opposite direction. Find the
inductance per length. (1 point)
— TR R ERE T, A re FIRE AN 5 A0, JRREE BT SRR 1)
TN . PR R E A — B RN S A SRS 2RSS, B R 7 AR S .
RFEBRAKE R K. (17D
For the rest of the problem there is no shell on the cylinder as in a).
In a real conductor electrons (mass m) driven by external electric fields are constantly colliding with defects
and impurities. The average effect of such collisions is like a viscosity force fc =—-mv/z,where risa
constant parameter called collision time.
A0 S S it b 7o A
LR AR N R (BUR m)ESN RIS TER T iz, AN S SR G . R uaiE . fEE -y
HORA L TR f = —-mV /o, Hod o NE %, FRIERERER A .
b) Write down the differential equation for the velocity v(t) of an electron in the conductor in an

external electric field E(t) . Ignore electron-electron interactions. (1 point)

O SR BRSNS E() 1 FIgsh sy HfE . s IRIAM AR AT 285 . (14
c) Suppose E(t) = E,e"*, find the velocity of the electron. (2 points)

FAMINEI N E(t) = Eje, SRETFIZEAERE. (240
d) Suppose the electron number density in the conductor is n, find the electric current density J. (2
points)
SEPHEFIBESEE In, RBREEI. Q25
e) For a conductor cylinder (length D and radius r), find the relation between the voltage across the two
ends and the electric current. The inductance in a) can be ignored for the time being. (2 points)
K—KAN D, P12k r MEE AP RS B SR . 288 a)P R, (249
f) From the answer in e), identify the term which is like a resistor and the one which is like an inductor
L. L, is called inertia inductance because it is not due to Faraday’s law. (2 points)
1E e) P ATARER T, WHAMYTEME. B LML 2R LR, S5ER e
LK. 2499
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g) The resistance of a 1.0 zmlong metal wire is 1.0 ohm and the collision time is7 =2.0x10"° s at low
temperature, find the value of L;, and compare it with the inductance due to Faraday Effect. Which
one is much bigger? (x4, =47 %107 N/ A*) (2 points)

AT, KA 1.0um 48 SL K EL A 1.0 ohm, PR BN 7 =2.0x10° . K
PR Ly, IF5 BRI ) B L . BN R ? (1 =47x107 N/ A?). (251
For a wave A= A, cos(kx —at) , where @ =ck , c is the wave

speed. For conventional materials, ¢ is almost a constant, so k Vi Vin
increases with increasing @ . However, for some extraordinary
artificial materials, c is a strong function of @, so much so that k
decreases with increasing @ . Such phenomenon is called
Negative Refraction. It is like having a refraction index that is
negative. Consider an infinitely long chain of inductor-capacitor
(LC) as shown in the figure. The length of each LC segment is a.

FIE—5 A= Ajcos(kx—at) , Hrw=ck, cHBHE. X TAEGEME, c AEE, Wk b o 35N
M. fHi2, XTI E NTAHE, cilli oK, UETHE o GIK, ki &0
FIAESA S . WEFR, FE A TRKPRERER(LC) . FA LCHITHKEN a.
h) Find the differential equation that relatesV_ ,(t),V, (t), andV,_ ,(t). (5 points)
AV L) V() Vo O Fris 2 s k. (570
i) Assume a wave-like solutionV,_(t) =V,e' ™ find the relation between @ and k. (2 points)
WA TR, (1) =V, ™, oM KkHER. (24
J) Does the answer in i) imply Negative Refraction? (1 point)
i) )& RETEWRE NI AL (150D

Q2 Gravitational Waves 5| 773 (30 points) (30 43)

Gravitational waves (GW) are distortion, such as extension/compression, of space. The amplitude of a GW
is given by e = AL/ L, where L is the original length of space and AL is the change of length. So GW is like
elastic waves in solids, except that here space is the medium for the waves.

The necessary constants for answering the following questions are given below.

51 IR 2 2 8] B HH H AT (R e 4i) . 51 JIBHIIRIE N e = AL/ L, Horf L 2RI EA K,
AL FE 5| 3T 5 R R LA . Bt LA T3 SR T IR i 5 itk ise,  RANE 51 A3ipead LA TR A A oo
SRAE VLT AL H I 23 FH 21 DU ) B H 2

Speed of light in vacuum %% ¥i# ¢ =3.0x10°m/ s Mass of the sun & FHF & = 2.0 x 10*°kg
Gravitational constant 5| /7% %, G = 6.7 x 10™ N m?/kg® | Sun-Earth distance X H-HhEk I %= 1.5 x 10" m
Boltzmann constant J% 7% 2 3 = 1.4 x 102 J/K Mass of Earth iR Fi & = 6.0 x 10%* kg

e Generation of gravitational waves by a binary star system X{E & 477 4 151 F1i%
a) Shown in the figure is the space distortion by a heavy mass. Consider two stars
bound by their mutual gravity on a circular orbit. Their masses are M; and My, respectively. If
viewed sideway (in the orbital plane) from Earth, when the (visual) separation between two stars is
largest/smallest, is the space between the stars stretched or compressed? (1 point)
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b)

d)

b s o — B R Al AR A . 2B RSN 1 & 51 R E R s s 2 . e
H BT 7700 9 My A Mg IIUTTEDUESE GEBGERTZEFID ) WXCE B s s R )32 4k, JF
A KR /AME . 1) 2 [T I, T gl g2 (190

Such space disturbance in a) is propagating through space as gravitational waves. Suppose the
angular frequency of the orbital motion in a) isw, and the radius of the orbit is R, then the GW
emission power L of the binary is given by the expression L, = A*B"M°R*®°, where M is called the
reduced mass, M = M,M, / (M, +M,). The constant A is a fundamental physics constant related to

Relativity, and constant B is a fundamental physics constant related to Gravity. Determine the two
constants and their exponent powers a and b by using dimension analysis. (2 points)

R A P Bl 25 LA 51 73BN AMERE . CRIEZ I AMNEN o, BUIEFEA R,
W5 713 AR ThE AN L, = AB"M°R'0®, HH M =M M,/ (M, +M,) ZBZ1{LFiE. HFHA
e SRR, B oSS IR . FEN ikt AL BAIHER a.
b, (243

Suppose the motion and the mechanical energy of the binary can be described by classical mechanics,
find the total mechanical energy of the orbital motion of the binary system in terms of their orbital
period. (2 points)

&M% RIE BN BNRE. BRHAAKRHAMERR. 24

. : . : dT .
Estimate the numerical value of the orbital period decrease rate ’m due to gravitational wave

emission of a pair of neutron stars, each having 1.0 solar-mass, with orbital period T =3.0x10%s. (4
points)
FIB—NHBAEE DT REARMAUE RS, — NP TFERRES T RMEEE. SUEARRH

WIHT =3.0x10%s. P3| /e, ﬁ%,ﬁﬂéu%—:%ﬁﬁvﬁwn mﬁ%—:%i&ﬁo (44

The Sun-Earth can also be considered as a binary system. Find the time needed, in terms of years, for
Earth orbital period to reduce by 1 second. (2 points)

R FH-HER R RE PTRAOUR R S8 Al SRR 2 B J S/ 1D BT 5 (A ], DA AT
(293

e Estimation of the emission power of a pair of black holes right before coalescence occurs

At 5P R R 5 I 5 R T

f)

9)

A black hole can be regarded as a point object of mass M. Find the distance Rs from the black hole
where the escape velocity is equal to the speed of light c. (1 point)

ST E AR MBS . BEE IR R R IR E )9 co K Rse (173
Estimate the numerical value of the emission power of a pair of identical black holes, each having 2
times the solar mass, right before coalescence occurs by using the following procedure: i) Start from
the result in b), replace Rw by orbital speed v; ii) Take the distance between the two black holes as
2Rg; iii) Replace M by Rg; iv) Takev ~c . (3 points)

I PUR PR, Al RIS R GRS I 1 5 R %, — RIS T 24
KPBABTE: 0) H b)RIEE R, FPUEZEE v B Re: i) W BRI EEE N 2Rs: i) H RyfX
B M; iV)EXVzC . (3750

e Detection of gravitational waves 5| /7% 5
h) Estimate the space elongation around a black hole by using the following procedure.

As shown in the figure, consider a light beam from A to B. Without the black hole at

3
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)

K)

O the light will travel in a straight line AOB. With the black hole, the space is severely distorted and
the light beam will travel along the semi-circle ACB. The distortion of the space ¢ is close to 0.1, 1,
or 10? (2 points)

B LI BRR, Al E BT E . R, HE—AOUA AGFEE B, A RIFEA
TAAE, WDGZIE B2 AOBALAE . 27 O mif — i, 70 [a] 4L b A 6 2o v~ [ ACB 1% 4%
AL & 8L F 0.1, 1, 2 10?7 (243)

Suppose the GW amplitude at the distance Rs from a black hole is the value you choose in h), given
that the energy flux of GW is proportional to the square of amplitude, estimate the amplitude of G-
wave at 10* light years away. (3 points)

B 51 JIAE R B FRR R AL BIHRIE A URAE h) R BT M. C 151 0k i RE il & S5 IR IR -1
FRAEL, EEZS] AR S 106ESMRIE. (340

One type of GW detector is a straight uniform aluminum bar. As the bar is elongated by a GW by AL,
such distortion remains in the bar for several thousand seconds as a standing sound wave, which can
be detected by sensitive electronics. In the GW detection project AURIGA in Italy, the length of the
bar is 3.0 meters and the speed of sound in aluminum is 6.4x 10° m/s, determine the lowest resonant
frequency of the bar. (2 points)

— ARSI AT Ay — M 5| JJ AR AR o S S| JJBA AR AL, 130802 DL A BRI
FERAEAEME N IR BT B8l . 7ER KR AURIGA 31 PRI H , SREEIKE N 3.0 K,
AN 6.4x 10° mfs. SRABHERIRRILIRIR . (240

The length of the bar does not remain constant even without the GW because of the thermal
fluctuation. The amplitude of the length fluctuation can be determined by treating the vibration of the
bar as two half masses (1.1 x 10°kg) joint by a spring with the natural frequency equal to the
resonant frequency of the bar in j). Find the average vibration amplitude at 4.2 K due to thermal
fluctuation. (4 points)

T #ikv,  Aoke B0 R BMEFE A 51 DB L TR i . I ER iR i B AT B AR
AN AR B A(1.1 x 10° kg)FE — R 4 R RSN, IR T ) praR 13 A LR
o ORISR 42K I, KK SEREEKEKE. (47

Find the maximum distance within which AURIGA can detect a black hole coalescence event in g).
(2 points)

F AURIGA $45 g) 1 P/~ SRRl . Sk AURIGA e RN B REE RS . (249

m) At such distance in 1), suppose one millionth (10°®) of the energy released in the coalescence process

in g) is in the form of electromagnetic (EM) waves instead of GW, compare the EM wave energy
intensity Earth would be exposed to with that from the sun, which is 1.4 x 10°W/m?. Are we in
danger of global annihilation if this happens? (2 points)

RAE ) FTRASROEE RS, R SRR A B R A B 00 2 — (107°) A2 DL BRI O R T
SR, AHELTHuER 3252 BRI B REAE ST (1.4 x 103W/im?) |, 1% HREAR S 2 75 43t it sk
EMIRKA? (253

(THE END 35&)



Part-I
Q1 (9 points)

I,

Rotational inertia of the beam 1) gl B &1 — iA=L 1(1,1,) = le I’m/Ldl zsml?’

h

a) I= I(O,L):%LZ
Conservation of angular momentum ff 2/ & 57 {H.:
lotmlo=mly, = w=—"o
I+L'm 4L

Energy lost Zljfig#i %

AE :%mvé —(% | +%mL2a)2j: mv; /8. (3 points)

2
b) 1= I(—§ L,lL):lmLz, or | L +m(£j :(i+iij2 =L
4 4 48 12 4 12 16 48
Conservation of momentum and angular momentum ffi%) & . zh& spia:
my, = 2mv, 6v,
=——7:,
L) L = 5L
Iw+m[zj co:mzv0 V =y, /2
Energy lost Zlifg i 2%
2
AE =£mv§ P +lm(£j o +mv? |=mv. /10. (3 points)
2 2 2 4
1. 1. 1 .,
c) I=I(-—=L=-L)=—mL
) ( 2 2 ) 12
Conservation of momentum, angular momentum and energy fizh&. zh&E. HEE {H:
12v,
=
mv, = mv, +mv, 5L
2V, ,
Ia)+m5v2:m5vo = vl:? (3 points)
%Iw2+%mv§+lmvf:£mv§ v2=3%

Q2 (10 points)

I m o i mm N .
a) mr =G | rmi leg (rz _r1)7 m,r, =G | r - -.2 |3 (rl_rz)-(l point)
1~ 0 17 0




. 2 points
r o fo-gMtM (POt

c) TI.=0.(1point)

d) The equation for T is the same as a uniform circular motion, ¥ A& (1) 5 FE 15 47 3 51 J4 32 Bl A2
(1) 7 FE—3K. Therefore [A1it,

r(t) =acos(at)X, +asin(at)y, . (3 points)

e) m=m,=m,

_I__27ra3/2 ~ a- 2T %Gm 1/3_ 9x10% x6.7x10 x 4x10%°
J2Gm L 4n? -

47
27 1/3 9
:(6.116><10 ) =1.8x10° m

1/3
j . (3 points)

Q3 (12 points)
a) q'=-QR/x, x'=R*/x

(o1 Q1 1 QRx
drg, (X=X dng, (X* —R?)?

W= [ (0dx = 1 Lo (3 points) AFIEU1 2 4
0 87e, R(R*-L%)

b) Since the outside charge does not create any field inside the conductor sphere, the work done here
is no different from the one in a): 7ML X FAR A TG, B L4 RS a)—Ff.
1 L%e’

= . (2 points
87e, R(R* - %) (2 points)

c) The static electric field on the charge g, =LQ/R outside the conducting sphere is equivalent to a
field generated by three point charges: ¢, =Q at (0,0), image charge g,=-Q,R/x at
(I'=R*/1,0),and @, =-q, at (0,0). Therefore

BkAhg,=LQ/R ZIEHHE IR ALLF =N g =Q 7£(0,0), Biffifiqg, =—q,R/ x 7
(I'=R*/1,0), LL}q,=-q, {£(0,0).

°XR Xq, + R i
(quz_ RYY + s qi(s %) . (2 points)

And the work done by electric field is then H37 (3

4rq, | (x—x)° x? -

f0 =L { 0.9 +qz(q1+qz)}_4ibi_



2 242
J~R I (X)X = 1 3|— q22 _ qu(L%:Zqu)
© 87¢,| R"-LR R

1 { L‘Q? +L2(2R2—L2)QT 1 (L' -2L%°R?*+2R%)Q?
o 5 D32 5 T 5(p2_ |2

d) W =W, (2 points)

IFIC

Q4 (9 points)
a) At=l- rcosé
Vv c r

v:rsmez cvsing (2 points)
At c—vcosd

0.9-0.707c

=2 T
1-0.9.0.707

=1.75c. (1 point)

b) V:M<O = Vv,—vcosfd<0 (2 points)
v, —vcosé v v

Thus v>v,/cosé. (1 point)

c) Let the emission angle of the beads be #'. Then to ensure the net velocity of the beads is along the

Y-direction, we have &/NERIJAI M 6, IATERIYGHEBEUT Y-J7 1], Zify
vsin@=v,sind", v, =vcosé+V, cosd' =vcosd+Vv, 1-(v/v,)" >vcosd

At:i—rco,sg.
v v,

vsin@(vcos@+v, \[1—(v/v, )
V= ( D ( b))>O (2 points)

Vo= (v/v, )’

So it will not happen N2 & 4. (1 point)

Q5

(a) The initial number of mole of air in the tire is #& i 4 J5 A5 A& B8 /K B n. = -0

P:Vo

The final number of mole of air in the tire is ] 5¢ I N T AR BE/REn, =

RT,
So number of mole of air pumped into the tire is [Xlt, 7 3E 4 G )< AR BE R B X



Inside the compressor, this amount of air has volume 7£ 4R ML, I EE JR & AR PR R K

(Tlf — ni)RTa _ Pf — Pi

V' =
P, p °

The work done by the compressor is hence JE4EHLZh W, =PV’ =(Pf - F’i)V0 (1 point)

The internal energy of the gas now in the tire increases by % ifi PN <44 N BERE In 4y

AE = (nf _ni)CVTa +Wc :il(nf _ni)Ta +(Pf - I:::)VO (l pOInt)
y—

The maximum temperature is then 5|33 I 3L EE

c (P — PV, P;
Thax =Tq + n, C, T, + PfVO L Y (V ) Pf a
RT,y—-1

The maximum pressure is “ [k

nsRT, P;
max = = [V—(V—l)P—lle =yPr - (y — DP,
0 f
The minimum P required is /> P 25 255l /&

Pc >R ax :7Pf _(7_1)P. (2 pOintS)

m

(b)

. ne —n (Pf - Pi)VO .
The total number of stokes is T M IKEIN = ———— = . (1 point
et Pan / RTa Pan (tp )

During the j-th stroke, in the adiabatic compression inside the pump from P, to P & j MM FE v A R4
AT S 9RAN Py 220 P

Pany - ij’V
where 7 is the volume of the air inside the pump after the adiabatic compression. V- &4 5 S AAAFA
The internal energy of the air at this moment is I A4 1) 4 BE

L py=— p(f)y

— 1 J - Y — 1 J P] p

The amount of work done to inject this amount of air into the tire is 3] B ) E 1)
1

1 Pa v
BV =P P, Vo

Hence the change in internal energy of the air inside the tire during the j-th stroke is N &1 4L

<R

v
AU =1 PV +Pv =L_pv-L_p i V, (2 points)
y=14 oy y-1 (R

]




On the other hand, % —J5 i
PV )

1 1
AU=A<y (P P, )V, =y_1V0AP =——V,PYP
So [A it
1-y V, 1
P v AP =y —P,Y
Vo

Replacing the finite-difference equation by differential equation and integrate o& H T B 20K s

1-y V
PvY dP = yVPVd]

Pmax 1=y Nyl
f PV dp:f y—pPanj
o Vo

Py

We have F4/ 115 3




Part-11
Q1 (20 points)
a) 27rB = Jar’ = B=pJr/2
s e o, le ,uolz
Energy per length is Ff7 K EEREREW :—J' B22rdr = Hol

Ho o 8z

Compare with fHLLEW = % LI’= L= 5—0 (H/m) (1 point)
TT

b) Newton’s second law gives us the differential equation 2~ 55 — & 4t 5| H 1 )7 #£

mx = —eE — m§ (1 point)

c)
mx = —eEy e'®t — m=
iomx = —eEy — m;
X:LEO (2 points)
(1+iwr)m
e’rnE
d) The current density is given by HLi % & J = —nex = ——2
(1+iw7)m
2 l+iwr)m .
e) IZ = e_rn l,soV= DZ( > ) I (2 points)
zr®  (1+iwr)m D ar®  e’rn

f) The real part of the impedance represents the resistance FHPTSZHE R =

D mo D
—ZE,SO LI =

The imaginary part represents 5 wl, =
zr

g9) L, =Rr=2.0x10°(H).L

Faraday —

T

= 2‘—0 D=1.0-10"-10° =1.0-103(H)

(2 points)

%Zi (1 point)
ree‘rn

—2g (1 point)
reen

(2 points)

h)
Q Iy

¢ iwC
Vi = lwLK,,, Vi1 = iwlK,,_4
{ Lpi1 + K = I
I + Kjpeq = Ipq

Vn = Vi1 =



V .
-2 -V _)+—"_=0 (5 points
o ~Vios) Lc =0 (5points)

2
@

. 1
—ika ika 2 _
e +e +w2LC 0
1 ka) '
=, [——| siIn— 2 points
41L.C ( 2 ] @p )

j) Yes  J&(1 point)

Q2 (30 points)
a) Largest I k: compressed [k 4i; Smallest #/)3: stretched {H1#, or vice versa [z Z 7R (1 point)

b) Lg:Joule/s > N-m/s - kg m?s™3

RHS: A*BPkgZm*s~°
= A*=c5B=¢ (1 point)

= L; = c>GM?R*w® (1 point)

c)
MM
G ;2 2 = leZRl = MzszZ
with R, + R, =R
— R3 = G(My + My)
(1)2
Kinetic energy: M EM, M=M,+M,
M, +M,
1 1 MGM

KE=> M,’R? +% M,o’R? = = %(27:)2’3 M(GM)**T#% (2 points)

2 R

d) Neutron binary X{H 1 R4

% = —% (27)*°*M (GM)?*T " (1 point)
dE, dE, dT :
=—<=——=— (1point
ST ar P
dT 5 1 8 5

- 3G3¢ MM, (M, +M,) 3(27)°T * (1 point)



! 5
—‘Z—I =1.4x10°.4.10%.(2) 3(3-10*) * =1.4x10% -4.10%.0.79-3.4-10 % =1.5x107" (1 point)

e) For Sun-Earth system, H-# &4t with AT = 1s

(3;[- =1.4x10"°".2.10% - 6-10*(365.24-86400) 3 =1.7-10"%.3.2.10™"° =5.4.10% (1 point)

dt 25, 1.8'1025 _ 1.8'1025

t=" -18.10%s= _ 57105y (1 ogint
dT 365.24-86400  3.155.10° y . (1 point)

MG
2

f) R, = (1 point)

g9) R, =GMc?,or Rc’G™* =M. (1 point)

Also v=wR/2. (1 point)

5 6 5

L, =Gc*M2R%0® =16Gc ¢’ G ?R?R AV 16%@) zlGCE

i ¢ (1 point) H=Z EAfHEIA]
=16§—7 10% 10" =5.9.10%W (Order of magnitude only)

h) Lo =2R,'=nR = e=~1 (2 points)

i) (R'/R)? =1/£ with R’ = 10*light year = 9.46 X 101%m, R, = =5 = 149 X 10°m
&'=¢R /R'=15-15-10°-10%/0.95=2.4-10". (3 points)
i) A, =2L=6m,f, =—=1067Hz (2 points)

k) 1% resonance: &5 — M ILPRA

1/2 _oa\V2
%ma)zx2 :%kBT =X :( kBTZ j :(4211;1’138 ] o1 (1)7 o 3.3:10"'m (4 points)
me 1 7-1.07-

I) The change in the length due to gravitational wave should be at least in the same order of
magnitude as 107" °m = Jj 3 T 5 R K B o 7 2 /0 10 P ms 4

3 20
_R_p_RL_ 910° . x 2710

X
L D x 33107 "~ 95.10°

=2.8-10"Ly (2 points)

10’6LG 3 5.9.10>2.10°
AzD?  Ar-2.77-10°

m) |= =6.9-10°(W / m?) . We would be toast. (2 points)
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F RN ST 7T e P )
Part-1 (Total 6 Problems) #-1 (Jt6 /i)
(9:00 am — 12:00 pm, 6 February, 2014)

1. Sunset Twice a Day (6 points) — KB H%E (64)

Presently the tallest tower in the world is Burj Khalifa in Dubai. Its height is 828 m. An Internet
news article reported that one can watch sunset twice in one day with this tower.

HFER R RNEE RN F b m s, =Ry 828 oK. HIKM LA ¥ w5, AR
KIEE— RN IOWE B H %

(a) What is the time range of sunset between the bottom and the top of the tower? Give your
answer in minutes. Parameters: Earth’s radius = 6400 km. Distance between Sun and Earth =
1.5 x 10" m. (3 points)

TR RIS T 6] H YIS (R S . BRI AL, S5 HhERER = 6400 ~H
KBEANMER 2 A BE R = 1.5 x 107 K. (3 43)

(b) Burj Khalifa also has the world’s third fastest elevator (lift) with a speed of v = 10 m/s.
Immediately before the elevator starts moving upwards at the speed v from the bottom of the
tower, a tourist in the elevator views the sunset. When he reaches the observatory at the
height of 452 m, he found that the Sun has risen. Calculate the inclination angle of the Sun
above the horizon. Give your answer in degrees. (3 points)

S HUR A S =P p i, Sl RTIA v =10 m/s. A RN IER, 1EHRE IS IETT
g EART—BEERIH, HEHLURE v B HhBEAE 452 KSR s G, K
KBHETHT o T EORIAE P2 L BRI . B RGN BAL. (3 40)

2. Radiocarbon Dating (5 points) BSHEBERN EEE (54

Radiocarbon dating is a technique used in archeology to estimate the age of organic materials,
such as wood and leather. It uses the fact that the density of *C atoms in the atmosphere is
constantly around 1.3 atoms of **C in every 10" atoms of all isotopes of carbon. However, when
an organism dies, **C cannot be replenished and decreases due to 3 decay with a half-life of 5730
years. The radioactive decay can be written in the following form:

TR VB A B I 8 VA e 2 o B R RAETEA LR (AR IR 2 AF IR IR . e IR Y, 72
T UC HETAERS, WEEELATE 10°BBRE T (BIFFERCR A 1.3 4 “C K 1.
E, EWTIE, MC REBERHNE, R AL, FWy 5730 4. XA
AAE LR IE R

14 14 - —
sC>UN +e +v,

(a) Suppose we obtain 50 grams of carbon from a piece of wood dated back to a prehistoric tomb.
Using the carbon average atomic mass of 2 x 10 kg, calculate the number Ny of **C atoms
when the wood was still part of a living tree. (1 point)

RTINS B T B2 — B S35 50 wfk. DA TR TRERN 2 x 102 T35, kit
FARMARER 20, YCIRTII%HE Noo  (14)

1
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(b) We can determine the age of the tomb if we know the number N of *C atoms from the 50
grams of carbon. There is no way to directly count the number of **C atoms, but we detect a
total of 935 electrons emitted from the 50 grams of carbon in 10 minutes. How old is the
tomb? (3 points)

FAEE R MR, BT EMIEZ 50 seikh MC TR No BATEREELE YC R
THEH, HRATKI 50 wikE 10 78 gus 73t 935 ki 1. WEMFEREZZ D7 (3
73)

(c) An archaeologist claims that he/she discovered a fossil plant with an age of 2 x 10° years
using the method of radiocarbon dating. A scientist says that this result is nonsense. Which
side will you stand on? Please explain your reasons. (1 point)

WK AERR, A/ R RO PR i, R 2 x 10° fRifb A . SR
FHRYL, REERRTELRK RN ITEEB? ERRIRM B . (14)

3. Viscosity (7 points) k& (7 4)

When uneven forces are applied to a fluid, the flow velocities at different locations will be
different. For viscous fluids, frictional forces will be present when two adjacent layers of fluids
flow at different velocities. As shown in the figure, the viscosity u of the fluid is defined by the
equation:

YA R B AR, RN E AL B R AN TR, A SR R R A
AAFELEZ R BN, B IE AR . W T BN, AR b 20E -

du
F =-u—AA,

dy

where F is the frictional force experienced by the fluid at an interface of area AA in the x
direction, u is the x component of the velocity and du/dy is the velocity gradient. In this problem,
we will analyze the viscosity using the kinetic theory of gases.

HAPFRATEXTT A THAUNAAR) U By, w7 s, duldy &R . 753X i)
A, AT LR IS B 8 73 i A4 AR 2

Ya
> U

—

frictional force E; ——————— interface

»
>

> X

Let 7 be the average time between successive collisions of a gas molecule with other molecules.
Molecule i moves with velocity v, in random directions, and the average velocity at height y is
u(y) .

W TN ARG 5 HAh gy el 2 (R S4 B] o o FiLLEFE v VRBENLTT [Mis3), Ty
P A (y) e
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(a) Suppose the interface is at a height y. What is the average x component of the momentum at
height y + Ay? (1 point)
o =2 Ay, Ry + AyRIahE, HPsixnraEszb? (159)

(b) An incident molecule arrives at height y. The y component of its velocity is vy. What is Ay of
the height where the molecule experiences the collision last time? (1 point)
— TGRSRy LEER R vy, T LGB RIRE R E R Ay R A7 (14D

(c) Compared with the average x component of the momentum of the gas molecules at the
interface, what is the average extra x-momentum carried by the incident molecules of a given
vy When it arrives at height y? (1 point)

B EWIAG 73 7 2K S Ry, SR -3 & A 4 (5 A B SRgr TEhE )
P X EAHED 7 (15

(d) The gas contains n molecules per unit volume. What is the rate of x-momentum transfer
through an area AA? Hence find an approximate expression for the viscosity of the fluid
according to the kinetic theory of gases. How does the viscosity depend on temperature? (4
points)

SAEBRARR S AR T B ARAARIX-Bh &, R A7 MR Rz #ie, |
IHE S VAR Ak K. M SEEAMER? 49)

4. Age of the Universe (10 points) 4R (10 20

Hubble discovered that the velocities v of galaxies receding from Earth are proportional to their
distance d from Earth,
WS IR FoE B BRI v SRR & d kL,

v=H_d,

0

where Hyp is the Hubble constant at the present age of the universe. It was recently measured to
be 68 km/s/Mpc.

Hrp Ho 58 HATHYS 2N B 4T - /Tl 68 km/s/Mpc

(a) Assuming that the universe expanded from the beginning to the present at a uniform speed,
estimate the age of the universe. Give your answer in billion years. Parameters: 1 Mpc = 3.26
x 10° light years, speed of light = 300,000 km/s. (2 points)
% T i MR B IAE DL SRR K, U Th i . 25 LA billion years (1245)
JyHifr. 2% 1 Mpe = 3.26 x 10°)64F, i = 300,000 km/s. (2 43)

(b) However, the universe does not expand at a speed uniform in time due to the gravitational

attraction of matter. Friedmann modeled the universe as an expanding sphere of matter with
uniform density p(t) at time t. Consider a test mass m on the surface of the sphere of radius
r(t) at time t. The total energy of the test mass is mU. Find the relation between the expansion
velocity v(t) and radius r(t) at time t based on Newtonian mechanics. You may use G to
represent the universal gravitational constant. (1 point)
B2, TR ES N, FHKKERERN R LA, I RS AT A —
TEMC X S0 B Bk A, FER TA) € 25 B p(t) o 5 REAERTIA] tIN, ZEPAR0N r(t) R BRIAR I |
A AR me WA ERERERE N mU. MRG0 5, R IBER A t K ZIKIE R vt
FAEr() 2B R RATH GARE A S IEE. (17

3
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(c) Recent satellite data shows that U is negligible. In this case, the expansion of the universe is

described by the power-law o [t—J , Where rg and tp are the present values of r(t) and t

fo t

respectively. Find n and to. Express your answer in terms of G and the density o of the
present universe. (4 points)

SR TR R, U LR, T, ?%ﬂ@ﬂﬁéﬂ%ﬂﬁﬁ%ﬁéﬂ{ﬂ Hiik,
rO 0

74
Horp o Al to 70 08 (1) At AGBLE. K n Al to - BRIFLL G Ml MDA Rk, (4
o)

(d) Express the present age of the universe in terms of the present value of the Hubble constant.
Estimate the age of the universe in this Newtonian picture. Give your answer in billion years.
Based on your understanding about current developments in physics research, how is this
result different from the current estimate of the age of the universe? (3 points)

KA B, RiAF o HATER . AW =M R, At F il R . &
ZVE LA billion years (HZ4FE) JyEAfr. HEHE VRO P BEEAT I8 S S O BAR, IR 45 R 5 41
XPFE AR AT A AR ? (370

5. Electrostatic lon Thrusters (12 points) 2 TR (124

Electrostatic ion thrusters are used in spacecraft to control their trajectories in space. Its
operating principle is shown in the following figure.

B PR IR AR T T TR SR E R S A . B AR R E A R P -

C A BON
| |
@ I | o>
P, IS
G= © @ : o> | o>
= EBGB | O : (o 4
| o>, O>

—v—1

Streams of propellant atoms P are injected into the chamber C. The rate of injection is R,
measured in the number of atoms per unit time. The atoms are ionized by bombarding with
electrons shot from electron gun G. The positive ions are accelerated from grid electrode A to
grid electrode B by the accelerating voltage V between them. The neutralizing electrode N emits
electrons to neutralize the ion beam, preventing the spacecraft from gaining a net negative charge.
HEREF R+ P i A= C - BWEREEN R - R BIA Y BAI RN SR F20H . R
ML TG G 5 H A TRl T 2 T MR A B B Z A i sV, AEER T E .
AT N RS R, JEE T AT, BAR LR iy 77 r fir

(a) Calculate the ratio of thrust F and the current | of the ion beam consisting of ions of mass m
and charge ze, where z is a positive integer and e is the electronic charge. Express your
answer inm, V, z and e. (4 points)

BT HRMEBEN my BT ze METHR, Hr oz 2 IEEEL e B THAT. WIHREMES F
HETHRR 2. FEIEUm,V,z Mefik. U

4
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(b) Calculate the ratio of thrust F and the power W spent in accelerating the ion beam. Express
your answer inm, V, z and e. (2 points)
IR F SMEE R W 2 b, ZRIGUm, V, z flle®ik, (259

(c) To save power in space travel, should one prefer using light or heavy ions? Should one prefer
using ions with single or multiple charges? Should one prefer using low or high accelerating
voltages? (3 points)

NHERTATIEN DI Z, Nz BRI E 17 BOZ Al F B sy & 40 2 sy 2 12
REAZ A AN id i R s i i & 2 (3 40

(d) A 10 kW electrostatic ion thruster using xenon atoms as propellant is designed. The
accelerating voltage is 10 kV. Calculate the exhaust speed of the ions. Give your answer in
km/s. Parameters: ionized xenon carries a single charge, atomic mass of xenon = 131, proton
mass = 1.67 x 10”%" kg, electronic charge e = 1.6 x 10™° C. (1 point)

— 10 KW (i s B HERE RS 10 BT, AT USR] il Ry 10 KV, it
BT R, Z G km/s NEBRAL. S8 B R EAT, WRETRE = 131, i
TIiE=167x10%"kg, HTHHe=16x10"C, (14"

(e) If the neutralizing electrode N of the thruster described in (d) is switched off, calculate the
time taken by the body of the spacecraft to gain a voltage equal to the accelerating voltage; at
that moment the thruster ceases to operate because the ions follow the thruster. Assume that
the spacecraft is spherical and has a radius of 1 m. Parameters: & = 8.854 x 10 F/m. (2
points)

i A (d) A B AR TP AR N B oGP, Bt TR A8 S A b ) L e AR 48 5 0ok F R A
SEPTER BRE] AEI—ZI KO B T ANRE R T HEHE RS, K B ST 3R E . AR BOTTR &
REBM, LR 1m. 25 5=8854x10%F/m. (240

6. Slinky (10 points) LR #& (104}

A

)

The slinky is a spring first put on sale in 1940’s, and soon became a popular toy. As shown in the
figure, a slinky can be manufactured from a hollow metal cylinder of radius R by cutting it into a
helical thin strip. The helix consists of N turns and has a cross sectional area A. Let p be the
density of the metal.
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FLR R T 1940 FAKE, RPE RO —MRAT IR . PR, —ELR R
MRy R S0 I3 R DR O e 1y o 2R N i, B A
BepR e mI B

(@) In this problem we assume that the deformation of a stretched slinky is mainly due to shear

deformation. Let G be the shear modulus of the metal. What is the tension T in the slinky
when it is stretched to a length L that is much greater than its original length?

FERR A, AL R R AR, EEREYIEAR. & G Z2e/ErEIl
B EIUHLR AR L (L AR RIEARKERSZ)  PLR AT ARI5K
TR A

The shear modulus G of a solid is defined as G = FIA

uly
where, as shown in the figure, F is the force acting on the
vertical side of the solid with area A, y is the width of the
solid, and u is the shear distortion of the solid. (2 points)
. e s FIA
mE R, FARTIYISE G i€ NG = . H
uly
t R R FAE AR GRS A B,y Sl
TR, usEEARTIYIEAR . (270

(b) To study how distortions propagate as a longitudinal wave in the slinky stretched to length L,
we approximate the slinky by discrete particles separated by small distance ds connected by
strings with tension T. Let u,(t) by the displacement of the n™ particle at time t. Derive the
equation of motion of the particles. Neglect gravitational effects. (3 points)

N TR LA BAER E R 2 L BIPLR A LA, JATRALR BRIy — R
BCHIRL 3, EEDY ds, HIK 08 T BJAR TR E R . B un(t) /25 n MR ERH] )
fi. SR THIEE TR, P RBIRE BN, (373

(c) Show that u,(t) = Csin(kz, — «t) is a solution of the equation of motion, where z, is the
position of the n™ particle along the axis of the slinky. Find the relation between k and .
Hence find the velocity of longitudinal wave propagation along the axis of the slinky. (5
points)

BUEY] un(t) = Csin(kz, — o) ZIZBNTIEHIME, HA 2o ZWHLR RIS n KT HIAL
B, WK Ko AR R AR R A AL R BE L. (570

{THE END 52)
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F RN ST 7T e P )
Part-2 (Total 2 Problems) #:-2 (J£2 /i)
(2:00 pm —5:00 pm, 6 February, 2014)

1. DC Step-up Converter (25 points) 8 E##8% (25 43)

Modern electric and gasoline hybrid cars require high voltages to drive their motors from
batteries of lower voltages. Alternating current (AC) voltages can be stepped up easily by using
transformers, but direct current (DC) voltages require more sophisticated designs. In this
problem we analyze the step-up converter circuit as shown in the following figure.

AR HL AR & 3 7R 28 77 EEMVIC s () vt = A 1 ey FEUR IR B ik . A8 (AC) MR AT
DIRZE 7y M dd ok i AR R gs 3G o, (HE (DC) L7528 R Wik A s 2iE — &y . fEx A
W R, AT B 0T B BT s B 1 A i LK

The circuit consists of an input voltage V;, an inductor of inductance L, a capacitor of capacitance
C, and a load of resistance R. D is a diode whose resistance is effectively zero when the electric
potential is higher on the left end, and effectively infinite when the electric potential is lower on
the left end.

ZHESERE MR Vi, —EREOY LRSS, —EmRAy CHmAS, M—EAfHA R
M. D &—PNRE, EAmB AR, SHERNERBEE, &mpaimns, e
A A0 HL B & A PROKC

S is a switch operated by an electronic circuit not shown in the figure. It switches on and off
periodically at a rather high frequency. Each period consists of an on-state and an off-state.
During the on-state, it is switched on for a time t;, and during the off-state, it is switched off for a
time to.

S & — M i B b R BRI L F S B O . 8 AN 2 R A R B O oC . R
JAAEFE — A SRS —E R WRRAE . £ SRS E, EHEEmEay t, EXRWRESR,
EAE TR ARSI TN too

(a) Consider the initial condition that the current in the circuit is 0 and the capacitor is uncharged.
Att =0, switch S is closed. Calculate the current through the inductor at t = t;. (2 points)
BV R B Th RN 0, AR AN, Et=08, FFRXSHE. WlitHAEt
=ty Rpid s U O L. (2 )
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(b) Att=ty, switch S is open. Calculate the current through the inductor at time t during the off-
state (t; <t <ty +tg). You may assume that the load resistance R is so large that the current it
draws is negligible. (6 points)
=t JFCSHIT. Wit RARKRIRESTE At (L <t <ty + to) B, ARSI
F. PRATDMEG i L RH RAROK, @i & () f i v] DAL ZBE AT (6 43

(c) When the device continues to operate, we will consider the high frequency limit in which

t, +t, << JLc in the rest of the problem. In this regime, it is sufficient to keep terms up to
first order of to and t;. Find the relation between the current through the inductor at the end of
the (n — 1)™ off-state and that of the n™ on-state, denoted as Io(n — 1) and I5(n) respectively.
(2 points)

PR AL TAERE, AT NI T, HRBEHRE ¢+, << Jic o EIRAMET,
RBEHE to Aty I —BIl. Bk i SR I RS n — 1 JORWRIRASZE IR Ge S
lo(n — 1)) SLEH n RIS GEX N hi(n)) ZEPKR. (25

(d) By including the load in the circuit during the n™ on-state, find the relation between the
voltage across the capacitor at the end of the (n — 1) off-state and that of the n™ on-state,
denoted as Vo(n — 1) and V1(n) respectively. (2 points)

RAEEE N IR A% S AU AR ARG AE FiL s T, TR RS s s I R AESE n — 1K
KIBCREFRF GERA Vo(n-1)) S1EH n IRFIRESE RN CEFRA Vi(n) ZIEPK R,
(29

(e) At the end of the n™ on-state, the current through the inductor is I1(n), and the voltage across
the capacitor is Vi(n). Calculate the current lo(n) through the inductor and the voltage Vo(n)
across the capacitor at the end of the immediately following off-state. (5 points)

FEE N CFIIRASEE R, @ AU I R 1a(n), 7ERASE P 2 Vi(n). W&
TE ' B 10 0 W PR S 4 i) dd ik FRLUER S (1) FRTRE lo(n) BA K F S48 P i B L Vo(n)e (543

() When the device reaches the steady state, calculate the step-up voltage ratio Vou/V; to the
lowest order. How should we set t; and t, to raise the ratio? (3 points)
2 L PRI B R IRASES, R R R VoulVi, PARAKEM R BT . A T miEA
B, ZUWTRE t ft? (34

(9) Calculate the on-state current through the inductor at the steady state. Explain the physical

meaning of the result. (3 points)
R E AR RE G, SRS B RS R MR RIHEE . 3 )

(h) Explain the importance of the diode in producing the step-up voltage. (1 point)
AR ACE A AR R R E M. (1)

(i) Estimate the time taken to reach the steady state. Use only the variables tj, tp, L, C, R to
express your result. (1 point)
Al THA B E RSP Al . AR A& by, to, L, C, R RIBRHISE K. (17

2. White Dwarf (25 points) A%E (25 4)

At the end of lives of stars with comparable masses as the Sun, the gravitational force
compresses the star inward to form white dwarfs, and is eventually balanced by the quantum



2014 FEIZ BR = ) B P A BB LR DL 7 S 98 Pan Pearl River Delta Physics Olympiad 2014

mechanical pressure of the electrons (known as the degeneracy pressure). This determines the
size of the white dwarfs, which is comparable to that of the Earth. In this problem we analyze the
size of white dwarfs.

iSRRI R R L5, Sl e E M N PHIE R A% E . 5 IRA SR AANE
TRUBLIE I ) (RROATR T P, IXOE T BRRE R RN SHRIT L. AR B 7270 M A %
BHIRN.

(a) First consider an electron of mass m, confined in a one-dimensional box of length L. Its

2

p

kinetic energy is given by E = , Where p is the momentum of the electron. In quantum

e

theory, the electrons are described by waves whose wavelengths A determine the momenta by
. . h . : :
the de Broglie relation p = —. Only standing waves with nodal points at the wall of the box
yl

give rise to the allowed electronic states of the electrons. This enables us to calculate the
energy of the n state as E, = E;n’. Derive the expression E;. (3 points)

2

B RN me MR TRIREKIEN L B & T, HENe - —, p RHTHD)

2m

e

B, AR THIYT, BT DUHBCRE, Eiﬂzﬁiﬁﬁ%%’ﬁﬁ'%%%%%iﬁ%p=%o Hf

HL TR T RRBE SR A T & TN, 4R RV E T . X IRATBEM TS n N
TAMEERENE, = Ein®. REH ELRER. 340

(b) To simplify the picture, we consider the white dwarf as a three-dimensional cubic box with
volume V. The energy of an electronic state in the box is € = E,(n] + n’ +n’), Where ny, ny,

n, are positive integers. Calculate the total number of electronic states with energy below the
maximum energy Emax. Assume that Enax is much greater than E;. (2 points)

TE NG, AT ABEEFZ B —MER N V W=40 7 &7 BT amaE A
E=E/(n +n.+n’), Hin, ny, ngZIERH. WiHFRTRAEE EnaWHE TSR EE.
E Emax i KT Ere (299

(c) Suppose there are N protons and N electrons in the white dwarf. Due to the famous Pauli
exclusion principle in quantum mechanics, each electronic state can only accommodate 2
electrons. The electrons will fill up the electronic states from low to high energy up to a
maximum energy called the Fermi energy Eg. Calculate E¢. (2 points)

B EZEENA N DA N AT RiEE T e & LR AR, SN E T8
HEER 2 M1 . BTt E MRS AR T8, HIREL IR KEE
Er, EpfRATKEE. WITH B (240

(d) Calculation shows that the average energy per electron is 3E¢/5. Considering the electrons as
a gas, what is the pressure of the electron gas? Is the pressure inward or outward? (4 points)
HRER, PR ETFRGERN 3ESS. BHRFERE, BN EE2EZ/D? KRN
Wik mAr? (491

(e) Compare the degeneracy pressure due to protons with that due to electrons. (1 point)
FLBUE TR RS R s, (12
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(f) The gravitational potential energy is dominated by protons and neutrons. Let m, be the mass
of a proton or a neutron. Assume that the number of protons and neutrons are the same, and
the mass density is approximately constant inside the star. Calculate the gravitational
potential energy of the star of radius R. (4 points)

Sl AR EE WA oTER. BT R TR RN mye WO A IR H AR, IR E
TEE N PR B IO . TR RN RIEE RS % EE. (470
(9) Derive the expression of the radius of the white dwarf. Does the radius increase or decrease

with increasing mass of the white dwarf? (4 points)
W ARE RN KA. FABRERENN, FRLMins2mb? 45

(h) Calculate the radius of the white dwarf with the same mass as the Sun. Give your answer in
multiples of Earth’s radius. You are given the following parameters: (2 points)

BT SR S KRB R AR AR B SR8 UERE RN AL, WL RS %8 (2 7))

h = Planck’s constant ¥ [ 52 % % = 6.626 x 10°%* Js

G = gravitational constant /i & 3| /7% % = 6.67 x 10"** Nm?/kg?
m, = mass of a proton or neutron i 72 o 75 & = 1.67 x 10%' kg
me = mass of an electron #57-fi & = 9.11 x 10! kg

Msun = Mass of Sun A FH R & = 1.99 x 10% kg

Re =radius of Earth #thER}-1% = 6380 km

(i) Estimate the mass of the white dwarf when the velocity of electrons becomes comparable to
the velocity of light ¢ = 3 x 10% m/s. Give your answer in multiples of solar mass. What will
happen to the white dwarf? (3 points)

M T HEEE ¢ = 3 x 10° m/s i), WA BRTE. E ORI RAL. (R
BRAT KA 39

{THE END 52)

10



2014 FEIZ BR = ) B P A BB LR DL 7 S 98 Pan Pearl River Delta Physics Olumpiad 2014

Part-1 (Total 6 Problems) #-1 (36 i)

1. Sunset Twice a Day (6 points) — KB H%E (64)

Presently the tallest tower in the world is Burj Khalifa in Dubai. Its height is 828 m. An Internet

news article reported that one can watch sunset twice in one day with this tower.

FEFFR IS RIS R I 7 Ffem @R, e 828 K. HIKM FA#E L& T, W LA

KB — RN OWE 2 H %

(a) What is the time range of sunset between the bottom and the top of the tower? Give your
answer in minutes. Parameters: Earth’s radius = 6400 km. Distance between Sun and Earth =
1.5 x 10" m. (3 points)
BRI RS T 8] H YA TRl a . B B DB B0, S8 HiBRER = 6400 4 B,
KBAAER 2 MIFEEE = 1.5 x 10M K. (34

< Sun

R+h R

Neglecting the tilt of Earth’s axis and the latitude of Dubai, the angular displacement of Earth
between the two sunsets at the bottom and top of the tower
ABAE I TR el YA A AR TR P26 B T, D B SRS AT T R ¢k ] i 22 TR 3L K 1) 1 2 8% O

J(R+h)>=R?

R+h [1]

JV2Rh _foh o f2h M:0.0wlradian [1]
R R R 6400x10

Time between the two sunsets 7k H 7% 2 [a] [{] st ]

= (%?](24)(60) min = 3.7 min [1]

sind =

(b) Burj Khalifa also has the world’s third fastest elevator (lift) with a speed of v = 10 m/s.
Immediately before the elevator starts moving upwards at the speed v from the bottom of the
tower, a tourist in the elevator views the sunset. When he reaches the observatory at the
height of 452 m, he found that the Sun has risen. Calculate the inclination angle of the Sun
above the horizon. Give your answer in degrees. (3 points)

S HLUR RN S5 = p i, S RTIA v =10 mis. AT HRE IIER, 1EHRE IS ST
g EART—BEERIH, HGMALURE v B HihBEE 452 KRR s G, K
KPBHETHT o B EORHAE P2 DL BRI . RGN RAL.  (340)

Time to travel to the observatory RifEM & & (K] t = %

27

Earth’s angular speed JBRIFAIHE o = m
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Earth’s angular displacement b3k 1) /17 %%

f=at=— " [452] = 0.00329 radiian L < sun
(24)(60)(60) | 10
[1] R+h
Change in the horizon £ ) %32 Horizon
COS¢ = R =
" R+h
2
R+h R V640010
[1]
Elevation angle 11 /i
#— 0 ~0.0119—0.0033 = 0.0086 radian = 0.49° [1]

Remark: This is roughly the angular size of the Sun. So the tourist can view almost the entire
Sun.

#iE: RREBEKMAMER. Bk, #E ] A2 LA K.

2. Radiocarbon Dating (5 points) B&HEBERN EE (50

Radiocarbon dating is a technique used in archeology to estimate the age of organic materials,
such as wood and leather. It uses the fact that the density of **C atoms in the atmosphere is
constantly around 1.3 atoms of **C in every 10" atoms of all isotopes of carbon. However, when
an organism dies, **C cannot be replenished and decreases due to S decay with a half-life of 5730
years. The radioactive decay can be written in the following form:

TR VB AF B I T8 VA e 2 i o B RRAETHA AR (AR IR 2 F IR IR . B HIR Y, 72
T MC RTAERAH, WEEH LT 10" RBRTH (BIEFERMCZ A 1.3 8 C 1T,
(B, AEMBET R, MC AREMFINNS, FFINARABHIHIC, 3y 5730 4. ML R
ATAE LR E R

14 14 - =
sCo> N+e™ +v,

(a) Suppose we obtain 50 grams of carbon from a piece of wood dated back to a prehistoric tomb.
Using the carbon average atomic mass of 2 x 10 kg, calculate the number N of **C atoms
when the wood was still part of a living tree. (1 point)

TRV FATTANSE T oty B2 1) —HoR Sk 7331 50 wfk. CBRIFIE PR 2 x 102 F32, Rit
BP0, MC R THIEH Noo  (14))
~ (50x10‘3

o= WJ(lelO‘lz) =3.25x10" [1]

(b) We can determine the age of the tomb if we know the number N of *C atoms from the 50
grams of carbon. There is no way to directly count the number of **C atoms, but we detect a
total of 935 electrons emitted from the 50 grams of carbon in 10 minutes. How old is the
tomb? (3 points)

FEE R RN, RMFTFEMIEZ 50 ekt “C HE TR HE No RATEEEELE “C R
THIEH, ERATKI 50 JafkE 10 78 U 73k 935 K 1. WERFEREZ D7 (3

)



2014 FEIZ BR = ) B P A BB LR DL 7 S 98 Pan Pearl River Delta Physics Olumpiad 2014

t
N(t) = Nye -
1 _euntr o o huz _gogy years [1]
2 In2

t
Decay rate #&% R(t) = _dN = %e T = t=-rln Rz [1]
dt ¢ N,
t = 8267 In| (33:2)(B267x365x24x60) ) _ 17190 y eqrs [1]
3.25x10

(c) An archaeologist claims that he/she discovered a fossil plant with an age of 2 x 10° years
using the method of radiocarbon dating. A scientist says that this result is nonsense. Which
side will you stand on? Please explain your reasons. (1 point)

WK, A/ SR B R v, RBUEACA 2 x 10° SERL A . SR
FHRUL, RGERRTHEZ IR RN REH? WEARRrEh.  (150)
The scientist is more reasonable. To see this, let us do a calculation basing on 50 grams of carbon:
Bl R A, 27X —r, 1EIRATRYE 50 wirfE—iHH.:

L 2x108
N(t)=N.e 7 = (3.25x10"?)exp| —
t) =N, (3.25x10™) ><p( 8267

This is impossible to be detected. (N > VYN = N >1 for shot noise limited perfect detection.)
In order to have at least 1 **C atom left today, the archaeologist needs at least

50 gx 2x10"°***=10""***kg , which is impossible to be obtained (it is more than the mass of the
Earth).

BOR AT R, (N 2N = N 21, ORI 7 SRl PR . )

FEESG 1K YUC BTSRRI, HE¥EELFEE0gx2x101"°=10""kg (X
R LR E T R [1]

J =2.27x107""*%<<«1.

3. Viscosity (7 points) k& (7 4)

When uneven forces are applied to a fluid, the flow velocities at different locations will be
different. For viscous fluids, frictional forces will be present when two adjacent layers of fluids
flow at different velocities. As shown in the figure, the viscosity u of the fluid is defined by the
equation:

HABISIH I B AR, OEAEAS R AL BR R ANFE T . TR, 2 AE SR R iR A
PAA R BE BN, EEEMESAAAE . a0 R EIFR, ARHRE R p T 208 X

F =—,u3—;AA,

where F is the frictional force experienced by the fluid at an interface of area AA in the x
direction, u is the x component of the velocity and du/dy is the velocity gradient. In this problem,
we will analyze the viscosity using the kinetic theory of gases.

HAFRAATEXTT I THACHAAR FHE LB )y, w7 MR, duldy @l ERE. 1EIX i
A, AT DL IS B B8 3 s A4 R 2
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Ya
> U
frictional force E; ——————— interface
—
> X

Let 7 be the average time between successive collisions of a gas molecule with other molecules.
Molecule i moves with velocity v; in random directions, and the average velocity at height y is

u(y).
BEONSARS T 5 Hit 23 T SR 2 ()R A ). 4> T iLLE R VS REHLT 1383, Ti7E &y
(R R a(y) -

(a) Suppose the interface is at a height y. What is the average x component of the momentum at
height y + Ay? (1 point)
s S = Ry . fEmTEY + Ay sh &, H-F¥HxsaaER2 /0?7 (17 ) Average x-
momentum at heighty + Ay 7& =i £y + AyRIghiE, H-FHxn a2

du
= m[u + d_yAyJ : [1]

(b) An incident molecule arrives at height y. The y component of its velocity is vy. What is Ay of
the height where the molecule experiences the collision last time? (1 point)
— T AH B EEY. HOEEE R 8 vy T b UGB B REE A s Ay A7 (1)
Height where the incident molecule experiences the collision last time Ay =-v, 7.

¥ B UGB RIRE K =AY = -V, 7 o [1]

(c) Compared with the average x component of the momentum of the gas molecules at the
interface, what is the average extra x-momentum carried by the incident molecules of a given
vy When it arrives at height y? (1 point)
éléumvyﬁ’])\%ﬂ‘ﬁj\%iﬂiiﬁﬁyﬁﬂ“, BRI EMX-B B R A4 (55 B SFEhER
F x e 7 (14

Average extra x-momentum- 344 hx-3)) & m[u - %Vyf] —Mmu=-—my, 3_; ]

(d) The gas contains n molecules per unit volume. What is the rate of x-momentum transfer
through an area AA? Hence find an approximate expression for the viscosity of the fluid
according to the kinetic theory of gases. How does the viscosity depend on temperature? (4
points)

S EBAERE AR 1. B ARAARX-B &, R4 WMIRESFEsh R, H
ﬁt?&‘%%ﬁ%*ﬁfﬁ’]ﬁﬂi%hiﬁo KiESREARRR? (49))
Number of incident molecules passing through the area per unit time=nv AA.

BEEALIN TR 7> Tl AR A EH = nv, AA
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du
Each molecule transport an x-momentum equal to —zmv, '
y
- S du
D TIEHEIIX-B BT —my, @

Hence the rate of x-momentum transfer in the upward direction is
K, x-shE A LRfE R
d d
—~ zmvy—u (nvyAA)= —mmvﬁ—uAA [1]
dy dy
Using Newton’s second law of motion, frictional force experienced by the layer above the

interface is
R a3, Fm EREZ2IEE A

du 1
F= —mm<vj>d—yAA = u= mm<v§> = gmm<v2> [1]
According to the kinetic theory of gases, <Az s L,
%m<v2>=ng = u=mmkT [1]
Viscosity is proportional to T. i 5THIELE. [1]

Remark 1: The expression derived by using the Maxwell-Boltzmann distribution is different only
in the coefficient.

FEL LRI AR - RS MSHIRER, EREH 5 -

Remark 2: In practice, r is also temperature dependent since z = A/v, where A is the mean free
path that is mainly dependent on the density of gas, and v is proportional to JT . Combining,
is proportional to AT

ByE2: RIS, cBEREMAE, Fohe= A, KPR P E B, FERER AN S
B, vENT RIEW. #a)E, u5JT RIER.

4. Age of the Universe (10 points) FHHER (10 20

Hubble discovered that the velocities v of galaxies receding from Earth are proportional to their
distance d from Earth,
WS IR FR B BRI L v S b EREE B d kL,

v=H,,

where Hg is the Hubble constant at the present age of the universe. It was recently measured to
be 68 km/s/Mpc.

o Ho A5/ H AT 2 AT - fdTlES 68 km/s/Mpc -

(a) Assuming that the universe expanded from the beginning to the present at a uniform speed,
estimate the age of the universe. Give your answer in billion years. Parameters: 1 Mpc = 3.26
x 10° light years, speed of light = 300,000 km/s. (2 points)
BT T MR IR EAE U ST K, T ES . 2508 L billion years (-1444F)
HELL, 2% 1 Mpe =3.26 x 10°J64E, JgiE = 300,000 km/s.  (243)
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At uniform rate, 7EH)5JHR T, v= %

Substituting into Hubble’s law, A A 352, %= Hd = t= Hi (1]
0
6
= 326)(106; 300,000 =14.4 billion years [1]

(b) However, the universe does not expand at a speed uniform in time due to the gravitational

attraction of matter. Friedmann modeled the universe as an expanding sphere of matter with
uniform density p(t) at time t. Consider a test mass m on the surface of the sphere of radius
r(t) at time t. The total energy of the test mass is mU. Find the relation between the expansion
velocity v(t) and radius r(t) at time t based on Newtonian mechanics. You may use G to
represent the universal gravitational constant. (1 point)
B2, HTYRKAES T, FHEKRERERN ) EARESM . I B ST A —
TR R I35 20 5% FE R, 7RI TR) t LR p(t) . B REAEISTH] B, 7E208 r(t)ekiksRm L
A E me WP E R RERE Y mU. RIS, SRR ) t B v(t) Al
PR r) 2 Bk R. RTH GREAELI IEE. (145

Since the attraction due to matter outside the sphere vanishes, the gravitational potential energy

of the test mass is only due to matter inside the sphere. Using the conservation of energy,

FERRARANE [IH0E - MR BT 5] IR X HRERE AN - FIFHGEEFEER

1 , Gm(4 , 1, G(4 ,

2mv . [37zr p) mUu = 2v r[37zr p] U [1]

(c) Recent satellite data shows that U is negligible. In this case, the expansion of the universe is
r® _
r-0

respectively. Find n and to. Express your answer in terms of G and the density oy of the
present universe. (4 points)

described by the power-law [l] , Where rg and to are the present values of r(t) and t

0

I’0 0

TR A B, U AR R, 2L ?Eﬁﬁﬁﬁﬂﬁﬁﬂ&ﬂ%%%ﬂ@:[%] ik,
o A1 to 2000 F() B EEOBLEL. SR A o o DL G RIS R L o0 Fib. (4
)

o FJ

1 G(4
WhenU=0, 4 U=0,=-Vv == —arp|.
= 2 r(3 '0)

3

r
Note that /3= p(t) = o1,
p(t) po[r(t)g]

872G py _ [1]
3r

n-1
VzL%H | [1]
dt  t, \t,

Hence fifbL v2 =
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2,.2 2n-2 2 -n
Substituting, fE X\ =K, nt2r0 [l] _ 82GK; p, [LJ

0 t0 3 t0
Comparing exponents and coefficients, FL#HE%0f R4,
ne?l [1]
K
1
t, = [1]
672G,

(d) Express the present age of the universe in terms of the present value of the Hubble constant.
Estimate the age of the universe in this Newtonian picture. Give your answer in billion years.
Based on your understanding about current developments in physics research, how is this
result different from the current estimate of the age of the universe? (3 points)
UG Z B IUE, REFH HATERe . WA EU =M e, it FHER. &
2% L billion years (24 NRAL . ARIEVRIFYIEE AR 78 A0 K JE I BRARE, X459 5 2401
X FE AR TE A AR (340D

2

1

3 73
Since @= L , V= (7 = 2t . At the present age, t = to. Hence v, = %. [1]

I t, dt 3t t, 3t,
6
H, = Yo _ 2 = b= 2 = (2)(3.26>10" x 300,000) = 9.6 billion years [1]
o3t 3H, (3)(68)

This is less than the present estimate of the age of the universe (14 billion years). [1]

5. Electrostatic lon Thrusters (12 points) #e & TSR (1249

Electrostatic ion thrusters are used in spacecraft to control their trajectories in space. Its
operating principle is shown in the following figure.
B L B A 28 FH T4 IR BE R E IS . & B AR BN T B o -

C A BON
| |
® | | o>
P, @ | e |
G : o> | o>
7 e ® o> o>
| o> O

Streams of propellant atoms P are injected into the chamber C. The rate of injection is R,
measured in the number of atoms per unit time. The atoms are ionized by bombarding with
electrons shot from electron gun G. The positive ions are accelerated from grid electrode A to
grid electrode B by the accelerating voltage V between them. The neutralizing electrode N emits
electrons to neutralize the ion beam, preventing the spacecraft from gaining a net negative charge.
HEFEF R+ P #WE ANEE C - WEREEAN R R BUA N AR I A IR 20H o TR 3
ML TG G 5 H B TRl T 2 Tk MR AR A B B Z AT i sV, AEIER .
HIEEAR N RS, AEB AR, DA77 My £ A



2014 FEIZ BR = ) B P A BB LR DL 7 S 98 Pan Pearl River Delta Physics Olumpiad 2014

(a) Calculate the ratio of thrust F and the current | of the ion beam consisting of ions of mass m
and charge ze, where z is a positive integer and e is the electronic charge. Express your
answer inm, V, z and e. (4 points)

HTHRBBEN m. B ze BE AR, oz ZIEEE, e RoTHAT. WIHEES F
HErhmlztt. HREUm V,z ek, U
Current Hijii: | =Rze

[1]
Using Newton’s second law, FIH 4515 — &, F=Rmv [1]
F_mv
|~ ze
Using the conservation of energy, | f¢ & =18,
L =zev [1]

2
~ v= /Zzev N E= /2m_V [1]
m | ze

(b) Calculate the ratio of thrust F and the power W spent in accelerating the ion beam. Express
your answer inm, V, z and e. (2 points)
WA F SESE AR IRE W 2 . BRI m, V, z filefik. @24

Power Zj#%: W = IV = RzeV [1]

F mv 2m
F_mv_/am [1]
W zeV zeV

(c) To save power in space travel, should one prefer using light or heavy ions? Should one prefer
using ions with single or multiple charges? Should one prefer using low or high accelerating
voltages? (3 points)

NHTERTATIEN DI ZE, MOz BRI E 12 BOZ Al B s 5 0 2 s B 12
17 A5 A g i s A s s R 2 (3 90

Since F/W is proportional to Jm, heavy ions are preferred.

f T FIW 55 v BRAE b, %0 PR 5 [1]
Since F/W is proportional to \/1/_2, ions with single charge are preferred.

T FIW 5 V1 2 BRIELL, %4 8 i B T [1]
Since F/W is proportional to N2 , low accelerating voltages are preferred.

T FIW 5 VUV BER, B4 IR i . [1]

(d) A 10 kW electrostatic ion thruster using xenon atoms as propellant is designed. The
accelerating voltage is 10 kV. Calculate the exhaust speed of the ions. Give your answer in
km/s. Parameters: ionized xenon carries a single charge, atomic mass of xenon = 131, proton
mass = 1.67 x 10" kg, electronic charge e = 1.6 x 10™° C. (1 point)

—A 10 KW i i B8 e e A 1 Bt AR AR HERE R I Ay 10 KV, it
BRI R BFRIELL km/s ML, S8 WS R AT, mIEF R E = 131, R
T =167 x10% kg, dTFHHe=16x10"C. (14H



2014 472 Bk = Ay K P AR A R B SRR UG B i 9§ Pan Pearl River Delta Physics Olumpiad 2014

v [22eV =\/(2)(1)(1-6X10_19)(19;103) =121km/s [1]
vV m (131x1.67x10°7)

(e) If the neutralizing electrode N of the thruster described in (d) is switched off, calculate the

time taken by the body of the spacecraft to gain a voltage equal to the accelerating voltage; at
that moment the thruster ceases to operate because the ions follow the thruster. Assume that
the spacecraft is spherical and has a radius of 1 m. Parameters: & = 8.854 x 10™? F/im. (2
points)
e (d) A B AR I R A AR N B OCH], T EAUR S S b 00 f AR 32 55 0k FR R A
LRI I —ZIROA R AR ST S, K RBUEE AT LR E . AT REATR AR
RERIEN), 42 1m- 28 g=8854x10"F/m. (24

When the voltage has dropped to minus the accelerating voltage,

=2 v P2 3] ok P 1 AL R

Vs 2 5 = Q=4mRV = (47)(8.854x10)(1)(10x10°) =1.11x10" C [1]
g
=W _10_ 1A
vV 10
Time for the voltage to drop Bk F T (I TA]: t = % =111x10°s=1.11s [1]

6. Slinky (10 points) HLR#& (1043

A

)

;@ :'l y '

A

v

i

j

)

il
If

i

X
P
<

|
\,\|
W

i

The slinky is a spring first put on sale in 1940’s, and soon became a popular toy. As shown in the
figure, a slinky can be manufactured from a hollow metal cylinder of radius R by cutting it into a
helical thin strip. The helix consists of N turns and has a cross sectional area A. Let p be the
density of the metal.

LR BB T 1940 FAURE, RS —FRATIECR . EFR, —EFLR R
HEAE8 R B2 08 B A D) R SOR e s . IRk NI, HASsm iAoy A

Bprt B ML .
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(@) In this problem we assume that the deformation of a stretched slinky is mainly due to shear

Considering the slinky as a sheared long strip, we have y =

deformation. Let G be the shear modulus of the metal. What is the tension T in the slinky
when it is stretched to a length L that is much greater than its original length?

FEIZK A, BB R R AR B AL, FERBYIEAZ. & G 2&&/masivl
B, EAOHLR RPM B L i (L LR RIEANKERSEZ) , HLR R H5K
JIT A4

The shear modulus G of a solid is defined as G =m

uly
where, as shown in the figure, F is the force acting on the
vertical side of the solid with area A, y is the width of the
solid, and u is the shear distortion of the solid. (2 points)

EFE 1$E@§jﬁtﬂ$ﬁ%6%ﬁziiﬁ6=%, 1

T FRAERIER AT AR A 1977,y JNER R
TR, u RRBRMBITIEAZ.  (25)

27RN and u = L. Hence
EHLR BB FE R —F MBIV K, ffy=22RNflu=L. FrlA

u GAL

F=GA—=—— [1]
y 27RN
Tension in the slinky H1 & % 17k 1
Tsina=F
) ] ] L
where « is the pitch angle given by sinag =———.
a p gleg y o > RN
L
H ERHE, Hsina= oo,
o ZERHA o= B
= _F =(GAL][27ZRN)=GA (1]
sina 27RN L

(b) To study how distortions propagate as a longitudinal wave in the slinky stretched to length L,

we approximate the slinky by discrete particles separated by small distance ds connected by
strings with tension T. Let u,(t) by the displacement of the n™ particle at time t. Derive the
equation of motion of the particles. Neglect gravitational effects. (3 points)

N T TR AABAE R R A L BINLR R EALHE, JATRNLR ROy — &5
HRHPRE T, [BIBEDY ds, HI5K 09 THIAE TR R . B un(t) 5258 n MR ERS ] ¢
hike. AR BT, W RIEE M. (37))

pdsti, =Tsin@, —Tsinég,_,

tang, = =

where 6, is the inclination of the string from the n™ to (n + 1) particle.

b 6y R BB n ASRLT 25 n+ LKL B0 [1]

dssina+u,,,—u,

dscos
n+1

10
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. in - ) -
smé?nzdss H U=t _gjn gy 2o "t [1]
ds ds
) i u —u
sing, , msing+—"—"4
ds
pdsti =Tsing, —Tsind, =—C;A(un+l—2un +U,,) [1]
S

(c) Show that un(t) = Csin(kz, — @t) is a solution of the equation of motion, where z, is the
position of the n™ particle along the axis of the slinky. Find the relation between k and w.
Hence find the velocity of longitudinal wave propagation along the axis of the slinky. (5
points)

BUF T Un(t) = Csinken — ot) RSB TR, Hrh 2o RVEHLR SANZES n AR T R
H, WK Ko AR R, HIHEEIEYLR AR BE L. (570
Left hand side /& /7: pdsti, = —pdsaw’Csin(kz, — at) [1]

Right hand side 7575 C;—':C[sin(kzn+l— wt) — 2sin(kz, — et) +sin(kz,_, — t)]

_GAc 25in(m—aﬁ) cos(M)- 2sin(kz, — at)
ds 2 2

= —Gd—': ZC[l— cos(kz, , — kzn+1)]sin(kzn — wt) [1]

Since ¥ z,,,—z,=dssina, 1- cos(%) =1—cos(kdssin o) ~ % k’ds®sin® e, [1]

Right hand side 47 77 = —GAdsk’ sin* aC sin(kz, — at) .
Comparing both sides, L4 # 77,

.2 2
pof =GAsin?ak? = ot ="AINEe  GAL L, [1]
Yo, 4pr°R°N

@ L GA
Wave velocity J%i#: c=—=—— |[— 1
y B == o \ » ]

Part-2 (Total 2 Problems) #:-2 (32 i)

1. DC Step-up Converter (25 points) ¥ E##:88 (25 4)

Modern electric and gasoline hybrid cars require high voltages to drive their motors from
batteries of lower voltages. Alternating current (AC) voltages can be stepped up easily by using
transformers, but direct current (DC) voltages require more sophisticated designs. In this
problem we analyze the step-up converter circuit as shown in the following figure.

IAR FEL AR VR & B 3R 2 75 A R It A 1) v FRURS BB ik . AZ U HL (AC) LT
PLRZE 7y Hiudg ik P AR e gs 3G, (HE (DC) L 75 ELHE SRk A e 2liE — &y . fEx A
e g, AT M0 B BT i 5 1 A i LK

11
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e |

The circuit consists of an input voltage V;, an inductor of inductance L, a capacitor of capacitance
C, and a load of resistance R. D is a diode whose resistance is effectively zero when the electric
potential is higher on the left end, and effectively infinite when the electric potential is lower on
the left end.

ZHBRASE MR Vi, ERECY LIRSS, —EmANy CImads, M—EEHN R
M. D R—ATWE, EmmBms, THERARCEEE, A BRR, TR
FRA R0 HL B 2 A PR

S is a switch operated by an electronic circuit not shown in the figure. It switches on and off
periodically at a rather high frequency. Each period consists of an on-state and an off-state.
During the on-state, it is switched on for a time t;, and during the off-state, it is switched off for a
time to.

S R 1 Bl AR s I L FLER AR I 5C o B DA — AN 2 s R R A P T O . B
JA LG — A RIS —E R WOIRES . 78 SRS, EHBEERIN A t, 7ERBORAR,
BT R PRSI T A oo

(a) Consider the initial condition that the current in the circuit is 0 and the capacitor is uncharged.
Att =0, switch S is closed. Calculate the current through the inductor at t = t;. (2 points)
FREVIIEIRS R g TP IRy 0, RS S AHHK. Et=08, JFRSH&E. WitHAet
=ty RpIE o BRSSO . (2 )

When switch S is closed, the diode, capacitor and resistor can be ignored. Hence

IR S KM, AR, BAESMAEAT AT, #§

vi—l_%=o [1]
t
= I=f0%dt=%tl [1]

(b) Att =1t;, switch S is open. Calculate the current through the inductor at time t during the off-
state (t; <t <ty +tg). You may assume that the load resistance R is so large that the current it
draws is negligible. (6 points)

FEt =t i, TG SWiT. Bt RAERKRAS TRyt (ty <t <ty + to) B, WA
M. ARAT DMBCR A B F B RARCK, 3838 & i) FELAL A] DA RIE ANEE . (6 73

When switch S is open, the circuit consists of the battery, inductor, diode and capacitor (the

resistor is ignored). Assuming that the diode resistance is 0,

HIFC S Wby, FMEREAERM, MRS, CIEMBAS (RERT R o BRI IRE RN

0’

12
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dl g

V, - LE e 0 [1]
The motion of g — CV; is a simple harmonic motion with angular frequency o = % .
4 - CVi AL MsEs, SAMEN o= % [1]

Let %2q=CV, + Asina(t—t,)+ Bcosa(t—t,) = | = wAcosw(t—t)— oBsina(t-t,).
The initial conditionisg=0and | = Vjty/L att =t;.
WA N g=0and I = Vity/Latt =t;.

B=-CV, [1]
Vit
A=-11 1
) [1]
Vit, :
I ='Tcosco(t—tl)+a)CVi sino(t—t) [1]

(c) When the device continues to operate, we will consider the high frequency limit in which
t +t, <<+/LC in the rest of the problem. In this regime, it is sufficient to keep terms up to

first order of to and t;. Find the relation between the current through the inductor at the end of
the (n — 1)™ off-state and that of the n™ on-state, denoted as lo(n — 1) and I1(n) respectively.
(2 points)
R AR, FRATKAE R iR b, BRI t +t, <<V LC o R,
RBEHE to Aty Bl Bk i RS RS n — 1 JOCWRIRASES RN G SO
lo(n— 1)) S5AEH n IRFHIRESEE R GE S lhi(n)) Z IR (240)

During the next on-state, switch S is closed. Hence

N — K FERE, FFXRSHE. K

di

V,-L—=0 il
=l [1]

t

= 1,(n)= Io(n—1)+f %dtz Io(n—1)+%t1 [1]

0

(d) By including the load in the circuit during the n™ on-state, find the relation between the
voltage across the capacitor at the end of the (n — 1) off-state and that of the n™ on-state,
denoted as Vo(n — 1) and V1(n) respectively. (2 points)
BAES n RSB BAE A B IR gy, Ik b A S P I R AE S n — 1K
KWRIRSHRFE (B4 Vo(n-1)) 5755 n IRFEIRESE RN (B2FA Vi(n)) ZHFEAR.

(241
During the n™ on-state, the capacitor discharges and produces the current through the load.
FESE N CFIRAS Y, A S8 AR S FLA

! _
2 -R=0 [1]

13
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£
_d_q = d_q+i=0 = q=q0(n—1)e RC

| =
dt dt RC

4
Vi (n) =V, (n—De *

Vo(n-1)
TH [1]

(e) At the end of the n™ on-state, the current through the inductor is 1;(n), and the voltage across
the capacitor is Vi(n). Calculate the current lo(n) through the inductor and the voltage Vo(n)
across the capacitor at the end of the immediately following off-state. (5 points)

RS n RCFIRSAS AR, 8 RS 11(n), 7EHRAES P R 2 Vi(n). ikEHH
1B 1 DS RS & R I I8 ek FUERER I R lo(n) LA S FE A PR o I FELUR Vo(n). (543

During the immediately following off-state, switch S is open. Hence

FERFER R WORAS &R, JTo¢ ST, ik

v- 3 _a_ [1]

dt C
The solution is the same as that of (b), but the initial condition is modified.

JI TR R (D)AHE, ABHTEE A AN E .

Let g=CV, + Asin(at) + Bcos(at) , where the time is measured from the end of the n™ on-state.
% q=CV, + Asin(at) + Bcos(at) , FHif ] A EE n X FIBIRES 25 K HF U6 75

| = wAcos(at) — wBsin(at) .

The initial condition is #4625+ 79 q = CVi(n) and | = Iy(n) att = 0.

=Vo(n-1)—

B=CV,(n)—-CV, [1]
A= Il(n) [1]
w

1(n) = 1,(n) cos(et,) — w[CV, (n) - CV, Jsin(et,)

< () =[ovim -cv Jort, = 1,m -2y, [
V,(n) = @ =V, + %sin(aﬁo) + [Vl(n) —Vi]cos(a)to)
=V, (n) + IlC(:n) t, [1]

() When the device reaches the steady state, calculate the step-up voltage ratio Vou/V; to the
lowest order. How should we set t; and to to raise the ratio? (3 points)
2 L PRI B R IRASES, R R R LA VoulVi, PARACEM R RN . A THEmiE
2, ZMAEE G M t? (340

When the device reaches the steady state, >4 115 2 Fa @ IR A,

Vi(n — 1) = Vi(n) and I3(n = 1) = I1(n).

Vi
Il = IO +ttl

~

I, ~ 1,

V,-V.
— lL L, [1]

14
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P t+t
Eliminating I and lo, 982 11 #1 1o, V, =V, 21—,

0

To the lowest order, {f & &K, V,=V,.

t,+t
Hence frLL VL‘“ ~ % [1]

i 0
To raise the step-up voltage ratio, t; should be set longer than t.
NTREHMEBRELLE, t M thR. [1]

(g9) Calculate the on-state current through the inductor at the steady state. Explain the physical
meaning of the result. (3 points)
EITE R ERARRERS G, SRS RS RR. RS RNYEE . 3 D)

t
V, zvo(l— %)

V, =V, + %to [1]

vt

Eliminating Vo, 3 Vo, |, zﬁlt [1]
0

Physical meaning: Ity is the charge stored in the capacitor during the off-state. Vi/R is the
current flowing out of the capacitor during the on-state, and Viti/R is the charge drained from the
capacitor during the on-state. The two quantities are the same due to charge conservation.
VIR X ity REERWRESFEARER TR . VI/R RAFERE T NS H 1 R,
Vity/R RAEFIEIRE T ABEAEGH BT BT BAsE, XPDELMHEER [1]

(h) Explain the importance of the diode in producing the step-up voltage. (1 point)
PR ACE A AR R R R E M. (1)
The diode prevents the capacitor to discharge through shorted circuit during the on-state, and
through the battery and the inductor during the off-state, so that the voltage across the capacitor
can build up to a high value.
FEFERAT, ZHE AT (A a8l R . BRI TS, AR W7 1k s a8 i e
TR FELRR AR TR o IR FELAS o M i ) FRLUS AT BATH [1]
(i) Estimate the time taken to reach the steady state. Use only the variables ti, to, L, C, R to
express your result. (1 point)
EATHA R ERE R ) . A AR & by, to, L, C, R RIARIIEE R, (140
The current increases by Viti/L per period. The steady state current is Viti/Rty. Hence we estimate

the number of periods to reach the steady state is (Rt ](Vti) (\i][%) The estimated
0 0

s (0522 '

FL VAL LE R A B I Vity/L . ARES R 2 V1t1/Rtoo Bl e FRATT At T ik Uﬁéiiﬁﬁﬂﬁ}%,ﬁﬂiﬁ%
LAY AR I A7) T (R L+t (L)
(T - (o8]
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2. White Dwarf (25 points) A%E (25 4)

At the end of lives of stars with comparable masses as the Sun, the gravitational force
compresses the star inward to form white dwarfs, and is eventually balanced by the quantum
mechanical pressure of the electrons (known as the degeneracy pressure). This determines the
size of the white dwarfs, which is comparable to that of the Earth. In this problem we analyze the
size of white dwarfs.

S OK AR R R A5, Sl iR MNP A% E . 5 IRA SR AENE
TRUBLIE I ) (RROATR T P, IXOE T BRRE R RN SHRIT L. 4K & 7270 M A %
BHIRN.

(a) First consider an electron of mass m, confined in a one-dimensional box of length L. Its
2

P

e

theory, the electrons are described by waves whose wavelengths A determine the momenta by

kinetic energy is given by E =

, Where p is the momentum of the electron. In quantum

the de Broglie relation p= % Only standing waves with nodal points at the wall of the box

give rise to the allowed electronic states of the electrons. This enables us to calculate the

energy of the n state as E, = E;n?. Derive the expression E;. (3 points)
2

HIEH R me AT RRERKEY L 4G 1. HalfgvE= % p & TN

> Y A N Yo Nt/ = N I — ) h
. ERETHIRT, BT DUHBCkHE, HEKELEMAY X R RETE p=10 RA

HL YR R i ST B P, AR AR T, XERAMBEE T ERNZE n N8
TAMEERENE = Ein®. RS H ELRER. 34
2L

The n™ standing wave in the box is given by £ #145 n 4‘31“0}2%,%% =L = J= e [1]

The momentum of the n™™ electronic state is &5 n o FAKIZHE N

o= % = p=oin. [1]
The energy of the n™ electronic state is 5 n A~ T2 AL E N E = 8r::L2 n?.

h?
Hence fTLL E, = a2 [1]

(b) To simplify the picture, we consider the white dwarf as a three-dimensional cubic box with
volume V. The energy of an electronic state in the box is E = E,(n? +nj +n?), where ny, ny,
n; are positive integers. Calculate the total number of electronic states with energy below the
maximum energy Emax. Assume that Enax is much greater than E;. (2 points)
ENTAE AL, ATIEAREZER — MRS V =477 & 1. TS HRE
E=E(ni+n;+n2), Hrhny, ny, n R EREL WIFER T HOKBER Ena BT IEE
BE EmaxiZKT E1e (279

N
N
o
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We have to find the number of lattice points satisfying n; +n’+n;<E_, /E . In the three-
dimensional space, these points are enclosed in the first octant of the sphere of radius m .
Wi nf4+nl+n2<E JE MIEBHA(n, ny, n) I H B =4 A28 —HRP, RN
B | By IR P 158 5 5550 [1]

Since the volume enclosing a point is 1, the number of lattice points in one-eighth of a sphere is
H TR ME AR 1, )\ —DERIE S S 80N

3
14 (E_ 2 Vv E
N, ==— mx | _ Z7 (8m E : 1

state 8 372-( El ) 6h3( e max)2 [ ]

(c) Suppose there are N protons and N electrons in the white dwarf. Due to the famous Pauli
exclusion principle in quantum mechanics, each electronic state can only accommodate 2
electrons. The electrons will fill up the electronic states from low to high energy up to a
maximum energy called the Fermi energy Eg. Calculate E¢. (2 points)

B ABENA N A N AT REE T IF R ELRERAMEEREE, S 8T8
HEEREY 2 M7 . BT EMREEEH AT RINE TS, BIREBIIRKEE
Er, EpfN#eREE. Wt5 Ere (270

3
N = 2Nstate = ﬂ3(8me EF)E [1]
3h
2
h? (3N 3
E.=—1| — 1
- - (3] B

(d) Calculation shows that the average energy per electron is 3E¢/5. Considering the electrons as
a gas, what is the pressure of the electron gas? Is the pressure inward or outward? (4 points)
HEER, PR TR EN EMS. Ko T1ENAE, B ke KR
Wikt m4h?  (443)

2
3

2 5
Total kinetic energy of the electron gas < E306E E §NE _hn (i] N3  [1]

5 " 40m \ 2V
Using the first law of thermodynamics, F|FH #1225 — ¢, dE=—-PdV .
dE

Therefore, b, P=—— 1

JirEA v [1]

h® (3 % N g
25y
20m \ 7 ) \V

The pressure is outward. J& /115 4h. [1]

(e) Compare the degeneracy pressure due to protons with that due to electrons. (1 point)
P A R I R S R R R . (140
Since the pressure is inversely proportional to the mass of the particle, the degeneracy pressure
of protons is much less than that of electrons.
BT IE SR FRRER L, TR E iR E £, [1]
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(f) The gravitational potential energy is dominated by protons and neutrons. Let m, be the mass
of a proton or a neutron. Assume that the number of protons and neutrons are the same, and
the mass density is approximately constant inside the star. Calculate the gravitational
potential energy of the star of radius R. (4 points)

SR EEH A oTER . BT EUR T RIBE Y mpe WRL A TR H AR, IR H
TEE N PR RO . TR RN RIEE R S % EE. (470
3

Mass of the star of radius r **424 r [f1E 2 &N ZN[%]mp o [1]

Suppose its radius increases by a thin shell of thickness dr. Mass of the thin shell:

AN — R Ry dr IHEER TS, BR5E &

Azr3dr ]m 6Nm_r?

p

dr 1
47R%/3 R® [1]

Change in potential energy 3| /)% fg28 1k,
3 12GN°’m?r*
du =—GZN(%]mpdTm=—Tpdr [1]

Gravitational potential energy 51 /7%
"12GN*m?r 12GN*m?
U=- = dr=—
, R 5R

dm=2N[

[1]

(9) Derive the expression of the radius of the white dwarf. Does the radius increase or decrease
with increasing mass of the white dwarf? (4 points)
BT AEA B RNREI. HREERENMN, FRRmisgElb? 470

Total energy of the white dwarf (% 2 [ 2 fE &

2 2 5
3h2 ( 2 ]3'\‘2 12GN’m} _ 3n? ( 9 ]3 N3 12GN’m:

== | = = — - © 1
©t40m, 2V 5R 40m \ 47> ) R® 5R ]
Minimizing the total energy, “Ffi i & B8 B /)N,
2 5
dE,,  3h2 ( 9 )3 N3 12GN’m}
= 2| mt gz =0
drR 20m, \ 4x R 5R
[1]
2 9 3 1 %
8
r=— (9 )P(L [1]
16Gm;m, \ 47 N
Since R is proportional to N3, the radius decreases with increasing mass of the white dwarf.
BT RS N RRIEL, E5E R R0 . [1]

(h) Calculate the radius of the white dwarf with the same mass as the Sun. Give your answer in
multiples of Earth’s radius. You are given the following parameters: (2 points)

W E S KM AR AR R & RIE RPN AL, TR S8 (2 )

h = Planck’s constant 3% i 7% % = 6.626 x 10" Js
G = gravitational constant /375 51 774 % = 6.67 x 10™ Nm?/kg®
m, = mass of a proton or neutron i ¥ & o7 /i & = 1.67 x 10?' kg

18
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me = mass of an electron #Ffi & = 9.11 x 10! kg
Msun = Mass of Sun ABH T & = 1.99 x 10% kg
Re =radius of Earth #hEk¥4% = 6380 km

Number of protons in the star FI#& £ N iF40H N = % [1]
m
p
2 1
o (6.626x107*%)? ( 9 ]3 (2)(1.67x10727) )2
 (16)(6.67x107Y)(1.67x10727)2(9.11x 1074 \ 472 1.99x10%*
=7181 km = 1.13Re [1]

(i) Estimate the mass of the white dwarf when the velocity of electrons becomes comparable to
the velocity of light ¢ = 3 x 10% m/s. Give your answer in multiples of solar mass. What will
happen to the white dwarf? (3 points)

M TR R ¢ = 3 x 10° mis ), BT BRI, WK RS, (S
BERAEHARAE? (340
We estimate the velocity of electrons in the white dwarf by %% 5 Py B 038 B Al fdi1

p 1 2 2 2 h 2 2, 12
v=—=—_/pi+pi+p’= ANZ+nZ+n
me me px py pz ZmeL X y z

1

When 2 v=c, \nZ+nZ+n’ = 2m;Lc = theCV3. [1]

The number of states enclosed by a sphere with this radius 7£ HBR{A A i B TR 5%
3 3.3
Ny = %gﬂ(zmhecj V= 47;mheac v
The number of protons in the white dwarf {317 & 4 i i 1%k
_8mmic® (4 5\ _ 32x’mic’
state 3h3 (E ] - 9h3
Using the result from (g), A (g) T iI45 R A5

3
- 9c’h® (i) L oN- oc’h® 3 (hc)2
20487°G*m: \ N | 20482°G’m? ~ 167m; \ 2G

3
Mass of the white dwarf 1% 2 (8 2Nm ) = 3 . (E]Z
87m2 \ 2G

N =2N R®

~ 87(1.67x107%)? 2(6.67x10™)
When the mass of the white dwarf reaches this limit, it will no longer exist. =4 (%% 2 () i ik 3|
BEBIE R, A FAFAE

Remark: This answer is comparable to the Chandrasekhar limit of 1.4 mg,,. Beyond this limit, it
will collapse into a neutron star.

vk WA REITERER FER IR 1.4 moyn. BT IER, BEASTHRE RS 72, [1]

—34 8\ \2
3 ((6.626x10 )(3x10 )] _ 2.46x10" kg =1.2m.. 1]
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PR K = AR 7 e )
Part-1 (Total 5 Problems) -1 (JL5)
(9:00 am — 12:00 pm, 25 February, 2015)

Numerical answers should be given to 3 significant figures. 72 ik 4 =4 A B 7

1. Retrograde Motion of Mars (9 points) ‘K EKIEATZES) (94)

In the history of astronomy, the phenomenon of the retrograde motion played an important role.

Suppose we observe the position of Mars at midnight every night for many nights. Using distant

stars and constellations as the background, we will find that Mars moves from West to East most

of the time. However, there are periods of time that Mars is observed to move in opposite

direction, as shown in the figure. The orbital period of Mars is 1.88 y. Assume that the orbits of

Earth and Mars are circular, and the tilting of Earth’s axis can be ignored.

FERICHE b, AT RMEATIZE I T HEER MO, RERITDESZ M EET UK EAE.
A DL AR I AR J2 9 50, AT RIHS 73 i) 18] K 2 2 NP B R 125, (B A Lo B i

Fiz3l, EFR. KERIEFRPZ 1.88 4. ASCHbBRA KR PUE RS F Y, b iR a]

0 .

Distant constellation

375 42 ) L B
Star T
=0 BT
t<0
—————o——p West
t>0 i
East
xR
20° 15° 10° 5’ 0° 5° -10° -15° -20°

(a) What is the orbital radius Ry of Mars? Give your answer in AU (Astronomical Units, 1 AU
is the average distance between Sun and Earth.) (1 points)
BOR KR HUE AR Rye B RIEU AU BHAL, (1 AU & RFE S HERFFA8EES . ) (153
(b) Att =0, Sun, Earth and Mars lie on a straight line. Sketch a figure indicating the positions of
Sun, Earth, Mars, and star T when t > 0. Label them by letters S, E, M, and T respectively.
Mark the angular displacements & and &y of Earth and Mars respectively (starting from t =
0), and the angle @ that gives the angular position of Mars as observed from Earth using
distant stars and constellations as the background. (2 points)
FEt=0R, KFH. HhBR, KEE—HZL. WE—HEE, BREt>0m, K. HEk, k8
FETMAME, BLS, E, MAIT b, 76K LR HERFK R AL 558G R 6 (B
t=0745) , FIHLERE K BRI E O (L B E TS « (25
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(c) Derive an expression for the angular position ¢ of Mars at time t. Express your answer in
terms Rg, Ry, @e, anv and t, where oz and wy are the orbital angular velocity of Earth and
Mars respectively. (3 points)

BT KBRS E] t I AR E 0. BFRIBU Re, Rw, o5, o M tRoR, HH o Mo 7>
IR KRB AEE . (373

(d) Calculate the angular position ¢ of Mars att = 0.1y, 0.2 y and 0.3 y. Give your answer in
degrees. (3 points)

B KELE t= 014, 0.2 FFEA 0.3 FFI MM E 0. BHRIGEUELH KR, (37

2. Rolling Ball on a Racket (10 points) BRIHEER (104

As shown in the figure, a hollow spherical ball of mass M and radius R is placed on a racket of
mass m. The racket has a flat surface with coefficient of static friction w4 and coefficient of
kinetic friction zand is held horizontally.

WEpR, —MREA M, BAEA R W ORBEREBCEAREAN m BBk L. RpBRA
—APERER, KBRS v, SEBE RO e I HARFFAEKTALE .

R
'O
| >

(@) The racket is driven horizontally by a periodic force F(t)=F,cosmyt, with the ball

remaining non-slipping. Calculate the maximum velocities of the oscillations of the racket
and the ball, denoted as ux and uy respectively. (The moment of inertia of a hollow sphere of
mass M and radius R is | = 2MR?/3.) (5 points)

BRI IE R T F(t) = Fy cos apt WKV J7 1A 3K a), - [l BRYEFFAE AN S BIRAE  wlit
BRI 5 BRIRBIIN BB SE, 73R u Ml uye  (REDY M, P48 R B 0EK
RSN 1 = 2MRY3. D (543)

(b) At the moment the racket is oscillating at its maximum velocity, its motion is brought to rest
abruptly by an external force much stronger than the limiting frictional force between the
racket and the ball in a very short duration of time. What is the final velocity of the ball? If
the final velocity of the ball is 0, what is the displacement of the ball? (5 points)
FERRIOYREN I KL —ZI, ISRV 3645, IXAMJ7 EEBRE 5 3R 1A B AR
SREEYE S smts 2, AR RIS ARSI ERI AR R 207 HIRNRAHRE N 0,
Hfi#ggz b (59

3. Balloon (10 points) SER (10 43)

The work done in stretching a spring is converted to its spring energy. Likewise, the work done
in stretching a membrane is converted to its surface energy, given by E = 45, where yis called
the surface tension of the membrane, and S is its surface area.

o H RS T A ) DR B s SR A e[RRI BIT  Sh s B i B ORI REE. = 98
Horh yWR TR K A7k 77, i SAE H AR T H A -
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(a) Consider a balloon of radius R. What is the change in surface energy when the radius
changes by dR? Hence derive an expression for the pressure due to surface tension. (2 points)
FEEEIRNSIK. HEESE AR, REENTLESZ D ? hitifESREK IR E
TiEREA.  (29)

(b) The surface tension of balloon A is . When it is filled with a diatomic ideal gas, its radius

becomes Ry. The surface tension of balloon B is 2. When it is filled with the same kind of
ideal diatomic gas, its radius becomes Ry. The temperature of the environment is T. The two
balloons are then connected so that the gases are free to exchange between them until a
steady state is reached. The final temperature is the same as that of the environment. What
are the final radii of the two balloons respectively? You may neglect the atmospheric
pressure in the analysis. (4 points)
SERAMZEREK I Ay, ME R T — MR B, HPERERy. AERBRIR K /)
N2y, HEARFRRUR 7 BAR SRR, HEAR 2R MRNRENT . 25 AR
B, AT LEEAIZ A H B, EREIRERES. HAREZESHEME. HW
NRIREAHIEAR 73 A A7 AL M AR AT LLZS KSR 1. (49))

(c) What are the amounts of heat gain by the gases in balloons A and B respectively during the
gas exchange process in (b)? (4 points)

TE (D) S s it f2 T, SERARIBEG N REE D BIRAT 42 (453)

4. Fresnel Biprism (10 points) SE{RE-XEEE (10 4)

Fresnel biprism was devised shortly after the famous Young’s double slit experiment to confirm
the interference phenomenon. Nowadays, it is widely used in different applications. As shown in
the figure, it consists of a single light source S and a pair of wedge-shaped prisms arranged back
to back. We introduce the following notations:

TEE AWM IRAEE LT AN A, 874 7 IRE B X B iett, AT IR
me, BT ZHTARBNAH. WE PR, BEH-NREEDRIE S XX R
AR . RATGIAL TS

n = refractive index of the biprism XU 82 f 4 5 %

a = apex angle of each prism XUk 45 ¥ T £

b = distance between light source and biprism Y& 5 5 XU 45 1 5 25

¢ = distance between biprism and screen X% 45 55 55 % 1 #E 25

A = wavelength of light Y K

a
Se
a
«— p >e c >

(a) Derive an expression for the angular deviation after a light beam has passed through one of
the two prisms. (3 points)

e OR G K — M G a i i Ris . (370

3
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(b) Derive an expression for the separation of the fringes on the screen. (4 points)
TR ERSUE B I RE . (450

(c) In a modern application on electron microscopes, the single light source is replaced by a
parallel beam of wave incident normally to the flat surface of the biprism. Derive an
expression for the separation of the fringes on the screen. (3 points)

AEYAL KFEE O N B 7 BT . RN, AU SN S T AT
PR, EETRRBHT 0. o3 5R ERSUE R ERILA. (37

5. lonic Crystals (11 points) & -F@k (114

An ionic crystal can be modeled by a chain of positively and negatively charged ions. The ionic

separation is a. The positive ions with atomic mass M are located at the positions x = na where n

is even. The negative ions with atomic mass m (m < M) are located at the positions x = na where

n is odd. The ions are coupled to their neighbors by springs, which provide restoring forces to

their transverse displacements. The returning force is proportional to the displacements of the

ions relative to their neighbors, and the spring constant is k.

FATAT PA— Ay I s AN SR, AFOV B TR . B BIBE RN a. IEE T

WETEANM, ATAE x = na, Hihn 2. AETHETREAM (m< M),

WEFAEALE x = na, Hinjgars. MATIE ARG, HEOVE T RIR AL RS SRt

WRIE Sy o R IE IR HE T B AR TARAR B AR, IF B H0 k.

(@) Let un(t) be the transverse displacement of the ion at x = na and time t. Derive the equations
of motion for both types of ions. Show that the solution of the equation of motion can be
written as
2 un®) AT x= na BB TAERTE] t BIREIAALRS . WHES TSR AL E T IS B T R .
KB B 7 RE AT LS R

0 = A, sin(gna—wt) neven,
W= A singna-at) nodd

Find the relation between g and . (3 points) ik#k ! q S wlf) kK. (34

(b) Find the solutions of @ in the limit g = 0, and the relation between Ay and An, for each
solution. (2 points)
FERIR =0, Ko JPrAM, JHHREFEMED AvE AnlAIRIRR. (270

(c) Inthe limit g = 0, calculate the wave velocity of the low frequency mode. (1 point)
FERRIR q =0, Wit EARPH PR,  (170)

(d) In the limit g = #/2a, find the solutions of o, and the relation between Ay and A, for each
solution. (2 points)
TERRIR q = r2a, KoWIFTAM, IHHREFSNMED AvE AnlIHIR R, (270

(e) Sketch the angular frequency o as a function of the wavenumber q from q = —72ato q =
72a. (2 points)
2 AR of B o BB S &, JEEM q = -72a 2 g = ©l2a. (271

(f) An electromagnetic wave is incident on the crystal. Which frequency mode will be excited?

(1 point) 4 HL RGN B B S A . WERPAICR A S A 2 (140
{THE END 58)

4
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PR K = AR 7 e )
Part-2 (Total 2 Problems) -2 (3£2 i)
(2:00 pm —5:00 pm, 25 February, 2015)

1. Exoplanet Microlensing (25 points) R/MTERIBESR M (2540

With the discovery of planets orbiting around stars in recent years, the observation of exoplanets
from astronomical distances became a challenge to scientists. Gravitational microlensing is one
of the detection methods. It makes use of Einstein’s discovery in general relativity that when a
light ray passing near a spherically symmetric body of mass M, its direction will be deflected
towards the body by a small angle given by

B LRI D GEERBATHIAT A, EREUEARR R SR B ) RIMT B AR K
PR 51 I ROE B2 H A — P 77 . e R 2 R EAE T SO 18 LR L S
R AT — R M BB BRYIRES,  J7 Ml e Ol /N i

4GM

a = 2
rc

where G is the gravitational constant, c is the speed of light, and r is the distance of closest
approach of the light ray to the body. In this problem, we will study the principle of detecting
exoplanet by microlensing.

Hr G RAAGIIHE, ¢ BOE, r RGP R . XA, JATH
B 98 0 A 0 B RS LAR I R AT R ) R B

(a) Consider a distant star S located at a distance Ds from Earth E, acting as the light source.
Another star L of mass M and located at distance D, (< Ds) from Earth acts as the lens. The
lines EL and ES make a small angle g between them. Construct the following sketch in the
answer book: (al) the line EL, (a2) the line ES, (a3) the distances D, and Ds, (a4) the angle g
(remark: although this angle is small in practice, it should not be drawn too small for the
purpose of clarity), (ab) a line perpendicular to EL through L, acting as the gravitational lens,
(a6) the light ray from S to E, assuming that each of the segments between S and the lens and
that between the lens and E are straight lines, (a7) the deflection angle «, (a8) the apparent
angle @ of the star S as observed on Earth (relative to line EL). (3 marks)

FE DT EE S, SHER E RN D, (B, 5—RIEE L, BEA M,
SBHERIIEE A Dy (< D) , 1ENESL. 2k EL 1 ES [RIF/NAE N B, A2 i -
ZHPITFER: (al) 2k EL, (a2) £k ES, (a3) #iE DM Ds, (ad) MER (FE:
BIRGA L L EARAN, (HORIFREN, ANICELRERDN) , (@b —FEHT EL
s L gk, 1ER510iEs,  (a6) M S B E ek, e S AEE 2 (2B &

FEHEM E Z ML B ST MIEELZ, @) WiEfia  (a8) MHLEKWEAE S KM Mo
(FEXTFLEL) o (349

(b) Derive an equation for the angle @in terms of the parameters Ds, D), G, M, ¢ and £, assuming
that all angles are small. (3 points)

WS o R, USH D, D, G, M, c fil pRIL, TR MAEHRN. (34

1
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(c) Consider the case that the lens is exactly aligned with the source (8 = 0). The image of S
appears to be a ring known as an Einstein ring. Derive the expression for the angular radius
& of the Einstein ring. (2 points)

FREE B SRR (B=0) « SHERENIE, HAZKIHER, RS E
PRITE E) f A e I RE . (243)

(d) Calculate the Einstein radius for the following typical values:

AR S, TH 5 % DA 4%

M = 0.3 solar mass, Ds = 10 kpc. D, = 3 kpc.

Give your answer in milli-arc-seconds. You may use the following constants:

i LA milli-arc-seconds KIARIIE R . EATLMEH L TS5

G = 6.67 x 10 Nm?kg?, 1 solar mass = 1.99 x 10% kg, ¢ = 3 x 10° ms™, 1 kpc = 3.09 x
10" m, 1 radian = 206265 arc seconds. (1 point) (14})

(e) When the lens and the source are not exactly aligned, there will be two images of S. It is
convenient to express the angles g and @ in multiples of the Einstein radius &. Hence we
define u = eﬁ and y = ei' Derive the expressions for the angular positions y of the two
images in terms of u. (2 points)

LEBADCIEA TG X TR, S MAMAN AR TR, RATLLEZRETE L G

BB A B F0. TRIRATRE Ly §$Dy91 RIESTHALGIAE y, L

E

E

URm. (249

(f) To study the effect of the finite size of star S, we introduce Cartesian coordinates on the
plane normal to ES and through S, with the y axis lying in the plane containing E, L and S.
Consider the corners (0, u + 9) and (o, u) of a square on the surface of star S (6 << u).
Calculate the coordinates of the two corners of the two images when viewed from Earth. (2
points)

NEFEE S ARRK/NRIF N, FRATERET ES Ml S i B, sIN-—FHEA
Aty Hoby Bz TS E, LA ST . FREE SR E—IETTERIAQO, u +
8 and (8, u) (<< u)o RITEMHIRMERS, PRI A B R. (27

(g9) Calculate the areal magnifications of the two images of star S in terms of u. Following the
practice in astronomical observations, give your answer in absolute values. (2 points)
R S MR EIHABURE, ELL u Rk, RSO I8, i A4 E A%
. 2%9)

(h) In practice, since the images cannot be resolved, astronomers measure the sum of the
magnifications of the two images. Derive the expression for the total magnification. Describe
its behavior when star S is remote (u approaches infinity) and when S approaches perfect
alignment with L and E (u approaches 0). (3 points)

Khr b, HTEEAG P, RICFF R MENADBRRTBORE RS X1 3 TR
RERRIEN, AR S fEmitht (uiEaiatyi X, KE SEIEXNE LS ER(u
i 0), BIBCKERMATN. (370

(i) A planet P of star L has mass m and is located in the plane of E, L and S at the same distance
D, from Earth. EP and EL makes an angle &,. Derive an equation for the angle & taking into
account the gravitational lensing effects of both star L and planet P. Expressions in the
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equation should be written in terms of the parameters D, Dy, G, M, ¢, §, m and &, assuming

that all angles are small. Simplify the equation by introducing the mass ratio q = T and the
M

.. 0 0 .
rescaled positions u = —, u = i, y = — . (3 points)
9E E eE

B LFAATEPAMT E. LA S E, HEEHNm, SHhEkIESRE LFN D,
EP 5 EL HfE NG - FEEE L ATE P HHENGIJIESRIEM, RIS Mom e
X, APWFRIAEKXN L Dss Div Gv M. ¢ fv mAIG Rk, AIMEEATH RN,

N g = T AR, - Z_ o= 2oy e T TR, (34D

() In typical exoplanet detections, there is a motion of star S relative to star L. As star S
approaches the closest distance to star L and moves away, u decreases with time to a
minimum value up and increases again. By plotting the magnification of the image of star S
versus time, one observes a smooth and relatively broad peak in the magnification curve due
to gravitational lensing by star L. In addition, one can observe a side peak due to the presence
of the planet. For q << 1, estimate the width of this side peak, that is, the range of u in which
the side peak is significant. (1 point)
MM RAMT RN, B SXTE LAMYiEs). £ SEEAE L ERMIER, R
JEETT, AR u B AP R /IME uo 85 RN, JEE S SRR 5] ) 5¢
R, BORFMZ BT S — AR R g, ZhE L K5 EsE
HIERET . 34k, JATTAT OB R — Mg, 2 AT BB . X T q << 1, Bt
XAMMUEE 58 52, e v LU 25 B u B el . (1)

(K) For q << 1, consider the situation that light rays pass very near to planet P, so that the
gravitational lensing by star L becomes relatively insignificant. Calculate the position of star
S where the total magnification of its image diverges, and the behavior of the total
magnification in the neighborhood of this location. (3 points)
4 q << 1, FEOGLARFFEILATE PREN, MEXEHTE L iG] JiE S AE AR
RE5. WiHHESE S BEBIEBRE KN 2 S KA E, MXALE i SRR AT
HNo (34)

E QE

2. Cosmic Gravitational Waves (28 points) =8 5| J7i% (28 4%

In March 2014, scientists operating gravitational wave detectors in the South Pole claimed that

they found evidences of gravitational waves originated from the early universe in the cosmic

microwave background radiation. While the evidence is still being debated, it is interesting to

understand how gravitational waves interact with electromagnetic (EM) waves. To approach this

issue, we start by considering how molecules scatter EM waves.

2014 F 3 H, BAFEWSI BRI ESHRER, FARE T E s SR, KIkE

T8 B 51 J R . BARIERIEAFE S, H 7RG i an £ T Rtk (EMD

PR DA . 7 ACFIXAN R, JRATE 5675 R 1 A AT B R I

(@) An oscillating electric dipole consists of charges oscillating at an angular frequency .
Specifically, the charges are Q(t) = +Qpcosat, located at (x, y, z) = (0, 0, £s) respectively.
What is the current between them? (1 point)
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— MRS AN T, BE AR ok e . BRI, A als Q) =
+Qocosat, 2T (X, Y, 2) = (0,0, £8). EAIZEIFIHEFRATA? (140

(b) In spherical coordinates, we denote the components of the magnetic field as B, Byand By, as
shown in figure (A). Calculate B(r, 6, t) according to Biot-Savart’s law at time t and distance
r from the origin making an angle @ with the z axis. Note that due to the finite speed of light c,
the magnetic field at a distant location is due to the time-changing current at an earlier instant.

Hence the retarded magnetic field takes the form B(r,t) = B, (r)cos( wt - kr +y ), Where

k =2 is the wavenumber, and w is the phase shift. Express your answer in terms of the
c

magnitude of the dipole moment p = 2Qs in the limit s approaches 0. Below, your answer to

this part will be denoted as Bgs(r, 6, t). (3 points)

FERRAARR Y, FRATTEL By, By H By Znimf &, Wi (A Fis. RAEERE - 774k

IRER, IR Byr, 6, 1), Ko r A E SR ANER, oiES 2 Mg snf,

tONIA]. JER, HTOGDCAIRER o 14k, Rt 2 U5 T 2 — BRI 2 B i
CHHUBER A1) o Bk, ZEWAHTER B (rt) = B, (r)cos( ot — kr +y) , FHrp

k=2 RBEH, Ty, SRiEMENE p = 2Q0s £k (BUs&T 0k .
Cc
T, PREEIXE IS AR~ A Bes(r, 6,1).  (34))

(A) 2 ®
A | Z,;
B | I,/
¢ L,
| /
/1 \Bg | /// '
1@//
>y /7d0
| //
14
v
X

(c) However, Biot-Savart’s law is only applicable to steady state currents. It is incomplete even
after including the retarded nature of the oscillating current. By considering the wave nature
of the magnetic field, the complete expression of the magnetic field is given by

B, R - EAURERRENTRESHER. 258 7Rl EREEER S, €
AR . I F SR R, Se R RIE A S

B(r,0,t) =B (r,0,t)+B (r,0,1),

wave

where H

u, (Td r\1dlx ¢
B e (r,@,t):4”CJ Lgl(t—;}J . .

Derive an expression for the B component of Byave at (r, 6, t). (3 points)
RIS Buae 76 (1, 6, O By M EIFIER. (340
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(d) Compare the amplitudes of Bgs and Byyye at large distance r. Derive the condition of r such

that Bgs becomes negligible when compared with Byaye. (2 points)
Hf,ijz BBSﬂ] BwaveEEE% r?EﬁCHﬂLE‘JfFE}EO iﬁjﬁ%"“ BBS*H Hﬁ Bwavegz?gf%ﬁz:/%ﬁﬁﬂ" 9\%:":
rivgfE. (245

(e) At large distance r, the electric field at (r, €, t) is mainly due to the electromagnetic induction

(f)

by the magnetic field Byave. By considering the electromotive force along the circuit shown in

0E 0B oE, . .
2 and —= . Here, —% is known as the partial
or ot or

derivative of E, with respect to r, meaning that other variables such as ¢ and t are considered
o8B
t

figure (B), derive the relation between

[

fixed. Similarly, is the partial derivative of B, with respect to t, with other variables

0

such as r and @ being fixed. You may assume that only the E, component of the electric field
is significant at large distance r. (3 points)

TEHRTS v ARCHE, FE(r, O, DM BT Buawe I LR . I EBIAEE (B)
A, Wwies 28 58 v mp A, xE, 25 oy EAINMT 1 i

or ot or
%ﬁ,%%%E%%%ﬁeﬂt%@%%ﬂ%%oﬁﬁﬂ,%%%Bﬁﬁﬁﬁ%ﬁ%ﬁ,

S EoE HAR AR R v Ae NEER) . KR DMBCRAERE R r ARKI, HIB{UH EgnE
eRER. (37

At large distance r, the electric field is given by E, (r,6,1) = A9)

cos( ot — kr) . Find A(0). (2
points)
TEFEE r AR KIS, HNE, (r.0.1) =

A(9) cos( wt — kr) o RFKH A(G). (27

r

(9) The magnitude and direction of the power per unit area of the EM wave are given by the

Poynting vector. Calculate the time-averaged power per unit area at large distance r. This
will be denoted as the radiation intensity I(r). (3 points)

FEL T A BT AR A 3R D2 B R/ A5 1], S22 Poynting SREESS E /. i SAERE &
r AR,k A T AR 2 I [B] P 2 AL R Th 2 IR AR S IR 1(r). (373

(h) When an EM wave is incident on a molecule, its electric field E will drive the molecule into

an oscillating dipole moment given by p = aE, where « is the polarizability of the molecule.
In turn, the oscillating dipole will radiate power. This is called a scattering process. Consider
an EM wave incident from the x direction, given by E;j = Exocos(at — kx). If Exo is polarized
at an angle & with the z axis, calculate:

MBS IR T, Y E 2z T ARSMENRE p = of, Hhatizsy
THINRACSE . BEZARNEN TN ThE . g g a5 B BN x
JITARE,  HEj = Exocos(at — kx)4i e 5 Exo KIMRIRTT 1715 z Bl JZ 4, it 5.
(h1) the intensity I«(r) of the radiation scattered to the z direction,

B 22 7 7 1A AR ST 9 B2 1 (),

(h2) the electric field polarization of the scattered wave along that direction,

%7 1] AU 0 FL 3 D 5 170 »
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)

(h3) the intensity (l«(r)) of the radiation scattered to the z direction for an unpolarized
incident beam (that is, the polarization angle & has a uniform distribution). (3 points)
FEmIRAS AR CRIMRAR A G351 040D B 2 2 7 M EE S (). (349
Next, consider an EM wave incident from the y direction, given by E; = Eyocos(at — ky). If
E,o is polarized at an angle &, with the z axis, calculate:

RO, BREHRIM y TG, i E; = Eycos(at - ky) At . 2 By MR 145 2
R L, T

(i1) the electric field polarization of the scattered wave along the z direction,

W 2 77 ] BRI i 3 D 9k 7 1+

(i2) the intensity (ly(r)) of the radiation scattered to the z direction for an unpolarized incident
beam (that is, the polarization angle &, has a uniform distribution). (2 points)
FEmIRAS AR AR Q351 040D B 2 2 7 M FE S (). (249
During the rapid expansion of the early universe, gravitational waves are formed. They
consist of quadrupolar temperature oscillations, meaning that the directions of the maxima
and minima of the oscillations are separated by an angle of /2. Hence to analyze their
effects on EM waves, we consider two incoherent incident beams of EM waves of the same
frequency a/2 7, one from the x direction and the other from the y direction. The amplitudes
of their electric fields are E4 and Eyq respectively. Suppose the EM radiations in the x and y
directions correspond to temperatures T + AT and T respectively (AT << T and is positive).

What is the ratio %? (1 point)

R R, TR 0. e aRIRE RS, B ER AT X EWER
BN RAE A e MBI T7 18] LA A2 253 TT . DR, B dr e ATnt s sk i) i, 3k
1175 R AR [N ol 280 AE AT A, —3FORE x 7w, H—WR kA y J7H),
FLAL I MR B2 3 0] 02 Exo M1 Eyoo MRBCAE X Ay 77 1) ) RGBT 70 0l 6 B TIREE T + AT

T (AT<<T, BEEM . Wos mrrzr (14

o)

(k) The degree of polarization of the scattered radiation is given by T 3/ B 8 5 1w 5

(1,.(r)- <Iy(r>‘

<Ix(r)>+ <Iy(r> .

Calculate IT. What is the direction of the electric field polarization in the scattered wave? (2
points)

BTHRTL. SUMNAR S P R IR T 2 a7 (290)

{THE END 52)
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Sponsored by Institute for Advanced Study, HKUST

PR K = AR 7 e )
Part-1 (Total 5 Problems) -1 (JL5)
(9:00 am — 12:00 pm, 25 February, 2015)

Numerical answers should be given to 3 significant figures. 72 ik 4 =4 A B 7

1. Retrograde Motion of Mars (9 points) ‘K EKIEATZES) (94)

In the history of astronomy, the phenomenon of the retrograde motion played an important role.
Suppose we observe the position of Mars at midnight every night for many nights. Using distant
stars and constellations as the background, we will find that Mars moves from West to East most
of the time. However, there are periods of time that Mars is observed to move in opposite
direction, as shown in the figure. The orbital period of Mars is 1.88 y. Assume that the orbits of
Earth and Mars are circular, and the tilting of Earth’s axis can be ignored.

FERCE b, ATEUATIESN I S EEN M. BOBRITESLZ D LT ROUE KE
WAL B . A LA AL i AR R ey 5%, AT IR o I 18] K 2 2 TS B 2R3z 3], (B
WAL Bl aizs), mEpTR. KERIER YR 1.88 F. [REHBRA KA K HIE
H ARG, Ak 0 A P

Distant constellation

Wz Ak i) R
e T %
t=Q ET
t<0
> —e—o—o—o—o— W_P;St
East
K
20’ 15° 10° 5° 0° 5 -10° 15° 20"

(a) What is the orbital radius Ry of Mars? Give your answer in AU (Astronomical Units, 1 AU
is the average distance between Sun and Earth.) (1 points)

RO BRI Rv » BFIELL AU AL - (1 AU ERPHSHEREYFHRER - )
(143)

< 2
: 2
Using Kepler’s Law, 12 & #EH#, R, = RE[-_;—MJ = 1(?)3 =1.5233 AU~1.52 AU
E
(b) Att =0, Sun, Earth and Mars lie on a straight line. Sketch a figure indicating the positions of
Sun, Earth, Mars, and star T when t > 0. Label them by letters S, E, M, and T respectively.
Mark the angular displacements & and 6y of Earth and Mars respectively (starting from t =
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(©)

0), and the angle @ that gives the angular position of Mars as observed from Earth using
distant stars and constellations as the background. (2 points)

fEt =0 » KIH ~ MK ~ SKER—HE L - WIF—5E - BUrIE t> 0 > K6 ~ HiEk -
KEME THE > LIS By MAITHOR © FEE_EARRHERNDK BRYE AL 57510
G O (Bt=0FG) » FIERNZK BAAMAIE S (LU BN ERE &) -
(253)

Re R

SN

0, ‘9M

E

Derive an expression for the angular position ¢ of Mars at time t. Express your answer in
terms Rg, Ry, @e, anv and t, where oz and wy are the orbital angular velocity of Earth and
Mars respectively. (4 points)

I KRR E I FAALE 0. RiTLL Re, Rv, @, o AT ERIR, A e Mo 73
BB KERAEEZ. (37

0. = w:t, 6, = ot ¢ 0

In triangle SEM, we need to find the M
exterior angle at E. By constructing a
perpendicular line from M to SE, this
angle is

E=MIL SEM B, T A E 5.
M MAE—ZFEE T SE, "] WXMAH

) tan‘l( Ry, Sin(6; —6,,) J

Ry cos(6: —6,,) — Re

0= w t—tan_l( Ry sin(at — ot) J
- "E

Ry Cos(@:t — ayt) — Re

(d) Calculate the angular position ¢ of Mars att = 0.1y, 0.2 y and 0.3 y. Give your answer in

degrees. (3 points)

I KELE t= 014, 0.2 FFEA 0.3 FFEI AL E 0. BZRIELEHE R, 370
1.5233sin[27(0.1) - 27(0.1)/1.88]

1.5233cos[27(0.1) - 27(0.1)/1.88]-1

1.5233sin[27(0.2) — 27(0.2) /1.88]
1.5233c0s[27(0.2) — 277(0.2)/1.88] -1

Att=0.1, 0=27(0.1)— tan—{ ] =—7.963° =~ —8.00°

Att=0.2,0=27(0.2)— tan-{ J = —0.4538° ~ —0.454°

2
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1.5233sin[272(0.3) — 272(0.3) /1.88]
1.5233co0s[27(0.3) — 27(0.3)/1.88] -1

Att=03, 0=27(0.3)- tan‘l[ ] = -16.43° ~16.4°

2. Rolling Ball on a Racket (10 points) BR¥FEIR (10 43)

As shown in the figure, a hollow spherical ball of mass M and radius R is placed on a racket of
mass m. The racket has a flat surface with coefficient of static friction & and coefficient of
kinetic friction zand is held horizontally.

WEFR, —MRERN M, 28 R 2GRN EERER m ko b skinBA
—APIHRRT, R ROV, SEE REBOY e I HA R R KT AL E

R
'
| >

(@) The racket is driven horizontally by a periodic force F(t)=F,cosa,t, with the ball

remaining non-slipping. Calculate the maximum velocities of the oscillations of the racket
and the ball, denoted as ux and uy respectively. (The moment of inertia of a hollow sphere of
mass M and radius R is | = 2MR?/3.) (5 points)

BRI LR T F(t) = F, cos apt WK-F 7 M1 3KE), [l BR4EFFE AT B BIRAE  wlit
SRR S ERYRBNIN B R E, 70 RN Ml uye  (REN M, P40 R A5 LEK
RSB 1= 2MRY3. D (54%)

Let x and y be the displacements of the racket and the ball respectively. Let 6 be the angular
displacement of the ball (counted in the direction of x at the contact point with the racket).
Let f be the frictional force between the racket and the ball. Applying Newton’s law,

D Xy A AERIA S ERIINIAE o 2 ONERII AR (O 4 BEAE 5 BRI0 H b mi v or
¥ x AR o B RERIA SRR R EERE 1. is AR,

mi=F—f (1)
%MRzé = fR 3)
Condition for no slipping: AN a4 FE: 0= x;y @)

From Egs. (3) and (4), \ 7720 (3D 1 (4) %M(X‘—V):f (5)

Combining with Eq. (2), &5 &2 (2) : y= %x and f =§M>‘<‘ (6)
Substituting into Eq. (1), fRA T2 (D, (m+§M]X‘ = F, cos amt
Sk, cos at 2F, cos ot 3F, cos w,t

Solution: fi#: xX=——-2""90_ y=—_— 07" "0 g _ :
@M +5m)a? ' )T (2M +5m)af (2M +5m)aZR
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_ SKssingt . 2K sinagt 0= 3F, sina,t
(2M +5m)a, ' (2M +5m), (2M +5m)ay,R
5F, 2F,

Hence Bt u =—— —— uy =——72L
“ (2M+5m)w, ' (2M +5m)a,

(b) At the moment the racket is oscillating at its maximum velocity, its motion is brought to rest
abruptly by an external force much stronger than the limiting frictional force between the
racket and the ball in a very short duration of time. What is the final velocity of the ball? If
the final velocity of the ball is 0, what is the displacement of the ball? (5 points)
FERRIOIREN B I RHE W —ZI, IS RIRBE AN Ak, IX 4077 EEBRT 5 3k 18] ) A
SREERR g3 2, VER I A ARAE . R BRI AR T2 2 /07 IR AHE N 0,
HAi gz b2 (540)

The impulse acting on the racket is given by the external force multiplied by the time
duration of the force, whereas the impulse acting on the ball is given by the limiting frictional
force multiplied by the duration. Hence the impulse acting on the ball is negligible. Hence
when the racket stops moving, the ball continues to move with the velocity u, and angular

3F, u, . I e
= . Since u, # —Rw, the ball will slide until it finally rolls.
(2M +5m)m,R 2R
Applying Newton’s law,
VEAEERSE B B2 A g3 LA DR RIS Ta], T A P AE 3R L B v 2 R Al PR BE 42 1 3fe LA
TFER RIS E] . PR, fERAEER By &R LRI AT B, HEkdpiE BB s,

3u S
FRAESELUERE uy A 0= —— 0 = Y g Hu %R, HAWE, H
(2M +5m)w,R 2R
S AR, B HUEE,
My=-yMg = yzuy_,ukgt

2 . -3 3
“MR’9=-fR = RO==u,——u gt
3 2 y Zlukg

velocity o =

When the ball stops sliding, 243k ILIEZIEf, RO=-y = u,=pgt = y=0

2

1 - U
=ut—= gt =—2
y y le'lkg 2[leg
Hence the final velocity of the ball is 0, and its displacement is Xt ER () F &K E N 0,
AY N u2
i hy=—"—.
21,9

3. Balloon (10 points) KER (1043)

The work done in stretching a spring is converted to its spring energy. Likewise, the work done
in stretching a surface of a membrane is converted to its surface energy, given by E = 45, where
yis called the surface tension of the membrane, and S is its surface area.

AU B P D P R R N BE © [EIRE - R f— SRR I P S D B U ERY
FRIAREE = )8 » Hor R WL 77K 7, i SHe HAR T AR -
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(a) Consider a balloon of radius R. What is the change in surface energy when the radius
changes by dR? Hence derive an expression for the pressure due to surface tension. (2 points)

FREPENRIYRER o LR AR » RHEENT(LES /D ? RIS FRE KT

TRHIE SRR A - (293)

The surface energy of the balloon is E =»87R* (the balloon has both inner and outer

surfaces). BRI R M AE R E = y87R? (CKERE BEANHIE)

Hence dE = y162RdR . Equating this to the work done by pressure {1 % [&] s 32 5 (1) Th

y167RdR 4y

47R°dR R’

(b) The surface tension of balloon A is . When it is filled with a diatomic ideal gas, its radius
becomes Ry. The surface tension of balloon B is 2. When it is filled with the same kind of
ideal diatomic gas, its radius becomes Ro. The temperature of the environment is T. The two
balloons are then connected so that the gases are free to exchange between them until a
steady state is reached. The final temperature is the same as that of the environment. What

are the final radii of the two balloons respectively? You may neglect the atmospheric

pressure in the analysis. (4 points)

SERANFEE K ST e BEFRW T —FRUSE TR B, AR RERy. ABRBHIR

5K 192y, e F XU TR 7, PR ERy . MBI AT, A

JE PR RERBCERE, S UA R DME AT 18 B A, HEEBIRERES. &%k

JE SRR o 7] A TIRER A WA R AT A 7 AE 3 M AR AT LA KR T .
(473)

Since the initial pressure in balloon B is higher, the gas will flow from balloon B to A. The

radius of balloon B decreases and that of balloon A increases. Hence the pressure in balloon

A and B increases and decreases respectively. The pressure difference increases, driving the

system further away from equilibrium. This continues until all gases flow into balloon A.

Hence Rg = 0.

PRONSERBIVHI 4G R e > Sl SR M SERBIR A, SERBRYER D » SBRAR

I o AL > SERARIBRYE SR 73 A RFLB N, et — 2 B P o X IE IR

2, HEIFTER SRR ASERA. Bk, Re=0.

To find Ra, we consider the initial number of moles of gas in balloon A:

TR HRA, FATHE S RTINS TERAA A BE R £

. = AN _ i ﬂ 47ZR3 _ 167Z7’R§
AW RT  RTIR, A\ 3 ) B3RT
Similarly, the initial number of moles of gas in balloon B:

[FIRE, AT S IRB A I B R 2
o _PeVe _ 1 (8y](4ﬂRg)_32ng

dW = pdV = p47R*dR, 167RdR = p47R’dR = p=

" RT RT\(R, |\ 3 3RT
Since the number of moles of gas is conserved, P& 4 4 i JBE SR # <y 1,

2 2 2
167R} _16mR; | R20R) o _ ap

3RT 3RT 3RT
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(c) What are the amounts of heat gain by the gases in balloons A and B respectively during the
gas exchange process in (b)? (4 points)
FE(O)EHY SRR AT AZ F > SERAMIBIE IRV AGE Al 2 2 (497)
Using the first law of thermodynamics, N F #5265 —E & »
Heat gain = internal energy change + work done by the gas
FREEHE NN = WREIER + SUEMAYL)
The internal energy of an ideal gas is independent of its volume.
HRESEINRE SRS -
For balloon A, Yf<ERAKIT
16mRs - _
sRT ' =
Work done by the gas is equal to the change in surface energy of the balloon:
SRR S T SRR © W, = 782{J3R, —8:RE =162R2.

For diatomic ideal gases, £ X5 T-FAE A4, ¢, =gR.

327¢, 1R,

16
Internal energy change: NBEIAT @ AU, = ST?./(\@Ro)ZCvT - o

: 32mR: (5 128mR?
Hence heat gain: FrLURREEISIE © Q=AU +W, = ;UFTO (E R)+16727’R02 - @
Similarly, for balloon B, [E]f+ » YWSEKBKiA

2 2
AU, __327Z7’R0 c,T _ 32 R _

3RT 3R
2 2
Qs =AU, +W, = —32;?0 G R)—16717R§ _ _128274% |

Remark: A common mistake is to assume that the pressures in both balloons are the same
when the gas exchange process has reached steady state. This implies

A — NE IR, RS UASRE AR SRS, BRI SR AE .
ES TN
4 _8 _ R,=2R,.

R, R,
Since the number of moles of gas is conserved, K] A/ 4 ) B /R H <y 1E
R 2R 128mR; 128mR?
RA+2(2R,)* =3R; = RA:T; and RB:TS’Oand Qu=- 9 = Q= 9 -

However, this equilibrium state is unstable. 7] /&, X F#7& 2 A FaE K.

4. Fresnel Biprism (10 points) JEEEXES: (104)

Fresnel biprism was devised shortly after the famous Young’s double slit experiment to confirm
the interference phenomenon. Nowadays, it is widely used in different applications. As shown in
the figure, it consists of a single light source S and a pair of wedge-shaped prisms arranged back
to back. We introduce the following notations:
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TEE AW IRAEE LT AN A, 84 7 3R X B iett, FHUA IR
ms, ERTZHTARKRMA. mE R, BEHNERORIE S A
TEEHN . BA1GIALLTFR5:

n = refractive index of the biprism X% & i) 41 5 %

o = apex angle of each prism XUks 45 ) T £

b = distance between light source and biprism S5 5 XUBE 45 1) 2 25

¢ = distance between biprism and screen XUk 5 5 5 2 11 2 &5

A = wavelength of light Y&

a
Se
a
+«— |p >le c >

(a) Derive an expression for the angular deviation after a light beam has passed through one of
the two prisms. (3 points)
SR A Horh— Mg e s A Ris. (370
Consider a light beam incident on the upper prism. Let
6 be the incident angle. For the angles shown in the

figure, Z L
RN EBEREER. oA A, XTRFE y
7R R X Ka

0 0 /6'}4
X=—, Yy=a-X=a—-—, IZ=hy=na-0.
n n

The angle between the deflected beam and the
horizontal direction fi % Y6 #5747 5 [ {1 £
=a—-7=0-(n-1«.
Hence the angular deviation of the beam is AT LAY W 5 A & (n — 1) e
(b) Derive an expression for the separation of the fringes on the screen. (4 points)
RHET PR FoRSuR A RE . (40
When 6= (n— 1), the beam emerges parallel to the horizontal direction. Hence the image of
S in the upper prism is located at a distance bd= (n — 1)b« above S.
260 = (n - Do SR GAEKET M. Fik S7E LG R EAMT S
b, &N b= (n-1)ba.
Similarly, the image of S in the lower prism is located at (n — 1)b« below S.
[FFEHL, SHETHRETHRERAT ST, BN bo=(n-1)ba.
This is equivalent to the Young’s double slit experiment with slit separation d = 2(n — 1)bea.
X AR R & [F) A7 IR S e, AUEEFEES N d = 2(n - 1)ba.
Condition for constructive interference: Fi T¥# 1%F: dsind=mA.
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Positions of the bright fringes: /625 SUMALE: y=(b+c)tand~ (b+c)sind= (b+ c)mT/1 :

Hence the fringe separation: (Al ML A SUAIFIEE . Ay = (b+ c)i __(b+o)d
d 2(n-Dba
(c) In a modern application on electron microscopes, the single light source is replaced by a

parallel beam of wave incident normally to the flat surface of the biprism. Derive an
expression for the separation of the fringes on the screen. (3 points)

FEIAR, XN B B . RN, BRI e NS AT
BOR, TEE TG, SR LRguEE AN (370

When the waves are incident on the screen at an angle ¢, it sets up a traveling wave in the
transverse direction with a wavelength A/sing.

LA AE NS RIS b, B T AN N ALSin g 5] 473

In the biprism setup, we have ¢ = (n — 1) and two waves with the same frequency and
wavelength traveling in opposite directions. Hence a standing wave is formed.

AR BEERESY, Bl1ES=(n - 1o, MHEDEAMEIEMBEA . HIEHRITRAT
HRAT . B, FRBAEIEAL T

Fringes in standing waves are separated by half wavelengths.

TR Hh 2 U ER B A — 2.

Hence the fringe separation is: [At, 2580A1EA: Ay = 4 A

2sing . 2(n-Da

5. lonic Crystals (11 points) BTk (114)

An ionic crystal can be modeled by a chain of positively and negatively charged ions. The ionic
separation is a. The positive ions with atomic mass M are located at the positions x = na where n
is even. The negative ions with atomic mass m (m < M) are located at the positions x = na where
n is odd. The ions are coupled to their neighbors by springs, which provide restoring forces to
their transverse displacements. The returning force is proportional to the displacements of the
ions relative to their neighbors, and the spring constant is k.

FRATTAT DA — B iy IE s SO &, AR TR . BBy a. IEE T
WIERTFREAM, TAE x = na, Hon2l#. fREFREFRENM (m< M),
AETAEALE x = na, Hn @a s, MHAHE TAMEME, FRENE TR AR SRt
IR[E Sy o 3R Ay IEH T B AR AR T8, IF B HO k.

(@) Let un(t) be the transverse displacement of the ion at x = na and time t. Derive the equations

of motion for both types of ions. Show that the solution of the equation of motion can be
written as

L un) T x= na KB TAERE] t RIRERIALRS . ke T AR B T 1 is sl T AR
RN 877 FERI AT LS ik

0 = A, sin(gna—at) neven,
W=\, sin(ana—ot) nodd.

Find the relation between ¢ and . (3 points) iX#kHH q oI K K. (34
Using Newton’s law, | F 2Fiil g 1,
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MU, =k(u,,,—u,)—k(u,—u,_)=Kku_,—2ku +ku_, forneven, n 2%
mi, =k(u,,, —u,)—k(u, —u,_)=ku_, —2ku, +ku_, fornodd. n &%,
For even n, n & fH& T,
— M’ A, sin(gna— at)
= kA, sin[q(n—1)a— wt] - 2kA, sin(gna — at) + kA, sin[q(n+1)a — at]
= 2kA, cosgasin(gna— at) — 2kA,, sin(gqna — at)
= —Ma®A, = 2kA, cosga— 2kA,
= (Mo’ —2k)A, +2kcosgaA, =0. (1)
For odd n, n /& & 2,
—ma’A, sin(gna— at)
= kA, sin[qg(n—1Da— at]-2kA, sin(gna— at) + kA, sin[q(n+1)a— at]
= 2kA,, cosgasin(gna— at) — 2kA, sin(gna— at)
= —ma’A, = 2kA, cosqa—2kA,
= (maw®—-2k)A, +2kcosgaA,, =0. (2)
Egs. (1) and (2) have non-trivial solutions if 72 (1) F1 (2) A LM%
A, _ 2kcosga = ma’—2K
A, Mao?-2k  2kcosqa
= (Ma* -2k)(ma® - 2k) = 4k cos® ga
= Mmoo’ -2k(M +m)ew’® +4k*sin®ga) =0
2 B2
e \/k(M +m)ik\/(M'\;|rmm) —4Mmsin qa.

(b) Find the solutions of w in the limit g = 0, and the relation between Ay and A, for each
solution. (2 points)

TEMRIR q=0, KRolIFrEME, It HREGNMET AvS AnlBIFKS R (240
In the limit q = 0, the high frequency solution is 7EM R q =0, EAifE &

» k(M+m)+k|M+m| 2k(M +m) [2k(M +m)
@ = = = O=,|—.
Mm Mm Mm

Ay _ 2kcosga _ 2k . m

A Mo*-2k  2k(M+m)/m-2k M
The motions of the two ions are out of phase. i 5 7 i3s3 & S o

o 1 4AMm(ga)®
The low frequency solution is XA E ©° = —| k(M +m)=k(M +m). [1- ————
quency AR 2 o Mm{ ( )—k( )y (M +m)?
2 2A~2
zk(M +m) 1-|1- 2Mm(qa)2 =2kqa L e / 2k g
Mm (M +m) M +m M +m

Au _  2kcosga 2Kk

A Mo?—2k -2k

n+1

1.
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The motions of the two ions are in phase. P f 2 1 K1z 5 2 [F A .
(c) Inthe limit g = 0, calculate the wave velocity of the low frequency mode. (1 point)
FERPR q =0, Wit ERIRIBaE. (17

Wave velocity: Jif: v=""= aW/ 2 .
q M+m

(d) In the limit g = #/2a, find the solutions of o, and the relation between Ay and A, for each
solution. (2 points)

FERIR q = n2a, KoWIFTARE, IHHREFENMED AvE AnllFIK R (270
In the limit q = 772a, the high frequency solution is ZEHRIR q = 72a, EfEZ

, k(M+m)+k[M-m| 2k 2k

a = =— = - [—
Mm m m

Au __ 2kcosga _0

A Mo -2k
Only the lighter ion moves. R A & 1 & iz 3l
The low frequency solution is {EATfi# & o® = AWM= =) A o o £

Mm M M

Ay __ 2kcosga

A~ Mo?-2k’

Since both the denominator and numerator vanish, we have to consider higher order terms.

PR o3 BRERO T [EIR IR - JAT T b 28 & e o 0

_ _ 2 2 2
w2=k(M +m) k\/(M m)< + 4Mmcos ga _ k M +m—(M —m) |1+ 4Mmcos ga
Mm m (M —m)
2 2
zL M+m—(M—m)—2MmCOS ga =2_k 1_Mcos ga
Mm M-—m M M—m
Av 2k cosga _ M-m Qe

A~ 2k-2kMcos?ga/(M —m)—2k M cosga
Only the more massive ion moves. R G E ) & -F1EIE 5.
(e) Sketch the angular frequency  as a function of the wavenumber q from q = —#2ato q =
7d2a. (2 points)
e AR o FENECE g R B E K], JuEM q=—-n2a | q = n2a. (27))

The case M/m =2

2 2
in /--\
uni 151
ts 1 -
of
i 0.5 -
-1 0.5 0 0.5 1
2qal/w

10
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(F) An electromagnetic wave is incident on the crystal. Which frequency mode will be excited?
(1 point) A FBABN S B Ak MR g ok 7 (1)
Since in the high frequency mode, positive and negative ions oscillate out of phase,
oscillating electric dipole moments will be formed. Hence the high frequency mode will be

excited. M TERPUER R, IR0 T LURMIRS), RS EEPRFERIE K. Fit,
e AR R U o

(THE END 58)»

11
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Pan Pearl River Delta Physics Olympiad 2015
2015 3z Tr =1 S e A4 R B R DL 3 18155 3%
Sponsored by Institute for Advanced Study, HKUST

PR K = AR 7 e )
Part-2 (Total 2 Problems) -2 (3£2 i)
(2:00 pm —5:00 pm, 25 February, 2015)

1. Exoplanet Microlensing (25 points) 2/MTERIBGEERS. (2543)

Reference: 2% iik: B. S. Gaudi, Exoplanet Microlensing, EXOPLANETS, edited by S.
Seager, Space Science Series of the University of Arizona Press (Tucson, AZ, 2010).

With the discovery of planets orbiting around stars in recent years, the observation of exoplanets
from astronomical distances became a challenge to scientists. Gravitational microlensing is one
of the detection methods. It makes use of Einstein’s discovery in general relativity that when a
light ray passing near a spherically symmetric body of mass M, its direction will be deflected
towards the body by a small angle given by

W ILE RO REE RIZATHIAT A, BRSO IR R SCEE B 1 R AMT B BN RF A
Pk 51 U oE B2 H A — A 77 . R % IR AR SCHD 8 BRI JE 2,
e B L LT — N E N M BB IRV, 7 [F 2wl A e, e BN RN

AGM

rcz '

(24

where G is the gravitational constant, c is the speed of light, and r is the distance of closest
approach of the light ray to the body. In this problem, we will study the principle of detecting
exoplanet by microlensing.

Hrf G RTAESIIHEEL ¢ RIGE, r MR R . XA R, AT
WIF 738 i G B RO PRI 2 ST I R

(a) Consider a distant star S located at a distance Ds from Earth E, acting as the light source.
Another star L of mass M and located at distance D, (< Ds) from Earth acts as the lens. The
lines EL and ES make a small angle S between them. Construct the following sketch in the
answer book: (al) the line EL, (a2) the line ES, (a3) the distances D, and Ds, (a4) the angle S
(remark: although this angle is small in practice, it should not be drawn too small for the
purpose of clarity), (a5) a line perpendicular to EL through L, acting as the gravitational lens,
(a6) the light ray from S to E, assuming that each of the segments between S and the lens and
that between the lens and E are straight lines, (a7) the deflection angle «, (a8) the apparent
angle @ of the star S as observed on Earth (relative to line EL). (3 marks)
FE—MEITER S, BHIK E WEERCN Ds, fENGIE. 5—RUEE L, FiEN M,
FHIRHIEEE Y Dy (< Dy) , 1ENIESE. 2k EL A1 ES MBI/ N NL. XA L
DI EE:  (al) £8 EL, (a2) 28 ES, (a3) i Dy Fl D, (ad) FMER (JE:
BIRZA LR FARAN, (HOMIEREN, ANIEELRERADN) , (ab) —FKEET EL
s L gk, 1ER5171&5, (a6) M S B E BJtdk, e S MBS RIZ B &
FE E 2 LB S TMIEELZ, @D fWEfia,  (a8) MHIEKRMEZE S KA 0

(FEXTFLEL) o (349

12
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- N __

Ds

(b) Derive an equation for the angle @in terms of the parameters Ds, D), G, M, ¢ and f, assuming
that all angles are small. (3 points)
WHEF TR, UZSH D Dy, G, M, c M gRIL, AIMRHTAE AR . (37))
Constructing the vertical line XY through S, we have
fE—aRE L XY @it S, A
XY = XS + SY,
D,6=D,fp+(D,-D)x

- 4GM
Substituting a = o and r=D4,

4GM
firna=22Hr =00,
E Y
D, - D, |4GM i . i
O=p+ = } L I I
p ( D,D, ] c’0 L D, g |
1 o
p-p_4CM(D.-D b g
c’0 \ DD, )

(c) Consider the case that the lens is exactly aligned with the source (£ = 0). The image of S
appears to be a ring known as an Einstein ring. Derive the expression for the angular radius

& of the Einstein ring. (2 points)
FEES SOUEREREN (B=0 . SHERENE, HAZRLHE, {H#HF%Z
RITEA R M 1 e R RE . (243)

0=9_4(32M D, - D, = 0= 4GZM D, -D, .
cd \ DD c DD,
(d) Calculate the Einstein radius for the following typical values:
WL AR S, 5052 R A H A

M = 0.3 solar mass, Ds = 10 kpc. D, = 3 kpc.

Give your answer in milli-arc-seconds. You may use the following constants:

i LA milli-arc-seconds KIARIZE 5. EWRTLMEH LT S &

G = 6.67 x 10 Nm?kg?, 1 solar mass = 1.99 x 10% kg, ¢ = 3 x 10® ms™, 1 kpc = 3.09 x
10" m, 1 radian = 206265 arc seconds. (1 point) (14})

13
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- 4(6.67x1071)(0.3)(1.99x10%*) 10-3
. (3x10°)? (10)(3)(3.09x10")
= 0.754 milli-arc-seconds.

} =3.66x107° rad

(e) When the lens and the source are not exactly aligned, there will be two images of S. It is

(f)

convenient to express the angles £ and @ in multiples of the Einstein radius &. Hence we

g

define u Ee_ and yzei. Derive the expressions for the angular positions y of the two
E E

images in terms of u. (2 points)

HIBEBBADCIRA XS TF, S KA MR, ﬁﬁ@iﬂ, FATLLZ AT 4H 42
R Rk T O, FILIRATE Lu= ég%Dy a7 WHES PRI AAE y, Y

E

u®mr. (249

4GM (D,-D 0; 1
=60- s 1 =0--+% u=y-— —uy-1=0
F CZQ[DSD,J:ﬂ g — UTVTy T YW -
_utu’+4
=
To study the effect of the finite size of star S, we introduce Cartesian coordinates on the
plane normal to ES and through S, with the y axis lying in the plane containing E, L and S.
Consider the corners (0, u + ¢) and (o, u) of a square on the surface of star S (6 << u).
Calculate the coordinates of the two corners of the two images when viewed from Earth. (2
points)
N S AMRK/NRISNT, RAEFEE T ES Ml S ~Fim L, sIN—FHEM
by, Hrby Bz TS E, LATS PR, HREAE SR E— M IETERIMO, u +
O) M (8, u) (5<<u)o RTHE MBS, KA FEART A A ALFR. (253

The image of (5, u) is ( ] (5, U5 1%E( ]

utvu’+4 u Vu?+4+u ydu
2 \/U +4 2Ju +4 JuZ+4

Hence the image of (0, u + o) is AT LA(0, u + O) 5415 &

u+vu’+4

1+

Ju?+4

st

In summary, for the image at y = — the images of the corners (0, u + ) and (5, u)
are respectively
u++vu’+4
ISE T Xﬂ‘??iy=#ﬁ’1 v, M0, u + A (s u) B E A2
u-++u®+4 ) U+vu?+4 _u+u’+4
0, 1+ and 0, .
2 Ju? +4 2u 2

14
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(9)

(h)

(i)

u—-vu*+4

For the image at y=T, the images of the corners (0, u + ¢) and (o, u) are
. u—+u’+4
respectively Xt - 7£ y=—"p K 21, O, u+ )M u) &SN E
0u—\/u2+4 . 9O - u—\/u2+45u—\/u2+4
-2 Ju?+4 au 2 '

Calculate the areal magnifications of the two images of star S in terms of u. Following the
practice in astronomical observations, give your answer in absolute values. (2 points)

HITHEE S EI’JW/I\%{%EI’JEWBU@% IELL U IR o FHERSONWIEY > 15T - 18 AT
ENEFE - (249))

. utu®+4 +Vui+4 o
The length scales are magnified by and USafll ar in the x and y directions
2u +2/u’ +4

respectively. Hence the areal magnifications are:

KB4 BITE X Ry FIROR T by “”“ +4 guEVui+4

+2\/u +4
[ui\/u2 +4][ui\/u2 + J

(u+\/u +4 )Z [ u’+2 ]
2u +2Ju’+4 )  4|u|Ju®+4 lu|Vu®+4

In practice, since the images cannot be resolved, astronomers measure the sum of the
magnifications of the two images. Derive the expression for the total magnification. Describe
its behavior when star S is remote (u approaches infinity) and when S approaches perfect
alignment with L and E (u approaches 0). (3 points)

bR b, HTHEAG D, RICHF RN FAR RO A a3 T8
REWFRZR, ke S Emae (Bt , KA SEBIEXNE LS E RN
Bl 0), SIBKEMATHN. (37

Total magnification: & k%

A 1 ut+2 1 ut+2 u®+2
2\ |u|vJu® +4 2\ |u|vJu® +4 |u|\/u2+4.
When u approaches infinity, 24 u iz £ K: A—>1.

. 1
When u approaches 0,24 u iz 0: A— m

A planet P of star L has mass m and is located in the plane of E, L and S at the same distance
D, from Earth. EP and EL makes an angle &,. Derive an equation for the angle & taking into
account the gravitational lensing effects of both star L and planet P. Expressions in the
equation should be written in terms of the parameters Ds, Dy, G, M, ¢, #, m and &, assuming

o P, HRBORERN:

that all angles are small. Simplify the equation by introducing the mass ratio q = % and the

o P 0 . (3 points)

rescaled positions u, = —*, -
Oc Oc Oc
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)

LS AFR PR B LA S (0P b, FFES m, SHIREESEE LA D,
EP 53 EL [0, . HIEAR L MR P RE MG AIEHIER, Wik S o 2
R, HIZERRL Dy D G. My Co fo MG, BRI AR,
SRR = TR ERE, =2, u=l e O o 3

As shown in the figure, {1 & il 7,

XZ=XY +YS +SZ. X
D0 = (D, - D,)a, +(D, - D,)e; + D,5.
o
Substituting fA\ «, = 4G|¥| : g Y
e a
4Gm
T =00, r,=0(0-6,), 9 Pl
p E ﬂ |_
= ps[D:mDi]4G[M  m i — 1 Z
DD, )| 6 o= 0, e—— D —» !
i« Ds >

ﬁ=9_g(m](m+ m ]
c D,D, 0 0-0,
The equation can be simplified to 75 f£ =X 7] faift,

1 g
u=y——-—

y y-u,
In typical exoplanet detections, there is a motion of star S relative to star L. As star S
approaches the closest distance to star L and moves away, u decreases with time to a
minimum value up and increases again. By plotting the magnification of the image of star S
versus time, one observes a smooth and relatively broad peak in the magnification curve due
to gravitational lensing by star L. In addition, one can observe a side peak due to the presence
of the planet. For q << 1, estimate the width of this side peak, that is, the range of u in which
the side peak is significant. (1 point)
EMAIH ZAMT RN T, B SXTE LAMXYIEs). B SEEE L 2RISR, A&
JEE I, dRE u B )RR R ME uo RS 0. JEE S SARRIIBORF S I R K 52
R, BOREMZ LT UE S| — AR F0g, ZhE L K5 EsEE
HIEET . 535k, FRATAT USR] — Mg, BT REEAK. T q<< 1, it
XA ) 5 8, Al T DA 25 B0 u BUEVE L. (1)
Plotting u as a function of y, we see in the figure
shown that there are three solutions for each given
u. The side peak is significant when the light rays 3 |
fall within the Einstein radius of the planet.
Following part (c), the Einstein radius is
proportional to VM . Hence the width of the side
peak is of the order ,/q . 3
i ufER y MRS RER, ROFEFNENE 7 ol [t i
FEM) u B =AME . HCRVEAEAT E I E R E

16

The case of u, = 1.5 and q = 0.001

[en)
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PRV, WA R, NC)MEM, BRIFEAERES VM RIEL. Fik, 0
U {96 JEE B M [

(K) For q << 1, consider the situation that light rays pass very near to planet P, so that the
gravitational lensing by star L becomes relatively insignificant. Calculate the position of star

S where the total magnification of its image diverges, and the behavior of the total
magnification in the neighborhood of this location. (3 points)

4 g << 1, FECEARREIITATE PIIGHL, ERXEN TE L K5 /i@ e AR
R85, WIHEME S BRI S BCRE KB A S IALE, FIXALE T SR Z 14T
HNo (341)
When light rays pass very near to planet P, y = u,. The equation for y becomes
YR AR AT E PR, yaup o y TR

q
y-u,

Usy—

Lety’ =y —upand u’ = u—u, Then the equation becomes u'= y'—ﬂl.

i&Y:y—wﬁﬂWZU—umDMﬁﬁE@E&uwyL%.

Cutyu?+4q

The solutions are 772U y'=~ >

Whenu’ =0, y'= J_r\/a, confirming that the Einstein radius is \/a
w =0, y'etq, BAZESHEER A g .
Following parts (f) and (g), the areal magnifications are FRBEF)A(g)&F, HAKZE N
l(d_y] N u't/u?+4q 1[1+ u' } _ (u'iw/u'2+4q)2 =1[ u?+2q +1]
u'{ du’ 20 2( 77 Ju+4q ) 4wl Ju+aq 2\ |ulut+4q
Total magnification: EUB K%
A=EL_EﬁﬁL_+q+E£_EEEL__q=_iﬁﬂﬁ_ﬂ
2 |u'|/u?+4q 2 |u'|\Ju?+4q |u'] yu?+4q
Hence the total magnification diverges when star S is located at u’ = 0, or u = uj.
R w =088 u=upif, EHCKFREL

When u’ approaches 0,2 u’#ir 0: A — % = %
ul |u-u
p

2. Cosmic Gravitational Waves (25 points) =8 5] /73 (254

In March 2014, scientists operating gravitational wave detectors in the South Pole claimed that
they found evidences of gravitational waves originated from the early universe in the cosmic
microwave background radiation. While the evidence is still being debated, it is interesting to
understand how gravitational waves interact with electromagnetic (EM) waves. To approach this
issue, we start by considering how molecules scatter EM waves.

17
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2014 4 3 H, BAFEWRSI RN ES FRESR, FERRE T s SR, KBk E
T8 B 51 e . BARIESRIEAFE S, H 7RG i an A A T Rl (EMD
BR—DHBEJRE . 7 ACFIXAS R, JRATTE 5675 R& 1 AN A] HIC BB o
(@) An oscillating electric dipole consists of charges oscillating at an angular frequency c.
Specifically, the charges are Q(t) = +Qqcosat, located at (x, y, z) = (0, 0, £s) respectively.
What is the current between them? (1 point)
— MRS RAEN T, BE AR oS B) B . BAACKEL, B aloy Q) =
+Qocosat, f7F (X, Y, 2) = (0, 0, +s). EAIZ BG4 ? (14

I(t) = %(Q0 c0s wt) = —Q, sin .

(b) In spherical coordinates, we denote the components of the magnetic field as B, Byand By, as
shown in figure (A). Calculate B(r, 6, t) according to Biot-Savart’s law at time t and distance
r from the origin making an angle @ with the z axis. Note that due to the finite speed of light c,
the magnetic field at a distant location is due to the time-changing current at an earlier instant.

Hence the retarded magnetic field takes the form B(r,t) = B,(r)cos(at —kr+y), where

k=2 is the wavenumber, and y is the phase shift. Express your answer in terms of the
C

magnitude of the dipole moment p = 2Qs in the limit s approaches 0. Below, your answer to

this part will be denoted as Bgs(r, 6, t). (3 points)

FERRAAAR A, FRATTEL By, By A By oniidmty &, i (A Fos. MAEERRE - 74k

IRERE, WIS By(r, 6, 1), Hirr v ESFE SRR, o ES 2 HIERKIA,

tONIA]. VER, B TOGDCAIRER o 14k, (Rt 2 U5 T 2 — BRI 2 B i
CHHBER 224D o Bk, @8R I 8 B(r,t) = By(r) cos(et —kr+y) , ot

ksg%%@ T AR . 25 iB LUEHAE p = 2Qs ik (B s T 0 Wkeb) .« F
T, VRIEIX DA S 8RR N Bes(r, 6,1).  (341)

(A) z (B) |
| ,ﬁ;}
B, | ; dr
[ / //
B¢ I / /
b
a/r By | /y
e
>y 7
14
7
X

Using Biot-Savart’s law, F FI AR 4 HE B - 55 (R /RE

I(t—r/c)dl xf
B(r,@,t)=f—;J( r2) .
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Ul (t—r/c)sing U,Q, Sin(at —kr)2ssin @ Lo, Sin(awt —Kkr)sin &
B,(r,0,t) = > 25 =— 5 =— 5
dnr dnr 4nr
where po = 2Qos.
(c) However, Biot-Savart’s law is only applicable to steady state currents. It is incomplete even
after including the retarded nature of the oscillating current. By considering the wave nature
of the magnetic field, the complete expression of the magnetic field is given by

1'EIE B - Ao REH RS, 258 T IRSTBERKEE RS, E
BRAEREN . W BRI BatE, eI RIEA R

B(r,0,t) =Bg(r,0,t)+B,,.(r,0,1),

where H

d dl ><r
Wave(r 9 t) J|:dt I(t_gj:| r

Derive an expression for the B¢ component of Byayve at (r, 6, t). (3 points)

fﬁ?ﬁl—% Bwavef (r o, t)El/] B¢ %E’J%@ﬁﬁ (3 /\)
B (0.0 = 0 Jd (= oQysin(er - kr)\s'”‘9 = (w Q, cos(at — kr)ﬁ] s

wave

47C

= —Mcos(a)t —kr)siné.
4ncr

(d) Compare the amplitudes of Bgs and Byaye at large distance r. Derive the condition of r such
that Bgs becomes negligible when compared with Byave. (2 points)

HCELF)—L BBSﬂ:l Bwave?IEEtE% rﬁﬁﬁﬁﬁﬁﬁﬂlﬁﬁo ﬁ‘%ﬁﬁa‘ BBS*H Hﬁ Bwave/}E?:Efﬁ)%&x&ﬁwA’ 9%?
rifgE. (240

| Bes(r,0,t) | _ #@p,Sin@/4nr? _% o

| Bwave(r’g!t) | - ﬂoa)z Po sin@/ 4ncr wr
c_ A

= II>>—=—,
®w 2

(e) At large distance r, the electric field at (r, €, t) is mainly due to the electromagnetic induction
by the magnetic field Byave. By considering the electromotive force along the circuit shown in

: . . oE, 0B, oE, . :
figure (B), derive the relation between ar and S Here, o is known as the partial

derivative of E, with respect to r, meaning that other variables such as ¢ and t are considered
0B
fixed. Similarly, 6_t¢ is the partial derivative of B, with respect to t, with other variables

such as r and @ being fixed. You may assume that only the E, component of the electric field
is significant at large distance r. (3 points)

FERRES r ARKI, £E(r, 6, t)Eﬁ%iﬁyI%ﬁé%ﬁ? Buave I FLBAIR N . I HEITE B (B)

R, s O 6E9 'a ¢ 2 %R, K, aiwz N EHAT v 1l
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s 5] . oB "
S, B AR ot BT A E . FIREH, a—t’"% BT t i S5,
L rp i g HAh AR R r MO N E R . ARATDMRBERR R r AR K, RIHH EgrE
REMN. (34D
Consider the electromotive force along the circuit. Total electromotive force:
F SN E R B . BN
emf =—E,(r+dr)(r+dr)dé+E,(r)rdé.
Magnetic flux enclosed by the circuit: MR R © ® = (-B,)(rdddr).

Using Faraday’s law, FIHERL €, emf = —(1%).
o8,
—E,(r+dr)(r+dr)dé+E,(r)rd6 = Erdédr.
— Eg(r+dr)—EgT(r)dr+ E,(r)=—2dr
0B
In the limit dr approaches 0, 7& dr & 0 i, %+% = —#.
(f) At large distance r, the electric field is given by E,(r,6,t) = (9) ———=cos(awt—kr). Find A(6). (2
points)
B TR, L E, (1,00 = S Doos(at—kn) . BRI A0 (24D
oB
b 2 Ho®"Po G ot —kr)sin,

ot r
%, = A(@) KAO) sin(at —kr) = KA6) sin(awt —kr).

or r r
E, _ A(9)

2
; =Tcos(a)t—kr)<<% = A(9)=—%p°sin0.
T

(9) The magnitude and direction of the power per unit area of the EM wave are given by the
Poynting vector. Calculate the time-averaged power per unit area at large distance r. This
will be denoted as the radiation intensity I(r). (3 points)

LT 0 s LA T A A 49 S S (K R/ IN AR5 1 ﬂSEE Poynting RKEZEN . WiHRAE S
rARKIY, A A7 T ARSZ N [P AL RR D . ORI VR 98 1(r).  (373)

2
S(r)= 3 E,B, = i{ 47zrp0 cos(wt —kr)sin 9}[ 46;:)0 cos(at —kr)sin 9}

0 Ho

4.2
Ho® Py 2 . 2
=22""9 cos“(wt —kr)sin- 6.
167°r%c (@ )
po Hy@ po
I(r S(r cos’ (et —kr))sin? @ = 2= % sin? g,
(= <()> rc< (@ )> 327°r’c

(h) When an EM wave is incident on a molecule, its electric field E will drive the molecule into
an oscillating dipole moment given by p = aE, where « is the polarizability of the molecule.
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(i)

)

In turn, the oscillating dipole will radiate power. This is called a scattering process. Consider
an EM wave incident from the x direction, given by E;j = Exocos(at — kx). If Exo is polarized
at an angle & with the z axis, calculate:

MM A — T, Y E 20 T ERSMERIE p = of, HhaiZo)
THINRASE . BEZARSNEN TR ThA . ZXgE i EU i . 25 B BN X
TIRIANSS, H Ej = Excos(at — k)4t e & Exo MIRIRTT M5 z Bl B 6, kit 5
(h1) the intensity Ix(r) of the radiation scattered to the z direction,

HACES 22 2 7 ) AR S 9 1(r)

(h2) the electric field polarization of the scattered wave along that direction,

T1Z 7 1) YRR B 37 i 3 7 16

(h3) the intensity (l«(r)) of the radiation scattered to the z direction for an unpolarized
incident beam (that is, the polarization angle & has a uniform distribution). (3 points)
FEMRIRAICH CRIWIR A & 39505041 BUR 2 2 77 1 AR S iR B (L (). (343

(h1) If Exo is polarized at an angle & with the z axis, then the dipole moment lies in the yz
plane making an angle & with the z axis. Its intensity is

# Exo EI’WH*'H%‘}E 5 2 BiATE 6, WHBRFEALT yz IS z Blsuffi B 6. FRit RN

4 2

po Ho@ 2
I (r 0 EZ sin 0
(1) = °r c 327r2r c <

(h2) The electrlc field of the scattered waves becomes polarized in the y direction.

AU 1 %%ﬁfﬁﬁ W2 y J7 Al
po'a’®

(h3) <Ix(r)>= Efo<sm 9> o117

Next, consider an EM wave incident from the y direction, given by E; = E,gcos(at — ky). If
Eyo is polarized at an angle & with the z axis, calculate:

TR, BIBHEBBN y TTRIANGSS, B Ei = Eycos(at — ky)Zti. 4 Eyo HIIRS z
A G, AT

(1) the electric field polarization of the scattered wave along the z direction,

T 2 77 ) BSOS B iR 7 17

(12) the intensity (ly(r)) of the radiation scattered to the z direction for an unpolarized incident
beam (that is, the polarization angle &, has a uniform distribution). (2 points)
ERIRAS G CRImR A1 Q3 50 404D BN & 2 77 [ AR S SR BE(Ly(r))e - (243

(i1) The electric field of the scattered waves becomes polarized in the x direction.

ISR ) R D R 7 160 A& X 7 T

(i2) If Eyo is polarized at an angle 4, with the z axis, then the dipole moment lies in the xz
plane making an angle & Its intensity is

By MIiIRS 2 A G, WHRIRFEAL T xz P15 z SR A Q. HE5F RN

0 .

4.2 4 2
Ho® Py o2 Ho®@ & o o2
|y(r)=320—220$|n 9y=mEyosm 49y.
4 2
2 _ Mo x>
<I (r)> 2 77 E <sm 9y>_64712r20 Eyo-

During the rapld expansion of the early universe, gravitational waves are formed. They
consist of quadrupolar temperature oscillations, meaning that the directions of the maxima
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and minima of the oscillations are separated by an angle of /2. Hence to analyze their
effects on EM waves, we consider two incoherent incident beams of EM waves of the same
frequency @/2 7, one from the x direction and the other from the y direction. The amplitudes
of their electric fields are E, and E,q respectively. Suppose the EM radiations in the x and y
directions correspond to temperatures T + AT and T respectively (AT << T and is positive).

(1))

(1,0
FI T H HRE I, RRG i. e SRR RS, 2 E KA. R EWER
BN B KAE AT B MBI T 8 B A2 fEEr . DRI, B A AT I AR e, 3K
1175 RE PRI RN al 22 ER T A, —3OKRE x 5, 55— RNk E y T,

I B L 70932 Exo M Eyoo fBORAE X Ay J7 ) () HLRERE ST 70 XS L TR T + AT

BT (aT<<T, BREM . kb e mize 1

(1,(0)

What is the ratio

? (1 point)

(1,(r)) _T+AT
o) T
(k) The degree of polarization of the scattered radiation is given by T 32 B 48 5 1w R 15

RUORMG
(L) +{1,(r)
Calculate I1. What is the direction of the electric field polarization in the scattered wave? (2

points)

IR, SO SRR T & 42 (249
e, (o)=L TeaT-T AT AT
- <|X(r)>+<|y(r> B <|x(r)>+<|y(f> T T+AT+T  2T+AT 2T

Since (lIx(r)) is stronger, the electric field polarization in the scattered radiation is the y
direction.

(THE END 52»
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Please fill in your final answers to all problems on the summary sheet.
EAEBERK LI &R REER.

There are 5 problems. Please answer each problem using a new sheet.

Please answer on each sheet using a single column. Do not use two columns on a single sheet.

T dGE HE—EIN 7 NGB An] DE— 4R ERIUE S T %R

Please answer on only one side of each sheet. Do not use both sides of the sheet.

Rk AR AER . A AT DO AR

At the end of the competition, please arrange the summary sheet as the first page, followed by
the answers to each problem in sequential order of the problems. If your answer to a problem
requires more than one sheet, please arrange the sheets of the same problem in sequential order
of the parts.

LIRARN, EHBEREBEE W, b0 S48 B Ry e . A% — 8k —
U, V%I BB O R 2 AR

1. Electrostatic Force (4 marks) & HE (449

Consider a 2017-side regular polygon. There are 2016 point charges, each with charge q and
located at a vertex of the polygon. Another point charge Q is located at the center of the
polygon. The distance from the center of the regular polygon to its vertices is a. Find the
force experienced by Q.

G — 2017-101E 2B . b 2016 M BB — AHAT g0 A DR QAL T
LI L. LRI Y a. R QITRHIT.

2. Capacitors (13 marks)

(a-c) Consider two clusters of electric charges. Cluster A consists of N charges g1, 2, ..., O,

located at positions 74,75, ..., Ty respectively. Cluster B consists of M charges q1, 43, ..., qu »

located at positions 77, 7, ..., Ty, respectively.

(a-c) B FEPNZH T 40 A H N NERTET Ou, O, .., ONEHER, FRoTRIOL AL B, 7o) o Tve 41 B

H M AN Gy, G, -0 QuAR RS TR BRI TALETL, T2, ) Ty o

(a) Write the electric potential ¢, () at position 7 due to the charges in cluster A. (1 mark)
STRTACET H A BV G ) - (155

(b) Write the electric potential energy Eg,0f cluster B due to the electric potential ¢,. (1 mark)
5N B B A AT AV FIAEE Epa o (197)

(c) What is the relation between Eg 4 and E45? (1 mark)




Egya 1 Eqg T 52 (149)

(d) Consider two large conducting plates as shown in Fig. 1a. The upper plate carries a uniform

(€)

(a)

surface charge density ¢’ and the lower plate is grounded. Find the surface charge density of
the lower plate and the potential ¢'(z), where z is the height of an arbitrary location from the
lower plate. (5 marks)

FEAE la FonMBYR AW ESNR. ERGTAESSEEEEE, i MR, K
RAVE TR R A (2), Hz U EE — fEE TRITSE - (670

A Z 4 YA
o.’
A A
- I
I
q
Zy
\ 4 v
L 0 1 0
Figurela¥ 1a Figure 1b & 1b

A point charge q is placed between two very large grounded parallel conducting plates. If z,
is the distance between g and the lower plate, find the total charge induced on the upper plate
in terms of q, zo, and |, where | is the distance between the plates, as shown in Fig. 1b. (5
marks)

WAL 1b R, FEAREESY | EYPIERSPA T A SR AT CE A 0, HE] MREYEEEY 200 3K
EAREAE RN T BLay 20T I FoRIRAVE S » (54)

Cannonballs and Bombs (10 marks) fEFERIYERE (10 4

Envelope of safety: A ground based cannon can fire a cannonball at a fixed speed of u in any
direction. The envelope of safety is the curve inside which a target can be hit by the
cannonball, and outside which there is no possibility of a target getting hit by the cannonball.
Find the equation of the envelope of safety in space. (3 marks)

ZERIIAS — 1 ML T e LAE E 258 u [m{ER T A s o 35 HATAE
LRIFA TN, WA FTREHETT T o EAEHSN, MR ATt T « KA
LRIFAAHITRER - (34

(b) A bomb explodes at a height of H into many small fragments. It is given that after the

explosion the fragments have the same speed u and a uniform angular distribution in all
directions. After some time all fragments hit the ground and the collisions with the ground
are perfectly inelastic. Find the radius R of the distribution of the debris. (2 marks)



—ANESALE P H AR YE R 2 /N . SRR E 5 B A AR A R u f1Ey &)
I 0 AT [ BT RO . HJE A0 BREA B b BT A T 5 b T Rl B
N AR IR . SRIEHIRE AR R (27)

(c) A bomb explodes on the ground. Its fragments are projected at the same speed u, and the
angular distribution is uniform within a narrow angle a with the upward vertical direction.
After some time all fragments hit the ground. Let the mass of the bomb be M. Find the radius
R of the distribution of the debris up to order a. Calculate the radial density distribution p(r)
within radius R up to order r2, where p(r)2nrdr is the mass of the debris located at a
distance r to r + dr from the centre of the distribution. (5 marks)

. - g2 . - g2
[Remark: tane = ¢ (1 + ?) and sine = ¢ (1 - ?) fore «< 11

—AVERAEM I RE . BIES S LLRIFEE R u B, A A W R AE 5 3 B m) |
JT B AN R a N, TR VO N AR AT A . S & EREA B T . B HE
F R EN M. SRIEFFRE R DA R R, W Ea K. © XEZEE S Hp() ,
18 p(r)2nrdr MR EFREZH O r 2 r+dr SR N R E . KPR R Wp(r), #EW
ZriE=Fr. B

[VE: 2 e K1Wf, tane ~ 8(1 +§)&sins ~ 8(1 —%)o ]

4. Collisions (14 marks) ff#& (14 43)

A thin rod with length L, mass m and uniform density lies on the y-axis with its midpoint at the
origin. A point object A with mass m travels with velocity u in the positive x direction hits the
rod with impact parameter h, where —L/2 < h < L/2, as shown in Fig. 2a. The collision is
perfectly inelastic.

i 2a fiis, —MRKEN L BLEN m. HEHAMAEAAE y # b Biho i TEA —
FiiEJy m B R A LGRS u [a)1E X J7 [a)ia 3, JFARLE S48 h SisaidsE, b —L/2 < h <L/2,.
Mk 48 Oy 56 4 AR s Al

y y
C /4 BOpgC
A u A u m
m L/2 m L/2
h m m
A\ > >
X X
L/2 L/2
\
Figure 2a & 2a Figure 2b & 2b



(a) Find the total kinetic energy just after the collision between A and the rod. (6 marks)
K A RIS HEAAE G REMSB)EE. (675

(b) Find the velocity v of point C at the top end of the rod as a function of h. (2 marks)
K#E B sl CHHE v S hIBRERR. (249

(c) Find H such that v(H) = 0. (1 mark)
KHAEE v(H) =0. (140

(d) Suppose another point object B of mass m is located very close to point C, at the left hand
side, as shown in Fig. 2b. Further suppose the point object A hits the rod at the lower end.
Find the velocity of the point object B just after the rod collides elastically with it. (5 marks)

S —EN miETS B LB ST C W/ABIFFEEEE, WE 2b Fm. Hik
A TEEIRNY N SKEESFE B P /Esg 2 kRS, P18 BAVER. (57))

5. Thermodynamic Cycle (9 marks) #J7Z48EF (9 43)

Consider the thermodynamic cycle of an ideal monatomic gas shown in the pV diagram in Fig. 3.
The cycle consists of four processes:
A - B: Isobaric expansion at pressure rp, where r > 1
B > C: Isothermal expansion at temperature T,
C - D: Isobaric compression at pressure p
D -> A: Isothermal compression at temperature T,
FIEE 3 FHTR— M T E SRR FE Y pV & o ZE BRI AR
A > B: £k rp THVEEMK, Hrfr>1
B > CORME T, FHYERAZ K
C > D: &5k p NHYZEE 48
D > AURE Ti NHYER 48

A
A B
[ o J
isobaric
s Isothermal
V=]
isothermal Fi
V=]
FiE 1,
S ——
D isobaric C
i .y
Figure 3 & 3



(&) Write the highest temperature Ty and lowest temperature Tc in the cycle. No proof is
required. (1 mark)

TCAUIERA, 5 NMER YRR e T AR ERE Te o (14

(b) Write the efficiency ec of a Carnot engine operating with a hot reservoir at temperature Ty
and a cold reservoir at temperature T¢. (1 mark)

— RGPWAEREEN TulTS RAENDREN TeIRERERISTT - 5 NHAEE ec -
(157)

(c) Given that the gas is in thermal contact with a hot reservoir with temperature Ty whenever
heat is added to the gas, and in thermal contact with a cold reservoir with temperature Tc
whenever heat is removed from the gas, find the efficiency e of an engine running the cycle
in the pV diagram. Express your answer in terms of T¢, Ty, p, and r. (5 marks)

CHI—PWIAEIERF BT, SRR KL SRS T AURZERA T A, SRR
7k PSR Te BYRRZERA TRl « SRELPGEER e DL Te ~ Ty~ p I r RoRIRIVE
. (B4

(d) Find the ratio :;C Hence suggest a parameter regime in which the efficiency approaches that

of the ideal engine. (2 marks)
REEH —. RIEE SR, FEH Al PR @i A RWIACR S HGEE . 27)

e
1| —
ec

{THE END 52)
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1. Electrostatic Force (4 marks) g&HE 77 (443)

Consider a 2017-side regular polygon. There are 2016 point charges, each with charge q and
located at a vertex of the polygon. Another point charge Q is located at the center of the
polygon. The distance from the center of the regular polygon to its vertices is a. Find the
force experienced by Q.
BIE— 2017-AIEZ A - Bt 2016 M B8 A — i HAT g o S9A— R Qir T
eI o PLEE— M EREEE Y a - K QTN ] -
Consider the polygon with a charge q at each vertex. In other words, there are 2017 charges. The
system has a discrete rotational symmetry and hence the force acting on Q must be zero. Now
our system is equivalent to the above system but with a charge —q added to one vertex. Hence the
force is
Qq a
 4meya?
where 4 is a unit vector pointing from the center to the empty vertex.

2. Capacitors (13 marks) B2 (1343)

(a-c) Consider two clusters of electric charges. Cluster A consists of N charges qi, 2, ..., On,
located at positions 74,75, ..., Ty respectively. Cluster B consists of M charges q1, 43, ..., qu »
located at positions 77, 7, ..., Ty, respectively.

(a-c) HIEMAH LT - 20 A HI NNEAE Q, O, - ONEEER, R T &, 7 o Ty © 4 B
1 MNHLfE gy, g2, -0 quAHER, %ﬁ%“ﬁ?ﬁl%rph' e Ty ©

(@) Write the electric potential ¢, () at position 7 due to the charges in cluster A. (1 mark)

SN TLET HA A BEERAVERG) - (153)
N

0aF) = e Y
41re ) £ - |r — ;]
=
(b) Write the electric potential energy Eg 40f cluster B due to the electric potential ¢,. (1 mark)

=4 B EBT?IEE*%AF&EE@%%@E Epia (157)
i q:9;
7 =5l

N M
Ep|a —qufﬁA(T)—qu 47TSOZ|7"—TJ 4neoz

j=1 ! i=1j=1

(c) What is the relatlon between EB| aand Eyp? (1 mark)
Epja T Eqg BIR A (1 77)



N N M a0
i1
Eap = z %i¢e () = Z i 47‘[802 |7 — 77| 47‘[8022 |7, =7/
i= i=1j=1
Interchanging the mdlces iand j, and the order of summation, we have Egj4 = Ey 5.
(d) Consider two large conducting plates as shown in Fig. 1a. The upper plate carries a uniform
surface charge density ¢’ and the lower plate is grounded. Find the surface charge density of

the lower plate and the potential ¢'(z), where z is the height of an arbitrary location from the
lower plate. (5 marks)

FIEAA la FRMPRARRVESIN - BT A S EEE L, i MR EEHE - K
MREYE B A A (2), Hpz R — SEE TIREE - (59)

Ay 47

A A

T T

Figurela& 1a Figure 1b |5 1b

The surface charge density at the lower plate is —o’
Using Gauss’ law, the electric field between the plates is E = :—'

0
0 z<0,

The potential is ¢'(2) = { &~ 0<z<l,

—1 z > 1.
(e) A point charge q is placed between two very large grounded parallel conducting plates. If zo
is the distance between g and the lower plate, find the total charge induced on the upper plate

in terms of q, zo, and |, where | is the distance between the plates, as shown in Fig. 1b. (5
marks)

WK 1b Firow, FEAHEEDY | PR ERET j(EE—Eﬁ)ilEﬂﬁi%Eﬁﬁ q, HEIMRIVEEE 20 - 3K
EAREERINL AT o BL g~ 20 B0 N BoRIRAVE R © (5 97)

Consider the charge distribution in Fig. 1a to be cluster A, and that in Fig. 1b to be cluster B.

To calculate E4 5, We note that there are electric charges in cluster A located at the upper plate

only, but for cluster B, the electric potential at the upper plate is 0. Hence E, 5 = 0.

To calculate Eg 4, We note that there are electric charges in cluster B located at:

e the lower plate, but ¢, = 0;

e the point charge q, where ¢, = :—;zo;



e the upper plate with charge Q,, to be determined, where ¢, = :—' L.
0

Hence applying the result in part (), g =2 + Qu =1 =0 = Q, = —q 2
3. Cannonballs and Bombs (10 marks) HIZERIYERE (10 43)

(a) Envelope of safety: A ground based cannon can fire a cannonball at a fixed speed of u in any
direction. The envelope of safety is the curve inside which a target can be hit by the
cannonball, and outside which there is no possibility of a target getting hit by the cannonball.
Find the equation of the envelope of safety in space. (3 marks)

RN — 1 ML AR e LUENE 2% u [A{Efe] 7 (A A S - 35 HATAE
LRGN, WA RTREREITH o EEHIN, WA TRe s T« SRAES
) RIS TR - (347)
Consider a target at (x, y). Let the cannonball fired at angle 6 hit this point. Then
x = utcoso,
{y = utsinf — %gtz.
2

gx
2u2cos26’

Eliminating t, y = xtan 6 —
1
cos?

Note that —— = sec’ 8 = 1 + tan? @, we arrive at the quadratic equation in tan 6.

%tanze — xtan6 +%+y = 0.

Outside the envelope, there are no solutions.

Inside the envelope, there are two solutions.

Right on the envelope, there is only one solution.

Setting the discriminant to zero, A= (—x)? — 4%(% + y) =0=>y= —Z‘%xz +5 which

is a parabola.

(b) A bomb explodes at a height of H into many small fragments. It is given that after the
explosion the fragments have the same speed u and a uniform angular distribution in all
directions. After some time all fragments hit the ground and the collisions with the ground
are perfectly inelastic. Find the radius R of the distribution of the debris. (2 marks)
—EFAE S H ARERARZ/ MER - ERINNEIEE R DURRETYEAR u RIS
HIFAE AR S DT EROT - HEa&teR A S E E - B&ArARER StimryhfE &
N5Ee I FE RS o SKIVFHERIY T AFEER - (297)

Let the bomb be located at the origin, x be the horizontal axis and y be the vertical axis, with
2
upward as positive. Using the result of (a), sety = —H, we have —H = — %RZ += =

u 29
R= ’E‘w/u2 + 2gH.

(c) A bomb explodes on the ground. Its fragments are projected at the same speed u, and the
angular distribution is uniform within a narrow angle a with the upward vertical direction.
After some time all fragments hit the ground. Let the mass of the bomb be M. Find the radius
R of the distribution of the debris up to order a. Calculate the radial density distribution p(r)



within radius R up to order r2, where p(r)2nrdr is the mass of the debris located at a
distance r to r 4+ dr from the centre of the distribution. (5 marks)
[Remark: tane = ¢ (1 + %) and sine = ¢ (1 - %) fore «< 11
—AMVEFRE AR o SRIEE SR DR RS u B A mIRIE S EE F L
T REIRR N R a N - MAEXSGE N AEE S - HG &R #hEA R L - 5k
SEBTEN M e KIEHEEI L R, EHEa 19— o & EEE e (),
{550 (r)2rmrdr NFEEFRAZ L ¢ 2 r+dr SEENAVEREZE - K R N (r), AL
EryE_k - (557)
[F: 24 ¢ <10, tane = 8(1 +§))§Zsine ~ 3(1 —%) o]

X =utcoso,

{y = utsinf —%gtz.

; 1 2usin @ 2usin 6 2 5in 26
Aty=01ut51n0—5gt2=0:>t= uzn :>X:u€OS€(usgm )=u s;n

Substituting 6 = g —candx =7,
u? u? 2u? Z
r = —sin(wr — 2¢) = —sin(2e) = —¢ (1 ——¢ )
g Y g 3
2
Hence R = %a.
2m cos 0dO
2n(1—-cosa)

The angular distribution after the explosion is p(8)d0 = M = p(0) = i—';'cos 6

= p(e) = ﬂcos(z—e) = sine ~ ﬂe(l —f)
p T az 2 ) ) 6/
p(e) de
2nr dr’

p(r) =

ar E e Mg ( 1152) _ _Mg? ( 1132)< g)
~ 1-2&%)=pr) = — o~ 1+ o 1+ 1+

de 6 6 3
2 2 2 2,2
Mg (1450 o M () )

=~ ~
4tuta? 2 4tuta? su*

4. Collisions (14 marks) R (14 43)

A thin rod with length L, mass m and uniform density lies on the y-axis with its midpoint at the
origin. A point object A with mass m travels with velocity u in the positive x direction hits the
rod with impact parameter h, where —L/2 < h < L/2, as shown in Fig. 2a. The collision is
perfectly inelastic.

W 2a Fiow, — R L~ T8N m -~ BEESRILIRIAME Y Bl E o BRRyTuO R TRA - —
[T m BB A DUEE U A IE X 7RSS, HEDAESE h S, Hh—-L/2 <h <L/2, -
b4 52 4 Rt PR R A -
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Figure 2a [&] 2a Figure 2b [¥] 2b

(a) Find the total kinetic energy just after the collision between A and the rod. (6 marks)
K AN SERIEES 2 A0S HI5E © (643)

Initial momentum: p; = mu

Initial angular momentum about origin (clockwise positive): L; = muh

Initial kinetic energy: K; = %muz
Final momentum: py = 2mucy

Final angular momentum about origin: Ly = 2mveyYem + Ieyw Where yey = meh = %
o = ! L* + (h>2+ (h h)z— . L2+1 h?
oM =qpME M) Tm\tTy) Tp™ T

Using the conservation of momentum, mu = 2muvey = vy = %

Using the conservation of angular momentum,
muh = (2m) (E)E+ (imL2 + lmhz)w > w=
2) 2 12 2

Final Kinetic energy:

6uh
L2+6h2’

1 w2 101 1 6uh \> mu? 6h?
Ky =5 @m) (3) +E(EmL tgmh >(L2 T 6h2) "2 <1 Ty 6h2>
(b) Find the velocity v of point C at the top end of the rod as a function of h. (2 marks)
Kb Bl CHYEREE v S hVeRE R 2 - (297)
u 6uh (L h uL(L + 6h)
T o W Cadl )}
2 L? + 6h? 2(L? + 6h?)
(c) Find H such that v(H) = 0. (1 mark)
KHERFVH)=0- (153)

_ uL(L+6H) _ I
v(H) = 2(L2+6H2) V=it = 6

2 2



(d) Suppose another point object B of mass m is located very close to point C, at the left hand
side, as shown in Fig. 2b. Further suppose the point object A hits the rod at the lower end.
Find the velocity of the point object B just after the rod collides elastically with it. (5 marks)
B — g m s B (L E ST C Y/ EFRET - WE] 2b s - ik
S AREERRIY T  SREES A B A w2 W IERHES - F5 BAVEE - (543)

Let w, be the forward velocity of the center of mass of the rod after collision with B.

Let w, be the backward velocity of object B after the collision.

Let w, be the clockwise angular velocity of the rod after collision with B.

Conservation of linear momentum: mu = —mw, + 2mw; = w, = 2w; — U.

Conservation of angular momentum about the origin: muh = —mw, % + Icpywq + 2mwy (g)
i — L2 2l n2 — 2 012 thisimolies — 1y = — X =l _1

Since Iy = > mL® + th = 24me , this implies Su SW2 + 24Lw1 S Wi

Eliminating w,, w; = ;—i(Swl — 2u).

6h?
L2+6h?

2
Conservation of energy: = (1 + ) = %mwzz + %ICwa + % Cmw? =
2 1 5
Euz = EWZZ + ELZ(J)% + W12
Substituting w, and w4, %uz = %(2W1 —u)? + % (Bw, — 2u)? + w2,
This reduces to the quadratic equation 84w? — 92uw; + 25u? =0 = w; = %u or % The

. . . . 25 4
second solution is the velocity before collision. Hence w, = LU= W, = u

5. Thermodynamic Cycle (9 marks) #JJZEEHF (9 47)

Consider the thermodynamic cycle of an ideal monatomic gas shown in the pV diagram in Fig. 3.
The cycle consists of four processes:
A - B: Isobaric expansion at pressure rp, where r > 1
B > C: Isothermal expansion at temperature T,
C - D: Isobaric compression at pressure p
D - A: Isothermal compression at temperature T,
BIERE 3 PR — MR FEAESURAAT AR pV B o TG RSN AR
A > B £ rp FHYEERZMK, Hr>1
B > CORE To NHYERAZ MK
C > D: 5% p FAYZFEELH
D > AURE Ti NHVE R 48
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Figure 3 & 3

(@) Write the highest temperature Ty and lowest temperature Tc in the cycle. No proof is
required. (1 mark)

TAER, B TMEH 8V s R Ta AREORE Te - (173)

TH = Tz, Tc = Tl.

(b) Write the efficiency ec of a Carnot engine operating with a hot reservoir at temperature Ty
and a cold reservoir at temperature Tc. (1 mark)
— RGEPWAERES TuBSRAENDRE TeIRIERMERISTT - 5 NHAEE ec -
(157)

(c) Given that the gas is in thermal contact with a hot reservoir with temperature Ty whenever
heat is added to the gas, and in thermal contact with a cold reservoir with temperature Tc
whenever heat is removed from the gas, find the efficiency e of an engine running the cycle
in the pV diagram. Express your answer in terms of T¢, Ty, p, and r. (5 marks)
CRI—PWAEIEI B T » SRR K SRS T AYRRZERA T R, SRR
N7k ZL SR Te HYFRZERA T HAfim « SRELPGEER e o DL Te ~ Tw ~ p I r RoRIRAVE
e (577)

InA->B

3 3
Q - AU - W - EnR(TH - Tc) +7‘p(VB - VA) - EnR(TH - Tc) +nR(TH - Tc)

5
= EnR(TH —T¢)
InB->C
nRTy
Ve VenRTy Ve D
Q=-W-= pdV = dV = nRTyln — = nRTyIn —=— = nRTyInr
v vV V nRTy
B Ve B
rp
InC->D



3 3
Q=AU-W= EnR(TC - TH) —p(Ve — VD) = EnR(TC - TH) —nR(Ty —T¢) =

5
= ——nR(Ty = T¢)

InD-> A
nRTp
Va Va TLRTC VD p
Q=-W-= pdV = dV = —nRT:In— = —nRT:In —==— = —nRT;Inr
1% % V VA nRTA
D D T'p

Since AU = 0 in a cycle, work done in a cycle = heat absorbed in a cycle
= Qap + Qpc + Qcp + Qpa =nR(Ty — T¢) Inr.
Heat is input during A > Band B > C, Q45 + Qpc = %nR(TH —T¢) + nRTy Inr.

The efficiency is
nR(Ty — T¢)Inr B (Ty — T¢)Inr

e = =]

(d) Find the ratio ei Hence suggest a parameter regime in which the efficiency approaches that
C

of the ideal engine. (2 marks)
ﬁ‘ittfﬁﬂfc o IRIEEZE, TR AR PR TR AW ACRZECEHE - (2 97)

e Ty — To)l T Tl
_ (Ty c)Inr ( H )= glnr <1
Ty

To make the ratio approaches 1, we can make r > 1 or make Ty — Te < Ty.

(THE END 58)
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Please fill in your final answers to all problems on the summary sheet.
BEREEL HE FEURGEEE -

There are 3 problems. Please answer each problem using a new sheet.

3 FE LH > JURFHBT—RE -

Please answer on each sheet using a single column. Do not use two columns on a single sheet.
TS HE—EANWTE™ - A 8] DHE— TR B DI E S T -

Please answer on only one side of each sheet. Do not use both sides of the sheet.
KRR FE - A DOHEES -

At the end of the competition, please arrange the summary sheet as the first page, followed by
the answers to each problem in sequential order of the problems. If your answer to a problem
requires more than one sheet, please arrange the sheets of the same problem in sequential order
of the parts.

EEFREE AT - BN EEERRBIEE N @ ST H X piky - w5 —dEy —
T BT B X P B B4R -

1. Gravitational Lens Simulator (9 marks) 5| 185 E% (9 9)

The gravitational field of a massive body exercises a lenslike condensing action upon radiation
passing through it. A simulated gravitational lens was constructed of Plexiglas for use in
demonstrating the lens phenomenon.
RIFAEVHAMT TS [ T3 2L e L= A BB AIE R, #RO5 [J1EFRN - X H
BA B R IANBFE SIS — OB M S [ 1A RIS -
According to general relativity, a light ray passing at a distance of closest approach r to the
center of a spherically symmetric body of mass M, will be deflected toward the body through an
angle which, for small deflections, is given by
FRAET SO, H—FOCEREET — MHABONIR ~ F180 MAYYHARR, =7 T - HfE
TrAERN - MR SYIR O RSEIEE r 1,285 e i N HAAHEH

4GM

rc?

E =

where G is the gravitational constant and c is the speed of light. We, therefore, require of our
simulator that it deflects transmitted light through an angle

FEEAXTCHSIIEL > e - REERTERTESR L Ny AEEETTek
R

£=—
r

where R is a constant. £_FHHREHANFEEL -

1




The lens, illustrated in cross section in Fig. 1, is designed to be hand held within the range
between roughly one foot and arm’s length from the observer. The object for viewing is assumed
to be at a distance much larger than one meter on the left hand side of the lens. This implies that
one can assume the incident light ray to be normal to the plane front surface of the lens and
refraction is thus assumed to take place entirely at the back surface. The angle of incidence of the
light ray at the back surface is designated by &, the angle of refraction by 8°, and the angle of
deflection by &, which are all assumed to be small angles. The refractive index of the lens is n.

Bl —Fror AT B SRAREETE © (TESVMNEZ TRkt - it iEE RN —REFE K
& o MEWGRA TR RSB R T KA o« ARG AR R EE TR
BHVAPE, T NEETERERE - L0 R AFHES EREALNRA, 0
TOTITIN AR - onEiTAE - DLEAREEE/NAEE o (TEBRIITH RE0En -

A

<t>) r
(X 1)
Incident light ray Normal jE4%
A ] (x 1)
IS BT rre— =
Refracted light ray
Prite
©,r)
X
) (0, 0)
:\/\/\/
—t—>
Figure 1 [&—

(a) Derive the expression dx/dr for the slope of the back refracting surface of the lens in terms of
gand n. (4 marks)

I SEHETH EERER dxidr - BZELI n KA - (4 97)



(b) Derive the expression x(r) of the back refracting surface of the lens. Express your answer in
terms of n, R and ry. (3 marks)

HES BEEITH HATRATOX()  BEE N~ RAI &K - (347)

(c) A light ray is incident at impact parameter r equal to 2 cm. If we require the ray to cross the
lens axis at a horizontal distance of 30 cm from the point at which it departs from the lens,
find R. (1 mark)
FE—RARNSE r 7 2em sk o AIRIDKIZOCRAEE T ES S T 7K FEER 30 cm
PAS T TR AL, T R NMEYA{E? (1 77)

(d) Find the effective gravitational mass of the lens. (1 mark)
HEEHRNARG [ RE - (1597)

2. A String and a Mass (19 marks) &R ERYZ (19 47)

In this question, all oscillatory motions are assumed to be small.

AT - BEFTEE G E N NED, -

As shown in Fig. 2, a string of mass m and length | with tension 7z has a mass M attached to the
end. The mass M can slide in a vertical direction on a frictionless rod at x = I. The shape of the
string is described by a function y(x, t). The string is fixed at the origin y(0, t) = 0.

WE R, —RfBEN m~ KEN |~ sk i dZ—ImaEnE M- %iE M 1 FE—
FRALT x = | AARJEEE EEEEEED) o sZAYBISHRE y(x, YaH o 52895 —UmEE
FE A, Bl y(0,t) =0

Figure 2 i —

(a) First assume that mass M is held fixed at y = 0. Write down the general solution y(x, t) for the
standing waves on the string. Express your answer in terms of the given parameters and
arbitrary constants. (4 marks)

EEIRLTR MBLEELE y = 048 - 5 FL EGEMAT R yix, 1) - EELULENSE
MEEFEEERZE - (47)

(b) Now assume that mass M can slide up and down on a frictionless rod at x = |. What is the
boundary condition on y(x, t) at x = 1? You can assume that the oscillations are small. (1 mark)
WAL E MBEIEE x = AR BT I y(x, OFF x = | AR SR %
22 RA] Bk EG R NE - (157)

(c) Write down an equation for the frequencies of the standing waves on the string when the
mass M is free to slide. You do not need to solve the equation. (2 marks)

L5TE M a5 HIF RN, BN L IR R e IR RREARIZIE - (2 97)



(d) If m << M, find the two lowest normal mode frequencies. (2 marks)
W m << M, FHEARMETPE N ENBEEE (2 57)
(e) For m << M, calculate the ratio of the kinetic energy of the string to that of the mass M at the
lowest normal mode frequency. (2 marks)
WIER m << M I EAEGARMAYIENE S - 5209888 S5E M BYEIRERYELAT - (2 77)
(F) If m>> M, find the two lowest normal mode frequency. (2 marks)
WIS m >> M, $5H EARAHAY i I AR - (2 97)
(g) For m >> M, calculate the ratio of the kinetic energy of the string to that of the mass M at the
lowest normal mode frequency. (2 marks)
WIFE m>>M - SRR RS IENE T X8558 S5 E M AYEIREAILLST < (2 77)
(h) A traveling wave of angular frequency o is generated near the end x = I. It propagates
towards the mass M and is reflected with a phase shift of /2. What is the value of o in terms
of 7, m, M and 1? (4 marks)
TESEAT X = | IANAE R — AN o1 T2 » AT E M 5 RERE - H-DAA2 HIFERS
WS o Ko BZELLem~ MAIRIK - (4 57)

3. Maximum Mass of a Star (22 marks) 2B E (2247)

Consider a star of mass M and radius R. Assume that its density is uniform.

FBEENM REEN RIVER - BEHITERETS -

(a) Its gravitational potential energy U can be calculated by considering the work done in
bringing a thin layer of materials and depositing on the surface of a spherical protostar of
radius r when r gradually grows from 0 to R. Calculate U. Express your answer in terms of G,
M and R, where G is the gravitational constant. (4 marks)

FTEEAENT [ NHAE U s ERZREREERYIFIINEFEN r (VBN R ARZRE T
TEHYZS > FHE r B O RIS INEI R - PR U » BZELIGIEE G~ MAIRZEIR - (4 57)

(b) Assume that the star is made up of protons and electrons, both behaving as ideal gases. It is
known that during the formation of the star, half of the loss in gravitational potential energy
is converted to thermal energy, while the other half is radiated away. Derive the temperature
T of the star in terms of G, M, R, m and kg, where m is the average mass of protons and
electrons, and kg is the Boltzmann constant. (2 marks)

B B AR HEFAR, HAThE SR - CREYEEIPN, 25 [HAEERY
PGS, S—FaiEsE - HSEREE T FEL G-M R
mil ke FiA - XEMNFEFSHFIFERE » ke WIEZZEFE - (257)

(c) Derive the gas pressure Py of the star in terms of G, M and R. (2 marks)
HES BRI SURETR Py » ZZELLG - MAIREIA - (257)

(d) The virial theorem states that the total pressure in a star is related to the gravitational

potential energy by P = —b%. What is the value of b? (1 mark)

U .
fRYEEEEH, BIENHEERSS [ IHBRERNRZ P = —bv o SKbHYE - (147)



(e) At high temperature, photons in the star also contribute to the pressure. Derive the radiation

(f)

pressure P, by applying the kinetic theory of gases in a cubic box of volume L3, in which the
momenta of the photons are described by the de Broglie relation. Express your result in terms
of the photon energy density u. (5 marks)

FEERT, BEPIDEFHaEER - R ESEEe - B ARy L riry
STHHeT - HiObrisiEWEEMPZ ER AT > MMSHENER Pr o BT
HFREEHEE URA - (67)

It is known that the photon energy density is given by u = aT* where a is determined from

P .
fundamental constants. Show that F' oc M. What is the value of ¢? (2 marks)
g

N ALZ P N pa— N PI’ C N S
EXDETHIBE RS u = aT’, Hrh a EAHEE - UEA 5= o M, HK cHIE -
9

(247)

(9) Calculate the ratio % for the Sun. You may use the following parameters: (1 mark)

g

N =<y Pr \ \ Vi
PR 5~ - IRETDASER LA S5 (1 57)
g
a=7565x 10° JK*m=3, G = 6.673 x 10" Nm?kg?, m = 8.368 x 10?® kg, Mgy, = 1.989 x
10 kg, ks = 1.381 x 102 JK .

(h) For stars more massive than the Sun, the radiation pressure becomes increasingly significant

(i)

and the star becomes unstable. This implies that there is an upper limit on the mass of stable
stars. Suppose the radiation pressure becomes equal to 1/3 the gas pressure at this limit.
Calculate the temperature in terms of a, kg, m, M and R. (2 marks)

WFEEAPHENEAE, A REMTHER, 2RTTEEARE - XEWERENE
FHE—IE LR - RREX EIRMNEN EEET U3 SUREE - Ut EIE EREY
SR BZEDla ks, ~m -~ MAIRFEIA - (247)

Using the virial theorem in part (d), find this upper limit of stellar mass. Express your answer
in units of solar mass. (3 marks)

Rz (d)Ef a4 e, SREARTTER EIR - ZZEIUKPAREYHAL - 3 57)

(THE END 5g)
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1. Gravitational Lens Simulator (9 marks) 5| 7B E4 (9 77)

The gravitational field of a massive body exercises a lenslike condensing action upon radiation
passing through it. A simulated gravitational lens was constructed of Plexiglas for use in
demonstrating the lens phenomenon.
KITEYHAMT TG [ 15 i B e 2= A AR AVIE R, #ROS [J1ERRN - X E
B B ANBEE RS — OB s M B (1B -
According to general relativity, a light ray passing at a distance of closest approach r to the
center of a spherically symmetric body of mass M, will be deflected toward the body through an
angle which, for small deflections, is given by
A SCRXTE, Z—HOtZZd — MIAEERFR. BTEAMBYMAR, & JE . 28
PrA AR/, TGS SR O s SEITEE B N r IS0/ FEv] T A 2045

4GM

rc?

where G is the gravitational constant and c is the speed of light. We, therefore, require of our
simulator that it deflects transmitted light through an angle

FEERPCHTIIEL, ek o REEERMESR AR LN A PR AE Ttk
R

E=—
r

where R is a constant. 1£_E=HREFEEL -

The lens, illustrated in cross section in Fig. 1, is designed to be hand held within the range
between roughly one foot and arm’s length from the observer. The object for viewing is assumed
to be at a distance much larger than one meter on the left hand side of the lens. This implies that
one can assume the incident light ray to be normal to the plane front surface of the lens and
refraction is thus assumed to take place entirely at the back surface. The angle of incidence of the
light ray at the back surface is designated by &, the angle of refraction by 8°, and the angle of
deflection by &, which are all assumed to be small angles. The refractive index of the lens is n.

B — B i AR RO R 07 BV E Fasm it st i R4 —IRBFE K
o MEXGALT BP0 B A 70 KT KAk PIE3RATA BRSSO ZATEE T H
BEHRTF I, AT AR A T RS E R, Lo KRGS R EELK KA, 0°
Rl OoRJET A o DLEMAE BBV M. TG RIITE REGE n.



| (%, T,)
Incident light ray Normal 54
AFHE ] (X, 1)
o —— T v N
Refracted light ray
It
©.r)
X
) (0,0)
i\/\/\/|
—t—>

Figure 1 f—

(a) Derive the expression dx/dr for the slope of the back refracting surface of the lens in terms of
gand n. (4 marks)
WS B ETTHEIRRE didr, FRDUM nFiK. (457)

Using Snell’s law, nsin 6 = sin 6’

By small angle assumption, n6 = 6’

The angle of deflectionisthuse =8"—0 = (n—1)6

We also have tan(—6) = — — dx

= —=tanf
dr/dx dr

. d
By small angle assumption = = § = ——
ar n-1

(b) Derive the expression x(r) of the back refracting surface of the lens. Express your answer in
terms of n, R and ry. (3 marks)

RIESFE ST HERRER x@). BEEUn. RAnEFE. B9
Using e = X, wehave £ = &£ = =
ge= r’ dr  n-1  (n-Dr = ax = (n-Dr’

Integrating, x = f(ni)r dr = %lnr +C

Boundary condition: 0 = ﬁlnr1 +C=>C= —%lnr1

2



=>Xx= —lnr ——lnr1 —x=—"1Int
n—-1 n— n—1 71

(c) A light ray is incident at impact parameter r equal to 2 cm. If we require the ray to cross the
lens axis at a horizontal distance of 30 cm from the point at which it departs from the lens,
find R. (1 mark)

FRE—HRAHSH r N 2em KPLL. IR ERZOCLAE BITES 5 T/K T HHE 30 cm
Ak 'GJE%EEMEH?FHX W R BZHATAE? (1 77)

tane === e=tan = =2= R = 2tan"'= = 0.1331 ~ 0.133 cm
30 30 2 30

. . . 2 22
Remark: Also accept answer using small angle approximation: € = tane = — = — : R =

30 30
0.1333 ~ 0.133 cm.
(d) Find the effective gravitational mass of the lens. (1 mark)

WEERNERG I IRE. (1457)

2 812
R =2 =B - QIOBSVEXI0 )V _ 4 489 x 1023 ~ 4.49 x 10%3kg
c2 4G (4)(6.67x10~11)

which is about 6 times the mass of the Moon.
Reference: S. Liebes Jr., Am. J. Phys. 37, 103 (1969).

2. A String and a Mass (19 marks) &R B 13X (19 4)

In this question, all oscillatory motions are assumed to be small.
FEA R, BRBTA E D B MNR .

As shown in Fig. 2, a string of mass m and length | with tension 7z has a mass M attached to the
end. The mass M can slide in a vertical direction on a frictionless rod at x = I. The shape of the
string is described by a function y(x, t). The string is fixed at the origin y(0, t) = 0.

WEZFR, —%BEA me KEA L KIIRNANZ—mRERE M. 1X0E M iJ{fE—
RO x = VM FiEsE LEEEEES . ZARESHBE yX )A . 20058 —umE e
TR kb, Bl y(0,t) =0,

Figure 2 I —

(a) First assume that mass M is held fixed at y = 0. Write down the general solution y(x, t) for the
standing waves on the string. Express your answer in terms of the given parameters and
arbitrary constants. (4 marks)

BRI E M EE Y = 04b. 5L EIRRE—BE y(x, t). HFRUGERNSH
MMEREHEBERIE. (477)
A standing wave has a general form y(x, t) = (Asinkx + Bcoskx)sin(wt + §).



We can always choose the zero point of t so that 6= 0.

Hence y(x,t) = (Asinkx + Bcoskx)sinwt.

The boundary conditions y(0, t) = 0 and y(l, t) = 0 impose conditions B=0and kl =nzforn=1,
2,3, ...

In general for a wave = kv and for a string v = /t/p = +/lt/m. General solution:
y(x,t) = Y-y A, sink,x sin w,t, where k,, = nl—n and w,, = \/%kn.

(b) Now assume that mass M can slide up and down on a frictionless rod at x = |. What is the
boundary condition on y(x, t) at x = 1? You can assume that the oscillations are small. (1 mark)
DAER TR M BERE x = | AL-FiE i BT R8N, W y(x, H7E x = | ReiL A%
e A2 IR MR R A N R . (17)

The force needed to accelerate the mass is given by the tension in the string. Using Newton’s law,

0’y(Lt)  ay(xt)
oz ox |,

(c) Write down an equation for the frequencies of the standing waves on the string when the
mass M is free to slide. You do not need to solve the equation. (2 marks)

L M W] H HIESIN, S R R A TR AT E Rz . (2 )

—Mw?Asinklsinwt = —tkAcosklsinwt = Mk? %sinkl = tkcoskl = M%sinkl = coskl
m
kltankl = —
an T

There are infinitely many normal modes.

T

tan x

m/Mx

(d) If m << M, find the two lowest normal mode frequencies. (2 marks)
AR m << M, $RH ARSI A IE A . (2 77)

First normal mode:

Since kl <<1, tankl = kl and we have



ot onn B

Second normal mode:

T Tl T
k~x-—=Dw=vk= |—==m |—.
l ml ml

(e) For m << M, calculate the ratio of the kinetic energy of the string to that of the mass M at the
lowest normal mode frequency. (2 marks)
AR m<<M, W EARIIAIENE G, ZRzhEE S S MBS RerI s, (2 7)
Let A be the amplitude of oscillation of the mass M.
At the first normal mode, the amplitude of oscillation at position x of the string is Ax/I.

Ax d 2
Hence the ratio of the kinetic energies is R = 1T )2 m o [dm
MA Mi?

Note that the numerator is the moment of inertia of a rod about one end.
mi*/3 _ m
Miz2 ~ 3M
(F) If m>> M, find the two lowest normal mode frequency. (2 marks)
W m >> M, o H AR R (E [ RESER . (2 47)

First normal mode:

kltankl = —>>1:>kl —:>w—vk \/7 = \F
m Zl
Second normal mode: kl ~ 2= = w = vk ~ \/Z = 3"f

(g) For m >> M, calculate the ratio of the Kinetic energy of the string to that of the mass M at the
lowest normal mode frequency. (2 marks)
WME m>>M, K EAERARSH IE N T, SZH)hEES FiE M KIS RERIELE]. (2 77)
Let A be the amplitude of oscillation of the mass M.
At the first normal mode, the amplitude of oscillation at position x of the string is Asin(zx/2l).

Hence R =

Asin™) d in22>
Hence the ratio of the kinetic energies is R = J(asin 2) m_Sam_m
MA M 2M

(h) A traveling wave of angular frequency « is generated near the end x = I. It propagates

towards the mass M and is reflected with a phase shift of 7/2. What is the value of o in terms

of z, m, M and I? (4 marks)
TESENT X = | INER—FRRN ol T © AT E M J7ERE, 1 DAA2 iR
WG - Ror BZLee me MATIFEIE. (44))

The wave can be written as y(x,t) = Asin(k(x — 1) — wt) + rAsin (k(x -0+ wt+ g)

= Asin(k(x — 1) — wt) + rAcos(k(x — 1) + wt).
Substituting into the boundary condition,

2
MZTf = Mw?A[sin (wt) — 7 cos(wt)],
x=1
—Tz—i/ = tkA[— cos(wt) + r sin(wt)].




For the boundary condition to satisfy for all t, we should have Mw? = tkr and Mw?r = tk =
Mw? Tk

= = Mw? =tk and r = 1. Hence
Tk Mw?

M=o gy==1m
v My M+l L'

3. Maximum Mass of a Star (22 marks) &R AT E (22 47)

Consider a star of mass M and radius R. Assume that its density is uniform.

FEHEN M, PEHNRNER - BEHITERESS -

(a) Its gravitational potential energy U can be calculated by considering the work done in
bringing a thin layer of materials and depositing on the surface of a spherical protostar of
radius r when r gradually grows from 0 to R. Calculate U. Express your answer in terms of G,
M and R, where G is the gravitational constant. (4 marks)

TR ARSI U, iEEZENERYIFIINEFEY r fyBRINAERARFR =T

TEHYZ, FHE r i O RN R - R U, BZELIG[IEL G - MAIREIK. (447)
Work done in depositing a layer of thickness dr on the surface of a protostar is the gravitational
potential energy change of a layer of volume 4=r’dr brought in from infinity to distance r

dU —— Gm(r)

3
pAar®dr, where p :j—ﬂ'\;a IS the density and m(r) = M(%) is the mass of the

protostar of radius r. Hence
R 3 R 2 2
U-_| GM (Lj ol :_4”pc3;|v| J rigr —_4mGMR® _ 3GM*
, I \R 5 5R
(b) Assume that the star is made up of protons and electrons, both behaving as ideal gases. It is
known that during the formation of the star, half of the loss in gravitational potential energy
is converted to thermal energy, while the other half is radiated away. Derive the temperature

T of the star in terms of G, M, R, m and kg, where m is the average mass of protons and
electrons, and kg is the Boltzmann constant. (2 marks)

i B AT TR, HATH ENERRSE - BRI EEIPRIN, KGR
M —F2FAEVRE, S FoEss - WHESEREE T, BFU 6. M. R,
mAl kg KA - XEMANFTTSHETHPERE, ke WHRHELSEL. 257)

0

2
Using the conservation of energy, gNkBT Z%(?’CE;SII\?/I ] where N :% is the number of

GMm

5kyR

(c) Derive the gas pressure Py of the star in terms of G, M and R. (2 marks)
HHESEARNSIEELETT Py, BFEU G MATRER. (277)

p _ NkgT _GM? 3 _3GM’

Y} 5R 47R® 204R*

protons and electrons. = T =




(d) The virial theorem states that the total pressure in a star is related to the gravitational

potential energy by P = —b% . What is the value of b? (1 mark)

RAELE B E B, BEANEERS I IHRMRRAP = —b% - KbHYH. (177)

2
Since ENkBT =1[3GM j we have > PV :1(—U) -V L
2 2\ 5R 2 2 u 3
(e) At high temperature, photons in the star also contribute to the pressure. Derive the radiation
pressure P, by applying the kinetic theory of gases in a cubic box of volume L?, in which the
momenta of the photons are described by the de Broglie relation. Express your result in terms
of the photon energy density u. (5 marks)

EERR T, BAETHCTthaMinER. RNASEDEe, BE—EFN LA
BTREpET, HALFISRHERMT ERATL NMFHERNER Pro &2
JETREERE uRK. 597)

Consider a box of width L. Let pyx be the momentum of a photon along the x direction.

Change in momentum of the photon when it hits the wall = -2p,.

. L 2L .
Time interval between two successive hits on the wall = 7 where & is the angle between
cCos

X

the photon momentum and the x axis.
Using Newton’s second law, the force on the wall is the rate of change of momenta of the

ccos@x>
2L

photons, and ( ) represents the average over the direction and magnitude of the photon momenta.

Note that for isotropic distributions, <0052 HX> = % Pressure: P. = % = %( pc).

2
photons when they hit the wall F = N<2 P, = N<w>, where N is the number of

Using de Broglie relation, pc :% =hf =&, where ¢ is the photon energy. Hence N{pc) is the

E u
total photon energy. Hence P, = —=—.
Y gy ‘T3 3
(f) It is known that the photon energy density is given by u = aT*, where a is determined from

P .
fundamental constants. Show that Fr oc M. What is the value of ¢? (2 marks)
g

\ PN ¢ ap
EXDETHISEREEN u = aT’, H a fEAFEIE. PR - M™, FK cHYE -
9
(277)
ars a(GMmT _aG'M*m*
3

P=ST= - .
5Rk, |  1875R%k

r

3




=

g

4 4==4 4 314 P
h |22 M4m4 207sz SR n:” M2. Hence —~ o M? and ¢ = 2.
1875R*ks |\ 3GM 1125k P,
. P :
(9) Calculate the ratio P—' for the Sun. You may use the following parameters: (1 mark)
9

P "
KB E@P—fo IRAE] DUEALL T ZEE (1459)
g
a=7565x 10° JK*m3, G = 6.673 x 10 Nm?kg?, m = 8.368 x 10?® kg, Mgy, = 1.989 x
10 kg, kg = 1.381 x 102 JK .
P, 47(7.565x10'°)(6.673x10"")°(8.368x10*°

r

P 1125(1.381x107%%)*

9

(h) For stars more massive than the Sun, the radiation pressure becomes increasingly significant
and the star becomes unstable. This implies that there is an upper limit on the mass of stable
stars. Suppose the radiation pressure becomes equal to 1/3 the gas pressure at this limit.
Calculate the temperature in terms of a, kg, m, M and R. (2 marks)
WFEEAPHEREAE, BAREMTHER, 2T EEARE. XEWERENE
FE—IRE LR BEEXD EIRNERERET U3 SRER - U EE EIRAY
g, BZELla. ks, mv MAIRFEL. (247)

: 1
When Pr:%Pg, §T4:_N;5T3T=(Nksj3=( 3Mk, ja

4
)" (1.989x10%)? =1.34x10"*

3 aVv 47amR?®

(i) Using the virial theorem in part (d), find this upper limit of stellar mass. Express your answer
in units of solar mass. (3 marks)

L FH (d) &R P ) 4 B e 3, SR B AR BT E ) FRR . B SREUKFHBTE Y $RAL, (34))
5 . p :_i:_i[_SGMZJ:GMZ
5R 5RV

9 r 3V 3\/
2 2 ==

Since P, :lpg, 4o _ANKT _GM* . _ SGM” _3GMm
3°3°% ¥ BRV 20Nk R~ 20kgR

Combining with the result of part (g),
1
3GMm ( 3Mk, js
= =

20k,R  \ 47mamR®
1 1
4 2 -23\4 2
v 20003k_84 _ (_21(300)(1.381><%101 3) [ —1508x10% kg
972G°m 977(7.565x107°)(6.673x101)%(8.368 x10 %)
= 768 MSun

Remark: Although this estimate is based on the assumption of uniform stellar density, it agrees
with the observation that stars with masses greater than 50 solar masses are rare.

{THE END 52)
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Please fill in your final answers to all problems on the answer sheet.
EHEEEE HE FEUNREEE -

At the end of the competition, please submit the answer sheet only. Question papers and
working sheets will not be collected.

LEPRSS AT - 15 HACRIE B - 1 H AN R 40K Al ln] -

1. No-Shadow Day (6 points) M.3ETe (543)

(@) In the figure, ABCD is a rectangle lying on an inclined plane making an angle & with the
horizontal plane. ABEF is the projection of the rectangle on the horizontal plane. If the
measure of the angle DAC is ¢, derive an expression for the angle «. [1]
mE R, MK ABCD TR b, R S5/KFHEIMANO. ABEF NZHIE T /KF
%5 . B DAC Ag, AHET Mok, [1]

D C
f F
a a E
A B

(b) The ecliptic is the plane on which the Earth revolves around the Sun. The axis of rotation of
the Earth is inclined at an angle of 23.4° with the normal to the ecliptic. The day of the
Summer Solstice (in the Northern Hemisphere) is 21 June. The latitude of Hong Kong is
22.25°, and the no-shadow days are those days on which the Sun does not cast a shadow of a
vertical pole at noon in Hong Kong. Using the result of (a) or otherwise, derive the angular
displacement of the Earth’s revolution between the Summer Solstice and the no-shadow days
in Hong Kong. Give your answer to 3 significant figures. [2]
B JH A2 T8 B R B G OR BH A 5 00110 o B3R %) B 3 oA 6 T BT T VR 2R iRt A
7 23.4° fEAb¥ER, ERMIHA 6 A 21 H. &AM T4 22.25°, 14 HIEF
HK A BRAE —SOL TR TR RA R TR, BHPR&EBRLEH 7. i)
H (a) #&5 R Al 77, HERERE B MEBRILE HZE, MIRAERMAME. &%
s = R . [2]

(c) Write the dates of the no-shadow days in Hong Kong. [2]
RE FHBLEAREM. [2]




2. Six Missiles (5 points) N k38 (543)

Six missiles are initially located at the six vertex of a regular hexagon with side length a. The

speed of the missiles in the plane is v. Each missile is equipped with an automatic navigation

system. The automatic navigation system of each missile guides itself to aim at the current

position of its counterclockwise neighbor.

B RIS, AT K a BIENIE SN B SRR E A B 3 T

ARG, ZRGISNR CHKT PLUEZ v K R 7 [ 2 AR

(a) Find the radial component of the missile velocities relative to the center of the hexagon. [2]
et KR N A ORI AR R [2]

(b) Find the time taken for a missile to hit another. [3]

R — A ) — MR BTl [3]
3. Falling ladder (15 points) T Bk HIBET (1043

A ladder of length 21 and mass m is standing up against a vertical wall with initial angle «
relative to the horizontal. There is no friction between the ladder and the wall or the floor. The
ladder begins to slide down with zero initial velocity. Denote (t) as the angle the ladder makes
with the horizontal after it starts to slide and (x(t), y(t)) be the coordinate of the center of mass
of the ladder. In this problem, you should take the gravitational potential energy to be zero aty =
0

—ANKRER2L R MR TS AT © SR o - BT S
S AR T] © BT MNEHEEE T TH0 NF - 0(OFmAEET NEMRE S K
AR A, (x(0), y(0) TN T BULHIAARR » FEAR S > (RNDRHE y = 0 ZARYS[I345E
H{ENZE -

o CM = (x((V), y(V)

a0

X

(a) What is the initial total mechanical energy of the ladder in terms of a? [1]
BT HIa ENREE R & 2.7 B laFor. [1]

(b) Write the potential energy of the ladder in terms of 8(t) when it is sliding. [1]
BEHOOG T MERAYHAEE. [1]

(c) Write the total kinetic energy of the ladder in terms of x(t), y(t), 8(t) when it is sliding.
(Hint: The moment of inertia of a rod of length 27 and mass m about an axis through the
center of mass and perpendicular to its length is I = ml?/3.) [1]



EAX®), y(0), 0(OE FHT FENIESRE. Forn —KER2L. HEN m AT
T MR AT RO EE T TR s, HEsIEE N = mi*/3. ) [1]

(d) As long as the ladder is in contact with the wall, find the relation between x(t) and 6(t), and
similarly the relation between y(t) and 6(t). [2]
YRR EEERIIE, BT Ex (OO RFZ MERE, Hly (O (O)HR 2
e [2]

(e) Write the total mechanical energy of the ladder in terms of 8(t) and 8(t) only by eliminating
any dependence on x(t) and y(t). [2]
EHExOFM y©fF, HAH®) Fl 005 TR FAVSHIREE. [2]

(f) Derive the relation between 6(t) and 8(t). [1]
T (OFI (AT F - [1]

(9) Find the angle 6, when the ladder loses contact with the vertical wall. [2]

P T RIR B 2k AR Y A 6.0 [2]
4. Photon Gas (5 points) 6 754k (543

The kinetic theory is very useful in understanding the properties of gases. In this problem we
apply the theory to a gas of N photons inside a cubic box with side length L. The energy-
momentum relation of a photon is given by E = |p|c.
o Tiash R T AN SRR A . AR P IRATEXES N AR — KRN LB
SMTTETHRNKROLT . e THIRE-SIERRNE=|plc.
(a) Express the time taken between two consecutive collisions of the same wall of the box
normal to the x direction in terms of L, p, px and c. [2]
G IR A T R TRTR) x 7 R R TR R TR (R, R LA L, p, po Ml C
Fik. [2]
(b) Express the internal energy U of the photon gas in terms of its pressure P and volume V. [3]

HHIEF RN RE Ue BFRUVER K P AIRFLV ik, [3]
5. Sea Surface Sound Transmission (5 points) ¥ HE/A&S (54)

In a region where the ocean has a constant depth of h, a sound source emits sound wave with
frequency f. Suppose the frequency is so high that sound waves can be treated as rays, and the
refractive index of water for sound wave is n. Let the sound speed in air be c. The source is
moving with constant horizontal speed v < c¢ towards a stationary receiver at distance D, both
located just above the ocean surface, as shown in the figure. It is also assumed that the speed is

low so thatg > v, where 7 > % is the observation time. Assume we can ignore reflection by the
ocean surface and consider only reflection by the ocean floor.

- ARIRIEA R h IR L, — AU IR | I, BTSRRI L
T LSBT, TSI A AR AN % n, B CR AT oo e T %,
R T LR B TR L, PRI Do A URLMY ST v < o FIBEICR S 3D

PR RS, (62 5> v, JLsir > DG L. R0 SR 7T LU 2, 7%

JEIRFPR IR S5 o



D

Recéiver Surce
el Refractive index = 1 2
] Bt = 1 v A

Refractive index = n

= n

Express your answers from (a) to (c) in terms of ¢, f, nand v.

fE@)ZE (), BFZE e, f,n, Ml vEik,

(a) Find the frequency of the sound arriving at the receiver through air. [2]
PRI F 2 22 S ENARRU AR - [2]

(b) Find the frequency of the sound that will arrive at the receiver via the ocean when D = 2h. [2]
4D = 2hi R H S & i BRI A . [2]

(c) Find the instantaneous beat frequency when the sound waves in (b) reach the receiver. [1]

K H (b) H )7 8 BIA B AR I BB H AU . [1]
6. Electron Trajectory in a Cavity (10 points) 2= B FHZE (10 40

As shown in the figure below, a spherical cavity is carved out from a uniformly positively
charged sphere with radius R. The radius of the cavity is R/2, located at a distance R/2 from the
center of the large sphere, O. The total positive charge in the system is Q.

T EFoR, £ HIER, FEN RIGERENIZH —48 R MERE T . T
e HRERHL O BEEN RI2. REUHAIE TN Q.




(a) Consider a point in the cavity at distance r and polar angle @ from the origin. Calculate the x
and y components of the electric field at the point. [5]
FIRZEEN— &, RS FE SRR r, KA 0. 1T HRIZ SR x rEM Y 7& - [9]
(b) As shown in the figure, electrons are emitted from O in all directions with speed v and
direction @ ranging between 0 and 7, but none of them can reach the opposite end of the
diameter of the cavity. Gravitational forces are negligible. Find the equation of the envelope
of all trajectories of the electrons. [3]
mE R, WHEEFZ T H O LLRIFEER via 0 £ A&7 Mo . HILBREA L
PLBA 2 M EARN Rl REETAS T KETA FIREHTE T 5 B4 0712 . [3]
(c) Find the maximum x coordinate where the electrons hit the inner surface of the cavity.
Express your answer in terms of Q, the absolute value of the electronic charge e, electron
mass m, R, and v. [2]
P TP BN R AISA TR AT RERY X 8fr. B DL Q. HFHE4YHE e BT
i m. RAIVRIA - [2]

7. Proton Motion Near a Charged Current-Carrying Wire (5 points)
LA R ZRBIE B R T83) (540

As shown in the figure below, a proton of charge +e moves with velocity v parallel to an
infinitely-long, thin wire, at a distance r from the axis of the wire. The wire carries a current I,
and its charge per unit length is \ (assumed positive and uniform). Both the proton and the wire
are in vacuum.

R EFTR, AN e e BB AE — SRR g S 4 tinizsh, @E N v, T 5
L VAT. BT 5 FLMBEER ro SELEERT |, HERAKE BTN (RGE N IE X
B5n. mrH53a#s TER .

Express the answers from (a) to (c) in terms of r, I, \, the permittivity of vacuum &, the
permeability of vacuum o, the speed of light ¢, and the unit vectors in cylindrical coordinates ey,
ggand e,.

@R, HFRELry 1L A\ EFHAER g ETWTFE u. JGHE ¢ MEALFRR AL
IJH?% €r~ 69& EZ?%Z—?O

(a) Find the electric field experienced by the proton. [2]
KT R B Y E. [2]
(b) Find the magnetic field experienced by the proton. [2]
KT HTEZ B Bo [2]
(c) Find the speed of the proton such that it moves in a straight line parallel to the wire. [1]

RETFHIER, FHIEEL T T 34&iEs). [1]

5



Pan Pearl River Delta Physics Olympiad 2017
2017 Sz Tr =1 S e A4 R B AR DL 3 38175 3%
Sponsored by Institute for Advanced Study, HKUST
F RN ST 7T e P )
Simplified Chinese Part-1 (Total 7 Problems, 45 Points) fij{&R#-1 (FE788, 4540
(9:00 am — 12:00 pm, 3 February, 2017)

1. No-Shadow Day (5 points) ML%ET (543)

(@) In the figure, ABCD is a rectangle lying on an inclined plane making an angle & with the
horizontal plane. ABEF is the projection of the rectangle on the horizontal plane. If the
measure of the angle DAC is ¢, derive an expression for the angle «. [1]

s, i ABCD AL L, #fS/K kM N0. ABEF JNiZFEE T KT
. 5 DAC Ng, T A a1 K. [1]

D C
f F
a a E
A B

Let h=AC. Then

CE = hsina.

BC = AD = h cos 4.

CE =BCsinf = hcos¢siné.

Equating the expressions of CE, hsina = hcos ¢ sinf = a = arcsin(cos ¢ sin 8).

(b) The ecliptic is the plane on which the Earth revolves around the Sun. The axis of rotation of

the Earth is inclined at an angle of 23.4° with the normal to the ecliptic. The day of the
Summer Solstice (in the Northern Hemisphere) is 21 June. The latitude of Hong Kong is
22.25°, and the no-shadow days are those days on which the Sun does not cast a shadow of a
vertical pole at noon in Hong Kong. Using the result of (a) or otherwise, derive the angular
displacement of the Earth’s revolution between the Summer Solstice and the no-shadow days
in Hong Kong. Give your answer to 3 significant figures. [2]
TIE H] J2 R HbER B S8 K PH AR5 (1°F T . HhBR(P) B 5L A T S E T A 2R it, AE
N 23.4° fEdbdEk, BEMHBYN 6 A 21 H. FBMTIbs 22.25°, MmH4EHIESF
HIRBAREAE — SO T RGBS T E2RAR T, BHEEBLEH 1. 1K
H (a) #45 R Al 7, HEFAER BT H 28], HIRAF M. B%
s = A BT [2]

In the figure above, consider ABEF to be the equatorial plane of the Earth, and ABCD the

ecliptic. Then @ = 23.4°. When the Earth revolves around the Sun, sunlight is incident on the

Earth from different directions lying on the plane ABCD. For example, on 21 June, sunlight is

incident on the Earth in the direction DA, since this is the northernmost direction of sunlight.



Similarly, during Spring Equinox and Autumn Equinox, sunlight is incident on the Earth in the
direction AB or BA.

Axis of rotation <

3

B 5 . . “\V?%
\ < %5@”@ S “‘\\\%

$° S s

0 a

/ Equatorial Plane 771& /

No Shadow Day in Hong Kong
LR H

Identifying 6 = 23.4° and when the Sun does not cast a shadow of the vertical pole at noon in

Hong Kong, a = 22.25°.

Hence the angle ¢is given by

cos b = s%na _ si.r122.25° = 09534 = ¢ = 17.56°
_ sin@ sin 23.49 i
(c) Write the dates of the no-shadow days in Hong Kong. [2]
RE FEB L HMHB. [2]

The number of days for the Earth to revolve around the Sun through this angle
=365 (=) = 17.8

N
32
%

Summer Solstice E&

360
Hence the days with no shadow in Hong Kong are 18 days before and after the Summer Solstice,

that is, 3 June and 9 July.

2. Six Missiles (5 points) AF k3 (54

Six missiles are initially located at the six vertex of a regular hexagon with side length a. The
speed of the missiles in the plane is v. Each missile is equipped with an automatic navigation
system. The automatic navigation system of each missile guides itself to aim at the current
position of its counterclockwise neighbor.
A RN, 73 T 10K a BIENILIE RN A b RO GRE B E 3 S0
ARG, ZARGENR WG LLESR v K L B 5 18 2 248 .
(a) Find the radial component of the missile velocities relative to the center of the hexagon. [2]

IR RS AR ORI RS [2]

By symmetry, all the six missiles hit at the same time.

By symmetry, they must hit at the center of the hexagon.

By symmetry, the missiles are always at the vertex of a rotating hexagon.

The radial speed is v cos(#/3) = v/2.
(b) Find the time taken for a missile to hit another. [3]

Pt — MR 5 — MO R IRl [3]

The time taken is a/(v/2) = 2alv.



3. Falling ladder (10 points) T EksHIBEF (104

A ladder of length 21 and mass m is standing up against a vertical wall with initial angle a
relative to the horizontal. There is no friction between the ladder and the wall or the floor. The
ladder begins to slide down with zero initial velocity. Denote 6(t) as the angle the ladder makes
with the horizontal after it starts to slide and (x(t), y(t)) be the coordinate of the center of mass
of the ladder. In this problem, you should take the gravitational potential energy to be zero aty =
0

CNKEER2L. N m BT S E AR, AT o, BT
B R I R ) B T N BUAA T T F i (022 bh T T 1 5k T
R (x(0), y (b)) s Hohh TR LR bR, TEABIN, (RRTIFTE y = 0 AbR95| /%
HERE N E.

o CM = (x(1), y(t)

an/

> X

(a) What is the initial total mechanical energy of the ladder in terms of a? [1]
B89 S REE R & 2.7 BE M aFor. [1]
E, =mgy =mglsinx

(b) Write the potential energy of the ladder in terms of 8(t) when it is sliding. [1]
BEHOWOG T MERRYHARE. [1]
U =mgy =mglsing

(c) Write the total kinetic energy of the ladder in terms of x(t), y(t), 8(t) when it is sliding.

(Hint: The moment of inertia of a rod of length 2/ and mass m about an axis through the
center of mass and perpendicular to its length is I = ml?/3.) [1]

B, (), 05 THT FENIEEIEE. R —FREEN2L FTEHN m 1
¥, MR AT BT O BT s, HEE & T = mi?/3. ) [1]

1 1 . 1 1 .
T==-m(x*+ V) +=160° ==m(x*> + y?) + =ml®6?
> ( y°) > > ( y°) 5

(d) As long as the ladder is in contact with the wall, find the relation between x(t) and 6(t), and
similarly the relation between y(t) and 6(t). [2]

SR T IEE RIS, R (ORI (ORYRZRF, MR, Kty (OR0 (ORISR F
e [2]

x=Icos@ and y=Isind



(e) Write the total mechanical energy of the ladder in terms of 8(t) and 8(t) only by eliminating
any dependence on x(t) and y(t). [2]
EHExOFM y(©)fF, HAH®) Fl 005 TR FAVSHIREE. [2]
x=—(Isin@)0 and y=(lcos®)o

E=T+U= %mlzéz(sin2 6 +cos® 6) +%m|2¢92 +mglsing = %mlzé?2 +mglsing

(f) Derive the relation between 6(t) and 6(t). [1]

HHESO (OO (ORISR FT [1]

%mlzé2 +mglsin@ = mglsina :%ml295+mglcos¢9¢9' =0=0= —i—?cose
(9) Find the angle 6, when the ladder loses contact with the vertical wall. [2]

P L b RIS B R BT RY AT 6. [2]

m% = —mlsin 69 —ml cos 99° = 0 and 6? =z—?(sina—sin 0)

= —mlsin 0(—%003 HJ—mlcosaz—?(sina—sin 6)=0

. 2 .
:>§sin9—§sina+§sin9=0 =sing, = —sina
4 2 2 3

4. Photon Gas (5 points) Y6 754k (543

The kinetic theory is very useful in understanding the properties of gases. In this problem we

apply the theory to a gas of N photons inside a cubic box with side length L. The energy-

momentum relation of a photon is given by E = |p|c.

o Fiash R T AN IR A . AR P IRATERES N AR — KRN LK

ST TEIN KD T T HIREE-SIE R RN E = plc.

(a) Express the time taken between two consecutive collisions of the same wall of the box
normal to the x direction in terms of L, p, px and c. [2]
ISP A T R T IR) x 7 0] BB TR TR (R, LA L, p, po Ml C
Fix. [2]

During every collision with the wall, the change in momentum is 2p.

The time taken between two collisions is At = 2L/c(pyx/p) = 2Lp/cpy.

(b) Express the internal energy U of the photon gas in terms of its pressure P and volume V. [3]
FHETRERKINRE U B RUVUAR ) P RAR V £iE. [3]

The force is 2p,/(2Lp/cpy) = cp,/pL

The pressure is cp,/pV.

The total pressure is P

= c(p,2Ip) NIV = 113 NIV c((pi + py2 + p.2)/p) = 1/3 NIV ¢(p) = 1/3 UV

Hence U = 3PV.

5. Sea Surface Sound Transmission (5 points) ¥ HE£&E (54)



In a region where the ocean has a constant depth of h, a sound source emits sound wave with
frequency f. Suppose the frequency is so high that sound waves can be treated as rays, and the
refractive index of water for sound wave is n. Let the sound speed in air be c. The source is
moving with constant horizontal speed v < c¢ towards a stationary receiver at distance D, both
located just above the ocean surface, as shown in the figure. It is also assumed that the speed is

low so thatg > v, where 7 > % is the observation time. Assume we can ignore reflection by the
ocean surface and consider only reflection by the ocean floor.

E—UEHEPRVRRE W N (T, — AR £ 7. BRI A2 0 T 19
T LB A, AN PSR B n. B U AT ¢ I,
P R Y TR b, PIABEREA Do PRI v < o B R
B LA, 672 > v, Foobir >> DG BRI KU T L2, P

5 &I IR IR S -

D

Receéiver Surce
BT Es Refractive index = 1 o
. HrE o = 1 v o

Refractive index = n

8% = n

fE@ZEC)F, ZEU c, f,n, FvERIA.

(a) Find the frequency of the sound arriving at the receiver through air. [2]
T F A ZE S ENARRUT SR - [2]

The Doppler shifted frequency is f; = C_va.

(b) Find the frequency of the sound that will arrive at the receiver via the ocean when D = 2h. [2]
D = 2hi K H 7S & 2 SRR A . [2]

The shortest path via the ocean is reflected at the midpoint:



D

Receiver Refractive index = 1 Source

1] K

=

Refractive index = n

Component of the source velocity longitudinal to the sound wave in the ocean

, (D/2)v Dv
v = =
J(QDZ*'hZ VD2 + 4h?
2
The Doppler shifted frequency is f, = C/Cn/fv,f = C_%
JDZsan?
When D = 2h, we have
_
f=—ww
V2

(c) Find the instantaneous beat frequency when the sound waves in (b) reach the receiver. [1]

et () R P R RIIA AL A I (R B IR AR . [1]

The beat frequency is f, = |fi — f2| = 1L_Z— 1_]}__1; = (1_3)(f|n_v)§f
c 2¢C c V2c

6. Electron Trajectory in a Cavity (10 points) 2= K EFHE (10 43)

A spherical cavity is carved out from a uniformly positively charged sphere with radius R. The
radius of the cavity is R/2, located at a distance R/2 from the center of the large sphere, O. The
total positive charge in the system is Q.

FE— RIS IR AR08 R UERIR N2 —2B 4208 RI2 IBRIE 2 i . 256 0 5 K3k
O OFEEIN RI2. RGHEIERATHN Q.



(a) Consider a point in the cavity at distance r and polar angle & from the origin. Calculate the x

and y components of the electric field at the point. [5]

FIRZEEN— R, HRSFEAEEN L KA 0. HRIZSEN x o8Ny 77E - [5]
The configuration is equivalent to a fully filled large sphere with charge 8Q/7 and a small sphere
with charge —Q/7.

Electric field due to the large sphere

e S (]2

X7 7 \R/) 4meqrz\r) ~ 7meoR3’
8Q(r\* 1 (v 2Qy

Ey = —|- =] = ,
7 \R/ 4megr? \r 7megR3

Electric field due to the small sphere
3

E,=-2 (x=3) +? 1 3 _ 206
A o o e | Y el AT
3
2
E — _2 (X—g) +y2 1 y _ _ ZQy
g 7 § 4n£0[(x—§)2+y2] (x—§)2+y2 7megR3

Total electric field
_20x_20(x3) o

X ™ 7meoR3 7megR3  7megR?’

E, =0.

(b) As shown in the figure, electrons are emitted from O in all directions with speed v and
direction @ ranging between 0 and 7, but none of them can reach the opposite end of the
diameter of the cavity. Gravitational forces are negligible. Find the equation of the envelope
of all trajectories of the electrons. [3]

mE R, MFEETFZHETH O LUFAFGEZ v 0 EAN& 7R e . HEBREAL
PLBEA SR BN 1. BB TS T KA rIedY i E &4 T7iE. (3]
The electron is subject to an effective acceleration g to the left with
eQ
g =

7mEgmR2
The equation of motion of an electron is x = vt sin 8 — %gtz, y = vt cos @




2
Eliminating t, the equation of the trajectory is x = y tan 6 — £>_= %y2

For a given position, the angle @ required to reach the position is given by
2 2

92 tan?6 —ytanf +x + 2= =0

2v 2v

Solution exists if y? > 4 (22 (x + £%)

2
Hence the equation of the envelope of safety is x = Z—g - 2‘%3’2

(c) Find the maximum x coordinate where the electrons hit the inner surface of the cavity.
Express your answer in terms of Q, the absolute value of the electronic charge e, electron
mass m, R, and v. [2]

PR FT TP BN R AR R AT RERY X A8fr. ZZEDL Qv FFHTENME e BT
FiE m. RAIVEIK - [2]
The surface of the cavity is given by (x — g)z + y? = R?/4

2 2 2
The intersection with the envelope is given by x = g + % + /RT + %

; R 2 R2 2R L. :
Since x = -+ =+ |—+— > R, itis rejected.
2 ' g 4 g
R 2 R2 2R
Sox=-+=— [—+—
2 ' g 4 g

7. Proton Motion Near a Charged Current-Carrying Wire (5 points)
AT IR R AR R F183) (540)

As shown in the figure below, a proton of charge +e moves with velocity v parallel to an
infinitely-long, thin wire, at a distance r from the axis of the wire. The wire carries a current I,
and its charge per unit length is A\ (assumed positive and uniform). Both the proton and the wire
are in vacuum.

WK TR, —AS e e B R — 2 IR K HIg S itinizsh, @E v, a5
LAT. BT 5 FLAMBEERN ro SEEGERT |, HERAKE AT\ (RE N IE X
BE). 5 SEEL T HA .

Express the answers from (a) to (c) in terms of r, I, \, the permittivity of vacuum &, the
permeability of vacuum .y, the speed of light ¢, and the unit vectors in cylindrical coordinates ey,
egand e;.

@R, HFRELry 1L A EFHAER g ETWTFE w. JGHE ¢ MEALFRR AL
& e el e, FoRo




(a) Find the electric field experienced by the proton. [2]
RIFT AR 2 E. [2]
A A

By Gauss’s law: fE-dA =—=E=

&, 27‘(807"

(b) Find the magnetic field experienced by the proton. [2]
K P2 21 B. [2]
s law: §B.dl — _ A
By Ampere’s law: SEB dl=pul =B= - e,
(c) Find the speed of the proton such that it moves in a straight line parallel to the wire. [1]
KL HER, RN ELT T 246E3). [1]
Resultant force on the proton is F, +F, =eE+evxB
_ el 5 +(evez)x[ﬂ—°|e9) _ el 5 eVl (ce )= el evyl o
27e, ¥ 27ar 27, ¥ 2ar 2re,l 2nr
For the proton to move in a straight line parallel to the wire:
el evy,l A CA
— = ==

e .

r

2ng,f  2ar - Eotdo! I

Remark: Some students include relativistic effects in calculating the electric and magnetic fields
experienced by the proton. In that case, the correct answer can be obtained by either using (1)

E'=7(E+vxB) and B'=y(B-VxE/c?), or (2) A'=y(A—vl/c?) and I'= y(1-vA), since (oc,

J) is a 4-vector. The answers become E'= 4 (l—lz Ij and B'= M(I —VA).
27 ¥ c 2nr
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All final answers should be written in the answer sheet.

T a5 R E SR L.

All detailed answers should be written in the answer book.

A TEmE R E S .

There are 2 problems. Please answer each problem starting on a new page.

HH 28, FE 18, FRHFBI—HAK.

Please answer on each page using a single column. Do not use two columns on a single page.
AT FHEE—E U 7 A . AR DAE— 4R E DIXUE S 7 U5 R

Please answer on only one page of each sheet. Do not use both pages of the same sheet.

Rk AR TAER . AR DO IR .

Rough work can be written in the answer book. Please cross out the rough work after answering
the questions. No working sheets for rough work will be distributed.

EA A LSS E, Bs B R B BRI, AT K ER A

If the answer book is not enough for your work, you can raise your hand. Extra answer books
will be provided. Your name and examination number should be written on all answer books.
Filh EEEAS A IS T, g EaEHES ML MES .

At the end of the competition, please put the guestion paper and answer sheet inside the
answer book. If you have extra answer books, they should also be put inside the first answer
book.

LU RN, TS0 5 A B AR AE 2 R FE T, o 0 4/ 1) 22 el R AE B — AR
LI

Problem 1: Bose Einstein Condensation (22 points) 3% &,-& R #rHEE (22 43)

Planck’s constant ¥ B 5 # % 7 = 6.626 x 107* Js
Boltzmann constant JJ7/X2% S % # ks = 1.381 x 107 JK!

In nature, particles are classified into two different kinds: bosons and fermions. Bosons (e.g.
photons) are particles that like to be together in the same state. In contrast, fermions (e.g.
electrons, protons and neutrons) are unlikely to go into an already occupied state according to the
Pauli exclusion principle. Statistical mechanics tells us that when a system of bosons reaches a
critical density in a trap it undergoes a transition that a large number of bosons will have a
tendency to occupy the same lowest-energy state. This phenomenon is called Bose-Einstein
condensation. The following figure shows how bosons and fermions occupy energy states when
the temperature approaches 0 K.

ARG T, R L AR A FE ISR Bt T Mgk T. sty (ks 28
AL THFEIRS R T M, MRIEEAAMEERE, 9ok (Plns 1. lrms




T ARTHEFEA O SR AVIRE . Giitk D2 mIREAT, AT RGP P IE R
FUEELR, R IR, 2 RERBE T HUR A F R RACRER . XL RO
- RIHEER . N B S SIR R 0 K, B2k ] 548 RERY .

N

p o

: -

O

— 00000 — O
boson fermion

Recent development of trapping and cooling ultracold atoms (e.g. Sodium, Rubidium and
Lithium atoms) paved the way for the observation of Bose-Einstein condensation of atomic gases
in ultracold temperature (Nobel prize in physics 2001), which had been theoretically predicted by
Bose and Einstein in 1924. Several different cooling techniques have been employed to achieve
ultracold temperature around 10-100 nK (note 1 nK = 107°K). For example, the hot Rubidium
atoms prepared at 400 K are cooled down to ~1mK through the Laser cooling techniques (Nobel
prize in physics in 1997). Such cold atoms prepared by laser cooling technique are typically
loaded into the external trap (produced by either magnetic or optical fields) for further cooling as
shown below.
FERFRANGA 2L SR 7 (sl HnAneE 51D oK b, e pgsk OISR T
JET AR BB -2 R TR AESE (2001 4k DURMIBEZ22) $Rft VAR, EHE T 1924
I E RN 5 PR E B T o JUARRAS 5] (R 92 JIHOR R A BASEIRZY) 10-100 nK FRAE A i A2
(FEE 1 nK = 107°K) . flan, @a@ot@&EoR (1997 418 DRV 3 , &
400K T il 2 FIHAHI - AT DAA 1 28 ~ 1 mKo XA 5118 5 g 22N BE (Hii3a ek
e o, HRBE— R A, W PR

Laser cooling and trapping Rubidium atoms jg5 4 1 f4 $4n 5 7

>_‘J\ >‘J\
2 >
@ @ 2 g
w w
O laser » .. {—m
® @ ® (O]
o ® y ©°
Hot atoms Laser cooled Loaded into Bose-Einstein
T=400K T=1mK the external trap Condensation (T<Tc)
MR T Laser cooling e EIP) . RO R R (T<Tc)
BOLAH) ARBH

A. Maxwell- Boltzmann distribution and the thermal de Broglie wavelength of the atoms

E - PUREE o AN EFRREH T B



Consider a dilute gas of atoms. The inter-particle interactions are very weak. In this case, the gas
can be described by the ideal gas model in which the particles move freely inside a stationary
trap without interacting with one another except for very brief elastic collisions to reach thermal
equilibrium.

FEMBER IR A R A AR AR 55 AERXAEOL T, AR DUIE G H AR AR
R, Foroki e E PR B RS, BR TR R G IS R b oA R R
b, R A EAE .

In this atomic gas system, the probability distribution of the particle speed v is given by
Maxwell-Boltzmann distribution,

FEXMIRT ARG T, M E v BRER AR E vl - BURES 1A

3 _mv?
= 4mvle 2kBT,
f@) (anBT) rore 7

where m is the mass of the atom, kj is the Boltzmann constant, and T is the temperature of the
gas in the unit of Kelvin [K].

Hepm Z2EFHIE, kg@B/RESEE, TEURRE, BANK].

AL Derive the most probable velocity vy, of a particle at temperature T. 2 points
HHESIR LY T L5 o] BEAY 2R v o 245

Based on the most probable velocity v, obtained in Al, write down the

characteristic de Broglie wavelength 1,5 of the particle in an atomic gas at 2 BoINts
A2 | temperature T. P

FRAEAE AL BRSO TR vy, RS RN T NETSheply | 27
TP B B KA gs -

Since particles in a gas of atoms have different speed following Maxwell-Boltzmann
distribution, it is useful to consider the thermal de Broglie wavelength (A;) defined as A, =
1

Aag X m 2 . Here we derive the Bose-Einstein temperature T . for a gas of N non-interacting

(bosonic) atoms of mass m in a three-dimensional box with volume V. We will consider the
simple physical picture that Bose-Einstein condensation occurs when the characteristic inter-
particle distance between bosonic atoms becomes comparable to the thermal de Broglie
wavelength Ar. (Planck’s constant h = 6.626 x 1034 Js, Boltzmann constant kg = 1.381 x 102
JK™)

T R SRRk 148 Z il - /R22 2070, S0 ARESR, 215 ARELR

B (Ar) » XA = Agp X T2 o (EXE, RITRLIEEERIA V =4 s Tof
BTk, Foh Al NANEES m IREE IR GRET) BT, RIS 62




REHEERE T, o FRAPRESRA — & S r VR B, B 3 6 A AR P S A A
%ﬁ??%ﬁ%/’lﬁﬁﬁﬂf Bt 5% R H B IR 2 R A

What is the expected 7, of the N = 10° atoms of mass m = 1.445 x

10 25 kg trapped in the trap with a volume of = 10>um3? (1 pm =10
A3 | m’)

TEHTN V= 105umP I, 3% N = 10° A m = 1.445 X 39
1072° kegffyJ5+ K T, BIAHAE. (1 pm’ =10""m’)

3 points

B. Evaporative cooling in an external trap ZE/ BRIV R S A

The temperatures reached by laser cooling are extremely low (< 1 mK), but they are not cold
enough to realize Bose-Einstein condensation. To date, Bose-Einstein condensation of alkali
atoms has been achieved by using evaporative cooling after atoms are loaded into the external
trap. During evaporative cooling, when atoms escaping from a trap have a kinetic energy higher
than the average energy of atoms in the trap, the remaining atoms become cooled.

BOCAHARFHNREERE (< 1 mK) , HEERESELHHO-ZRHAR. FIHAT
Rk, W R T Bt - 52 PR i 1 e 3R nT LU R R R T inEk 2SN 2 fE . (ERZER S
HISLBL . fEZER 2R, MRy R B s T R TP ER5hRen, #
SRR 2 H

In the following problems in part B, we will estimate the effect of evaporative cooling. For
atoms trapped in a box of fixed volume and having no heat exchange with the surroundings, we
assume that an average energy of trapped atoms is € and a small number of atoms |AN| are
evaporated within a short time At with an average energy of (1 + 8)e where § > 0. During the
process, the small change in the number of atoms AN < 0 leads to the change 4e < 0 in the

average energy of the remaining atoms. We also assume that |—| « 1 and | | « 1.

£ R B Ry, BATRHE L S HI0 . T EE AR S T4,
HHEA S RBEHSE TSSO, Bl MR i s e . RILA/N
I HBVETIAN| ERfEATAZE R, HEIsEE N + B)e, HAIB >0, fujﬂﬂ, =
TEHAN < 0 1Y/ NEA(L, SEORIREFIPEE RN {bde <0 -
fl[a] « 1.

[Remark: In the derived relation, you may ignore the term EA—N since E « 1 and |ATN| < 1]
Ae AN

[ SR AT, BTE < Tl « 1 TLXUH% s
B1 Derive the relation between Ae and AN with S, € and N. 3 points
R B eFIN, HES Al AN Z [l % - 37




Now we consider cold atoms at the initial temperature of T; = 200uK in a trap. Assume that we
remove 1% of atoms (i.e. = 0.01) during each time period At and = 2.

PUAETRA I B 4 f?? WHERIEN T; = 200uK. FHEEA FE S BT (5] AcHAR bR
1969 (BI|Sr| =001) , JFHp = 2.

Then estimate the final temperature T of atoms after the evaporative cooling .

. ) 3 points
B2 | over the total time period of 350At. 3 4%
AT E350ATHY ST [RIEE N, GRS HIEHE PR ZR ST,

C. Bose-Einstein temperature T in a harmonic potential

WHH TR E-ZEEREREE T,

In a real experiment with ultracold atomic gases, a gas of bosonic atoms is trapped in a three-
dimensional harmonic trap generated by the laser beam or the magnetic field. Here we consider a
three-dimensional trap characterized by the harmonic potential:

EE)%J??’WZEE’JE*?%EP f&"éﬁ?ﬂmﬁz?ﬁ%f FADE R B A = 4E iR [
o XEBERATEE DL TR SE

Utrap=%m(a) x* + wiy?® + wiz?).

Consider the fact that ultracold atoms are oscillating around the bottom of the
trap with the characteristic trapping frequency w,/2x along the i-direction.

C1 | Derive the characteristic volume confining the atoms in terms of 7'and wy, ,. 3 4
BEEALFETENEIRTY, OF § JTARHERIRIED o/2r o HHE

SRR E RFRE AR, R T o, ,RE

3 points

Derive the Bose-Einstein condensation temperature 7, of the atoms trapped

co in a harmonic trap considered in Part C1 in terms of ®; and N. 2 points
WHES: C1ARITERE PR ROV T B -2 I SRR T, R | 24
U\ w; ;FD N?%Iio

What is the Bose-Einstein condensation temperature T, of the N = 10* atoms
of mass m = 1.445 x 1072°kg in the harmonic trap with trapping

c3 frequencies wy/2z = w,/2x = w, /27 = 100 Hz? 1 point
WP A N = 10T, B E TR Am = 1.445 x 14y

1072 kg, VEEMIFEN wul2r = wyl2r = 027 = 100 Hz. SR3E 5-52 5
WHEEREE T

Note that the evaporative cooling is efficient enough to achieve the Bose-Einstein condensation.

R AR A AR e LA (- RS AE T



D. Adiabatic cooling by slowly expanding the trap #Hi 218 kBT HAESH

Cooling atomic gases to lower temperature has been motivated by the quest to observe new
forms of matter such as superfluid. However the evaporative cooling we discussed in part B is
not always preferable since a number of atoms leave the trap during the process. In this part we
consider a different cooling technique (so-called adiabatic cooling) by slowly expanding the trap
without losing atoms.

IR T AR A R EARRE R BIHL, £ T RWBHIFRS (Flrao@EmRmdm) « 2, JRATE
B IR KR A, AR EIERK L, RIOAEZERETE T2 1T &I 7B
X F, JATSHE 7 —ARAER (FrBARGE D I ZAS UK B i A 2%
JiR 5 T35 B o

Calculate the fraction of atoms remaining in the trap after the evaporative 1 point
D1 | cooling described in part B2. fﬁ
I AR B2 S IR I RS H 2 5, BAEBF B R 4.

Consider N atoms in an external harmonic trap with trapping frequencies of wy = @y = w; = 2xf,

at the temperature 77 = 105 nK = 1.05 x 10”7 K. From now on, we assume that the whole atomic
gas can be regarded as a monoatomic ideal gas. At this stage, the atomic gas has the pressure P,

and the volume V| as described in the figure below.
FEAANTE R ANDNEF » IR ok = oy = 0, = 2afo, HORENT =105 nK =

1.05 x 107 Ko MEUFEFFAR, A MR FE TSm0 s B S R X, 5T
SEEAW T EFTRIYE P, NUEFAY, -

p

Now consider the adiabatic decompression process of N
atoms trapped in a harmonic trap. For this we adiabatically  p1
change the trapping frequencies of the harmonic potential
trap from wy; = wy 1 = Wy = 27fy t0 Wy, = 27f, and
Wyy = Wyo = %following the adiabatic process in the
P-V diagram. Note that there is no heat exchange between

P2
the atomic gas and the environment (actually vacuum) and
no atoms leave the trap during the process. Work done
BUEH REHIER N NE T FE N ROR T R . Vi V2

BE BT R R ST R M gy = 1 = wgg = 27fy BB E wy, = 20,
Moy, = w,, =20, 58, FFSERFE (K LREZ) 2PN, HAE
R S TS TR -

Calculate the final temperature of the atomic gas after adiabatic .
. 2 points
D2 | decompression of the trap. 2 4
AT R RORE G R SRR R 2O




Problem 2: Swimming Microorganisms (33 points) ##¥k Y (33 2

Although objects in water tend to sink in a gravitational field, microorganisms such as
paramecium can control their swimming directions not necessarily subject to gravitational field.
Recently, physicists proposed that their swimming patterns are related to their asymmetric shape.
When they swim in a viscous fluid, they experience asymmetric resistance forces that may cause
them to rotate.

BIRK A B A T AE B 3 N, B A SR AT AR R e AT K T
[, AP E N B, PSSR AT AT AR AT AN R A IR
AR HENTER IR K, AL R S BUEA el B AR ARG /T .

A. Resistive Forces and Torques in a Viscous Fluid k&5 Ay HLFE F1F0 /148

For a rod having a translational motion in a viscous fluid, there are two kinds of resistive forces.
In this question, we will refer to the resistive force acting in the normal direction of the rod as the

drag, and the resistive force along the direction of the rod as the friction, as shown in Fig. 1(a).
The drag per unit length is approximated as v/, and the friction per unit length as % where
v, and v; are the velocity components normal and parallel to the axis of the rod respectively, and
A 1S a constant proportional to the viscosity of the fluid.

TEREPER AR A AL BT T AR IRE ST TEARE S, Bl TR E AR YA
JirE ERSSLREST, FRONBEIT, TR AR AT DT RV ST, BRONEER ), d0El 1(a) F
e BEFERALKSERYIE AT v ﬁﬁ%ﬁ%rﬁ%@?ﬁ%ﬁﬁv%, Hepovy ® v il v EE
BT TRV D &8 > e SRR EEBIRTFE4T -

(b)

Fig. 1: (a) Directions of the resistive forces acting on a rod moving in a viscous fluid with velocity v indicated as the
white arrow. The drag is directed along —v,, and the friction along —v;. (b) The resistive forces acting on an element
of the rod rotating about point P in the same plane at radial distance d, and tangential distance d; from its center.

1. (a) FFyfERPERR sy, A RAEF 7 LRSI T7 ), R v LA EEEk&oR. 770
W&V, BEENTTRNEE-v). (b)) HFHE% P AER Vs, H1rdhos P aArlRmERR d.
VIR BE RSN dpe R AR FIAEAT 51—/ NBC R HTRE 7

As shown in Fig. 1(b), consider a reference point P whose radial and tangential distances from
the center of the rod are d, and d; respectively. If the rod has a fixed position and orientation with
respect to P, and P has a translational motion, then the resistive forces acting on the rod can be
calculated using Fig. 1(a). However, if the rod also rotates in the same plane about P at an



angular velocity w, there will be extra forces and torques acting on the rod due to drag and
friction.

mE 1 (b)) fos, BE—ANSHEE P, S5 rhOom@m My ah do M ode
BT T P AL BEME R €, JFH P R FRIes), MefEHE 1) tHEEMH
FEAT ERIFTRE g BRI, AN ST AE R —F 1 DA TR ol S8 P Hesh, PHJAIEEYEE )
W= A A M RN AR FAER T F

Al Derive the friction F due to the rotational motion. 1 point
BT T e sh 5| R K R T Fo 14y
AD Derive the drag D due to the rotational motion. 1 point
S T e Esh gl D. 15
A3 Derive the torque # about the axis of rotation due to the friction. 1 point
BT B ) S e 0 i i g 141
Al Derive the torque zy about the axis of rotation due to the drag. 2 points
e PH 7 Bl S e e il O ) ) R g 25

B. A Passive Microswimmer with No Rotation &3 /1 XA eI ik i Y

An asymmetric microswimmer is L-shaped with the dimensions shown in Fig. 2(a). The mass of
the microswimmer is m and the density is uniform. The lengths of the long and short arms are 4b
and 2b respectively. The width and thickness of its two arms are negligible.
AARWPRHEIATRE RN LIPAIR, RSTE 2 (a) fos. FEkfEyImEES m,
wmEES. KENRETRE DAY 4b 1 2b, PHEFHY BT SIS ] ZHE .

Fig. 2: (a) Dimensions of the microswimmer. (b) The weight and the velocity of a passive microswimmer. (c) An
active microswimmer.

2: (a) AR F. (b)) AUk MEYIEEREE. () BRI mirkmMED.



A passive microswimmer does not have any self-propulsion. The center of mass G of the
microswimmer is at a distance h and k from the midlines of the long and short arms respectively.

T IR AR AR BT A MEMREL G 5 REMIRE LY
RS 739 h R K

Write the expressions of h and k. 2 points

BLI W5 F h i kysikt. 243

The L-shaped microswimmer is tilted by an angle ¢ as shown in Fig. 2(b) and is sinking with
velocity v in the direction inclined at an angle & with the vertical in the presence of gravitational
acceleration g. The microswimmer does not rotate. Assume that the upthrust of the fluid is
negligible compared with the weight of the microswimmer.

LA BRI IR FTE g » QI 2 (b) Fir, 3 BAEETIIHRE g MO, LUK
BE v R AR T E A BRI 0. SRR . BRI S
A S AT LR P 2 <

Write the equation consisting of the components of all forces along the y axis .
. 2 points
B2 | (the direction of the long arm). N
W5 Ny B (KE85mE) BFTE 2 AR GE -
Write the equation consisting of the components of all forces along the x axis .
o 2 points
B3 | (direction of the short arm). 2 4y
WE Mt x B CEERIITR) FTE 2 JTHERT TR -
Write the equation consisting of the moments of all forces about the center of .
B4 | mass. 2 points
v . . 2
R F AP E ST L8 R L ety 72 - a
Calculate the tilt angle ¢ of the microswimmer at the steady state. Give your 1 poi
) point
B5 | answer in degrees. 14
WK EMERS THBR Mg . B RUZHERE.
Calculate the motion direction & of the microswimmer at the steady state.
B6 | Give your answer in degrees. 1 point
At R EAERS SN I8 T 0« B R UEHRIL,

C. An Active Microswimmer with Rotation B2/ X &Rk ik EY)

To model an active microswimmer, physicists implemented a laser-induced chemical reaction at
a point on the shorter arm of the object so that it provides a self-propulsion force F normal to the
short arm. The dynamical properties of the microswimmer are rather sensitive to the point of
application of F. For convenience we consider the case that this point is located at a distance



lp = gb from the corner (see Fig. 2(c)). The force can be adjusted by tuning the laser intensity
incident on the microswimmer. Note that it is possible that the microswimmer can rotate so that
forces and torques due to rotation have to be included. The velocity v, direction & and the tilt
angle ¢ becomes time dependent, and you will need to include the angular velocity ¢ as one of
the variables.

R TR IR A, B R YMARRE B — SO el B SR BT
R, NERREtEE TREEN BT Fo FABEYRIE AR T FagfE SR
ﬁ@%oﬁ?ﬁ@ﬁm’ﬁM%ﬁﬁ*ﬁm?ﬁ%ﬁﬁq=gm%%%(%ﬂg2(@)0
VA TIHHERE R EY) FRTEOEIRRE, FTLLETIHEDE J7. SRR, PO mT D
TATIUNMAZE [& T hees RER IRII5E . E v J5 13 OF0fiRHE ¢ 43 S5t [RIFE S,
IR PRI ¢ iy Hh — R

Write the equation consisting of the components of all forces along the y axis .
. 2 points

C1 | (the direction of the long arm). 2 4y

WE Mty i CKEHJTm) BIFTA 2 JTHRR TR

Write the equation consisting of the components of all forces along the x axis 2 boints
C2 | (the direction of the short arm). 2 PN

WE N x B CEERYITIE) BIFA 2 IR TR

Write the equation consisting of the moments of all forces about the center of .
C3 | mass. 4 points

5 A T L 00 Ay T2 “n

The above three equations can be solved for the three variables vcos(¢ —0), vsin(¢—0) and 4 .
Bat =R a] LIt veos(g —0) « vsin( ¢ —0) Fl ¢ =/ PATE KRR

Eliminate vcos(¢ — @) and vsin( ¢ — @) from the above equations to obtain an

ca equation involving ¢and ¢ only. 2 points
M AR K22 v eos( g~ 0) Rlvsin( ¢ - 0) » LUKIG— MR R pRlg (9 | 29
HE -

Derive the tilt angle ¢ when the microswimmer reaches the steady state of
C5 | constant tilt.

HE i kA D LE [ 58 RS AS T A BTR A 6 25

2 points

Consider a microswimmer initially at the steady state with F = 0. Att = 0 the
laser is switched on so that F becomes nonzero. Calculate ¢(t) for F << mg. 2 points
CB | ¢ ek U IO PR ASAL A F = O (RS, 7Et= O, WORRET, | 24

13 FAONAEE. £ F<<mg GO T, i),

10



When F gradually increases from 0, the direction of linear motion gradually changes. When F
exceeds a critical value, the tilt angle is no longer constant and the microswimmer takes a wheel-
like trajectory.

4 F N O BTGNS, JEIKEM B s R T AR . 2 F o FE R, R
FAANFIEE, Wk A B AE IR -

Write the maximum value of F for linear motion. 1 point

CTl s T mpizaim i F . 14

To verify that the microswimmer can move in a wide range of directions,
calculate the force(s) required for linear motion in the horizontal direction 6=

/2. Give your answer in multiples of mg to 3 significant figures. 3 points
C8 | S 7 WK B AR S £ R B T RS, R BHER B | 34
TEKFIT 10 0 = w2 AELVEis sy, Fraf it G8) T2 2. B R mg 1
BHERIE, & 3MARET.

(THE END 52)
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Problem 1: Bose Einstein Condensation (22 points) 3% .- RI#HEEER (2243)

Planck’s constant ¥ B 7 % 4 /= 6.626 x 107* Js
Boltzmann constant $i7/)X2% S 40 kg = 1.381 x 102 JK!

In nature, particles are classified into two different kinds: bosons and fermions. Bosons (e.g.
photons) are particles that like to be together in the same state. In contrast, fermions (e.g.
electrons, protons and neutrons) are unlikely to go into an already occupied state according to the
Pauli exclusion principle. Statistical mechanics tells us that when a system of bosons reaches a
critical density in a trap it undergoes a transition that a large number of bosons will have a
tendency to occupy the same lowest-energy state. This phenomenon is called Bose-Einstein
condensation. The following figure shows how bosons and fermions occupy energy states when
the temperature approaches 0 K.

FERRF T, KRRl L AR EA: BaFMmeekr. e (k) 25
LA TAHEPRS IR T A, RIS EH, KT (Fland1. Brmd
T AR CEM S EIPRE . Gt S URERAT, BB G T RGENH L Py
FUEER, BRI, A RERBE TR S R R SRR . XML R IR T
- BB . T BB R iR E L O KN, Bt A g oK 7 anfi S 4R ReRh .

|
- O
: :
&
—0-0-00-0— 0
L

bo=on fermion

Recent development of trapping and cooling ultracold atoms (e.g. Sodium, Rubidium and
Lithium atoms) paved the way for the observation of Bose-Einstein condensation of atomic gases
in ultracold temperature (Nobel prize in physics 2001), which had been theoretically predicted by
Bose and Einstein in 1924. Several different cooling techniques have been employed to achieve
ultracold temperature around 10-100 nK (note 1 nK = 107°K). For example, the hot Rubidium
atoms prepared at 400 K are cooled down to ~1mK through the Laser cooling techniques (Nobel
prize in physics in 1997). Such cold atoms prepared by laser cooling technique are typically
loaded into the external trap (produced by either magnetic or optical fields) for further cooling as
shown below.



TERISRANA HEA IR 7 (Bangh. AR 7 AR b, S pyt o Mg
JR AR 3 -2 LT EEE SR (2001 43k DURMIBE 22 SR 4t T A RIA:, EMIE T 1924
IR 2 DR TR0 o LR AN [R] A R S R A2 10-100 nK )8 A LS
(JEE 1 nK = 107°K) . #lan, EidEEAEHE AR (1997 S NRYHE ) , £
400K I fill %% B AN T A DAA I B ~1 mK. X A4 R T8 % gon 24N E (i ek
A, AR, R PR

Laser cooling and trapping Rubidium atoms #0674 &R 380 7
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A. Maxwell- Boltzmann distribution and the thermal de Broglie wavelength of the atoms

R F-PUREE B0 ARE TR RAER Y B K

Consider a dilute gas of atoms. The inter-particle interactions are very weak. In this case, the gas
can be described by the ideal gas model in which the particles move freely inside a stationary
trap without interacting with one another except for very brief elastic collisions to reach thermal
equilibrium.

ZEMBEI IR . R EAEHAER 55 ERXMIGOLT, AR DL B AR SRR
TR, Forboki 372 [ BEN B RS, B 1 AR A BT I R b oA R R
b, A A BAE .

In this atomic gas system, the probability distribution of the particle speed v is given by
Maxwell-Boltzmann distribution,

FEXFIRT S ARG S, Ry BRPR AR E vl - BURESo1ha

m \3 X _mv?
= 4_ 2k T’
1) = (g 4mvte o

where m is the mass of the atom, kg is the Boltzmann constant, and T is the temperature of the
gas in the unit of Kelvin [K].
HbmZ2EFNAE, kpalUR2e®EE, T2URRE, BA0NK].

Al | Derive the most probable velocity vy, of a particle at temperature T. 2 points




BHESHREN T B KT 5 TR AT R S vmp - 24y

2k.T
f'(v)=0 = v, = |2
m

(Remarks: 1 point if only f'(v) = 0 is given)

Based on the most probable velocity v, obtained in A1, write down the

characteristic de Broglie wavelength 4,5 of the particle in an atomic gas at
A2 | temperature T.

FRAEAE AL SR TR TR vy, RS RN T METSfepgr | 20
TR S BN Kdas -

2 points

The de Broglie wavelength of the particle is
h .
Agg = — (1 point)

The characteristic de Broglie wavelength is estimated by replacing the velocity by the
characteristic velocity vmp as

2

Agg = (1 point)

kaB T

Since particles in a gas of atoms have different speed following Maxwell-Boltzmann

distribution, it is useful to consider the thermal de Broglie wavelength (A;) defined as A, =
1

Agp X ™ 2 . Here we derive the Bose-Einstein temperature 7, for a gas of N non-interacting

(bosonic) atoms of mass m in a three-dimensional box with volume V. We will consider the
simple physical picture that Bose-Einstein condensation occurs when the characteristic inter-
particle distance between bosonic atoms becomes comparable to the thermal de Broglie
wavelength Ar. (Planck’s constant 7 = 6.626 x 10°* Js, Boltzmann constant kg = 1.381 x 1072
JK™

T R TSR AR 1% 8 Z i - R 222 010, A ANFERVEER, JAT15 1 ARGEL

1

PEWE(Ar) » BN A = Agg X m72 o TEXE, BATSHIEMAETN V =& T
HOJET Uk, JLA N ANETR m FHEHE R (BaF) BT, RIS S5
RETERE T, o FATRFRA— @ A B, w2 S35 S5 TR0 RE AL R g5 M
D B KA, Bt-2 IATHHEER 2 K

What is the expected 7. of the N = 10° atoms of mass m = 1.445 x

A3 1(3_25 kg trapped in the trap with a volume of V= 10°um3? (1 um’ =10"* | 3 20;;“8
m

(EAFN V= 10°um’fFfEef, i3k N =10" D& m = 1.445 X




10725 kglyJF T SR T, MFEHIE. (1 pm’ =10""m’)

At the Bose-Einstein temperature Tc, the inter-particle separation is equal to the de Broglie
wavelength as

1

h? V\3 . . i . . . .
Agp = e (E)S (1 point for identifying the expression of the inter-particle separation)

Therefore, the T¢ is given by

2
_ h? N\3 .
TC - 2mmkp (V) (1 pomt)
(Remarks: Note that this is an estimate, hence any final numerical result from an estimation

2

A h? (N\3
containing ~-— (7)3 can be regarded as correct.)
B

For the given parameters, N = 10° atoms and trap volume V = 10° um®, T, ~ 35 nK. (1 point)
2
N\3
kB (_) '

B. Evaporative cooling in an external trap fFESMTBRHYZE S SH]

(Note: The exact result is T, =~ 0. 527

The temperatures reached by laser cooling are extremely low (< 1 mK), but they are not cold
enough to realize Bose-Einstein condensation. To date, Bose-Einstein condensation of alkali
atoms has been achieved by using evaporative cooling after atoms are loaded into the external
trap. During evaporative cooling, when atoms escaping from a trap have a kinetic energy higher
than the average energy of atoms in the trap, the remaining atoms become cooled.

BOCAHARFHNREERE (< 1 mK) , HEERSSELHHO-ZRHEHAR. FIHAT
Rk, s e R T Bt - 52 PR i 1 e SR AT L R R SR a2 SN 2 e, (ERZER S
HISLBL . fEzE& 2 HIE, MRy E T B S T R TP EREhReEn, #
RIVEF S H

In the following problems in part B, we will estimate the effect of evaporative cooling. For
atoms trapped in a box of fixed volume and having no heat exchange with the surroundings, we
assume that an average energy of trapped atoms is € and a small number of atoms |AN| are
evaporated within a short time At with an average energy of (1 + )e where g > 0. During the
process, the small change in the number of atoms AN < 0 leads to the change 4e < 0 in the

average energy of the remaining atoms. We also assume that |%| « 1 and |%| « 1.

{E NI B EAYEEE, FRATRHME 2R 2 HIAI I o TRl 3R A [ A ARy & 7
I HAH S REHEMTHSHAE T, Bl BRI A s ERe. BILA/N
ELEIET|AN| R RATNZE R, HAEGEEE N + Be, HAp > 0. FERXAFET, JH
THEHAN < 0 4N, SERAE THI VIR RIVE (bde < 0 - Bl THERER]E] « 1
A3 « 1.

[Remark: In the derived relation, you may ignore the term %AWN since % « 1 and |%| K 1]



[ ARSI AT, BT < IS « 1, ALz A . ]

81 Derive the relation between Ae and AN with 5, e and N. 3 points
R B efIN, #S Aefll AN [B]H5 % - 34

The average energy per atom after atom loss AN must be € + Ae.
Total (mechanical) energy of (N + AN) atoms after atom loss = (Ne + (1 + $)€eAN)
Therefore, we have a relation:

__ Ne+(1+pB)eAN .
€+ Ae = =i (1 point)
Then
B ATN = % %ATN (1 point for steps)
and
B AWN = % (1 point)
by ignoring the second order term as |—| | | « 1.

Now we consider cold atoms at the initial temperature of T; = 200uK in a trap. Assume that we
remove 1% of atoms (i.e. = 0.01) during each time period At and § = 2.
ﬂf&ﬂ%ﬁﬁ*%qﬁ¥ PR Ty = 200uK. (B TR BT [A] ATHA A 255k
16T (B[S =0.01) » 3HE = 2.

Then estimate the final temperature Ty of atoms after the evaporative cooling .
. ) 3 points
B2 | over the total time period of 350Ar. 343
UG TE350ATHY S [H SN, SRS A SR TR ZORET, -
From the result of B1, we know f A—N — AT—T. (1 point)
For each time period A4z, the temperature changes:
AT AN .
Tafter = Tbefore + AT = Tbefore (1 + before) Tbefore (1 + d ) (1 pOIﬂt)
Here note that AT < 0 and AN < 0.
Therefore, after 350 time period Az,
pan)3>0 350 5 :
ﬂmm=( —77) Titial = (1 — 2 X 0.01)3%° x (2 x 105)nK (1 point)

=169.8 nK (1 point)
[Remarks : Alternative approximation may give slightly different temperature. The final
temperature Ty,4 between 160 nK and 180 nK can be regarded as correct.]



C. Bose-Einstein temperature T in a harmonic potential

WS PR - ZERERRER T,

In a real experiment with ultracold atomic gases, a gas of bosonic atoms is trapped in a three-
dimensional harmonic trap generated by the laser beam or the magnetic field. Here we consider a
three-dimensional trap characterized by the harmonic potential:

FERBR AT SR ESESLR T, BT SRR AL HBOC R B ™ Ay = 2B 1R
Ho XHEFNTBE—DZLEDE, TR AR

_1 2.2 2.,2 2.2
Utrap —Em(a)xx + wyy© + wzz%).

Consider the fact that ultracold atoms are oscillating around the bottom of the
trap with the characteristic trapping frequency w,/2z along the i-direction. .
C1 | Derive the characteristic volume confining the atoms in terms of 7'and wy, . 3 gcgglts
FEEL RN, E | T RNRHERERATRN o/2r o 15

SETPIRERNFEERT, BRU T oy, Fik.

Along the x-axis, the characteristic kinetic energy of the atom is given by %kBT from the kinetic
theory of the ideal gas. Then the maximum displacement Ry of the atom trapped in the harmonic

potential Uf,, = %mw,%R,% is given by
%kBT = %m w2R? (2 points)

and
kgT
R, = -
mws
In a similar way, one can derive
kgT
Ry, = 2
ma)ylz
Therefore, the characteristic volume V is given
3
(M)i
— m A
V~R.R,R, = Y (1 point)
[Remarks: Note that this is an estimate, hence any final numerical result from an estimation
()’
containing ~ —"—~—can be regarded as correct.]
WxWy Wy

Derive the Bose-Einstein condensation temperature 7, of the atoms trapped

co in‘a\harmoniyc trap (Eonsidereq in Part C1 in terms of o; and N.‘ | 2 points
WHES C1 AT R TR -2 A R IR T, B% | 24

DL w; F1 N ik




The characteristic inter-particle separatlon is glven by
kgT
(ﬁ) ~N'3 ( - ) (wxwywz) (1 point)

1
Considering Ap~ (%)3 =
14
T = L\/_ (wywyw,)*N3 (1 point)
1 4

Note: The exact result is T¢ = 0.15-— (wxwywz) N,
[Remark: Note that this is an estlmate hence any final numerical result from an estimation

L q
0. .a 1 ==
containing ~ = h(w,wy,w,)*N3 can be regarded as correct.]

What is the Bose-Einstein condensation temperature T, of the N = 10 atoms
of mass m = 1.445 x 1072°kg in the harmonic trap with trapping

c3 frequencies wy /2 = wy/2w = w,/27 = 100 Hz? 1 point
WERF A N = 10*DET, BN R THIFTEIm = 1.445 X 14y

10 kg, WEEIEN 0f2r = oyfl21 = 027 =100 Hz. >RG5 K
BRI Teo

L

h z
From the result of part C2, T, = P (wywyw,)*N3.
Using wy = wy = o, = 27 x 100 rad/s, N = 10*, 7. = 259.1 nK. (1 point)

Note that the evaporative cooling is efficient enough to achieve the Bose-Einstein condensation.
R, RS HIATRER B DS P (-8 R I EE

D. Adiabatic cooling by slowly expanding the trap #3218k T4 FEH]

Cooling atomic gases to lower temperature has been motivated by the quest to observe new
forms of matter such as superfluid. However the evaporative cooling we discussed in part B is
not always preferable since a number of atoms leave the trap during the process. In this part we
consider a different cooling technique (so-called adiabatic cooling) by slowly expanding the trap
without losing atoms.

R ?Edzii‘/‘\%ﬂiﬁiiﬁiﬁﬁﬂ’]iﬂm SRV IHOIRES (Bl - 28 > FA 7T
B &R iRz L LA, K E R B STk, IﬁfuzﬁiﬁlﬂﬁﬁF%Jﬁ?%ﬁTﬁﬁ
TEXHER S > BATRF RS —AAFER (FrigiEHuLHED) , ZET e ik i A #%

S M K B o

Calculate the fraction of atoms remaining in the trap after the evaporative
D1 | cooling described in part B2.
I HAE B2 M R 7 A 2 )5, BAEBE IR 7 140

1 point
145




Fraction of remaining atoms = (1 — 0.01)3>° = 0.03 (1 point)

Consider N atoms in an external harmonic trap with trapping frequencies of wy = wy = w©, = 2xf,

at the temperature 77 = 105 nK = 1.05 x 1077 K. From now on, we assume that the whole atomic
gas can be regarded as a monoatomic ideal gas. At this stage, the atomic gas has the pressure P,

and the volume V| as described in the figure below.
FIREIMNER P ANDNET - IR N oy = oy = 0, = 2afy, HIRENT = 105 nK =

1.05 x 107 Ko MIUFEFFA, Bell S MR TS ALY R RS k. 5O, T
Sk A T EFROERP, TR, -

p .
| 1s0therms

P1

Adiabatic process

P2 Ry S

¥

Work done
V1 V2

Now consider the adiabatic decompression process of N atoms trapped in a harmonic trap. For

this we adiabatically change the trapping frequencies of the harmonic potential trap from
21 fo

10
process in the P-V diagram. Note that there is no heat exchange between the atomic gas and the

environment (actually vacuum) and no atoms leave the trap during the process.

BUEE REHER N DT B ROR R RR . ik, FoA T4 AHeRe 8 2 3R
5512{3}\}\(‘)%1 =Wy = Wz = 2mfy g Wy = 21 fy A Wyo = Wz = 211-[({00 AR, HFS
R (Khr EREZE) ZERAHRSH, It Rz R e m =2 -

Wy1 = Wy1 = Wyq = 2Tfy 10 Wyp =27fy and wy; = W, = following the adiabatic

Calculate the final temperature of the atomic gas after adiabatic .
. 2 points
D2 | decompression of the trap. 2 4y

R BRI SR SR R 2R -
PVY = constant and PV = nRT implies T,V ™" = T,/ ", (1 point)
For the monoatomic gas with y = 5/3. From the result of (C2), the volume changes as

V, =100V,

and thus



T 105 .

= 100;_1 = - = 5nK (1 point)

Remark: Some students first substituted the adiabatic relation into the result of part C2 to find the
relation between the volume and the trapping frequencies. They found that V only expands 10
times and the final temperature is 23 nK. This answer has sound physics reasoning and is also
considered correct. On the other hand, the question setter realized that in actual experiments, the
volume does not change that dramatically on cooling due to the repulsive interaction. In
retrospect, the problem might be less ambiguous by directly pointing out that the volume
increases 100 times.

T,

Remark: Using this adiabatic cooling via adiabatic decompression of the trap, researchers at MIT
had achieved the coldest matter in universe around 500 pico-Kelvin in 2003 (research work
reported in Science 301, 1513-1515 (2003)).

Acknowledgement: We thank Prof. Gyu-Boong Jo for contributing this interesting question.



Problem 2: Swimming Microorganisms (33 points) ##¥k Y (33 2

Although objects in water tend to sink in a gravitational field, microorganisms such as
paramecium can control their swimming directions not necessarily subject to gravitational field.
Recently, physicists proposed that their swimming patterns are related to their asymmetric shape.
When they swim in a viscous fluid, they experience asymmetric resistance forces that may cause
them to rotate.

ESRK R (ARG F) T2 B 3 R U, AE R a0 i R AR AT DAE S AT K T
o], AR E I Fir, P 5 AT oS sCAAB AT AN R BT AR
AR HEAERVERAA IR, EA1E P ] Re -3 BUE A T I A FRBTFH AT .

A. Resistive Forces and Torques in a Viscous Fluid kEME5k Ay HLFE F7F0 7148

For a rod having a translational motion in a viscous fluid, there are two kinds of resistive forces.
In this question, we will refer to the resistive force acting in the normal direction of the rod as the
drag, and the resistive force along the direction of the rod as the friction, as shown in Fig. 1(a).
The drag per unit length is approximated as s, and the friction per unit length as % where
v, and v are the velocity components normal and parallel to the axis of the rod respectively, and
A 1S a constant proportional to the viscosity of the fluid.

TERSETR AR A SRS m i 7, fREMPUE . fEAE S, A TRERTER 7T AR
JilE FEIBUE T, MROMBETT, WORHE A AT T mIAEE ST, RONEERE DT, W 1(a) Fme
E%m%ﬁmmﬁﬁwﬁwuﬁ@%ﬁ&ﬁ%@%ﬁﬁ%hﬁ¢vpmwﬁ%%£ﬁﬁ

TATTFFHGATIRRE S 2 SRR LRI 4 -
(b)

Fig. 1: (a) Directions of the resistive forces acting on a rod moving in a viscous fluid with velocity v indicated as the
white arrow. The drag is directed along —v,, and the friction along —v;. (b) The resistive forces acting on an element
of the rod rotating about point P in the same plane at radial distance d, and tangential distance d, from its center.

Lo Ca) FFpAfERs iR rizsling, fFRER7 LRSI, HE v A GEik&os. A5
W&V, BEHEIITHMEE-v.. (b)) F7HSE P RAER— Ve, f1P0s P RaiizEEEs d,
IR deo EURAEFAERT 31— /NI4T 77

As shown in Fig. 1(b), consider a reference point P whose radial and tangential distances from
the center of the rod are d; and d; respectively. If the rod has a fixed position and orientation with
respect to P, and P has a translational motion, then the resistive forces acting on the rod can be
calculated using Fig. 1(a). However, if the rod also rotates in the same plane about P at an

10



angular velocity w, there will be extra forces and torques acting on the rod due to drag and
friction.

wmE 1 (b fon, BEAZEE P, ST ORRRMYIFEEE A d M ode
RATAX T P AL EAME A EE, JFH P A TR2iass, Mn R E 1 () tHEAEH
AT BRI ST PR1, AR 5 B AL A — i DA L ol 58 P ¥e3)h, FHTRIEESR /)
R = AN TIA0 A FAEAT T L

Al Derive the friction F due to the rotational motion. 1 point
BT T e sh 5| R K R T Fo 14}

As shown in Fig. 1(c), dF =ﬁ(a)w/(x+dt)2+dr2dx) d. =§,udra)dx

2 Jx+d)? +d?
F = %,uld o) [1]
A2 Derive the drag D due to the rotational motion. 1 point
S T ez sh 51 2RI ) D. 15

As shown in Fig. 1(c), dD = ,u(a)qf(x+d1)2 +dfdx) x+d, = uow (x+d,)dx
Jx+d)? +d?

1/2
D= ,ua)J (x+d)dx = puld o [1]

—-1/2

A3 Derive the torque z about the axis of rotation due to the friction. 1 point
BT B B S e 0 i g 14y

As shown in Fig. 1(c), d =ﬁ( Jx+d)? +dfdx{ d. wo|r =%,ua)dr2dx

2 Jo+d)?+d?
Torque 7, = %yldf(o [1]
Al Derive the torque 7y about the axis of rotation due to the drag. 2 points
Wl B FE S e o0 1 0 o 2453

As shown in Fig. 1(c), dz, = ﬂ(cow/(x+ d)?+ dfdx) x+d, (x+d,) = pw (x+d, ) dx
Jx+d)? +d?
1/2 1/2

1
ty=po [, (x+d)dx = po [} (x*+2dx+d7)dx = Ey|3w+yldfw [1,1]

11



B. A Passive Microswimmer with No Rotation TC3l /1 X A eI K Y

An asymmetric microswimmer is L-shaped with the dimensions shown in Fig. 2(a). The mass of
the microswimmer is m and the density is uniform. The lengths of the long and short arms are 4b
and 2b respectively. The width and thickness of its two arms are negligible.
HARWPREIR AR EA LIPAIR, RSB 2 (a) Fos. FEkfEyrIsEES m,
wmEES. KENEEIRE Ay 4bF1 2b. PRI B 1R n] 20K .

Fig. 2: (a) Dimensions of the microswimmer. (b) The weight and the velocity of a passive microswimmer. (c) An
active microswimmer.

2: (a) FEAMAEYIRIRSF. (b)) s Adrk M EYIREEREE. (o) BImikmMEN.

A passive microswimmer does not have any self-propulsion. The center of mass G of the
microswimmer is at a distance h and k from the midlines of the long and short arms respectively.

T IR AR AR E# T FaEMRIEIL G 5 REMFE LY
FEES7 9009 h A Ko

a1 Write the expressions of h and k. 2 points
WE N h 1 kAyFREA. 245
b 4b
h=—,k=—. 1,1
3 3 [1.1]

The L-shaped microswimmer is tilted by an angle ¢ as shown in Fig. 2(b) and is sinking with
velocity v in the direction inclined at an angle & with the vertical in the presence of gravitational
acceleration g. The microswimmer does not rotate. Assume that the upthrust of the fluid is
negligible compared with the weight of the microswimmer.

LI NG 4B 2 (b) B, 3 ELESUTIIRRE g 4980 . bl
B v Rl SRR B T AR R0 A AR . B RIE )
AL AL T WS -

Write the equation consisting of the components of all forces along the y axis
B2 | (the direction of the long arm).

WS My B (KErJTE) BVATE 2 DHREI T -

12

2 points
24y




Friction on the long arm: F, = u4bv cos(¢ - 09)/2 [0.5]
Drag on the short arm: D, = u2bv cos(¢ - 6) [0.5]
Hence F, + D, = mg cos ¢ = 4ubvcos(¢—6)=mg cosg [1]

Write the equation consisting of the components of all forces along the x axis

B3 | (direction of the short arm). 2 gty;lts
WE MG x i CEENITR) BYFTA 7 JHRRI IR -
Drag on the long arm: D, = u4bv sin( ¢ — 9) [0.5]
Friction on the shortarm: F, = u2bvsin( ¢ - 9)/2 [0.5]
Hence D, + F, = mg sin ¢ = 5ubvsin( ¢ —0) =mg sin ¢ [1]
Write the equation consisting of the moments of all forces about the center of .
B4 | mass. 2 points
RS FHT ELER LA R T - kad
Clockwise moments of the long arm in Fig. 2(b): [0.5]
Drag on the long arm: D, (2b — k) = 8ub’vsin( ¢ — 0)/3
Friction on the long arm: F_(a - h) = 2ub®vcos(¢ — ) /3
Anticlockwise moments of the short arm in Fig. 2(b): [0.5]
Drag on the short arm: D, (b — h) = 4 ub?vcos(¢ — ) /3
Friction on the short arm: F, (2b — k) = 4ub®vsin( ¢ — 0)/3
Hence D, (2b—k)+F,(a—h) = D,(b—h)+F, (2b —k)
= 8ub®vsin( ¢ —0)/3+2ub’vcos(¢—6)/3=4ubvcos(¢p—0)/3+4ubvsin(p—0)/3 [1]
tan( ¢ — 0) = 1
2
Calculate the tilt angle ¢ of the microswimmer at the steady state. Give your 1 poi
) point
B5 | answer in degrees. 14
T KU E MRS TR A ¢ . BFRUEHERL.
From B2 and B3,
mg cos ¢ = 4 ubv cos( ¢ — )
mg sin ¢ = 5ubv cos(¢ — @)
- 5 5)(1) 5 5
Dividing, t ==t -0)=|—||=|== = ¢ =arctan —=0.56rad = 32° 1
S 0 ) = () =) [4][2] S0 A [1]
B6 Calculate the motion direction & of the microswimmer at the steady state. 1 point

Give your answer in degrees.
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BB E VRSN I3 T 17 0« B RUEEERIA.

tan ¢ —tan( ¢ — 6) 5/8-1/2 2 2 Q
= =— = @ =arctan — = 0.095 rad = 5.4 [1]
l+tan gtan(p—60) 1+ (5/8)(1/2) 21 21

tan @ =

C. An Active Microswimmer with Rotation B3 /1 X &gk agizikisEY

To model an active microswimmer, physicists implemented a laser-induced chemical reaction at
a point on the shorter arm of the object so that it provides a self-propulsion force F normal to the
short arm. The dynamical properties of the microswimmer are rather sensitive to the point of
application of F. For convenience we consider the case that this point is located at a distance

lp = gb from the corner (see Fig. 2(c)). The force can be adjusted by tuning the laser intensity

incident on the microswimmer. Note that it is possible that the microswimmer can rotate so that
forces and torques due to rotation have to be included. The velocity v, direction @ and the tilt

angle ¢ becomes time dependent, and you will need to include the angular velocity 4 as one of
the variables.

R T EIN BB I R A, VI RN B — SO el BSOS SR BT
RE, NEfREEEE TRENE MRS Fo FERMAEYIRIEN RS T F AR SR Y
ﬁ@%oﬁ?ﬁ@ﬁm’ﬁm%ﬁﬁ~ﬁm?ﬁﬁﬁﬁngm%%m(%ﬂg2(0>o
JA IR AR Y) FATSesRAE, FTULRETTHERE Sy EE, BOvRR A o] DUERs

PA LA L& T e s RERY IR 045 2R v 75 R OFOiRHE #8155 it [ FH S

VRN GRS § FE N Hfh— & .

Write the equation consisting of the components of all forces along the y axis
C1 | (the direction of the long arm).

WG Ty B (KSR GFE S AR, ad

2 points

Friction on the long arm due to translation: F_ = 2 ubv cos(¢ — )

Drag on the short arm due to translation: D, = 2 ubv cos( ¢ — 6)
Friction on the long arm due to rotation: F_ = u4bh¢/2 = 2ub%$ /3
Drag on the short arm due to rotation: D, = —u2b(b—h)g = —4ub’4 /3

2 .
Hence F, +F_, +D, + D, + F =mg cos ¢ = F +4ubv cos(¢—9)—gyb2¢ = mg CcosS ¢

[1 for terms dependent on ¢ , 1 for the equation]

Write the equation consisting of the components of all forces along the x axis
C2 | (the direction of the short arm).

SRS x B (R ) (IR A AR . 25

2 points

Drag on the long arm due to translation: D, = 4 ubv sin( ¢ — 0)

14



Friction on the short arm due to translation: F, = wubv sin( ¢ - 9)
Drag on the long arm due to rotation: D, = u4b(2b - k)¢ = 8ub’4 /3
Friction on the short arm due to rotation: F, = —u2bk¢/2 = —4ub’$ /3

4 .
Hence D, + D, + F, + F, =mg sin ¢ = 5ubv sin(¢—¢9)+§,ub2¢ = mg sin ¢

[1 for terms dependent on ¢ , 1 for the equation]

Write the equation consisting of the moments of all forces about the center of
C3 | mass.

WE T ArA RS LAY IR ST R T2 -

4 points
44y

Clockwise moments of the long arm in Fig. 2(c):
Drag on the long arm due to translation: D, (2b — k) = 8ub?vsin( ¢ — ) /3

Friction on the long arm due to translation: F_(a —h) = 2ub®vcos(¢ —6)/3
Drag on the long arm due to rotation: 64 ub®4/12 + D (2b — k) = 64 ub°$ /9 [0.5]

Friction on the long arm due to rotation: F_h = 2ub’4/9 [0.5]
Anticlockwise moments of the short arm in Fig. 2(c):
Drag on the short arm due to translation: D, (b - h) = 4 ub*vcos(¢ - 8)/3

Friction on the short arm due to translation: F k = 4 ub®vsin( ¢ — 6)/3

Drag on the short arm due to rotation: —8ub®/12 + D, (b —h) = —14 ub°4 /9 [0.5]
Friction on the short arm due to rotation: — F, k = —16 ub°4 /9 [0.5]
Self-propulsion force: F(13b/24 —h) =5Fb /24 [1]

8ub®vsin( ¢ —0)/3+2ub’vcos(g—60)/3+64ub’p/9+2ub’h19
= 4ub®vcos(¢—0)/3+4ub’vsin( ¢ —0)/3-14 ub’$ /9 —16 ub’p /9 +5Fb / 24
32

] 5 2
—ub’p=—F +=pub —~0)-2sin(¢ -6 1
S M= +3uvkmw ) - 2sin( ¢ - 0)] [1]

The above three equations can be solved for the three variables vcos(¢ - ), vsin( 4 —-6) and 4 .

At =R AT LA veos(g - 0) « vsin( ¢ - 0) Bl g = PATEKfF

Eliminate vcos(¢ — @) and vsin( ¢ — ) from the above equations to obtain an
equation involving gand 4 only.

M E R 2 v eos( ¢ — 0) Filvsin( ¢ — 0) » DISKE— A K ¢ il ¢
HAZ -

C4

2 points
24y

From C1 to C3,

5 ubv sin( ¢ — 8) = mg sin ¢—§ybz¢5 (1)

15




2 .
4 ubv cos(¢ — 6) = mg cos¢+§,ub ¢—F (2)

32 5 2
—ub’¢ = —F b 0)-2 0 3
5 b9 = - F + —pubv[cos(g - )~ 2sin( ¢ - 9)] 3)
Substituting (1) and (2) into (3),
153 b’ = LF —ﬂ(min ¢ —5c0s ¢)
5T w0
: 1 [5F ] 1 ] 5
¢ = 306 b° L__ mg (8sin ¢ — 5cos ¢)J 306 b L \/_mg sin( ¢ — ¢O)there sin ¢, = @
[1 point for steps, 1 point for the result]
Derive the tilt angle ¢ when the microswimmer reaches the steady state of 2 Do
. points
C5 | constant tilt. 2 45
AR S T U A 2E D AE [ 5 RS S T IR o .
1 [5F

\/_mg sin( ¢ — ¢0)} =0 = ¢ = arcsin \/5_+arc5|n 4\/_mg

306 ub? | 4

Consider a microswimmer initially at the steady state with F = 0. Att =0 the

6 laser is switched on so that F becomes nonzero. Calculate #(t) for F << mg. 2 points
ZREWF KA FIWIIEIRAS A F = 0 (IFas. fEt=0/, #eRT, 25

13 F A RNAEE. 78 F<<mg ST, RiHEd0).

dg 1 7 /8Img 5F
e _ /89 e 1
dt 306 b L i = ¢°)J 306 bz[ 4/89 mg J s
. 5F [ /89 V89mg
Solution: ¢ = —|1- 1
SRS ¢ ¢°+4\/§mg|L ep[ 306 ub’ L' 1]

When F gradually increases from 0, the direction of linear motion gradually changes. When F
exceeds a critical value, the tilt angle is no longer constant and the microswimmer takes a wheel-
like trajectory.

= I N VIR 1 7 o G S 7/ 2 e ooy [ R T T G = = <= b ol R R E LN P (1P
FAANTRIEE, WK A L3S IR .

c7 Write the maximum value of F for linear motion. 1 point
5T &MEEs &K FIE. 14
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The equation mg . Hence

{5—— 9mg sin( ¢ — ¢O)} = 0 has no solution when F > il

the answer is F = —— 5

[1]

To verify that the microswimmer can move in a wide range of directions,
calculate the force(s) required for linear motion in the horizontal direction 8=
2. Give your answer in multiples of mg to 3 significant figures. 3 points
C8 | 7 S E K A AR S 12 S R Y T RS, SR B | 34
TEKFIT 10 0 = w2 (ELVEis sy, Frai i G8) T2 2. B R mg 1
BHERIE, & 3IMHERET.

. 4
FromC4, 4=0 = F :Emg (8sin ¢ —5cos ¢)

From C1 and C2,

5ubvsin( ¢ — @) = mg sin ¢ 1
4 ubv cos(¢ —6) =mg cos ¢ — F [1]
Dividing, tan( ¢ - ¢) = ——9SNé _____ 4sing
5(mg cos g — F) 25cos ¢ —32sin ¢
WhenH:Z,tan(¢—9):—cot¢:—cos¢:>—COS¢: 4sin ¢
2 sin ¢ sing 25cos ¢ —32sin ¢
25 c0s° ¢ —32sin ¢cos ¢ +4sin’g=0 [1]

. 9 1 1 g 1 1 . 1
Since cos“ ¢ = —+ —cos 2¢ , sin "¢ = —— —cos 2¢ , sin #cos ¢ = —sin 24 ,
2 2 2 2 2

32sin 2¢ — 21 cos 2¢ = 29

21
V1465 sin( 24 — 2¢,) = 29 where sin 2¢, = ﬁ
1465

4
) 0.7202 = F = Emg (8sin ¢ —5co0s ¢) =1.21mg

- 5 aren 2 2
arcsin + arcsin ———
1465 1465 )

4
== )=1.4313 = F =—mg (8sin ¢ —5cos ¢) =5.78mg
5

= (71' — arcsin —+ arcsin ——
2\ /1465 /1465 )

[1 for either result]
The background material of this problem can be found in the article: B. ten Hagen, F. Kimmel,

R. Wittkowski, D. Takagi, H. Lowen, and C. Bechinger, “Gravitaxis of asymmetric self-
propelled colloidal particles”, Nature Communications 5, 4829 (2014).
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