Pan Pearl River Delta Physics Olympiad 2018
2018 FZBR=A K A RV AR IL 7o # i 5%
Sponsored by Institute for Advanced Study, HKUST
TR = S0 5 B 3 B
Simplified Chinese Part-1 (Total 6 Problems, 45 Points) fj{&R#&-1 (FL6/&, 4549
(9:00 am — 11:45 am, 22 February, 2018)

Please fill in your final answers to all problems on the answer sheet.
TEEER HE FSUHREEE -
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1. Length of Daytime (7 points) HEKE (74y)

(a) In the figure, ABCD is a rectangle lying on an inclined plane making an angle 6 with the
horizontal plane. ABEF is the projection of the rectangle on the horizontal plane. If the

measure of the angle DAC is ¢, derive an expression for the angle a. [2]
R, % ABCD o ¥#Hi b, & 5Kk M 80, ABEF i TIK
P BGY . Bl DAC N¢, WIHES M affIRIEH. [2]
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(b) The ecliptic is the plane on which the Earth revolves around the Sun. The axis of rotation
of the Earth is inclined at an angle of 23.4° with the normal to the ecliptic. The day of the
Winter Solstice (in the Northern Hemisphere) is 21 December. Using the result of (a) or
otherwise, calculate the incident angle of sunlight relative to Earth’s equatorial plane
today (22 February). [2]

T T [ 2 i M R B 52K P A BE (1T THT . HOER G B B ke 6 T 800 T (R e gt A
JEh 23.4°% fEILFER, XEMHYN 12 A 21 H. RAQ@HE4SE R ik, it
HAR (2 H 22 HD FHICAHX T/REm A . [2]

(¢) The latitude of Hong Kong is B = 22.25°. Calculate the length of daytime in Hong Kong
today (22 February). Give your answer in hours to 3 significant figures. [3]
FWAL T = 22.25°% WKIHHEASRQ H 22 H) HEABEKE. &30 VN
wik, =AY [3]




2. Rotating Ball (6 points) ESHYER (9 57)

A ball of mass m and radius a is at rest on the surface of a sphere with radius R. The ball is
initially at the angle 8, at t = 0. The bottom sphere is fixed and cannot move, but there is
friction so the ball rolls without slipping until it leaves the surface of the sphere at angle 6;.

The moment of inertia of the ball about its axis is [ = gmaz. The gravity is directed as

shown.

— B m RS a WIERIEE — /N 88 R MOERIASR 1 b, EREAIAE FAEEQ AL, JEEHR
BRI EEEW I B AR, (HRAFEREET), KIEKIEARD), ERELIAE, &
FFERIRR T, EREISE L ZE e | = gmazo 517775 man E R,

(a) What is the frictional force acting on the ball at angle 87 [3]
TEAEORE RITERR EHYEEE T2 %/ 7 [3]

(b) What is the normal force acting on the ball at angle 6% [3]
TEAEORHE FITERR ERYSCR 12270 2 (3]

(c) Find 6, in terms of 6. [1]
0, HREK, Mo RR. [1]

(d) What is the speed of the ball at angle 8,7 [2]
TE A4 0, IRFER AR Z2 2 /D 2 2]

3. Nearest Exoplanet Discovered (7 points) & BTN LRIMTE (747)

On 24™ August 2016, astronomers discovered a planet orbiting the closest star to the Sun,
Proxima Centauri, situated 4.22 light years away, which fulfils a long-standing dream of
science-fiction writers: a world that is close enough for humans to send their first interstellar
spacecratft.

2016 £ 8 H 24 H, RXFHRKIMAEEE KIHHLMERE—H4ALE (Proxima
Centauri) , A —RTREMBSE BT, WALEBEKH 4.22 o4, XIS TF
SINRABZFRI KIS « — /DR Baaro A, A En] DESE — B R & 1414,



1

Astronomers have noted how the motion of Proxima Centauri changed in the first months of
2016, with the star moving towards and away from the Earth. In the figure below, the radial
velocities of the star are measured and the direction of the radial velocities changed regularly.
This regular pattern caused by an unseen planet, which they named Proxima Centauri B,
repeats and results in tiny Doppler shifts in the star’s light, making the light appear slightly
redder, then bluer.

RICFFIEEEI AR BIE 2016 4R LU H 93k, TE 2 IRV M A5 Ao 5
wEk s o £ TET,  FE R R AR R R, BB ) R ) 5 T AT R AR
to REMDEFERI AV R —RUCE N WHIT 2GR, ZATEFNHAE B, =
B FEIEE LKW 2 5, MM CZRMAR L, RaR .,

It it is given that the star, Proxima Centauri, has a surface temperature of 3000 K and a radius
of R = 0.14Rg,,, and the orbit of the unseen planet, Proxima Centauri B, around the star is
circular. (Radius of the Sun Rg,, = 6.96X10%m , the gravitational constant G =
6.674x10711m3/ kg - s?)

THAE HLAR B R IR 3000 K, % R = 0.14Rgy,,, 1TREWALE B BISERMNYPLE
ERE,  (CKBHY¥4ERg,, = 6.96x10%m, 5|/1H 4G = 6.674x107 1 'm3/ kg - s?)
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Figure: Measurements of the radial velocity of Proxima Centauri (denoted as RV in the figure) from 1 January
2016 onwards. The thick curve is the best fit curve of the data.

Bl: A 2016 4 1 H 1 Hig, HCABREMARREE (FERIP L RV Fom) WSS R . M2 2ok 1 B A 40,
i
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(a) Proxima Centauri is a red dwarf star, unlike our Sun, with a mass of only 0.12 Mg,,,.
Estimate the radius of the planet’s orbit using the given information. (The mass of sun,
Mg,,,, = 1.989x103%g) [2]

Al R — MR, H5IATRAARE, BEMNN012M,, » R ETS BEMEEAT
EPUERERE, (KEAMIR & Mg, = 1.989x103%g) [2]

(b) Estimate the mass of the planet in terms of Earth mass. (Mgg,¢, = 5.972x10%*kg) [2]
AL EAT RN R, UMEREA RN R R,  (MERTE Mgarp = 5.972x10%*kg) )
[2]

(c) Estimate the equilibrium temperature of the planet by assuming that both the star and

planet are black bodies. [3]
R AT 2 e B, IXEETENRSIEE, [3]



4. L-Shaped Conductor with a Wire (8 points) L JES{&f1548 (8 4)

A L-shaped conductor consists of two semi-infinite conductors in the xz and yz planes where
the cross section is shown in the figure. The L-shaped conductor is grounded and centered at
the origin. A line of charge, with linear charge density A runs parallel to the z-axis is located
at (a,b) where b > a > 0.

LIPS xz M yz PR EIPR - ERPE AR - B En T SErEsEE - LiPS
et PO ERNR R o —REMEREEENLT 2 BT REEL T (ab)  Hf
b>a>0,

(a) Compute the electric potential V(x,y, z) forx > 0andy > 0. [3]
THHEx > 0Fny > ORTAY L V(x, y, 2) ° [3]

(b) Compute the capacitance per unit length of a thin wire of radius r, placed at the point
(a,b). Assume that the wire radius is much smaller than a and b (i.e. r < a, b) so that the
solution of part (a) is approximately correct in the region exclusive of the conductors. [3]
THRRELE R (a, )AL B r gl T, R KEMBE, REXEE rita
Mb/MF% (Hlr < a,b) , EFS1E@@)EBRIMRE R A 2 SR XA PUER, [3]

(c) Compute the force per unit length on the wire (as a vector). [2]

HRSL LBRAKEN S EARE) . [2]

y L B TE A ST
line charge extends out of
the page

5. A Flying Square Loop (8 points) —{EFRSTHIF I (8 57)

A square loop of side a and mass m is made of resistive material with a total resistance R. At
t = 0, the loop is located at x = 0 and moves with velocity vyX. The loop lies in the x-y
plane. There is a magnetic field B = B, (;—0) Z where B, > 0 is a constant. In the problem,
we neglect the effect of gravity.

—IKN a RN m BT R BEA R R, SEFHNR, fEt = OFf, ML Tx =
O LB v R B, LT xy VR, AR B =By (=) 2, HHB, > 0

e, (R, AT E SRR,



1

(a) What is the induced current on the loop when the center of the loop is at the point x with
velocity vX? What is the direction of the current? Is it clockwise/anticlockwise from above?
[2]

MG ROAL T, HEAve B, 3 RN BREZD 2 Hiafte 2 MBS
ST MR/ AT 2 2]

(b) What is the velocity of the square loop v(t) at time t? [3]
EHAER e () %0 2 [3]

(c) How far does the loop travel before stopping? [3]
FIH e (LRI T FER R 20 2 [3]

a v,

o]

6. The Phenomenon of the Halo (6 Points) Ye&EIRE (6 43 )

Bright halos around the sun can be observed as in Figure 1. As shown in Fig. 2, this optical
phenomenon is caused by the refraction of the sun's rays on ice crystals in the cirrostratus, a
cloud genus that reaches a height of approximately 5.5 km.

AT g w] OB 2R B A B e w08, il 1 fros. Wil 2 fos, RO
MR B KIDCEAEEE = P HIUKE T AR, 1Za R &2 5.5 km -

To understand the phenomenon of the halo, we simplify the problem in two dimensions. In
the following, we denote the angle of incidence on an ice crystal 6;, the angle of refraction at
the first interface 8,, the angle of refraction at the exit of the crystal 8, , and the angle of
deflection between the ingoing and the outgoing sun ray 6.

N TR, AP E L PRI, 1F T3, BATLLO Forokd Ea A S
A, ORTRNETE—DFEAHTH A, 0TIk BT SRS A, DIR6yT=
RN NS FIHR KPR e LR 2 B REe 4 -



AH VKb

Sun
Y Ice crystal

Observer %
Fig. 1: A halo surrounding the sun Fig. 2: Formation of a halo. Fig. 3: Light refracted by an ice crystal
Bl KFEEARNLE B2 2ENENK. B3 KIS

(a) We consider an ice crystal in the form of a regular hexagon (Fig. 3). Derive an expression
for 6, as a function of 8,, ny;,- and n;.., where n; denotes the refractive index of the medium
i. (g =1, niee = 1.31) [3]

FAB R — AN EARLTERIIREE(E 3), RO, IFR,  TFLAO,, ngg, T 1E A HE
PR, Hn RIS, (ng, = 1, nyee = 1.31) [3]

(b) Estimate the angular radius of the halo as measured by the observer on the ground. [2]
The identity may be useful:
BN ZEE EEFDEENAEREARN - [2]
EAAAFTREA H:
d ) 1
—arcsinx =

dx V1 — x2

(c) A closer look at a halo reveals the light spectrum along its entire circumference. Which of
the colors, red or blue, is on the inner, which on the outer side of the halo? [1]
AR — e, AT LMERE BRI REE, HotEp M2 —hgie, 2
CEE A, ECEAIMUSORE—FhEiE 2 [1]
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1. Length of Daytime (7 points) HEKE (74y)

(a) In the figure, ABCD is a rectangle lying on an inclined plane making an angle 6 with the
horizontal plane. ABEF is the projection of the rectangle on the horizontal plane. If the
measure of the angle DAC is ¢, derive an expression for the angle a. [2]

R, % ABCD o ¥#Hi b, & 5Kk M 80, ABEF i TIK
P BGY . Bl DAC N¢, WIHES M affIRIEH. [2]
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Let 7= AC. Then

CE = hsina.

BC = AD = hcos ¢.

CE =BCsinf = hcos¢siné.

Equating the expressions of CE, hsina = hcos ¢ sinf = a = arcsin(cos ¢ sin 9).

(b) The ecliptic is the plane on which the Earth revolves around the Sun. The axis of rotation
of the Earth is inclined at an angle of 23.4° with the normal to the ecliptic. The day of the
Winter Solstice (in the Northern Hemisphere) is 21 December. Using the result of (a) or
otherwise, calculate the incident angle of sunlight relative to Earth’s equatorial plane
today (22 February). [2]

T T T A HE MO ER B S A BH A S5 (0T T . MhER A 1 3% SR X T S0 i vk R i, A
FER 23.4°% fEJEFER, ZRMHMRN 12 A 21 H. A @4 R A%, it
HAR (2 H 22 HD FHICAHX T/REm A . [2]

In the figure above, consider ABEF to be the equatorial plane of the Earth, and ABCD the

ecliptic. Then 6 = 23.4°. When the Earth revolves around the Sun, sunlight is incident on the

Earth from different directions lying on the plane ABCD. For example, on 21 December,

sunlight is incident on the Earth in the direction AD, since this is the southernmost direction

of sunlight. Similarly, during Spring Equinox and Autumn Equinox, sunlight is incident on
the Earth in the direction AB or BA.
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On 22 February, the time is 63 days after the Winter Solstice. Hence on the ecliptic, sunlight
is incident from the angle ¢ = 360° (%) = 62.14°, and relative to the equatorial plane, it is
incident from the angle
a = arcsin(cos ¢ sin 8) = arcsin[cos(62.14°) sin(23.4°)] = 10.70°.
(¢) The latitude of Hong Kong is B = 22.25°. Calculate the length of daytime in Hong Kong
today (22 February). Give your answer in hours to 3 significant figures. [3]
FWAL T = 22.25°% WKIHHEASRQ H 22 H) HEABERKE. &30 LN
®Kik, =AM [3]
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Consider the latitudinal cross section at £3.
PR = R cos 3. (R is the radius of the Earth.)
QR =Rsinf tana.
Hence the angle QRS is given by cos x = % = RTcﬁTw;a = tanf tana.
x = arccos(tan § tan @) = arccos(tan 22.25° tan 62.14%) = 85.57°.

85.57
180

Length of daytime in Hong Kong = 24 ( ) =114h

2. Rotating Ball (6 points) JEBIHVER (9 57)

A ball of mass m and radius a is at rest on the surface of a sphere with radius R. The ball is
initially at the angle 8, at t = 0. The bottom sphere is fixed and cannot move, but there is
friction so the ball rolls without slipping until it leaves the surface of the sphere at angle 6;.



The moment of inertia of the ball about its axis is [ = gmaz. The gravity is directed as

shown.

— R m RS a WOERIE — /288 R BERIASR I b, EREAIAL T A Ak, JEHED
BRI EE I B ARES D), (HRAFERET), KIEKIEARD), ERELAE, &
FFER IR, T:JE%Eiiﬂﬂé%é’ﬂ'fﬁ%%ﬁ%lzgmazo 517775 man E R,

(a) What is the frictional force acting on the ball at angle 87 [3]
TEAEORHE RITERR EHYEEE 2%/ 7 [3]

(b) What is the normal force acting on the ball at angle 6% [3]
TEAEORHE FITEER ERYSCR 12270 2 (3]

(c) Find 6, in terms of 6. [1]
A0, KRIL, &R, [1]

(d) What is the speed of the ball at angle 8,7 [2]
FEf L0, RE R =R 2%/ ) 2 [2]
Z
Y8,

Solution:

(2)

6+ A0

If the ball is rolling without slippering,

RAB = ad¢
_w+A9+A@—ﬂ_}w+d¢_d06+R)
w= At T dt  dt dt\ a

(R + a)46 = vAt



40

—>v=(R+a)E

= aw

By the conservation of energy and Newton’s 2™ law, we have

1 1
mg(R + a)(1 + cos8,) —mg(R + a)(1 + cos ) = =mv? + = [w?

2 2
1 12 v? 7
- mg(R + a)(cos 6, — cos 0) = Emv2 + Egmaza—z = Emv2

10
- v?= 7g(R + a)(cos B, — cos ) (a)

From Newton’s 2™ law on rotation
; dw 2 dw
= _— = — —_—
fa=1IGr=f=gmagy

Newton’s 2" law along the tangential motion,

g __dv dw 5
mgsind —f =mor=mag-=of

2
—>f=7mgsin9

Another way to get the result is from equation (a) without using the Newton’s 2" law.
Sincev = (R + a) Z—f, Eq. (a) implies

de\? 10
(R + a)? (E) = 7g(R + a)(cos B, — cos )
Differentiate on both sides,
2R + )2d9d29 10 (R + @)si 6d9 d’¢ 5 g :
_— — = = —
¢ dt dt? 7g S dt dt? 7R+aSlrl
And
2 dw 2 ( +R)d29— .
f_Smadt_Sma dt2—7mgsm
(b) Newton’s 2™ law gives
P mv?
mg cos ~2+ta
The normal force is
N = oM _ o——" 10 R +a)(osh 0
= mg cos R+6117—mgc0510 R+a7g a)(cos 8, — cos

= mg(7 cos 6 — - cos )

(c) At 84, the normal force vanishes, we have

10

cos B, = ﬁcos 0

(d) the velocity of the ball at the angle 6 is

7
v= \/g(R + a)(cos B, — cosb,) = \/ﬁg(R + a) cos 6,



3. Nearest Exoplanet Discovered (7 points) & BlETINLRIMTE (747)

On 24™ August 2016, astronomers discovered a planet orbiting the closest star to the Sun,
Proxima Centauri, situated 4.22 light years away, which fulfils a long-standing dream of
science-fiction writers: a world that is close enough for humans to send their first interstellar
spacecratft.

2016 £ 8 H 24 H, RXFHRKIMAEEE KIH&LMERE—H4ALE (Proxima
Centauri) , A —RTREESEEEIT, WALEEEKIH 422 S, X RS T
SINRABFERI KIS « — /DR Baaro i, A En] DESE — R B R & 1414,

Astronomers have noted how the motion of Proxima Centauri changed in the first months of
2016, with the star moving towards and away from the Earth. In the figure below, the radial
velocities of the star are measured and the direction of the radial velocities changed regularly.
This regular pattern caused by an unseen planet, which they named Proxima Centauri B,
repeats and results in tiny Doppler shifts in the star’s light, making the light appear slightly
redder, then bluer.

RICFFIEEEILAR RSB BNE 2016 4R LU H Ak, TE 2 IRV M I A5 Aoz 5
ek s o £ TET,  FE R R AR R R, 3 B ) R ) 5 T AT R AR
to FBEMDE BRIV R —RUCE N WRIT 2GR, ZATEFNEHE B, =
B FEIEE LK LM N2 5, MM CZMMAR L, RaRE,

It it is given that the star, Proxima Centauri, has a surface temperature of 3000 K and a radius
of R = 0.14Rg,,, and the orbit of the unseen planet, Proxima Centauri B, around the star is
circular. (Radius of the Sun Rg,, = 6.96X10%m , the gravitational constant G =
6.674x10711m3/ kg - s?)

THAE HLAR B R IR L 3000 K, % R = 0.14Rgy,,, 1TREWALE B BISERMNYLE
ERE,  (CKBHY¥#ERg,, = 6.96x10%m, 5|16 = 6.674x1071 1 m3/ kg - s?)
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Figure: Measurements of the radial velocity of Proxima Centauri (denoted as RV in the figure) from 1 January
2016 onwards. The blue curve is the best fit curve of the data.

Bl: 2016 4 1 H 1 Hig, HABEMAREERE (FERP L RV Fo) WSS R, 6 0l 22 ol 16 B
HAU A 2.

(a) Proxima Centauri is a red dwarf star, unlike our Sun, with a mass of only 0.12 Mg,,,.
Estimate the radius of the planet’s orbit using the given information. (The mass of sun,
Mg,,,, = 1.989x103%g) [2]

oAl R — MR, H5IATREAARE, BEMNN012M,, » TS BEMEEAT
EPERERE, (KAMIR & Mg, = 1.989%103%g) [2]



(b) Estimate the mass of the planet in terms of Earth mass. (Mgg,¢, = 5.972x10%*kg) [2]
BAGRATRAO R, DMERREARM RN,  HERFE Mperen = 5.972x10%*kg) )
[2]

(c) Estimate the equilibrium temperature of the planet by assuming that both the star and
planet are black bodies. [3]
R TR AT 2 e B, IREETENTRSIEE, (3]
Solution:
(a) The period is the time interval between two consecutive peaks of the curve. From the
radial velocity curve, the period is 11 days
(Full marks for the period within +2 days)
Using Kepler’s 3™ law: (Assuming Mg, > Myianet)
T? 472 0
&~ GM,. —>a=7.14x10"m
(b) The orbital velocity for a circular orbit is:
2ma
v=—= 47200m/s
Here a is the distance between the star and the planet, that is, the sum of the orbital radii of
the planet and the star, and we assume that the orbital radius of the star is negligible.
In the center of mass frame, p,,,, = 0.
- Mvs —mv, =0
From the figure, v; = 6.5 km/h = 1.806 m/s.
>m= EM = (1'806> (0.12x1.989x103%) = 9.1x10%*kg ~ 1.5M
“ v, \a7200) T - S

(c) By assuming thermal equilibrium, the heat absorbed by the planet (due to the radiation of
star) is equal to the heat radiated by the planet (as a blackbody)

<47TR520TS4 R? R

o 72218 o Ty =T, |5= = 248K = —25°C

>7IR§ = 47‘[R§(7T25L - T; = o

4. L-Shaped Conductor with a Wire (8 points) L JTES{&f1548 (8 4)

A L-shaped conductor consists of two semi-infinite conductors in the xz and yz planes where
the cross section is shown in the figure. The L-shaped conductor is grounded and centered at
the origin. A line of charge, with linear charge density A runs parallel to the z-axis is located
at (a,b) where b > a > 0.

LIPS xz M yz PR EIPR - ERPE AR - B En T SErEEE - LiPS
et L EANR R - —REMEREEENLT 2 BT REEL T (ab) 0 B
b>a>0,

(a) Compute the electric potential V (x,y, z) forx > 0andy > 0. [3]
THHEx > 0Fny > ORTAYHH V(x, y, 2) ° [3]

(b) Compute the capacitance per unit length of a thin wire of radius r, placed at the point
(a,b). Assume that the wire radius is much smaller than a and b (i.e. r < a, b) so that the
solution of part (a) is approximately correct in the region exclusive of the conductors. [3]



HRBEER (a, D)L N r NS, HERKENBEE, RELFEE rita
Mb/F% (Hir<<ab) , SFAE@QEIIBERR SRS X TEIER, [3]

(c) Compute the force per unit length on the wire (as a vector). [2]

HRSL LBRMAKERN T FEARE) . [2]

y L B TE A DU
line charge extends out of
the page

Solution:
(a) We apply image method by adding 3 image line charge in the following ways:

1. (—a, b) : Charge density - A
2. (— a, —b) : Charge density 1
3. (a, —b) : Charge density —1
Hence the total electric field along the x-axis (at the point (x, 0)) is

= A 1 o 1 o
= 21e, ((x —a)? + b2 ((x —a)i — bf) - m((x + a)i — bj)
1 1
G (@1 8~ e (=i 4 )
! 2b 2b )
- 2meg (_ G-a)?+b2 Gtra)?+ b2>]

which is along the y-direction and hence the electric potential which is constant along the x-
axis.

Similarly, we can show the electric potential is also constant along the y-axis.

By setting the potential V(0) = 0 at the origin, the electric potential of an infinite line of
charge at (a, b) is

a? + b?
Volx.3,2) = A€, In ((x —a)?+(y— b)z)
Similarly, we can get the electric potential for other image wires
a? + b?
hxy.2) = ~ 4re, In ((x +a)2+(y— b)z)
A a? + b?
Valx3,2) = A€, In <(x +a)2+(y+ b)2>
a’? + b?
Valoy,2) = = 41e, In ((x -a)?++ b)z)
The total electric potential becomes,
A 1 (x+a)>+ (y—b)*\ [(x—a)?+ (y + b)?
4Tr€, " <(x —a)+(y— b)2> <(x +a)+(y+ b)2>

V(x,y,2) =



® Q Q AL
Cav V(@-1b0-V(©000) A ((Za - r)2> ( ()% + (2b)? )
41e, (—1r)? (2a — )% + (2b)?
4me,L 2meqL

2TE

A ( 2ab )
In|——
rva? + b2

(c) The force on the wire is the electric force on the wire from three image wires.
From Gauss’s law, the electric field created by three image wires at the point (x,y, 0),

C

R A 1 . R
E:2n60<_(x+a)2+(y—b)2((x+a)l+(y_b)])
1 . .
+(x+a)2+(y+b)2 ((x+a)l+(y+b)])

1
- (x —a)? + (y + b)? ((x —a)i+(y+ b)j))

Substitute (x,y) = (a, b), we get
7 A ((ai+bj) 1, 1A)
a' b’

4me,

The force on the wire is
| ((ai+bj) 1 1A> F 22 ((ai+bj) 1 1A>
— - e — =] = —
dmeg\ a? +b? a L 4mey \ a? + b? a' b’

ﬁzqﬁzAL

5. A Flying Square Loop (8 points) —{EFRSTHI S FZER (8 77)

A square loop of side a and mass m is made of resistive material with a total resistance R. At
t = 0, the loop is located at x = 0 and moves with velocity vyX. The loop lies in the x-y

plane. There is a magnetic field B = B, (xi) Z where B, > 0 is a constant. In the problem,
0

we neglect the effect of gravity.
—IKN a RN m BT AR R, SEFHNR, fEt = OFf, ML Tx =
OFF LA fEvoR BB, RRLT xy VI, AR B = By (=) 2, HriBy > 02—

B, FERXAET, A2 E SRR,

(a) What is the induced current on the loop when the center of the loop is at the point x with
velocity vX? What is the direction of the current? Is it clockwise/anticlockwise from above?
[2]

MG ROAL T, HEAve B, 3 EAEN BREZD 2 e ftea 2 MBS
LT MR/ A 2 2]

(b) What is the velocity of the square loop v(t) at time t? [3]
EHAER e () % 2 [3]

(c) How far does the loop travel before stopping? [3]
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Solution:
(a) When the center of the square loop is at the point x, the magnetic flux passes through it is,

a
Xtz x aB, N a\2\ aB, a’Byx
¢=aL=x_%Bo(g>dx=E((x+§) —(x—§)> — (2ax) = .

The induced emf is

Cdt T x

do a’B, (dx> a’B,

— Yo 7

dt Xo
The induced current is
€ a’B,
"R xR’

and the current is clockwise from above.
(b) The dissipation power of the induced current compensated by the work done to decelerate

the loop,
poje &1 a’B,\" , .
=2 =z Ve = —mvv
v 1 <azB0 2 % 1 <azBo>2
-5 —_= —— = —— wherey = —
v mR\ xg m X

The velocity of the loop is

(c) Total distance travelled is

@ vom T
X = v(t)dt = —— = Rmv (—)
J;=0 y °\a2B,

6. The Phenomenon of the Halo (6 Points) Y6&EIRE (6 47 )

Bright halos around the sun can be observed as in Figure 1. As shown in Fig. 2, this optical
phenomenon is caused by the refraction of the sun's rays on ice crystals in the cirrostratus, a
cloud genus that reaches a height of approximately 5.5 km.

AT g v DO BR B A B A St w08, Wl 1 fros. Wil 2 fos, RO
MR R B KIDCEAEEE = P HIUKE ST AR, Za R &2 5.5 km -

To understand the phenomenon of the halo, we simplify the problem in two dimensions. In
the following, we denote the angle of incidence on an ice crystal 6;, the angle of refraction at
the first interface 8,, the angle of refraction at the exit of the crystal 8, , and the angle of
deflection between the ingoing and the outgoing sun ray 6.
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A okl
a Ice crystal

Observer %
Fig. 1: A halo surrounding the sun Fig. 2: Formation of a halo. Fig. 3: Light refracted by an ice crystal
Bl KEEAENLE B2 2ENEK. B3 . HKSITHE

(a) We consider an ice crystal in the form of a regular hexagon (Fig. 3). Derive an expression
for 6 as a function of 8,, ny;,- and n;.., where n; denotes the refractive index of the medium
i. (g =1, niee = 1.31) [3]

(a) BAIBE— N IERNZAIKEE(E 3), 3RO, FK,  TFELO,, ngg, Fling 1E L
HEERR, HH R TP, (nh, = 1, nyee = 1.31) [3]

(b) Estimate the angular radius of the halo as measured by the observer on the ground. [2]
The identity may be useful:
BN A EEFDECENARERN - [2]
EAAATREA H:
d ) 1
—arcsinx =

dx V1= x2

(c) A closer look at a halo reveals the light spectrum along its entire circumference. Which of
the colors, red or blue, is on the inner, which on the outer side of the halo? [1]
AR — e, AT LMERE BRI REE, Hotma N mEm—Fhgie, 2
CEE A, ECEAIMUISORI—FhEiE 2 [1]

Solution:

By Snell’s law,

Ngir SN O; = n;., sin 8, = sin 8; = n;., sin O,
Nice SINB3 = sin b,

T
92+63=§

T
Op = (6; —6,) + (0, — 03) = 0; _§+ 8o
T 1
0, = arcsin (nice sin (— — arcsin ( sin 91)))
3 Nice

s T
0, = arcsin(n;, sin 8,) — 3 + arcsin (nl-ce sin (§ - 92))

(b) The halo is observed at the stationary point of 6,

10



do 1 1
= Njce COS O, —

de
2 Jl—nz sinZ 0, Jl—nz sin? (n—Hz)

ice ice

Njce COS (g — 92) =0

3
i A
_)0225_92 lL.e. szg

and the corresponding 0, is:

Op min = 21.8°
The angular radius of the halo is 6 = 0p in — Os = Op min = 21.8°
(¢) The refractive index of red color is smaller than that of blue. The deflection angle
corresponding to the blue color should be bigger and hence the outer of the halo should be
blue, and inner of the halo is red.

11



Pan Pearl River Delta Physics Olympiad 2018
2018 FEIZ Bk = A S e A4 B PR SRR DL 5 38415 2%
Sponsored by Institute for Advanced Study, HKUST
T RO 2 i S T e P )
Simplified Chinese Part-2 (Total 2 Problems, 55 Points) fj{&R#&-2 (FL2/8, 554
(1:45 pm — 5:00 pm, 22 February, 2018)

All final answers should be written in the answer sheet.

FIT i Ja B R E G BB b

All detailed answers should be written in the answer book.

P VRS RE S LR .

There are 2 problems. Please answer each problem starting on a new page.

A 28, B% 18, JURHBT— 4.

Please answer on each page using a single column. Do not use two columns on a single page.
B AE B —E R 7 B ANAT AFE — TR DO E A1 7 U

Please answer on only one page of each sheet. Do not use both pages of the same sheet.

B ACBR MRS . AN AT DABUER

Rough work can be written in the answer book. Please cross out the rough work after
answering the questions. No working sheets for rough work will be distributed.

Fha A LS AR L, Z s B R BRI BN, Ae T K ERR A

If the answer book is not enough for your work, you can raise your hand. Extra answer books
will be provided. Your name and examination number should be written on all answer books.
FIhEEEAG ] 2T, g aEaE s T A .

At the end of the competition, please put the question paper and answer sheet inside the

answer book. If you have extra answer books, they should also be put inside the first answer
book.

B SR, VARt AR R 1 R LT, 0 A5 4 2 L 4 e 48—
5 B LT




Problem 1: Oscillations of the Sun (22 points) XFHAIEY (22 &)

The sun is made of compressible gas. It can oscillate in a variety of ways. Investigating these
oscillations has provided rich information on the interior of the Sun. In this problem we study
two kinds of waves: pressure waves and gravity waves.

K BH Y st s w] e 4 ko el LA AT k. LIk G 4R 1 T4 KA
M EELS . EIXREE, FATWEFCAFR: o8B E 3.

Part A. Pressure Waves (15 points) E5&#¢ (15 %)

Most of us are familiar with sound waves propagating through Earth’s atmosphere, which is a
pressure wave. In the Sun, however, we need to consider the fact that gas density falls off
with height because of gravity. In this problem, we will use the following notations:

AR ZHAMAEAEIERR AL IRN =B, ER PRI EHRAERMN,
1175 225 R i T E 0 3 BUUR S R R B R B RIS R, JRATTRER A LA 4T

T

M = average mass of particles f 33 i &

g = gravitational acceleration = 77 £

k= Boltzmann constant J% /] 2% = £

T = absolute temperature 2%} iz &

y = ratio of the constant-pressure specific heat to the constant-volume specific heat 7€ & FE#4

R

We model the Sun as an atmosphere whose density falls off with height because of gravity.
For a thin layer of the atmosphere between heights x and x + dx, the equilibrium pressure at
these locations are P(x) and P(x + dx) respectively. Assume that the gravitational
acceleration and the temperature are constant.

FATRE K PRy — A KR, Hs R By MR e BN B X T i B AEx Al + dx

AN Z AR UG, IR B RS K58 70 9l WP (x) FIP (x + dx) o ABUE B 77 I0id B

AL R E TE 1 o

Al Derive the differential equation for the atmospheric density p(x). 2 points
TRHE TR B p () I35 T 2 24

The scale height H of the atmosphere is the height through which the density 1 points
A2 | becomes a factor of e~ of the original density. Derive the expression of H. Il) N

KA R EEH 5 ORI e MR . SKRHIRIE

When a pressure wave propagates vertically in the atmosphere, the particles will experience
small vertical displacements. Let u(x, t) denote the vertical displacement of the gas particles
at time t whose undisturbed position is x.

SR AE R I EAERRN, RN BEARE . Bu(x, t) AR T/
Re [l IR T ELALRS , x N HAZ TIN IALE




A3

As shown in the Fig. 1, there is a change in thickness of the thin layer.
Express the change in thickness in terms containing the gradient du/dx.
(Remark: For u being a function of both x and t, du/0dx is called the partial
derivative of u with respect to x with t taken to be constant.)

W 1 AR, EEREEAARA, WS ou/dx FoRIE AL,
(B 7E - BRI —FHIHER, ou/ox e oAutaxt Fxrom S5k,
tHER ST HEEL )

1 points
14

X X

—  x+tdxtulx+dx, 1)
x +dx

xt+u(x,t
. (x, 1)

Fig. 1: The vertical displacements of a thin layer of gas particles caused by the propagation of a pressure wave.
Note the change in the thickness of the layer.

B 1 R oRB AR S R Z U T EE N . TR R

In turn, the vertical displacements produce small fluctuations in density and
pressure, denoted as dp(x, t) and JP(x, t) respectively. Express the change in
op(x,t) and OP(x,t) in terms containing the gradient du/dx. Assume that

A4 | the heat transfer is negligible during the period of the pressure wave. 2 points
BEZ ok, T B AEE FE AR ORI/ N sl 0 3R N ep(x, t) AT 29
SP(x,t) o KSp(x, OFSP(x, )RR (LIBEEou/0xKR) « RIRAE
T R A% 3R 3 ) A% AR LA ZS AN T
Derive the differential equation of motion for u(x,t) . Simplify your .

AS | expressions using the speed of sound ¢, = /yP/p. 3 go;;nts
BAHEFu (e, O B3N e . L& e, = \JyP/pfiIRIIE R
Show that the solution of the equation of motion is equivalent to a pressure
wave traveling through a uniform medium when the wavelength is shorter .

A6 | than a length scale. Derive this length scale. 2 go;;nts

BRI A T IR RS, 18sh T R AR A T 2 i 3 S A i)
JEERI . RIXDRKEREZ .

Next we seek a sinusoidal wave with angular frequency . The energy density of the wave,

1 . . )
Epa)zuz, is expected to remain constant as the wave propagates upward with constant

velocity in the direction of decreasing density p(x). With this expectation in mind we let
BT RBATFH — M AME o) IETZE . 4B % B p () 980/ 1 77 1) DAYE g 3 JE 1) _E
fES, FRATHUIIE I R R AR pou (A . LA AT 1

I
VP ()

u(x, t) =
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A7 Derive the differential equation for f(x). 3 points
BT f ) I T RE . 35

When the frequency of the pressure wave is below a critical frequency o,
below the Sun’s surface, it becomes trapped inside the Sun. What is @,? 1 points

A8 | KRBT R B SRR TG PR o N, TR TN . | 14
R w,.

Part B. Gravity Waves (7 points) E ¥ (7 4)

In Part A we only included the restoring force due to the fluctuation in the pressure gradient
for pressure waves traveling in the vertical direction of the Sun’s atmosphere. However, for
gravity waves propagating in a horizontal direction of the Sun’s atmosphere, the buoyancy of
the gas may also give rise to a restoring force which can sustain oscillations.

fE A BB, FATAERE T T R 98B A R B 10 4% 6 1) He ol B2 () sl i 7= £F
WK 3o PRI, XS T R BRI K P I A% 4 B B8 038, AR 0t ml oy 4
FriRz I E T .

T+ 6T

Height x + Ax P+ AP T+ AT,P+ AP, p +tAp
p tép

Height x T,P, p

Fig. 2: Displacement of a pocket of gas from height x to height x + Ax.
2: — /NSRBI s x4+ Ax IS .

To understand this, we consider a small vertical displacement of a pocket of gas in an
environment of the same gas with both gradients in the temperature and pressure. As shown
in Fig. 2, this pocket of gas has the same temperature, pressure and density as the surrounding
gas. When its height is displaced by Ax, it enters an environment with temperature, pressure
and density given by T + AT, P + AP and p + Ap respectively.

N T B — i, AT P& — /N SURAEAR [F) AR I A, 2 T A B A0 e sk 52
sz TR . B 2 R, X/NE SRS E B R B G FERIRIRES . R gR
B, U ERBIARE, TR AR AT + AT JESRAP + APFIEEE Jp + Ap
M,

For the pocket of gas, the pressure inside the pocket responds rapidly to the environment so
that its pressure also changes by AP. On the other hand, the change in temperature and
density may be different. Suppose the temperature, pressure and density of the pocket of gas
in the new environment are T + 6T, P + AP and p + §p respectively. Assume that there is
insufficient time for heat conduction from the pocket of gas to the environment.
XPIXNASRTT S, P9 B sR H [B] N AR, R SR thpE 2 AP + AP 55—
M, RN AL FTREAR A, AR BCBTFAEE hIXN CVRRAGIREEONT + 6T K58
P + APTIEEE Np + Sp. MRULIEA W RIS (8] /s H SRR A BEAL T # B
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Bl Express Ap and &p in terms of expressions containing AT and AP. 2 points
Kap FSpFIA L (FHATHAPERIR) 247
Suppose the temperature and pressure gradients of the surrounding gas are
dT /dx and dP /dx respectively. Derive the equation of motion of the pocket .

B2 | of gas. 2 points
AR Sl AR B A AN IS 5 56 52 73 93 9T fdx AdP fdx o 1AHEFIX 25
NEAARRIIZE BN T R
Determine the range of temperature gradient dT' /dx in which the pocket of
gas can exhibit oscillations. Express the bound(s) of the temperature gradient .

; 2 points

B3 | interms of T /H. 243
SR/ ASAART] H AR 5 I TR B B2 d T / doc3 Bl (BAT /H 2R 7R 1% 50 Bl (1) 5
PR) o
How does the gas in the Sun behave when the temperature gradient is outside .

- . 1 points

B4 | the range considered in B3? 14

HIRERREOE T B3 HBRENEH, KT G4 h?

END of Problem 1
]/ 158




Problem 2: Plasmon Resonance and SERS ZEEFI#A1 SERS

Surface-enhanced Raman spectroscopy (SERS) is one of the most prominent optical
phenomena in the last 40 years. SERS is based on plasmon resonance, referring to the
significant increase in electric field intensity near the small metal granules under certain
conditions. In order to determine these conditions, it is necessary to learn how to describe the
properties of metals placed in oscillating electromagnetic fields.

REEIRNEEE (SERS) il 40 FREELENDEFEINRL —.  SERS HIEERIESE
BTFIIR, TR LS AR T /N < UL R 1) R s L R A N . O TR E IR R AR AT
FATAT b B R U 1 38 B AE IR HL RS TP 1 < IR R

Properties of a medium in an electric field are described as follows:
5:6605260E+ﬁ

where E and D are the electric field intensity and the electric displacement respectively, € is

the permittivity of the medium, P is the electric polarization (electric dipole moments per unit
volume), €, is the vacuum permittivity. The boundary conditions in the absence of free
charges are the continuity of electric field tangential to the boundary and the continuity of the
electric displacement normal to the boundary.

I1 FUE FL T ORI RE R A
D = ek = €oE + P

JLRE MID 4 B I aR R RS, e RN BRI mE S, PRBRIRE CRAk
BRI | e R KA W E. ERAH B AT T AL A %1502 514 71
VIR H 37 HE S AN 5 B30 5 B AL R R e St

In an oscillating electromagnetic field, the permittivity of a media (including metals) is
dependent on the electromagnetic field frequency, € = €(w).

ARG B, A (&R B mEEEIR T BINZE: € = e(w) -
Part A. Free Electron Gas (3 points) H HEF54& (3 4°)

Consider a metal occupying an infinite space. Positive ions form a crystal lattice. Free
electrons move inside the lattice. The number density of positive ions and electrons are the
same and equal to n.

FRR—HECRT P EE. EE TR, AR TERKNBE). L8 THE
THECE M FIFE T o

A uniform oscillating electric field EO sin(wt) is applied in the metal. Assume that the ions
are infinitely heavy and fixed. The effective mass and charge of an electron are denoted as m
and —e respectively. Within the simple framework of the free electron approximation one
can assume that the field acting on an electron is equivalent to EO sin(wt). All other forces
(including dissipative forces) are small and negligible.



2

1645 I8 P I3 2) (4R35 FAE, sin(wt) . REH TR B L@ . BT a0 E
AL 73 AR 7R am Al —e . £ B H A IR TR EAEZE P, w] DUBCEVE T T H 7137

ST By sin(wr).  FTAHANS CRIFRIUD HNE T2

The electric field drives the collective motion of the electrons 7(t) along the
electric field direction. Derive the expressions of 7(t) and the polarization

Al | P (t) at the steady state. 2 goﬁi;lts
W37 3K 50 F TV L 5 AR IZ 7 (8) o Il SAERR E RS TP (8)
R R AL SR P () Rk K,

A2 Determine the metal permittivity €(w). 1 points
R K B e (). 14

Part B. Plasmon Resonance (16 points) &5 T3tz (16 4

In this part we consider a dielectric sphere of radius R and permittivity € in a uniform electric

field EO. Due to the polarization of the dielectric material, the electric field in the sphere and
its neighborhood is modified. The polarization of the dielectric sphere is due to mobile
charges being shifted in the uniform electric field. Here we model the dielectric effects by
two oppositely charged spheres with radius R and charge density +p being displaced along

EO by displacements +6 /2 respectively (see Fig. 1).

AR 1B A 510 By PP SRR 3 OB 3R o T4 FhHRL A
BALAEFE, SRS 0 M T o A ORAO BEAL A E T R 4 5 o
ARG, FEICI, BRATEIE BT S AOSRAOR BEDLA 4R A HL R I

AR HEEE SN, WE T FMRAL 5 A+ /2 (WK D .

I(§
—>

ﬁ
Eo
Fig. 1: Dielectric spheres in the uniform electric field.
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The total electric field E i Inside the dielectric sphere is the superposition of
the external field EO and the electric fields due to the two charged spheres.

Derive an expression for E in 10 terms of EO and the polarization P due to the
B1 | two charged spheres.

A HLER P 3B 14 A HUIZE A2 FAM N L3 E g RIS HLER A 51 R 1) a3 1
BhNe RHEGE,, 2IA I (CLE MBI B BR TR 51 2 () H B A0 1 P
) o

2 points
25

Due to the dielectric effects, surface charge is induced on the surface of the
dielectric sphere. Consider a point on the surface of the dielectric sphere
where the outward unit vector normal to the spherical surface is denoted as 7.

In the limit of 6 << R, derive an expression for the induced surface charge 2 points

B2 density o at this point in terms of the polarization P and 1. 245

HI T FARSE, A R R T b AR RS ) SR T A . 5 R R A Bk AR T
F—A~ s B SRR R RSN R ERR . FE5 << R Itk
PR, i G RS P 2 1 20 3 (L R K SRS PRIAZER)

Following B2, derive the relation between the normal components of the
electric fields Eout -l and Ein - 7 at the surface of the dielectric sphere. 1 point
R4l B2, RXHEF HIGHIEIA 7> B E,y, - ATIE,, - ATES T RLBRZ 1 8] 1) 5% 153

R

B3

Express the induced electric dipole moment (io of the dielectric sphere as a
B4 | function of EO.

SRA HLER BB H AR Ay (FE N E I R BT

3 points
35

Let us analyze the behavior of a metal sphere in an oscillating electric field of angular

frequency w and amplitude EO. The radius of the sphere is R. When the wavelength and field
penetration depth are both much greater than the size of the sphere, one can consider the
metal sphere as a dielectric in a uniform electric field, except that one has to use €(w)
(analogous to the one expressed in the previous part) in place of the permittivity. Hence the

external electric field is E = EO cos wt, and the dipole moment is d= c?o cos wt.
IEBATV AL AR Aw IRIENE IR 3% T & RERIAT . BRIKIEAEZR.
2R L A7 2 0 TR P A2 R T BRI RUBERS T DLORE <8 JR 3R AR 1 50 s ) LA
i, BT AAUE He(w) CRELT AT Tk kit R B,
YIS RE = E, coswt, BN Ed = dy coswt .

Sketch qualitatively the electric field lines (inside, near and far from the ball)
B5 | in the system assuming €(w) = —3.

Bidte(w) = =3, EMEMZ RGP HRZLE RN FITAZHE) .

2 points
25
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When w = w,.s, resonance takes place and the internal electric intensity
|E;n| increases to infinity. Determine €,,, the value of €(w) when w = w,.s. | 1 points

Mo = wppsh, HARKRAEN H A BB IMEIL TS K. Reyesr B 15
€(W)TE W = Wyesf HIMH o

B6

Significant increase in the electric field amplitude with frequency equaling w,.., is called the

plasmon resonance. Assuming that there is no power dissipation, |Ein| approaches infinity.
Taking into account dissipation, the major loss of power comes from dipole radiation.

HEL A7 IR 1 5 A 5 10230 0, T TN, X AR N BB FIEIR . IR A IIRE, | Epn
BT K. FRERIFERL, ThR M B B BRI

An oscillating dipole emits energy. Estimate the power I of this energy loss
using dimensional analysis. A dipole radiation intensity depends on the dipole

moment amplitude |(ZO , its oscillation frequency w,..s, speed of light ¢ and
B7 | vacuum permittivity €,.

PRI TR RS R . R AU R R ks 1 L | 3T
W 5 R Bk TR IR o |« IR s TG EL A
e

3 points

In practice, |Ein| is finite due to power dissipation at the plasmon resonance
frequency w,..s. Suggest an approximate expression of the internal electric

field intensity |E in| using the condition that the power output is balanced by

the mean power pumped into the system by the external field during plasmon | 2 points
resonance. 2 4

Sbr b, BT TR T IO BRE, |l IR, R
THARM DR 5N RS T T T 4, S R
SREE| | 03 ik 2t

B8

Part C. Raman Spectroscopy (7 points) R £ Y51 (7 43)

SERS is based on the phenomenon of Raman scattering, referring to the interaction of
electromagnetic waves with mechanical vibrations of molecules. First we consider a
molecule configuration. We assume that a molecule is made up of a number of atoms
connected by chemical bonds that behave like springs. Hereafter we consider a diatomic
molecule.

SERS HJF:Al /RSB IE, FaHE B S5 70 THRIRSI A BEAER . E 53R4T
FRE— N TR . AR —>7r 702 i 2 8 Ak 7 g 1 e e ok i R 7~ 4L e
B RV T an [R]85 . JRATIZ BB R BUR 1701

Consider two masses m, and m, connected by a spring of spring constant k.
Determine the frequency w, of small-amplitude system oscillations. 1 points

Cl | oA i Bem, Allm,, 01 05 Rk Bk . SR AGTEAD | 14
SRR TR % 0, o
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A polyatomic molecule is characterized by its spectrum of resonant frequencies. One can
identify the molecule with the knowledge of its spectrum. This is the basic idea of SERS.

Z R F 41 T AR & H LR SR ik . AATTA] PLIE N HAE 1A SR IR A T XS
SERS 134 L AE

Let us analyze the behavior of a molecule in an external electric field EO cos(wt). We assume
that atoms have no charge, i.e. the molecule has no dipole moment in the absence of the
external electric field. However, a molecule is polarized by the external electric field

BT — AN TFLEIMT IAE, cos(wt) FIIT . A B BB T34 Hufer,  BIERE
EER AN 7 L T N R B 1 % S /A O 14 & 7 R

d = e,ak, cos(wt)

where «a is the polarizability of the molecule. We assume that an induced dipole moment d is

parallel to the electric field E. Due to thermal agitation, mechanical oscillations of the
molecules always exist at finite temperatures, and we assume that the thermally agitated
angular frequency is wy.

Hrfa o Tt . BAMR BB d 5 BIHEFAT . BTG50, 4 TR
WAk AT AR T, IF HBAMEE BB IR w, .

During molecular oscillations, the distance between atoms in a molecule deviates from its
equilibrium value. Suppose the deviation x of the interatomic distance is given by x =
Xo cos(wyt). Furthermore, when the interatomic distance changes, the polarizability of the
atoms changes accordingly, i.e., @ = a(x) (see Fig. 2).

FEr ARG, 707 rh 7 T R R 0 i 28 P o AR 8 SR ) e 2 ) e 22 x
x = xg cos(wot) Zhtt o BLAN, MIEFRIEECARR), SR IR EEAE N AR, Bla =
alx) (LE2) .

y o(z)

\ 4

—Zo Zo

Fig. 2: The dependence of the polarizability of atoms in a molecule on the deviation of the interatomic distance
during molecular oscillations.

2 0 3R A ROARAL SR 43 - R 3 1 i - 18] B A0 22 RO AR

Assuming that the amplitude of mechanical oscillations is small, express
a(x) using linear approximation, given that «(0) = a, and Z—Z| = B,.

x=0
LR IR AR /DS, i Pla(0) = ay AN Z—Z
PR R .

1 points

C2
=B aCoOfEsk | 157
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Determine the diatomic molecule dipole moment in the external field

C3 EO cos(wt). Provide the answer in the form: 2 points
SRIMAE, cos(wt) FIHIBUR T4 T, AR TIIERER: 24y
d = ¥, d; cos(w;t) €))

A detector logs the dipole radiation of the molecule and detects several peaks
with frequencies w;, corresponding to expression (1). The height of each peak

is equal to the radiation intensity of the dipole cil-. Determine frequency and
height of each peak. Express the answer in terms of 3 points

€0, X, Bo, Xo, W, Wy and EO . 3 43
Kol S50 720 T IO ARARAT, FERISIEA A iR 0, X T AR

(1) (AR o MR 0 5 B S T (B 1 PR SRS . SRA I
ISR R, Pheo, @o, o, Xo, @, wo M EgRIEH R,

C4

The presence of peaks with frequencies differing from w in the spectrum is called Raman
scattering. The stronger the external electric field the higher the signal detected from one
molecule. A strong electric field can be obtained using the phenomenon of plasmon
resonance. This is a difference between SERS and ordinary Raman spectroscopy.

Wl BAAF T o EERDLS, PV 88, SMBaizeg, A—D a5kl
FME SR, MHSEFIIRIE AT LSRG A 7. X2 SERS M IHE 2
JEIE Z AR — N X

Part D. Surface-Enhanced Raman Spectroscopy (SERS) (7 points)
REHEENEEE (SERS) (743)

Consider a sphere of permittivity €(w) in the uniform oscillating electric field of amplitude
|EO| in the case of plasmon resonance.
IR E TR, ERSIRY a3 ARIEAN |E| )R dek, HABHEN

€(w)o

The molecule of the investigated material has to be placed into the points of
maximal electric intensity. Locate these points in the figure on the answer
D1 | sheet.

WAL BRI 7T U EAE R K IR BRI E . TS EZE AR 1] 25
HbR H X T

2 points

Determine the enhancement factor g(w) of the electric field at these points,
E)]
|Eol

where g(w) = max . Express the answer in terms of the metal

e r 1 points

D2 | permittivity €(w). 14

SRAEK LR B L AR Fg (), Hrfg(w) = max POl L4 R
T

|Eol
U Hle () RANE 5
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Metal beads enhance the external electric field radiation of amplitude EO and dipole radiation
of the molecule as well. The second process is characterized by the enhancement factor
g'(w, wy). When w > w,, one can assume g’ ~ g. Then the signal intensity in SERS is g*
times greater than that in ordinary Raman spectroscopy.

G J BRI AR T A1 AL 37 B AR08 B Y T B AR S . A AN R DU SR I T
g'(0, w ) NFHE. 2w >» woltt, ARG’ ~ g. KL, SERS H1I{E 5 9 b i@
FOLHE I TR K g

Usually the signal comes from many molecules. Dipole radiations of the molecules are not
coherent to each other. Thus a total radiation intensity formed by N molecules is equal to N1,
where [, is the intensity of dipole radiation from a single molecule. An example of the
experimental data is presented in Fig. 3.

BoEWEREWZ 2T 7T HRERBES BT B, BN TR SR
SFSREEANTy, el ek B A T RIS R . B 3 4t 7 — A seie s .

PR R, a.u.

Intensity, a.u.
3x10°-
X SERS
1.3x107 molecules 43+
2x10°-
1x10°-
Raman Nea e
0 N 1.4x10" molecules

250 500 750 1000 1250 1500 1750 2000

Raman Shift (cm’")
P2 (cm™?)
Fig. 3: [Credit: U.S. Naval Research Laboratory] Raman signal spectra. Red curve corresponds to SERS, blue to

ordinary Raman spectroscopy. X-axis corresponds to Raman shift k, = wy/c, and Y-axis corresponds to
radiation intensity in arbitrary units. Note the different number of molecules in these experiments.

3¢ CEEVE AL IER] f I B, Mg T SERS, U €l Zn BT M il B,
XHR BT R BRAS (ko = wo/c), T YA RETALRE R T MBS HRIE . TR AL eh 45 7RO B
R,

By analyzing the experimental data presented in Fig. 3, estimate enhancement
factor g due to the plasmon resonance at the peak of Raman shift w,/c =

D3 | 1000 cm™1. Assume that w, < w.

HWRL A B 3 s g SE A, WA AR 2 I Hw, /c = 25
1000 e~ Ak i 45 B IR SHERIG RN T g. HiKw, < w .

2 points

Based on the results of Part B, estimate the radius R of the metal beads used
in the experiment. Assume that the wavelength of the external radiation A =
D4 | 785 nm. N
HUR B MO SR, RS b A T 1 & R ERAO L RR. Skt | 2

[ KA = 785 nm.

2 points

END of Problem 2
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Problem 1: Oscillations of the Sun (22 points) XFHAIEY (22 &)

The sun is made of compressible gas. It can oscillate in a variety of ways. Investigating these
oscillations has provided rich information on the interior of the Sun. In this problem we study
two kinds of waves: pressure waves and gravity waves.

AR BH Y st s w] e 4 ko el LA AT k. LI BRG44SR A
MEEELS . KRBT, FATWEFEPFB: I E F 3.

Part A. Pressure Waves (15 points) /73 (15 %)

Most of us are familiar with sound waves propagating through Earth’s atmosphere, which is a
pressure wave. In the Sun, however, we need to consider the fact that gas density falls off
with height because of gravity. In this problem, we will use the following notations:

AR ZHAMAEEIERK T ZALIRN =B, ER PSR ERAKRMN,
1175 225 R i T E 0 3 BUUR S R R B R B RIS R, JRATTRER A LA 4T

T

M = average mass of particles f 33 i &

g = gravitational acceleration = 77 £

k= Boltzmann constant J% /] 2% = £

T = absolute temperature 2%} iz &

y = ratio of the constant-pressure specific heat to the constant-volume specific heat 7€ & FE#4

R

We model the Sun as an atmosphere whose density falls off with height because of gravity.
For a thin layer of the atmosphere between heights x and x + dx, the equilibrium pressure at
these locations are P(x) and P(x + dx) respectively. Assume that the gravitational
acceleration and the temperature are constant.

FATRE K PRy — A KR, Hs R By MR e BN B X T i B AEx Al + dx

AN E AR UL, IR B RS K 170 B NP (x) FIP (x + dx) o ABUE B 7 I0id B

AL R E TE 1 o

Al Derive the differential equation for the atmospheric density p(x). 2 points
TRHE TR B p () I35 T 2 24

Let A be the cross-section area of a column of the atmosphere.
External force acting on the gas = [P(x) — P(x + dx)]A.
Weight of the gas = [p(x)Adx]g.

Condition for equilibrium: [P(x) — P(x + dx)]A = [p(x)Adx]g.
In the limit dx — 0, P(x + dx) = P(x) + Z—idx.

Hence Z—P = —p(x)g.

kgT
Gas law: P = 258-
m
dp _ mg
dx kBTp'

‘ A2 | The scale height H of the atmosphere is the height through which the density | 1 points




becomes a factor of e~ of the original density. Derive the expression of H.

KA R EEH R ORI e MR . SKRHIRIE

14

The solution of the differential equation is p(x) = p(0) exp (— ’:ﬁ—“‘;x).
B

m kgT
Hence —LH =1= H = -2~
kgT mg

When a pressure wave propagates vertically in the atmosphere, the particles will experience
small vertical displacements. Let u(x, t) denote the vertical displacement of the gas particles

at time t whose undisturbed position is x.

A SIPAE KA P AR, R A N B . u(x, ) NIRRT

R (] LR U3 ELALAS , O HANSZ TR A B

As shown in the Fig. 1, there is a change in thickness of the thin layer.
Express the change in thickness in terms containing the gradient du/dx.
(Remark: For u being a function of both x and t, du/0dx is called the partial
A3 | derivative of u with respect to x with t taken to be constant.)

i 1R, EERNEEARAE, WP ou/dx FoRIEEEAAL,

(B VE - wlENxFIe —FHWIHER, ou/ox e oAutExt Fxrom S4k,
tHER ST HEEL )

1 points
14

X X

—  x+tdxtulx+dx, o)
x +dx

xt+u(x,t
. (x, 1)

Fig. 1: The vertical displacements of a thin layer of gas particles caused by the propagation of a pressure wave.

Note the change in the thickness of the layer.
L. WAL SRR E R TR e . HEEEEEREL.

Change in thickness = u(x + dx, t) — u(x,t) = g—z dx.

In turn, the vertical displacements produce small fluctuations in density and
pressure, denoted as dp(x, t) and J6P(x, t) respectively. Express the change in
op(x,t) and OP(x,t) in terms containing the gradient du/dx. Assume that
A4 | the heat transfer is negligible during the period of the pressure wave.

BEZ ik, T B AEE BN IS s, 0 3R N ep(x, t) AT
SP(x,t) - KSp(x, )FSP(x, )RR (LIBREou/0xER) « RIEAE
& AL R B A T T DL AN T

2 points
25

Since the density is inversely proportional to the thickness of the layer,

Sp(et) _ _ du N

Since for adiabatic processes, P « p?,

6P(xt) _  Sp(xt) _ _ 6_u — 6_u
i =V yax:>6P(x,t) = —yP(x) P




Derive the differential equation of motion for u(x,t). Simplify your
AS | expressions using the speed of sound ¢, = /yP/p.
BHESulx, OB e . PLEEc, = \JyP/pfiIRIE R .

3 points
35

Let A be the cross-section area of a column of the atmosphere.
2
p(x)AdxaTZ = [6P(x,t) — 6P(x + dx, t)]A.

) ) )
plx )ﬁ= — 2 5P(x,t) = —[yP( ).
6P( )6
From Al,i = —p(x)g. Hence
9%u ou 5 0%u

at? Y9 52 T Cs gz

Show that the solution of the equation of motion is equivalent to a pressure
wave traveling through a uniform medium when the wavelength is shorter
A6 | than a length scale. Derive this length scale.

BRI 4 KA T K RER, B3 7 RS T 7 1 2 50 )
IS8 KIXNMRERE

2 points
25

The solution of the differential equation is equivalent to a pressure wave traveling through a

uniform medium if the first term is negligible compared with the second term.
2
i

2
_ 20%u
Second term = ¢ — T

c? P kgT
g% B =L el
A A vYg pg mg

. ]
First term = yg % ~

=H.

Next we seek a sinusoidal wave with angular frequency . The energy density of the wave,

1 . . )
Epa)zuz, is expected to remain constant as the wave propagates upward with constant

velocity in the direction of decreasing density p(x). With this expectation in mind we let

TR RIAT TR — DA 0B IETZP . BT L p () /IR 77 1) DAEL 7€ 38 B ) b

LRI, ?ﬁﬂ‘ﬁﬁﬁﬂ?)ﬁ‘iE‘Jﬁ‘é%“ﬁ%ﬁ%pwzuzﬁﬁﬁf}go DRI R AT T AT

X ,
u(x, t) = &e“‘*’t.
VP ()
A7 Derive the differential equation for f(x). 3 points
AHEFf )T T HE 34

Fu_ 2= 2 SO et
= WU = —wt e
u _ [10) —iwr _ PG iwt
ox Jp(x) Zp(x)% '

/ _ M a_u fr (x) —Lwt f(x) —iwt
From Al, p'(x) = o Hence ™ m + —ZHWe )
Pu _ S piwt | SE) mier SO it

ax2 ~ Jp(0) Hyp() 4H2[p(x)




Substituting into A6,
ﬂﬁf@>=—nﬁ%w—ﬂﬂf@>+é[ﬂ()+ﬂ§2 )

FE@+(E-2) e+ (G- + %) £ = 0.
100+ (% - =) fG) =o.

Cs

When the frequency of the pressure wave is below a critical frequency o,
below the Sun’s surface, it becomes trapped inside the Sun. What is @,? 1 points

A8 | KRBT R B RS TG R o N, TR TN . | 14
R w,.

. w2 c
The pressure wave cannot propagate if Z T < 0> w < — Hence W, = ﬁ
S

Part B. Gravity Waves (7 points) E /¥ (7 4)

In Part A we only included the restoring force due to the fluctuation in the pressure gradient
for pressure waves traveling in the vertical direction of the Sun’s atmosphere. However, for
gravity waves propagating in a horizontal direction of the Sun’s atmosphere, the buoyancy of
the gas may also give rise to a restoring force which can sustain oscillations.

fE A BB, FATAFERE T i T A R B R B 1) A% 46 1) e 0wk B2 e sl 7= AE
WK 3o PRI, XS FI R B KRR I A% 4 B B 038, AR 0t ml oy 4
FriRyz K E T .

T+ 6T

Height x + Ax P+ AP T+ AT,P+ AP, p +tAp
p tép

Height x T,P, p

Fig. 2: Displacement of a pocket of gas from height x to height x + Ax.
2: — /NSRBI s x4+ Ax S .

To understand this, we consider a small vertical displacement of a pocket of gas in an
environment of the same gas with both gradients in the temperature and pressure. As shown
in Fig. 2, this pocket of gas has the same temperature, pressure and density as the surrounding
gas. When its height is displaced by Ax, it enters an environment with temperature, pressure
and density given by T + AT, P + AP and p + Ap respectively.

N T BRARIX — 5, FRATE R AN SURAE A R SR R IR B b, R IR R A R B B
sz NEREEAME. mE 2 Por, XN OSEREE B SR EA R ERIRE. KT
B, MEEBIAR, ERFEEARENT + AT, EJ18P + APFUE L Jp + Ap 1Y
M,

For the pocket of gas, the pressure inside the pocket responds rapidly to the environment so
that its pressure also changes by AP. On the other hand, the change in temperature and




density may be different. Suppose the temperature, pressure and density of the pocket of gas
in the new environment are T + 6T, P + AP and p + §p respectively. Assume that there is
insufficient time for heat conduction from the pocket of gas to the environment.

XHZ/NAERTT S, AR s Bl NA ST, LR I e NP + AP ST
[, R AR FTREAN R, R BEHT A BE P IX /N SRR NT + 8T K18
P + APFEEFEHp + Sp, MBRBCEA R8RS ) /N R TR A BT AL 3

Bl Express Ap and &p in terms of expressions containing AT and AP. 2 points
Kap Mspit)ZiLz (HATHIAPFEIR) . 247
Since the surrounding gas satisfies the ideal gas law P =
Ap AP AT _ (AP AT
T=ToT= m=p(T-T)
Since the pocket of gas undergoes an adiabatic process, P « p?,
ép 1AP p AP
—=——= fp=——.
pYP Yy P
Suppose the temperature and pressure gradients of the surrounding gas are
dT /dx and dP /dx respectively. Derive the equation of motion of the pocket 2 points
B2 | of gas.
AR Sl AR B R A P AN IS 86 58 93 930 9T fdx A dP fdx o 1AHEFIX 29
NEEARRIIZE SN T R
Let m be the mass of the pocket of gas.
Buoyancy of the pocket of gas = % (p+Ap)g —mg = % (Ap — 6p)
_ it 1 GO
=mg ( y P T )
Applying Newton’s law of motion,
@\ — g (LR AT
m g bx = mg (25 =)
A® Ay — g(¥=idp _1dT
EAx_g(yP dx de)Ax
Determine the range of temperature gradient dT /dx in which the pocket of
gas can exhibit oscillations. Express the bound(s) of the temperature gradient .
; 2 points
B3 | interms of T/H. N
SR/ AR T] H IR 5 I T B B2 d T / doc3 il (BAT /H 7R 1% 58 Bl (1) 57
PR) o
Oscillations are possible when — r=1df _ 14T .
YP d T dx
_4r . _y-iTadp
dx y Pdx’
From Al, — ——pg:>——<y—M:E@:V_'11
’ y P Y ks y H
How does the gas in the Sun behave when the temperature gradient is outside .
: . 1 points
B4 | the range considered in B3? 14

HIRERREOE T B3 HBREMEHE, KT EGHarh?




The gas will become convective.
Reference for this problem: A. C. Phillips, The Physics of Stars, 2™ edition (Wiley, 1994)

END of Problem 1
]/ 1 58



Problem 2: Plasmon Resonance and SERS ZEEFIHA1 SERS

Surface-enhanced Raman spectroscopy (SERS) is one of the most prominent optical
phenomena in the last 40 years. SERS is based on plasmon resonance, referring to the
significant increase in electric field intensity near the small metal granules under certain
conditions. In order to determine these conditions, it is necessary to learn how to describe the
properties of metals placed in oscillating electromagnetic fields.

REWER B (SERS) ZiT 40 SR EEIDEEIMRZ —. SERS Kl 2%
BFIPR, BERSE M N /NG R BRI T I I R BE . AT e X e A,
FATAG B AR A 53R 55CE AE R G T i & SRR

Properties of a medium in an electric field are described as follows:

D = eeoE = €,E + P

where E and D are the electric field intensity and the electric displacement respectively, € is
the permittivity of the medium, P is the electric polarization (electric dipole moments per unit
volume), €, is the vacuum permittivity. The boundary conditions in the absence of free
charges are the continuity of electric field tangential to the boundary and the continuity of the
electric displacement normal to the boundary.

J1 FUE FL T ORI RE R A

D = €€k = €E + P
JAHE MDA B I BE R AR, eI B, PrRBmIRE (R
PRSI | e R KA/ W H. ERAH B AT T AL %1050 02 514 71
DB R 2 R R S R T LT 5 R LR A SR

In an oscillating electromagnetic field, the permittivity of a media (including metals) is
dependent on the electromagnetic field frequency, € = €(w).

ERG Y, M CBREEE) MG T HIE: € = e(w) -
Part A. Free Electron Gas (3 points) B BS54k (3 4)

Consider a metal occupying an infinite space. Positive ions form a crystal lattice. Free
electrons move inside the lattice. The number density of positive ions and electrons are the
same and equal to n.

FRR—HECRT P EE. EE TR, AR TERKNES). L8 THE
THECE M FIFE T o

A uniform oscillating electric field EO sin(wt) is applied in the metal. Assume that the ions
are infinitely heavy and fixed. The effective mass and charge of an electron are denoted as m
and —e respectively. Within the simple framework of the free electron approximation one

can assume that the field acting on an electron is equivalent to EO sin(wt). All other forces
(including dissipative forces) are small and negligible.

1645 I8 P I3 S (4R35 FAE, sin(wt) . REH T LR B I B @ . BT a0 E
AL 73 AR R am Al —e . £ B H A IR B ZE P, w] DUBCEVE T T H 713
St T Egsin(wt). I A CEIEFERLD) #BAR/N I HLAT DL 2B A



The electric field drives the collective motion of the electrons 7(t) along the
electric field direction. Derive the expressions of 7(t) and the polarization

Al | P (t) at the steady state. 2 4
L3 SR B L 5V HELA 5 AV ESRAKIZ 7 () . HE R AERR IR T HIZ (L)
AR AL SRR P (8) ik 20,

2 points

Newton’s second law of motion for electron,

2 —
m%?(t) = —eE, sin(wt)
One can get

- _ efo q

7(t) = — sin(wt)

Since the heavy (position) ion does not move, the electric dipole moment per atom is

- 2F
p = —ef(t) > P(t) = np = —“Lsin(wt)
A2 Determine the metal permittivity €(w). 1 points
R4 @ A HLH He (w)o 145

ne?

2
- - =g - - ne -
€6 = €gE + P — €€ = €gf ——E »>e=1— 5
mw Eomw

Part B. Plasmon Resonance (16 points) &5 F3tiz (16 4°)

In this part we consider a dielectric sphere of radius R and permittivity € in a uniform electric

field EO. Due to the polarization of the dielectric material, the electric field in the sphere and
its neighborhood is modified. The polarization of the dielectric sphere is due to mobile
charges being shifted in the uniform electric field. Here we model the dielectric effects by
two oppositely charged spheres with radius R and charge density +p being displaced along

EO by displacements +8/2 respectively (see Fig. 1).

CEIR MR 14 HAE LS 510 3By P A R AV s MR A R il A FRERMEE
PRAAE T, BRkAA R FC BRI (1 FEA B 8 T o A BRI AR AL 2 B T HARr 72 350 50 fL g v
AR FEIXHR, FRATIE L YA A A B AT B BRAARASAU S RN . A LT BR ) 2
BNR. WAL B NEp, WSE,JT KRR B8 /2 (LE 1 .

8
—>




Fig. 1: Dielectric spheres in the uniform electric field.

L. FESIHE P A R

the external field EO and the electric fields due to the two charged spheres.

The total electric field E i Inside the dielectric sphere is the superposition of

Derive an expression for E in 10 terms of EO and the polarization P due to the

B1 | two charged spheres. 2 12)0;;1 ts
I IR A F ) ek BRI By A2 ER A0 37 E R AN 5 B BRAR 5 1) FEL 37 1)
B No RHEFE, BIFRIL T (LLE AP 7 HE IR 5] i) F AR AL s fE PR
R o
Electric field at position 7 due to the positively charged sphere:
= 1 41‘[1”23 ?_Z_L—) - _—>_§ -p +p
E;, = 4neo( 3 p)r23 o 3607‘2 where 7, =7 2
Similarly, electric field due to the negatively charged sphere:
= _ 1 47'[7‘]? 7_:_1 _ L - = = §
E, = 47TEO( . p)r13 = 3607”1 wherer; =7 + .
Hence
B, =By+B,—B =B+l @-7)=F,-2-F-L
in 0 2 1 0 2~ 0 3¢ 07 35,
Due to the dielectric effects, surface charge is induced on the surface of the
dielectric sphere. Consider a point on the surface of the dielectric sphere
where the outward unit vector normal to the spherical surface is denoted as 7.
In the limit of 6 << R, derive an expression for the induced surface charge 2 points
B2 density o at this point in terms of the polarization P and 1. 245

PR, i 5 RS P 2 1 2k 3 (L R K SRS PRIAZER)

HI T FARSE, A R R T b AR RS ) R T AT . 5 R R A Bk AR T
f—A~ s B EERERE R RSN AL R ER R . FE5 << R Ik

Consider a point making an angle 0 at
the center of the sphere with the electric
field. As shown in the figure, distance
of the boundary of the positively
charged sphere from the center ~ r +

5
=cosd.
2

Similarly, distance of the boundary of
the negatively charged sphere from the

center = 1 — gcos 0.
Hence, thickness of the layer of the induced charge
~ (r +2cos 9) - (r —Scos 9) = § cos@.

2 2

Surface charge density: 0 = pd cos@ = P cos0 = P-A.

~Fve charge boundary
\

Following B2, derive the relation between the normal components of the

B3 - -
electric fields E,,; - 1 and E;, - 71 at the surface of the dielectric sphere.

1 point
14




48 B2, WRIEFHIAINIEI S BE,,, - ANE,, - A7EA BRI 7] 1 56
EX

Using Gauss’ law, Eout A= Ein ‘A E + 27
Eo €o

Express the induced electric dipole moment (io of the dielectric sphere as a 3 points
B3 | function of E,. Ij: N

SRAY HER IR S AL A d o (1E E TR B BUER TR
FromB.1, E;, - = E, - n—ng
From B.3, Epye Al = By - Al + .

0

Eliminating the polarization, Eout n= 350 S = ZEm N
Consider the boundary condition: Eout n = eﬁm fl.
Eliminating Eout En = —E0 fiand P-f = 360(E0 n— En n) = 3¢, (;;) Ey -1

—

Since P and E, are parallel, P = 3¢, ( )EO and d, = —7TR3P 4mR3€, (6 1) i

Let us analyze the behavior of a metal sphere in an oscillating electric field of angular

frequency w and amplitude EO. The radius of the sphere is R. When the wavelength and field
penetration depth are both much greater than the size of the sphere, one can consider the
metal sphere as a dielectric in a uniform electric field, except that one has to use €(w)
(analogous to the one expressed in the previous part) in place of the permittivity. Hence the

external electric field is E = EO cos wt, and the dipole moment is d= c?o cos wt.

LRI AIE Nw TRIENE, KRS 37 T SJBERIIT . BRIKIEAR R,
2R L A7 % 0 TR P A2 R T BRI RUBERS T DLORE <8 JR 3R AR 1 50 s ) LA
Ji, BT Wﬁ"ﬁﬂﬂe(w) (BT AT B TR pr ks R AR . B,
YIS RE = E, coswt, RN Ed = dy coswt .

Sketch qualitatively the field lines (inside, near and far from the ball) in the
B5 | system assuming e(w) = —3.

Biite(w) = -3, SEPERZ RN I0H% GRI. HHEREED . 29

2 points




Far distances: Near distances:

—>‘_\

> Q —_—
— — — e e e
—»——»jl T——
_,__r//\ ——
—— — \sq__
—-»—-—'.4’*§\>_—>
—— - —_—

For €(@) = =3, By - = ——Eo -l = —3E, - fi, and Eyy,; - = 9E, - 1.

The sketch should show the following features:

In distant regions, the field lines are parallel to EO.
In the upper and lower regions the field lines are continuous from left to right.

In the neighborhood of the sphere the field lines terminate or originate at the sphere.

The direction at which the field lines terminate or originate at the sphere lies on the equatorial
side of the normal.
Near the equatorial plane the field lines originate and terminate at the sphere in the direction

opposite to EO.
There is a point of zero field above and below the sphere.

Inside the dielectric sphere the field lines are antiparallel to EO.

When w = w,.s, resonance takes place and the internal electric intensity

B6 |Ein| increases to infinity. Determine €,,, the value of €(w) when w = w,,;. | 1 points
B = Wt IIRKAN HAF IR INRI T Ko Kepes, B 153
e(W)TE W = Wy HIMHE

- 3 =

Epy=—7Ey > e=—-2

Significant increase in the electric field amplitude with frequency equaling w,.., is called the

plasmon resonance. Assuming that there is no power dissipation, |Ein| approaches infinity.

Taking into account dissipation, the major loss of power comes from dipole radiation.

HEL 37 IR 1 5 5 A S 10230 0, T 1IN, X AR N BB FIEIR . IR A IIRE, | Epn
BT K. FRERIFERL, ThR M B B BRI

B7

An oscillating dipole emits energy. Estimate the power I of this energy loss
using dimensional analysis. A dipole radiation intensity depends on the dipole

moment amplitude |(ZO , its oscillation frequency w,..s, speed of light ¢ and
vacuum permittivity €.

RGN AT REE. W EP0 KA REEBRAITIRT o 1
W 5 R Bk TR AR IR o |« IR s TG EL AN
ey

3 points
35




Using the dimensional analysis we obtain:

> B
I=e¢q |d0| w;’escn
[[]=N-m-s7?!
o] =C?-N"1-m™2, [|c?0|] =C-m, [wes] =571, [c]=m-s71
Solving the equations, we get
5 (2 4
I= % [2.0 : 0.5 for each exponents]
0

In practice, |Ein| is finite due to power dissipation at the plasmon resonance
frequency w,..s. Suggest an approximate expression of the internal electric
field intensity |E in| using the condition that the power output is balanced by

the mean power pumped into the system by the external field during plasmon
resonance.

Sebr b, BT TR T IO IRE, |l AR, R
THARM DR 5N RS TR, S kB
SREE| B, | 03 ik 2t

B8

2 points
25

Work done in producing an electric dipole is E|, (g R3 p) 6 = Eyd,.
Power consumed in producing the oscillating electric dipole,

d - - - d =

E(Eo : d) ~ Ey 'Ed ~ EogdoWres

By energy balance and d, = 4?HR?’GO (e — 1E;, » dy ~ €,R3E;,, we have

diw? dow3 c \3
Eydyw,ps =22 5> FEy =5 E. =E
0“4 0%Yres 6063 0 606‘3 in 0 wresR

Part C. Raman Spectroscopy (7 points) R & Y51 (7 43)

SERS is based on the phenomenon of Raman scattering, referring to the interaction of
electromagnetic waves with mechanical vibrations of molecules. First we consider a
molecule configuration. We assume that a molecule is made up of a number of atoms
connected by chemical bonds that behave like springs. Hereafter we consider a diatomic

molecule.

SERS F3LAl 2R SHUNIE, FRH B S 0 THUBIRSIAH AR . B3]
BB T IAS . BAMB R A0 702 P 23 A S B sk R A B 1 AL R

A B A P[5 2 . AT B XA 7207

Consider two masses m, and m, connected by a spring of spring constant k.
Determine the frequency w, of small-amplitude system oscillations.

Cl| e pe i R e, Aim, B A T B2 3 MOk I B . SR RGN
IR (R w, .

1 points
14}

Using the reduced mass,

’k(m1 +m,)
w = —_—
0 mim;




A polyatomic molecule is characterized by its spectrum of resonant frequencies. One can
identify the molecule with the knowledge of its spectrum. This is the basic idea of SERS.

Z R F 41 T AR & H LR SR ik . AATTA] PLIE N HAE 1A SR IR A T XS
SERS 134 L AE

Let us analyze the behavior of a molecule in an external electric field EO cos(wt). We assume
that atoms have no charge, i.e. the molecule has no dipole moment in the absence of the
external electric field. However, a molecule is polarized by the external electric field

BT — AN TFLEIMT IAE, cos(wt) FIIT . A B BB T34 Hufer,  BIERE
EER AN 7 L T N R B 1 % S /A O 14 & 7 R

d = e,ak, cos(wt)

where «a is the polarizability of the molecule. We assume that an induced dipole moment d is

parallel to the electric field E. Due to thermal agitation, mechanical oscillations of the
molecules always exist at finite temperatures, and we assume that the thermally agitated
angular frequency is wy.

Hrfa o Tt . BAMR BB d 5 BIHEFAT . BTG50, 4 TR
WAk AT AR T, IF HBAMEE BB IR w, .

During molecular oscillations, the distance between atoms in a molecule deviates from its
equilibrium value. Suppose the deviation x of the interatomic distance is given by x =
Xo cos(wyt). Furthermore, when the interatomic distance changes, the polarizability of the
atoms changes accordingly, i.e., @ = a(x) (see Fig. 2).

FEr ARG, 707 rh 7 T R R 0 i 28 P o AR 8 SR ) e 2 ) e 22 x
x = xg cos(wot) Zhtt o BLAN, MIEFRIEECARR), SR IR EEAE N AR, Bla =
alx) (LE2) .

p ()

v

—Zo | To

Fig. 2: The dependence of the polarizability of atoms in a molecule on the deviation of the interatomic distance
during molecular oscillations.

2 0 3R A ROARAL SR 53 - R 3 1 o i - 18] A0 22 RO AR

Assuming that the amplitude of mechanical oscillations is small, express

C2 | @(x) using linear approximation, given that a(0) = ay and Z—ZL:O = Bo. 1 points

14}
FEBHUBARS MR, R Bla(0) = ap M 52| = Bo ¥ a()fFzk

dxlyx=0




EBUR Ve 7

a(x) = ag + Box

C3

Determine the diatomic molecule dipole moment in the external field
EO cos(wt). Provide the answer in the form:
SRIMAHE, cos(wt) F MR T4 WS, ZRUTIIHAER:

d = ¥, d; cos(w;t) €))

2 points
25

d=
=>d

€0y + Boxo cos(wot))E, cos(wt)
= €,aoE, cos(wt) + %eoﬁoxo cos(w — wy)t + %eoﬁoxo cos(w + wy)t

C4

A detector logs the dipole radiation of the molecule and detects several peaks
with frequencies w;, corresponding to expression (1). The height of each peak

is equal to the radiation intensity of the dipole cil-. Determine frequency and
height of each peak. Express the answer in terms of

€0, o, Bo, Xo, W, Wy and EO .

Kyl 3290 500 T HOE MR AT, TR SR B ik, X Tkt
(1) (AR o MR 0 5 B S T (B 1 PR SRS . SR
BRI L, Lheo, o, Bo, Xo, @, wo T EgRIEE R

3 points
35

The dipole radiation intensity reads

> 2 4
_ |d0| Wyeg

€oC3

where w,q 1s the oscillation frequency. Hence we can observe 3 peaks with amplitudes:

Frequency Amplitude

w €o(aoEp) > w*
3

w — Wy fo(ﬁoono)z(a) - w0)4
4¢3

W + Wy fo(ﬁoono)z(a) + w0)4
4¢3

B 5 WU

[0.5 for each of number in the table]

The presence of peaks with frequencies differing from w in the spectrum is called Raman
scattering. The stronger the external electric field the higher the signal detected from one
molecule. A strong electric field can be obtained using the phenomenon of plasmon
resonance. This is a difference between SERS and ordinary Raman spectroscopy.

Pl BAAF T o EERDLS, PV S8, SMBaizeg, A— a5kl

JEIE Z AR — N X

Part D. Surface-Enhanced Raman Spectroscopy (SERS) (7 points)
REFENEEE (SERS) (743)

AR TFIARI R AT LIRS 98 K. 1X5E SERS M@ 2




Consider a sphere of permittivity €(w) in the uniform oscillating electric field of amplitude
|§0| in the case of plasmon resonance.

FIRAE SR TR OLT, R 5IRY sz (RIE A |Eo| ) i sk, HAr i ol
e(w)o

The molecule of the investigated material has to be placed into the points of
maximal electric intensity. Locate these points in the figure on the answer
D1 | sheet.

WAL BRI 7T U EAE R K IR BRI E . TS EZE AR 1] 25
HbR H X T .

2 points

—_—— e e e .
—_——

—_————

Determine the enhancement factor g(w) of the electric field at these points,

where g(w) = ||( l)l. Express the answer in terms of the metal
0

1 points

D2 | permittivity e(w). 14

ﬁﬁﬁ@&E%%%Wﬁﬂ¥mm,A$mm—mul
HHEHe(w)BREER,

ﬂouﬁﬁﬁ

3e(w)
2+e(w)

9(w) = = et =

Metal beads enhance the external electric field radiation of amplitude EO and dipole radiation
of the molecule as well. The second process is characterized by the enhancement factor
g'(w, wy). When w > w,, one can assume g’ ~ g. Then the signal intensity in SERS is g*
times greater than that in ordinary Raman spectroscopy.

G J BR G AR T A1 AL 37 B AR08 B Y T B AR S . A AN I R DU SR I T
g'(w, W) AFHE. 1 w > wolf, AJRixg' ~ g. ik, SERS H IS 5 of i bt 4
26 HIE 5 R K gt .

Usually the signal comes from many molecules. Dipole radiations of the molecules are not
coherent to each other. Thus a total radiation intensity formed by N molecules is equal to N1,
where [, is the intensity of dipole radiation from a single molecule. An example of the
experimental data is presented in Fig. 3.

BoEEREWZ 2T 7T HRERBES BT B, BN TR SR
UFSRE NNy, bl @R B BT HERER S R . B 3 45 1 — A S s .




ERATIRAL, a.u.

Intensity, a.u.

3x10°4 SERS
1.3x107 molecules 43+

2x10°

1x10°4

l Raman Neal

0 ,1:4x10" molecules

250 500 750 1000 1250 1500 1750 2000
Raman Shift (cm")
H8AF (cm™1)

Fig. 3: [Credit: U.S. Naval Research Laboratory] Raman signal spectra. Red curve corresponds to SERS, blue to
ordinary Raman spectroscopy. X-axis corresponds to Raman shift k, = wy/c, and Y-axis corresponds to
radiation intensity in arbitrary units. Note the different number of molecules in these experiments

3 CEEVEBEEMITRIGE] HRE TN, AN N T SERS, W ph X N T @A 2 eI,
XEXN TR EAHE (kg = wo/c), 1M Y EHNT N TAEE BAL TSRS R . X Eeszig b7y 75
ARIAl,

By analyzing the experimental data presented in Fig. 3, estimate enhancement
factor g due to the plasmon resonance at the peak of Raman shift w,/c =

D3 | 1000 cm™!. Assume that w, < w.

S AT I 3 e 2 SR O, A AR 2 B B oo/ = 24
1000 cm™ Ak 155 B TR SR 3R A T g. Bistw, K w -

2 points

(ISERS)/(IRAM) _ g4
NSERS NRram

I I
=>g=4 ( SERS>/( RAM)zgo

Nsggrs Nram
[2.0 pt: 80-100, 1.0 pt: 60-120, 0 pt: otherwise]

Based on the results of Part B, estimate the radius R of the metal beads used

in the experiment. Assume that the wavelength of the external radiation A = .
2 points
D4 | 785 nm.

WA B 2RISR, WU e b ) S B BRI LR, A | 2 o
9% K NA = 785 nm.

Wy e = 2= > — -2
e A Wres 21

3€(wres) ~
m ~ 90 - E(wres) ~ —2.069
3
Ein = Eo (a),;R) :
() 3
g(w) = || 0||_| (wres)l(m) ~ 90

=R = 36 nm
Acknowledgment: We thank Dr. Vitaly Shevchenko for contributing this interesting problem.

END of Problem 2
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1. A U-shaped glass tube (9 points) U JEHIEE (947)
A U-shaped glass tube with a constant cross-sectional area contains mercury (with density

pug = 1.36x10* kg-m3). The two ends of the tubes are sealed; one contains gas A, the other
contains gas B, both of which are ideal gases. In this problem, you can take the gravitational

acceleration g = 9.8 ms™.

EAEEREERN UPEIEE AR (BAHEEpy, = 1.36x10*kgm™) < EHIH
e R WA SR A S—Ima A SR B o MEEEERSRUE o R NHEELLE
IRAET AR EE S g = 9.8 ms™ -

T )

lg

M WL L

(a) (b)
First, we set the tubes vertically, with the two ends up (Fig. 2a). The parts filled with gases A
and B have lengths [, = 12 cm and [z = 18 cm, respectively. Then we turn the tubes upside
down (Fig. 2b), the length of the parts filled by gas A and gas B are [; = 6 cm and I
respectively. The ambient temperature is T = 20°C.

B HATRETEERE - Mimel b (K 2a) - EFEASE AR BRIEHIHIEA
KL = 12 emfIKfEl = 18 cm » ZAEFATHE TEIE (K 2b) > BHSME AFSE
B SEFRHVE TR T H I = 6 emAlllp « MEUREIET = 20°C

(a) Calculate the numerical value of the length [ of the part filled with gas B when the tube
is turned upside down. [1]

(a) HELYBEEE EIB N A Sk B AR KI5 - [1)

(b) Calculate the numerical values of the pressures p,, pg, pa and pg of the gases for the
two orientations of the tubes. [4]



(b) W BB YA BIHEPT T IR E D, Ps Pl RIpHISLE - 4]

(c) We look at the vertical tubes with two ends up again (Fig. 2a), but now we increase the

ambient temperature by AT = 20°C (i.e. T = T + AT). This leads to the changes in length

l; = l; + Al; and pressure p; = p; + Ap; (i = A, B) for gases A and B. Determine the

changes Al,, Alg, Ap, and Apg numerically. [4]

(o) TANTEEMImF_ ENVEESFEE (& 2a) - HIERITPEIIMEURE AT = 20°C
(BT > T +4T) - XSESIE AN BAYKEL - [ + ALRIEEp; - py + Api(i =

A, B)Z AL - SRR ZAE Aly, Alp RIE5RZE(EAD,, ApsHIEUE - [4]

2. Bug on a rod (11 points) #_ERYHRF (11 43)

A pendulum consists of a uniform rigid rod of length L, mass
M, a bug of mass M /3 which can crawl along the rod. The rod
is pivoted at one end and swings in a vertical plane. Initially
the bug is at the pivot-end of the rod, which is at rest at an
angle 0; (8; < 1rad) from the vertical as shown in the figure,
is released. For t > 0 the bug crawls slowly with constant
speed I/ along the rod towards the bottom end of the rod.

BEEHRRKEL - FTEMESNIEF AR > —HTEN
M /30 FIE R IRLT o FHAE— U A% £ 5 B I 2
3l o BYE ML TR - BN SEETT R —E
JEF0; (6; < 1rad) (EFTR) « Et >0 HFIrEHE
BRI CUE e RV SR8 TETT -

‘
v

(a) What is the moment of inertia / of the rod and bug about the pivot when the bug has
reached a distance [ along the rod. [1]

(a) BERTICEMIERIER L AR AR EE 2 &2 1 2127 [1]

(b) Find the angular frequency w of the swing of the pendulum when the bug has reached a
distance [ along the rod. Express your answer in terms of L and . [1]

(b) HERFITEFTTEERER LI - HRHBERESNV AR - BEMLAERE - [1]

From now on, you can assume the speed of the bug is so small that [ hardly changes in a
period of oscillation and can be taken to be constant, and the motion of the rod can be
effectively described by simple harmonic motion, that is,

MIFETa - AT DB B TRV ERRIER /N > NI ERZ BN U LFA SR EZE L
HALOEEL - AT A DU s st - Hl2

-

0(t) = 6,() sinwt

where w is the angular frequency you obtained in part (b) and 6, (1) is the amplitude of the
oscillation which will vary as the bug crawled.

Hep o ZIRME (b) B PEEIRVAHER > 6,(D ERZHIEE - FFhEE BT efTim L
& -

After the bug has reached a distance [ along the rod, calculate the following quantities when
it further crawls a short distance Al. In parts (c) to (f), express your answers in terms of Al,



AB,, and other parameters in the problem, where A8, is the change of the angular amplitude
during the displacement Al.

W EARTEET TIRERS U > 4 TREETREEESAU T SIEVEE - 1£(c)
EDOHTT - BELLAL A0 KA PTHMBERE, HiA0,BIRGIREAEMZAL
JERI &

(c) Calculate the time-averaged work done AW by the bug on the rod-bug system. [1]
(©) W ERTER T H T RGN RSP THAW. [1]

(d) Calculate the change Aw? in the term w?. [1]
(d) Kt Hew? W EAw? - [1]

(e) Calculate the time-averaged change AK in the kinetic energy of the whole system. [1]
(e) HITREEN LIS R ZIREN E BAK . [1]

(f) Calculate the time-averaged change AU in the potential energy of the whole system. [1]
() BT ERAD RS RSP EE R BAU, [1]

(g) Summarizing the above steps, calculate the relation between 46, and Al. [3]
(g) B&G EHCPER - HHRAOMNALZ [AIHYR % © [3]

(h) Find the amplitude of the swing of the pendulum when the bug reaches the bottom end of
the rod (I = L). Express your answer in terms of 8,(l = 0) = 6;. [2]

(h) ZERFEEMERR( = L) > IR PEECAIEE - B 0,(1=0) =0, &K -
(2]

3. Falling magnet inside a conductive pipe (10 points)

ESHEN TR (1053)

In this question, we consider the motion of a strong tiny magnet with mass M and magnetic
dipole moment u falling inside a vertical conducting non-magnetic tube.

AR > BAT 1 S B TR M B n R % A ER S IR E N
ALz -



J—.x J—~x
tube

Z Z |
magnet RIS, _— l magnet
v
ring 7
1/r] Y
v B,
T
w Bz
B
“a w a

(a) (b)

(a) We first consider a ring (with radius a, length [, thickness w (w < a) and conductivity o)
moving towards the magnet with speed v as shown in figure (a). The magnetic field at
position 7 due to a magnetic dipole i = uZ (pointing downward as positive) at origin is given
by

BATERFE 1 CPEa KELD EEw (v <a) HISHEEe) DUEEvEHEE
Bal > WE (a) For o AR SRR i = uz (F515 NoVIE) FrEEnviesys, -
LB AN

(i) Calculate the components of the magnetic field B,(#) and B,(¥) at the point 7 with
cylindrical coordinate 7 = (p = a, ¢ = 0, 2) [2]
() AR L B AN 73 EB, (MFIB, (7) > FENERELARNT = (p = a,¢ = 0,2) - [2]

(i1) Calculate the induced emf and current on the ring. [3]

(i1) THEEF ERVRA: AT - [3]

(ii1) Calculate the magnetic force experienced by the coil. [1]

(iii) HRFFATRGZAVEE S - [1]

(b) Next we consider a magnet falling inside along a vertical conducting non-magnetic tube
of infinite length (with radius a, thickness w and conductivity o) as shown in figure (b).

(b) B RBNTFEREE —DERKE (BF+ e EEwWHISHERe) FVEEFHIE
HEMEE NS THINEE - A1&] (b) FR -

(i) When the magnet falls with the speed v, it experiences a damping force with the
magnitude equal to yv. Calculate the damping constant y. [3]

() B VR v R - B2z —NRENyvIHES - HHEIBERE &y - [3]




Hints: The following mathematical identity may be useful.

fen - MRS RE A -

foo u?du _57‘[
(1 +u?)s5 128

(i1) Determine the terminal Velocity of the magnet when it falls inside the tube. [1]

(i) A TERAERAE S 3% MY R - [1]

4. Heat flux between two plates (10 points) FFEAN 2> [AAVHGEE (10 X)

A system composed of two parallel plates at distance L from each other, which are at
temperature T; and T, respectively.

— DERGHPIERE ARG ~ BEE R L BT > A TRE T, FI T, -

(a) Calculate the heat flux density P (i.e. rate of heat energy flow per unit area) between two
plates if the space between the plates is vacuum and each of the plates has emissivity €. [4]
(2) AISRPHAZ [RIAYZE (A2 H 22 7 HAEIMELA a8 e » RPN [y FAGE
BEE P (AR ERETREERESR) - [4]

(b) Now the space between the plates is filled with a monoatomic gas of molar density n and
molar mass M. You need to estimate the heat flux density P between two plates according
to the following approximations:

e The gas density is so low that the mean free path 1 > L.

e Ti>T,

e When gas molecules bounce from the plates, they obtain the temperature of the respective
plates (for instance, if they are absorbed/bounded for a short time by the molecules of the
plate, and then released back into the space between the plates).

e You may neglect the black body radiation.

e “Estimate” means that the numeric prefactor of your expression does not need to be
accurate.

(b) BUAEPHAR = 8] 8922 (8] 73 T E/RETE n MIEE/RIFT & M AV R 5K - SRR EEER
T}%‘Lﬂﬁ_ﬁﬂ BMHTR Z RINFAEZE P -
SHERZEEREFIEEBRE A > L.
e« T,»T,
o USRS T MR ERGEE - ENTSIREHMNRRRE (B0 DR BT 775
W/ R AR AR BV [R] > SRS REIT AR = B9 ZE R ) -
o R RS FBARERSS -
o MHET RREFEMETF AN T TREAN

(1) Consider that there is an atom colliding with the hot plate and remains in thermal
equilibrium with the hot plate when it is reflected by the plate. Calculate the average
velocity square (v2), and estimate the average horizontal velocity (v;,) of the atom. [0.5]




() FE—RLE T 5P I H S E R S ST N SRR - RSP
FEVT5(v) » AR EEFH AR (vy,) < [0.5]

(i1) Consider that there is an atom colliding with the cold plate and remains in thermal
equilibrium with the cold plate when it is reflected by the plate. Calculate the average
velocity square (vZ) and estimate the average horizontal velocity (v, ) of the atom. [0.5]

(ii) HE R TS5 2 IAHE T B S C ARSI SRR 2 o 1P
FEVT5(v3) » A EREFHY I K B (vyy) © [0.5]

(ii1) Find the average energy transmitted by an atom when it moves from the hot to the
cold plate. [1]

(iii) FotH—ET MBS E AR (L e FHIRE R - [1]

(iv) Estimate the heat flux density P between two plates. [4]
(v) (R PR Z [RIFV B R P - [4]
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1. A U-shaped glass tube (9 points) U FEIFEEE (947)
A U-shaped glass tube with a constant cross-sectional area contains mercury (with density

pug = 1.36x10* kg-m™3). The two ends of the tubes are sealed; one contains gas A, the other
contains gas B, both of which are ideal gases. In this problem, you can take the gravitational

acceleration g = 9.8 ms™.

EAEEREERN UPEIEE AR (BAHEEpy, = 1.36x10*kgm™) < EHIH
Ui R I A SR A SB—Ima A SR B o MEEEERSUE o XML
IR AR EE S g = 9.8 ms™ -

n 0 A

M WL L

(a) (b)

First, we set the tubes vertically, with the two ends up (Fig. 2a). The parts filled with gases A
and B have lengths [, = 12 cm and [z = 18 cm, respectively. Then we turn the tubes upside
down (Fig. 2b), the length of the parts filled by gas A and gas B are [; = 6 cm and I
respectively. The ambient temperature is T = 20°C.

B HATRETEERE - Mimel b (K 2a) - EFEASE AR BRIEHIHIEA
KL = 12 emfIKfEl = 18 cm » ZAEFATHE TEIE (K 2b) > HSME AFSE
B SEFEAVE TR T H I = 6 emAlllp « MEUREET = 20°C

(a) Calculate the numerical value of the length [ of the part filled with gas B when the tube
is turned upside down. [1]

(a) LY BERE EIT I A S B O KL IR0 - (1)



Solution

(b) Calculate the numerical values of the pressures p,, pg, pa and pg of the gases for the
two orientations of the tubes. [4]

(b) HEIBIEE S B T E0ER DA, sl RIPREVELIE » [4]

(c) We look at the vertical tubes with two ends up again (Fig. 2a), but now we increase the

ambient temperature by AT = 20°C (i.e. T = T + AT). This leads to the changes in length

l; = l; + Al; and pressure p; = p; + Ap; (i = A, B) for gases A and B. Determine the

changes Al,, Alg, Ap, and Apg numerically. [4]

(o) TATHEMImE_ ERVEEREEE (& 2a) - HEIERIIENEIERE AT = 20°C
(BIT > T +4T) - XSESIE AN BRYKEL - [ + ALRIEEp; - py + Api(i =

A, BYZ AL - slETEREZAE Aly, Alp RIE5RZE(EAD,, ApsHIEUE - [4]

Solution:
(a) By assuming the volume of the mercury doesn’t change, the volume filled by the gases
doesn’t change. We have
Sly + Sl =S, + Sl
>lp=lL+1l—1,=24cm

(b) By assuming the gases are ideal and the temperature doesn’t change, p;V; is conserved.
piVi = piV{
= pala =pals’ and ppls = ppls’

In the case of the vertical tube (Fig. 2a), the pressure difference between two parts is
Pat pHgg(lB — 1)) =g
= pg — DPa = PugdUs — la)

Similarly, in the configuration (Fig.2b),
Pe + Pugd (s — L") = pa
= Pa—Pp = Prgd(p — 1)
Now we have 4 equations and 4 unknowns, we can solve them uniquely.
Pp=DPat pHgg(lB — L)

l l l
= Pa = Pugd <l1’9 — Iy +_B/(lB - lA)) (_A __B>

-1

I " 1p'
We get
ps = 24 kPa
pg = 32 kPa
ps = 48 kPa
pg’ = 24 kPa

(c) (Method 1: Keep 1* order term) By increasing the temperature, all variables are changing
accordingly,

T—>T+AT

p; = p; + Ap;

li - li + All

The ideal gas law becomes,




Solution

= piliS + (plAll + Aplll)S + A‘p;"A‘l}—S = TliRT + niRAT

piliS
T > We get

By dividing n;R =
Al Ap; AT
l_i+E_T (l —A,B)
Next, we consider the length variation,
(pp + 4App) — (P4 + Apy) = pHgg((lB + Alg) — (I, + AlA))
= (pp —Pa) + (Apg — Ap4a) = puggUp — ly) + pugg(dls — Aly)
= (App — Ap4) = pugg(Alg — Aly)

Finally, we assume the volume of the mercury doesn’t change,
AlA + AlB = 0

We get 4 equations and we can solve for 4 unknowns Ap; and 41;.

AT Al
- on= (£~ 29
l

= AlA = _AlB

AT  Alg AT  Alg
(?‘K) Pp — (— +—> ba = pHgg(AlB + Alp)

T ly
AT p p
= T (pp —pa) = Al (szgg + l_B + I_A>
B la

AT (pg — Pa)

T (ZpHgg + Zl)—: + %’)

:>AlB:

The numerical values is
Alg = 0.085 cm
AlA == _AlB == _0.085 cm

Aps = 2033 Pa
Ap, = 1808 Pa

(Method 2: Exact. Keep cubic term) We can retain the 2™ order of the equation,
(PiAli F Aplll)S + AplAllS = niRAT
All n Apl Apl All _ AT

+
i i vl T

Together with the equations,
AZA + AZB == 0
(4pp — Apy) = pHgg(AlB —Aly) = ZpHggAlB (4)

A Al AT Al
ﬂ(l__B>:_+_B
P iy ar A
ﬁ(1+_3>:___3
PB lp T lp

Sub. Into Eqtn. (A),




Solution

AT  Alg AT  Alg
T g T + Ly
2|\ "7 I\ 7 |Pa= ZpHggAlB
AlB AZB
1+52 - =
lp Ly

Numerically, we get Al = 0.000814 m. (The other two roots are larger than [; and hence
we neglected.
Aly = —Alg = —0.000814 m

Accordingly, we get
Ap, = 1813 Pa
Apg = 2030 Pa

(Method 3: Keep 2" order term) When the temperature increases from T to T; = T + AT, Eq.
(1) becomes

lg h B T
1L PB L Pa = pgn, T
Letl} =1, +x.Thenli =lg —xandh, =13 — I = (I, — lg) — 2x = h — 2x. The
equation becomes
Pelp Pala T
— = h —2x)—.
lB — X lA +x pg( X)Tl
Expanding and keeping only up to quadratic terms of x,
T
pels(ly +x) —pala(lp —x) = PQT_ (h —2x)(lp — x)(ly + x).
1
(Ps — P)lals + (Pals + pals)x

T
== pg? [h'lAlB + (hlB - hlA - ZlAlB)x + (ZlA - ZlB - h.)xz].
1

3 2, — Tos_ 2, _ 2
6pgh” + 18pgh-x PI T [6h® — 11h*x — 3hx*].
1

T, 5 T 11) ,
(T 1>2h +<6T+3 hx + x< = 0.
x = —0.0814 cm.

which is the same as the exact solution.




Solution

2. Bugon a rod (11 points) }F EEYE-F (1143)

A pendulum consists of a uniform rigid rod of length L, mass
M, a bug of mass M /3 which can crawl along the rod. The rod
is pivoted at one end and swings in a vertical plane. Initially
the bug is at the pivot-end of the rod, which is at rest at an
angle 6; (8; < 1rad) from the vertical as shown in the figure,
is released. For t > 0 the bug crawls slowly with constant
speed I/ along the rod towards the bottom end of the rod. L

BIEHKEL - FTEMOTINIMERF AR > —HREN
M /38T EFTIELT o FHE— Ut 3 R o BV 1 P R
ol o B it TAAVIREN > BT SEE T R —
TEHEAO; (0; < 1rad) (WEIFTR) © Et >0 RFITER
HPEFFAY R DA E 2RV 2R 18t e T -

(a) What is the moment of inertia I of the rod and bug about the pivot when the bug has
reached a distance [ along the rod. [1]

(a) BERTICEMIERIER L AR TSR EE 20 &2 1 2127 [1]

(b) Find the angular frequency w of the swing of the pendulum when the bug has reached a
distance [ along the rod. Express your answer in terms of L and . [1]

(b) HERFITEFTTEERER LI - HRH SRS EN R - BFEMLAERE - [1]

From now on, you can assume the speed of the bug is so small that [ hardly changes in a
period of oscillation and can be taken to be constant, and the motion of the bug can be
effectively described by simple harmonic motion, that is,

MIAETTEE - AT PUERGA T BRI /N - NI ERG AN LA 22 EZ1E
HARYEE - MERFHYZA A DA ST - B2

0(t) = 6,() sinwt

where w is the angular frequency you obtained in part (b) and 6, (1) is the amplitude of the
oscillation which will vary as the bug crawled.

Hep o ZIRE (b) B PEEIRIAHER > 6,(D BRSHIEE - FFhEE BT efTim L
& -

After the bug has reached a distance [ along the rod, calculate the following quantities when
it further crawls a short distance Al. In parts (c) to (f), express your answers in terms of Al,
AB,, and other parameters in the problem, where A8, is the change of the angular amplitude
during the displacement Al.

RHEFEEFLEEFTFIREES U5 YR TR TEEEAR NV E - 1£(c)
ZEDOE > BELL AL A AR EMSEFRIAR, HbA0, 2 IRZIEEEN LA
[EA & -

(c) Calculate the time-averaged work done AW by the bug on the rod-bug system. [1]
(©) W HEETEH T BT R GRS RSP THAW. (1]



Solution

(d) Calculate the change Aw? in the term w?. [1]
(d) Kt How? W EAw? - [1]

(e) Calculate the time-averaged change AK in the kinetic energy of the whole system. [1]
(e) HIT RN RIS R ZIREN Z BAK . [1]

(f) Calculate the time-averaged change AU in the potential energy of the whole system. [1]
() BT ERAD RS RSP EE T BAU, [1]

(g) Summarizing the above steps, calculate the relation between 46, and Al. [3]
(g) &5 EHUPER > IHHAONIALZ [RIFYR 2

(h) Find the amplitude of the swing of the pendulum when the bug reaches the bottom end of

the rod (I = L). Express your answer in terms of 8,(l = 0) = 6,. [2]

(h) ZHERFEEMERR( = L) » IR PEEECHIEE - B 0,(1=0) =0, &K -
(2]

Solution:
(a) When the bug has crawled at distance [, the moment of inertia of the rod and bug along
the pivot is
1 1 1
I = §ML2 +§Ml2 =S gM(LZ + lz)
(b) The equation of motion of the pendulum is

d(m’)— MgZsing — Lmgising
- = g251n 3 glsin

S I Maz £ 126 + 2 mig = —Mgss 9(L+ l)
3 R e VI
For small oscillations, it becomes:
. 3L
21i6 +g(l+7)9
e e _
If the bug crawls so slowly that the change in [ in a period of oscillation is negliglbe, i.e. | =
v < lw, we can ignore the second term and write,
3L
g(t+35)e
12 +12
Hence the angular frequency of oscillation is

_ |gBL+20)
= R+

(c) Consider the motion of the bug along the rod,

M ('l' léz) __Mgcos6

3 -3 5
when f is the force exerted on the bug by the rod. As the bug crawls with constant speed, [ =
0. We get

6 + -0

6+ =0

_ Mg 9+M192
f= 3 cos 3




Solution

The frictional force is pointing towards the pivot. This force is exerted by the bug on the rod-

bug system to maintain its slow motion. Hence
M : Mg M Ml .
AW = —fAl = == (g cos 0 +162)Al ~ (—?g+?992 —?92>Al.
Since the bug moves slowly along the rod, the motion can be approximated by simple

harmonic motion. Averaging over time,
1
(62) = 0(sin® wt) = 593,
: 1
(62) = B3 w?(cos? wt) = szeg.

Hence
Mg Mg _, ML , 2)

(d)
dw® d[gBL+2D)] I(3L + 20)

1
dl dl| 22 + 12 _g[L2+12_(L2+12)2'
ot [ 1 _lBL+2h)
CEIETET @2t

(e) The kinetic energy is
K= 1M(L2 +12)62 + 1MV2
23 23
Averaging over time,
M M
K~—(L*+1»)w?0¢ +—V>2.
12( + 19)w*0§ + 6
Hence

M M M
AK = 3 (L2 + P)w?0,A0, + gla)29§Al + 12 (L% + 12)02 Aw?
M M Mg [(3L + 21)
= E (LZ + l2)w290A90 + glaﬂBgAl + EQ& 1-— LZ—-I—lZ
Substituting the expression of w?,
Mg

AK~@(3L+21)9 AB, + —=02Al
12 0770 T qp O

(f) The potential energy is
v=-_ML so-MI 5o~ —MI3p 4o+ M9 51 1 2062
= 5 CoS g osf~—— B .
Averaging over time,

Mg Mg

Hence
AU = —%Al + % (3L + 21)68,46, + %HOZAI.
(g) Using the work-energy theorem,
AW = AK + AU.
(— ? + % 02 — M?lwzg(%) Al = % (BL + 21)6,A6, + % 62Al




Solution

Mg Mg Mg ,
3 AL+ (3L + 21)0,A0, + T 08l
Simplifying,
A90+1( L )Al 0
0, 2\3L+2l L[2+12)° "
A6 90( LI )Al
0™ 2 \3L+21 12+12)7
(h) Integrating,

1 1
In6, + Zln(SL + 20) + Zln(L2 + [?) ~ constant.
1
0o(3L + 21)%(L? + 1?)'/* ~ constant.
1

3\4
0,(1) ~ (1—0) 0,(1 = 0) = 0.74 6,

3. Falling magnet inside a conductive pipe (10 points) FF S EHE N T %HIBEEE (10453)
In this question, we consider the motion of a strong tiny magnet with mass M and magnetic
dipole moment p falling inside a vertical conducting non-magnetic tube.

AR > BAT 1 S EA TR M B R % A ER S IR E N

Hyizsf) -
I—vx I—“x
M p ) tube
magnet SIS, l magnet
14
ring
V4
1r] I
v B
VI
w B
B
a <W a

(a) (b)

(a) We first consider a ring (with radius a, length [, thickness w (w < a) and conductivity o)
moving towards the magnet with speed v as shown in figure (a). The magnetic field at
position 7 due to a magnetic dipole i = uZ (pointing downward as positive) at origin is given
by

BATERFE D (FEa > KED BEEw (v Ka) MSHEKRe) DUREvE#
Bl B (a) B o AR EEREIREER 1 = n2 (F518 NYIE) FrEEnviys o
LB AN




Solution

(i) Calculate the components of the magnetic field B,(#) and B,(#) at the point 7 with

cylindrical coordinate 7 = (p = a, ¢ = 0, 2) [2]
() AR L B AN 73 EB, (MFIB, (7) > FENERELARNT = (p = a,¢ = 0,2) - [2]

(i1) Calculate the induced emf and current on the ring. [3]

(i1) THEEF EAVRA: FEEFA AT - [3]

(ii1) Calculate the magnetic force experienced by the coil. [1]

(iii) THEIFTIRLSZHIRETT - [1]

(b) Next we consider a magnet falling inside along a vertical conducting non-magnetic tube
of infinite length (with radius a, thickness w and conductivity o) as shown in figure (b).

(b) #ETRBNTFEREE —DERKE (BF+ e EEwWHISHERe) FVEEFHIE
HEMEE NS THINEE - A1 (b) FR -

(i) When the magnet falls with the speed v, it experiences a damping force with the
magnitude equal to yv. Calculate the damping constant y. [3]

(i) B UR Gy R - B2z —NREyvVIEES - HHEIBERE &y - [3]

Hints: The following mathematical identity may be useful.

fen - MRS RE A -

foo u?du _ 5w
(1 +u?)s5 128

(i1) Determine the terminal velocity of the magnet when it falls inside the tube. [1]

(i) SET R E N MITHYZA R - (1]

Solution:
(ai) We can use the cylindrical coordinate where
7F=2zZ+ap

Hence
2 _ Ho 1 3zp A A A
B(@) = 41 (22 + a2)3/2 (22 + a? (#2 +ap) = MZ)
g [J.O[J. 1 2 2\ 2 A
= B(r) = ((2z* — a*)z + 3azp)

41 (22 + a?)5/2

_ Hop (22° —a?)
41 (a? + z2)5/2
g - Mok 3za

P 4m (a? + z2)5/2

B,

(ail) The induced emf is given by

_ Uopv  3za?

€= jg(ﬁxB) -dl =2mavB, = 2 (a2 + z2)5/2

Alternatively, the flux through the ring is given by




Solution

¢ tott ¢ 3z° 1
¢ = f 2mpdpB,(p,z) ==~ | 2pdp T g
0 0 (p2 +2z2)2  (p* +2z%)2
a
222 2 a’
_ Holt 1 n _ Hol

3 1 2 3
(2 +292 (p2+207| % (a2 +2202
The induced emf'is given by
d®  popv  3a’z

T 5
dt 2 (g24 52y
and the resistance of the coil is
_ 2ma
"~ owl
Hence the induced current is
€ 2mavB vowl 3za
[ =—= L owl = vaawl = o

R 2na At (a? + z2)5/2

(aiil) The magnetic force experienced by the coil is
F = 1Q2na)B, = (2malw)ovB;

(bi) The total magnetic force experienced by the magnet is
3;10;1)2 f"o z%dz

F= de — (2na3wav)(

41 - (a? + z?)5
ou2u’wov “ uldu 45 2ulwo
= F = L Xf = Hok v =yv
8ma* o (1+u?)>5 1024 a*

bii) Newton’s 2™ law gives
g
dz _ d?z
MY~V = ™ae

. .d?
At the terminal velocity, d—; = 0 and

_mg _ 1024( a'g )

v, = —
YTy 45 \ppPwo

4. Heat flux between two plates (10 points) FFEIR 2~ [RIFVFGER (10 )

A system composed of two parallel plates at distance L from each other, which are at
temperature T; and T, respectively.

—DERGHPIERE ARG ~ BEE R L BT > A TRE T, FI T, -

(a) Calculate the heat flux density P (i.e. rate of heat energy flow per unit area) between two
plates if the space between the plates is vacuum and each of the plates has emissivity €. [4]

(a) WUERPHHHR 2 [RIFYZE Rl )@ H22 5 HE MREA LIRS = e TR (B0 P
BEE P (B RALEARYIREE AR ) - [4]

10




Solution

(b) Now the space between the plates is filled with a monoatomic gas of molar density n and
molar mass M. You need to estimate the heat flux density P between two plates according
to the following approximations:

e The gas density is so low that the mean free path 1 > L.

e Ti>T,

e When gas molecules bounce from the plates, they obtain the temperature of the respective
plates (for instance, if they are absorbed/bounded for a short time by the molecules of the
plate, and then released back into the space between the plates).

e You may neglect the black body radiation.

e “Estimate” means that the numeric prefactor of your expression does not need to be
accurate.

(b) AP Z [R] Y22 [B] T80 T B /R n MIEE/RI5T 8 M HY SR T 5UE - SRR 2R
?)%‘LATZLJLM FPER Z [RGB E L P
SEEEREPEEBE A > L.
e Ti>T,
o HRMEIT MR ELGEE - ETIEIREMHNARACRRE (F1d - AR EANTHEARE 73T
W/ SR AERIGAYIT (8] - PRIE R B Z ] Hy 2= [E] )
o [EAIZHERALTRLT -
MEET FREEAE I T A R E AL -

(1) Consider that there is an atom colliding with the hot plate and remains in thermal
equilibrium with the hot plate when it is reflected by the plate. Calculate the average
velocity square (v2), and estimate the average horizontal velocity (v;,) of the atom. [0.5]

(i) FE—RLIE TSP I BB E R S ST I SRR R - RSP
FEVT5(v) » AR FH KT (vy,) < [0.5]

(i1) Consider that there is an atom colliding with the cold plate and remains in thermal
equilibrium with the cold plate when it is reflected by the plate. Calculate the average
velocity square (vZ) and estimate the average horizontal velocity (v, ) of the atom. [0.5]

(if) % U T 5 A R I LU E A T S SRR - 1
REET7(03) 0 FER AT K (v,y) © [0.5]

(ii1) Find the average energy transmitted by an atom when it moves from the hot to the
cold plate. [1]

(iii) Hettt—NEF MBS Sh BRI (2 iy PEIRE R - [1]

(iv) Estimate the heat flux density P between two plates. [4]
(iv) (BT AR SRR P o [4]

Solution:

(a) Without considering reflection of heat, it is reasonable to estimate the heat flux density
P =~ oe(Ty — T3)

(N.B. You will receive 1 points for this answer)

To get the exact result, we consider the recursive reflection of heat flux between two walls.

11




Solution

Let Q, = AceT, be the initial inward flux and Q; = AceTy be the initial outward flux
without any reflection of heat.

Surface 1 emits Q,
Surface 2 absorbs €Q
Surface 2 reflects (1-€)Q,
Surface 1 absorbs (1—-¢€)eQ,
Surface 1 reflects (1-¢€)20,
Surface 2 absorbs (1 -e)%eQ,
Surface 2 reflects (1-¢€)30,
Surface 1 absorbs (1-¢€)3€Q,

The same is true for the heat emitted from surface 2.

Hence the total heat flux radiated from surface 1 and reabsorbed by surface 1 is

0;=(1—¢€)eQ; + (1 —€)3€Q; + (1 —€)°eQq + -

=(1-€eQ;(1+(1—-€e2?+A-e)*+-)= (1 - e)ed,

T 1-(1-¢)?
Similarly, the total heat flux radiated from surface 2 and reabsorbed by surface 2 is

~ _ (1—-e)eQ,
Q2_1—(1—e)2

And hence the total heat flux radiated from surface 2 and absorbed by surface 1 is

. 1-(1-e)?-(01-¢e) €
Q=02 = = (1= szsz

The net heat flux from surface 1 to surface 2 is

(1—e)eQ, € _oe(T¢ = T3)
TI-(-e? 1-(-e2®%~ 2-¢

P=0Q

(N.B. When € = 1, we have ideal blackbody. The heat will be completely absorbed by the
plates and two results are identical.)

(b)
(1) From the kinetic theory of ideal gas, we know
3kT;

—_3 2 _
> MV —EkT1:>v1 =

As an approximation,

12




Solution

— - kT,
=== W

Remark: To be precise, we can calculate v;, using the Maxwell distribution. Since the
particle can only move in one direction, the Maxwell distribution becomes g(v;,)dv;, =

ZJ:ep(

) dv,, and the mean value of v, is

le f ’anTl eXp 2kT1 ledle \/7 ’

which is different by a factor of order 1.

(i1) Similarly we have

(ii1) Since A >> L, the probability of collision of two molecules is ignorably small, so we can
imagine the molecules as independent ones bouncing back and forth between the plates. We
are now considering a two-way journey of a molecule. Let the velocity of a molecule when
leaving the hot plate be v;, while that when leave the cold plate v,; the component
perpendicular to the plates is v;, and v,, respectively.

: : k k
The net transmitted energy is AE = %mvlz — %mvzz = 37 (T, —T,) = %Tl

(iv) The time required to cover the normal distance L back and forth is
L L
At =—+—.
Vix VU2x
Since T; > T, the velocities satisfy v; > v, and
AE =~ %mvl2 and At ~ =

V2x

The power transmitted (per atom) during this journey is
m
P=J¢ = gL vive

And the heat flux density due to all particles is
Pror = o1 ST ViU X (nN4AL)
where A is the surface area of the plate. The heat ﬂux density is

nN
2 k2 T1T1/2
m

> P =

Since Nym = M and kN, = R, we have

13




Solution

3

P=——T,T.
Zm 1 2
N.B. Any answer of the form
3
nR2
P=C—T;T
\/M 1 2

for some dimensionless number C (of order one) will receive full credits.

14
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Problem 1: Gravitational Waves (26 points) 5| /73 (26 4)

Gravitational waves (GW) are the “ripples of space” predicted by Einstein in 1916. GW are
transverse waves travelling at the speed of light. They are sourced by the change of mass
distribution in space. In 2015, GW were detected directly by the Laser Interferometer
Gravitational-Wave Observatory (LIGO). The detection is not only a verification of Einstein’s
prediction after 100 years, but also provides a completely new probe of our universe and opens a
new era of GW astronomy.

1916 £, ZHMHIHHE 7ERE R ——5 . SI18GERB, DOt ERE, H
VTS 2 (W] P TS R AT A . 2015 4E, BOGT S IR E (LI1G0) K ILF! 13
G173 B RIAEGAE 7 Z N FERE, R R i e T B 511
RBITIE T 5] T3B R AR HI AR

In this problem, we will work in Newtonian mechanics and Newtonian gravity (instead of
general relativity), and ignore the expansion of the universe, unless stated otherwise.

FEAE N, Br AR IARU I 2 Ab S, BATRAE A AF WU s AR G g Gy AS 2 ) SORX
W), HZMT A K.

You may find the following quantities useful here

A5 AR AT e 2 DT HfE -

Gravitational constant 215|775 44 Gy = 6.67x10 "'m3kg 152
Speed of light 1% c =3.00x10%m/s
Mass of the sun & FH i & Mg = 1.99x103kg
Mass of the earth HiEK i &= Mg = 5.97x10%**kg
Radius of the earth HiERF-4% g = 6.37X10°m

Part A. Indirect Evidence of GW (9 points) 5| /13 I E:EHE (9 )

Before the direct discovery of GW, indirect evidence of GW has been found in a binary pulsar
system in the 1970s. The binary consists of two pulsars rotating around each other in circular
orbit with radius R. Let us assume each pulsar has mass M and radius r.

FLAE 20 thed 70 44K, ROCERCOEEXKTE RGeh KL T 51 1A R EAEE . W
kb B A2 g, PRk 22N R WIRSUIE F HEMASEE . SElkFENRERN M,
TN,




Al Calculate the period of the binary system Tp. 2 points
KB R GBI Ty o 245

A2 Calculate the frequency of emitted gravitational wave fgyy. 1 point
KRB RGER 5 JTB IR fow o 14y
The binary system emits GW with power P = % XGEMPRY, where c is the

A3 speed of light. Calculate the values of o, 8, y. 2 points
MR ARG 51 T T RN P=%XG,‘\’,‘M3RV, Hop ook, k| 25
a, By HIE.

Ad After time T, the two pulsars collide due to GW emission. Calculate T. 3 points
B 51 T3 s, 8 T WielJa, PIRUbKeh EaldE . R T,. 341
Apart from GW emission, in general relativity, there is also a correction to
the gravitational potential energy AV, « —1/R? (note the negative sign) for
the pulsar system. For the same values of M,R, will this correction AV .

A5 | increase or decrease T (no quantitative analysis required)? 1 point
E SRS, OGERRT, SUR RGNS AR EEE — M UMBIE | 1Y
Wi: AVgg < =1/R* (FERST). W TRFEKI M MR, AVgp SHINEE
WD BUR RGN EI T ? (TR RIF], AFREEEITE. )

Part B. Direct Detection of GW (7 points) 5| I KRB (7 4)

In 2016, GW were detected directly from distant merging black holes by the LIGO experiment.
2016 4F, LIGO S<u6 4175 3% 1t JI -5 S AF v BB 1 51 0

B1

Assume that we know the GW source is in the minus y direction, as shown in
the below figure.

AN FATHGE 51 S IR 5 Ry TR, R B s

1 point
14y




GW source X

— B
A/ Y/D

Now we measure the GW signal by measuring the change of distance of two
free particles. Which of the following orientation of the particles can detect
the biggest signal? Choose one from A-D below.

A. Along the x-axis;

B. Along the y-axis;

C. Along 45 degree in the x-y plane;

D. Along -45 degree in the x-y plane

PTATE LI EZFA B kLT 2 0] 5B AR IER I 5] 19 24k 13 LA
SRR RBCE R, WSS S EOR? A A-D FIEFE 1.

AT x

B. ¥y i

C. ¥ x-y “FIIH 45 FEA T ;5

D. #¥ x-y “FIRIH-45 FE A7 A

B2

The LIGO experiment has two GW detectors L1 and H1. L1 and HI are
separated by 3x103km. The GW signal first arrived at L1, and arrived at H1
after 0.007s. Calculate the angle between the GW source and the L1-H1 line.
Show the possible direction of the GW source in 3-dimensional space. (Draw
the direction on the figure in the answer sheet.)

LIGO SZIA PN EMEE L1 A1 H1. L1 A1 H1 AHEE 3x103km. 5| k(s
SHARIES L1, MERIE HL. PEREZERN 0.007s. K51 1R S
L1-H1 i3I, o] T =42 m I mrge g on (R 8
A S AN R AR

Z
T 3x10°km y
\ 4 \ 4 '

X/ L1 H1

2 points
25}




B3

For the 2016 LIGO event, the binary black hole system is about 1022km
away from the earth. The two initial black holes are 36 M and 29Mg. The
final black hole is 62Mg. The missing mass has all emitted away as GW
energy. At 1000 km away from the center of the black hole merger event, the
amplitude of GW reaches Ay =~ 0.01 . The energy density of GW is
proportional to its amplitude squared. What’s the GW energy Ej that passes
through the earth?

fE 2016  LIGO KILMG| 1 dftrh, XCRTF RS FEHIERZ)10%%km.
PIAN B IGE R EN 36Mg Al 29Mg, A IFEHI BB EN 62Mg.
REPUR TR EA AT ik re a2, R B A JFH
e 1000 km AL, 51 TR HRIEA Ay =~ 0.01. 5] J1J e =% IE L
FHIRME T 5. SRS HIBRIG 5] Sk A& Eg o

2 points
25}

B4

For the same conditions as given in B3, what’s the amplitude A of the GW
when they pass by the earth?

f£5 B3 MHIAIMIZRAE T, SRS B BIE BRI (kIR A.

1 point
14y

BS

GW can be used to study astronomy and cosmology. Consider the expansion
of the universe as an example. In the Newtonian gravity concepts, the
expansion of the universe can be considered as objects running away
(recession) from us. GW astronomy can be a way of studying the relation
between distance and the receding velocity, and thus studying the expansion
history of the universe.

FATAT LU 51 JJR I 58 RSO A 7l 5. Biltn, BF e gk, 7e7F
WG A, FE KT DA SO R s A T (GRAT). 5l ik
RIC, FTDABFFER AR R & 5 IR AT R 2 Aok &, #ETRIE 78 7 1 1) I
K3 52

For GW events with optical counterpart (for example, neutron star mergers),
the receding velocity is measured by the Doppler effect. The Doppler effect
of which of the following can be used to directly measure the receding
velocity? Choose one from A-D below:

A. Synchrotron radiation from the neutron star

B. Emission or absorption spectrum of elements

C. Charged particles emitted from the neutron star system
D. GW emitted from the neutron star system

X FAEAE G AN BRI 5] TS A (Bl b1 2R 5, TRlEd 2 8
S INRR AR IRAT S o DA IR B A Y 22 3 B 28N TT DL LR
PR ERATIHSE? A A-D L

1 point
14y




A. KB R R AR

B. JTEER IR G BB O 1
C. T EARGURS i R T
D. ¥ 2 RGN 5] 1

Part C. Interaction between GW and Matter (10 points) 5| A3 FY R KA E/ER (10 4)

The “ripples of space” is too rough for understanding the effect of GW on matter. More
concretely, one can use Newtonian physics to understand GW when its amplitude A is small (the
calculation can be reproduced in general relativity in a local Lorentz frame). In Newtonian
physics, the spatial length is not fluctuating. Rather, the effect of GW on matter can be
considered as a periodic force proportional to sin(wgy, t) acting on matter when GW (assuming
GW is plane wave with constant amplitude) passes by.

TR DRG] P, ISR XA UL T . SRR, 5] IR
g A AR/, BATAT BAE AR S MRS R TH S S 0 R (48 U ig I Y
JRlIgAE 25 &, T RARRE AU A B o AEAR A A, (Al ER AN TR IR AR AL
S S E IR, 51 714V — A IEHT sin(wewt) FITEM 770 X BB BT
TIBAPTIEG RN AL

The amplitude A (assuming A << 1) of GW has the following effect on matter: if two free test
mass particles (each has mass m) are separated by r without GW. With GW passing by its
perpendicular direction (throughout Part C, we assume the propagation direction of GW is
perpendicular to the line of the two particles), their distance changes from (1 — A) to r(1 + A)
periodically. The oscillation of test particle is of the pattern below (we draw many test particles
to show the effect of GW more clearly, but in the problem let us just consider the two particles
P; and P,).

IRIEA A (B A « 1) B951 3B B0 RN &8 584 B l ek 1, &4
Ry WA me A 51 D BaEE R, PSR Z IRy re A 5 T BIRTER
TR LR T IR (A C R, 75 RE S| J1BAR IR TT A 5 PRI T IE L TS 1 T H),
PIAKLF Z R B E r(1 — A) 5 r(1 + A) Z A AL . R ge ks 1 4R3% a0 K BB
Ao (FEE T 2R T iash, DUEEEMER I M. £, Al
REENARLTPAIP, . )

@i O $O - D



C1

Now, connect the two particles with a spring with spring constant k and
unstretched length r (i.e. the spring does not change the initial distance
between particles without GW). Assume that the spring is light and the force
that GW acts on the spring is negligible. For k > m w?,,, calculate the
oscillation amplitude A’ between these two particles when GW with
amplitude A pass by, such that the distance between the two particles change
between r(1 — A") and r(1 + A").

Note: Here we assume the two particles have minimal kinetic energy as
allowed in the above setup. (Otherwise additional kinetic energy can cause
oscillations with larger amplitudes for the spring.)

BUAE, R ISRL T SRS R R . SRR REON Kk, KO r
(w2, B 5 FIBOEE R, 58 FEA SR T AR B ) o Bisest
AR, S| PAF AT LR AT L2 . £ k> m wgy KITEDN
T, HEIRIEY ARSI BGEE N, BT RIRIE AT X ATE X
N, G BGEER, R TEEEAE r(1 - A M r(1+ A7) ZIAZfk.

VE: ARBIRL T B RE A2 T LA 2 B A N alisg . (R, A
fshfer] DL E0s RS, DURERFIRNE. )

3 points
35

C2

For the same setup as Part C1, but k < m w?,,, calculate A". Keep the linear
terms in k, and the higher order terms in k can be neglected (i.e. if the exact
result is A + Bk + Ck? + ---, we require that you get A + Bk and you can
neglect higher terms Ck? and so on).

Bk <K mwgy, HAFMAS C1L A, itH A X8, RAFHEREZ L
MR VERY, k BB oy DLARS . (a2, RS2 A+
Bk + Ck?* + -+, WARFRESH A+ Bk. R LAZNE Ck? ZmiBhuil. )

3 points
35

C3

For the same setup as Part C1, but k = m w2, /2, qualitatively describe how
the distance between two particles changes with time. No explicit calculation
is needed.

Wk =mwdy/2, HAZKMS C1 AR, 8 PR IR P78 1) R 2
eI (R AR AL . o E BT

1 point
14y

C4

We’d like to estimate when GW pass through the earth, how much GW
energy the earth can absorb. The earth is a system that the pressure of matter
balances self-gravity. The real earth is too complicated but let’s consider a
toy model of the earth, as two particles at rest separated by r = 6000 km,
each particle has mass m = 3x10%* kg. The self-gravity between these two
particles are balanced by force provided by a light spring connecting these
particles. And the unstretched length of the spring is 7000 km if no force acts
on it. For the GW signal described by Part B3 and B4, with frequency f =

2 points
25}




100Hz, estimate the order-of-magnitude of energy absorbed by the earth from
one period of GW oscillation.

WAV Al TH 2 5] Dy o i BRI, HIERWT DA 2 /b Re s . ke — A
HES LS5 P RSt HSERERIER 2% . K REATHEE
HER BT EAR A 2 R8PS R AR ER 7 = 6000 kmo  BEANRLT (157
EAmM = 3x10%*kg. PRI 20— REFEIER . W NS
PIRL T Z [ 51 1P . A2 77, R RN 7000 kme Xt T
B3. B4 IR, ZEN f =100 HzlI 5] HpfE 5, RAETI ) —
ARG T, BRI e (TR SR

Cs

Black holes are so dense objects that even objects travelling at the speed of
light (such as GW) cannot escape. For a black hole with mass the same as that
of the earth (and at the same location as the earth), calculate the amount of
GW energy that the black hole absorbs for the event described in Part B3 and
B4.

PR — A U A R A RIME LOGIEIS S R (sl 11ik) ANRE
WEH B . FHRE AR, SHERA RN R, T 5HERERER
fr#E . XT B3, B4 TR G IPAF T, KL BRI 51 773 e

Ho

1 point
14y

END of Problem 1
)15
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Problem 2 Synchronization (34 marks) FZPBL% (34 43)

Synchronization is a very common physical phenomenon. As early as in the 17" century, the
famous Dutch scientist Christiaan Huygens observed that when two pendulum clocks are
suspended from a common beam, they tend to oscillate in synchrony. In part A of this problem,
we will consider a model of this phenomenon. In part B of this problem, we will consider a
modern example of synchronization. Students can work on either part first before working on the
other part.

A0 — AR W BB R . FAE 17 D, 2544 BT 22 R 5 0 HLI 5 22 « BB il
SR, U PR A B EEE R — R B, EANEESFEPRYG . EXARER A
A, BATTR S IR A IR A — MR AR B MR T, AR S RE AN
IR RG] R S5 At — B, B5Em &k

A. The Pendulums (23 marks) B8 (23 )

A single pendulum consists of a bob with mass m suspended vertically from a fixed point with a
massless string of length L, subject to gravitational acceleration g. Let q(t) be the angular
displacement of the pendulum from the vertical at time t. When the bob moves, it encounters a
constant frictional force of magnitude mLb in the opposite direction of motion.

AR H AN TEmENISRA R, PN A T RS, JFRBEINnEE g
g, @1 RARE, KENL. {ERME, SPRENEETREAME NqE). 4P
YRy, A —8BUEN mLb WHEE BEE IE R T Eiash i [ J7 ) L.

Write the dynamical equation of q(t) for small oscillations. 2 points

ALl 2 RS g (0 03 712 7 FE 24

Remark: To keep your equation simple, you may introduce the angular frequency

ks N VTR ACE R, A5 N

w={?
L’

and use the sign function defined by

A T T Pfr e S IE 8 PR 5
1forf >0,
signf =< Oforf =0,
—1for f <O.

To compensate the loss of kinetic energy due to the friction in each cycle, the pendulum receives
a kick every cycle. To simplify the calculations, we assume that the kick takes place when q =
—b/w? and its angular velocity is positive.

N T AME TR A b e BERE S P S BB ek, SRR RIS 2 B — kB sl .
Tt 5, AMR B K EAEq = —b/w? I H 2B 1 M8y IER .



A2

Suppose that the angular velocity of the pendulum is u,, immediately after
the n™ kick. Calculate q(t) and ¢(t) in the cycle after the n™" kick. For
convenience, we choose t = 0 at the n'" kick in this part and below.

R ¢ B4 HA) O B AE BB B 50 J5 B ) Ay, o FE SR80 ) 1 40
B, W RqOMGE). TR, ERE LR E G, FATRAE
FEnIRGEHII )Nt = 0.

For clarity, give your answer in three parts:
NG EERC L, 1H o = ER g A 5

(a) The first quarter of the cycle,
(a) B2 —HI I,

(b) the second and third quarters of the cycle,
(b) 55 A =AY — K F 3,

(c) the fourth quarter of the cycle.
(c) ZE PP 5> 22— HI I

2+2+2
points
2+2+2

A3

Suppose at each kick, a fixed amount of kinetic energy of the magnitude
mL?h?/2 is injected to the pendulum, where h has the dimension of an
angular velocity. Calculate the relation between u,, ., and u,,.
BRI B SIN, GEIEN mL2h?/2 MEhRepE B g, Hdp
WA AEEREN . T B, 2w, AR R

2 points
25}

A4

What is the value of u,, after many kicks?

a2 mEEhE, u, WEELZTA?

2 points
25}

AS

Suppose that at time t, during the first quarter of the cycle after the n™" kick,
the pendulum receives an angular impulse equal to mL?a. Calculate the time
at which:

B AE IR 3N G I — U2 — A, B THE N mL2a
HIfE. THE LU S GLI I A]

(a)the friction changes sign the first time, EE4% 7} 58 — X A8 77 [A] B,

(b) the friction changes sign the second time, BE#E )55 — IR AL J7 [H] i,

(c) the pendulum receives the (n + 1)™ kick. H4E5Z 5| 5n + 1K B EHT .

Give your answer to the first order in a.

ERMFE AT Eal)H B

3 points
35

10




A6

Suppose that the time t, at which the pendulum receives an angular impulse
equal to mL?a is in the fourth quarter of the cycle after the n*® kick instead of
the first quarter. Calculate the time at which the pendulum receives the
(n + 1)™ kick. Give your answer to the first order in a.

B RIRIEZ IR mL2a B[t 2 AE SBn X5 Ja B 58 D0 AN 7 2
—IMARE N2 — A TR R B + LIRS
). ERHREXEIT Ea )P

2 points
25}

Now consider two pendulum clocks. Let g, (t) and g, (t) be the angular displacements of the two
clocks. The bob mass m, length L, friction parameter b and kick size h of the two pendulums are
identical. Suppose that when q, = —b/w?, pendulum 2 sends a small angular impulse equal to
mL?a on pendulum 1, and when q; = —b/w?, pendulum 1 sends a small angular impulse equal
to mL?a on pendulum 2. (Here, a > 0.)
ILTE % R/ B4R . BTN AR (0 A R 00 20 (D P g (0) o BIAS AR (K /NI B
KIEZL. FEHESHOMGE KN R ik tq, = —b/w?i, $4E 2 K — M EE

RmLPaf )/ NEFERGRIE 1. Hq = —b/w®I, AR 1R —DMEUE AmL? a i)/ AT &

2. (XHa>0.)

A7

Suppose the phase lag of pendulum 2 relative to pendulum 1 is ¢, at the
beginning of n™ cycle of pendulum 1, and 0 < ¢,, < /2. Calculate the
relation between ¢,,,, and ¢,,.

RBAERAE 1 B NIRRT, B3 2 A T8 1 MARGLR 5 2
by HHFO0< ¢, <m/2. R EPp M, ZHHFIKFR

4 points
453

A8

When ¢,, is very small, calculate the number of cycles for ¢,, to reduce by a
factor of 10.
o, AW D, T H o, I 10 18 i s B F L

2 points
25}

11



B. The Power Grid (11 marks) M (11 43)
Synchronization is an important concept in the transmission of electricity in the power grid. The
power grid is a network of nodes and links. Each node is an electric generator or other power
consumption devices. The links are the transmission cables. Electric power is transmitted in the
alternating current (AC) mode at 50 Hz or 60 Hz at a fixed voltage. However, the AC voltage of
each node in the network has a slightly different phase.
[ 20 7 ol I FE T ) — D BB . R AN Y RO BB A BRI IR 2% o RN R
R MBI AR R & . BERR R AE RIS, HJIs HACHE (AC) BEECEL 50 Hz 5% 60
Hz Wi 4 [ 52 i AR . (2, WIE P A5 f B 52 i B s B A I A [R] B AR AR

2

B1

Consider a transmission cable connecting nodes 1 and 2. The inductance of
the cable is L. The electric potentials of nodes 1 and 2 are Vj(t) =

V cos(wt + 6;) for j = 1,2. Calculate the time-averaged power transmitted
from node 1 to 2. You may neglect the time dependence of 6.

FRIERT A 1M 2 g . RS UKL, 1AL 1A 2
NV;() =Veos(wt +6;), Hrbj =1,2, tFEMNAT A 1 ARSI 2 1)
I )P X D238, ARAT LA ZIE 6, FA I TR AR At

3 points
35

A network of electric generators and motors, labeled j = 1,2, ..., N, are connected with each
other. Their electric potentials are Vj(t) =V cos(wt + 9,-) forj =1,2,...,N, and the inductances

of the connecting cables are L. The generator or motor at node j rotates with the phase angle
wt + 6; and its moment of inertia is I. The external power source or drain is P; (P; > 0if jis a
generator, and P; < 0 if j is a motor). At the same time, the power dissipation due to friction is
given by k(w + 6,)?/2 atnode .
—NAES,  HR AU RSN e R R, R AL R EILIARIE R j = 1,2, .., N

BT HEFA V@) = Veos(wt + 6;), Hj=1,2,..,No FITEZEEANTS R0

1k
ém )

FCHURONL. H AULEIR LB ST L A f ot + 6,156, JCRERNI R T AR AR
RS RE TN 4P, R R HAL, P> 0. WIHLREBEIHL, P<0) . [N, 77
R RS T 2 (0 + 6,) /2.

B2

Derive the dynamical equation for 6; as a function of time. Assume that the
rates of change of 6; are much less than w, such that the dynamical equation
can be approximated by retaining only terms up to the first order of 6;.

it 0; DAR [ 2 B SEEG 30 2 5 Rk T RO IO 3E D T o,
1550 /327 R ] Il A DR B 220, 19 58— Bir TR AL o

2 points
25}

The dynamical equation of 6; is similar to that of the coupled oscillator network shown in the
figure. It consists of N particles free to slide on a smooth circular rail of radius R without
collision. Each particle has mass m and is subject to a force F; for particle j in the tangential
direction of the circle. When a particle moves, it experiences a damping force that is equal to
minus the velocity times the damping constant b. Each pair of particles is connected by a spring
of very short equilibrium length and force constant k.

12




2

6; 18 7152 T R AR T B Fros U S Ik a4 . B INAS RTAE AR R8T 0
B _EH s s R R T AL BRI T R ym. KL R R DI T [ %
B4 FRER]. SR Bshit, e BRI /15 T R LI JE % 8b i B . BEXR
TSP P R R B B R A A kT

B3

Derive the dynamical equation of the angular positions 6;, and fill in the table
on the answer sheet with the physical terms for the coupled oscillator network
and the corresponding terms in the power grid.

TN EG BN T RE L, B AR LR WIS MG IR a4
[ 5% 11 20 B TR R, (X 0 PR S A B

3 points

34

B4

Consider a fully connected power grid with N, consumer nodes and N

generator nodes, and friction is negligible. Each consumer node consumes
power P and the total consumed power is evenly provided by the generator
nodes. Calculate the phase difference between the generators and the
consumers at the steady state.

I8 N A DR T I A A BT i 2 RS 58 4 3 Fe MY
Horp BEAT A AT . A DIAE R T REAEDI R P, I H AR
R A FBLS it 215t T AR IRZS TR A LA DO FEBE % 2 8] A AR A6
%

2 points

24y

BS

Calculate the minimum number of generators to maintain effective electricity
transmission in the power grid of part (B4).

VELAE (B4) HbH T2 BHERF (A AR, R LR R D
HEL DU

1 points

143

END of Problem 2
i) 8 2 5¢
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All final answers should be written in the answer sheet.

I e Jr B R GBI b

All detailed answers should be written in the answer book.

P Ve RESAEEBE L.

There are 2 problems. Please answer each problem starting on a new page.

HH 28, 8% 18, JCRHFI—HTLK.

Please answer on each page using a single column. Do not use two columns on a single page.

B AT FH B —E R 7 W& . ANAT DLE — AR B DARUE 51 )7 U .

Please answer on only one page of each sheet. Do not use both pages of the same sheet.

TR AR TUEE . Ar DO TUES

Rough work can be written in the answer book. Please cross out the rough work after answering
the questions. No working sheets for rough work will be distributed.

EA P ARSI L, B S AR A R B, A A KRR

If the answer book is not enough for your work, you can raise your hand. Extra answer books
will be provided. Your name and examination number should be written on all answer books.
A EEEAG A LIS T EH, S EHHES T A NES .

At the end of the competition, please put the question paper and answer sheet inside the

answer book. If you have extra answer books, they should also be put inside the first answer
book.
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2

Gravitational waves (GW) are the “ripples of space” predicted by Einstein in 1916. GW are
transverse waves travelling at the speed of light. They are sourced by the change of mass
distribution in space. In 2015, GW were detected directly by the Laser Interferometer
Gravitational-Wave Observatory (LIGO). The detection is not only a verification of Einstein’s
prediction after 100 years, but also provides a completely new probe of our universe and opens a
new era of GW astronomy.

Problem 1: Gravitational Waves (26 points) 5| /73 (26 4)

1916 £, ZHMHIHHE 7ERE R ——5 . SI18GERB, DOt ERE, H
VTS 2 (W] P TS R AT A . 2015 4E, BOGT S IR E (LI1G0) K ILF! 13
G173 B RIAEGAE 7 Z N FERE, R R i e T B 511
RBITIE T 5] T3B R AR HI AR

In this problem, we will work in Newtonian mechanics and Newtonian gravity (instead of
general relativity), and ignore the expansion of the universe, unless stated otherwise.

FEAE N, Br AR IARU I 2 Ab S, BATRAE A AF WU s AR G g Gy AS 2 ) SORX
W), HZMT A K.

You may find the following quantities useful here

A5 AR AT e 2 DT HfE -

Gravitational constant 215|775 44 Gy = 6.67x10 "'m3kg 152
Speed of light 1% c =3.00x10%m/s
Mass of the sun & FH i & Mg = 1.99x103kg
Mass of the earth HiEK i &= Mg = 5.97x10%**kg
Radius of the earth HiERF-4% g = 6.37X10°m

Part A. Indirect Evidence of GW (10 points) 5| /73 I EEEHE (9 &)

Before the direct discovery of GW, indirect evidence of GW has been found in a binary pulsar
system in the 1970s. The binary consists of two pulsars rotating around each other in circular
orbit with radius R. Let us assume each pulsar has mass M and radius r.

FLAE 20 thed 70 44K, ROCERCOEEXKTE RGeh KL T 51 1A R EAEE . W
kb B A2 g, PRk 22N R WIRSUIE F HEMASEE . SElkFENRERN M,
TN,



@ -~

Al Calculate the period of the binary system Tp. 2 points
RKBUE RGN Ty o 245
2 2
W~ _ S Thusv = |22 (1),
R 4R 4R

2mR R 5
TB —7—47TR GN_M (1 )

A2 Calculate the frequency of emitted gravitational wave fgyy . 1 point
KRB RGER 5 JTB IR fow o 145

GW are sourced by mass distribution. When the two pulsars interchange their position (i.e. after
half a period), the mass distribution returns to the same state. Thus, the period of GW is T /2
and the frequency is f;y = 2/Tg. (1/Tg for 0.5’; factor of 2 for 0.5)

The binary system emits GW with power P = 2 XGEMPRY, where c is the
5¢5

speed of light. Calculate the values of o, 8, y. 2 points

MR ARG 51 TR P = %xGﬁMﬁR% Hep o &g, k| 247

a, By HIE.

A3

Dimensional analysis.
[P]=m?kgs™, [c™°]=m~°s®, [Gy] = m’kg™'s7?, [M] = kg, [R] =m.

Thus,
2= -5+3a+y
l=—a+p
—3=5-2a (1)
Thus,
a=4, =5, y=-5(1)
Ad After time T, the two pulsars collide due to GW emission. Calculate T. 3 points
B 51 J0Ba S, £ T WielJa, PIRUbKeT EakdE . SR Te. 34
The kinetic energy of the binary is E} = ZX%MVZ = %. (0.5”)
2
The potential energy of the binary is E,, = — G’\Z’ r .(0.5%)

2
The total energy of the binary is E = E + E, = — G';’ j:l .

(0.5%)
2
aE _ GNIV; dr _ —P = —LSG,‘GMBRV =
dt 4R? dt 5¢c

— 52? GyMPR™>.(0.5”) (Minus sign in the last two terms because emission of GW means energy

Thus, the change of energy over time is



loss of the binary. We give result with both symbols «, 3, v, and their explicit values obtained in
A3, to avoid double penalty. If the student is wrong in A3, he/she may still get full marks in A4.)
Integrate the above equation from R to r (corresponding time duration T), we get

5 5
Tz — 8(_5;_1) Gie*M?*F(RTYt —r¥=1) = 53%6133M‘3(R4 —r%) . (0.5 for the integration
result, and 0.5 for the correct upper/lower limits, i.e. R* — r* instead of R* only or r* — R%)

Apart from GW emission, in general relativity, there is also a correction to
the gravitational potential energy AV, « —1/R? (note the negative sign) for
the pulsar system. For the same values of M, R, will this correction AV
A5 | increase or decrease Tp (no quantitative analysis required)? 1 point
E SRS, OGERRT, UR RGNS AR EEE — M UMBIE | 1Y
Wi: AVgp & —1/R? (EEAT). TR M AR, AVgg 2X3EINIE
D XUR RGN T ? CEMEDHTEITT, AFEEREE. )

Decrease. (17)
For fixed M, R, more negative potential = need larger velocity to provide centrifugal force —
smaller period.

Part B. Direct Detection of GW (7 points) 5| I KRB (7 5)

In 2016, GW were detected directly from distant merging black holes by the LIGO experiment.
2016 4F, LIGO S<u6 4175 3% 1t JI -5 S AF v BB 1 51 0

Assume that we know the GW source is in the minus y direction, as shown in
the below figure.

AR FATRGE 51 BRI 7 Ry TR, an R B s

GW source

1 point

B1 14

Now we measure the GW signal by measuring the change of distance of two
free particles. Which of the following orientation of the particles can detect
the biggest signal? Choose one from A-D below.

A. Along the x-axis;

B. Along the y-axis;

C. Along 45 degree in the x-y plane;

D. Along -45 degree in the x-y plane

FRA T3 P A R 22 TR B AR SRR 5 0. R A

2



SRR RBCE R, WA S EOR? A A-D HIEFE 1.
AT x

B. ¥y i

C. ¥ x-y “FIH 45 FEA T )5

D. #¥ x-y “FIRIH-45 FE A7 A

A (Transverse wave — oscillation of spatial length is along x and z directions.) (1°)

The LIGO experiment has two GW detectors L1 and H1. L1 and HI are
separated by 3x103km. The GW signal first arrived at L1, and arrived at H1
after 0.007s. Calculate the angle between the GW source and the L1-H1 line.
Show the possible direction of the GW source in 3-dimensional space. (Draw
the direction on the figure in the answer sheet.)

LIGO SZIGA WA R ZS L1 F1 H1. L1 A1 H1 AHEE 3%103km. 3| J1U1(E
SEGENE L1, MUEEE H1. BERTEZDN 0.007s. KEIITBIRS | 2 points
B2 11K sELkiYesn, FEEH B R S Y A TR A (A | 2 4y

i N, E AR

Z
T ~3x10°%km Y
>

X/ L1 Hl

The distance between GW source and earth is much greater than the distance of detectors. Thus,
the GW can be considered as plane waves, and a wave front can be approximated as planar.

0.007sxc = 2.1x103km (0.5”)

The angle between the L1-H1 line and the GW source is
thus

arccos 2.1/3 = 0.795 rad = 45.6° (any of these is fine)
(0.5%)

Since the situation is spherically symmetric, the
possible sources form a cone. Note that there 1s
essentially no difference whether to draw the cone
starting from L1, H1, or the middle point since the
source is far away.

(0.5 for a line and another 0.5’ for the whole cone)

Note: If exact spherical waves are used, and the correct
result is obtained, that’s also fine. But the computation
1s more complicated.




B3

For the 2016 LIGO event, the binary black hole system is about 1022km
away from the earth. The two initial black holes are 36 M and 29Mg. The
final black hole is 62Mg. The missing mass has all emitted away as GW
energy. At 1000 km away from the center of the black hole merger event, the
amplitude of GW reaches Ay =~ 0.01 . The energy density of GW is
proportional to its amplitude squared. What’s the GW energy Ej that passes
through the earth?

fE 2016  LIGO KILMG| 1 dftrh, XCRTF RS FEHIERZ)10%%km.
PIAN B IGE R EN 36Mg Al 29Mg, A IFEHI BB EN 62Mg.
REPUR TR EA AT ik re a2, R B A JFH
e 1000 km AL, 51 TR HRIEA Ay =~ 0.01. 5] J1J e =% IE L
FHIRME T 5. SRS HIBRIG 5] Sk A& Eg o

2 points
25}

The energy emitted: E = AM ¢? = (36 + 29 — 62)%x1.99%103°x(3x108)? ] = 5.37x10%*" ]

(")

The energy fraction that comes to the earth:

m(6370)2
4% (1022)2

= 1.01x10737.(0.5")

Thus, the energy passes by the earth is 5.45x101° J. (0.5”)

B4

For the same conditions as given in B3, what’s the amplitude A of the GW
when they pass by the earth?

f£5 B3 MHIAIMIZRAE T, SRS B BIE BRI (kIR A.

1 point
14y

Consider a shell of GW. From energy conservation, energy density of GW ~ 1/(distance)*2. (1”)
Thus, the amplitude of the GW decreases inversely proportional to distance:

A=0.01x

1000 _ ,
= 10721 (1)

BS

GW can be used to study astronomy and cosmology. Consider the expansion
of the universe as an example. In the Newtonian gravity concepts, the
expansion of the universe can be considered as objects running away
(recession) from us. GW astronomy can be a way of studying the relation
between distance and the receding velocity, and thus studying the expansion
history of the universe.

FATAT A 51 JJR I 5 RSO A 7l 5. Biltn, BF e gk, 7e7F
WG A, FE KT DA SO R s A T (GRAT). Sl ik
KI5, FTDABFFER AR R & 5 IR AT Aok &, JETRIE 50 7 1 1) I
K3 52

For GW events with optical counterpart (for example, neutron star mergers),
the receding velocity is measured by the Doppler effect. The Doppler effect
of which of the following can be used to directly measure the receding
velocity? Choose one from A-D below:

A. Synchrotron radiation from the neutron star

1 point
14y




B. Emission or absorption spectrum of elements
C. Charged particles emitted from the neutron star system
D. GW emitted from the neutron star system

X FAEAE G A0S BRI 5] TSR (Bl b1 2 9F ), T RlEd 2 i
BN IN R AR IRAT L o LA WIS B A 1 22 3 B 28O TT DL LR
PRI ERATHSE? A A-D L

A K E R F SRR L A
B. JC I B WSRO
C. HhT IR R GG H 1 L T

D. ¥ 2 RGN 5] 11

B. (1) Because only the element spectrum has known frequency at emission. By comparing the
observed frequency and the known emission frequency, we know the receding velocity.

Part C. Interaction between GW and Matter (10 points) 5| A3 FY R KA E/ER (10 4)

The “ripples of space” is too rough for understanding the effect of GW on matter. More
concretely, one can use Newtonian physics to understand GW when its amplitude A is small (the
calculation can be reproduced in general relativity in a local Lorentz frame). In Newtonian
physics, the spatial length is not fluctuating. Rather, the effect of GW on matter can be
considered as a periodic force proportional to sin(wgy, t) acting on matter when GW (assuming
GW is plane wave with constant amplitude) passes by.

TR D PRE S| P, ISR XA UL T . SRR, 5] IR
g A AR/, BATAT BAE AR 2 MRS R UH S S 0B R (48 U ie I Y
Jtsis AR 2L &, W AR AR WU B SR) . FEAR IR rh, 2R AR B AN AT KR AR AL
S S E IR, 51 714V — A IEH T sin(wewt) FITEM 770 X BLR BT
TIBAPTIEG RN AL

The amplitude A (assuming A << 1) of GW has the following effect on matter: if two free test
mass particles (each has mass m) are separated by r without GW. With GW passing by its
perpendicular direction (throughout Part C, we assume the propagation direction of GW is
perpendicular to the line of the two particles), their distance changes from (1 — A) to r(1 + A)
periodically. The oscillation of test particle is of the pattern below (we draw many test particles
to show the effect of GW more clearly, but in the problem let us just consider the two particles
P; and P,).

IRIEA A (B A « 1) B9 3B B0 RN 8 584 B l ek 1, &4
Ry MR me A 51 D BaEE R, PSR Z IRy re A 5 T BIRTER
TR LR T I (A C R, 75 RE S| J1BAR IR TT A 5 PR T IE L TS 1 T H),
PIAKLF Z R B E r(1 — A) 5 r(1 + A) Z AN . R ge ks 1435 a0 K BB



Ao (FEE T 2R iash, DUEREMER I M. £, Al
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Qi O $O D

Now, connect the two particles with a spring with spring constant k and
unstretched length r (i.e. the spring does not change the initial distance
between particles without GW). Assume that the spring is light and the force
that GW acts on the spring is negligible. For k > m w?,,, calculate the
oscillation amplitude A’ between these two particles when GW with
amplitude A pass by, such that the distance between the two particles change
between r(1 — A") and r(1 + A").

Note: Here we assume the two particles have minimal kinetic energy as
allowed in the above setup. (Otherwise additional kinetic energy can cause 3 poi

oy e . . . points
C1 | oscillations with larger amplitudes for the spring.) 3 4%

BUAE, R ISRL T SRS E R R . SRR REON Kk, KO r
(w2, B 5 FIBOEE R, SR EA SR T AR B B o Bisest
AR, S| PAF AT LR T L2 . £ k> m wgy KITEDN
T, HEIRIEY ARSI BGEE N, BT RIIRIE AT X H ATE X
N, G BGEER, R TEEEAE r(1 - A) M r(1+ A7) ZIAZfk.

VE: ARBIRL T B RE A2 T LA 2 B MmN alisg . (B, A
fushfen] DL E0SIIRS), DURERFIRME. )

For free test particles separated by r, let the position of each particle is x = +r/2, and let’s
study the particle with x = r/2. Let the periodic force be F = F; sin(wgy,t) acting on this
particle.

Integrate F = mix (0.5”) twice (or you first guess the form of x, and determine coefficients by

taking derivative), we get x = - — Mﬁawt) 0.5)
2 mwew

Compare it with the definition of A, we get F,, = %mwéw. (0.5%)

An opposite force will act on the particle located at x = —r /2.

Now, for the two particles connected by a spring:

The condition k >» mw?%,, indicates that the frequency of GW is very slow. Slowly acting a
force on the spring, the length of the spring just follows the force (0.5”). The maximal length that

the spring stretches is 7 + % =r+ %mwéw 0.5),ie. A" = %mwéw (0.5%)




Alternative solution of C1 - C2: Instead of considering half spring, consider the full spring:

T N T .
Letx; ==+ x{oSin wey t and x, = — =+ X, Sin Wy t.
173 10 GW 2 2 20 GW

2
—Mwegw 0 X100\ _ (—k k\ (*10 ( Fy )
< 0 —mw(z;w> (xzo) B ( k —k) (xzo) + —F,
k — mwé,, —k (xlo) _ ( F, )
—k k — mwiy, ) \X20 —F,

(xm) _(k—mwéy —k _1< F, )
X20/ —k k — mwéy —F,

_ 1 k — mwéy, k ( F, )

(k — mw?,)? — k2 k k — mw?2y, ) \=Fo

Distance between the two particles:

. 2mawgw Fo .
d=x1—x; =1+ (X190 — X3) SinWgyt =1 — & — mw?) — k2 sin wgy t
(mwgy)?A .
d=r [1 — k= ma2, )2 — 2 sin wt

2 )2 2
Cl: When k >» mw?, A’ ~ (mwgw) 4 _ mogw 4
2kmwagw 2k

2 2
C2: When k € mw?, A’ = (mogw) 4 ~A+—2A

2 P
(mawéy) —2kmwiy, mwey

For the same setup as Part C1, but k < m w?,,, calculate A". Keep the linear
terms in k, and the higher order terms in k can be neglected (i.e. if the exact
result is A + Bk + Ck? + ---, we require that you get A + Bk and you can .
(2 | neglect higher terms Ck? and so on). 3 points

Bk < mady, HMEM4S cl MR, A xR, RAEEEEE | 37
IR ERY, kR BT 2N . (R, WA s R A+
Bk + Ck? + -, WARTEE S A + Bk VKT LLZNE Ck? @i, )

From symmetry, the center of the spring will not move. Thus, let’s consider half spring from the
center to the particle to the right. The spring constant of half spring is 2k (0.5”).

The Newtonian 2™ law: m¥ = F, sin(wgyt) — 2k (x — g) (*) (0.5%)

In principle, this equation (*) can be solved exactly without assuming the condition between k
and mw?,,. But as we do not require to solve complicated differential equations, here we just

work out the solution assuming small k.

Let x = x© 4+ xM 4+ x® 4 ... Where the superscript indicates the order in k. (0.5’) We will
ignore x® and higher terms.



r  Arsin(wgwt)

We have already solved x(® = . (free particle with k = 0). Insert it into (*), we

get
5(.(1) _ kArsu;(leWt) . (05,)

Similar to the case in C1, integrate this equation twice, we get
X(l) - _ kAr sm(ZwGWt) . (05,)
maowgy
Thus, up to linear order in k, the maximal distance is the maximal of 2(x(® + x™)). The factor
of two is because we have two particles at x = +r/2. Inserting the above results, we have
r_ 2kA ,
A —A+mwéw.(0.5)
Note: If you directly get the exact solution of (*), it is also correct. The form is
A
A= 12k

- 2
mwGW

2

For the same setup as Part C1, but k = m w2, /2, qualitatively describe how
the distance between two particles changes with time. No explicit calculation
C3 | is needed. 14
Wk =mwdy/2, HAZMS C1 HAHR], 8 PR IR PRLT 8] ) R 2

eI (B AR AL . o E BT

1 point

Resonance happens. The distance oscillates (0.5”) and the amplitude of oscillation grows with
time (0.5”).

We’d like to estimate when GW pass through the earth, how much GW
energy the earth can absorb. The earth is a system that the pressure of matter
balances self-gravity. The real earth is too complicated but let’s consider a
toy model of the earth, as two particles at rest separated by r = 6000 km,
each particle has mass m = 3x10%* kg. The self-gravity between these two
particles are balanced by force provided by a light spring connecting these
particles. And the unstretched length of the spring is 7000 km if no force acts
on it. For the GW signal described by Part B3 and B4, with frequency f =
100Hz, estimate the order-of-magnitude of energy absorbed by the earth from
C4 | one period of GW oscillation. 243

PATVKE Al TH 2 5] Dy o i BRI, HIERWT DRI 2 /b Re s . ke — A4
HES LS5 P RSt HSERIERIER 2% . K REATHEE
HER BT EAR A 2 R8PS R T AR ER = 6000 kmo RSR[5
EAmM=3x10%*kg. PRI 20— REFEIER . #ENH NS
PIRL T Z [ 51 1P . B AR 77, #7000 kme Xt T
B3. B4 IR, HZN f =100 HzlI 5] JpfE 5, RAETI ) —
NIRRT, BRI e (TR R,

2 points
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_ Gym?

First estimate the spring constant of the earth: Fyyay = kAr = === Thus, k = 1.67x10'°kg/s.
(0.5%)

Now determine the spring constant is for which case (C1-C3):

mwsy,, = 3x10%*kgx (100x2m Hz)? > k . Thus, we can use the case of C2. (0.5°)

For order-of-magnitude estimate, the size of the earth simply change by an amount §r = r4 =
6x10715m.

For each period, GW first slowly stretch the earth to do work, and then the work is dissipated to
the earth (for example, the heat in the spring in this case) when the spring returns.

The force is about Fy = %mwéWAr = 3.5x10%°N (0.5")

The work GW does in each period is W = Fyé6r ~ 21]. (0.5) (To be accurate, there is an
average of sin(wgy ) cos(wgy ) over two of 1/4 periods. But here we are only interested in the
order-of-magnitude.)

Black holes are so dense objects that even objects travelling at the speed of
light (such as GW) cannot escape. For a black hole with mass the same as that
of the earth (and at the same location as the earth), calculate the amount of
GW energy that the black hole absorbs for the event described in Part B3 and
cs | B4. 1 point
S AR O R A B DSBS S iR (Bl i) RRE | 197

REH PRI . R — AN, SHERA FERER R, AT S HERF R
fr#E . XT B3, B4 TR G IPAF T, KL BRI 51 773 e

=
Ho

Escape velocity: v = /ZGTNm =¢.(0.5°) Thus, r = 25N — ),0088m. (0.5%)

G2 -
Note: using Newtonian mechanics instead of relativity, we are actually making two mistakes: (1)

light & GW are actually massless particles instead of massive ones, and their momentum-energy

relations are relativistic; and (2) the Newtonian gravitational potential is not enough to describe
2Gym
c2

gravity. Coincidentally, these two mistakes cancel each other’s effect, and r = actually
holds even in general relativity. But in general relativity, even if GW did not touch the horizon

r =259 bt instead reaches r = 3G’Zm (photon sphere), GW will eventually fall into the black

c? ’ c
3Gym
hole. Thus r = =&

CZ
mechanics.

is also considered correct, though it does not follow from Newtonian
2
Compared to problem B3, the GW energy come to the black hole is 5x101° Jx (2':(1)33)2 =

1.04x1077J. (0.5°) Since GW cannot escape the black hole, this is the GW energy that the black
hole absorbs. (0.5”)

If you use E = hv for the graviton energy, or use angular momentum conservation to calculate
the condition for the GW to be absorbed, they can also be considered correct. There is an unique
answer in general relativity, but you can use different ways to model it in Newtonian mechanics.

END of Problem 1
] 15

11
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Problem 2 Synchronization (34 marks) F2F (34 43)

Synchronization is a very common physical phenomenon. As early as in the 17" century, the
famous Dutch scientist Christiaan Huygens observed that when two pendulum clocks are
suspended from a common beam, they tend to oscillate in synchrony. In part A of this problem,
we will consider a model of this phenomenon. In part B of this problem, we will consider a
modern example of synchronization. Students can work on either part first before working on the
other part.

A0 — AR W BB R . FAE 17 1D, 2544 BT 22 R 5 o HLI 5 22 « B il
MELE], M FPRR BB R — R B, e SFPRE . XA A
A, FATEEEZXFMB R — MR FEXAFER B f, ALK EE A
IR 7RG R S5 At — B, B5Em &k

A. The Pendulums (23 marks) B8 (23 )

A single pendulum consists of a bob with mass m suspended vertically from a fixed point with a
massless string of length L, subject to gravitational acceleration g. Let q(t) be the angular
displacement of the pendulum from the vertical at time t. When the bob moves, it encounters a
constant frictional force of magnitude mLb in the opposite direction of motion.

AR H AN TEmENMISRA R, PPN A T RS, IR EINEE g
g, @1 RARE, KENL. {ERME, SPRENEETREAME NqE). 4
YRy, A —8BUEN mLb WHEE FEE IE R T eiash i [ J7 ) L.

Write the dynamical equation of q(t) for small oscillations. 2 points

ALl 2 N RE I g (0 03 712 AR 24

Remark: To keep your equation simple, you may introduce the angular frequency

wE: N VTR ACE R, A5 AR

w={?
L’

and use the sign function defined by

A T T Pfr e S IE 8 PR 2
1forf >0,
signf =< Ofor f =0,
—1for f <O.

Using Newton’s law of motion,
mL _Zq = —mLb sign (—q> —mg sin
dt? dt i

For small oscillations, sin g = q. Hence

12



4 = —b signg — w?q,

where § = d?q/dt? and ¢ = dq/dt.

To compensate the loss of kinetic energy due to the friction in each cycle, the pendulum receives
a kick every cycle. To simplify the calculations, we assume that the kick takes place when g =

—b/w? and its angular velocity is positive.
g y18p

N T AMET RN I BRI S| BUR B RER R, FRREE I = 2 Bk BEh. N

TGS, AU K A q = —b/w?IF B2 E AR N IER .

convenience, we choose t = 0 at the n™® kick in this part and below.

FEnR I TE Nt = 0.

For clarity, give your answer in three parts:

Ay | PRI, U =HA e R

(a) The first quarter of the cycle,
(a) B2 —HI A,

(b) the second and third quarters of the cycle,
(b) B AN =AU 7 2 — 1 3,

(c) the fourth quarter of the cycle.
() Z VI P52 — K I -

Suppose that the angular velocity of the pendulum is u,, immediately after
the n™ kick. Calculate q(t) and ¢(t) in the cycle after the n™" kick. For

TEBE 4 (0 A1 S P AE SR B Bl A 18] Ay, o« (£ Sim IR 30 ) 1) JA 4
T, SR qOMG(e). ATTER I, AELE S LA T, BATTBE

2+2+2
points
2+2+2

(A2a) In the first quarter of the cycle after the n™® kick, the angular velocity is positive. Hence

G = —wz(q+i>
w?)

The solution is a simple harmonic motion centered at ¢ = —b/w?. Hence the solution takes the

form
) b O
= ——+ —sinwt,
1 w?  w

and

q(t) = u, cos wt.

(A2b) In the second and third quarters of the cycle, the angular velocity is negative. Hence

13
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2

..=_w2< _i)
q 9= 3)

The solution is a simple harmonic motion centered at ¢ = b/w?. The initial condition at t =
/2w is q (1) =— % + u—’; and g (1) = 0. Hence the solution takes the form
2w w w 2w

qt) = — [q (2:)) - iz cos (wt - g),
Q(t) = iz (%—i—b> sin wt,

and

, 2b
q(t) = (un - Z) cos wt.

(A2c) In the fourth quarter of the cycle, the angular velocity is positive. Hence

G = —wz(q+i>
w?)

The solution is a simple harmonic motion centered at ¢ = —b/w?. The initial condition at t =
3n/2w is q (3—n) — 4+ =" and ¢ (l) = 0. Hence the solution takes the form
2w w w 2w

e )

b u 4b
q(t) =——+ (—n——> sin wt,
1) W w?

and

, 4b
q(t) = (un - Z) cos wt.

Suppose at each kick, a fixed amount of kinetic energy of the magnitude
mL?h?/2 is injected to the pendulum, where h has the dimension of an
A3 | angular velocity. Calculate the relation between u, ., and u,,.

BRI B SIN, GEIEN mL2h?/2 MEhRepENEI s, Hdp 29y
hEA AR EN . B, 12w, AR R .

2 points

At the end of the n™" cycle,

14



. 4p
Q(t) =Up — Z

At the beginning of the (n + 1) cycle,

1 1 4b\* 1
EmLzu,ZL+1 = EmL2 (un — Z) + EmLZhZ.

Therefore

4b )
Ups1 = (un—z> + h?,

A4

What is the value of u,, after many kicks?

adZmEshE, uw, WEELZTA?

2 points
25}

After many kicks, u,,,; = u,. Hence

4b\*
uz = (un—z> + hZ.
_h2w+2b
=gy Ty

AS

Suppose that at time t, during the first quarter of the cycle after the n™" kick,
the pendulum receives an angular impulse equal to mL?a. Calculate the time
at which:

A R BRI — I 2 — P, SR T 58 miPa
SR TS T AL )

(a)the friction changes sign the first time,

(a) BEHE I 188 — IR AL T Al

(b) the friction changes sign the second time,

(b) BEHE 158 — ke A J7 [l B

(c) the pendulum receives the (n + 1) kick.
(c) BARZHHn + LIXGBIN

Give your answer to the first order in a.

ERMFE AT EalIZH B

3 points
35
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(ASa) After the pendulum has received the angular impulse at time t,, the pendulum motion
takes the form

b b q(to)
q(t) = —3 + (q(to) + E) cos(wt — wty) + sin(wt — wty).
Since q(ty) = —% + 1;—"sin wt, and q(t,) = u, cos wt, + a, we have
®) b+u”' t, cos(wt t)+u” to sin(wt t)+a'(t to)
= —— + —sin wt, cos(wt — w — cos wty sin(wt — w —sin(wt — w
q 22w 0 ) 0 a) 0 0 a) 0

uTl . a o
= —— +—sinwt + —sin(wt — wty).
w? w
q(t) = u, cos wt + a cos(wt — wty).

The friction changes sign when ¢ (t) = 0. Suppose this takes place when wt = g + &. Then

s s
0= uncos(§+s)+acos(§+£—wt0).
a sin wt
Ex —.
un
T  asinwt,
t=—+——7-—.
2w wu,

(AS5b) After the friction has changed sign the first time, the pendulum motion takes the form

q(t) =%+[q(%+£)—%]cos(wt—g—e).

W
Note that
(TL’+8) b+un_(7'[+ )+C¥ . (TL’+ t)
—+—)]=——+—sin{=+¢)+—sin|{=+e—w
T2 o w? 2 ) 2 0
b u, a u, b «a
~ ——+—cose + —cos(wty, — €) ¥ — — — + —cos wty,.
w?2 1) w w? w
Hence

t_b+<un 2b+a t) (t T )
q()—w2 oz T gcoswty)cos{wt ———¢).

16



. 2b _ T
The friction changes sign the second time when g(t) = 0. This takes place when wt — g =

1. Hence

; 3n  asinwt,
- 2w wu,

(A5c) After the friction has changed sign the second time, the pendulum motion takes the form

b 3t ¢ b 3m

a®) =~ g5+ |a (g + ) + o cos(wt -5 <)

Note that
3m ¢ b u, 2b «a 3n T u, 3b «a

q<%+a>=E+(Z—E+5coswt0>cos<7+s—E—‘s)=—E+E—Zcoswto.
Hence

N = b (un 4b+a t) (t 3n )

q(t) = 2 W oz T coswtp Jcos|w > " £)

The pendulum receives the (n + 1)™ kick when q(t) = —b/w?. This takes place when wt —

3T T
— — & = —. Hence
2 2

2w asinwt,
t=—+—
W WUy,

Suppose that the time t, at which the pendulum receives an angular impulse
equal to mL?a is in the fourth quarter of the cycle after the n™® kick instead of
the first quarter. Calculate the time at which the pendulum receives the
A6 | (n + D™ kick. Give your answer to the first order in a.

BB BB B2 A e mI2a (I Wt S fE SEn kBB I AN 32 | 2 a
—MARE NS — WA TR B0 + LR B E) )
[, FRNREXEIT EalIZE P

2 points

After the pendulum has received the angular impulse at time ¢, the pendulum motion takes the
form

b b
q(t) = 3 + (q(to) + E) cos(wt — wty) + q

(to)

sin(wt — wty).

17



2

Since q(ty) = — % + (u—(: = :—Z) sin wt, and q(t,) = (un — :—b) cos wty + a, we have
b u, 4b\ . u, 4b i
q(t) = ——3 + ((XE - E) sin wt, cos(wt — wty) + (; - p) cos wty sin(wt — wty)
+ Zsin(wt — wty)
b u, 4b\ . a .
=-——+ (— — —2> sin wt + —sin(wt — wt,).
w w w

4b
q(t) = (un - Z) cos wt + a cos(wt — wty).

The pendulum receives the (n + 1)™ kick when q(t) = —b/w?. Suppose this takes place when
wt = 21 + 6. Then

u, 4b\ . a .
(— - —2> sin(2w + 6) + —sin(2m + § — wt,) = 0.
0w )

a sin wt,

~ —_ b
Uy ®
21 a sin wt,

o (-2

Now consider two pendulum clocks. Let g, (t) and g, (t) be the angular displacements of the two

clocks. The bob mass m, length L, friction parameter b and kick size h of the two pendulums are

identical. Suppose that when q, = —b/w?, pendulum 2 sends a small angular impulse equal to

mL?a on pendulum 1, and when q; = —b/w?, pendulum 1 sends a small angular impulse equal

to mL?a on pendulum 2. (Here, a > 0.)

DUAE FE A S48 . WA SR 0 F LR 20 B R gy (D Pl gy (0 P BRIR IK /N BT Hekm
KIEZL. FEHESHOMGE KN R Bk tq, = —b/w?i, $4E 2 K — M EE

FmL2af)/NaFER R 1. Mg, = —b/w?i, HI3E 1 RH—MUEAML2al)/NMath &

g2, (XHa>0.)

Suppose the phase lag of pendulum 2 relative to pendulum 1 is ¢, at the
beginning of n™ cycle of pendulum 1, and 0 < ¢,, < /2. Calculate the
A7 | relation between ¢,,,, and ¢,,.

A AT 1 S A IR TFIART, IR 2 AR THAT 1 ez | 47
by HFO0< ¢, <m/2. I E Py M, ZHHFIKFR

4 points
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Figure: An example of how the phase lag of pendulum 2 relative to pendulum 1 is reduced in a cycle. Initially, the
phase lag is 0.2 cycle. At wt = 0.2, pendulum 2 sends an angular impulse to pendulum 1. The angular velocity of
pendulum 1 increases, causing the instant of the next kick to postpone from wt = 1to wt = 1.02. At wt = 1.02,
pendulum 1 sends an angular impulse to pendulum 2. The angular velocity of pendulum 2 increases, causing the
instant of the next kick to move forward from wt = 1.2 to wt = 1.12. Hence the phase lag is reduced to 1.12 —
1.02 = 0.1 cycle.

b +un .
= —— + —sin wt,
ql b (1)2 W

un a
q; = ) + Zsm(wt — ¢,

At time t, = ¢,,/w, pendulum 2 sends an angular impulse on pendulum 1. At this instant, the
phase of pendulum 1 is in the first quarter of the cycle. Using the result of (A5), pendulum 1
receives the next kick at

19



2

2T  asin
t, =—+ asin gy
w wu,

At this instant, pendulum 1 sends an angular impulse on pendulum 2, and the phase of pendulum
2 is in the fourth quarter of the cycle. Using the result of (A6), pendulum 2 receives the next kick
at

TN R R R 1)

¢, 2m asin(wt; —¢,) 2r a sin ¢,
s —— = 3

Phase difference:

a sin ¢, . a sin ¢,

wt, —wt; =2+ ¢, — ap 2T~ T
U, — 3
asing, asing
bns1 = bn — 42 - w, .
Uy, — 3
When ¢,, is very small, calculate the number of cycles for ¢,, to reduce by a 2 Do
points
A8 | factor of 10. 243
o, AW D, T 5H o, I 10 18 i s B F L
When ¢, is very small,
4\t L 4p\"! »
¢n = ¢n—1 - (un - Z) a sin ¢n—1 — Uy asin ¢n—1 ~|l-a (un - Z) —au, ¢n—1-

Note that for the system to sustain many kicks, u,, — % > 0. For ¢,, to reduce by a factor of 10,
1 A ant
0= 1—a<un—z> — auy, ~ expy— (un—z> +u, |aNg,

¥ =222 ] o
ol U, n 10.

Remarks: This part of the problem is adopted from [1]. In that reference, the angular impulses
are negative, leading to the two clocks synchronizing oppositely. This agrees with Huygens’
observation. On the other hand, there are experiments such as metronomes placed on flexible
platforms that show congruent synchronization.

[1] H. M. Oliveira and L. V. Melo, Huygens synchronization of two clocks, Sci. Rep. 5: 11548
(2015).
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B. The Power Grid (11 marks) M (11 43)

Synchronization is an important concept in the transmission of electricity in the power grid. The
power grid is a network of nodes and links. Each node is an electric generator or other power
consumption devices. The links are the transmission cables. Electric power is transmitted in the
alternating current (AC) mode at 50 Hz or 60 Hz at a fixed voltage. However, the AC voltage of
each node in the network has a slightly different phase.

[ 20 7 ol I FE T ) — D BB . R AN Y RO BB A BRI IR 2% o RN R
R MBI AR R & . BERR R AE RIS, HJIs HACHE (AC) BEECEL 50 Hz 5% 60
Hz Wi 4 [ 52 i AR . (2, WIE P A5 f B 52 i B s B A I A [R] B AR AR

2

Consider a transmission cable connecting nodes 1 and 2. The inductance of
the cable is L. The electric potentials of nodes 1 and 2 are Vj(t) =

V cos(wt + 6;) for j = 1,2. Calculate the time-averaged power transmitted
B1 | from node 1 to 2. You may neglect the time dependence of 6.

SR R 2 MR, BANRERL. A 1A 2 s | 0P
NV() =Vcos(wt + ), Fedj=1,2. FEMTT R 1 AERETT N 2 1
I} )~ 2 T2 1/J\Tu@%9,ﬂﬁﬂflﬂ1&$ﬁf o

3 points

Potential difference of node 1 relative to 2:

6, + 6 6, — 6
V(t) =V cos(wt + 6,) — V cos(wt + 6,) = —2V sin (“’“’ : 2 2) Sin( : 2 2>'

Current from node 1 to 2: V(t) = L—— ( )

6,+86 6,—6 2V 0, —06 0,+6
I(t)=—j2Vsin<wt+ ! > 2)sin( ! > 2>dt——sin< ! > 2>Cos<wt+%>_

implies

Power transmitted from node 1 to 2:

2V? 6,—0 6, +6
P(t) =I(t)V cos(wt + 0,) = " sin( L > 2) cos (a)t+ L 2

V2 . 91_02 01_92 301"‘92
_ESHI( > )[cos( > >+cos<2wt+—2 )]

) cos(wt + 6,) =

Average power from 1 to 2:

(P) = V_Zsm (01 _ 92) [cos (91 _ 62) + (cos <2wt + @))]

2 2
VZ . 01 - 92 91 - 62 VZ .
= Esm( > ) cos ( > ) =57 sin(6; — 6,).

A network of electric generators and motors, labeled j = 1,2, ..., N, are connected with each
other. Their electric potentials are Vj(t) =V cos(wt + 9]-) forj =1,2,...,N, and the inductances
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2

of the connecting cables are L. The generator or motor at node j rotates with the phase angle

wt + 6; and its moment of inertia is I. The external power source or drain is P; (P; > 0if jis a

generator, and P; < 0 if j is a motor). At the same time, the power dissipation due to friction is

given by k(w + 6,)?/2 atnode j.

—NAEL,  HR AL RSN e AR T R, R AL R EINLIARIE A j = 1,2, .., N
AT RA RV () = Veos(wt +6;), Hj=1,2,..,N. HTEEEN& AR HELS,
FHEONL . 15 AL R I LERFL B LU M wt + 0, 1ie%e, FLResh &N M RE

BERTEHFE P, (RN, P> 0. R RHEEN, P <0) . FIN, {575

REgR RN k(0 + ;) /2.

Derive the dynamical equation for 6; as a function of time. Assume that the
rates of change of 6; are much less than w, such that the dynamical equation
B2 | can be approximated by retaining only terms up to the first order of 6;.

S 1 6; LA 18] 2 & B i 8 22 07 R e RO AR R/ T,
1550 /32207 R AT il A OR B 220, 1Y 58— Bir IR AL

2 points
25}

Using the conservation of power,

d [l Ny V2 i K £ N2
Pj =E[§(w+9j) ]+stm(9j—6k)+§(w+9j)
k%j
Hw+8)+ > L sin(6, — 6,) + 5 (0 + 6,2
= (w+ j)j+ 'mSIH(j— k)+§((1)+ j)
k+j
. /A Ko, :
~ lwb; + stm(ej — Gk) + Ew + kwo.
k+j
. . Pk V
19]+1c9]-=5——w+z

2 2wl
k%j

2

sin(Gk = 6]-).

The dynamical equation of 6; is similar to that of the coupled oscillator
network shown in the figure. It consists of N particles free to slide on a
smooth circular rail of radius R without collision. Each particle has mass m
and is subject to a force F; for particle j in the tangential direction of the
circle. When a particle moves, it experiences a damping force that is equal to
minus the velocity times the damping constant b. Each pair of particles is | 3 points
connected by a spring of very short equilibrium length and force constant k. 347
Derive the dynamical equation of the angular positions 6;, and fill in the table
on the answer sheet with the physical terms for the coupled oscillator network
and the corresponding terms in the power grid.

B3

6, 180 715 i B AR B s IR & R s U 4% o B NS T] A2
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PRV R R HUE _E B i 3 i 3o Rl R 5 4R BESRET R
EAmM. K1 j E£RYIZTT L2 7) FRE- . SR #shin, &
SR HIRHJE 715 T ofe LA RH JE W Hob i B {8 . X RT3l P A
B EL R B kPSR . A Ee KB TR, Jf

FEZE AR B 1A 9IS R 1541 2 45 I 465 110 0 2 TR L ] e 8 ) 2
i

Force of particle 2 on particle 1:

6, — 6
F,, = k2R sin( 2 1).

2

Its tangential component is

0 0 7] 0, —06
Fioe = Fiy C05< 2 7 1) = k2R sin( 2 5 1) cos( 2 5 1) = kR sin(8, — 0,).

Using Newton’s law for circular motion,

d*6; do; _
I—— = RF,—Rb—=+ Z kR sin(6; — 6;).
k+j
Torque due to Torque on
Moment of . que au particle j due to
inertia Damping torque Elﬂe;(lf(;l;ln'jjll glrél(’:];ﬂ particle k
2l it e S
B L0kt
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Coupled
oscillator d*6;
network dt2
15 IR 1 s X 2%
Corresponding
term in the 5
power grid d”;
HL [ o AR N A7) dt?
FHIN
Moment of Dambine toraue Torque due to | Torque on particle
inertia ping torq external force Jj due to particle k
Coupled 20 do-
oscillator d ‘Zf r2p %% RF; kR? sin(6, — 6;)
network dt dt
Corresponding 20, do. p. 2
term in the d 2’ K — L —Ew V—Zsin(ek — 9]-)
power grid dt dt w 2 2w4L

Consider a fully connected power grid with N, consumer nodes and N

generator nodes, and friction is negligible. Each consumer node consumes
power P and the total consumed power is evenly provided by the generator
nodes. Calculate the phase difference between the generators and the .
B4 | consumers at the steady state. 2 points

Hp— AN AT RE R T AURIN, N R LT AR s e, | 29
o B 2B R, RN DRGSO FETI P, I LA R RETh %
R L AR . R IRAS T R HLHLRTIIRE B % 2 ] A £
%,

At the steady state,
T A
> + stm(ek —6,)=0.
k+j
For the generators,

NP N.V?2
N,w 2w?L

sin(6, — 6,) = 0.
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For the consumers,

P N,V?
——+
w 2w3L

sin(6, — 6.) = 0.

The two equations are dependent. Solution:

. (2wLP
6y — 6, = arcsin .

N,V?

Calculate the minimum number of generators to keep the power grid in part
B5 (B4) synchronized. 1 points
THEAE (B4) R i s ZERRAE R KD, KV BERNTE | 14
Z /DR
2wLP
<1,
N,V2

Hence the minimum number of generators is

2wLP
Ng,min = p2
(or more precisely, Ny nin = ceiling function of Ztgp).

Reference: F. Dorfler, M. Chertkov, and F. Bullo, Synchronization in complex networks and
smart grids, Proc. Natl. Acad. Sci. USA 110, 2005-2010 (2013).
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1. [10 points]

A static insulating container of mass M and cylindrical shape is placed in vacuum. One of its ends is closed.
Initially, an insulating piston of mass m and negligible width separates the volume of the container into
two equal parts. The closed part contains n moles of monoatomic ideal gas with molar mass M, and
temperature T. Assume that the container wall is smooth.

1 [10 53] SR M AR 28 B T2 - H— R - B - [ R m A%
RE AT RIS A B SRR A BB S BT MRS 53 - BHIAESY 018 n BEARAY AR TRAES - S0R
RER T BURITRS Mo - B8 RO B -

M

m

—

(a) [2 points] Assume that the state of gas during its expansion can be approximated by thermal equilibrium
condition, what is the temperature of the gas T; when the piston left the container?

() [2 73] R SUARTERZ IR AE T IR S ] DU B SR AT - SRIGZEEH S asit SRR
i3 Tf °

(b) [4 points] At the moment when the piston leaves the container, the gas and the container will move with
speed v and the piston will move with speed u. Find v and u.

(b) [4 73] HEIEZEEEHIA—Z] > SRR SR IR v o)) - MEZELAEER u B5f) - K v
u o

(c) [4 points] When all the gas has left the container, the final speed of the container further changes from
v to v + v'. Estimate v’ using the kinetic theory of gases. Assume that the final speed of the container is
much less than the thermal speed of the molecules.

(o) [4 7] HUFTA S AHEH B G » BastVRZHEEH M v T v+ v - [ERSESNIFE
R v - BORE SR A BE L N THYREE

The gas constant is R. There is no heat exchange between the gas, container and the piston. The change of
the temperature of the gas, when it leaves the container, can be neglected. The gravitation of the Earth can
be neglected.

SEEECY R - SR BasHUEZELZ A HREHL - SEE T A S EHRE R L LUREEA LT -
A] DARBE RS [ ] -




2. [10 points] A spherical dust particle falls from rest through a water mist cloud of uniform density. The
initial mass and radius of the spherical dust is M,, and R, respectively. The rate of accretion onto the droplet
is equal to the volume of the mist cloud swept out by the droplet per unit time. Let p be the density of water
mist and g be the gravitational acceleration.

We assume the density of water mist p does not change after accretion and ignore air friction other than
that from accretion.

2. [10 73] BRI ZRARKL T MR LRI T B I S KERTE T - BRI ZRRET IR SR
R Mo FIRy » R _EHVR AR E TR MR LAY E IR AR - & p FKEHHE
g NEIINNHEE -

BAMBRKEBNERE p ARSI AL - I RBEERE AR DM 22 B -

g

(a) [2 points] Let M(t) and R(t) be the mass and radius of the droplet at time t respectively. Find a

. . dm dR
relationship between - and e

(@) [2 431 ¥ M(t) I R(t) 5YB0RERIAER ] ¢ AR RIS - oK S it > a2 4 -

(b) [2 points] Find the speed of the droplet at time t. Express the answer in term of p, R and R.
(b) [2 73] >KAERSIR] ¢ HYRREEER © H] p, R FI R TREZE -

(c) [3 points] After a long time, the radius of the droplet increases with time as R(t) = bt™. Find b and n.
Express the answers in terms of p and g.
(c) [3 73] K la)jE - RO -FEERE RIS A0 > e R ZHFUR(E) = bt™ » K b fin - M p fil g TR

K2z
EE -

(d) [3 points] Find the value of the acceleration of the droplet after a long time. Express the answer in terms
of pand g.
(d) [3 7] Hetb I B SR HT IR EE - H p f1 g REE -

3. [10 points] There is a solid metallic sphere of radius R,
which is cut into two identical hemispheres. The cut surface
is coated with a thin insulating layer of thickness d, and the +Q

two parts are put together so that the original shape of the Insulating layer

sphere is restored. Initially, the sphere is electrically neutral. R 2t 8
Then one of the hemispheres is given a positive charge +Q

while the other one remains neutral. You can assume d < R Neutral

in this problem. H, R

3. [10 53] B—FEHN R WEREEER - gl

[ERYFEK - VIEIRER E—REEEN d BREZE - I

RrPER S el > LAREERTE » 8et)) > RI@BE PRy - 2805 - — P -FEROUE IR AT +Q
55— UGRRF P o FEREREP e R d < R -

(a) [4 points] Find the charge on each surfaces of the sphere.
(a) [4 73] FRHER AR _ LAY

(b) [3 points] Find the electrostatic interaction force between two hemispheres.

(b) [3 73] $RL P FBK 2 [e] AV EE AR ELME AT

(c) [3 points] Find the electrostatic energy of the sphere.
(c) [3 73] RERIRHYFFFARE



4. [10 points] Figure 4 shows a hollow glass tube with outer radius R and inner radius r respectively. The
refractive index of the glass is n. From the outside air, the apparent inner radius of the tube is r'(i.e. the
radius of the hollow portion observed from outside appears to be equal to ).
4.[10 73] & 4 T —SZ PR - BAMEEE R N SR v BEEITSRR n - AbEZERT
ER B Z RN v (BRI LER PRI M B RER 1) -

(a) [2 points] Find the ratio of the actual inner radius to the outer radius %‘ Express your answer in terms of

a, B and n.

(a) [2 53] SRE RSB MEISIELE — 0 Lla, B RInskon -

!
(b) [3 points] Find the ratio of the apparent inner radius to the outer radius %. Express your answer in terms

of @, f and n.

(b) [3 73] SKAAA AL ELI N RY tl:@% » Pla, B FInkRFETR -

(¢) [5 points] If R = 4.0 mm, " = 0.50 mm and n = 1.6, calculate the actual inner radius r of the glass
tube up to 2 significant figures.

(©) [5 53] ZR=40mm > ' =050mm »n = 1.6 » FFEFIHENEANFKr » BEEHEEMH
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1. [10 points]

A static insulating container of mass M and cylindrical shape is placed in vacuum. One of its ends is closed.
Initially, an insulating piston of mass m and negligible width separates the volume of the container into
two equal parts. The closed part contains n moles of monoatomic ideal gas with molar mass M, and
temperature T. Assume that the container wall is smooth.

L [10 53] RFTEN M AR s wasid b BT HZE T « H—ImEE Y - H&¢) > FiE m M
J& ] RS A R ZER A 28 T P IMEFRYEL 77 » BTHIE Bl E n BUREY SR EARSE > HOR
N T BEIREN Mo - e as Rt/aaes -

M

m

—

(a) [2 points] Assume that the state of gas during its expansion can be approximated by thermal equilibrium
condition, what is the temperature of the gas T when the piston left the container?

(a) [2 53] Bk SUARER AR TR IR AT LUs I P oA Bl SREZEE T A 25 SRR
iy Tf ¢

(b) [4 points] At the moment when the piston leaves the container, the gas and the container will move with
speed v and the piston will move with speed u. Find v and u.

(b) [4 73] FURZEE A S —Z] - SUEANE SR VR v #5) - MEZELURR u )] - K v M
u o

(c) [4 points] When all the gas has left the container, the final speed of the container further changes from
v to v + v'. Estimate v’ using the kinetic theory of gases. Assume that the final speed of the container is
much less than the thermal speed of the molecules.

() [4 7] HFASERIE A E - Bl EH DM v TH v+ v - (RSN 5
R v o RIS SR T e/ N T 0TI -

The gas constant is R. There is no heat exchange between the gas, container and the piston. The change of
the temperature of the gas, when it leaves the container, can be neglected. The gravitation of the Earth can
be neglected.

SEEET R - SR FESNUEZEZ FIRAACH - SEEIT A SR HRE B A DIREEA T -
AT LU RESHERAY 5 [T -




Solution:
(a) When the gas expands, there is no heat exchange and the process is adiabatic. We have

=i __ y-1
TV~ =TyV,
3
241
where y = z—p =2 =2and V¢ = 2V. The final temperature is

3
= 3
v >

Reference: The validity range of the steady-state adiabatic law

Using the differential form of the first law of thermodynamics,

3
dUu = EanT'

dQ =0,

1
dW = pdV + Mvdv + ZnM0 (v —uw)(dv — du) + mudu.

This yields

3 1 1 1 1
EanT = —pdV — [(M + ZnMO) v — ZnMOu] dv — [(m &5 ZnMO) u-— ZnMov] du.

Let A be the cross-section area of the cylinder. Then in time dt,
dV = A(u + v)dt.

Here we have defined v in the forward direction, and u in the backward direction. Using conservation of
linear momentum,

1 1
(M +§nM0)v = (m +§nM0) u.

Expressing u and v in terms of V/,

1
M+§nM0 1dv
M+m+nM, |A dt’

u =

1
m+§nM0 1dV

I\ M+m+nm, |4 at

Eliminating u and v, and dividing by dt, we obtain



3 4T dv
2™ T TP ,

1 1 1 1 1
— <M+ZnM0) <m+§nM0) _EnMO <M+§nMO) <m+§nM0)

+( +1M)(M+1M)2 1 1dV d?v
Mmoo 2"0) [ (M +m +nMy)? 42 dt dt?

Using ideal gas law,

3dT+TdV_ u dv d?v
2dt  Vdt  nRA?dt dt?
Here we have introduced the reduced mass:

1 1 I | 1 1

4 2 2 2 2
| +1M)(M+1M)2 L
mE gt 2"M0) M + m + nMy)?

2
Let x = TV3. Then we have

dx?) _ 4p 24V d%V
dt ~  3nRA%2  dt dt?

2
Although this equation is difficult to solve analytically, it shows that TV3 is not a constant, that is, the
steady-state adiabatic law is not applicable.

However, the steady-state adiabatic law is approximately correct if the motion during expansion is
sufficiently low, since it is proportional to i%. In other words, the approximation is valid when the
momentum of the system is negligible.

(b) By the conservation of momentum and energy,
(M +nMy)v—mu =0

1 , 1 3
E(M + nM,)v +§mu =—AU = EnR(T —Tf)

3 (1 2_%) mnRT
= = —
v (nM, + M)(m + nM, + M)

2\ (nMy + M)nRT
:u=j3(1—23)( o + M)

m(m +nM, + M)

In fact, we can consider a more realistic situation. , If the thermal motion of the gas is much larger than v
and u, we can assume that the density of gas p is uniform during the expansion.



dx

—vt 0 Xi ut

Imagine that we have divided the gas into N slices, the mass of each slice is

nM,
Am = 0
At time t, the location of the i-th slice is
(u+v)t
x; = —vt+ Tl
fori = 0,1,2,..., N — 1. Hence the velocity of the i-th slice is
. (u+v) .
=>x=-v+ N l

The total momentum of the gas is

. nM, u+v, u+v )
Pyas = ZAmxi =N ' (—v+ N l) =nM, (—v+ N2 ZL)
L

U

u+vN(N+1) u+v u—v
=nM,|—v+ N2 > anO(—v+ > )=nM0( > )

The total kinetic energy of the gas is,
1 nM, 2v(u+v U+ v)?
EgaszzzAmxl?: 0 (vz— Gy, e i2>
i

2N £ N NZ
A
_nMy [ 2v(u+v)N(N+1)+(u+v)2N(N+1)(2N+1)
~ 2\ N2 2 N3 6
nM u+ v)? nM
~ Zo(vz—v(u+v)+( 2 )>= 60(u2—uv+v2)

The conservation of energy and momentum give, (we define o = %nMO)
Mv+a(v—u)—mu=0

1 a 1 3
EMUZ +§(u2 —uv + v?) +§mu2 =—AU = EnR(T —Tf)
=> 2 = EnRT (1 - 2%) X (m + a)”
2 BM+a)(m+a)>+Bm+2a)(M + a)? —2a(M + a)(m + a)
=>u? = EnRT (1 — 2%) X U + o)
2 BM+a) (m+a)>+Bm+2a)(M + a)? —2a(M + a)(m + a)

(c) When the piston leaves the container, half of the gas particle will leave the container without any effect.
And the other half will hit the bottom of the container before leaving the container. Each atom gives the
container a momentum

Ap = 2mv,
where m = M, /N, is the mass of each atom. By the kinetic theory,



and

We get

= Ap =2 /kaf

The total momentum received by the container (due to the half of the gas) is

nN,
p= (TA) Ap = nN, kaf =nN, N_AN_A = n,/MORTf = 2_1/311,/M0RT

Notice that nRT = NkT = k = %R = R/N,. And the gain of the velocity is

P _ s MRT

V'S M

Alternative solution:

We first assume p(t) is decaying exponentially with the relaxation time as the time scale. This assumption is valid if
the gas is allowed to diffuse in space freely, but due to the particular geometry of the cylinder, the gas can only
diffuse out the cylinder at the end. This significantly modifies the exponential decay of the pressure.

Without solving the hydrodynamic equations, we adopt the following simplified picture:

Att = 0, the gas near the end (x = L) starts to diffuse out, whereas gases inside the cylinder remains at the
initial pressure.

L

At0 < t < gases within a distance L — v,.,,st starts to diffuse out, whereas gases deeper inside the

7
Vrms

cylinder remains at the initial pressure. The pressure is approximately
p(x,t) = pr forx < L-vppt,

=l G Drppel
p(x,t) = prexp [_f forx > L - vyt

where [ is mean free path of the gas.

Att > —=

, even gases near the end wall starts to diffuse out. The pressure is approximately

Urms

x-L + vt
p(x,t) = prexp [—frms]

Summarizing, we can write

=1L aF vrmst]}

p(x,t) = prmin {1, exp [— l

The result is summarized in the following figure, where time is scaled in units of L /v,,,s. For illustration, we have
L o
used 1= 10, which is exaggerated.
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Now we can focus on the pressure on the wall. The pressure is effectively unchanged before the time ,and

Vrms

exponentially decay afterwards. Atx = 0,

IL
p(0,t) = py fort < ,

rms

I = Bgagls IL
p(0,t) = prexp [ﬂ] fort > .
l vaS

Hence the total momentum transfer to the wall is

L « t
Ap = Apf( )+Apff exp (—;) dt,
0

vrms

. . . .
is the relaxation time. The result is

where T =

Vrms

Ap = Apy + Apyt. [1]

vaS

The first term is the result of kinetic theory, whereas the second term is due to the period of unchanged pressure.
For L >> I, the first term is most important.

Interpretation of the second term
In eqtn [1], the physics of the first was originated from the kinetic theory of the molecules, which is valid
at low density. The second term can be interpreted in the following way.

At higher density, a hydrodynamic model of the molecules is required. The mean free path [ of the
molecules is given by the condition
prtD?l = 1.
Here p = nN,/V is the number density of the molecules. Ny is the Avogadro’s number. Hence
P
nD2Nyn’

The average speed of the molecules is given by

Jw?) =

3kBTf_ 3RT;
my B M,

Hence the relaxation time of gas density is given by



A A 72
* T Jwe mD2Nun [3RT)

The momentum change of the container is given by the impulse, which is the integration of the force and
the time. Hence the momentum change Ap is given by

Ap = ApsT = .
R A ET A /3RTf

Using ideal gas law, psVy = nRTy,
A /M,RT

DN, LT

Ap = ApsT =

And the change of the velocity is
A MyRT
~ mD2N, 312213V

!

v

2. [10 points] A spherical dust particle falls from rest through a water mist cloud of uniform density. The
initial mass and radius of the spherical dust is M, and R, respectively. The rate of accretion onto the droplet
is equal to the volume of the mist cloud swept out by the droplet per unit time. Let p be the density of water
mist and g be the gravitational acceleration.

We assume the density of water mist p does not change after accretion and ignore air friction other than
that from accretion.

2. [10 53] BRI LB ML T M A LRI O i S S ERVKE LS T BIPARMEIa E -0
A Mo FIRg B _E AR AR R E T R AL [ o0 MY B IR T HIET - & p KB EE
g NEIINHEE

BAMRIRK BRI p EBAREE AL - T RBEERE AT RE DU MY 22 SRS

)

(a) [2 points] Let M(t) and R(t) be the mass and radius of the droplet at time t respectively. Find a
dR
dt’

(a) [2 53] % M(e) I R(E) SYFIAAGRAEIT ] ¢ (R RAIEE « 5k 2l > g -

: . d
relationship between d—l\: and

(b) [2 points] Find the speed of the droplet at time t. Express the answer in term of p, R and R.
(b) [2 7] >RAERSIA] ¢ HRGRZERE - H p, R M1 R FREZE -

(c) [3 points] After a long time, the radius of the droplet increases with time as R(t) = bt™. Find b and n.
Express the answers in terms of p and g.
() [3 53] KA - BOEEY-FEEERERT [0 - R ZRICR(E) = bt™ - Kb fIn - M p M g TR

=4
=

(d) [3 points] Find the value of the acceleration of the droplet after a long time. Express the answer in terms
of pand g.
(d) [3 73] I R SRRV IR EEE - F p 1 g RREE -

Solution:
(a) Take the initial position of the dust particle as the origin and the x-axis along the downward
vertical. Let M (t) and R(t) be the mass and radius of the droplet at time t respectively. Then




4
M() = My + 5 (R® ~ RY)p

Where p is the density of the water mist.

M _, ., dR
dr PR

(b) The droplet has a cross section TR? and sweeps out a cylinder of volume mR?x in unit time. As

the rate of accretion is proportional to this volume, we have

M _
a " X
Hence, the speed of the droplet is,

x = 4R

(c) The momentum conservation gives
M(t +dt)x(t +dt) — M(t)x(t) = Mgdt

d .
:E(Mx) = Mg

. dM L Mi=M
= —_— =
X . X g
For large t, M(t) ~ %nR3p, X = 4pR andi—l\: ~ %, we have
. 3R? g
R+—=~
* R 4
A particular solution for large t has the form
R(t) = bt™
Substituting into the DE,
3b2n2t2(”_1) g
_ n—-2 = _ 2yy+n—-2 _ <
bn(n — 1)t" 2% + en (bn(n —1) + 3bn®)t 2
>n=2
and
g
=>b=—
s
= R(t) = —t?
=<
(d) g g
X = 4R 24(%)15:71?
o329
*=7

The acceleration of the droplet is g/7 after a long time.

3. [10 points] There is a solid metallic sphere of radius R, which is cut into two identical hemispheres. The
cut surface is coated with a thin insulating layer of thickness d, and the two parts are put together so that
the original shape of the sphere is restored. Initially, the sphere is electrically neutral. Then one of the
hemispheres is given a positive charge +Q while the other one remains neutral. You can assume d << R in
this problem.

3. [10 731 H—=FE R BEHAEEER - #UIpPR MHEIRYEEK - DIEIRRER E—EEE d /1Y
SR o FRFNER A - DIREERIE - &) > e REREE TR - A5 0 — D FEREIR
TIEHAE +Q (i PRFF 1 - AELERE T RiL d < R -



+0Q Insulating layel
R Y25 =

Neutral

L

(a) [3 points] Find the charge on each surfaces of the sphere.

(2) [3 53] $tBR AR A LAY -

(b) [4 points] Find the electrostatic interaction force between two hemispheres.

(b) [4 73] FRHPDFERZ RIFYAF A BT -

(c) [3 points] Find the electrostatic energy of the sphere.
(c) [3 73] SKERIRHYAFHLAE

Solution:
(a) Inside the metallic hemispheres, the electric field should be zero. Next, consider a Gauss surface

surrounding the insulating layer. The electric flux is zero and hence the net charge inside the close surface
is zero. This means the two sides of the insulating layer have the same amount but opposite charge. And
the insulating layer is negligibly thin, that means the charge doesn’t contribute any electric field except for
the small space between the charge, just like two infinite-large parallel conductors.

The electric field is zero inside the conducting sphere. This can only be done if the charge uniformly
distributes on the outer surface.

Q1

Q2

Q3

Q4

We have the conditions:

Q1 =04
Q1+0Q2=0Q
Q2 = —Q3
Q3+0Q,=0
We get
Q1 =02 =04 =%
0n=-2
And the charge distribution are
01 =04 = Q
47R2



Q

%2 = onR?

% = T onR?

(b) The electric pressure (electric force per unit area) on the surface of a conductor is given by
Y
P =0Egy = 2_60
The net force acting on the upper hemisphere is
nR? nR? 2 2 2 1 1
Fupper = (Py = PR = 2_60(012 = az) = 2¢q <16§2R4 - 47:22124) - ZEOQT[RZ (E - Z)
3Q%
= T 32¢,1R2
The force is acting downward.

For the lower hemisphere is, we have

F (P; — P,)TR? —302
= —_ T —
lower 3 4 32607'[R2
T . . . . . 3Q2
which is acting upward. Hence the electrostatic (attractive) force between two hemispheresis F = 326Q7TR2.
0

. . - . 1
(c) We can calculate the electrostatic energy of the sphere using the electric field energy density u = > € E2.

Inside the insulating layer, the energy is

where d « R is the thickness of the layer.
Inside the conductor, the electric field is zero and there is no energy associated with the field.

Uz - 0
Outside the sphere, the electric field is
Q
E =
) 4A1reyr?
And the total energy is
1 QZ Q2 o 1 QZ
Us; == ———Anr?dr = —dr =
8= f 16m2elr* e 87‘[60,L 2% T Bre,R
The total electrostatic energy of the sphere is
QZ
E=E +E,+E;=
12T T e R

4. [10 points] Figure 4 shows a hollow glass tube with outer radius R and inner radius r respectively. The
refractive index of the glass is n. From the outside air, the apparent inner radius of the tube is r'(i.e. the
radius of the hollow portion observed from outside appears to be equal to ).

4.[10 53] I8 4 TR — P ZEBaEE - HIME R R - WHEER o BEEITSREn - B EZER S
B B RN v (B2 LER o IS MEE LR F R 1) -

10



(a) [2 points] Find the ratio of the actual inner radius to the outer radius %. Express your answer in terms of
a, and n.

(a) [2 53] SKELFEBIMEICAILLE - » Pha, B AInk#oR «

(b) [3 points] Find the ratio of the apparent inner radius to the outer radius %. Express your answer in terms
of a, f and n.

(b) [3 53] SRARPIEABLNEEAILIE = - Bla, B RInSKZT -

(c) [5 points] If R = 4.0 mm, " = 0.50 mm and n = 1.6, calculate the actual inner radius r of the glass
tube up to 2 significant figures.
() [5 /3] R =4.0mm > r' =0.50mm > n = 1.6 > FFRIFHFENVENFEr - BEREMEFIA

Solution:
(@)

=sina

| =

(b)

r' =Rsinf
rl
:Ezsinﬁ =nsina

Due to a different interpretation of the apparent radius, we also accept the following solution.

11



From the figure, we have

nsina = sinf§

o N an( )_sinacos(,B—a)+cosasin(ﬁ—a)_ sinf  nsina
g~ SmaTcosatan f-a)= cos(ff — a) “cos(B—a) cos(f —a)
(c) Itis given that
r 0.125 = 1.6 si ~ =i 0125 0.078125
R sina = - = sina Te

=1 =0.31 mm

According to the other answer in part (b), we have
!

T 0425=16_ D¢
R 77 cos(f—a)
sin a 0.125
= =0.078125 = x < 1 [4.1]

cos(f—a) T 16
< % = 0.125and sinf = nsina < 1.6 X 0.125 = 0.2 are small, we can approximate
sina a a

cosB-a) "1 _Lig_oye 1-lo-ne

o . T
Since sina = =

=x

1
:>§(n—1)xa2+a—x= 0
a = 0.07798
r
= —=10.07798
R

r = 0.31 mm
If you solve the equation [4.1] exactly, you will get @ = 0.07812 and r = 0.312 mm

12
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Problem 1: Precision measurement of the gravitational constant G (27 points)

BE 1. BEAEH GHRBEHUE Q75

The precision measurement of the gravitational constant G is important because it is a fundamental constant.
Besides, it can play a role in verifying (or disproving) some recent proposed versions of string theory or the
existence of the fifth fundamental force.

SI/HE G R NEAYEE L, Proos RS EARE HE. ghih, 51 0E AR I E AT B
TIUE (BRHRER) — LR BRI RRAS B TR AR T IAFAE

Part A. Estimation of the Gravitational Field Change During the Experiment (15 points)
Xt SEi o 51 1R RIE T (154D

Let R and M be the radius and the mass of the Earth, respectively, express the gravitational
field g in terms of R, M, and G, while ignoring the spinning of the Earth. 1 point
Al
W R A M 7r ALE IR AR M . BUSHIR B, KRl I H)sE g, H R, 1
M Hl G FRow,

S

In this problem we present a simplified version of the latest method, which can lower the relative error of G
down to 10°. As shown in Fig. 1(a), laser interferometer 1 measures the spacing between the two pendulum
bobs with respect to the reference spacing between the suspension points of the pendulum, which is measured
by laser interferometer 2. When the four source masses are moved from the outer position (shown in Fig. 1(a))
to the inner position (shown in Fig. 1(b)), the pendulum bob separation changes. Not pictured is the vacuum
chamber that encloses the pendulums but not the source masses.

AR e AT 8 — AN & 51 0 B BoRT SEg, TTLORE GO RIAIDR IR Z PR R 1075, Wi 1(a) P,
BT 1 MBS RIRIRHE 2 A 8. BOCT A 2 MENAD PR E S Z RFEEE NS
M. AU EEASMIALE (il 1)) BaiBINAE CnE 1(b)Fs) |, P EEEZ (R
MR . B T REIRSL, BARRREE THENEN (A mEAERF) .
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Figure 1: The setup of apparatus for measuring the gravitational constant precisely, with the source masses
placed at (a) outer positions, (b) inner positions. 7/ 77 75 HFGHME LI R E, WAIET (a) S0

&, (b) AIIE



Figures 2 and 3 show the top and side views of the apparatus. The outer and inner positions of the source
masses, and the pendulum bobs (at the ends of interferometer 1) are located symmetrically with respect to the
center of the vacuum system. The length scales a1, a2, b, d, h and R are shown in the figures.

Pl 2 AR 3 52 Sg 2he B A THOROE L AR 18] o o St ) AR 7 B, AR (FEF 343 1 R 3D
AL BAER T B2 RGO RFRI . B BoRERRS ai, a2, b, d, h FI R.
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Figure 2: Top view of the apparatus. X757

Source masses (outer and
inner positions)
FRIE SMUS P WALED

\

|

y 3

OA_

>

Supporting bar with interferometer 2

SEMFETAL 2

Pendulum bobs with interferometer 1

/' SR 5TW 1

<
«

b

n
»

Figure 3: The side view of the apparatus. 1X #HI# A].

It is very complicated to calculate the gravitational force of the 4 cylindrical source masses acting on pendulum
bob A. Here we approximate each cylinder with uniform density, mass M, radius R and height / to be a thin
wire with uniform density, mass M and height % passing through the axis of the cylinder.

THEDUAN AT BB 25 A 51 AR k. XH, AT NHRES. RENM. B4Rl
R+ RN h (IR AR v R Al ) B Ak, RS R M A oo



1 Cylindrical source mass R s
. N e . Thin wire 414
“R> o G 2 8 Y5 !
5 |
approximated by
Ty
h
< r :I I :> r :I
X 0—X  y =0—X
Zo P Zo P
v B2 R2

Figure 4: The X-component of the gravitational field at point P due to a cylindrical source mass is now
approximated by that due to a thin wire. 111 P w157/ 775919 X 7@ R], FFIEHITENT IRV 904 -

You are provided the integral formula:

PRA] DU BN B 2 3

f dx _ X +C
GZ+a) gz rar

Derive an expression of the X-component of the gravitational field g, at point P due to .
o . 3 points
A2 the thin wire. Express your answer in terms of G, M, h, zo, and r.
N
HEF A BRI S I(E P R X0 geo F G, M, hy 2o P r ZORIRIISE 2R 37
Calculate the gravitational field g, at point P when the point is very near the thin wire. 1 point
A3
L PARREGEAZR,, THESIME P 5 X 0 E g 17
Applying Gauss’ law, verify the result in part A3. Write your steps in the answer sheet. 1 point
A4
S e R, WAk A3 RIS, AR EE T, 15
You are provided the following parameters:
PRATEAE I BL N 24
G =6.67 x 10" Nkgm? M=119.1 kg a1 =0.568 m
a2=0.166 m b=0.262m d=034m
h=0312m zo=0.002 m R=0.083m




Using the given parameters, and the thin wire approximation for the 4 cylindrical source
masses, calculate the horizontal component of the gravitational field due to the 4 source
masses at the position of pendulum bob A, when the source masses are located at the inner
A5 | position.

3 points

VAN

i Eigs S5, DR HANEGn YA BB . S IR+ N AL E R, 37
THEEHE A KDY BRI AR K 5] 13 MK &

Similar to part A5, calculate the horizontal component of the total gravitational field at the
position of pendulum bob A, when the source masses are located at the outer position. 3 points

AG 39

5 ASHAREL YR EESTAMUALER, THEIRE A S5 IR0 &,

Calculate the change Ag. of the horizontal component of the gravitational field at the
position of pendulum bob A, when the source masses are moved from the outer position to 1 point
A7 | the inner position.
14

S EFEMMUALE R BINGE, THHEIEEE A A5] /137K 70 BRI AR Agyo

In this experiment, care has to be taken to monitor the uncertainties of measurements. Since the calculation is
complicated, we will simply focus on the expression derived in Part A3. Consider the case that all mass
measurements have an uncertainty of 0.6 parts in 10°, and all dimension measurements have an uncertainty of
1.4 parts in 10°.

KB TENOH IR, MM, AT AL, RAVER A3 35 hif FHOFIEA.
BT R R R R 0.6 x 1075, HirA KR ATEZE A 1.4 x 1075,

Remark: The uncertainty of a physical quantity f{xi, x2, ...) is given by the standard deviation of fdivided by
2
£, that is, ’afz /f?, where x1, x2, ... are independent measurements and 0'f2 is calculated from afz = (a—f) o2 +

axl
"’_f)z 2 4 ...
(axz o2 + -

T YR foo, xo, OBHRZEN fHIRREZRR UL AL, B [of/f2, o xi, xo, . 9BRSLIN & )2
&, of TLLAH of = (a—f)z o2 + (af)z o2 + - .

axl E

Calculate the uncertainty of g, in Part A3. 2 points

24y

A8

T A3 # T g IR 7




Part B. Measurement of the Gravitational Field Change During the Experiment (15 points)
WESL PG 13 (1540

In Part A we estimated the gravitational field change when the source masses are moved from the outer to the
inner position, assuming a certain value of the gravitational constant G. In this part we investigate how the
gravitational field change can be measured experimentally, such that the gravitational constant G can be
calculated. We let:

Ax = the horizontal displacement of the pendulum bob A when the source masses are moved from the outer to
the inner position,

o = the angular frequency of the natural oscillations of the pendulum bob,

m = mass of the pendulum bob.

£ Part A ", BAMRBE S IEE G, ANE 7RISR 2P 51 713722 . A E o,
FA PR FE UL S8 I & 51 A3 s, DL R 51 0 H 2 G BATTE X =&

Ax = EJRNSMUAS B A MRS, 158 A £E7KFJ5 R B A% &
o= B4R BRI R,
m = PR .

Derive the expression of the change Ag, in the horizontal component of the gravitational
field at the position of pendulum bob A, when the source masses are moved from the

outer position to the inner position. Express the result in terms of the 3 variables above. I'point

Bl
R MU B, RIZEE A LS HFAT S RIOEE Agee AMLE=A| 17
Ty

The pendulum bobs are hung from the supporting bar at a distance / = 0.738 m vertically below the bar. The
gravitational acceleration is g = 9.8 ms™.

PTG T R, SEEMMEEEEN1=0.738m. 5] J7I#EEZ & g=9.8 ms?Z,

Using your result in part A7, calculate the change in the separation of the pendulum bobs. | 1 point
B2
A AT B EE R, TR B R AR . 17}

There are corrections to the answer in B2 because besides the pendulum motion, there are other contributions
to @ such as the flexing of the wires. The frequencies were found to be (0.589 8171 + 0.000 0023) Hz for one
bob and (0.589 7069 £ 0.000 0013) Hz for the other, where the number following the plus-minus sign is the
standard derivation of the quantity.

B2 HHIERIEBAMARKRIE, BNk T 8 iREsiz 4, AL EREEMe?, HUELrEE. xJ
—ANEEE, SR IIEAE A (0.589 8171 + 0.000 0023) Hz, X8 —AN434E, Sl (0.589
7069 + 0.000 0013) Hz, HHIEM 5 51 T 1% = bR EZE



Calculate the mean and the uncertainty of the average value of the pendulum frequency. | 2 points
B3
THRE PR E, USRI E R R 25

If the error of time measurement is 10~ s, determine the number of periods to be measured
such that the uncertainty of the measured period is 1077. 1 point
B4
B BN T B O B0 R 22 107280, 9 Tk EIRZEN 107 KM EARSE, KT 17>
T R .

The horizontal displacement of the pendulum bobs can be measured with high precision using the laser
interferometer (commonly known as Fabry-Pérot interferometer). The cavity of the interferometer is formed
by two highly reflective mirrors separated at a distance d = 0.34 m so that the laser team traveling between
them forms a standing wave. The laser wavelength is 633 nm. When the spectrum is closely examined, one
finds that it consists of a sequence of peaks as shown in Fig. 5.

PR R 7KL A] DUE I BOE T G2AT B30 00 R E . T30 008 AR 1w 7 5 758
TR REUR S . BB AHFE d=0.34 m. BOGTEM S 2 AITERRBES: . WORIIP KN 633
nm. QIE 5 o, TGRS H— RSN K
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Figure 5: A sketch of the close-up of the spectrum of the interferometer. -4 HF itk 40 E 25 #)oR = E o

Calculate the frequency separation of the neighboring peaks in the spectrum. Then 7 points
BS calculate the wavelength separation of the neighboring peaks in the spectrum. p

. s o . R s NN . 245

THED G PAH AR W TR] AR 22, JETHRDG IS AH SR P I 2 TR K 22 7

The width of the fringes in Fig. 5 is about 100 kHz.
K5, REUNTE 2009 100kHZ .



Assuming that the major mechanism of power loss of the standing wave is the
transmission through the mirrors, estimate the fraction of power loss from the

WA SR | nm, SRR PR A N O

B6 interferometer per transmission. 2 points
> AN > P\ =N Hp =2 e ) vax
R E DL E B R ROk R B B . GRS R RS R e | 27
RE Y EL o
Suppose the length of the interferometer changes by 1 nm. Calculate the corresponding .
. . 2 points
B7 change in the cavity frequency.
29

When the source masses are moved from the outer to the inner position, the beat frequency of the cavity

frequencies of the two interferometers changes by 125 MHz.

2R EIRMSMUEL BN, DI TR IR AR 1 125 MHz.

B8

Calculate the change in the separation of the pendulum bobs. (Remark: This result will
be different from that in B2 due to the approximations made in Part A.)

TSR PSS A ) B 8 ) TR
FIAA . D

(JE: T Part A FELAVILEL, XAEIRKEE B2

1 point




Problem 2: Physics in Various Dimensions (33 points) A [E4EE K (33 )

“What had she experienced? She had seen how a cruel attacker could lower the dimensions of space by one

and destroy a solar system. What are dimensions?” -- Cixin LIU, Death’s End (Translation: Ken LIU)

“Pze Prid Ao NINIES], Oy 7SO MEE R SR BB ST B A A 4E R AR T — 4
TIMAERE, FAYEE R AT —— KR (AR« FEppKAD

In this problem, we will explore 4-dimensional space, attack from 4-dimensional to 3-dimensional spaces,
and the motion of celestial bodies in two dimensions. (Note: In this problem, whenever we mention the

number of dimensions, we mean spatial dimensions and did not count in the time dimension. For example,

when we mention 3-dimensional space, we mean the spacetime with 3 space dimensions and 1 time
dimension). The setup of the problem is as follows:

AAF, BATRAT e I4EasTn] . ADUGER| =4 4eEiiody, DR i m h i Rikizahin .
B AR PSAYEE RN, JFRA TR 4R EAAE A . BN, HIRAIRD| =4 mn, FEH)
e = AR AN b — 4R TN R 22 D TR iR

©)

©)

Let the mass of the star be M, the mass of the planet be m << M, So in the star-planet problems, the star
can be considered at rest. The change of star position due to planet motion can be neglected.

In n-dimensional space, Newtonian gravity can still be derived from Gauss flux law: For any (n-1)-
dimensional closed surface enclosing the point particle M, the gravitational acceleration flux through the
surface is —A,,_;GM, where A, _; is the area of a (n — 1)-dimensional unit sphere (understood as
generalized area, for example, for n = 2, A; = 2m is length, for n = 3,4, = 4m is area, and for n = 4,
Az = 2m? is volume). The meaning of flux is: for a small area element, the flux is the dot product of the
gravitational acceleration vector and the area vector. For the case when the gravitational acceleration is
normal to the surface, flux is the magnitude of gravitational acceleration times this area. For example, the
figure below illustrates how to derive Newtonian gravity from Gauss flux law for the case of 3 spatial
dimensions.

Newtonian gravity from
Gauss flux law in 3 dimensions:

(flux through spherical surface)
= (F/m) X 4nr? = —A,GM

= F=—-GMm/r?

(Note: the Gauss flux law does not apply for general relativity.)

Newton’s three laws of motion still holds. Momentum conservation and angular momentum conservation
laws still holds. The relativity of motion still holds.

We approximate the stars and planets as particles, with negligible radius.

WIHERENM, ITREREm KM, SHETEBSHEREZ) R @, [EE UM L, 1742

B XHE AL E AR ] DL .
10



o fEn iz, G| el e gl E R E T ok, RIS a8 TS M AR e — 1 4E

PG T, 2 P T A 51 I I AR T A, GM, Hi Ay O (n — 1) 4R AL ERTH
RITAR (BT SCRITEAR, BIInfE n = 2 150U T Ay = 2m WKE, n=3 10T 4, = 4n NIH

B n =450 T A; = 2n? 9RO o BERERZ: X—AhIBuc, EERS g ERE

RIRA AT TC. X 5| Jyhnid B 3 B AR TS 00, RN 51 i /) oK/ 3 AT AL T T

1
/\ o

g, SR X = gEA R, AT RS Bl e T 1 AR E] e
=g=iEt AR hiER
ERESFIS hER

(FEBRAM S| HMEEEE)
= (F/m) X 4nr? = —4,GM

= F = —-GMm/r?

GER: =i e A G TT SRR, )

o M =jEHROL. shESE. MEhEFEEEMROL. B3 A PERAL
o P EERMINB A, HAAREN /N, Al LURI

Part A. High-Dimensional World (13 points) B ZER)1H 5 (13 43)

In the whole part A, we consider Newtonian gravity in n-dimensional (n > 4) space. Considering that the
gravitational acceleration vector is parallel to the position vector, the orbit of the planet is within the 2-

dimensional plane determined by the position and velocity vectors of the planet.

EREA Part A, BAIHEEn (n = 4) L=RETRFEE 0. BF50nEE S EREfL, T2
FIGEE 2 i sl i T17 B BERE S HE R BT RE ) 481 A

Al

Applying the Gauss flux law to a (n — 1)-dimensional sphere, one can derive the
Newtonian law of gravity in n space dimensions. Due to attraction from the star, the
gravity force exerted on the planetis F = —GMmr® (the direction of the force points
to the star); the gravitational potential energy is V(r) = GMm P /B, where 7 is the
distance between the star and the planet. Express «, [ in terms of n.

Bl s E e AN T (n— 1) 488k, 7T LAES n gE=S A ARG J e
e HTRZEMEERS], ITEZBINEIJINF = —GMmr® (J30)77 Mg [AE
&), 5IhABANVE) = GMmrP/p, Hbr MITESHEHENES, Ka,p
(Hn&xr .

2 point

24

11



A2

The Kepler’s second law in n dimensions is: L = mr*¢ is a constant (where ¢ is the

angle between the planet-star plane and the x-axis of the motion plane, ¢ = de/dt).
Find A.

n JERIT G N L= mrtg NHEEL (o NTE-HEELSILE) Vi
() x B2 8K, @ = de/dt) o R A

1 point

143

A3

Calculate the speed of the planet along the radius direction 7 = dr/dt. Express your
result using n,r,G,M, m,E,L, where E is the energy of the planet (including kinetic
energy and gravitational potential energy).

RITEWMEFHEE 7 =dr/dt, Hnr,6,M,mE, L&y, L ENTENRE
(HLFEBIRER 5] IR o

3 points

30

A4

Give the conditions for the planet to form a circular orbit (give algebraic equations using
n,r,G,M,m,E, L, no need to solve these equations).

AT EIRRNIEIZ S T A % (GHRT nr, G, M,mE, L FIAECTT FEH R
w, ANETTRE o

2 points

245

AS

For n = 4, when the values of r, G, M, m, E, L are such that a circular orbit is
possible, and r is varied while other parameters are fixed, can the planet

(1) form elliptical orbits?

(2) move from finite r to r — c0?

(3) move from finite r tor — 0?

M =4, FEr,GMmE L WHEEAHTRA TR RSN, FEite
ST r BRI, 7R R A

(1) JE ARG

(@) AR 38315 7 - oo

(3) WAL 7 EZ) 5] r - 0

1.5
points

1.5 4y

12




For n > 4, when the values of n,r, G, M, m, E, L are such that circular orbit is possible,
and r is varied while other parameters are fixed, can the planet

(1) form elliptical orbits?

(2) move from finite r to r — c0?

(3) move from finite r to r — 0?

For the possible cases in the above questions, please state the possible range of r given
n,r,G,M,m,E, L are fixed. (If the limit of the range is one of the roots of an algebraic

equation, please specify which root without the need to solve the equation explicitly.) 3.5 points

A6 " \ P LTI e T e N .
Un>4, F#Hnr GMmE, LB EMEEITEGTREREPUER, [EHeLe 3.5 4%

SR r BORIRIOERT, 7552 7547 7T A
(1) T i

(2) MATIRI 7335 7 — oo

(3) MATHRI 7 3535 1 - 0

T B EECA RSN, TEn,r, G, M,m, E, L FEREN T, 1518H r FEUE
V. (A r BUEEE R FOREOTRE R — MR, 15 1R IR, (B
EANTTRE )

Part B. Dimensional attacks in Newtonian gravity (5 points) 2R 5] 77 T F4EEFT 5 (5 43)

Suppose aliens living in 4 spatial dimensions perform dimensional attack on enemies also living in 4 spatial
dimensions. The way of dimensional reduction is to reduce one space dimension into a small circle with
circumference length C. In this way, in fact, there are still 4 spatial dimensions. But for small C values,
seeing from far away, one cannot see the dimension of the small circle. As a result, seeing from far away, the
enemies appear to be living in 3 spatial dimensions. We call such spatial regions under dimensional attack
having “effectively” three spatial dimensions.

(BB DY 42 ) v 1) 2 ) 1) [RD A 2R A DU 4 RO SEREE BEST o o FRAERITTIRAE, R — AR 4
NIRRT C /NI . IXRE, s liem 4. (H2 C IRV, MamibE sk, B ARXAE
MARERRIYESE . X0, MIZALFE R, U7 R AT =425 18] — A AT IR I T8 A2 45 T v i
AR “ATR7 YRR =4k

As illustrated in the below figure, suppose the vertical dimension is the dimension under dimensional attack.
The horizontal plane denotes the remaining three-dimensional space. Before the dimensional attack, the four-
dimensional space can be considered as, in a three-dimensional space, on every point there is one straight line
indicating the fourth dimension. After the dimensional attack, on every point there is a small circle with
circumference C indicating the fourth dimension. The circle indicates that the top and bottom endpoints of an
interval are glued.

13



N B PR, BB BT [ 4R R SE 4R REST th 4R, 7P P i AR T AR I =4 18] . 4E4L
TG, D4 ia o AE R = 4e (] R A — SR BRI . TR, =4
AR AR R EARAE — AR € BN RIS U YE . BRI SORE— 2 B N I AN i s kG
P/

Make the 4t
dimension shorter

N

s utE )

Glue top and bottom
(identify)

=

LI
e
(SRR

Assume that during the dimensional attack (assume the duration is short enough), apart from the sudden
change of the law of gravity, a system under dimensional attack does not have additional forces exerting on
it. The momentum in the 4-dimensional point of view does not change. The law of gravity can be understood
in two ways: the effectively three-dimensional gravity and the more fundamental four-dimensional gravity.
The values of a gravitational force computed using these two methods (using Gauss flux law) agree with each
other.

BBELE T drd A (BB R RF e B 2 98 J) B 1 5 e e AR AR SN, 3T
IR GBI TIVER], HAENL S N B EAA . 5] ) E S 4R AT s i AR By AT i Jm
AT ULAPI RO R BRAR 51 7, A R =451 SRS A R DU 4E 5] g, a0 e X A A B
151 J1 RS o

B1

Consider a point particle at rest, which exerts Newtonian gravity upon other objects (whose
distance is much greater than C). Find the relation between the four-dimensional Newtonian
gravitational constant G, and the effective three-dimensional Newtonian gravitational constant
G5 (in terms of G, = (function of G3 and other parameters)).

IR — AL A e (FREEE KT ) ARG . RIV4EFE5] 7]
WGy M =YEA RG] S Gy 2R R Gy = (G RILVESHMRED &£
ZIDRE

3 points

30
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B2

Suppose the relativistic mass-energy relation E2 = |p|?c? + m?c* applies both for three and
four dimensions. Here ¢ denotes the speed of light. Suppose before the dimensional attack, a
point particle with mass m has momentum p = (p;, P2, P3, P4)- After dimensional attack, the
4™ dimension (corresponding to the subscript 4 above) becomes a small circle. Calculate the
three-dimensional effective mass of the point particle after the dimensional attack.

BAHXS IR RER R E? = |p|®c? + mPc* fE =4 MU ZEH R, b c i, w4
FEFT I 221, —NEA m KR RIZIEN p = (01, 02, 3, pa), AT dE, SIS
ARYERE G IR fibr 4) 8RNI, SR AELEREST o Jm i) =4822 8] A 2K

JH & .

1 point

143

B3

Suppose a planet (with mass m) is moving along circular orbit in 4 space dimensions, with
the star (with mass M) at the center. The distance between the planet and the star is 7. Now
dimensional attack this system along a direction perpendicular to the plane of planet motion.
Calculate the energy of the planet after the dimensional attack (gravitational potential energy
plus kinetic energy in the three-dimensional effective point of view).

BRI m BAT BAEDY 4 m h LA BUESE R RO M NfE s, SEEEENr.
PUxT R RIS EAT RIS s Py BT YR T . SRYEFEIT R, =4E AT A2
MEREE (Z4A 00 A Nl B Eemante .

1 point

143

Part C. The Two-Dimensional Newtonian World (4 points) —4E4- it 5 (4 43)

We further reduce spatial dimensions and consider Newtonian gravity in two dimensions (n = 2).

PV — D B e R, 508 4k (n = 2) ZERIFRAFES] 7.

C1

Provide formulas for the Newtonian gravitational force law and the corresponding
gravitational potential energy in two dimensional.

B R R VAR S DA PN AW G A ) VAW

1 point

143

C2

Provide relations for planets to move along circular orbits around the star (give algebraic
equations in terms of r,G, M, m, E, L. You don’t need to solve the equation).

RATRGEEBRYPEIZSMITA KM (KT r,6,M,m,E, L FAREU; R 4LR]
w, ANETTRE o

1 point

143
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When the values of r, G, M, m, E, L are such that circular orbit is possible, and r is varied
while other parameters are fixed, can the planet

(1) move in abounded range r; <1 <1, where 0 <7y <1, < ®©

(2) move from finite r to r — c0?

(3) move from finite r tor — 0?

Just answer possible or impossible for the above three questions (may need to discuss
different cases for different parameter choices).

1, G,M,m,E, L NBUE[ T EG e A SER, 8 e e S50 r BUA R 253
HE, ITEZEBE R

() BAEARM r <r <r, XAHNEZE3, HFo<nrn<n <o
Q) NERI rizsh3 r - oo

Q) NERK riEgsh® r - 0

XFRAE=T0], 2l mERE B A RERN A) CF Al (g ZARYE S HHUE 2 H LT ie)

2 point
C3

Part D. The Two-Dimensional Einstein World (11 points) —4:3Z R HrH# F (11 43)

Interestingly, in the two-dimensional case, the ‘“gravitational” law in Einstein’s general relativity is even
simpler than Newtonian gravity. In general relativity, there is no gravitational force at all between massive
point particles (the space outside the particles is not curved either). Instead, the only gravitational effect of a
point mass is that the space around it becomes conical (like a cone).

GRS, TSRO, ZRMIET SCEXR TR “ 51 707 ML AR e E R . T X
FARE A, g2 I8 (5 Z (AR A A A R 5] 77 Osts AN 2 e B A 2 D o 1Mo & SR 1Y
RN, Ao A L ) 22 B O [ HE T

In the conical two-dimensional world, free particles and light will move along straight lines. Here straight
lines are understood in the following way: if we cut the cone along a ray starting from the top vertex (not
intersecting with the motion trajectory), and lay it on the plane as a circular sector, the motion trajectory is a
straight line on the sector. For example, the lines AB and CD in the figure below.

FERIHEIZ I et 5, B B MO R Eis3 . X B BBy, KRR s — 2%

M R S PUE AR S LRBIIT, JRET i M ORI R, 18shBlliE R E2H
2. Pl NEPELZ AB, CD.

When we cut the cone into a sector, there is a deficit angle (the angle that a sector lacks compared to a disk),
denoted by ¢ as illustrated in the figure below. This deficit angle is proportional to the mass M of the point
particle. Here we assume 6 < .

ERHEST T RS, S RS AN ELRTsR AL CREIRT &) FONBIHERISRIE M, 5 i iR
M SEL . AR S <m.
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cut along
dashed line

r‘ »
T

Point P is moving along a circle surrounding point M (M is the center of the sector in the
figure below). The angle between the observer-M line and the MP line (viewed anti-
clockwise) is 8. Depending on different values of 8, sometimes the observer finds a single
image of P and sometimes finds double images of P. For example, in the figure below, the
observer can observe double images along the dashed lines. Find the condition for the
observer to observe double images, and the angle between these two images (the angle
between the two dashed lines in the figure).

2 points
D1 —— . S TN
&P SR A MR A 3 (M Oy EI R T ) 243
W 2 IR — /B LA P A IS . L .
ML MP L (RN ES) A P . it
0. BE o BUEAR, WHANES PRBAR, H
B BIXG . o B, W T CLVE B RS E
B PHIRER . KU RER 2 P BRI %M, BAK
BARAI I (RO TR P RE R TR R AR D
Att = 0, a point particle with mass M (with corresponding deficit angle §) moves towards
observers P and Q. The direction of motion is perpendicular to the PQ interval, and the speed
is v (much smaller than the speed of light). The mass of P and Q are negligible. At the initial
time t = 0, P and Q are at rest, distances MP = MQ, PQ = 2d, the distance between M and the
PQ interval is s. Calculate the time t,, when P and Q
2 points
t.
D2 mee Vv i T P
Bl M Rk &) s A iET M @ 2d | 2%

ZEEFINNE Py Q 23), B3 HERT PQ & o)
2, HENv CENTHE) . EFIHENZ =0

i, P Q#FrE, LB MP=MQ, PQ=2d, M 5 PQIELIHE Ns. K P. Q HMIl#E
FHIE IR A] €y 0
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Consider the same setup as Problem D2. The observer P (starting from early enough time)

continuously emits sound wave towards all directions. The source of sound has vibration
2

2

c§—v°cosé 13 . .

—~——— = — (use this relation to
c§—v 12

frequency f. The speed of sound is ¢, satisfying

eliminate ¢ from the result), and the wavelength of sound is much smaller than s and d. The
media to propagate sound moves together with M (i.e. at rest with respect to M).

D3 Shortly before P and Q meet, the sound frequency that Q hears is f, . Calculate f;,. 4 points
E5%5 D2 A E T, Wil P AR % RIFa) RRekm s 7 R H A 45
N - . s i 1y CE—0? . -

W PEURIARSNSIEN £, PR oo 2 058 - 1 (g 2 Bl
Fcg) » AEBERENT s Md. R HERE T ERFER A Mgz (RIS M AR
Frik)
£ P AT Q RIS AHIEFT, QWrBIHAs S fro K fo
Consider the same setup as Problem D3, starting from which time (i.e. find the corresponding )
. 3 points

D4 t) on, Q starts to hear this frequency f,.?

35

55 D3 MR B E T, MBS (EPTFE IR ¢, Q FFUAWr RIS £, 2

Note: In reality, although we do not note a danger under dimensional attack to two dimensions, it is still

meaningful to study the physics in two dimensions. For example, in our three-dimensional universe, there

probably exist one-dimensional objects called “cosmic strings”. The cosmic strings in three dimensions are
similar to point particles in two dimensions. Both of them bring a deficit angle to space. The three questions in

Part D corresponds to the three important observable effects of cosmic strings. Searching for cosmic strings

using these three observable effects is an active interdisciplinary research direction between high energy

physics and astronomy.

e BLSEh, REBATE B KOIERT By 4 RS, W 4ER R R B R .

Blhn, FAIO=4EFdiF, PREAFE R “FH 527 IEOIR—4EVIIR . =425 8] P (152 17 52,
AN HEAS TR R R RS, M A A R — NI M o Part DA = AN O Rl
S = A B RN o FHIX = A WIS 5 1 5%, A e BEV BN = 5 2 T AR K — I R
A8 XA o

H 2

ZT H
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All final answers should be written in the answer sheet.

P B r B R E S EBA L.

All detailed answers should be written in the answer book.

PTH PR RS BB

There are 2 problems. Please answer each problem starting on a new page.
L 28, B% 18, JURAS—R4K.

Please answer on each page using a single column. Do not use two columns on a single page.
B ARE R —E SR N . AA] UFE — TU4R L AR E #1550

Please answer on only one page of each sheet. Do not use both pages of the same sheet.

TIkABTES . AT LT ES

Rough work can be written in the answer book. Please cross out the rough work after answering the
questions. No working sheets for rough work will be distributed.

BRI LS R B L, SRR AR L) Y, R R SRR

If the answer book is not enough for your work, you can raise your hand. Extra answer books will be
provided. Your name and examination number should be written on all answer books.

B EAG AT ST, A SEEA RS T AamE S

At the end of the competition, please put the question paper and answer sheet inside the answer book. If
you have extra answer books, they should also be put inside the first answer book.
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Problem 1: Precision measurement of the gravitational constant G (27 points)

M 1. EHEH G RRBHINE 74

The precision measurement of the gravitational constant G is important because it is a fundamental constant.
Besides, it can play a role in verifying (or disproving) some recent proposed versions of string theory or the
existence of the fifth fundamental force.

Sl R G R — AN AR, LN R SRR . oAb, 31 R AR I )
TRAE (S — LB ib I A SR TR A I 22

Part A. Estimation of the Gravitational Field Change During the Experiment (15 points)
XFSEE 5| 1 ARAEIAETE (1540

Let R and M be the radius and the mass of the Earth, respectively, express the gravitational

field g in terms of R, M, and G, while ignoring the spinning of the Earth. 1 point
Al
W R A M 73 e BRI EAR A R . Mg HIER B8, KRl iy g, HI R, 15y
M G F£R.
GM
I=Fz

In this problem we present a simplified version of the latest method, which can lower the relative error of G
down to 10°. As shown in Fig. 1(a), laser interferometer 1 measures the spacing between the two pendulum
bobs with respect to the reference spacing between the suspension points of the pendulum, which is measured
by laser interferometer 2. When the four source masses are moved from the outer position (shown in Fig. 1(a))
to the inner position (shown in Fig. 1(b)), the pendulum bob separation changes. Not pictured is the vacuum
chamber that encloses the pendulums but not the source masses.

AR AT A 18— DN 51 ) R B R L, T LLKE G BIARHR ZE RIS 1075, W& 1(a) P,
BOLT WA 1 PSR IREE 2 R B . WO T 2 R R a2 W R A e 2
M. DU EEMASMIALE (A 1@)Ps) BaiBINMAE CnlE 1)) i, PR R
FIBE B 2. bR 7RIS, BALRAREE THEMEN GAEERT) .



(@) Supporting bar with interferometer 2
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(b) Supporting bar with interferometer 2
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“ Four-wire pendulum
Source masses (inner position) . suspension
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BES T 1

Figure 1: The setup of apparatus for measuring the gravitational constant precisely, with the source masses placed at (a) outer

positions, (b) inner positions. 7/ 777 £0#g M & 17 5E I FE B, Wi di e T () S0 e, (o) I E -



Figures 2 and 3 show the top and side views of the apparatus. The outer and inner positions of the source
masses, and the pendulum bobs (at the ends of interferometer 1) are located symmetrically with respect to the
center of the vacuum system. The length scales ai, a2, b, d, h and R are shown in the figures.

P 2 AA 3 A2 sk e ke B 1 TR AN AL o B iR K AN A A, AR (FE T4 1 (R )
WAL E AN T HZE RGN LXK . EFRosEE S al, a, b, d, h AR,

Source masses Source masses
(outer position) (inner position)

R 2R R 2R Interferometer 1 Vacuum system
oMUz E D (A6 ED FHAX 1 HARG
\\ \\\\ \‘ \\\\ < az* III ,I
\“ ~ \\‘ \z \ ( \ II/ II,
\‘ i : \“ A‘ A‘ II
A \ /' B
LD S
‘\\ < ‘.‘ d >
J J
< a1 >

Figure 2: Top view of the apparatus. /X747 T 71

Source masses (outer and Supporting bar with interferometer 2
inner positions) 4 BEMFSTHX 2
d | £ Ifiva
BRI G ?V‘]{Wiﬁ) Pendulum bobs with interferometer 1

s WV B S AN 1
| I_

&
<t

Figure 3: The side view of the apparatus. 7K #7701 # /&

It is very complicated to calculate the gravitational force of the 4 cylindrical source masses acting on pendulum
bob A. Here we approximate each cylinder with uniform density, mass M, radius R and height h to be a thin
wire with uniform density, mass M and height h passing through the axis of the cylinder.

THE DA BRI A K5 DA 20k, XH, AT DNE RS, REAM. F1Eh
R+ WDy h WIE A A9V AT Sl ) i B I AR 2, I S). RN M. RN



4 Cylindrical source mass A
. N i . Thin wire 40%;
iﬂ-R-» [ZYEAiR=v/
* 1
approximated by
h I
< r :I |_> r >
7} : —0—>X X : +’X
Z, P Z, P
v s ¥

Figure 4: The X-component of the gravitational field at point P due to a cylindrical source mass is now approximated by that due to
athinwire. 7/-5Z7 P w17/ 7519 X 720, FFIEFETE I ARV L 922 -

You are provided the integral formula:

PRA] DU BN AR 2 3

j dx B X +C
(x2 +a2)3/2 a’Vx? + a? ’

Derive an expression of the X-component of the gravitational field gx at point P due to 3 points
A2 the thin wire. Express your answer in terms of G, M, h, zo, and r. P
VAN
HEF gnd™ LR 51 I 7E P R X 08 gee FH G, M, h, 20 F1 r FIRIRIVE R . 37

Consider an element of the plate at position z.
Distance from P = Vr2 + z2. [0.5]

Gravitational field at P = <24 [0.5]
-r -.FZ g Gp dz r
X-component of the gravitational field = Y e [0.5]
Linear density: p = %
Total X-component of the gravitational field
_ GM rh-z, r _GM 1z h-zo . . ] )
9x = f_ZO dz (r2+22)% = o [integral expression 0.5, integration result 0.5]
GM h—ZO Zg -
=— . correct answer 0.5, no penalty for + sign
| T * o [ penalty gn]
Calculate the gravitational field gx at point P when the point is very near the thin wire. 1 point
A3
L P AR GRS, THRESIIIE P 5B X 70 gxe 15
When the point is very near to the thin wire, r approaches 0. Hence
Jx = % [noting that the two terms in the bracket approach 1: 0.5, correct answer 0.5]



Applying Gauss’ law, verify the result in part A3. Write your steps in the answer sheet. 1 point
A4

s

B EHERE, Wik A3 TSR, EEBRLEE Tk, 1

Total flux of gravitational field:
@ = (i—"f) (4nr?) = 4nGM. [0.5]
Applying Gauss’ law to a cylindrical surface of height Az around the thin wire,

D= 47‘[%AZ = g,(2nrAz).

gx = % [0.5, no penalty for + sign]
You are provided the following parameters:
PRAT A FH BL R 24

G = 6.67 x 101! Nkg?m? M =119.1 kg ar =0.568 m

a2 =0.166 m b=0.262m d=0.34m

h=0.312m Z0 =0.002 m R=0.083m

Using the given parameters, and the thin wire approximation for the 4 cylindrical source
masses, calculate the horizontal component of the gravitational field due to the 4 source
masses at the position of pendulum bob A, when the source masses are located at the inner
A5 | position.

3 points

éj\

M B g S8, LRGN AN iR . SR iEAL T A B 3
THEREE A K DU R AR 5] 13 K &

For pendulum bob A, the 2 sources on the left and right in Fig. 3 are at distances

2 2
2= (2-%) 1 (2) = (017 - 0.083)% + 01312 = 0,02473 m?
left 2 2 2 ' ' ! ) ’

2 d a ’ b\’ 2 2 2
Taght = (§+ 7) + (E) = (0.17 + 0.083)? + 0.131 = 0.08117 m?.
[know how to calculate: 0.5, correct substitution: 0.5]

The angles between the components of their gravitational fields and the axis of the interferometer are

d—a, 0.17 — 0.083
COS Ojefr = = = 0.5532,
J(d—ay)?+ (b)2 /(0.17 — 0.083)2 + 0.1312
d+a, 0.17 4+ 0.083
oS Orignt = = (0.8880.

J@d+a)2+ (B)? /(017 + 0.083)2 + 0.1312
[know how to calculate: 0.5, correct substitution: 0.5]

Hence the gravitational field along the interferometer axis due to the left source masses



(6.67 x 10711)(119.1) 0.31 0.002
Giere = (2) ( + )(0.5532)
(0.312)1v/0.02473 \W0.02473 + 0.312 +0.02473 + 0.0022
= 1.6204 x 10~7 ms~2.
(6.67 x 10711)(119.1) 0.31 0.002
Grign: = @) ( + ) (0.8830)
(0.312)10.08117 \1/0.08117 + 0.312 +/0.08117 + 0.0022

=1.1798 X 1077 ms™2,

Total gravitational field (in the rightward direction): geotar = Giepe + Grigne = 2.8002 x 1077 ms ™2,
[know how to calculate and sum the two: 0.5, correct substitution: 0.5]

Similar to part A5, calculate the horizontal component of the total gravitational field at the
position of pendulum bob A, when the source masses are located at the outer position. 3 points

34

A6

5 A5 RN, R EVRA T AMUALE R, TFEIREE A L5 I KT &

For pendulum bob A, the 2 sources on the left and right in Fig. 3 are at distances

a d 2 2
leeft = (?1 — E) + (E) = (0.284 — 0.17)%> + 0.131% = 0.03016 m?,
» a, d b 5 ) ,
Tright = (7+ E) + (E) = (0.284 + 0.17)% + 0.131% = 0.02233 m*“.

[know how to calculate: 0.5, correct substitution: 0.5]
The angles between the components of their gravitational fields and the axis of the interferometer are

a, —d 0.284 — 0.17

J@ —d)? + ()2 /(0.284— 0.17)2 + 0.1312
a +d 0.284 + 0.17

J@a + 2+ (b2  /(0.284 + 0.17)2 + 0.1312
[know how to calculate: 0.5, correct substitution: 0.5]

= 0.6565,

cos Ojppr =

= 0.9608.

oS Orignt =

Hence the gravitational field along the interferometer axis due to the left source masses

(6.67 x 10711)(119.1) 0.31 0.002
Jiese = (2) ( + )(0.6565)
(0.312)+/0.03016  \W/0.03016 + 0.312 +/0.03016 + 0.0022
= 1.7016 x 107 ms 2.
(6.67 x 10711)(119.1) 0.31 0.002
Grigne = () ( ' ) (0.9608)
(0.312)4/0.02233  \V0.02233 + 0.312  v/0.02233 + 0.0022

= 5.7237 x 1077 ms 2.

Total gravitational field (in the leftward direction): giotar = Giert — Grigne = 1.1292 x 1077 ms 2.
[know how to calculate and subtract: 0.5, correct substitution: 0.5]



Calculate the change Agx of the horizontal component of the gravitational field at the
position of pendulum bob A, when the source masses are moved from the outer position | 1 point
AT | to the inner position.

A EIFMSMIGLERS BIN AL E, T 53R A 45 /137K 10 B AR Agx.

Change in the horizontal component of the gravitational field
=2.8002 x 1077 +1.1292 x 1077 = 3.9294 x 1077 ms~2.
[know how to add the answers of A5 and A6: 0.5, correct answer: 0.5]

In this experiment, care has to be taken to monitor the uncertainties of measurements. Since the calculation is
complicated, we will simply focus on the expression derived in Part A3. Consider the case that all mass
measurements have an uncertainty of 0.6 parts in 10°, and all dimension measurements have an uncertainty of
1.4 parts in 10°.

R FFEANOE RS R T . ERITHEILERIR, N TR, FAMEE A3 #i S RE A
B AT A ot Sl B R 2238 0.6 x 107°, A KM SR RZE N 1.4 x 1073,

Remark: The uncertainty of a physical quantity f(xi, Xz, ...) is given by the standard deviation of f divided by
2
f, that is, / o} /f? where xy, Xz, ... are independent measurements and of is calculated from of = (a—f) o +

6x1
a 2
(_f) 0-22 + .-

6x2

VE: WU f(, Xe, . OIREEN FIORRHEZERRLL A Sr, B [02/F2, JErfxy, Xe, .. ST DI
&, of UM of = (a—f)z o2 + (af>2 02 + e T

9xq E
Calculate the uncertainty of gx in Part A3. 2 points
A8
THE A3 E 7t gx IR 25

. (2G\ 2GM\* 2GM\*
i =) i+ () o+ ()

2
0,
+ T—TZ = (0.6 X 1075)2 + (1.4 x 1075)% + (1.4 X 1075)%2 = 4.28 x 10710,

Og, / -5
g— =4/4.28%x 10710 =21 x 10"">.

X
[correct formula 1, correct answer 1]

2 2 2
%, _ %, O
gz M2 R

Part B. Measurement of the Gravitational Field Change During the Experiment (15 points)#l| &S24
H 5 71352 (154D

In Part A we estimated the gravitational field change when the source masses are moved from the outer to the
inner position, assuming a certain value of the gravitational constant G. In this part we investigate how the
gravitational field change can be measured experimentally, such that the gravitational constant G can be
calculated. We let:



Ax = the horizontal displacement of the pendulum bob A when the source masses are moved from the outer to
the inner position,

= the angular frequency of the natural oscillations of the pendulum baob,

m = mass of the pendulum bob.

fE Part A, FATMB B 4e 2 51 J1H AL G, S TR IR A SMIUES 2N NI 51 7737 22 . AER 70,
ARSI FE o £E S50 R R 5 /137 I e, BRI [A eI & 51 A G Bl e =

AX = RO MURS B R, SR A 7K 1 0 (s B
o= H38 H AR FFF,
m = 4R ]

Derive the expression of the change Agx in the horizontal component of the gravitational
field at the position of pendulum bob A, when the source masses are moved from the

outer position to the inner position. Express the result in terms of the 3 variables above. 1 point

Bl

P

LM AU EI P, SRAZEE A K3 D BT BIOBCE Agee FIMLE=A| 1
BERTER.

Ax
Ag, = gtanf ~ g@ =gT=w2Ax.

[correct steps 0.5, correct answer 0.5]

The pendulum bobs are hung from the supporting bar at a distance | = 0.738 m vertically below the bar. The
gravitational acceleration is g = 9.8 ms™.

PR TR E&H ok, SERHMNEEEEN1=0.738m. 51 JH#EEZ g=9.8ms?.

Using your result in part A7, calculate the change in the separation of the pendulum bobs. | 1 point
B2

M AT B R, TR E AR E . 1

s

Ax
Ag, = gT

3.9294 x 1077

9.8
[correct steps 0.5, correct answer 0.5]

A
Ax = z% - (O.738)<

) = 29.5912 nm.

There are corrections to the answer in B2 because besides the pendulum motion, there are other contributions
to «f such as the flexing of the wires. The frequencies were found to be (0.589 8171 + 0.000 0023) Hz for one
bob and (0.589 7069 + 0.000 0013) Hz for the other, where the number following the plus-minus sign is the
standard derivation of the quantity.



2

B2 HHIERIEEAMARKRIE, KA T BBEsizib, 0FLEREW P, FIaniELr s, Xt
—ANEAE, SR EE A (0.589 8171 + 0.000 0023) Hz, X% —AN34E, iR Al &E{E N (0.589
7069 + 0.000 0013) Hz, ikt 5 51 F 37 iz s KIbaiE 2

Calculate the mean and the uncertainty of the average value of the pendulum frequency. | 2 points
B3
THREPRIUR R ME, DRI B E IR 22 25
Mean:
%(0.589 8171 + 0.589 7069) = 0.589 7620 Hz. [1]

Uncertainty:

\/%(0.000 0023)2+%(0.000 0013)2

=2.2x107C. [1]
0.589 7620

If the error of time measurement is 107 s, determine the number of periods to be measured

such that the uncertainty of the measured period is 107" 1 point
B4
TRV I TRl (B IR ZE N 10734, N TIREIRZE08 107 IFHINERSE, KR | 14
LI B Y R SR
Period:
T=—" =16956s. [0.5]
0.589 7620 .
Let n be the number of periods. Then
2 _ 107,
nT <
10~
n=—=-=>59. [0.5]

In practice, the pendulum was swung over several hours of measurement to check whether the pendulums are
stable, and repeated over the course of several months.

The horizontal displacement of the pendulum bobs can be measured with high precision using the laser
interferometer (commonly known as Fabry-Pérot interferometer). The cavity of the interferometer is formed
by two highly reflective mirrors separated at a distance d = 0.34 m so that the laser team traveling between
them forms a standing wave. The laser wavelength is 633 nm. When the spectrum is closely examined, one
finds that it consists of a sequence of peaks as shown in Fig. 5.

FRAR I 7KTALA% AT PUE I HOE T Q2AT B3 2 000 S0l T30 B8 i w5 20 55 78
T YU RBUREIEL . B A AR d =0.34 m. WORTER S A 2 IR GRS . OB K 633
nm. WIS Fs, TR i — R .
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Figure 5: A sketch of the close-up of the spectrum of the interferometer. 3545 i () 4 35 45 F s s

Calculate the frequency separation of the neighboring peaks in the spectrum. Then 2 points
B5 calculate the wavelength separation of the neighboring peaks in the spectrum. P
AN
TGS AR I A IR 22, IR ROGTE HAR &R I I [A) R K 22 27

The peaks correspond to different modes of standing waves. Neighboring peaks correspond to standing waves
differing in their traveling time back and forth the interferometer by one period. Hence the frequency separation
of the neighboring peaks is given by

c _ 3x108

Af =<

2L 068

= 441 MHz. [1]

Wavelength separation:

(633x1079)°

A A2
Ar = ;Af - 7Af ~ 3x108

(4.41 x 108) = 5.89 X 10™* nm. [1]

The width of the fringes in Fig. 5 is about 100 kHz.
K5, ZREUTE 40N 100kHZ,

Assuming that the major mechanism of power loss of the standing wave is the
transmission through the mirrors, estimate the fraction of power loss from the 2 voint
56 interferometer per transmission. poInts
AR Ny PN == N 7. N VI, Ly = Lo S VAN
BRI b B O Al RO T B T . B R RE k| 2
REZE Y HLAI

11




When there is no input power, the time taken by the phase angle of the standing wave mode to spread out over
a range of 2z completely is
1

(2m)(100x103)° [1]
Time for the standing wave to travel between successive transmission is

L 0.34

¢ 3x108 ] o

Hence the fraction of power loss per transmission is

(522 (2m)(100 x 10%) = 7 x 107*. [1]

Remark: Answers without the factor of 27 are acceptable. In that case the answer will be 1 x 1074,

Suppose the Ieng'gh of the interferometer changes by 1 nm. Calculate the corresponding 2 points
B7 change in the cavity frequency.
A BB 1nm, SRR F o5 5 A B 2R 293
The nth harmonic of the cavity frequency is given by e
f=5r

Hence the change in the cavity frequency is given by

SL 3 x 108 1x107°
8f = ~f+ =\ m3x10 ) (o3| = ~1:3939 MHz.

[correct equation of 6f: 1, correct answer 1]

When the source masses are moved from the outer to the inner position, the beat frequency of the cavity
frequencies of the two interferometers changes by 125 MHz.

2 o E R MRS B A, PSSO AR R SR R M2 7 125 MHz.

Calculate the change in the separation of the pendulum bobs. (Remark: This result will

be different from that in B2 due to the approximations made in Part A.) 1 point
% THE MR BE B AR . (W BT Part A AL, EXAE RS B2 17
HIARF. D
Change in the separation: Ax = %22606 = 89.675 nm. [1]
References:

[1] Harold V. Parks and James E. Faller. Simple Pendulum Determination of the Gravitational Constant.
Physical Review Letters 105, 110801 (2010).

[2] Harold V. Parks and James E. Faller. A simple pendulum laser interferometer for determining the
gravitational constant. Philosophical Transactions of the Royal Society A372, 20140024 (2014).
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Problem 2: Physics in Various Dimensions (33 points) 7[Rl 2& B 43 (33 4)

“What had she experienced? She had seen how a cruel attacker could lower the dimensions of space by one
and destroy a solar system. What are dimensions?” -- Cixin LIU, Death’s End (Translation: Ken LIU)

“dhze kA4 ? SRINIE R, O 7 EBCK—AMER R SBR[ 4E R B AR 1 — 4
FIRUESRE, SHLERERAT AT ” —— XNRR (=AK « JEKAD

In this problem, we will explore 4-dimensional space, attack from 4-dimensional to 3-dimensional spaces,
and the motion of celestial bodies in two dimensions. (Note: In this problem, whenever we mention the
number of dimensions, we mean spatial dimensions and did not count in the time dimension. For example,
when we mention 3-dimensional space, we mean the spacetime with 3 space dimensions and 1 time
dimension). The setup of the problem is as follows:

A, FATRAITIR DY 4EAs 8], A DU4ER| = 4R 4eoidy, Dok “4Ead Rk sn .  (F
B AR PEAYERE R BCER, IR TR R 4ET SN . BN, IR =4, FE R
e AR AN b —4EI AL BRI e D B E AR

o Let the mass of the star be M, the mass of the planet be m << M, So in the star-planet problems, the star
can be considered at rest. The change of star position due to planet motion can be neglected.

o Inn-dimensional space, Newtonian gravity can still be derived from Gauss flux law: For any (n-1)-
dimensional closed surface enclosing the point particle M, the gravitational acceleration flux through the
surface is —A,,_1GM, where A,,_; is the area of a (n — 1)-dimensional unit sphere (understood as
generalized area, for example, for n = 2, A; = 2m is length, for n = 3, A, = 4m is area, and for n = 4,
A; = 2m? is volume). The meaning of flux is: for a small area element, the flux is the dot product of the
gravitational acceleration vector and the area vector. For the case when the gravitational acceleration is
normal to the surface, flux is the magnitude of gravitational acceleration times this area. For example, the
figure below illustrates how to derive Newtonian gravity from Gauss flux law for the case of 3 spatial
dimensions.

Yoy
A 44(

wx

——
- -

Newtonian gravity from
Gauss flux law in 3 dimensions:

(flux through spherical surface)
= (F/m) x 4nr? = —A,GM

= F = —GMm/r?

(Note: the Gauss flux law does not apply for general relativity.)

o Newton’s three laws of motion still holds. Momentum conservation and angular momentum conservation
laws still holds. The relativity of motion still holds.

o We approximate the stars and planets as particles, with negligible radius.

o WEEFENM, TEREm KM, METERSERESE Y, EET UM EIE, T2

=
12 B0 B 2 AL E AR AT DL 2
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o fEngEZ(E], ARG R ULl e S s R R E S HOk, B AE TR A M AT n - 1 4E
PR T, % HH e A il T R 5| IR BB S T — A GM, HP Ay 08 (n— 1) 4ERAT BRI
TR CERONT ORI, BlnfEn = 21600 T Ay = 2n AKJE, n=3 150 T A, = 4n VM

*/D\’ n=4% ‘r%s‘/ﬂ»‘FA3 = Zﬂzy‘j'fZ'K*/E{) o

RN SR AN, RS IR R E

IR AT TG, X 5| Jyhnid B 3 BT AR eI 00, IR N 51 i /)R 3 AT AL e 1 T

o B, NEF, X =4iaslE], BATH RG] BE e 4HE T 1A T E R

W AAL L,
i

2N AT, —pespemsrzEE
_____ ERRSAE TR

(FEKEMSIAMRERE)
= (F/m) X 4nr? = —A,GM

= F =—-GMm/r?

QER: miiEEE G SRR, )

o =ML, SRR, MR EER ML, B3 A PR
o P ERMINM A, HAAREW /N, ATLLR,

Part A. High-Dimensional World (13 points) F e 5+ (13 4)

In the whole part A, we consider Newtonian gravity in n-dimensional (n > 4) space. Considering that the
gravitational acceleration vector is parallel to the position vector, the orbit of the planet is within the 2-
dimensional plane determined by the position and velocity vectors of the planet.

A Part A, FAIHEn (n 2 4) EEEFRFWE . BT nEE S ERERL, T2
FEl SR L2 RIS St A T-47 B B BR8P SR T VR R 4T T Y

Applying the Gauss flux law to a (n — 1)-dimensional sphere, one can derive the
Newtonian law of gravity in n space dimensions. Due to attraction from the star, the
gravity force exerted on the planet is F = —GMmr® (the direction of the force points
to the star); the gravitational potential energy is V(r) = GMm rf /B, where r is the

AL distance between the star and the planet. Express a, 8 in terms of n. 2 point
Vel EEE R T (n— 1) 458k, w7 DAHES n g2 s i 20 5] 7 5E 29y
. mTRAMEERS], ITEZIINIINF = —GMmr® (JJ8)J51A451A1E
B, SIhBeAVE) = GMmrP g, K r NMITESEENES, Ka,pB
(Hn&xxr) .

Solution:

14



Using Gauss law, the area of a (n — 1) -dimensional sphere is A,_;7™ L. Thus, F = —GMm/r" !, ie. a =
1—n.(1p)

Either integrate F = — Gf—_"f GMm
,

or from dimensional analysis, we get § =2 —n,i.e.V = By (1p)

The Kepler’s second law in n dimensions is: L = mr#¢ is a constant (where ¢ is the
angle between the planet-star plane and the x-axis of the motion plane, ¢ = d¢/dt).

Find A. 1 point

A2

n QEMIFEEIEE RN L =mrto NEE (o HITR-ERERSHIEZ) P 19

) x 2 RIS, @ =de/dt) o 3R 4.

Solution:

A = 2, same as the 3-dimensional case, since the motion is restricted in 2-dimensional plane.

Calculate the speed of the planet along the radius direction 7 = dr/dt. Express your
result using n,r,G, M, m,E, L, where E is the energy of the planet (including Kinetic

energy and gravitational potential energy). 3 points

A3

RAT R EE 7 = dr/de, i nr G M m E L £, b ERrRneR| 57
CBERRERIE] A -

Solution:

Kinetic energy Ex has two parts (perpendicular to each-other): along r direction and along ¢ direction. Thus,
B = %mr’2 + %mr2 $2. (1p)

Using Kepler’s law to replace ¢ by L: Ex =

Energy conservation: E = Ex + V (0.5p)

. e 25 26M
Solve 7 from above: 7 = + \/ e m2r2 (1p) #)

(If only plus sign is given in above =+, deduct 0.5p.)

Give the conditions for the planet to form a circular orbit (give algebraic equations using 2 points

Ad .
n,r,G, M, m,E, L, no need to solve these equations). 2 4y

15



AT BIRRIEIZ S A %1 (AR T nr, G, M,m,E, L I AAEUT; FEH R
m, ANETTRED o

Solution: The two necessary conditions for circular orbit are:

2GM L?

(1) #=0(0.5p), ie. =+ — ——=0(0.5p) (*)

(n-2)rn=2  m?2

(2) # = 0 (or equivalently gravitational force balance centripetal acceleration) (0.5p),

i.e.

GM L?

= 0(0.5p) (%)

I )

A5

For n = 4, when the values of r, G, M, m, E, L are such that a circular orbit is
possible, and r is varied while other parameters are fixed, can the planet

(1) form elliptical orbits?

(2) move from finite r to r - 0?

(3) move from finite r to r — 0?

Yn=4, FFHr GMmE,LBUEESATEA AR ESIER, [bEHE
ZH0m r BURFIERE, TR R EE AR

(1) TE A R i

(2) NERK) r 313 r - o

(3) ME IR rizsh % r - 0

1.5
points

154

Solution:

For n = 4: equations (*) and (**) implies E = 0. Then a solution for one r is a solution for all values of r.
Thus, for any r, we have circular orbit 7 = 0. Thus, all (1), (2), (3) are impossible. (0.5p each)

A6

For n > 4, when the values of n,r, G, M, m, E, L are such that circular orbit is possible,
and r is varied while other parameters are fixed, can the planet

(1) form elliptical orbits?

(2) move from finite r to r —» ?

(3) move from finite r to r — 0?

For the possible cases in the above questions, please state the possible range of r given
n,r,G,M, m,E, L are fixed. (If the limit of the range is one of the roots of an algebraic
equation, please specify which root without the need to solve the equation explicitly.)

1n>4, FHnr G MmE, LWEEMEEIT 2GR REIE IR PUER, [HxHE
SZHM r BASF AR, TR 2 5A R

3.5 points

354

16




(1) T2 HAM [ i
() NHIRI r i83h 3] r -
() NAIRI riB83hE r - 0

XFF BT EZ T RERIE DL, 16 nr, G, M, m, E, L BB T, Wi r FEUE
VaHl G r BUE S R FOVREOT RN — MR, 15 1R IR, (BN
AT )

Solution:
For n > 4: equations (*) and (**) implies E > 0. (0.5 p)
For (#) to make sense (positivity under the square root), we need (0.5p)

2E 2GM L?
—+ — — >0
m (n—2)r"2 m2r2

The solutions of this inequality can be studied by letting x = iz and plot & compare the functions
r

2
2™ (=2)/2 gng Loy — % (0.5p).

n-—2 m?2
The result is:
2GM n-z
. . 2E 26M 12 n-z""
There are two positive r solutions of —+ Py 0 (0.5p). Let us mpos‘i“’f
denote them by 7,7, (r; < 13). Then ' ﬁl@/‘ 2 1
= Tmtm
(1) is impossible. (0.5p)
x=1/r?

(2) Condition for (2) is r < r;. (0.5p)
(3) Condition for (3) is r > ;. (0.5p)
Part B. Dimensional attacks in Newtonian gravity (5 points) ZF8 5[ 77 T~ RI4EEFTH 5 7)

Suppose aliens living in 4 spatial dimensions perform dimensional attack on enemies also living in 4 spatial
dimensions. The way of dimensional reduction is to reduce one space dimension into a small circle with
circumference length C. In this way, in fact, there are still 4 spatial dimensions. But for small C values,
seeing from far away, one cannot see the dimension of the small circle. As a result, seeing from far away, the
enemies appear to be living in 3 spatial dimensions. We call such spatial regions under dimensional attack
having “effectively” three spatial dimensions.

(B U 2 2 [ o B8 2 40 ) (R R A 3 A DU A BT SR T oy o BRAER T2, KA () e P 4
IR C RN IXRE, HSRAsRIEa 4. H2 C IR/, MZEKR, FHAZIXAE

17



MARRIIYESE . X0, MIZALF R, EOTIFR A TEAE =425 1] — . FRATIARIX I 1 32 48 T i i
A “H R Y=Yk

As illustrated in the below figure, suppose the vertical dimension is the dimension under dimensional attack.
The horizontal plane denotes the remaining three-dimensional space. Before the dimensional attack, the four-
dimensional space can be considered as, in a three-dimensional space, on every point there is one straight line
indicating the fourth dimension. After the dimensional attack, on every point there is a small circle with
circumference C indicating the fourth dimension. The circle indicates that the top and bottom endpoints of an
interval are glued.

n N B, ARBEEE LT A E N S 4E ST (AR, KT T T AR T AR K =4 A] . 4ERL
T T, D4y DA i = 4E2s (a0 R4 B — SR ELE R B DU 4E . 4E8dT i e, =485
AR B — AR C BN U YE . BIFAIE SORE— 2 R B N P AN i UK
K

Make the 4th Glue top and bottom
dimension shor (identify)
HE S 3 ﬁtﬁﬁTﬁ

Een)

Assume that during the dimensional attack (assume the duration is short enough), apart from the sudden
change of the law of gravity, a system under dimensional attack does not have additional forces exerting on
it. The momentum in the 4-dimensional point of view does not change. The law of gravity can be understood
in two ways: the effectively three-dimensional gravity and the more fundamental four-dimensional gravity.
The values of a gravitational force computed using these two methods (using Gauss flux law) agree with each
other.

BAELE T drd A rh (BB R Rp e 8] 2 98 J) B 1 5 e e R AR SN, 3T
HIRGEAZEINIIIVE, D4R A IR AR 5] J1E 2 4 FE T R M AR D 4T i s
LRI B AR 51 77, A3 R0 =4k 5| TR SE AR DL S] 77, 38 ey e R 3K A A S B
151 J KN o

Consider a point particle at rest, which exerts Newtonian gravity upon other objects
(whose distance is much greater than C). Find the relation between the four-dimensional
Newtonian gravitational constant G, and the effective three-dimensional Newtonian

gravitational constant G5 (in terms of G, = (function of G3 and other parameters)). 3 points

Bl
AL s ek (FEEim KT ¢ PAAERAEE] . SRI4Ed 39
Wi 5| 1 G, =4 A5 1 G, 2 AR R (G, = (G MEES
BHIRED £ .

Solution:
18



In 4D, note that the new geometry is a cylinder. Now that » > C, the gravitational flux is approximately
perpendicular to the circle (with perimeter C). The corresponding Gauss’s Law is 4wr?C F = —2mw?G,Mm.

(1p)

Compared with the 3D gravitational force is F = —G;Mm/r? (note: this 1p is given to realizing 4D force =

3D force, not knowing the 3D Newtonian gravity formula), we get G, = % G5. (1p)

[If the student guess G, o« CG5 with wrong proportional constant without reasons, give 1p.]

B2

Suppose the relativistic mass-energy relation E? = |p|?c? + m?c* applies both for three
and four dimensions. Here ¢ denotes the speed of light. Suppose before the dimensional
attack, a point particle with mass m has momentum p = (py, P2, P3, P4). After
dimensional attack, the 4" dimension (corresponding to the subscript 4 above) becomes
a small circle. Calculate the three-dimensional effective mass of the point particle after
the dimensional attack.

RRARR SR HE S5 5 B2 = |p|2c? + m2c (E S HERMDUAERERAT, Horh ¢ ek,
VBT 20, —AREA m EA R p = (01, P2 D pa), HEFET
J. SPUANAR G G R AR 4) A EUNEIRE, SR AT TR I =
o7 ] o 97 2057 B

1 point

14y

2
Solution: meg = [m? + 2% (1p)

B3

Suppose a planet (with mass m) is moving along circular orbit in 4 space dimensions,
with the star (with mass M) at the center. The distance between the planet and the star is
r. Now dimensional attack this system along a direction perpendicular to the plane of
planet motion. Calculate the energy of the planet after the dimensional attack
(gravitational potential energy plus kinetic energy in the three-dimensional effective
point of view).

BitE Ny m AT B A NZE A URISUES B8 M BRIz, SEEHEEN
ro DUXT R R EAT RIS P T BT 4 T SRYEEE T iR, = 4EAsE]
HATERERER (4R R0 NEISI I3 aenante) .

1 point

15

Solution:

Since gravity is much stronger in 3D, the three-dimensional energy is dominated by its potential energy
— 227 (1p)

It is also correct if more details are given (still 1p):

19




Before the dimensional attack, in 4D:

2
Spherical orbit: Cap G,Mm.
m

2
The dimensional attack relates G, = % G5. Thus, L; = 2CGMm

T

GzMm CGzMm

T mr?

The 3-dimensional energy is E =

Remark: However, considering that G receives O (C /r) corrections, this form is not much more precise than
Gng
E~ —2T7
T

Part C. The Two-Dimensional Newtonian World (4 points) —4E4- it 5F (4 43)
We further reduce spatial dimensions and consider Newtonian gravity in two dimensions (n = 2).

HATRE— DA SRR, FRE e (n = 2) FERFEFEE] 77,

Provide formulas for the Newtonian gravitational force law and the corresponding 1 point
c1 gravitational potential energy in two dimensional. P
N Y 4 1
SR BT 5 A1 AR S AR @
Solution:
F = -2 (05p)
V =GMmlogr/ry orV = GMmlogr (0.5p)
Provide relations for planets to move along circular orbits around the star (give algebraic
equations in terms of r,G, M, m, E, L. You don’t need to solve the equation). 1 point
C2
RAT B G BIRRIEIZ N T A % (G HRT r, G, M, m E, L FIARET R RD 14y
A, AT .
Solution:
2E_ 2GM (logr + const) — —— = 0 (0.5
—~ (logr + const) e (0.5p)

(Note, here a constant is introduced to make the solution more general. The students don’t have to include the
constant in their answer to get this 0.5p)

20




S _ L (05p)

T m2r2

When the values of r, G, M, m, E, L are such that circular orbit is possible, and r is varied
while other parameters are fixed, can the planet

(1) move inabounded ranger; <r <r,,where0 <r; <1, < oo

(2) move from finite r to r —» ?

(3) move from finite r to r - 0?

Just answer possible or impossible for the above three questions (may need to discuss

different cases for different parameter choices). 2 point
C3

Y, 1, G, M,m,E, L (AT A TR RIS, [ e s r iR | 29

[F AR, AT ARG A R

Q) WBAEARE r <r <n, X[HNIZ), HF0<r <r<ox

) VBRI ri23h%E] r > oo

() NEIRM riZ2sh®] r - 0

R L=, S AR RE A RERI T (AT A SRR 2 O A )
Solution:

(1) Possible. Because both (2) and (3) are impossible. (1) must be possible. (Note: however, the orbit does
not close to an ellipse, which needs a longer proof and is beyond the scope of this question. For those
interested, one can search for Laplace-Runge-Lenz vector.) (0.5p)

2

L o o
—— = 0 coincide,

m2r

However, there is one exception: if the two solutions of % — 2GM (logr + const) —
then r; = r, , which does not leave room for the condition 0 < r; < r, < o (0.5p)

(2) The gravitational potential is infinitely deep. Thus, for any finite E, (2) is impossible. (0.5p)

(3) Impossible. Existence of spherical orbit = L # 0. Thus near r — 0,1 is imaginary, no physical meaning.
Alternative but much more complicated explanation: repeat analysis similar to A4-A6, you will get the same
conclusion that you cannot reach r — 0. (0.5p)

Part D. The Two-Dimensional Einstein World (11 points) —4&5% K #rH it 5 (11 43)

Interestingly, in the two-dimensional case, the “gravitational” law in Einstein’s general relativity is even
simpler than Newtonian gravity. In general relativity, there is no gravitational force at all between massive
point particles (the space outside the particles is not curved either). Instead, the only gravitational effect of a
point mass is that the space around it becomes conical (like a cone).

GRS, T ESEEOT, ZRET SCHRX e TR “ 51707 MU L RS ] e E R . T X
XS, YRR 2 AR B A IR 5 77 Ot RS e B s ) o il R A

RN, Ao A L) 22 B O [ HE A
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In the conical two-dimensional world, free particles and light will move along straight lines. Here straight
lines are understood in the following way: if we cut the cone along a ray starting from the top vertex (not
intersecting with the motion trajectory), and lay it on the plane as a circular sector, the motion trajectory is a
straight line on the sector. For example, the lines AB and CD in the figure below.

IR R i Frh, B R T ADC LRI E IS8 X R ELEM Y, KRN EERE 5
MR R S HUB AR BT, IRl BT sov it e, ealfuldmt LR E
2. Bl N B ELZ AB, CD.

When we cut the cone into a sector, there is a deficit angle (the angle that a sector lacks compared to a disk),
denoted by § as illustrated in the figure below. This deficit angle is proportional to the mass M of the point
particle. Here we assume § < .

CRHETIT RN, RIS BE AR RTsR A CREITRR 6 FONBIHERISRIE /1, 55 AR UE
M SIE . AR S < 7.

cut along
dashed line

D
IR

D1

Point P is moving along a circle surrounding point M (M is the center of the sector in
the figure below). The angle between the observer-M line and the MP line (viewed
anti-clockwise) is 6. Depending on different values of 6, sometimes the observer finds
a single image of P and sometimes finds double images of P. For example, in the figure
below, the observer can observe double images along the dashed lines. Find the
condition for the observer to observe double images, and the angle between these two
images (the angle between the two dashed lines in the figure).

A1 P S A M R FIE ) (M El
L) o W LE R~ B AL P AR 3.
WIE 5 ML S MP L, GRIBNE S s i
) AN 0. b 0 BUERF, W HH
FHIP Mg, HMAEBWG. Hlt i, L

2 points

245
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Solution:

(1) When T — § < 6 < m double images, otherwise single image (1p)

B=27-0-§

S
i+, ==

(2) Angle between the two images: the angle is §/2 (1p)

(A simpler observation is to use the inscribed angle theorem and get § /2 directly for this 1p.)

At t = 0, apoint particle with mass M (with corresponding deficit angle &) moves towards

observers P and Q. The direction of motion is perpendicular to the PQ interval, and the

speed is v (much smaller than the speed of light). The mass of P and Q are negligible. At

the initial time t = 0, P and Q are at rest, distances MP = MQ, PQ = 2d, the distance

between M and the PQ interval is s. Calculate the time t,,, when P and Q meet.

2 points

D2 | iy M O N FEGRIE 6) H i s [ A

R AR Py Q B, BV P yyim| 2%

RET PQ %Lk, EXHv GEAT M @——2 2d pie

) o fEVIMERZ) t = 0K, P Q H ik, £

B MP=MQ, PQ=2d, M5 PQ %% Q E OB A

So K P. Q PULINE AHIE KN TA] ¢,
Solution:
Though not necessary, it’s convenient to work in the frame where M is static, and
P&Q are moving. Note that the deficit angle can be drawn facing any dc:i% S ‘"; angle (in
the above examples we have drawn it facing forward, but it can also be 5 M"‘l drawn
facing backward). This is not necessary either, though it will simplify the ZQ discussion.

This setup or an equivalent figure deserves 1p.

The meeting time is thus ¢,,, = [s + d cot (g)] /v (1p).
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Consider the same setup as Problem D2. The observer P (starting from early enough
time) continuously emits sound wave towards all directions. The source of sound has

cZ—v? c056

vibration frequency f. The speed of sound is c; satisfying — (use this

—p2
relation to eliminate ¢, from the result), and the Wavelength of sound is much smaller
than s and d. The media to propagate sound moves together with M (i.e. at rest with
respect to M).

4 points
D3 | Shortly before P and Q meet, the sound frequency that Q hears is f,. . Calculate f,.

44y
E55 D2 @AEBE N, Wil P OB EE I 4E ) Frst i Arg 7 1 & H

P, FEIRMARENIAER N £, 7O B csiﬁﬁ/@wzﬁ CFH = R pE s

12

R E ¢ FEEPBKZENT s M d. F/EZE’J%T% JiERBE T M iz (R
5 MAER I .

£ P A1 Q RURAAHIE T, QWr BIMA HHRLE fro K fro

Solution:

This is a Doppler effect problem. However, since both the emitter and the receiver move with respect to the
media with an angle, we need to derive the corresponding formula instead of using the 1-dimensional
Doppler formula.

Let the sound wave emission time be t,, reception time be t,. (which equals to t as given in the question). Let
L(t) = v(t,, — t) be the distance of P (or Q) from their meeting point, as a function of t. See figure below:
(Look at the black lines now. The blue lines are for Problem D4.)

From the cosine theorem: L2(t,) + L2(t,) — 2L(t,)L(t,) cos 8 = c2(t, — t,)? -- (*). (1p)
We can do two things from equation (*).

(@) Find relation between t, and t,. For this purpose, it is convenient to rewrite the LHS of (*) as L?(t,) +
I2(t,) — 2L(t,)L(t,) cos § = (L(t ) — L(t,))? . From Scosd 2 we get

—‘UZ
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L(t.) = 2L(t,). ie. tp = Bty — £,)2 = (3t, — [s+ dcot( )])/2
(1p, we will not use t, below. But the students may get ¢, which also deserves 1p.)

(b) To get the Doppler effect, we need to find relation between small variations §t, and &t,.. Varying
equation (*), noting SL(t) = —vét, we get

8te _ cZ+v?(2—-3cos) _ 3 (1p)
Sty  c2-v2(3-2cos8) 2 P

c2-v? cosé‘ 13

(In the above, we have used 7 = and L(t,) = L(tr) in the last equal sign.)

Finally, the frequency at reception is

Ste 3
fr=5.f=3f-1p)
Alternatively, after getting L(t,) = %L(tr), one may realize that the number of wave periods received is the

same as the number of wave periods emitted, but in 2/3 time. Thus f,. = %f. This is also fully correct.

Note: if the student use 1D formula, i.e. by mistake considered the case where the media moves together with
the middle of the PQ interval, then we give at most 2p out of 4p for the Doppler part: the relative velocity

between the two points P and Q is vy = 2v siné (1p), Corresponding frequency from Doppler effect,

- - CstVrel/2 CstVrel
something like f, = (CS 1]rd/z)f fr = ( )f or f = (C — )f (1p)

Consider the same setup as Problem D3, starting from which time (i.e. find the .

. . 3 points
D4 corresponding t) on, Q starts to hear this frequency f,.?
\ 3

(615 D3 BRI T, EIRHE (TSR © L Q TRANF SIS £ 2 ”

Solution:

For the frequency f, to appear, the sound has to be to the left of M (otherwise there is no deficit angle). This
is illustrated as the blue lines in the above figure. Consider the marginal case that the sound crosses M. (1p)
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The problem then is converted to the geometry problem above:

Given Z/BAD = ZCAD =§/2, and |AB| = L(t,-) = 3]ACJ/2. Then what’s the relation between the lengths
|AC| and |AD|? Draw line CA’ parallel to AB, and intersect the extension of AD at A’. Since Z/CA’D = g,

|A’C| = |AC|. From the relation of similar triangles, |[A’D| = 3|ADJ}/2. Thus, |AA’| = 5|AD|/2. Applying the
cosine theorem:

2 5\2 s s 2
(%L(tr)) + (gd csc 5) — (%L(tr)) (gd csc 5) cosZ = (%L(tr)) 1p)
Solve this equation for L(t,), and apply the relation between L(t,) and t,., we get

s+d cot‘z—S 5d

5d 5d
6.Andthustr— — =

5 . 6 :
2 = 3sin
6coszsm2

L(tr) =

3vsiné

Alternative approach:

1/3 3
Area of ACB = > (E L(tr)> L(t,)sind = ZL(tr)2 sin 4.

Area of ACD = = (2 L(,) (d 6) nd =310t )d
rea o =55 cscy ) sin = 2 L(t-)d.

A fABD—lL(t)(d 6)'6—1L(t)d
rea o =5 L&) (deses ) sino = - L(6)d.

Therefore,

5d
3siné’

3 3 1
ZL(tr)Z sind = ZL(tr)d + EL(tr)d = L(t)=
Using L(t,) = v(t,, — t), we obtain

s+dcot% 5 d
t =

v " 3sindv
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Note: In reality, although we do not note a danger under dimensional attack to two dimensions, it is still
meaningful to study the physics in two dimensions. For example, in our three-dimensional universe, there
probably exist one-dimensional objects called “cosmic strings”. The cosmic strings in three dimensions are
similar to point particles in two dimensions. Both of them bring a deficit angle to space. The three questions in
Part D corresponds to the three important observable effects of cosmic strings. Searching for cosmic strings
using these three observable effects is an active interdisciplinary research direction between high energy
physics and astronomy.
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Pan Pearl River Delta Physics Olympiad 2021
2021 FRER=FA KA BB AL 58 3875 2
Sponsored by Institute for Advanced Study, HKUST
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Simplified Chinese Part-1 (Total 4 Problems, 40 Points) B4R %-1 (3L45%, 409
(9:30 am — 12:00 pm, 15" May 2021)

Please fill in your final answers to all problems on the answer sheet.
TEEEER HE ESUHREEE -

At the end of the competition, please submit the answer sheet only. Question papers and working sheets
will not be collected.

EEFREE R 15 A B - 1 H RS REAUR A e -

1. [10 points]
A uniform thin rigid rod of mass m is supported by two rapidly rotating rollers, whose axes are separated
by a fixed distance a. The rod is initially placed at rest symmetrically as shown in Fig.1a.

[ E Ry m B S AT P MR RS SE - I INRERVHZER R a - FHReIaE la
BT RS FRIE ©

(a) [5 points] Assume that the rollers rotate in opposite directions as shown in Fig.1a. The coefficient of
kinetic friction between the rod and the rollers is p. Solve for the displacement x(t) of the center C of the
rod from roller 1 assuming x(0) = x, and x(0) = 0.

() [5 53] BHEARLUAR 1 [NER: - 407 La i - FERUARTY FIRUEIRREE 40N p - B (0) =
xo 1 2(0) = 0 + SRFFA: C NIRRT 1 RERTRTES x(0) -

(b) [5 points] Now consider the case in which the direction of rotation of the rollers are reversed, as shown
in Fig.1b. Find the displacement x(t), again assuming x(0) = x, and x(0) = 0.

(b) [5 73] IAEH EEEREHIFERE J7 15 S =BT TE 5 - 40 1b FoR  Bikx(0) = xo F1%(0) =0 » 3K
Rt CMRRE 1 BRI x(6) -

Cox .
I I
X C X C
O 0O O Q
"
Fig. 1a Fig. 1b




2. [10 points]
A cylindrical tank filled with liquid is placed on the side of the table. A small hole is opened on the wall
of the tank near the bottom. The liquid flows out horizontally through the small hole, and hits at point P

on the floor. The height of the table is H, the area of the hole is % (assume k > 1) of the area of the

bottom of the tank, and the initial height of the liquid in the tank is k. Find the velocity v at which the
drop point P moves along the floor and the time T required for all liquid to flow out of the tank.

HERIBCE R R Ads - FasBESRRE A/ ML - RIEL/NUKFRE - RIS
Hii ERYP RS o REEENH > FLAVEFRE A &8 E EAHEY % (% k> 1) » [FREBRES
ho ° K& RAPTHIE EIRVERR v TR RIA M B2 TR AT AR RIS R T

ho

3. [10 points]
A uniformly magnetized iron sphere of magnetic moment 7 = mZ and
radius R is suspended from the ceiling by an insulating thread. A total

charge Q > 0 is uniformly distributed throughout the iron sphere. We use
the Cartesian coordinate where the origin is located at the center of the Z
sphere, xy-plane is the horizontal plane and z-axis is pointing upward.

WS m = mz HAMEN R BV S EBRERIE A B S S KA r
b - HHEAQ > 0 MY AAER NIRRT « BAVEMAE F/RE 6
o B GAL TR0 - xy-FRUEKFH > 2Bl B -

3l

The magnetic field at position r due to a magnetic dipole 7 at origin is
given by x
IR RGBSR T m P eV, » FE(LE 7 2AY

Ho <3(r7i )T _>>
-m

= -

r2



(a) [3 points] The Poynting vector S (7) at point 7 is defined as
(a) [3 73] SEVIERES (AER T EAYE NN
S@ =

1 - -

—E X B,

Ho
where E and B are the electric and magnetic fields at point 7. Calculate the magnitude of the Poynting
vector S (7) both inside and outside of the iron sphere.

Hrft E f1 B A5 7 ARSI o TR SERN SRS E IR R S(F) fIAUN -

(b) [2 points] In fact, the system has a non-zero angular momentum due to the electromagnetic field. The
angular momentum L depends on the size of the sphere R, the charge Q and the magnetic dipole moment
m on the sphere, and the physical constant u,. We shall write L = KuSRPQ"m" where K is a
dimensionless constant. Find «, 8, ¥y and 1 using dimensional analysis.

(b) [2 53] KPR L > BT HEBIZHIEE - ZFVASEIES - AR L AU THERRVFE R > 3K E
YRR Q FIRGAEARIE m DURWIBE R AT uo « FATIFERL L = Ku§RFQYm™ » Hrh K 2R -
[EFREN ik a > oy Hin-

(¢) [3 points] To calculate the total angular momentum L of the system, it is given than the angular
momentum density [angular momentum of the EM field per unit volume] Z(?) of the electromagnetic field
at a point 7* is
(©) B N THERSNEAIE L CRER 7 AN REAEEE (RS R A TREY
AZIE] @) 2

= NN 1 N =

I(r) = ar XS
where c is the speed of light. Calculate the total angular momentum L of the system.

Hop ¢ Eek o WEAGINEAEL -

(d) [2 points] Electrons are injected into the iron sphere along the z-axis. The total amount of the charge in
the sphere will reduce and the sphere will rotate. Find the angular speed of the sphere after the injection of
N electrons. Assume that the moment of inertia of the iron sphere is I and each electron has charge —e.

(d) [2 53] BT z R ABRER » BRI AY S AT R - IF HERIRRIER, - st NIRRT EA G
BREVARIE - BOgEBRAVIMAE Y [ JF HE R THYHRED —e o

4. Air Convection in Atmosphere XS N2 ZZS N

(a) [1 point] Consider a horizontal slab of air whose thickness (height) is dz. If this slab is at rest, the
pressure holding it up from below must balance both the pressure from above and the weight of the slab.

Use this fact to find an expression for Z—IZJ, the variation of pressure with altitude, in terms of the density p
of air.

(a) [1 B3] FBE—H == HEEEE)Rdz o YCHEPA T IEIREET - W N ITHET
)R /A o w11 ) 323 ) o 0 b B S = === G o I o¥e s | i D=t R i g I

s AP g = g —
2t D KRS TTE p RET: -



(b) [2 points] Assume that the air is an ideal gas with molar mass M and the temperature T of the
atmosphere is independent of height. Then the atmospheric pressure at height z is given by P(z) =
P(0)e~*#. Find A.

(b) [2 73] BRAZE SRR EE/RIGT & M AVERAREES - T B R =SHDRE T ST o Btk - 7TE& SN
z PR SESERA LA P(2) = P(0)e™ FoR KA e

. . . . d
In practice, the atmospheric temperature depends on height. If the temperature gradient |d—:| exceeds a

certain critical value, convection will occur: warm, low-density air will rise, while cool, high-density air
sinks. The decrease of pressure with altitude causes a rising air mass to expand adiabatically and thus to
cool. The condition for convection to occur is that the rising air mass must remain warmer than the
surrounding air despite this adiabatic cooling.

SRR KSR MR o SRR || Bt — MESER > TR Ar= 6
TRREHES BT BRI S 2 SN R « BERRRE ETH FREISE - (85 EFHIg22 S A4
UK » MTTAH © SRR AR FF PRSI A5 H - YU 2 R

B -

(c) [2 points] Assume that the molar heat capacity of air at constant volume is ¢, = gR. We can show

that when air expands adiabatically, the temperature and pressure are related by the condition

dr T
ap P

Find the constant a.
(c) [2 B] B&Z=SHIEBREERINE R ey = gRo FHIELPTIERE > B2 S U K > DR S RIE S
e LU SR

KEHa -

. ar . . o . .
(d) [3 points] Assume that d—: is just at the critical value for convection to begin, so that the temperature
drop due to adiabatic expansion of the convecting air mass is the same as the temperature gradient of the

surrounding air. Find a formula for Z—Z in this case.
(d) [8 7] fEi% Z—:E%ﬂ:ﬁ SRR ANIGFE - DAEOER 22 S 4 ik S [REATREE N - %
FRBZESHVRERE - R TR T A -

(e) [2 points] Calculate numerically the critical temperature gradient in part (d). Express your answer in
K/km.
Data: The molar mass of the airis M = 0.029 kg,g = 9.8 m/s?,R = 8.31 J/mol/K, T = 300K.

(e) [2 ] HE(DEIIRSURERE 2 8UE - BZELLK/km AL - £{H: M = 0.029kg, g =
9.8 m/s?, R = 8.31 J/mol/K, T = 300K -

~End of Part 1 &-1 5% ~
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1. [10 points]

A uniform thin rigid rod of mass m is supported by two rapidly rotating rollers, whose axes are separated
by a fixed distance a. The rod is initially placed at rest symmetrically as shown in Fig.1a.

[T Ry m BB ANIPERF P DMREEEFEAYVRESHE - P INREIRVEIZIER R a - TTROIA0E la
BT RSRIE. ©

(a) [5 points] Assume that the rollers rotate in opposite directions as shown in Fig.1a. The coefficient of
kinetic friction between the rod and the rollers is u. Solve for the displacement x(t) of the center C of the
rod from roller 1 assuming x(0) = x, and x(0) = 0.

(a) [5 7] BBCRE DA ETT e - 40 1a s » AR Z [ RSN S E0T 1 - Ri%x(0) =
xo F1x(0) = 0 > >KAFduLy C MR 1 BERIALFE x(0) -

(b) [5 points] Now consider the case in which the direction of rotation of the rollers are reversed, as shown
in Fig.1b. Find the displacement x(t), again assuming x(0) = x, and x(0) = 0.

(b) [5 7] BUEH MR FERVIE R )7 Ay Es - AE 1b R o fi%x(0) = xo f1 £(0) = 0> 3K
el C MIRR 1 2RV x () -

l |
xC x C
O 0 O Q
i‘ a 'i
Fig. 1a Fig. 1b

Solution:
(a) The free-body diagram of the rod is:




For equilibrium along the vertical direction, we have
N; + N, =mg
aN, = xmg

= N; =(1—§)mg

X
=> N, =Emg

The kinetic friction forces are

fi=uNy and f, = uN,
With directions as shown in the figure.
Newton’s 2" law gives

mi = f, — f; = =2 (a - 22)

Define ¢ = 2x — a, we have

. 2ug
¢ = —Tf
is a SHM.

where w = ’2%
a
= x(t) = Acos(wt + ¢p) + 3

Att =0, x(0) = x, and x(0) = 0, we have

= &(t) = 2x(t) —a = 2A cos(wt + ¢)

(b) By reversing the direction of rotation of the rollers, we have
" umg
mi = f, — fi =—=(2x—a)

Define ¢ = 2x — a, we have

. 2
§=2d¢

= &(t) = 24e®t + 2Be ¢

2
where w = ’%

By the initial conditions, we have A = B and

a
= x(t) = Ae®t + Be ' + >




0) =xy=24 2 A—1 ¢
X()—XO— +E$ —E(XO__)

2
a a)t_|_e wt
=>x(t)=(x0—§)— 5= ( —— coshwt+§
a
x(t)— —— cosh E

2. [10 points]
A cylindrical tank filled with liquid is placed on the side of the table. A small hole is opened on the wall
of the tank near the bottom. The liquid flows out horizontally through the small hole, and hits at point P

on the floor. The height of the table is H, the area of the hole is % (assume k > 1) of the area of the

bottom of the tank, and the initial height of the liquid in the tank is h,. Find the velocity v at which the
drop point P moves along the floor and the time T required for all liquid to flow out of the tank.

R IBE A RN A6 - AasBE SRR A/ ML - RIEL/NUKERE - TRIERTE

AR FRIPSS - SEIEEH  FLATE TR 2 B S E AR - - Bk k> 1) FORF SRS
ho * K& RPN SRR AR v KA AMZISM%}%‘QEPMUJ%@?EE FYRSSTR] T

Solution:

(a) Assuming the when the height of the liquid inside the cylindrical tank is h, the drop of the water
surface inside the tank has speed u and the liquid coming out from the hole has speed V. Since the
volume of the liquid is unchanged, we have

V =ku

Bernoulli’s equation gives

1 1
2PV =po +pgh+ 7 pu

p0+2




E

29
k2 —

—_

The horizontal range of the liquid is

2H  k/2gh 2H  2kVhH
s=Vt=V X |[—= X |—=
g Vkz-1 g Vk?-1

Therefore the position of P depends on the liquid height h. The speed of P is

ds  2kvH d kWH 1dh_ WH uw _ VH V. _ ko
vV=—= — = - = — = =
At~ ViZ—1dt = Vie—ivhdt Vk2—1ivh Ykz—1ivh Kk -1V

(b) There are 2 different ways to find T.
Method 1:

Initially, the position of P is

2k JhoH
0 1

Notice that v is independent of h, point P moves with the constant speed. When the tank is empty, P
should be under the tank.

SO _ Zkf\[h,oH kz - 1 1 _ Zho(kz - 1)
v Vk2—1 k [2gH g

Method 2:

The speed of the water surface reads,

dh J2gh
a- T Vet
:j—%:— %dt
= 2 hoz\/kzz—?T
Lo [Zho(k?—1)

g
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Remark:

The calculation above is based on the assumption that k >> 1 and the flow is approximately steady (i.e.
the velocity of the fluid inside the tank doesn’t change in time). In fact, we can generalize the calculation
by considering the non-steady flow of the fluid.

We first consider the potential energy of the fluid inside the tank when the height of the fluid is A,

where u is the velocity of the fluid inside the tank and V is the velocity of the fluid coming out from the
hole (u = -).

Next, the total kinetic energy of the fluid inside the tank is (N.B. because of the conservation of
mass/continuity equation, the speed of the fluid inside the tank will be the same),

pu? 1 Ah__
Kiank = TAh = E'DFV

dKiane  1pAdh Ah dV 1pA . pA dv
>~a 2eax’ TPeVaT el teVa

Finally, the rate at which kinetic energy exits the tank via the hole is

dKexit _ dmexit V2 _ pA V3
dt — dt 2 k 2

Conservation of energy implies,

0

au thank dKexit
atTae TTar o
-2 h—(l 1)V2+2th
In=\ e k' dt
We can change the independent variable form t to h using the chain rule in calculus,

v _dvdh av _vdav 1dv?
G- and W TR T Tk an
We obtain the ODE,

2h—(1 1)1/2 L
gn= 2 k2" dh

dv? &
(k2 1V = —9 k2
= T (k= —1) A 2gk




Introducing an integrating factor f such that

d o~ d 2 2df dVZ_ 2 vz _ )
df_ 5 i
ﬁ—dh——(k 1)h

= f = hl—k2

The ODE can be rewritten as
d 1-k27172 251-k?
an (h V ) = —2gk-h

Integrating the equation with the initial condition is that V' (hy) = 0, we have

V(h) =2gh |[——5—

The plot of the solution is shown below.

For the limiting case in which k — oo (narrow opening) and k — 1 (free fall of water), the solution
reduces to

V(hk=1)=29(h, — h)




V(h,k - ) =,/2gh

which is equal to our result obtained in part (a) in the limit of k — oo.

sk sk ke sk sfe sk sk sk s ske sk s sk ke sk sfe s sk sk sie sk sfe sk sk sk sk sk s sk skeskeske sk sk

3. [10 points]

A uniformly magnetized iron sphere of magnetic moment 7 = mZ and radius R is suspended from the
ceiling by an insulating thread. A total charge Q > 0 is uniformly distributed throughout the iron sphere.
We use the Cartesian coordinate where the origin is located at the center of the sphere, xy-plane is the
horizontal plane and z-axis is pointing upward.

HEFE ) m o= m2 HPEEN R BUHSREABERERIE I 4 5 A B RACIR b - S HfQ > 0 3959011
FEREERERTR - FeMIE A Rty » HIE SO TERERRY TG xy-PHEVZE/KFHE » zHifsm_ BT -

The magnetic field at position r due to a magnetic dipole 71 at origin is given by

HAL R RS R B AR T m PR, - AR E T A

By Mo 3(m -7
B(T)_47rr3< r2 m)

Z

r
7]
m
y

X

|

(a) [3 points] The Poynting vector S () at point 7* is defined as
(a) [3 73] BeEIIE R ES (DTS 7 FANE SO

S@) =

-e

1 = -

—E X B,

Ho
where E and B are the electric and magnetic fields at point 7. Calculate the magnitude of the Poynting
vector § (7) both inside and outside of the iron sphere.

Hrft E R B NS 7 VRTINS o BRI N A ETE K S(F) FUAR/N ©



(b) [2 points] In fact, the system has a non-zero angular momentum due to the electromagnetic field. The
angular momentum L depends on the size of the sphere R, the charge Q and the magnetic dipole moment
m on the sphere, and the physical constant y,. We shall write L = KuSR#QYm" where K is a
dimensionless constant. Find «, 5,y and 1 using dimensional analysis.

(b) [2 73] bR b > T HEEIAHIEE - ZANASEIES - AR L AU THERVFE R » 3K E
YRR Q FIREIRARAE m LUK AL o « BATIFERL L = Ku§RPQVm™ » Hrp K R RIHEL -
EHENS i a > By FIn -

(c) [3 points] To calculate the total angular momentum L of the system, it is given than the angular
momentum density [angular momentum of the EM field per unit volume] Z(?) of the electromagnetic field

at a point 7 is
(©) [357) N THERGH R AE L BATES 7 AR E A BRI [FREATE S ARy
AR () &
- 1 -
l(?) = ;F XS
where c is the speed of light. Calculate the total angular momentum L of the system.
Hep o @t - TRAZHIEAZIEL -

(d) [2 points] Electrons are injected into the iron sphere along the z-axis. The total amount of the charge in
the sphere will reduce and the sphere will rotate. Find the angular speed of the sphere after the injection of
N electrons. Assume that the moment of inertia of the iron sphere is I and each electron has charge —e.

(d) [2 73] H50t z R ARRBK » BRI HYE T B/ D - F HERIARFIES? - it NRIRTEATE
BRAVAZRE o BORBEREYITIEIED [ 3 B BT I HEED) —e -

Solution:

[Solution 1] Since iron is a conductor, the charges will redistribute on surface of the sphere.
(a) The electric field inside the sphere is zero and the electric field outside is

Q

E
4meyr3

Hence the Poynting vector inside the sphere is S = 0. Outside the sphere,

=

- 1 —
S=—EXB
Ho

where the magnetic field of a magnetic dipole is,

Uo (3(171’-17)77 _)>
-m

B
4mr3 r2

L3 Q 1 (3(m-PHrxr , |
= —7 X
4dmeyr3 4mr3 r? rem
- Qm R
>5S=—7-—-(£xX
S 16m2e,r> (Zx7)



2 Qmsin 0
~ 16m2eyrS

(b) It is given that

L = Ku$REQvmn

10 =202 o) = 22 181 = 1,101 = 0,m) = 2
By dimensional analysis, we have
[Q]: —2a+y+n=0
[M]:a =1
[Ll:a+B+2n=2
[T]:—n = -1
With 5 equations, we can get
a=1, g =-1, y=1, n=1
And
m
L= K.Uog
(c) The angular momentum density of the EM field is
Z:?xi:ww(zxm:—w%
c? 16m?r+ 16m2r4

Because of symmetry, the total angular momentum has only the z-component, with magnitude

2m m ® msin @ m (27 ™ *1
L, =f dgbf sin@def r2dr (%) sinf = ,quz dqbf sin39d9f —dr
. . 9 l16m“r 16m- J, . i 7

1

--(2+3)=3
o 3) 3

s s 1
f sin® 0 df = —f (1 —cos?0)dcosf = — (cos 0 — §cos3 0)
0 0

Ho@m

>L=
67'[RZ

(c) As the electrons are being injected on the sphere, the charge Q decreases, causing the electromagnetic
angular momentum decreases. By the conservation of angular momentum, we have

poQm o+ to(Q@ — Ne)m
6TR 6mR




UoNem
= =
“ = 6nRI

The angular speed of the sphere is w = —#2:;?

[Solution 2] In an alternative interpretation of the question, the charges are assumed to be distributed
uniformly inside the entire sphere.

(a) The electric field and magnetic field inside the sphere are

- r

o9

4meyR3
. Z = Z m Uom
B:— M:— = A
3.110 SMO%T[R3 27TR3 z

(The derivation of the B field inside the magnetized sphere is in the end).
The Poynting vector inside the sphere becomes,

g _Exﬁ_ Qmr
Ty, 8m2eyR®

A

(Fx2

(c) The total angular momentum consists of 2 parts,
L= Lout + Lin'
where the angular momentum outside the sphere is

- Hon2
out — 67TR

Inside the sphere, we have

- LS mQmirr, - ueQmr?sing
=T 2= gupe " X P XD =g ape %
21 T co 2 .-
= ) UoQmresin@\ UoQm
Lin=J;) dgbj; sdeHL TZdr<_W>Sm9=_15nRz
N _.Uoné_.qumﬁ_qumZA
©t~” 6nR © 15mR°  10mR

(d) As the electrons are being injected on the sphere, the charge Q decreases, causing the electromagnetic
angular momentum decreases. By the conservation of angular momentum, we have

10




_ UoNem
“ = q0nRI

Appendix: Derivation of B field inside a uniformly magnetized sphere.

Let’s consider a static magnetized sphere without electric current. Ampere’s law gives
VxH=0,

where H = ui — M is the auxiliary field. Mathematically, we know that a curl-free field can be rewritten
0

as a gradient of a scaler field ¢,,,
H=~V¢n,
Where ¢,, is called the magnetic scaler potential.
V.5 = uo¥- (H + M) = 0
>V-H=-V2¢, =—V-M = p,, = 0. (inside the sphere) [1]

where p,, = —V - M is the magnetic charge inside the sphere. However, there is a magnetic surface
charge on the surface of the sphere, reads,

amzf-M=Mc059.

Here, r and 0 are sphereical coordinates. One of the boundary conditions at the surface is that the
tangential component of H must be continuous,

= ¢m(r = R+'9) = ¢m(r =R",0) (2]
And the Gauss’ law of magnetic charge gives,

0dpm
or

_9%m
r=R* or

= —0, = —Mcos8 [3]

=R~

In other words, the magnetic charge on the surface of the sphere gives rise to a discontinuity in the radial
gradient of the magnetic scaler potential at r = R.

The Laplace equation V2¢,,, = 0 can be written in spherical coordinates,

aqu) 1 022 b =0

a (.
—(sme 00 +rzsin296(p

o ()
=25 \" 5 m) ¥ 2sina o0
Since the boundary conditions are independent of ¢, we expect ¢,,, = ¢,,, (1, ) is independent of ¢.

:>6<28 )+1 6(_98¢m)_0
o\ 3% ) T sngae S0 5g ) T

Next, we apply the separation of variables ¢,,,(r,0) = A(r)B(68), we have

11



d(29, )—AA i g% BON _ g
dr(r ar A = A4(r) and g g | sinf—5= | = —AB(6)

=>12A4"(r) + 2rA'(r) —2A(r) =0

Substitute A(r) = r™,

The general solution of the Laplace’s equation inside and outside the sphere can be written as
Om(1,0) = ZAlrlP,(cos 0) forr <R
1=0

and

(0]

l

B
ot (r,0) = ZmPl(cos ) forr=R

=0

where {A;, B} are constants can be determined by the boundary conditions and P;(cos 8) is the Legendre
polynomials.

By the boundary conditions [2] and [3], we have
Bl — Al R21+1’

2B,
g A=l

1+ 1B,

e~ LR = 0. if L% 1

Solving the algebraic equations, we have
Al=Bl=0. fOI‘lil

and

The scaler potentials are:

Mr
(1, 0) = — cos 6

12



3

cos @

Pm(r,0) =

3r2

In the vacuum region outside the sphere, the magnetic field is

B = poH = —poVopm =E(—T—3+T—5)

where m = %nR3]\7. Inside the magnetized sphere, H= —ﬁ(]bm and B = o (17 U ]\7)

g M
>H=——
3

And
- 2 —
B :§MOM

4. Air Convection in Atmosphere XS N Z 2SR

(a) [1 point] Consider a horizontal slab of air whose thickness (height) is dz. If this slab is at rest, the
pressure holding it up from below must balance both the pressure from above and the weight of the slab.

Use this fact to find an expression for Z—I;, the variation of pressure with altitude, in terms of the density p
of air.

(a) [1 2] FE—HHHZES > HIER(ER)Rdz ° HZCHTATFR (RS - AR 550 T-#sh
AR M L EHE IS R R H BB & - i P R b = S bRk
X 5 BRLZESHERE p KR -

(b) [2 points] Assume that the air is an ideal gas with molar mass M and the temperature T of the
atmosphere is independent of height. Then the atmospheric pressure at height z is given by P(z) =
P(0)e~**. Find A.

(b) [2 73] B ZZREE/RFTE M AVERAREAS - T ARSHVERE T SR - Witk > &
z PR SESRA LA P(2) = P(0)e ™ R = KA e

. . . . d
In practice, the atmospheric temperature depends on height. If the temperature gradient |d—i| exceeds a

certain critical value, convection will occur: warm, low-density air will rise, while cool, high-density air
sinks. The decrease of pressure with altitude causes a rising air mass to expand adiabatically and thus to
cool. The condition for convection to occur is that the rising air mass must remain warmer than the
surrounding air despite this adiabatic cooling.

ESIRERT » ASHVRRE SRS EL - WRRERE |57 @t — MERER - s
WREAIZES, LT - RS2 SN FIE - BRSRE FAH FREROSUE - F Tz SEIR 4
PR + TS H] = SR R AR PR ETF RS AR A S H) » (Y B 22 UR

g -

13



(c) [2 points] Assume that the molar heat capacity of air at constant volume is ¢, = ER. We can show
that when air expands adiabatically, the temperature and pressure are related by the condition

dr T
ar_ 4p

Find the constant a.
(c) [2 B] RIEZ=SHIERERINEE Ny, = ;Ro FHIEL AT IR - B2 St RKES - SRR
e Ll TS

KE#a -

(d) [3 points] Assume that d—: is just at the critical value for convection to begin, so that the temperature
drop due to adiabatic expansion of the convecting air mass is the same as the temperature gradient of the

surrounding air. Find a formula for % in this case.
(d) [8 1] ﬁii&i—:ﬁ%?w SR M IGE - LB ZE SR iR S RER R N - &
FRBZESHIRIERRE « IR Tk I AR -

(e) [2 points] Calculate numerically the critical temperature gradient in part (d). Express your answer in
K/km.
Data: The molar mass of the air is M = 0.029 kg, g = 9.8 m/s? R = 8.31 J/mol/K, T = 300K.

(e) [2 D] IR (DEPRVIEFUREREE 2 0(E - FZELLK/km N #fr - £{H: M = 0.029kg, g =
9.8m/s?, R = 8.31 J/mol/K, T = 300K -

Solution:

(a) Consider a horizontal slab of air whose thickness (height) is dz and the cross-sectional area is 4. In
equilibrium, we have

dpP
P(z)A = pgAdz + P(z+ dz)A = 2, = P9

(b) Using the ideal gas law, PV = nRT,

RT MP
=)=

Where M is the molar mass, m is the total mass and n is the number of mole of the gas.

dpP Mg
5 —=——
dz RT

= P(2) = P(0)e™**

14



Where 1 = 29,
RT
(c) Using the 1 law,
dU =dQ — dw

For 1 mole of gas during the adiabatic expansion, dU = ¢, dT = ngT, dQ = 0and dW = PdV

5

Ideal gas law PV = RT implies

PdV +VdP = RdT

5
= _ERdT + VdP = RdT

7
= ERdT = VdP
dar 2V 2T
> — = — = ——
daPp 7R 7P
Therefore, a = %
(d) Finally,

dT_(dT)(dP)_ZT ( Mgp)_ 2Mg
dz \dP/\dz) 7P\ RT ) 7R
(e) Critical temperature gradient is

dT_ 2Mg_ BT
T g - okl
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Problem 1: Quasicrystals (28 points)
[B138 1: ik (28 77)

In 2011, the Nobel Prize in Chemistry was awarded to the discovery of quasicrystals. Nowadays, quasicrystals
can be found in many applications such as the hardening of steel. How do quasicrystals differ from ordinary
crystals?

2011 F, ERENEIERRENRUFER, 25, RMNETRZERERRNONA, BIa0RARE
. REAERGTSEBREEFEIAR?

In crystals, atoms are arranged in a periodic manner. The structure of crystals is known by periodically
replicating the basic unit of the arrangement of a small number of atoms (Fig. 1 (Left)).

wRER, FrUEHETIES . BERHMES SERTHINERRN, TN RE
Mzt (B1 (&) ) .

On the other hand, atoms in quasicrystals are arranged in an orderly manner, but the local arrangement cannot
be repeated by replication (Fig. 1(Right)).

A—TH, ARETHRTUEFNIRES, EE2RFNHIAEREIEH MBS AN (K1
(&) ) .

However, quasicrystals are far from random. They have a “hidden order”. For example, the structure in Fig.
1(Right) can be considered as a 5-dimensional cubic structure projected onto two dimensions. To understand
this idea, we will consider a 1-dimensional quasicrystal projected from a 2-dimensional square lattice in this
problem.

B, FEREZZAZHEIN. W51 BEORE . flw, B 1 (F) feE8TEEA
REBN "H=EIR S LT EM . A TEBXNME, BNEREPEEEN_ETIRIRE N —4E
RiE,

Fig. 1: (Left) A crystal (Right) A quasicrystal, known as Penrose tiling.
1: (&) & (A) #RA Penrose tiling BE R,



A. Structure of Quasicrystals (14 points) ERENEHE (14 9)

Figure 2 shows a two-dimensional lattice in which the atoms are located at (x;,x,) = (m,a, m,a) where m,,
m, are integers and a is the lattice spacing. In Section A, we assume a = 1. We construct a stripe defined by
the condition

2 BT N8R, HRRTAT(x,x2) = (nia,mea), my. myZBEE, MaRRAIGEE.
AP, BUMRKRe =1, BIEE—TEKT, HEXA

1 X1
_Sx2<_+T.
T

T is the irrational number 7 = (1 + \/g) /2. The inclination angle a of the strip is given by

TEXEH =1 +V5)/2., EENHAH

1
a = arctan—.
T

-1 0 1 2 3 4 5 6 7 8

Fig. 2: Illustration of the projection method of obtaining a quasicrystal. & 2 : l/,{?ﬁ =N ET/E EIEI'TZ':



We project all lattice points lying within the strip to the line L; defined by x, = x; /7. Since 7 is an irrational
number, the projected atomic positions on L; form a 1-dimensional quasicrystal. The lattice spacing now have

two possible values.

BATBA TR HFANAE BT EIL &L, LINENX Y, =x/t. BTTELER ®RPIL%

FRRTFNEEREN T —4ERE, IE, RREEERDTENE.

2

Calcu'la'te the lengths of the lattice spacings A and B. Write your answer as an expression 2 points
Al (\:ontalnlng\‘r. - 243

TTERIEEE AN B, ZEEMEHFREAXEH.

Write the position z(m,, m,) of the atom of the quasicrystal projected from

(m4, m,) onto the line L, (that is, the displacement of the atom from (0,0)). Write your )
A2 | answer as an expression containing t. I point

BT MOmy, my) B EIL S R RERT R Bz (m,my) (BIMO0) BETH | 17

%) . ERUEHMREATH.

Calculate the average lattice spaf:ing d when the lattice length is very long. Write your 2 points
A3 answer as an expression containing T ‘ 245

TTEYRRKERKNNEYRZEE, EEMNEHFREAXETH.

Note that the configuration of the lattice spacings A and B are no longer regular. It was observed that the

configuration can be generated by the famous Fibonacci sequence, which uses the substitution rule

AR, BEEE A BAHESAEHN,, FAIWRE| RISHEMT IXHEZE &R Fibonacei sequence 4
By, 1ZFR5E B E AR

A—- AB, B - A

For example, the configuration of the first seven spacings ABAABABA in Fig. 2 is obtained by five
substitutions starting from B.

Bign, & 2 FEEMEEEABAABABARSHEFIZ@IE M B FHRRI L ME IR ST

Ad Write the sequence after six substitutions starting from B. 1 point
5 TN BFRINRERFNFT. 193
Let ny and ng be the number of A and B in the sequence. Write the numbers n and ng 2 points

A5 | of A and B after one substitution. g N
S, Hing AFF|HAFIBEE . BET—XE&#H/E, AT BNEE, Mng.




Calculate the ratio n, /ng when the sequence is very long. 2 points

A S IR KT B/ 27

For further analysis, we introduce two mathematical notations. For a real number x, |x| denotes the integer
part of x, and frac(x) denotes the fractional part of x. For example,

AT =2, BAIBIARNEERFS ., TR, |x|Fk- xAOBEERS, Mfrac(x) NFRRxH)
INEGER Y flEn,

[1.73] =1 and frac(x) = 0.73.

Labeling the atom at (0, 0) as j = 0, the position of the jth atom in the quasicrystal is given by
¥00,00MEFIRCAH =0, AREPENEFINEN

zj = jd + frac (];) A.

A7 | Derive A as an expression containing 7. ## SARNFRIEAR, NP EH7T, 2 go;jr\lts
AS Calculate the coordinate (m,, m,) of the atom with j = 101. 2 points
&) = 101 R F B HR(my, my) . 29

B. Diffraction Pattern of Quasicrystals (14 points) EREHNELTHEZE (14 4)

Quasicrystals were first discovered by observing their characteristic diffraction pattern.

FERAEREEBEUSR AT HERE LI,

Fig. 3: Electron diffraction pattern of a quasicrystal. & 3 : ERANE FLI5E,



Figure 3 shows the electron diffraction pattern of a quasicrystal. A crystal is said to have n-fold symmetry if
its diffraction pattern is identical if it is rotated by an angle of 2 /n.

3 ETR—ERENETLIHE. MREFREAEH 2/, HETHERER, WizEEEEn
BEXFRM .

Bl Identify the symmetries of the diffraction pattern in Fig. 3. 2 points
FAAE 3 PTH R R AR 249y

To understand how the diffraction pattern can be derived from the projection method, we first consider the
diffraction pattern of a 1-dimensional crystal.

AT TRNENRE EZTBEITHER, RMNEEEFER—ERENTTHER.

VeEN

Fig. 4: Light diffraction by a lattice. [ 3 | BEAILLTES .

As shown in Fig. 4, the 1-dimensional lattice consists of N atoms. The position of atom j is x;. A light wave

with wavevector K; is incident on the lattice at an angle 8 with the normal direction and is diffracted at the
same angle with the normal. The diffracted wave has a wavevector k; with the same magnitude as K;. The
change in the wavevector is denoted as

WE 3 R, —#HERRANDRTER. RN ERY. WRASEIREH, ASEXE K,
5E&HAES, TIRHETRSEEZRBRNBE. TI5ENEXk, NR/NSKEE. KRHEWL
RKTA

q-= kd - ki'

The magnitudes of the wavevectors are denoted as |K;| = |K;| = k and |q| = g. Note that q is a monotonic
function of the diffraction angle 8, and so can represent the diffraction direction.

R BARNET k| = (k| = kRlql = q. 38, 24T BOMAIBRE, FIL T R TATE T
&,

B2 Write the expression of g as a function of the diffraction angle 6. 1 point
SRt OB RIFAR . 14




The positions and magnitudes of the diffraction peaks are given by the structure factor defined as

PIHIENMEN AR/ NHEME AL, HEXA

N 2 N z

1 1
S(q) = N Z cos(qxxj) + N Z sin(qxxj) ,

=1 j=1
where g, is the x component of q. EH1q, 2qHxD =,

Remark: Students who are familiar with complex numbers may use the definition
1 ABERNRFTUERTIIEX

N 2

S(q) = % Z exp(igxx;)| -

J=1

Consider a 1-dimensional periodic lattice in which x; = jd. ZE—#%EESRI%, Hix = jd.

What are the values of g at the peak positions of the diffraction pattern of the periodic

B3 | lattice? 2 goﬁi;\ns
ERHSRENTTHEREF, BEMELNEREZ D ?

Now consider the case that each atom in the periodic lattice is “smeared” out to a length b, where b < d. This
means that the density p(x) of the lattice becomes

MAZEBUTER  BREETHNENETEHE HE 2KED, Hbb<d, XEREEERHNE
Epx)ZEH

1 )
P(x)=5 ]dSXS]d-Fb,
0 otherwise.

The diffraction peaks do not have the same magnitude any longer. £T5fIE AR EFHE K/,

B4 Calculate the magnitudes of the diffraction peaks at q of the smeared lattice. 2 points
TTERBRRQLLTEIERI K/ 249y

Now consider the quasicrystal in Part A. Since there are two incommensurate lattice spacings in the quasicrystal,
its diffraction peaks are given by wavevectors with a pair of indices,

WEZE A BROERE. BTHEERETFERMABRNEBEE, FWERENLTSIERR
B —NEHRERSH,



Consider the phase ¢ = g, 2; in the structure factor of quasicrystals. Write the
expression of the phase in the form

ERERETEMET S = gmazjo BE THIFIER 2 points

B5
¢ = 2nF + Xfrac (];), 25
where F is an integer and X is a real number.
HAPFZEH, XELE
B6 Calculate the magnitude of the diffraction peak at q,;,,, . 2 points
T EE G LRLTHIE K/, 249y

Find (m, n) for the highest diffraction peak in the range 0 < n < 3, excluding (m,n) =
(0,0). Then calculate g,,, (in units of 27t/d) and the magnitude of this peak. 3 points
BT | IS0 < n < SNBBETSE(M ), FEIEm,N) = (00), REHHG, | 34

(M2m/d R Ehr) FMIZEERKR/N.

Problem 2: Black Hole Physics (32 points)
[B7H 2: RiEMEE (32 43)

Black holes are the most mysterious objects in our universe. A black hole is surrounded by an event horizon
(horizon for short). Anything that falls through the horizon into the black hole cannot escape. If a black hole
is stationary, not rotating, has no electric charge, then the horizon is spherical, with radius R = 2GE /c*,
which can be also written as R = 2GM /c? using Einstein’s energy-mass relation E = Mc?. Here G, ¢, M and
E are the Newton’s constant, speed of light, and mass and energy of the black hole, respectively. The
horizon area is thus A = 4mR?. The singularity “inside” the black hole is one of the greatest mysteries in the
theory of gravity, since the energy density of the singularity appears to diverge and the classical general
relativity fails to operate there.

RIAZTHPRFRORE ., REESHIST (ERUST) 5, B EERRRNREA L
k. MRFBEERESH, PREGAHEE, WREARSKRLH, HFRZAR=2GE/c*, F}RER
HrBMREER R E = Mc?, RRALRBITUSER =26M/c? . KB G, ¢ M RE DA AFHEINE
. R, BRRENREFNERZ. WAERE A =41R*. RERNBHFTLARRHUHNSINARZ
—, AFRME EERETESFK, K47 NENRAFEM.




In the following, we will discuss the formation, thermodynamics and rotation of black holes, and how a
civilization may use black holes as power plants.

HEABH, FATBTHERFNEA. BhFEMEEERR UENRREREENTTREML,

Note: To avoid the usage of general relativity, in this problem, no concepts about curved spacetime will be
introduced. You do not need to think about curved spacetime when working on this problem.

E L AEREA XAENRFIR, ABBAZFIENEEHEFRS. ERANITEEZENTEH.

PART A. FORMATION AND PROPERTIES BRI B R

We study a simple formation mechanism of black holes. Consider a spherical shell of photons (quanta of
light) is moving towards the center of the shell to form a black hole. The self-interaction of the photons can
be ignored.

BMAR—NERARBEEANG . ZE—DET ENET) KR, XPIRTPHALFEIRTH O
Z5, MEMAR. N2t TZENEHEEEM.

Assume that the wavelength of photons is short enough, and thus the shell is thin (this
short wavelength assumption only applies for this Question Al, and may not apply for
later questions), which of the following describes the formation of the horizon and the
singularity of a black hole?

BRRAFEKEBRE, FRERRRE (X MNMEKITM R AEA/NE, Bl AL 4,
EEMBERRNAFRZEEKEN . THR— 1 EGRER T REAANT S0

TR ?
¢ t t t :
Al (A) (B) (C) (D) I point
15
= Photon Shell / . FEK3% / FFEKFT
VW Singularity / &85 / T = ==== Horizon / R 5} / 57
Suppose the photons in the shell all have wavelength A. Thus, the energy of each
photon is E,, = hc/A, where h is the Planck’s constant. To make a black hole with 1 voint
A2 | horizon radius R, what is the number of photons N needed? IPC;;\H

RIRRFTRPIEETHUKKERZ 4. BT, BMETHEENE, = he/A, Hiph
EEHREH. HTRARAFZARFRR, KIEFBHHETEN.

Entropy of infalling photons 134533 & # ¢ 7 A9 i



For a shell of N photons, the entropy can be written as Sy, = « k;lNCZ. Here kg is the
Boltzmann’s constant and « is a dimensionless constant of order 1. (In the below
analytical formulae, a should be kept explicitly. In order of magnitude estimations, a
A3 | can be set to 1.) Find integer numbers c¢; and c,.

N KT RB RS TINE B Sy, = a kON2, KB ky SR/REBEE, L3
@ ~0(1) BN ERMER. (ETASENEFART, ERBe, ERRRE
b ST o BOMEERCY 1) REH ¢, F ¢,

1 point

Entropy of the black hole 2 i

Taking 4 = R, we have the entropy of the black hole § = Sy,,. (If A > R, the photons
are too non-local to form a black hole. Thus, the A = R photons carry the largest
amount of information.) Write S in terms of R, @ and the constants of Nature. 1 point

AT 1igA=R, RIVGBIBRANMES = Syyo (X2EN, WRA>R, WAFEREE | 14
AR, FEERBHEERE T, 1 =RAEFINETRZNER. )IEAR aFE
AYIEEHRT S,

Based on the black hole entropy formula, which of the physical observation is incorrect?
Choose one from the below answers.

A. Black hole entropy is an interdisciplinary research direction of thermal, quantum and
gravitational physics.

B. The black hole entropy is an extensive quantity which scales as the volume of the black

hole.

C. The existence of black entropy indicates that black hole should contain many
microstates. :

AS 1 point

D. Black holes are gravitational systems with non-perturbative quantum effects, and are 14>
thus a key to quantum gravity.

RFERFFO A, TEBHEHERA ? FRAEF—T.

A RRBERNFE. BFERNSI DA ER.

B. KRR &, SRFMEIRAMIELL.

C.REFEM, PIUBRIZFEBYIRE.

D. RAEEFFBILETHILNEINARS, FUEBRE TSI NHN—EHRX.

Part B. Entropy bounds of nature 2 %R

It is conjected that black holes are the densest objects of nature, not only in energy, but also in entropy and
information. Based on this observation, estimate the quantities in Part B. By estimate, you need to get the
correct order of magnitude. Order one coefficients may be neglected.

PEFFFEN, REMEER LEEEESANYE BEREER. ERRERANYE. £T
XAMEN, EXS Part B PRVMIEEMEBEREIT. RAFERMEITERNEER. 0(1) WEHTUZ
& o

10



Bl

Nowadays, computer hard disks store information with a day-by-day increasing
information density. However, to store information, enough number of states, and thus
enough entropy is needed. This is understood from Boltzmann’s statistical
interpretation of entropy: S = kg In (), where Q is the possible number of states of the
system. Consider a spherical hard disk in the vacuum, with capacity 1Tb = 10'? bit.
What is the minimal radius of this hard disk?

HEl, BREETNEFENESREMREX, B2, ATHEFHEER, RINFTE
EBZIRESE, MIAFTEEBZNE. X MMERZEBNHITHEETE
H:S=kylnQ, HEFQRZRGITELTHRENEE. ZE—NPETHHIBKE
R, BFEAN1Tb=10"Lb4F, KEEN&/NFE.

2 points

243

The Bekenstein Entropy bound Il 5 1B fE R

B2

Consider a clump of matter with mass M,,, (and thus energy E,;,) and radius R,,,. When
this clump of matter falls into a black hole (the black hole has existed before the clump
of matter falls in), we require that R,,, should be not greater than the horizon radius of
the initial black hole, to make sure this clump of matter can fall in. Denote the entropy
of this clump of matter as S,,,. Find a universal upper bound of S,,,, in terms of E,,, and
R,,, but independent of parameters of the black hole, or Newton’s gravitational
constant G.

EIRREA My, (FTIAREEA En), F12A Ry N—BWR. HXBYREH—
REN (W%, RREMELHFET), FMNEK Ry AARTREAKAUR
2, AAXHEAEWHERXRY IEHEE. FAXMNIE, KXY RAE S, B9
EEER. (REEH Sy B ERBEM En M Ry R, BB TRIFHNSE,
AT+ HEH#HG,

Note: Necessary steps of derivation is required.

x BESHLENHESTR.

4 points

443

B3

For a 1Tb hard disk with 1nm radius, what is the minimal mass of the hard disk?

MF—PFEAH 1Inm, FEAITDHNER BEENREZELAZKY

1 point

193

Part C. Black hole Temperature and radiation 2iE 98 EfiR5

Cl

Find the black hole temperature T in terms of horizon radius R.

KERAEET, BUHRFEEZEREFR.

2 points

2493

HAWKING RADIATION E£iE5

C2

According to the Stefan-Boltzmann law, an object with a temperature T should radiate.
Calculate the radiation power P in terms of the horizon radius R.

2 points

2493

11



HETFEN-RRLZEER BRHERET YRS XHES . TEEFNIERP, A

%}bﬁﬁlﬁ I R 7:6:27.!?0

Note: the Stefan-Boltzmann constant o can be written in more fundamental quantities
2m kg

a50 = T5c2n3 ‘s

- FOS . [ 215k

EHE LB REEE R o TUAFREANYIREREL (0= 52

15¢2h3°

Primordial black holes are a conjected type of black holes, which has existed almost
from the “born” of the universe till now. Denote the mass of the primordial black hole
by Mp when it has just formed in the primordial universe. For the primordial black holes
that still exist now, estimate a lower bound for their M (ignore the accretion of the 4 points
primordial black holes). 4 4y
FRHERBEEIANAD, EFEREZY, RURELFEE—LREB. MBS E
BIATEE. B Mp ATEFHEY, EVMREBRNEANNRE. A7TILERVIRE
BEINAEMDMATE, KM VTR (REEEREYRBIIKIR).

C3

PART D. ROTATING BLACK HOLES jjg# iy 2 iF

Realistic black holes are typically rotating, due to the angular momentum conservation of in-falling matter.
With rotation, the first law of thermodynamics of a black hole is dE = TdS + QdJ, where () can be
understood as the angular velocity of the horizon, and J the angular momentum of the black hole. In the
following, we consider the = 0 parameter regime.

PSR R RB—REREN . XERAREMLRBONE—RETRHNE, NEANETIE.
NTERMORR, RBORNDEE-ERNIE =TdS +Qd], HP QuUHIERANTNAEE, |2
RIARAEE. TTEEEP, BAVERE Q= 0 SHX A,

Now, we let the black hole to interact with a clump of matter outside the black hole.
After non-adiabatic interaction, part of the matter falls into the black hole, such that
the change of energy and the change of angular momentum of the black hole satisfies
dE = AdJ, where A is a constant. Find the range for A for the black hole to lose energy 2 points

Dl

after the interaction. 245
WaEFZBRASRRASIMNANIEBEER. SUFEANBEER, FoYHRE

HERR. XPMIED, RREENANENTUHE JE =Ad], HFAZ—1E
. ATUERRESYRMAEERTRERR/), KAHNBESER.

In D1 we have found out the principles of extracting energy from black holes. In practice, we study an
explicit toy model of how matter extract energy from a toy “black hole” in Newtonian mechanics (i.e. no
special relativity or general relativity needs to be considered). This is a simplified version of the so-called
Penrose process.

DL, BMEMTMAERPREREEN—MEN ., IE, BIMNAR—ANIEER, k#HE—LI1ER
%Tﬁﬁﬂﬂ}%—/\qﬂﬁﬁﬁ%ﬁq:‘m ‘GARE" (BEER, AEEFEIENAEINRF XAEX B RY)
REEE. X ‘ISR B9— ELhRA,

12



Let’s model the rotating black hole as a rotating sticky ring with radius R, initially with mass M; uniformly
distributed on the ring, and angular velocity ;. Its center of mass is initially at rest. We neglect the
gravitational effects of this ring (i.e. the ring does not source a gravitational force in our approximation).

ERMA—HRAR, EEN, BHENTRENRE. XNGEREHN M, B3P0 WTIHLE),
AEEA Q. BMHENZ, RAFUOEFERN. RMNBEIASI NN (B, ERANALELL
T, XPRFIFARFESIN),

Now, consider a composite particle AB (there is a force to bind A and B, but the binding energy is
negligible), where part A and part B has mass M, and Mg, respectively. A and B are considered as point
mass.

&, ZER—NEESHT ABAMBZEMNIEABREE—k, BIRE ABNBETNAKE), H
A BB H B EB D AR B E M, 1 Mg, AFIB %B—ILXEEJU??, o

9%
Vin /
—_
B B
M, Mg

Step 1/ E—H Step2 /B Step3/ FE=%

l

Step 4 / M

Step 1: the composite particle AB moves toward the center of the black hole with an initial velocity v;,,.
B—F EENTUYERE v, AERNTIES.

Step 2: AB stick on the black hole surface, and rotate together with the black hole.

E-F  ABMERRKREL JFEBERFEN

Step 3: B got absorbed by the black hole. To simplify the calculation, assume here (in D2 and D3) that after
absorbing B, the black hole is still a uniform ring with radius R, and its new mass is M; + M.

£=2F  BHARRK., AT EMAUTE, iR (f& D2 # D3 &) B HKW/E, RBNDRA—TIYIE
WRR, FRMAR, MHMNREZRT M+ Mg,

Step 4: At the moment B got completely absorbed, the binding between B and A disappear, and then A
moves freely to the tangent direction of the black hole in the black hole reference frame.

B 4B EWRIKAIBIE, BMAZEMNREERT. T2 AERANSERT, ABRERRK
Y% TIm B E K,

Steps 2, 3, 4 happen fast enough, such that the amount of rotation of the ring during these steps is
negligible.

BT, =, IFREBEBIR, XESRPREREINAZT NBEART.

13



Find the condition that the ejected kinetic energy K,,,; for particle A is greater than the
initial incoming kinetic energy for the composite particle K;,, = %(MA + MB)viZn, in the
D2 |formofQ; > --or(); <-

BT A B SENREN Kowe, BEERTHIVIBNEEN Kin = %(MA + Mp)viy. K
Kout>Kin EI];J'\'[L-F FH-Q > - _KQ <- %ETO

4 points

443

Suppose a civilization uses a rotating black hole as a power plant, by repeatedly using the model and
process described in D2, and make use of the difference in incoming and outgoing kinetic energy.

Rix— X BT Miede RIFKIZIEEE . RIEBNITIER AN D2 PR g E, WENAH
SIS ERRE

The black hole is initially at rest with mass M and angular velocity (). Each time, the civilization throws
composite particle AB with the same initial velocity v;,, with respect to the civilization themselves. The
composite particle AB has mass My, Mz << M. Again, to simplify the calculation, just as in D2, we model the
black hole by a uniform ring with fixed radius R although its mass grows by absorbing B.

Miakzl, RREFHE, REAM, BHEHNQ XK XPXBIE—NPEENT AB BAERYIRE
K vin (*HXT? XNMXABCHSER) PEIRRAT. BRESHTHRE My Mp < M. ABUITE,
IEgn D2 —t¢, BANERBEUASIR. FREEARHMER. BTREBRT, EIRREHEIN.

This process is repeated as long as energy can be extracted from the black hole. When the process is
repeated, the civilization keeps at rest in the v;,, direction (the horizontal direction in the figure in D2), but
follows the motion of the black hole in the directions perpendicular to v;,.

BNEEXMERE, BEEAHENRRTRREENLE. SEEXMERENRE, XDXPE v, 77
) R¥FERLE (RD D2 BEIFH9KET ), BEEET vin 97710 ERFERIFZE.

At the moment when no net energy can be extracted from the black hole, the
civilization stops throwing matter in. What is the terminal angular velocity {1, of the
D3 | black hole wh\en the civiIizaFion stops throwing rpatter in?_h s \ 6 4>
HAFRAXNMEEMNREPRNEEN, XNMXRELEDERMARR, KX
PMXRAFREZRMHFYEE, KBRRRSHAERE Q.

6 points

~End of Part 2 -2 5¢ ~
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There are 2 problems. Please answer each problem starting on a new page.
2/, B% 18, JeRHF— LK.

Please answer on each page using a single column. Do not use two columns on a single page.

B UGS FHB—EA R 77 N . ANATLAE — 5048 B DA EL A 77

Please answer on only one page of each sheet. Do not use both pages of the same sheet.

TR AR ITNES . AP LATES .

Rough work can be written in the answer book. Please cross out the rough work after answering the questions. No
working sheets for rough work will be distributed.
BRI LS A L, AR BRI A Y, e R SRR

If the answer book is not enough for your work, you can raise your hand. Extra answer books will be provided. Your
name and examination number should be written on all answer books.

BT EMEAG T S TE, A EEESES T NS S

At the end of the competition, please put the question paper and answer sheet inside the answer book. If you have
extra answer books, they should also be put inside the first answer book.

PEAELE RN, T 5 A M R AR e A0 25 R LTI, A A ) 5 At T A B — A 2 L 3 L T




Problem 1: Quasicrystals (28 points)
& 1: R (28 4)

In 2011, the Nobel Prize in Chemistry was awarded to the discovery of quasicrystals. Nowadays, quasicrystals
can be found in many applications such as the hardening of steel. How do quasicrystals differ from ordinary
crystals?

2011 F, ERENRABRKENRAER. £S5, BNETRNZEREARRONLA, FNNaEE
. REAERFSEBREEFEHAR ?

In crystals, atoms are arranged in a periodic manner. The structure of crystals is known by periodically
replicating the basic unit of the arrangement of a small number of atoms (Fig. 1 (Left)).

rwREF, EFUBRBHETRAS .. BEAHMMES PERTFHIINERRA, Mo EFE K&
Mzl (A1 (£) ) .

On the other hand, atoms in quasicrystals are arranged in an orderly manner, but the local arrangement cannot
be repeated by replication (Fig. 1(Right)).

A—HE, ERETHNERFUBEFNARES, ESEMOHIAEREEF MBS EHES (K1
(&) ) .

However, quasicrystals are far from random. They have a “hidden order”. For example, the structure in Fig.
1(Right) can be considered as a 5-dimensional cubic structure projected onto two dimensions. To understand
this idea, we will consider a 1-dimensional quasicrystal projected from a 2-dimensional square lattice in this
problem.

BE, EREITZAZEVN. WONE— "REAAE . 6l Bl (7)) FNEETUEEA
REBN g 5 BTN, ATEBRINMUE, BMNERETRZRMN TR HN—%
HERE,

Fig. 1: (Left) A crystal (Right) A quasicrystal, known as Penrose tiling.
1 (&) & () FRA Penrose tiling AIE R,



A. Structure of Quasicrystals (14 points)  RENEH (14 4)

Figure 2 shows a two-dimensional lattice in which the atoms are located at (x;, x,) = (m,a, mya) where my,
m, are integers and a is the lattice spacing. In Section A, we assume a = 1. We construct a stripe defined by
the condition

2 BRT AZTHER, HPEFANT (0, x) = (na,mya), my. my2EE, MaRHKEEERE.
£ ANE, RAVER.=1. BIEE—ESE, LEXA

X4 x

1
_Sx2< +T.
T

T
T is the irrational number 7 = (1 + V/5)/2. The inclination angle a of the strip is given by
T REEH T = (1+V5)/2, KBHMHAD

1
a = arctan—.
T

-1 0

[ERN
N

3 4 5 6 7 8

Fig. 2: Tllustration of the projection method of obtaining a quasicrystal. 2 [x){&"ﬁ?ﬁ 5%@%/& E%'TZ'S o



We project all lattice points lying within the strip to the line L; defined by x, = x; /7. Since 7 is an irrational
number, the projected atomic positions on L; form a 1-dimensional quasicrystal. The lattice spacing now have
two possible values.

BB TR EFRNTEBRRREE| L2 L, LNEX Ax, =x/t. ATTRLER, KT %
FRRFNEFERER T —4#ERE. NE, RKEEERDITERNE,

Calculate the lengths of the lattice spacings A and B. Write your answer as an expression 2 points
Al | containing 7. 12) N
TTERKEE AR B, ZEMEHFREXETL. 7
T
A=cosa= ;
1412
1
B =sina =
1412
Write the position z(m,, m,) of the atom of the quasicrystal projected from
(my, m,) onto the line L, (that is, the displacement of the atom from (0,0)). Write your 1 point
A2 | answer as an expression containing T. lp(/)l\n
B TMmy, mp)RZEIL 2 F N ERKRTAIEZz(my, my) (BIA(0,0) B|RFHY 7
%) . ERUEAHREAEH.
( ) ™m, +m,
z(my,m,) = ——.
v V1 + 12
Calculate the average lattice spacing d when the lattice length is very long. Write your 2 Doints
A3 | answer as an expression containing 7. 12) /\
TTEYBEKERKNNOFEYRIKEE. ERUBTHNFRERATT, 7

Consider the end point (m;, m,) of the lattice [1].

The length of the lattice approaches /m2 + m3.
The number of lattice points approaches m; + m,
Furthermore, m, approaches m, /.
dz\/mf+m§_\/1+1/r2 Viz+1 V12 +1

= or or
my; +m, 1+1/t T+1 T2

Note that the configuration of the lattice spacings A and B are no longer regular. It was observed that the
configuration can be generated by the famous Fibonacci sequence, which uses the substitution rule

AR, WIREIEE AR B AHESI AT, MWK E] RI8AVZEM ] I HZE B R Fibonacci sequence 4
X, 1ZF5E BRI
A—- AB, B - A.



For example, the configuration of the first seven spacings ABAABABA in Fig. 2 is obtained by five
substitutions starting from B.

Bign, & 2 Ei-ENEEEABAABABARYHES 28I M B TR B M EBHRIKFH.

A4 Write the sequence after six substitutions starting from B. 1 point
5 TM BFRNRERFNFS. 19>
ABAABABAABAAB
Let ny and ng be the number of A and B in the sequence. Write the numbers ny and ng 2 points
A5 | of A and B after one substitution. 12) N
L Hing AFFRATIBEE . BT —XRE#%/E, AT BHEER, Mng. 7
n, = ny + ng,
ng = ny.
A6 Calculate the ratio n, /ng when the sequence is very long. 2 points
HE L FIRKR A FIn, /ng . 29y
Let r = ny/ng. Dividing the above equations,
1
r=1+4+-
r

When the chain is very long, r' approaches r. Hence,

1
r=1+-
r
r’—r—1=0.
1++/5
rE——=r1

For further analysis, we introduce two mathematical notations. For a real number x, |x| denotes the integer
part of x, and frac(x) denotes the fractional part of x. For example,

AT =, BAIBIABIEET S, W THEx, [x]F=7 xNBEED, MfracCo) Rz xh
INEERSY o B4,

[1.73] =1 and frac(x) = 0.73.
Labeling the atom at (0, 0) as j = 0, the position of the jth atom in the quasicrystal is given by
BO0,04MEFIRCH =0, EREPENMRFIOMEHR



_ j
z; = jd + frac (T) A.

A7 | Derive A as an expression containing 7. ## SANFRIAR, NFEHET, 2 g(;jlilts
Method 1:
We can see from Fig. 2 that when j = 1,
1
T =
! 241
1 1
frac (—) ==
T T
From A3,
T2 4+1
Substituting into the equation,
1 VTP +1l A
2+1 T C
1

Method 2:
Note that (see the proof below)

1 T’
: . |J
mp; =]—my =]_l;J-

v = el bl - Bl = 2= e - e 6]
Ji Ji T—1 frac(j) V1412 1 (j
T

= + — = - frac —).
Vi+12 121412 V1412 72 J V1 + 72 T
1
A= ——
Wt +1

Proof of my = |j/z|:
Noting that the upper boundary passes through the point (—1,1), we can calculate the number of atoms

enclosed in the strip by subtracting the number of atoms in the area BCE from ACFG.



Number of atoms in area BCE = z (l J + 1)
E
m1+1 G
Number of atoms in area GDF = z (l J + 1) D
m1+1 i A C
i
Number of atoms in area ACFG = z (I—J + 1) +my + 2.
i=0 T
m1+1

i
Number of atoms in the strip + atom A + atom G + Z (l J + 1) —atom B = Z (I—J + 1) +my + 2.

m1+1
Number of atoms in the strip(=j + 1) = z (l J + 1) tm+1- Z (l J U 1)
m
1t J my + 2.
my;+1

For each value of m,, there are at most two atoms. For the atom with a higher value of m,,

my+1 m; +1
! +(m1+1)—frac( )=(m1+1)r—frac( ! )
i 1 m; +1
]—=m1+1——frac( ! ),
T T T

m1<];<m1+1,

m =
1 T .
For the atom with a lower value of m,, we note that its previous atom belongs to the group with m; — 1.
Hence

m; +1

j =

j=(%J+m1)+1=%+m1+1—frac(m)=mlr+1—frac(%).

i—. =my + 1 = lfrac (n:)

m1<];<m1+1,

-t}

A8 Calculate the coordinate (m,, m,) of the atom with j = 101. 2 points
TTE) = 1019 R F B L4R(my, my). 24
101 101 101 101
frac( ) = = l J = — 62.
T T T T



ol T2 +1 1 (101 62) 101 4 62(t—1) 394627
VA = — — = = :
1ot T2 T2+ 1\ T VT2 +1 V1241 vtz +1
On the other hand,
™m, + m,
Zj = mlA + sz B R y—————
T2 +1

Hence, (m,,m,) = (62,39).

B. Diffraction Pattern of Quasicrystals (14 points) EEAENETSHEZE (14 4)

Quasicrystals were first discovered by observing their characteristic diffraction pattern.

FERAEREEEBEUREFITHERERIM.

Fig. 3: Electron diffraction pattern of a quasicrystal. & 3 : ERANE FLI5E.

Figure 3 shows the electron diffraction pattern of a quasicrystal. A crystal is said to have n-fold symmetry if

its diffraction pattern is identical if it is rotated by an angle of 2mr/n.

B3 B r—fERENE TSR, MREERREAE2r/nr, HUTHERMER, WZ&EREEn

EXFRRIE

Identify the symmetries of the diffraction pattern in Fig. 3.

Bl 2 N 43—
PHAE 3 TR RAYIIRME

2 points
245

The diffraction pattern in Fig. 3 has 2-fold, 5-fold and 10-fold symmetries [2]. Note that since pentagonal
structures cannot fill up the space fully, they cannot form periodic structures. See Penrose tiling in Fig. 1. The

5-fold and 10-fold symmetries are characteristics of quasicrystals.

To understand how the diffraction pattern can be derived from the projection method, we first consider the

diffraction pattern of a 1-dimensional crystal.

AT T RN EZTBETHER, RMNEXFE—ERENTTIHESR.




VLN

Fig. 4: Light diffraction by a lattice. [ 3 | BRI HLLTET.

As shown in Fig. 4, the 1-dimensional lattice consists of N atoms. The position of atom j is x;. A light wave
with wavevector K; is incident on the lattice at an angle 8 with the normal direction and is diffracted at the

same angle with the normal. The diffracted wave has a wavevector k; with the same magnitude as k;. The
change in the wavevector is denoted as

ME 3 FiT, —EMENAETAR. ETMRERy. KEASSER, A AR LK,
5FX%mMAEe, TiHETREEERERENARE. PTI5HENEERK, WK/NEK R, BRTL
RITA

q-= kd — ki'

The magnitudes of the wavevectors are denoted as |k;| = |K;| = k and |q| = g. Note that q is a monotonic
function of the diffraction angle 6, and so can represent the diffraction direction.

BERORNRT Ak = k| = kFlql = q. TR, q2PTHAONRIFRE, o RIS TS
[

B2 Write the expression of q as a function of the diffraction angle 6. 1 point
SR qtE Nt RO BRMRAR . 14
q = 2ksiné.

The positions and magnitudes of the diffraction peaks are given by the structure factor defined as

PIHENNEMK/ NHEMER AN, HEXH

N 2

1| T
S(q) = N [z cos(q.x;)| + N z sin(qy,x;)
j=1

=1
where q,, is the x component of q. H£dq, 2qIx D E.

Remark: Students who are familiar with complex numbers may use the definition

i ABEBNRZTUEATIIEX



N 2

1
S(q) = N z exp(iq.x;)

j=1

Consider a 1-dimensional periodic lattice in which x; = jd. ZE—# EERg, Hx = jd.

What are the values of q at the peak positions of the diffraction pattern of the periodic
B3 | lattice?

ERPERENTIHERS, BEMELNERZZD?

2 points
245

When qd = 2nm for integer n,

2 N N

S(q) =% icos(qjd) +% zsin(qjd) =N z % i
=1

j=1 =1 =1
o 0 2 0 0
Hence, the diffraction peaks are located at g = % where n is an integer.

For students using complex numbers, when qd = 2nm for integer n,

2 N N

N
1 . 1 1
= . iqgjd . i2nnj R
S@=y Ze N Z N Z

Now consider the case that each atom in the periodic lattice is “smeared” out to a length b, where b < d. This
means that the density p(x) of the lattice becomes

RAEZEBUTERL  BEETNEGINRTEHE HE ZKED, Hfb<d, XBRKRERBHNE
Ep()&EH

1 .
0 otherwise.

The diffraction peaks do not have the same magnitude any longer. £T5fIEARFE B HE K/,

B4 Calculate the magnitudes of the diffraction peaks at q of the smeared lattice. 2 points
TTERM SR LTEIERN KN, 24y

The structure factor can be calculated by the phasor method. As shown in the figure, the
length of each element vector is dx, and it spans an angle qdx. Hence, the radius of the arc
is dx/qdx = 1/q. The total angle of rotation is gb. Hence, the magnitude of the vector sum
is 2(1/q) singb/2. A
1/q



5551n7

1 /N2 b\? sin ab
. ab
s@ = ) = |5

For students using complex numbers,

elab _ 1)°

=N igbh

1IN » ]
= — |— qx
S(q) N‘bj;)dxe

Now consider the quasicrystal in Part A. Since there are two incommensurate lattice spacings in the
quasicrystal, its diffraction peaks are given by wavevectors with a pair of indices,

WEZE A BFNERE. ATHEERETFERTTAENRNREGEE, RtERENTIHIERR
B —XHERBR RS

Consider the phase ¢ = ¢,,,2; in the structure factor of quasicrystals. Write the
expression of the phase in the form

EREREPEMET OB = gmazjo BE THIFRER 2 points
¢ = 2nF + Xfrac (];), 2%

where F is an integer and X is a real number.

HpF2EE, XEXE.

B5

2 Jj
¢ = qmnzj = 7 (m +— [jd + Afrac( )]

20 (my L)) + 20 [mE 4 (14 2| (2

. 2 _ .
=2m (mj +n l]—J) + Mfrac (]—)
T 241 T

Hence,
F=mj+n l]—J
T

A A 2nt(nt — m)
X=2n[ma+n(1+—)] or — =

Td 1+ 72

Calculate the magnitude of the diffraction peak at g,,,,. 2 points

B0 e g R OB BT A 7




In the expression of ¢, the first term is an integer multiple of 2, and therefore contributes to a factor of unity
upon exponentiation. In the second term, the value is uniformly and densely distributed in the interval (0, X)
as j covers an infinite range and t is an irrational number. Hence, the structure factor is given by [3]

- X\?
sin=

=N)_(
2

1IN (%
S(qmn)zﬁ }f dyey
0

The same solution can be obtained by the phasor method.

Find (m, n) for the highest diffraction peak in the range 0 < n < 3, excluding (m,n) =
(0,0). Then calculate gy, (in units of 21r/d) and the magnitude of this peak. 3 points
BT S TEsEE0 < n < SHEEEIHE, ), FEIEmMN) = (00). BREHHm | 35

(M2m/dA8AL) FMIZIEERI KRN,

The diffraction peak is highest when X is smallest, which in turn means m/n is closest to T = 1.618. In the
range 0 < n < 3, this is given by (m,n) = (5,3) since 5/3 = 1.667.

P 2—”(m + g) _ 6854°"

d d

2nt(nt —m)
=———=-0.4100

1+ 72
2
sin7
S(Gmn) =N e = 0.9861N.
2

The diffraction peaks in the range 0 < n < 3 are plotted in the following figure. Although the ordering of the
diffraction peaks is difficult to follow, envelopes for each value of n between 0 and 3 are plotted to illustrate
the hidden conditions.
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Problem 2: Black Hole Physics (32 points)
[ 2: BiEME (32 43)

Black holes are the most mysterious objects in our universe. A black hole is surrounded by an event horizon
(horizon for short). Anything that falls through the horizon into the black hole cannot escape. If a black hole
is stationary, not rotating, has no electric charge, then the horizon is spherical, with radius R = 2GE /c*,
which can be also written as R = 2GM /c? using Einstein’s energy-mass relation E = Mc?2. Here G,c, M
and E are the Newton’s constant, speed of light, and mass and energy of the black hole, respectively. The
horizon area is thus A = 4mR?. The singularity “inside” the black hole is one of the greatest mysteries in
the theory of gravity, since the energy density of the singularity appears to diverge and the classical general
relativity fails to operate there.

RIFEFHPREBORE . REEFHERT (ERAT) R, BERRIEHRRNREAERD
k. MRFBERRESH, NREOAHER, WRBAFISKEHN, HFRAR=26E/c", FHRER
HriBABREER R E = Mc?, AL ZBITUSER =26M/c? . KB G, ¢ M M E DAAFWEINE
#. KE. BRREMERBNEE. WAEIRE A =41R*. BRARNTFAERERNSINARZ
—, AHRME EEREETESFK KM XHEXRAHEM.

In the following, we will discuss the formation, thermodynamics and rotation of black holes, and how a
civilization may use black holes as power plants.

HEARBF, FAVBIHERFOREA. BOEMEEERR UENRRRREENTTREM.

Note: To avoid the usage of general relativity, in this problem, no concepts about curved spacetime will be
introduced. You do not need to think about curved spacetime when working on this problem.

X L ABREAT XENRHIR, ABBAESENTEHEFRS ., ERNITEZEN=EH.

PART A. FORMATION AND PROPERTIES 2 i /9 X 114 it

We study a simple formation mechanism of black holes. Consider a spherical shell of photons (quanta of
light) is moving towards the center of the shell to form a black hole. The self-interaction of the photons can
be ignored.

BHR—DEREARBREAG . ZE—DHT ENET) FRT. XPERTFHLTEERFTHO
B8], WEAAERB. BMNBRETZENBHEEER.

Assume that the wavelength of photons is short enough, and thus the shell is thin (this
short wavelength assumption only applies for this Question A1, and may not apply for
later questions), which of the following describes the formation of the horizon and the
A1 | singularity of a black hole?

BRRHTFIRIKEBRE, IARTRE (XMEEKITURABERNE, BRI AL F,
EEMBEFRNABHRZIEEKEMN) . THHR— 1 EGRER T REAANT A0
TR ?

1 point

14




= Photon Shell / ¢ FEk%% / St FEk&H
VWA Singularity / 2785 / &5 ==== Horizon / 5% / ¥l 5%

Solution: A

Suppose the photons in the shell all have wavelength A. Thus, the energy of each
photonis E, = hc/A, where h is the Planck’s constant. To make a black hole with

1 point

A2 | horizon radius R, what is the number of photons N needed? L4
BIRERA DAL TEEKEBR A TN, SAIKTHEBNE, =hc/l, HFh 7
TR ER. ATEBRSTEEANRNERR, KEFFHIEFEN,

3
Solution: N = = = < kA
E,  2Gh
Entropy of infalling photons ¥34gi3 18 H1 Yt F R
For a shell of N photons, the entropy can be written as Sy, = a kglNCZ. Here kg is the
Boltzmann’s constant and « is a dimensionless constant of order 1. (In the below
analytical formulae, a should be kept explicitly. In order of magnitude estimations, a )
o 1 point
A3 | can be set to 1.) Find integer numbers c¢; and c,. DN
7]

N NEFERMERFEE LS Sy, = a k' N2, XB ky BWRZEFE,
a~01) B—PMEENEH. (ETEASZIANENTARXF, FREa. ERERME
T, TR o B9EELA 1). KEE c; F ¢z,

Solution: ¢; = 1 from dimensional analysis; ¢, = 1 from that entropy of photons is an extensive quantity.

Entropy of the black hole 2 iFE 91

A4

Taking A = R, we have the entropy of the black hole S = Sy,,. (If A > R, the photons
are too non-local to form a black hole. Thus, the A = R photons carry the largest
amount of information.) Write S in terms of R, @ and the constants of Nature.

®A=R, BMNBIRBHES =Sy, . (X2FEA, WRA>R, NXFERSEE
AR, FeeRgEmMER. Al 1=RAEFTIUETRSNELE. )IEAR a E
AYIEEEERERS.

1 point

14)




a kg R%c3

Solution: § = a kzgN =
2Gh

Based on the black hole entropy formula, which of the physical observation is incorrect?
Choose one from the below answers.

A. Black hole entropy is an interdisciplinary research direction of thermal, quantum and
gravitational physics.

B. The black hole entropy is an extensive quantity which scales as the volume of the black
hole.

C. The existence of black entropy indicates that black hole should contain many
microstates. 1 point
A5 | D. Black holes are gravitational systems with non-perturbative quantum effects, and are 14>
thus a key to quantum gravity.

RIEREBOAX, TEWMHESRRN ¢ 5 REF—II,

A REBEHRNZ. EFERMS|INNZXFER,

B. BiREE L&, SRBIAEIRMIEL.

C. REFERE, MUBRIZTFERWIRZE.

D. BAERFIMIMEFFUAENSINERSE, FUEBEEFSIIH

AR,

Solution: B (BH entropy scales as area, not volume, which is very special from other entropies.)

A is correct because the formula contains kg (thermal), h (quantum), ¢ (special relativity) and G (general
relativity)

Cis correct as a usual interpretation of entropy indicates.
D is correct because h is in the denominator.

Part B. Entropy bounds of nature 2R

It is conjected that black holes are the densest objects of nature, not only in energy, but also in entropy and
information. Based on this observation, estimate the quantities in Part B. By estimate, you need to get the
correct order of magnitude. Order one coefficients may be neglected.

MIEFREN, REFAMELT LEEEERANYE, BEREE. GREERANYE. &1
XANEW, 1EXS Part B IR EMBERETT. RABEMLITERNBEESR. 0(D) NEHITUZ
i o

Nowadays, computer hard disks store information with a day-by-day increasing
information density. However, to store information, enough number of states, and thus | 2 points
enough entropy is needed. This is understood from Boltzmann’s statistical 249

interpretation of entropy: S = kg In (), where Q is the possible number of states of the

B1




system. Consider a spherical hard disk in the vacuum, with capacity 1Tb = 102 bit.
What is the minimal radius of this hard disk?

B, BEREZTNFENEEEREEREA. B2 ATHEER RNTE
BHEZNRSE, FFNFEEBSHE. XUTNMRRZSBNGITRERE
B S=kpinQ, Hip QZRGFURLTHRSNEE. ZE—NETTHKE
Wi, REHN1Tb =101t . KEENR/NFER.

Solution:

ki —1nQ = 1Th = 102,

B

(Note: In Q = 1Tb, instead of Q = 1Tb, since 1Tb hard disk can represent 2172 states. Here log base 2 or
base e is ignored since it’s order of magnitude estimate.)

R =,/2Gh101%/c3 = 6 x 1072°m

The Bekenstein Entropy bound I & 1B R

Consider a clump of matter with mass M,,, (and thus energy E,,,) and radius R,,,. When
this clump of matter falls into a black hole (the black hole has existed before the clump
of matter falls in), we require that R,,, should be not greater than the horizon radius of
the initial black hole, to make sure this clump of matter can fall in. Denote the entropy
of this clump of matter as §,,,. Find a universal upper bound of S,,,, in terms of E,,; and
R,,, but independent of parameters of the black hole, or Newton’s gravitational
constant G. 4 points
B2 | XEREH M, FTINEEE A Ep), ¥FH R, H—BWFR. YXEUREH—D | 14
BRI (MEIE%ER, REMEELFET), RINEK Ry ARTRBAKNISR
Fi2, BAXHEAEPHRXIYAIEREE. FAXNERE, RKXRYENE S, 89
i EPR. IRSEN Sy, BN ERFTER En M Ry Rox, ERRBTRBNSE,
WA TS| TEERG.,

Note: Necessary steps of derivation is required.

I FEESHYLBENESIR.

Solution: We use subscript i to denote quantities of the initial black hole, subscript f to denote quantities
of the final black hole after matter falls in. Thus, the conservation of energy and non-decrease of entropy
reads:

C4
Ef=E+E, = E, =Z(Rf—Ri).

Sp =S+ Sp,



akgc?

Thus, S;, < Ch

(Rr = R)(Ry + R;) = 2 E,, 2R, + 23 Ery)

In addition, we have R; = R,,,. For each possible initial black hole R;, there is a corresponding bound. We
should take the tightest bound in all this bounds by taking R; = R,, (note: this is not directly inserting R; >
R,, to the above equation, because the direction of the inequality sign is different.) Thus,

ak 2G
S < L Epy (2R + 2 By

Further, as we mentioned, black holes are densest objects in energy. For the clump of matter to be at most

as dense as black holes, we have Ziim < R,,. Thus,
3ak
S & = 2i5 %
B3 For a 1Tb hard disk with 1nm radius, what is the minimal mass of the hard disk? 1 point
HF—ARH Inm, BEH 1T BE, BENREESHEA? 19y

Solution: 1012/(=%x 10~°m) = 7 x 10~%2kg

Part C. Black hole Temperature and radiation 2 ;iE 98 EfiR5¢

1 Find the black hole temperature T in terms of horizon radius R. 2 points
KEBIORET, HHSTFEZER KT, 2493

Solution: We already know the black hole energy and entropy. From the first law of thermodynamics,

_ dE _ ke
T ds ~ 2akgR’

T

HAWKING RADIATION E£ 455

According to the Stefan-Boltzmann law, an object with a temperature T should radiate.
Calculate the radiation power P in terms of the horizon radius R.
HETEN- R RZETE, RARET YRR LES. TEEFNINEP, A
I MHEZ R KRR, 2 points
Note: the Stefan-Boltzmann constant o can be written in more fundamental quantities 24>
_ 2n5k§
50 = Tocans .
- e FOS o g . 215k
SR BREEE N o TNETRANNBERE 0= 22,

Solution: P = 4mR?0T* = hc?n®/(30a*R?).



Primordial black holes are a conjected type of black holes, which has existed almost
from the “born” of the universe till now. Denote the mass of the primordial black hole
by M, when it has just formed in the primordial universe. For the primordial black holes
that still exist now, estimate a lower bound for their M (ignore the accretion of the 4 points
primordial black holes). 4 4y
FRHBRBERING, EFEREZY, RURELFaE LR, &2 A
BINATFE. B Mp AEFEHEY, EVMREBRNEANNERE. ATILERVIERE
BEMEDMATE, KM TR (RREVRFKIR).

C3

Solution:

There is a mass bound of primordial black holes, because if the primordial black holes are too light, then
these black holes energy are all radiated away by Hawking radiation during the history of the universe.
Thus, we consider the black holes which are just Hawking-radiated to zero mass now. They are the lightest
primordial black holes and we calculate their Mp.

dM _ P _ hm®c*

dt  ¢2  120a%G2M?2

6.4 1/3
M(t) = (‘::;—fcz (to — t)) , where t, ~ 1019 years is the age of the universe (which we hope that you

know).
Att =0, Mp > M(0) = 1.4 x 103kg.

PART D. ROTATING BLACK HOLES g £ iE

Realistic black holes are typically rotating, due to the angular momentum conservation of in-falling matter.
With rotation, the first law of thermodynamics of a black hole is dE = TdS + QdJ, where  can be
understood as the angular velocity of the horizon, and J the angular momentum of the black hole. In the
following, we consider the (. > 0 parameter regime.

PSR PR —REREN. XERIPERRBNODE—RETHNE, URAHETIE.
XTHNRR, REORNFEE—EREAIE =TdS +Qd], HF QoJHIEBARRNBEER, ]
ERANANE. £ TEF, BNFE Q= 0NSHXE,

Now, we let the black hole to interact with a clump of matter outside the black hole.
After non-adiabatic interaction, part of the matter falls into the black hole, such that
the change of energy and the change of angular momentum of the black hole satisfies
dE = AdJ, where 1 is a constant. Find the range for 4 for the black hole to lose energy | 2 points
after the interaction. 245
MEFZEARBSREINANYEEEER. £dIERANEEER, BoYRE
HEE, XPMEEFR, BREENANENTHHE JE =Ad], EPAI1Z—E
B, ATUREESYRNBEEARESR/N, K1HNBRESTEE.

Dl

Solution: Insert it to the first law, we have



TdS
a-a/ "

dE = . From dS > 0 (non-adiabaticity), the condition dE < 0 implies 0 < 1 < (.

In D1 we have found out the principles of extracting energy from black holes. In practice, we study an
explicit toy model of how matter extract energy from a toy “black hole” in Newtonian mechanics (i.e. no
special relativity or general relativity needs to be considered). This is a simplified version of the so-called
Penrose process.

FEDLH, BMNEIMTMREFRREEN—MEN, RE, BMNAR—IEER, k#E—PI1ER
%Dﬁﬁnﬂ}k—/\tﬁl@ﬁjﬁ‘—qﬂﬁ’] ‘DIRERRE" (BWHEWR, AHEEFEIXEN R AR RR)
REEE. X2 ‘IR 99— a1k,

Let’s model the rotating black hole as a rotating sticky ring with radius R, initially with mass M; uniformly
distributed on the ring, and angular velocity (};. Its center of mass is initially at rest. We neglect the
gravitational effects of this ring (i.e. the ring does not source a gravitational force in our approximation).

ERAMNA—DF2A R, TEER, BHRUENTIRENRE. XNVGEREN M, (B30 HTHE
BEEAN Q.. EVHENZ, ARV, FNZEIASI N (BHEik, AR Jﬂu
T, XPRFAFESIN),

Now, consider a composite particle AB (there is a force to bind A and B, but the binding energy is
negligible), where part A and part B has mass M, and Mg, respectively. A and B are considered as point
mass.

WE, ZE—NEEHT AB(ATB ZEMNNIEABRAE—k, BRERE ABNHERETIUNZR), H
T AERH B BB AR B RE M, MMz, AFIB %B_ILXEEJZE%, o

o8
Vin /
—_
B B
MA MB

Stepl/5%—% Step2 /E_H Step3/E=% Step 4/ E£MUH

Step 1: the composite particle AB moves toward the center of the black hole with an initial velocity v;,,.
F—4  EENTUNBEE v, HEXRNFEE.

Step 2: AB stick on the black hole surface, and rotate together with the black hole.

B4 ABMAERERE L, HEMERRED

Step 3: B got absorbed by the black hole. To simplify the calculation, assume here (in D2 and D3) that after
absorbing B, the black hole is still a uniform ring with radius R, and its new mass is M; + Mj.

F=24  BHWERRBRE. ATEUITE, KRR (£ D2 M D3 AH) B HERKE, RBNDAA—IY
RIrRT, FR2RMAR MENRETNT M; + Mz,

Step 4: At the moment B got completely absorbed, the binding between B and A disappear, and then A
moves freely to the tangent direction of the black hole in the black hole reference frame.



FOY N B EEWRIKMERE, BMAZENRAERT. T ARANSERT, AGERE
HIP%TTm B E K

Steps 2, 3, 4 happen fast enough, such that the amount of rotation of the ring during these steps is
negligible.

T = MPREFTEBR, XESPBRARRELINAZT UBEART,

Find the condition that the ejected kinetic energy K, for particle A is greater than the

initial incoming kinetic energy for the composite particle K;,, = 2 (M, + Mg)vZ,, in the .
2 4 points
D2 |formof; > --orQ; <--. 44
BRT A S FIRE S Kowr, EARTHIVATNREN Kin = 5 (My + Mp)vl,. K
Kout > Kin E’];J—xﬁ: FH-Q > - _X-Q < %To

Solution:

_ Mp+Mp
vf = i oo Ui
Mi+Ma+Mp

M; Q
M i
itMg+Mp

Qf -
After the ejection of particle A, particle A has v, = (v, v,), Where v, = vy and v, = Q¢R.

Thus, the requirement K,,,; > K;,, can be expressed as

Q, > dn (Ma+Mp)(MZ+ME+2M;M4+2M;Mp+M 4Mp)
" MR My

Suppose a civilization uses a rotating black hole as a power plant, by repeatedly using the model and
process described in D2, and make use of the difference in incoming and outgoing kinetic energy.

RIg— AT Mkt RiARIZIEE . RIEENTIEZEAMEM D2 PRI E, MEN A H
RN g8 N: =12

The black hole is initially at rest with mass M and angular velocity (1. Each time, the civilization throws
composite particle AB with the same initial velocity v;, with respect to the civilization themselves. The
composite particle AB has mass My, My << M. Again, to simplify the calculation, just as in D2, we model the
black hole by a uniform ring with fixed radius R although its mass grows by absorbing B.

MIAEZ, BREE, REAM, BHEN Q. 5K EAXPRE—EAKT AB BHARNE
B vy (BRI FRASBE 2B F) HEEAT. BEARNTHRE M, My < M. HEAE

1Egn D2 fi—#¥, FAHERBEMUASR. FZEEA R NWER. ATRE BT, REIRREE
.

This process is repeated as long as energy can be extracted from the black hole. When the process is
repeated, the civilization keeps at rest in the v;,, direction (the horizontal direction in the figure in D2), but
follows the motion of the black hole in the directions perpendicular to v;,.




BMNEEXMERE, BEEAHENBRPRIEEN L. SEEXNMIENNE, XADXBE vy,
JIERFFRR L (BN D2 BE R HIKETTmE), EREET v, (9710 LERERREZE.

At the moment when no net energy can be extracted from the black hole, the
civilization stops throwing matter in. What is the terminal angular velocity 1 of the 6 poi
black hole when the civilization stops throwing matter in? g(;;lts
UABRAXNEEMERRPRIGEEN, XNMXRELEYERARET., HiX

M RAAFEFBRBRSDEE, KBERRSHARE Q.
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Please fill in your final answers to all problems on the answer sheet.

TEAE AR FE ERHRIEEE -

At the end of the competition, please submit the answer sheet only. Question papers and working sheets
will not be collected.

EEFRLERNT - 1F AR (IEEA - 3 H RAERACR A S -

1. [10 points] A wooden wedge of mass M is placed on a smooth table. A small wooden block of mass m
is connected to the top of the wooden wedge with a spring of elastic constant k. Suppose the natural
length of the spring is Ly, and there is no friction between two wooden blocks. Now the small block is
released at rest at distance L, from the top of the wooden wedge (as shown in the picture) and slides
down freely. Find

(a) [1pt] The equilibrium position of the small block m (i.e. the position where the acceleration of m
vanishes) measured from the top of the wooden wedge.

(b) [2pt] The horizontal distance travelled by the wooden wedge when the small block m reaches its
equilibrium position.

(c) [1pt] The oscillating amplitude of the small block m along the slope of the wedge.

(d) [6pt] The period of oscillation of the small block m along the slope of the wedge.

1. [10 53] —BRECARR > REA M > WERT—HNBZEEL > Z—HREN m /KRR —3#
AEER k UBERTEEARRZ NG © IRBELZRKN Ly » BMARRZ BEER - SRR
REBARRTR L, S5 IERK (MEMR) - EEBRBT 1K

(a) [1 53] IWARIR m ZFEAIE( m NINERR AT E ) BERAZ R IR in 2 B o
(b) [2 431 IWARIR m BAETENUER » BEZARRBR 2K FER -
(c) [
(d)

1557 IIVRER m SRS AR R E 2 IR 1 ©
d) [6 53] /IARER m E[EIIRSS 2 BER -

Cc




2. [10 points] A system of 3 energy levels, E; = 0,E, = €, and E5 = 10€ (¢ > 0) is populated by N >

1 particles at temperature T. The particles populate the energy levels according to the classical Boltzmann
distribution law.

(a) [2pt] What is the average number of particles, N3, with energy E3?

(b) [2pt] What is the average energy of a particle at temperature T?

(c) [2pt] At sufficiently low temperature T,, only energy levels E;, E, are populated. Calculate the order of
magnitude of the characteristic temperature T,.

(d) [2pt] Calculate the molar specific heat at constant volume C,, at low temperature kzT < €.

(e) [2pt] Calculate the molar specific heat at constant volume C,, at high temperature kzT > €.

2. (1071 — 1 H 3 MREHK E; = 0~ E, = € F1 E5 = 10€ (e > 0) MM ALAERE T FHN > 14
MLFHETE o X EURFARHELL i Boltzmann 73R EFEE FEHEL -

(a) [2497] BEHRER E; BRI T FETEE N; ©%/0 2

(b) [2 3] MR T THEEsEER S /D ?

(©) 2771 TERBRAVRE T, T » ZRF(UEF Ey ~ E; W PDEE: o IWEFHERE T, BVEEY -

(d) [2 53] HWEARR kpT < € TEARREE/REEFA C, -

() [2 53] itE =R kgT » € THEMEFHEE/REEIN C, -

3. [10 points] One cylindrical vessel of radius R; is fixed inside another cylindrical vessel of radius R,, as
shown in the figure. In the bottom of the small vessel, there is a small hole with a bushing and a wooden
cylinder of radius r and height h = 21cm is inserted. The wooden cylinder can only move vertically
relative to bushing without friction. Water is poured into the small vessel to a height of a = 30cm, and oil
is poured into the large vessel to the same level. And the wooden cylinder is in equilibrium.

Given that the water density is p,, = 1000kg/m3, the oil density is p, = 790kg/m3 and the wooden
cylinder density is p = 600kg/m?3.

(a) [5 pt] Find the ratio of the length of the wooden cylinder immersed in the water to its total length h.
(b) [5 pt] Find the condition between p,,, p,, 7, R; and R, such that the equilibrium of the wooden cylinder
is stable. (Hint: You need to consider the finite size effect of Ry, R, and r)

3. [10 53] — 0 Ry NSRS E SIS — I EFEIR, WEESZSN - WEFTR « /A8
EENE — I REANL » AR v~ 5 h = 21em BYAKRERE « KREE SR THERE
BEAETTCEEE o SKEIANEEZE a =30cm FEE - FEHEAKRSREE —SE - 7 HAH
AT IR -

[BE/KAVBEREN py = 1000kg/m® > SHAVEEFEN p, = 790kg/m® » KEFEAEEREN p = 600kg/m? -

(a) [5 73] REFEEKTHIE Bl h AYELHT?
(b) [5 531 $eth pw, po, 7, Ry A1 Ry ZIRIEYZRAT: » (ER R PHERERT - (S LREEHS
T& Ry ~ Ry Fll r HYATRR SN

1 RZ
LRy
Water [ S '
i i =
h 1
ol | |
S o




4. [10 points] Four square conducting plates of area A are arranged at an even spacing d as shown in the
diagram. (Assume that A > d?)

4.[10 3] SNEIFRR » PUREFRA A WA S ERMUEEE d 3151 - (RiIRA » d?)

Plate 1 f1

Plate 2 122

d l Plate 3 123

d l Plate 4 14

We perform the following steps to the system:

Step 1: Plate 1 and 4 are first connected to a voltage source of magnitude V;,, with plate 1 positive; Plate2
and 3 are connected with a wire.

Step 2: Remove the voltage source between plate 1 and 4.

Step 3: Remove the wire between plate 2 and 3.

Step 4: Finally, plate 1 and 4 are connected by a wire.

BAIERFHATUATHER
SR 14 BRERIBEENY, NEBEIR > i 1HER; ] 2 Mk 3 BELZER -
SIR 2 IRk 1 AR 4 ZEREBEIR ©
3: Tk 2 M 3 ZIEAIREL, -
TBA: &l R 4 AEBEEEE -

The steps are summarized in the diagrams below.
TESETXESE -

= =

Step 1 Step 2 Step 3 Step 4
S PR 52 HIR3 R4

(a) [6pt] Find the potential difference AV;,, AV,5 and AV, at step 4, where AV;; = V; — V; is the potential
difference between plate i and j.

(a) [6 537] KT IR 4 RRIBRAIZE AV, ~ AVys F AVay » HAF AV, =V, -V, AR i M j ZERIEBRA
= o

(b) [4pt] What is the net electrostatic force acting on the plate 1 at step 4?
(b) [4 53] REER 4 (ERAEMR 1 LNFFENESD?

~End of Part 1 %-1 52 ~
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1. [10 points] A wooden wedge of mass M is placed on a smooth table. A small wooden block of mass m
is connected to the top of the wooden wedge with a spring of elastic constant k. Suppose the natural
length of the spring is Ly, and there is no friction between two wooden blocks. Now the small block is
released at rest at distance L, from the top of the wooden wedge (as shown in the picture) and slides
down freely. Find

(a) [1pt] The equilibrium position of the small block m measured from the top of the wooden wedge.

(b) [2pt] The horizontal distance travelled by the wooden wedge when the small block m reaches its
equilibrium position, i.e. the position where the acceleration of m vanishes.

(c) [1pt] The oscillating amplitude of the small block m along the slope of the wedge.

(d) [6pt] The period of oscillation of the small block m along the slope of the wedge.

1. [10 53] —REEAR » BEER/ M > WERR—NBZREL > Z—EEH m Z/INKRIRU—E
NEEE K NEEBRNEEAR B - SREEZRES L, 0 BMARZERER - SH5/)\KIR
BRI IRIR L, BRAF LR (B - SBEBRBT ° K

(a) [1 53] /IWARIR m Z P EUE B AR R < B 5

(b) [2 53] /WAIR m BIAEFEUER ( m BINEREATHMUE) » BIARRBEN ZKFIES -
(c) [1 53] /NARIR m SRR R E < FR0E

(d) [6 53] AR m KBRS < FHA -

Solution:
(a) There are 3 forces acting on the block m.




At equilibrium,

F =mgsing = k(leq - lo)
mg sin 6
= leg = % + Iy
(b) Let the horizontal position of wedge and small block be X and x respectively. Initially, x = X = 0. At
equilibrium position, we have

mx +MX =0

From part (a),

mg .
x—X=(U—-1y)cosO = Tsm@cos@
Solve 2 equations, we get
¥ = mgsinf m p
B Kk m+M®

mgsinfd m
k m+M

cos 6.

The horizontal distance travelled by the wedge is

(c) (Method 1) The maximum distance travelled by the block m is the distance between the initial and the
equilibrium position,

A= |lO —leq| =%sin9

(Method 2)
Assume the maximum distance travelled by the block m is [,,,. From the energy conservation,

1
mg (L, —ly) sin@ = Ek(lm —1y)?
2mg

k
And the amplitude is given by the maximum distance from the equilibrium position,

=, -1, = sin 6

mg .
A=1l, -1, =Tsm9

(d) Let the vertical and horizontal acceleration of mass m be a,, and a_x and the horizontal acceleration of
the wedge M is A,. We have
ma, + MA, = 0. (D)

a, — A
a = =cotf (2)

y
—Nsinf + Fcos@ = MA, (3)

mg —Ncosf — Fsinf =ma, (4)

k(U= lg) = — _ 5
F=k(l-l)=——=G&-X0=——=(1+)

From eqtn (1) and (2),



m
a, = (a, — Ay) tan 6 =ax(1+M)tan9

Substitute into (4),
m
mg — N cos@ — Fsinf = ma, (1 +M)tan9 (6)

From (3) and (6), we can eliminate N and

mgsinQ—Fzmax(1+%)

my sin? @

sin? 6
— MA, cos 8 = ma, (1 +—) 050

M

0
050 + cos l

Substitute F from eqtn (5),
_ kx m my sin? 6
mg51n9—c—(1+—)=max (1+—) + cos 6

os6 M M/ cos@

We can find a term a,, « —x in the expression which gives rise the SHM. The angular frequency is
k m m
w? = c059(1+ﬁ) _ k(1+ﬁ)
in2 - my ..
- [(1 + %) % e 9] m[(l + M) sin? 6 + cos? 0]
5 k(M + m)
> =

" m[M + msin? 6]

21 m(M + msin? 9)
>T=—=2n
) k(M + m)

We can check the result in several limits:
(1) As M - o0, w? —>£
(2)As 6 — 0,

W

(3)As @ —>§,

(Method 2) Consider the motion of the wedge M. Fundamentally, the motion of M is complicated: it is
pulled by the spring and at the same time also pressed by m. But effectively, since it is under harmonic
motion, we can consider the spring and m together as an effective spring with spring constant ke¢. The

angular frequency is w? = keg/M, and from energy conservation,

ikeffX Z2 = %M V2 (7), where V is the velocity of the wedge at the equilibrium position.

Here V can be solved by energy conservation and momentum conservation of the system. Let the velocity
of m with respect to M be ¥, then ¥, satisfies vy, = vy, tan 6.

Let the velocity of m with respect to the ground be v. Then, v, = v, — V, Vy = Upy.

Momentum conservation of the x-direction: MV = mv, = v, =

mg sin? 6

” =%m(v§+v§)+%MV2.

5 1
Energy conservation: Smg X

Inserting v, and v,, into the above equation, solve ;M V2 and then use eqtn (7) to solve k¢, we have



kM (M+m) 0 2 Keff k(M+m)
kesf = ————————. Thus, the fr ney is W = — = —————,
eff m(M+m sinZ 0) us, the frequency 1s M m[M+m sinZ 0]




2. [10 points] A system of 3 energy levels, E; = 0,F, = €, and E5 = 10€ (¢ > 0) is populated by N >

1 particles at temperature T. The particles populate the energy levels according to the classical Boltzmann
distribution law.

(a) [2pt] What is the average number of particles, N5, with energy E5?

(b) [2pt] What is the average energy of a particle at temperature T?

(c) [2pt] At sufficiently low temperature T,, only energy levels E;, E, are populated. Calculate the order of
magnitude of the characteristic temperature T,.

(d) [2pt] Calculate the molar specific heat at constant volume C,, at low temperature T < €.

(e) [2pt] Calculate the molar specific heat at constant volume C,, at high temperature T > €.

2.[104537] —1H 3 PBEHK E, = 0~ E; = € Fl E3 = 10€ (€ > 0) AR ARFATRE T FHN »> 14
HLFHE TR o X IR FHRHELL 2 Boltzmann 737 EFIE FEEEY, ©

() [277] BAREE B3 (L THYPEEE N; 2% /0 2

(b) 23 KL TAERE T FHPIRERRES /D ?

(©) 2 I ERBRANRE T, T - (VEFE Ey ~ E; BIDRER » WRFHELE Tc (VEER -
(d) [2 53] HREIRA T < e FEFFREREERC, -

() [2 7] HHERIR T > e NEHEAETE/REEAC, -

Solution:
(a) We have
Nl + NZ + N3 - N
2 _€
— = e kT
N,
N, _10e
— = e kT
1
N
= Nl == _i _&
1+e kT + e kT
And
10€
Ne kT
N3 = € 10e

1+e kT +e kT

(b) The average energy of a particle is

_€ _10e
€e KT + 10€e kT
- € 10e

1+e kT +e kT

(c) If E5 is unpopulated, we have N3 < 1. At the characteristic temperature T,

N3 - 1
_10e e _10e
> Ne Fle =1+e e 4 ¢ KT:
10€ 9¢

= N = ekTc 4 ekTc + 1
IfN > 1,

10¢
= N =~ eklc

10
=T~ klniV = O(klfo)

(d) The molar specific heat is given by



(e7Be + 100e~106¢ + 81e~11F¢)
(1 + e=Be 4 ¢~10B¢)2

Nye?\ _e
CVz T2 e kT

(e) At high temperature T > € (i.e. fe K 1),

oE
Cy = NAﬁ = (kNAGZ,BZ)

At low temperature T < €,

(1+100 +81) 182 N,e?
(3)2 9 kT?

Cy = (kNAEZﬂZ)

3. [10 points] One cylindrical vessel of radius R; is fixed inside another cylindrical vessel of radius R,, as
shown in the figure. In the bottom of the small vessel, there is a small hole with a bushing and a wooden
cylinder of radius r and height h = 21cm is inserted. The wooden cylinder can only move vertically
relative to bushing without friction. Water is poured into the small vessel to a height of a = 30cm, and oil
is poured into the large vessel to the same level. And the wooden cylinder is in equilibrium.

Given that the water density is p,, = 1000kg/m3, the oil density is p, = 790kg/m? and the wooden
cylinder density is p = 600kg/m3,

(a) [5 pt] Find the fraction of the wooden cylinder is in the water?
(b) [5 pt] Find the condition between p,,, p,, 7, R; and R, such that the equilibrium of the wooden cylinder
is stable. (Hint: You need to consider the finite size effect of Ry, R, and r)

3. [10 73] — N Ry AREFE S EE AL S — DR, BVFERER S5 N > LEIFTR - 12/ Ees
ERESA — M R ER ML - FEAREN v~ &0 h = 21em BYRERE © AREFEHGEHEN THEE
BN « F/KEIANESEEE a = 30em WYEE @ MBI AKRE SR EE—EE - HHARH
AT PEPIRE -

BEKEIBEE N p,, = 1000kg/m3 » SHEYEEEH) p, = 790kg/m? » KEFEAIEEE ) p = 600kg/m? -
(a) [5 53] REWEAEAKHHRYES 77 Bl R AV EREI?

(b) [5 531 $ett pw, po, 7, Ry M1 Ry ZIRIEZRAT: » (B REREH PHERERT »  (FR + LREEH
J& Ry ~ Ry Flr BYATR RS

Water
7K

oil
i




Solution:

(a) At equilibrium, we have

==

P, + pgh =P,
Py = Pyem + pwg(a —x)
P, =Py + pog(a+h —x)
= py(a—x)+ph=pyla+h—x)

= (po — pw)x = —ph + po(a + h) — pya

— (P - Po)h + (pw - po)a

=X
Pw — Po
a 30
X (P_Po)+(Pw_Po)E _190+210Xﬁ
Fraction of the cylinder in the water = — = =
h Pw — Po 210
19 30 11
=4 —=—
21 21 21

(b) If x = x + Ax (Ax > 0), the water level will rise and the oil level will drop.

The rise of the water level is

mR%(a + Aa,,) — nr?(x + Ax) = nR?a — nr2x

Similarly,

(R — R?)Aa, = nr?Ax = Aa, =

The net force acting on the cylinder is

Fnet = (Pl +pgh—P2)7TT2




P1:Patm+pwg(a+Aaw_x_Ax)
Py, = Pyem + po(a — Aa, + h — x — Ax)
= Fpet = pwg(a+ Aa,, —x — Ax) + pgh — p,g(a — Aayg + h — x — Ax)

r? r2
= pwg(lAa,, — Ax) + pog(Aay + Ax) = p,g <F_ 1) Ax + pog <W+ 1>Ax
1 2 - M

r? r?
- (PW (1)o7 1))”‘
The force will push the cylinder into the equilibrium position if F,,,; > 0
r? r?
:pW<R_f_1)+p0<m+1> > 0

R? — 12 - R —R? +r?
= —_ . -
Pw R% Po R% _ R%

4. [10 points] Four square metal plates of area A are arranged at an even spacing d as shown in the
diagram. (Assume that A > d?)

4.[10 3] SNEIFRR » PUREFRA A B FZERBIRAEFEEE d 3151 - (fRIRA » d?)

Plate 1 121

Plate 2 122

d [ Plate 3 #23

d [ Plate 4 14

We perform the following steps to the system:

Step 1: Plate 1 and 4 are first connected to a voltage source of magnitude V;, with plate 1 positive; Plate2
and 3 are connected with a wire.

Step 2: Remove the voltage source between plate 1 and 4.
Step 3: Remove the wire between plate 2 and 3.
Step 4: Finally, plate 1 and 4 are connected by a wire.

B RARTA TSR -
S 117 1 H 4 HAEEBEY, HRER - 171 0ER ; 1R 2 MR 3 ArRLEE

o




Ni

B2 BBRRIR 1R 4 ZEINEER -

K
S 3 T TR 2 F 3 ZIEAIREL, -
TEA: &iE R 4 ABEEEE -

The steps are summarized in the diagrams below.
TESETXESRE -

P P

Step 1 Step 2
PR 92

Step 3
PR3

(

Step 4
HPR4

(a) [6pt] Find the potential difference AV;,, AV, and AV, at step 4, where AV;; = V; — V; is the potential

difference between plate i and j.

(a) [6 73] SKTIE 4 FFHIRRLZE AV, ~ AVys M AV, > B AV, =V, =V, RtR @ M j ZIBJAIEAUL

=o

(b) [4pt] What is the net electrostatic force acting on the plate 1 at step 4?
(b) [4 53] REER 4 (ERAEMR 1 LNBFFENZESD?

Solution:

We treat the plates as three capacitors in series. Each has an identical capacitance C. The figure below

then show the 4 steps.

Step 1 Step 2

Step 3

Step 4




Since C, is shorted initially, effectively there are only two capacitors in series. The voltage drop across
C; and C5 is V /2. The top plate of C; will then have a positive charge of g, = % Note that this means

that the bottom plate of C; will have a negative charge of —q,. Removing the voltage source and then the
wire across C, will not change the charges or potential drops across the other two capacitors.

Shorting the top plate of C; with the bottom plate of C; will make a difference. Positive charge will flow
out of the top plate of C; into the bottom plate of C5. Also, negative charge will flow out of the bottom
plate of C; into top plate of C,. The result is that C; will acquire a potential difference of V;, C, a potential
difference of V, and C; a potential difference of V5.
Let the final charge on the top plate of each capacitor be g4, g, and g5 respectively.
Kirchhoff’s loop rule implies,

V1 + VZ + V3 = 0
By symmetry, we have

Vl — V3

= 2V1 - _VZ

By charge conservation between the bottom plate of C; and the top plate of C,, we have

1
—qo=—"q1+qx=> Vo=V +V,

2
1
= VZ = — §VO
And
1
Vl = E VO
Final answer:
1 1 1
AVy, = EVOr AV,3 = §Vo; AV, = gVo

(b) The charge on the top plate is

CAV 1egA
Q1 = 12 =g Yo
And the electric field inside the top capacitor is
B=—3 "%

The electric force acts on the top plate is

10
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Problem 1: Spatiotemporal varying electric permittivity (30 points)

B3 1: =T EEE (30 49)

In electromagnetism, dielectric media, e.g. a block of glass, is represented by a permittivity different from the one of vacuum. The
reflection and refraction for electromagnetic waves on a slab of dielectric material can be derived from considering dispersion
relationship and matching boundary condition.

FEHRE A, A rARE ()t — B W AR E A L BRoR, HEBEAR T RSN . 45 7€ OBOCR ML
AFFAET, AT ULS H LA A FB P REAR R SO R 5

In the question, we would like to investigate the Fabry-Pérot resonance from a slab of dielectric medium in the first step and the
analog concept when the permittivity of the material becomes inhomogeneous in the time domain instead of the spatial domain.
FEIXAN i, FRATTES — DA S0 A AR 240 - D 3R IRILR DA AR A o B I 3T AN 23 [k R AR 13 AN 3
SIS BRI o

Figure 1 shows the schematic diagrams for light entering a block of dielectric medium at normal incidence. The left diagram shows
the case for a block of infinite thickness, in which the light only undergoes one instance of reflection and refraction at the interface.
The right diagram shows the case for a finite thickness, in which the light ray undergoes multiple reflections within the slab. The
spatial and temporal axes are the horizontal and vertical ones respectively.

K1 SR OGS AR B T NN A BRI R e B o e R T To PR R AR B 00, e b oA SR AN 2 T — IS
it AEER T A BREERIEN, HAOGRERNETT T 2000 25 (AT ) 453 i) 2 B A oKk STl A0 2 B

>
>

b > X

Fig. 1: (Left) Schematic diagram for a light ray entering an interface between vacuum and dielectric medium (Right) Schematic
diagram for a light ray entering a slab of dielectric medium undergoing multiple reflections.

B1: (k) AE#ENEZMENRZENFENTEE, () XEHANENRET SRR TEE.

PART A. Fabry-Pérot resonance x40 EL-FAZ FLIRIMA (13 points)

To obtain the amount of light being reflected and refracted from a block of dielectric medium, we start from the Maxwell’s equations:

N T HA G — B A FUR B SR 9R R, BATAE el T R
V-D=0, V-B=0

oD

B
VXE=——, VxH=—,
ot

Jat

where the curl and div operators are defined by

Forb curl IBRATFE LA



_(0E, OE,\  (3E, OE, _(OE, OE,
VXE_"( ‘—)”(az‘ax)ﬂa‘w

oD, dD, dD,
0x dy 0z

The constitutive relationship for the dielectric material or vacuum in relating the different field variables are expressed as

FEN MR, ARG EERAM KR A

D =e¢(x)E
B =pu,H

In this part, the electric permittivity profile e(x) only varies in x but not in y, z and t. All the materials are non-magnetic, having the
same value of magnetic permeability p, of vacuum. We only consider electromagnetic waves which propagate in the x-direction.
AT H, AHEHME e(x) NHEELN, by, z F ¢ Tk, FraMEHERAMER), HAMERN TS
ol BATRAFIERLE x J7 LI L .

Al We consider an electromagnetic wave propagating only in the x-direction specified by E = JE, (x, t), 2 Points
H = 2H,(x,t). Reduce the Maxwell’s equations to two differential equations only on E,, and H,. Each 245
differential equation is first order in both temporal dimension t and spatial dimension x.

TANUEEH E = 9E, (x,t), H = 2H,(x, )45 KIFEx 7 ML FE I IR . 154 22 7ol =6 7 FR A itk
NE,HH, RN TR A TR AR (B4R ¢ A1 [ gE xS BA —Fh.

A2 For a sinusoidal wave propagating in the positive x-direction in a medium of constant permittivity €, (e.g. 2 Points
in a glass), it has a form E,, = E;;, cos(k;x — wt). Find the dispersion relationship between k; and w 245
XN REEON e WA (GIINEBEET) hil x 07 BRI IR LS, ey E, =
E, cos(kyx — wt)e Rk5H o BEHEER,

Now, we consider an interface between vacuum and a dielectric medium (see left panel of Fig. 1). A fixed incident electromagnetic wave
E,, = Ej;, cos(kyx — wt) propagates in vacuum to the right hand side before entering the dielectric medium. The permittivity €(x) in
this case is a step function, being €, for x < 0 and ¢; for x = 0.

BAE, FRATHEEE AR R B A S (L 1 2. —ANEE RIS I E, = Ep cos(kox — wt) TEBEANIIEZ HIFEH
A AR AEIXMEOLT, HEE () 2 MPERREL Fx <0 N6, Hx20He.

A3 Suppose the transmitted waves is represented by E,, = E, cos(k;x — wt + ¢,) (where 0 < ¢, < 7). 5 Points
Find E; and ¢, in terms of E;,,, w and the permittivities €, €, 59

AL B E, = E, cos(kyx — ot + ¢,) Fon, HH0< ¢ <m. RE M ¢, » FH Ejps w
AT €, €, KT ©

Now, we consider a plate of dielectric medium with a finite thickness £, with a fixed electromagnetic wave shining normally to the

plate. There will be multiple reflections and transmissions between the two interfaces of the dielectric medium (see right panel of
Fig. 1). The incident wave is still fixed as E,, = E;;, cos(kox — wt) while the total transmitted waves after the whole slab of dielectric

medium is now specified by E,, =Et(t°t) cos(kox—(ut+¢t(t°t)), by summing all the multiple reflections and transmissions
PAE, JATHEEEAAWRIERE € KRR, B —ANE E B B IS B B . 7 HLA BRI A F T (8] o 2K
SRS (I 1 A ) NIFEABIRE & NE, = E;p cos(kox — wt), 1 27 I 5 HL A AR 100325 S B0 5 BT A 19 22 0
SHAEST R, FTLLG A B, = ECY cos(kox — wt + ¢°Y)

A4 Derive the maximum value for |E{**Y | when we can choose an optimal value of £ . Derive the condition 4 Points
for such 2. 493

UIRATAT LR £ IR, B BTV MEBKEUE ¢ BRI




PART B. Time-varying permittivity A 25 /B8 & %1 (14 points)

We have considered a boundary of the permittivity profile in the spatial domain x. Now we go to the complementary problem. Suppose
the electric permittivity is constant in all spatial dimensions but varies in temporal dimension t. For example, materials like LiNbO5 will
have its permittivity changes with time when a DC voltage is applied across the material through the Kerr electro-optic effect.
WAELHEE 72 x DA REB D MEL T . BRI B AR BB BTG S A4 LR e, (2
FERF I AERE ¢ Bk a0, s e R OGBS AER R E I B BRI, LiNbO3 ZEAHRH /i v B 2 BB I [) R A2 AR AL

Fig. 2: (Left) Schematic diagram for a light ray entering a time-boundary in which the permittivity changes from €, to €, (Right)
Schematic diagram for a light ray going through two time-boundaries. The permittivity changes from €, to €, at t = 0 and changes
backtoe; att =T.

Bl2: () SRR RIA A RER, HRABEEHEM e e, () MEFEIHANRILAMRER. AHESE
t=O0M M e, BN e, HTEt=THAHE.

In a similar fashion, left panel of Fig. 2 shows the trajectory for a light ray originally propagating in a homogeneous medium in the
positive direction. Then, the permittivity suddenly changes from €, to another value €, at t = 0. In the right panel, we now have a “slab”
of such time-varying material in the time domain. The permittivity changes back to €; at t = T. The blue arrows show the light rays. At
every boundary, the ray splits in a forward and backward propagating ray. As the initial ray is propagating to the right, we call the left
propagating wave as “reflection/backward propagating” and the right propagating wave as “transmission/forward propagating” after a
time boundary. Note that the rays can only propagate in the positive time direction.

DAL T30, B 2 KA ERR T BRAIE— DN B B h i IE DT AR RR DGR . R, NMHEEEIE t = 0 N RABM e &
NH—ME ey ELMITR, FRATER AT — AN X PBE I A AR RFPRH B . S HEEHE ¢ = T IR . BEEOHTk
Tk, EFNAFAL, HEAZNRT SR, BT VI m a3, BATRRAALTEBON A/ 5 it
F”, A AR AE N A1 A S PRI /A0 ARG o TR, D A RELE IEI [A) J7 ) L ATk

To be specific, consider an electromagnetic waves propagates in an infinite block of dielectric medium originally. Suddenly, at time
equal to zero, the dielectric constant in the whole space changes from €, to €,. We call t = 0 as a temporal boundary. See left
panel of Fig. 2.

BRI, FERBHERVELRANBNRPZE. RA, ENEFT 0N, ABIMTENEEEMN e The o FA
t=0AREIALR. SHE2HZEN.

B1 What are the continuity conditions in this case across the time boundary? 3 Points

FERXAROL T, SR (AL RSV SR AP AT A ? 3

Initially, the electromagnetic waves is specified by E = JE; cos(k,x — wt), a forward propagating waves in the positive x direction.
After the permittivity has changed, there is a backward propagating waves (along the negative x direction) and forward propagating



2

waves (along the positive x direction). They are defined as the temporal reflection and temporal transmission waves.
£, BN E = 9E, cos(hyx — wt) | BIERE x H LHATAER. NEEMXER, GrEEHEGE CRfx k)
ERTEREAVE CRIE x 7)) o ENE X AN B RSB AR 825K .

B2 The angular frequency has changed from w to another value w’ across the time-boundary. Express w' interms | 3 Points
of w and the permittivity values. 39
IR A I LR 0 AT M 0. 1 o A EBIER R o'

B3 Express the amplitude of the electric field of the backward propagating wave and the forward propagating 3 Points
wave. 345
SR A% FEBCRT T [ 4% 4R K LI IR

Suppose the whole medium goes back to a dielectric medium of permittivity of €, after time t = T (see right hand side of Fig. 2).

BAERE ¢ =T Z )5, BNAREZAEFELOY e, KR (SHE 2 (40D .

B4 Find out the amplitude of the backward and forward propagating waves finally. What is the condition to 5 Points
get minimal reflection? 54

R e B G AR BT A AR A IR . SRS /NS B AR A A 47

PART C. Spatiotemporal permittivity B} %3 25 4B & %X (5 points)

In the final part, we consider the case that the permittivity has to be written as a function in both x and t, i.e. €(x, t). For a simple case,
the permittivity function consists of two constants: €, in the white region and €, in the gray region, a so-called spatiotemporal boundary
depicted in Fig. 3. The spatiotemporal boundary is defined by a straight line x = —ut

FEfR G —HR5r, FAVE B BFE BT )y x F1 ¢ FIRERIEDL, B e(x, t). XS T— DA, i s Bk A~ F 4
Ml AR e, MURGXIEHE e, BIFHBMR 2GR, W 3 o, NPURHEZL x = —ut &L

t

4

Fig. 3: A spatiotemporal boundary. In the white (grey) region, the permittivity is €, (€,)
3:WEILR. AAE (KE) KE, NMBEFEEH e ()

C1 What are the continuity conditions in this case across the spatiotemporal boundary? Hint: You may need 3 Points
to consider a coordinate transformation. 34

FEIXFPIE DL T, PSRRI 2530 B RE S SR RAT A ? $os: SR BE T 255 B A AR k.




Problem 2: Fractal Dimensions of Networks (30 points)

[B13] 2: PIL&R A9 AR (30 )

A line is one-dimensional, a plane is two-dimensional, and the volume of a ball is three-dimensional. Is the dimension of an object
always an integer? What’s the dimension of a coastline? What's the dimension of the Internet or social network? The dimension of
complicated objects is an interdisciplinary study between physics and many other sciences. Here, we will use “box counting dimension”
to discuss the dimension of fractal and complex network objects.

BLR—4YE, FTERT4N, MRKEE=40. WENERZEENL 7 8R4 VHEN, EEN. PABXEZ )4
0?7 ERMENER, BYEFMZANFRNZIXER. X8, BITBER TTELE 10 UETMNE M4 R4 )

B
o

Based on this, we discuss the “renormalization group” of a complex network. Renormalization group describes how physics theories
vary as a function of scales, and thus is “theory of theory”. Renormalization group is first discovered in the quantum field theory of high
energy particle physics and condensed matter physics. Here, complex networks made by vertices and edges, is probably the simplest
example to introduce renormalization group.

M o Eat, BT ERANER ERAR B8, SECHEVEERBERETUMTANIAR, & ERPFIE
. ERABAESENTYENRRSYENETHRERTREREI ., MAHKMEAMNERNEG, FENEEE
EF Ry B SR EY BT

Part A. Fractals and Box counting dimensions 223011 & 4 #X (7 points)

We cover an image using squares with side length no more than s. Let B(s) be the least number of squares to cover the whole image.
Then the box counting dimension dj is

BMABKABE s WEADRRBZENEFR. R B() 2UMNBRENEMMAEARNRIEE. WHELERd; A

d =1i log B(s)
B = sl—r}(}log(l/s) '

In this problem we assume the above limit exists. For example, the Sierpinski carpet is the infinite-time iteration of the following figure
(in the following figure we only displayed the first two iterations). Through infinite iteration, self-similar patterns emerge in the
following figure. Such complex objects are known as fractals. In each iteration, in the nine squares, the center one is removed. What’s
the box counting dimension of the Sierpinski carpet?

ABH, BAMRRUERBEHFEN. M, HREFEURRTENLTSER (TRERZETRTERNEAR) . BELHI
£, TEFETBRMEN., IENEXRDEMUEDFE., 8RERHS, ANESEE, EPNESEER, SREFERHIT
BEHRBEZ DR

it

Here, after each iteration, we can use squares to cover the image, with side length s which is equal to the side length of the dark box.

Let the length of the whole Sierpinski carpet be L. Then B (s = 5) =8,B (s = g) =64,--,B (s = i) = 8™. Note that here the limit

3 3n



s = 0 is equivalent to the limit n — co. Thus, the box counting dimension of the Sierpinski carpet is

X2, EHAERE, BOTMMLK s STRESROEALREEET. BB HREIEBOKELL 1
B(s=%)=8B(s=5) =64 ,B(s=2%) =8 ERH s > 0 WIAMHE n > oo MR, KBRRFELOHELED

4 =1i logB(s) I log(8")  log8
B slirt}log(l/s) e log(3"/L) log3"

(Note that in the sense of taking limits, whichever unit we use, log L is negligible compared to log 3™ in the above equation.)

CERE, ARMRAOBEXT, TRBHASA, ERXF logl M log3™ HAELLE T IXZHE. )

Al The randomized Sierpinski carpet is the infinite-time iteration of the following figure (in the following figure 2 Points
we only displayed the first two iterations). In each iteration, a random square among the nine is removed. 249
Calculate the box counting dimension of the randomized Sierpinski carpet.

VS RERERE TENETSER (TRRFRETTHRRBEAER)  8RERP, ADETE
B ER— KRBV REFTEBRNITELE

-

[
L

H [ ]

—

A2 The Hilbert curve is the infinite-time iteration of the following figure (in the following figure we only 2 Points
displayed the first three iterations). Calculate the box counting dimension of the Hilbert curve. 249
AREFMEE TENLESER (TEFRBRTERNII=X) . KERBEFHENITELEL.

] L

kL

A3 The below is one form of Cantor set, defined as the infinite-time iteration of the following figure (in the 3 Points
following figure we only displayed the first three iterations). Calculate the box counting dimension of the 39
Cantor set.
—MEANRERES TENESERK (TEFRABRTERNII=X) . KRERENITERL.
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Part B. Intersection Between a Spiral and the Positive x-Axis 32 jjF 2% 5 IE x5l Y 3 5 (9 points)

Consider a spiral r(8) = 67% (a > 0) in polar coordinates. Consider all the intersections between this spiral and the positive x-axis
(i.e., the ray 8 = 0 starting from the origin). We will call them “intersections” for short. What’s the box counting dimension of these
intersections? We will solve this problem step-by-step in this part. (Note: in the calculation, we will allow 8 — +o0. In the below figure,
we have not shown the large 8 behavior.)

%ﬁ%#&ﬂéﬁ?ﬂ’\]ﬂ?ﬁ’“ % . BIRIZBIRES x WIETTE (AIMNERHAR 0 =05%) WRERXR (A7 BH, BHHRHEA X
=) o REXRNITEABES D P BATR A LA NERBRZAN BB,  OF  ETERBIERTF O > +o, "FIEP#;&
B R 0 RIRKENNTTA. )

B1 We denote the 6 value of all the intersections by 8 = A j, where A is a constant, j is non-negative 1 Points
consecutive integers. Calculate A and calculate the range of j. 149
PEXRK O BT =1), HPANER, j ATESBENFERES. RKANE MEB
BUESEE.

B2 Calculate the horizontal axis x; of the intersection labelled by j, as a function of j and a. 1 Points
K28 j AR, B fla Row. 15y

The distance between neighbor intersections $H483< & #3[8) BB

B3 Given a very small length s. Suppose J is the smallest number which satisfying the following condition. 3 Points
BE—NERBNIKE s, & HEOTHRENTNOETF 397

xj — Xjq < sforall S FFH)j =)
Calculate /, in terms of @ and s.

KJHME, FaFs k.




Box Counting Dimension i+ & #E

B4 For small enough s, calculate B(s) in terms of @ and s. Note that here we use one-dimensional interval with | 3 Points
length no more than s (instead of two-dimensional boxes as given in Part A) as “boxes” to cover the 39
intersections.

XEHNs, KB(s), BaflsFr. IR XEBRMNBRKEEZH s W—HER (MAZ A ZBD
THTHIETTR) A BT RBEXEIR

B5 Calculate the box counting dimension of the intersections dg in terms of a and s. 1 Points
KX DMITEH# T d, B aflskr, 145

Part C The Box Counting Dimension of a Complex Network & Z: M 4% i) 1T E 4 %X (4 points)

In the following, we will discuss network formed by vertices and their connections. We can use a generalized version of box counting
dimension to analyze the feature of the network. Now the generalized “box” is no-longer square in the geometrical sense, but rather we
require that the distance of any two vertices within a box to be no more than s (i.e., a vertex in a box needs to travel at most s edges to
connect to any other given vertex). All the boxes can cover all the vertices. A vertex can only be in one box. The box counting dimension
is calculated from the minimal box required.

TH, BMETEHRfh Rz BERERNNEG . RO UBET NITERECROITNENRE. XN, #08 ZEF
ABERIVFIRX ENEGR, MREERETEGHIVAENEREAEZTs (BHIR—ITARZEL s Fast o DUEEE
ETENE—HEDR) . FENETRBEENE TR FEANETEEENTRTERERSE. TEAHTMHZIA EKM4H
BOBTEORITE.

BB M4 THE SOCIAL NETWORK OF DOLPHINS

The below figure is a dolphin social network recorded by researchers:

TEAARARIEFR—MEBHEFARN WL

After analyze, we get

Zdpit R, 53



1.6

vertical axis (Z\ 22 %R) :

19 log B(s)

0.8
0.4
0
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
log s
C1 Suppose the slope of the plot at s — 0 (in a complex network, since s = 1, the s = 0 limit can only be 2 Points
understood in a sense of continuation) shows the same trend as the slope formed by the s = 3 and the s = 249

2 data points (for a fractal complex network, this slope should be a constant). Estimate the box counting
dimension of the Dolphin network using the s = 3 and the s = 2 data points.

g s - 0 (HLERIR (EERMED, BHTs =1, s> 0 WIRRRBAERFERNEXLEX) 5
s =3Ms =2 WMEIERELNPREBIEROEZHER (FTAHRERMEL, XPREFIZED
FH) . EAs =3 s =2 RPN EIEAEITTERMENITEAE.

THE SCALE OF THE FRACTAL NETWORK M £ B R E

c2 Assuming the complex network has number of vertices N, > 1 with a fractal structure and box counting 2 Points
dimension dg. Estimate the average distance 7 between nodes using N, and dj (as an estimate, we ignore 245

the difference between average distance and maximal distance, and ignore 0(1) constants in the limit of an
infinite network).

REFRMENT RN No > 1, WERBFREEN, TEREH dp, 1EMA N M dp AT RzE
AEIEERE T (TR AR ?idl],bﬂf’aflzi’aﬁﬁ%ﬂﬁkﬁﬁPajE’JEsz th ZRE A MR T RARBR TR 0(1)
550

Part D The renormalization of Complex Networks & Z& M £& 14 & 4V, (10 points)

When calculating the box counting dimension, we use boxes to contain vertices. Now we can construct a new complex network: the
vertices of the new network corresponds to the boxes of the original network. If in the original network, a vertex in a box connects to at
least one vertex in another box, then the two boxes of the new network (considered as two vertices in the new network) is connected.
For example,

IR EAHNRE, BOBEFELTR & EX. XN, RMNTMME—FTNERENE  HNZNTRRRERANE
NET  IRANZ—PEFEN—ANDRELEREIZF—NETFENEITR, WUFNXEXRNES RIFMEENHD
—+ A} .

TR HE. Bl

/

G R(G) G R(G)

10



D1 For a fractal network, let the box counting dimension of the original network be dj, after renormalization 2 Points
with box size s, calculate the box counting dimension of the new network. 24

NREME, REMZTELEA dy, BHATETREAs MEEKE, KFMNENITELLE.
Adding Long Range Connections to a Network [5] [ 4& RN TEE
Many complex networks in our real life do not look like a fractal network. For example, you may have heard the “six degrees of

separation”, that through at most six people, you can use “friend of friend of friend of friend of friend of friend” connection to know any
person in the world. Thus, we often feel “what a small world”!

BNASHRPHREERMEE EEFAEOTEME ., G0, ROUEIMEE NEMRER  #ed, REBIERDA,
fREEM BRI AAMBMANRANBAENREZ (AAMRER EET—PA. B, BHNEFEF HRNT

Usually in a fractal network there are too few long-range connections, not enough to have the “small world” feature. To describe a
“small world”, we randomly add long-range connections to a network: For any pair of vertices with distance r (r > 1), we randomly add

connections to these vertices with probability p(r) = Ar~® (a > 0). For large enough r, these newly added connections dominate the
connections of the new network.

BEADEMETIHNKEEZET D, NEMHER MR o ATHEAXHN MR IR, BMNE— oM S
BEALA I —EKRRERE TEMEBAr AN TR r>1) |, BNMERp() =Ar7% (a > 0) R EEIRD TR,
NTRBRA T, FAIMAXLEERZTHNENEREZT

D2 Now, we perform renormalization of this network with box size s. After renormalization, the new distance r; | 4 Points
of the new network is related to the original distance r of the original network by r; = r/s. After 4 4y
renormalization, for the new network, at sufficiently large distances, calculate the probability p,(7;) that two
vertices are connected, as a function of 4, s, a, dg, 15. (Here dj is the fractal dimension of the original
network before adding long range connection. Before adding long range connections, we can consider the
network in the box as a sub-network similar to the whole network.)

WME, RMYMEMETREAD s WEENL. EENE, FWE LS SIHME EAEEE r X
RArn=r/s. RKEENE FNEEEBRESL, W¢%ﬁz@%ﬁ%ﬁ <ps(r), H
Asa,dp, 1 R, (XE dp ARIIKIRSEER, RMESHNTTEES. AFIKEEER, TEET
EHMEERE DS BN WERE T ML, )

The Fixed Point of a Renormalization Group EE{ B IAFEN 5

D3 For a large enough network G, we can apply the renormalization procedure R repeatedly, to get R(G), 4 Points
R(R(G)), R(R(...R(G) ...)) R(G),R(R(G)),R(R(...R(G) ...)). This repeated renormalization procedure is 4 4y
known as the renormalization group. If after sufficiently many operations, the statistical property of the
network no longer changes (in this problem the probably of long-range connections no longer changes), we
call the network after many renormalization the “fixed point” of renormalization group (here, the “point” in
fixed point means that, in the space of all networks, each network is considered as a point). Since infinite
iteration is difficult technically, we alternatively take one renormalization with the s — oo (but still s < 7)
limit. For different values of a, after adding long-range connections with probability p(r) = Ar~ (a > 0),
calculate the expression of p(r) on the fixed point (i.e., determine all possible cases of p.(ry) as r; = ).

You may use an identity hm (1 + ) =e.

T REGAMTE G, FlT5T R T ERALIRIE R, B2 R(G), R(R(G)), R(R(..R(G) ..)). XFH
RENEELREUBERLE. IRETEBSRERMEER, NENFITHERAELE (A&
THERAKEERENRRABTUNE)  BNREXHEMEREXERUMNNE D EELEN o)
. (RESHNERER, EMKZAMNZET, SIMNEEREET—IR) . ATEFRER
AERALREME, BT UBER s - o (BRNAHE s < 7) HIRRERRB TS RIERNEE.
RIE a AEBE, KUK p() =Ar™* (a > 0) RiMKREEEZE, ERNENFHR L p@) B

FIAR (B 7, - oo IR T EE p,(n) WIRBRIER). RIS lim (1+2)" =e.
~End of Part2 &-2 5 ~
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Problem 1: Spatiotemporal varying electric permittivity (30 points)

[B128 1: B ENEEE (30 2)

In electromagnetism, dielectric media, e.g. a block of glass, is represented by a permittivity
different from the one of vacuum. The reflection and refraction for electromagnetic waves
on a slab of dielectric material can be derived from considering dispersion relationship and
matching boundary condition.

FEHRLSET, AFTREZEN, Glin—Heni, Hadidrkbal DU R E B B 2ok
e LR E IR RAMILECA A A6 AE R, AT LA H A A AE A FE A AR (0 s S A 3T
5o

In the question, we would like to investigate the Fabry-Pérot resonance from a slab of
dielectric medium in the first step and the analog concept when the permittivity of the
material becomes inhomogeneous in the time domain instead of the spatial domain.

FEBCA T, BRSBTS R AT BB SEIREL G, LB BRI 1
BRI BTS2 TS A8 ST A B

Figure 1 shows the schematic diagrams for light entering a block of dielectric medium at
normal incidence. The left diagram shows the case for a block of infinite thickness, in which
the light only undergoes one instance of reflection and refraction at the interface. The right
diagram shows the case for a finite thickness, in which the light ray undergoes multiple
reflections within the slab. The spatial and temporal axes are the horizontal and vertical ones
respectively.



B 1R Ve UL BN SN A AR R . e B SR T JERR IR AR 1
Ol HrOGE S A A I — RS AT . A B 1A IRIEEEAR TS O, Hrot
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Fig. 1: (Left) Schematic diagram for a light ray entering an interface between vacuum and dielectric medium
(Right) Schematic diagram for a light ray entering a slab of dielectric medium undergoing multiple reflections.

1: (&) XEHENAZHENTNTER, (BA) LERHAANBNREDSZRRFHFNTEE.
A. Fabry-Pérot resonance (13 points)

To obtain the amount of light being reflected and refracted from a block of dielectric medium,
we start from the Maxwell’s equations:

N T IR — P a A AR 0 S AT S 9, BRI s = O AT 46 -

VXE oB VXH
XE=—— XH=—
at’ at’

where the curl and div operators are defined by

b curl 1854552 N

UsE =2 <6EZ aEy> v <6Ex 6EZ) s <6Ey 6E2>

gy o0z) Yoz ax) T \ox oy



The constitutive relationship for the dielectric material or vacuum in relating the different field
variables are expressed as

AR R 5 AN A 328 B AH SR A 5k 2R

D =e(x)E
B = ‘lloH

In this part, the electric permittivity profile e(x) only varies in x but not in y, z and t. All the
materials are non-magnetic, having the same value of magnetic permeability u, of vacuum. We only
consider electromagnetic waves which propagate in the x-direction.

TEARE S, AHEEHMLE e(x) (EH x 2k, M5y 2z M ¢ XK. Fra MR
FEARRETER), BAMAERNESW SRRyl HANVRABREAE x T AL B .

Al We consider an electromagnetic wave propagating only in the x- 2 Points
direction specified by E = $E,(x,t), H = 2H,(x,t) . Reduce the 245
Maxwell’s equations to two differential equations only on E,, and H,. Each
differential equation is first order in both temporal dimension t and spatial
dimension x.

WA EFEHE = YE, (x,t), H = 2H,(x, t) ¥ € MTExX 7 A& 5 1
RGN . 8K 22 e i T R A N E, AN H, AN 7 e
o BN T FECIERT 4L ¢ Mg x A RA—.

Answer:
axEy = —0¢B; = —io0H,
axHZ - _atDy - _E(x)atEy



A2 For a sinusoidal wave propagating in the positive x-direction in a medium 2 Points
of constant permittivity €; (e.g. in a glass), it has a form E, = 2 4
E;,, cos(kyx — wt). Find the dispersion relationship between k; and w

WFENHEEEN e, BN (FIIfEsEd) FiF x E7m
fRIREIIESZW, BB Ey = Eycos(kix —wt)e KRk 5
o FIEHBCR.

Answer:

Let also H, = H;,, cos(k,;x — wt), we have

_klEy = _(l)‘uoHZ
_leZ = _(l)ElEy
b VE . LB
= ki = w6, H,=—E,=——=E, £ =
1 01 z Wl y m y )

Now, we consider an interface between vacuum and a dielectric medium (see left panel of Fig.
1). Afixed incident electromagnetic wave E, = Ej;, cos(ky,x — wt) propagates in vacuum to the
right hand side before entering the dielectric medium. The permittivity €(x) in this case is a step
function, being €, for x < 0 and ¢; for x > 0.

BAE, AT BB E A A L (A S (O 1 B2 ) e — A [ 5E BN HL B E, =
Ein cos(kox — wt) FEHE NI BIE LS LR 2 Fil. ERXMELT, NHEFEE e(x)
R, “x <0 Ney, Hx=0Neo

A3 Suppose the transmitted waves is represented by E, = 5 Points
E; cos(kix — wt + ¢;). Find E; and ¢, in terms of E;,;, w and the 5%
permittivities €g, €;

B ALHIB H E, = E, cos(kyx — wt + @) Kono MRYE Eppy
w AHABNEBEHE I ey, €1, K E Fl ¢,




Answer:

Let also the reflected wave as Ey, = E,. cos(kox — wt + ¢,), k; = w /1o€; , ;i = 1/,uo/\/.s_i.
Forx <0,
E, = Ej, cos(kox — wt) + E; cos(—kox — wt + ¢;)

_ Ein Er
H, = n—cos(kox — wt) ——cos(—kyx — wt + ¢,)

0 Mo
Forx = 0,
E, = E, cos(k;x — wt + ¢¢)
E
H, = n—tcos(—klx — wt + ¢¢)
1

On the boundary, the continuous variables are E,, and H,

E;, cos(wt) + E, cos(wt — ¢,.) = E; cos(wt — ¢;)
Ein Er _ Et
— cos(wt) — n—cos(a)t —¢,) = n—cos(a)t — ¢¢)

No 0 1
Expand into cos(wt) and sin(wt), we obtain the following equations:

Ein + E, cos ¢, = E; cos ¢,

(Ein — Ey cos ¢r)/770 = E;cos ¢, /m
E, sin ¢, = E; sin ¢,

—E; sing, /no = E¢sing, /mq

Therefore,
2m
Er = in
k7
1~ Mo
E, = E;
Tomtn "
¢r=¢: =0

We can also define transmission and reflection coefficients £ and 7~ by

_ 21, _ 2\/5_0
mo+nm  Jeo+e;
_771_710_\/6—0_\/6_1

r = =
M+ \Jeo+ Ve

Now, we consider a plate of dielectric medium with a finite thickness ¢, with a fixed
electromagnetic wave shining normally to the plate. There will be multiple reflections and
transmissions between the two interfaces of the dielectric medium (see right panel of Fig. 1).
The incident wave is still fixed as E,, = Ej;, cos(kox — wt) while the total transmitted waves

after the whole slab of dielectric medium is now specified by E,, = Et(mt) cos(kox —wt +

t(mt)), by summing all the multiple reflections and transmissions.

BUE, BATEERAARIZEE LA R, BI—A [ E R R R S 3 A AR
FE BN A P A F T 2 18] 27 2 0O B S (s 1 1A ) o NS TS AR [ 5E T



E, = Ej, cos(kox — wt) ,

E®Y cos(k x — ot + qb(mt)) IR 22 U0 S RZE B SR

%A%u R Z ) B aE R LS RO E,

A4 Derive the maximum value for |Et(t°t) | when we can choose an 4 Peints
optimal value of £ . Derive the condition for such #. 49)
HIATAT LIRS ¢ MREEN, FH |Et(t°t) o f KAB LA S22
i AL 2 AF o

Answer:

From last part, it is actually more convenient to use complex number notation, e.g.

E, cos ¢, + iE, sin ¢, — e,

Then
e L
et
o 771 No '
Tmtne
From vacuum to dielectric medium:
_2m N1 = No
S, =
No + 11 N1+ 7o
From dielectric medium to vacuum:
t' = 2109 7' = fo 771 =
Mo + 1M1 m+n

Total transmission (summing the multiple scattering processes in right panel of Fig. 1) is

tror = tefrlt’ + tetkily’ ptkrlyr gikaby’ 4 ...

tt' etk
= 1 — p'2p2ike?
Therefore, the maximum value of |Et(t°t) is
4014 1 _ Anony _
(o +m)? 4 _ (770 m) Amemy
M1+ Mo
The condition is
ki =mn

for an arbitrary integer m.

B. Time-varying permittivity (14 points)




We have considered a boundary of the permittivity profile in the spatial domain x. Now we go to
the complementary problem. Suppose the electric permittivity is constant in all spatial
dimensions but varies in temporal dimension t. For example, materials like LINbO5 will have its
permittivity changes when a DC voltage is applied across the material through the Kerr electro-
optic effect.

PATC LR 12 mE x AR E AT . DHERATR P AN . i/
WRCE T 2 (4P AR E N, (EAER YRR t BARtk. flln, HiE /R 6N
TEM B E N B L ERT, LiNbO3 S5MRHI A HLH B2 i AR AR L
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Fig. 2: (Left) Schematic diagram for a light ray entering a time-boundary in which the permittivity changes from
€, to €, (Right) Schematic diagram for a light ray going through two time-boundaries. The permittivity changes
from €; to €, at t = 0 and changes backtoe; att =T.

B2 ) S N RS s B, A SN e, BN e, CHD BT AN [RIIZFH
AR T ETE =0 M e, BN €, FFIE t=T IFAZ[A] €,

In a similar fashion, left panel of Fig. 2 shows the trajectory for a light ray originally propagating
in a homogeneous medium in the positive direction. Then, the permittivity suddenly changes
from €; to another value €, at t = 0. In the right panel, we now have a “slab” of such time-
varying material in the time domain. The permittivity changes back to €; att = T. The blue
arrows show the light rays. At every boundary, the ray splits in a forward and backward



propagating ray. As the initial ray is propagating to the right, we call the left propagating wave as
“reflection/backward propagating” and the right propagating wave as “transmission/forward
propagating” after a time boundary. Note that the rays can only to in the positive time direction.

PAZRAL 530, B 2 B R T iAIAE — N5 ot T i IR U5 TR AR R G 2R R U
IR I HEEAE =0 N RIRM e 2N —ME €0 RIS, FATHER AT —4
X BB RIS RAR B o A FL S HE t=T AR [l e, WS ELRRONE . ERFAL
Frab, e ORI JEAE R EOLL. BT ARG AR, RATAR AR FEE
I /R AR IR, AR RRBAE I TR I AR FRON & S /AT AR I . TR, G RREAELLE
I 1) 5 1] _E ATt

To be specific, consider an electromagnetic waves propagates in an infinite block of dielectric
medium originally. Suddenly, at time equal to zero, the dielectric constant in the whole space
changes from €; to €,. We call t = 0 as a temporal boundary. See left panel of Fig. 2.

Bk, BEREMERVAELTRANEN P EE KR, ENEFT 0N, AX
NEENBEEMN e Th e, FHFRt=0 AR EATR. SE 2 HZEN.

B1 What are the continuity conditions in this case across the time boundary? 3 Points

34

FERXMIGE LT, BB [A)30 5 1 IE SR SR AT A ?

Answer:

From the Maxwell’s equations,

0xE, = —0,B,

0xH, = —0d,D,
under the similar principle to consider a spatial boundary, a temporal boundary requires continuity
of D, and B,.



Initially, the electromagnetic waves is specified by E = yE; cos(k,x — wt), a forward propagating waves

in the positive x direction. After the permittivity has changed, there is a backward propagating waves (along
the negative x direction) and forward propagating waves (along the positive x direction). They are the defined as the
temporal reflection and temporal transmission waves.

&¥), Bk E = JE; cos(kyx — wt) 38E, BIFEE x J1E LMATEEER. NEEHRNEE A
[RtEHRENE CRtix Ti1m) FEeIfEEaK CHIExJ1E) o EI10E X0 i8] R 5K R e 2 50K .

B2 The radial frequency has changed from w to another value w’ across the time- | 3 Points
boundary. Express o’ in terms of w and the permittivity values. 39

R IRRAER B E O w 25— ME w'e o A HHE

FEFR w's
Answer:
Fort <0,
E, = E; cos(k;x — wt)
E,
H, = —cos(kix — wt)
m
Fort = 0,

E, = E, cos(kyx — w't — ¢,) + E¢ cos(kpx — 't + )
E E
H, = ——cos(k,x — w't — ¢,) + —tcos(kzx —w't+ ¢p)
12 N2
where k, = w'\/Uo€s.

Continuity gives
€1E; cos(kyx) = €;E, cos(kyx — ¢,) + €,E; cos(ky,x + ¢y)
E E E
—1cos(k1x) = ——Lcos(k,x — ¢,) + —tcos(kzx + ;)
M N2 12

The condition can only be satisfied by setting k, = k. This is in analogy to the spatial case that w is
conserved across a spatial boundary. For a time-boundary. k is conserved.

Therefore

W = [GolE

From now on, ljust call k = k; = k, = w+/ o€,



B3 Express the amplitude of the backward propagating wave and the forward 3 Points
propagating wave. 349

SR i 17 A% 38R WAL 170 1% 4B 0 PO W

Answer:
From last part, the continuity is derived as

Continuity gives
€1E; cos(kx) = €,E, cos(kx — ¢,.) + €,E; cos(kx + ¢;)

Ey E, Ey
—cos(kx) = ——cos(kx — ¢,.) + —cos(kx + ¢;)
U M2 M2

We therefore have ¢, = ¢, = 0 and
€1E1 = EZET + EZEt

E, E, E
n N2 N2
So, we have
1 /€ 1/€ €
Er=—<—1—n—2>E —<—1—£>E1
2\€; m 2\e; e
1 /€ 1/€ €
Et=—<—1+n—2>E1=—<—1+£>E1
2\€; m 2\e; e

Suppose the whole medium goes back to a dielectric medium of permittivity of €; after time t =
T (see right hand side of Fig. 2).

[BRAERS £ = T 25, ¥AREEA EHEO) @ MBAR (5L 2 4D

B4 Find out the amplitude of the backward and forward propagating waves 5 Points
finally. What is the condition to get minimal reflection? 5 4

B e R 5 AR AT AR IR . SRS BN S I 2%
Pttt a?




Answer:
We use a tuple to represent the backward and forward propagating waves and use complex
guantities. The different processes (see right hand side of Fig. 2) can be written as the following step

by step.

Att=0

01) - (% @t

Att = T, the two waves propagate and become

(-T2t
2\e, 1M "2

Att =T, we have two processes:

€2 1
01) > ( (61 -

N1
G = ( (G

As the system is linear, the final waves become

(1(&_’7_2) —io'T ( n2>eiw’T>
2\e; m €2 M

"2
_,1(6_1_’7_2>e—tw'r 3(6_2_'7_1> l( +’71>
2\e; m 2\e; 1M 2\ N2
(T rr (L, ) Lee_my
2\e; m 2\€; 1M 2\ N2

i € € €
= (E sin(w'T) (— L + an) cos(w'T) + —sm(a) T)( L + 2772>>

€212 €171 €212 €11
Y e I vea Ve
= (2 sin(w'T) < NG + \/_> cos(w'T) + sm(a) T) <\/_ \/_>>

The condition to get minimal reflection is w'T = mm.

C. Spatiotemporal permittivity (5 points)



In the final part, we consider the case that the permittivity has to be written as a function in both
xandt,i.e. e(x,t). For a simple case, the permittivity function consists of two constants: ¢, in
the white region and €, in the gray region, a so-called spatiotemporal boundary depicted in Fig.
3. The spatiotemporal boundary is defined by a straight line x = —ut

TERJR—#5r, BAIH I R EL SN x At R EAR, B e(t). X T—A
TP AL, PR R M N AL AR & ARG €2,
HIRRIE O 2, R 3 R, MR AL x = —ut 5E X

v
2

/

Fig. 3: A spatiotemporal boundary. In the gray (white) region, the permittivity is €; (€,)

B3 N=xafi. £#xE (Be) KE, NEEEA 6 ()

Ci1 What are the continuity conditions in this case across the spatiotemporal 3 Points
boundary? Hint: You may need to consider a coordinate transformation. 340

FERXFPEOL T, PSR 10 FESE AR A7 fiom: &
R HE G B R AR AR AL




Answer:

We change the coordinate from (x, t) to (q, 7)

q=q(x,1t)
T=x+ut

As e(x,t) = €(t), we would like to observe how the Maxwell’s equations connect field quantities at
different .

dq

ax =S aaq + c')T
dq

at = aaq +uGT

From the Maxwell’s equations,
0xEy, + 9B, =0
0xH, +9:D, =0
we have

o
L (84Ey +04B;) + 0,(Ey +uB,) = 0

0
1 (8H; + 04Dy) + 0,(H, +uD,) = 0

The continuity variables are
Ey, +uB,
H, +uD,,
being continuous across the boundary

A more specific way:

Define u = ¢; cot 8 so that the boundary is described by
c1cosf t+sing x =0

We change coordinate from (x, t) to fictitious (x',t") by

() = Gne os0)(crd)

) 0.1
1 x _ ( cosf sin 9) *
—0; —sin@ cosB/\ —0d,
1 1



From the Maxwell’s equations,
0xEy, + 9B, =0
0xH, +9:D, =0

1 1
cos 6 d,/E, + sin BC—E)trEy +c (— sinf d,/B, + cos ec—at,BZ) =0
1 1

1 1
cos @ d,/H, + sin ec—at,Hz +c (— sin6 d,/D,, + cos6 C—at,Dy) =0
1 1

1
6xr(cos 0 E, — sin 6 clBZ) + 0, (sinGC—Ey + cos 8 BZ> =0
1

1
6xr(cos 0 H, —sin6 chy) + 0, (sin 0 C—Hz + cos @ Dy> =0
1

Since € is a function of t" and independent of x/,

The continuity variables are

1
sinf —E,, + cos 6 B,
€1

sinHlHZ + cos6 D,
€1
or equivalently
Ey, +uB,
H, +uD,,
being continuous across the boundary



Problem 2: Fractal Dimensions of Networks (30 points)

[B13E 2: P& Y 7 AR (30 43)

Aline is one-dimensional, a plane is two-dimensional, and the volume of a ball is three-dimensional. Is the
dimension of an object always an integer? What's the dimension of a coastline? What’s the dimension of the
Internet or social network? The dimension of complicated objects is an interdisciplinary study between physics and
many other sciences. Here, we will use “box counting dimension” to discuss the dimension of fractal and complex
network objects.

HER—HYE, FEETHEN, MREE=40. YENEEZERELD P BREELZDHM, i
M. BAENEZDHN  ERAMEHNER, EVMEFMS PRI ER. XE, TIBER =
B LM LEIME Z M G4 B [0

Based on this, we discuss the “renormalization group” of a complex network. Renormalization group describes
how physics theories vary as a function of scales, and thus is “theory of theory”. Renormalization group is first
discovered in the quantum field theory of high energy particle physics and condensed matter physics. Here,

complex networks made by vertices and edges, is probably the simplest example to introduce renormalization

group.
PU A B, BT RERMERN EEAR HE. EECHRYEERLHEERETAMEHUNAR,

2 ERPmER  ERAHESSHENTYENERSYENETHIER R RERLI. RAHRSM
ZEMMNERMYE, FFENBEEAHNRERNGT.

PART A. FRACTALS AND BOX COUNTING DIMENSIONS it & 4 %

We cover an image using squares with side length no more than s. Let B(s) be the least number of squares to
cover the whole image. Then the box counting dimension djy is

BNADKABE s MEATRRBZENEF. R B() 2UMNBSENETMALEARARDHE . Wit
B4 ds A
log B(s)

dg =lim——— .
B sl—r>rollog(1/s)

In this problem we assume the following limit exists. For example, the Sierpinski carpet is the infinite-time iteration
of the following figure (in the following figure we only displayed the first two iterations). Through infinite iteration,
self-similar patterns emerge in the following figure. Such complex objects is known as fractals. In each iteration, in
the nine squares, the center one is removed. What’s the box counting dimension of the Sierpinski carpet?

FEH, BAMREUERREFEN. 0, HREFEXRI TENLEFTER (TERZERT AR
FR) . BEELHER, TEFETBRUEE. IENERDEUMDTE. BRERS, W ADNERE
2, ERMEARER, HRERERNTELERES DI 7



Here, after each iteration, we can use squares to cover the image, with side length s which is equal to the side

length of the dark box. Let the length of the whole Sierpinski carpet be L. Then B (s = é) =8,B (s = %) =

64,---,B (s = i) = 8™. Note that here the limit s — 0 is equivalent to the limit n — oo. Thus, the box counting

317.
dimension of the Sierpinski carpet is
XE, #RERE, BMNTMALK s FTRETRNEHERBZER. RREMIRENERLNK
AL WB(s=%)=8B(s=7)=64-,B(s =) =8" 5IBH s - 0 (IRMRHE n - oo WIRR, B
BURRETEBNITEAECs

d, = lim log B(s) I log(8")  log8
<Blog(1/s) nowlog(3"/L) log3’

(Note that in the sense of taking limits, whichever unit we use, log L is negligible compared to log 3™ in the above
equation.)

CERE], EBURRMEXT, TWBHABNM, EXH logL 7l log3™ #ALLER ] UIZRE. )
Al. (2P) BOX COUNTING DIMENSION OF A RANDOMIZED SIERPINSKI CARPET FE# {5 /R 52 8y B B
MITE4HE

The randomized Sierpinski carpet is the infinite-time iteration of the following figure (in the following figure we
only displayed the first two iterations). In each iteration, a random square among the nine is removed. Calculate
the box counting dimension of the randomized Sierpinski carpet.

RS R EAERE TENESER (TRRRERTERNEIRR) . SXERF, ADNESTHEN
THR—A. KRV R R ES T Z 4



Solution: log 8/ log 3 (= 1.893, either the precise or approximate numerical number is fine). There is no difference
between the above example (the position of the squire does not enter the calculation).

A2. (2P) BOX COUNTING DIMENSION OF A HILBERT CURVE 5 /R1A45 i 2k AT & 4 41

The Hilbert curve is the infinite-time iteration of the following figure (in the following figure we only displayed the
first three iterations). Calculate the box counting dimension of the Hilbert curve.

R AFHEE TERNESFER (TRPRAERTERNII=X) . KERBEHHMZEHNITEAE.

Solution: 2.

Because the Hilbert curve is space-filling. It passes through any given point. (This may not be easy to prove, but it’s
straightforward to see that for any given point, the curve will pass by close enough to this point.) Thus, no matter
how small s is, we always need to put boxes all over space to cover the whole curve.



A3. (3P) BOX COUNTING DIMENSION OF THE CANTOR SET FRIEREMNITEH I

The below is one form of Cantor set, defined as the infinite-time iteration of the following figure (in the following
figure we only displayed the first two iterations)

—MEXNREREE TENLESFER (TRAPRABFRTERNIT=X) . KEFRRENITELH.

OO0 00
EE BN

- -

o0 00
OO0 00

Solution: B (s ) 4™ (1p). Thus dg = loﬁ =~ 1.262 (2p)

PART B. INTERSECTION BETWEEN A SPIRAL AND THE POSITIVE X-AXIS 8}k 5 IF x #1935

70N

Consider a spiral in the polar coordinate. Consider all the intersections between this spiral and the positive x-axis
(i.e., the ray 8 = 0 starting from the origin). We will call them “intersections” for short. What’s the box counting
dimension of these intersections? We will solve this problem step-by-step in this part. (Note: in the calculation, we
will allow 8 — +oo. In the below figure, we have not shown the large 8 behavior.)

FRRLIR THBIEZ 1(0) = 077 (a > 0), FRIZBIRES x HMIETTE BIMNRERREER O =05%) 1
FrEZm (K& BH, EHREA TR )  XEXLKNITELEBE LD 7 BRI NERFRX
M. OF  AUHEFRBIVERF O - +o, TEFRFIFZAETH 0 BIRAENITH. )

B1. (1P) THE VALUE OF O OF THE INTERSECTIONS & = /Y 8 18



We denote the 6 value of all the intersections by 8 = A j, where A is a constant, j is non-negative consecutive
integers. Calculate A and calculate the range of j.

FRERRE0 ETRUCIEO =), HPAAER, j ATESRENIFRELR. KANE MNEjHOBRESE
Bl

Solution: j = 1,2,:-- (i.e.j # 0), A=2m, 6 =2mj.

B2. (1P) THE HORIZONTAL AXIS OF THE INTERSECTIONS 3% = A 48 24 #R
Calculate the horizontal axis x; of the intersection labelled by j, as a function of j and a.
KRS j B9t R x;, Fj Fa /o

Solution: x; = rcos @ =1 = (2mj)~%.

B3. (3P) THE DISTANCE BETWEEN NEIGHBOR INTERSECTIONS #H4B3Z &= 19 [8] BB

Given a very small length s. Suppose J is the smallest number which satisfying the following condition.
B/E—NEBHNNKE s, B BENTHFENRNOERT
xj — xj4q < s forall GFFFrE) j =]
Calculate J, in terms of @ and s.
KJMME, AaflsFzr.
Solution:
Since s is sufficiently small, J must be sufficiently large. (0.5p)

By definition, J satisfies (2))~* — [2n(J + 1)]7* < s (1p)

1

Divide (27/)~% and Taylor expand the expression, we have | > %(z%a)“_“ (1p)

1

1
Since J is the smallest number satisfying this inequality, | = ﬁ (zn—a)a“ = ( 2 )"‘Jr1 (0.5p)

s 2m)%s

B4. (3P) BOX COUNTING it E# &

For small enough s, calculate B(s) in terms of a and s. Note that here we use one-dimensional interval with length
no more than s (instead of two-dimensional boxes as given in Part A) as “boxes” to cover the intersections.

XEH N s, KB(s), MaMskr, IR XEBNBKEELH s W—4HER (MAZABIFH
THIETIR) BR BT REBEXERR.



For 1 < j <], each of the intersection point needs to be covered by one box, since these points are far apart. For
Xy

j >, we need x; /s boxes to cover the entire 0 < x < x; range. Thus B(s) = ] + - (2p, one for each term)

s
Note: since ] is large, answers suchas B(s) = (J — 1) + % orB(s) =]+ % can be considered equally right and

get full marks.

Insert the expressions for J and x;, we have
1 a 1
B(s) = [% (2ra)a+t + (21ra)_m] s a+1 (1p, where coefficient 0.5p and power dependence of s 0.5p)

B5. (1P) iTE 4% BOX COUNTING DIMENSION

Calculate the box counting dimension of the intersections dg in terms of a and s.
KEZROUTELEL d;, Ha s K.

Take log of B4 in the small s limit, we have dg = 1/(1 + a).

PART C B 2L M4 9T E 4% THE BOX COUNTING DIMENSION OF A COMPLEX NETWORK

In the following, we will discuss network formed by vertices and their connections. We can use a generalized
version of box counting dimension to analyze the feature of the network. Now the generalized “box” is no-longer
square in the geometrical sense, but rather we require that the distance of any two vertices within a box to be no
more than s (i.e., a vertex in a box needs to travel at most s edges to connect to any other given vertex). All the
boxes can cover all the vertices. A vertex can only be in one box. The box counting dimension is calculated from
the minimal box required.

THE, BT TRMNT KR BEEERAREME. BT BT T EABCRTNEREIL. X

B, #H 2T AER/IUARXLENESE, MERERETEERITREMNERRAEZT s (Bt
M PRAREZBE s FORTUERIETENE—HEDR) . MENETHBESIETR, FTENE

TEEENTRAEERE. TEESTMNBEEN EFHNERIETERITE.

C1 (2P) BB A4 32 W48 THE SOCIAL NETWORK OF DOLPHINS

The below figure is a dolphin social network recorded by researchers:

TEAFRARICF—NEBHEFAN ML




After analyze, we get

Zd o LR, FE

1.6 =3
1.2 vertical axis (ZA22%R) : log B(s)
0.8
04
0
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Suppose the slope of the plot at s = 0 (in a complex network, since s = 1, the s = 0 limit can only be understood
in a sense of continuation) shows the same trend as the slope formed by the s = 3 and the s = 2 data points (for a
fractal complex network, this slope should be a constant). Estimate the box counting dimension of the Dolphin
network using the s = 3 and the s = 2 data points.

B s > 0 UEBAVE (EEAMGSH, BTFs>1, s 0 WERREEHFEROEN LEX) 55=3
s = 2 BB EAONRATIERNAIIEE (WTARERMSE, SINANERZENES) | B
s =370 s = 2 AR B ML M B4,

C2 (2P) oM £& 9 R THE SCALE OF THE FRACTAL NETWORK



Assuming the complex network has number of vertices N, > 1 with a fractal structure and box counting
dimension dj. Estimate the average distance 7 between nodes using N, and dg (as an estimate, we ignore the
difference between average distance and maximal distance, and ignore 0 (1) constants in the limit of an infinite
network).

WERMBTRNEA No > 1, WERBEREN, HERECN dp, HA N M dp BT RZEF
HEEE T (fEAMET, N2 FIEBNRAEBSNXS], HABEMNETLTSARRTHOQ) FEH) .

Solution: From the experience of the previous question, we noted that dgz can be estimated from the slope of the

(log(s),log B(s)) curve. Take s ~ 0(1), from the fractal structure of the network, the nodes in the box B(s)
should behave similar to the whole network. Thus,

logB(s) —logB(s =7) logB(s)
log7 —logs log

B

Note that log B(s = ) = 0(1) and logs = 0(1) are neglected in the last step of the above equation. Since we
have taken s ~ 0(1), B(s) ~ Ny. Thus, 7 ~ Nol/dB.

Alternative Solution: The students may get an intuitive solution 7 ~ Nol/dB directly, by imaging 7 and N, as the
length and volume of a dz-dimensional cube. Though mathematically this is not rigorously following our
definitions, we can also give full marks to this solution.

PART D & Z- W 4% ) & 2 /¢, THE RENORMALIZATION OF COMPLEX NETWORKS

When calculating the box counting dimension, we use boxes to contain vertices. Now we can construct a new
complex network: the vertices of the new network corresponds to the boxes of the original network. If in the
original network, a vertex in a box connects to at least one vertex in another box, then the two boxes of the new
network (considered as two vertices in the new network) is connected. For example,

AUETEAHNNE RMNAEFETR K Bk, XN, FRMNTMUGE—DFNEZRME @ WL
MPTREREAMENET  MREMZ-—IETEN - ITRELERIZAETENEAYR, U
FNEEXRIET BIFNEENRITR) Bk, G

G R(G) G R(G)
Vi
@?f@-»—{—- é?% -»47

D1 (2P) EE K EMITEZE$L THE BOX COUNTING DIMENSION AFTER RENORMALIZATION

For a fractal network, let the box counting dimension of the original network be dg, after renormalization with box
size s, calculate the box counting dimension of the new network.



WML, RENROITERR A ds, EHTEFREN s WEELGE, RKINZNITELEE.
Solution: dg (because of self-similarity. Or one can calculate using slope, taking boxes with size larger than s.)

D2 (4P) [a W& RN FE % $E ADDING LONG RANGE CONNECTIONS TO A NETWORK

Many complex networks in our real life do not look like a fractal network. For example, you may have heard the
“six degrees of separation”, that through at most six people, you can use “friend of friend of friend of friend of
friend of friend” connection to know any person in the world. Thus, we often feel “what a small world”!

BT RPHNREERXANEE EEHAEOME ., Hlm, RIUEFRT RNESREL |, e
W, REZBIADA, REM HEAMNALXNALXNALNALNAL B770AMRER EEET—DA
Fie, NEFRF HRANT

Usually in a fractal network there are too few long-range connections, not enough to have the “small world”
feature. To describe a “small world”, we randomly add long-range connections to a network: For any pair of
vertices with distance r (r > 1), we randomly add connections to these vertices with probability p(r) =

Ar~® (a > 0). For large enough r, these newly added connections dominate the connections of the new network.

BEADEMERIHNKEEZFED, FEMEE YMEFR o A THRARERN MR &R, &
ME—MDTEME PRI —EKEERE S TEAESAr ORI (r>1) , FMNMUERp() =
Ar=®(a>0) IMRERXFW I DR, NTEBRNr, FAMOXLEEZEHRMNENTEZERET.

Now, we perform renormalization of this network with box size s. After renormalization, the new distance r; of the
new network is related to the original distance r of the original network by r; = r/s. After renormalization, for the
new network, at sufficiently large distances, calculate the probability p,(r;) that two vertices are connected, as a
function of 4, s, @, dg, 15. (Here dj is the fractal dimension of the original network before adding long range
connection. Before adding long range connections, we can consider the network in the box as a sub-network
similar to the whole network.)

W, BMNYMWEMETREN s WEREMK. EREMAE, FWNE LMD SIHME EMNERS r XA D
n=r/s. REBWUE WNEEELBAEBL BITRZEMEERRp(), AAs ads R,

(XE dp ARIKIESER], ENENITELE. AAIKEEREN, TRBETENNEENE— 5%
NMLERIAS T ML, )

Solution:

Consider the old network. Let the number of nodes in a typical renormalization box be Ny. Since s > 1, we have
N = 598, (1p)

For two such boxes, the probability of no connection between two boxes is [1 — p(r)]”bz? (2p). Note here 2 in N2 is
because you can first calculate the probability between one box and any single node in the other box. This factor of
2 deserves 1 point.

2dp

Thus, ps(ry) = 1 — (1 — A(s15)™%)S

D3 (4P) E BB A G &= THE FIXED POINT OF A RENORMALIZATION GROUP



For a large enough network G, we can apply the renormalization procedure R repeatedly, to get R(G), R(R(G)),
R(R(...R(G) ..)) R(G),R(R(G)),R(R(...R(G) ...)). This repeated renormalization procedure is known as the
renormalization group. If after sufficiently many operations, the statistical property of the network no longer
changes (in this problem the probably of long-range connections no longer changes), we call the network after
many renormalization the “fixed point” of renormalization group (here, the “point” in fixed point means that, in
the space of all networks, each network is considered as a point). Since infinite iteration is difficult technically, we
alternatively take one renormalization with the s — oo (but still s « 7) limit. For different values of a, after adding
long-range connections with probability p(r) = Ar~%* (a > 0), calculate the expression of p(r) on the fixed point

n
(i.e., determine all possible cases of py(7;) as 1; = ). You may use an identity lim (1 + ) =e.

n—o0o

XTRBERIWE ¢, BTUREHTERBMEREER, B2 RG), R(R(G)), R(R(..R(G) ..)). XTHRE
EERIEI BB, ﬁﬂ%l_ﬁﬁﬂzéé REEWBREERE, MENGITHERAFRE (REFER A
KEERMOMEATNE) | RMNHRXHERIRSABRAUONEAETRAEN T . (XESW
BRR FENSEANZET, GINEERRET—ITR)  BTESRERERAR LRERE, A
WO UBLERR s > oo (BERMARE s K 7) WIRRERRB LS RIERWEE. RIE o« WAREE, KUHE
Epr)=Ar~(a>0) FINKBEREZR, EENENAINE L p(r) BFRER (BITE 7, » o ARERTIT

HHE p(r) WIRRIER). RIS lim (1+1)" =e.

Solution:

2dpg

Note that (1 — A(s7) ") = [(1 — A(s1y)"*)*“|* (s248~%) ~ exp (—A 1y *s24B~%) _(1p)
Thus, p; = 1 — exp (—A 1y %*s%3B=%) has three cases:

When 2dz — a > 0, p;, = 1 (complete graph fixed point). (1p)

When 2dz — a < 0, ps = 0 (fractal fixed point). (1p)

When 2d; — a = 0,p; = 1 — exp(—A r~248) (small-world fixed point). (1p)

Note: the names of the fixed points just indicate the physical meaning. The students only need to write down the
different cases and probabilities (each 0.5p), no need to write the names of the fixed points.

References:
[1] “Fractal Dimensions of Networks”, by Eric Rosenberg, Springer Press.

[2] “Small-World to Fractal Transition in Complex Networks: A Renormalization Group Approach”, Rozenfeld, Song
and Makse, Physical Review Letters 104, 025701 (2010).
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1. [10 points] Consider a satellite that has a shape of a plate of surface d
area A and thickness d « VA. The satellite can convert solar energy n
into electrical energy and charge the onboard batteries making use of \ /
the temperature difference. The solar energy flux density [solar power
per unit area] at the position of the satellite is S and the satellite is
facing towards Sun. Assuming that the emissivity of both sides of the
satellite is € and the temperatures of the satellite on two sides are T;
and T, respectively and o is the Stefan-Boltzmann constant.

L[10 73] Fie— P NG TR - HfRIRVREIRN A HER D \

111

VA B - TUE AT DU TR B (L FAE - R
SRR - N TLR FTE (BT A 8 e A e 2 o TR AP
BEDRINS » TEIENE AT o BT LEAE SR (LS Surface area = 4
) Jye » TEMMELEE 2RI Ty M1 T, > 0 /& Stefan-Boltzmann 4] -

(a) [2] What is the net heat flux [energy per second] abserbed by the bright side (the side facing towards Sun) of the
satellite?

(2) [2] DEAYSEE (HEFERMHE—E) B4 H2EE [BURE] 22/ ?

(b) [1] What is the net heat flux [energy per second] released from the dark side of the satellite?
(b) [1] M ERSF R A E S (B E] 2%V 7

(c) [1] What is value of the emissivity € to get the theoretically maximal charging power P, 4, ?

(c) [1] AISEEIE B ATEHINIR Prax HIEZHHR € NEEZ /D ?

(d) [3] Find a condition for the temperature T; in order to get the theoretically maximal charging power P, provided by
the satellite. Express the condition in term of the dimensionless variable x = UTT{} You don’t need to solve the equation
in this part.

(d) [3] SRRET HIZRM - (015 TLREREEZTENG LR ATEHRINE Prax © FALENLE x = %Tf FRITHEZ - I
A E X ST HI TR -

(e) [3] What is the theoretically maximal charging power Py, .y provided by the satellite? Calculate the numerical value of
%. Your answer should be correct to at least 2 significant figures.

(e) [3] LE AR EHVENL ERATEHIH Pz %V ? R Pf% AVEE - (REVEZE2/DNIEE] 2 A%
=




2. [10 points] Binary-sun solar system: Consider a binary pair of
identical suns of mass M orbiting in the x — y plane in an orbit
centred at the origin. The gravitational constant is G. Now add a
planet of mass m with an initial condition on the z axis above the
center of mass of the two suns and with a velocity along the z
direction. By the symmetry of the system, the small planet will
remain on the z axis, suns will have equal z coordinates and the
center of mass of two suns will also remain on the z axis.

2.[10 PIREXFAZ : ZIEMAFES N M BIEREKFEE x —
y FEHPMUERAFONHEZIT - ABESINDERN G - ME
AI—1TRE m NITE E%)Jiznfr\#u?ﬁ/\i(l?ﬁﬁrutm’]
z WL REE 2z HEL < BIRFOIRME - ITEFRE
EziE > MPKRBER 2 Qéfflﬂﬁlﬁ s HFUOh S E 2 fE -

z
‘ m: (0,0, u)

M:(—Rcos6,—Rsin0, Z)

M: (Rcos6,Rsinb, Z)

We use the Cartesian coordinates to describe the dynamics of the system: the coordinate of the planet (0,0, u), and the

coordinates of two suns are (xR cos6,x+Rsin8, 7).

BB R RALIRBM ARSI N E  1TELIRA0,0,w) » T KPERIEHIRA (1R cos§,+Rsinb,Z) °

(a) [0.5] What is the total kinetic energy, T, of the system? Express the answer in terms of R, 8, Z, u and their time

derivative.

() [0.5] RANCSEET RSP ?H R0, Z,u RENBSHERETRER
(b) [0.5] What is the total potential energy, V, of the system? Express the answer in terms of R, 8, Z, u and their time

derivative.

(b) [0.5] RAMNZBREV B2V 2B R 0,Z,u RENBSHERER -
(c) [0.5] What is the total linear momentum, P, of the system? Express the answer in terms of R, 6, Z, u and their time

derivative.

(c) [0.5] REMELEMNE P 22V ?H R 0,Z,u RENBSHERER -
(d) [0.5] What is the total angular momentum, L, about the z axis of the system? Express the answer in terms of R, 8, Z, u

and their time derivative.

() [0.5] £F 2% 2 MR BINE L 2302 F 0,2 u RENESBETSE -

From now on, we introduce the dynamical variables q(t) = u — Z and the center of mass coordinate of the system

mu+2MZ

Q) = m+2M

MEMEFFE - BAIBI AR NS T Rq(0) = u — Z MRRMIFVOLIT Q1) = Ton”. o

m+2M

(e) [2] Find the equation of motion for q(t). Express your answer in terms of §, g, R and given physical parameters.

(e) [2] ¥t q(t) BEBENT5HE A 4, q, R FNATERIIES HERIAMRM

Iv‘\' -—‘—-

(f) [2] Find the equation of motion for R(t). Express your answer in terms of R, R, q, L and given physics parameters.
(f) [2] KH R(t) B9iEsh /72 ° A R, R, q, L NABTEIESERAMNEER -
(g) [2] In the limit of small planetary mass m << M we can ignore the effect of the planet on the motion of the suns. Find

the explicit solution for the motion of the suns R(t) for orbits with small eccentricity € << 1. Write your solution as
circular motion plus a term proportional to e, i.e. R(t) = Ry + €R;(t) where R is the radius of the circular orbit. You

can assume the initial condition R(0) = Ry(1 + €).

(2) RIENMTERE m « M BIRERTS » B TR Z BT EXS KRS RIAYES

0 o 3FAMROER € < 1 BIHNE -

FIKPFAZEN R() EXEE o FIRNERSRBEREEINLES e BEEFIRIIN > Bl R(t) = Ry + Ry (t) » HF Ry &

ERANERIFZE - R MRIRADIGIRM R(0) = Ro(1 +¢€) °

(h) [2] Obtain the equation of motion for q(t) in the limit m <« M. You can see that q(t) is a nonlinear oscillator driven

by a nonlinear force term.

(h) [2] 3K q(t) EMRBEM « METRYBEN AR © IRALAER q(t) B—

THIEL M NIRRT E L iR 88



3. [10 points] A massless rod can rotate without friction about 100% Absorbing Side
the pivot point at its center. Light, propagating as a plane wave, 100% W Y I specular Reflecting Sid
propagates from left to right, along the x axis. The electric field SEEENE
of the light is given by / -
3.[10 2] —tR T FREAIAT AT LAGEEL A O O AR i s To R 424
Incident y Shadow 352
fiekk o FEYCK G x HMMARAERE o SCRIBIZH TN  Planewave Pivot
AP

ix g x )

E(x, t) = Eyy cos(kx — wt) \T Shadow [38

~

where k = k% and E, is a real number. The angle between the * =)
rod and ¥ is denoted by 6. —~ Reﬂeg(:f ‘
H k= k2 B By IS - FH1 9 Z BB 0 & - T At

Cantered at the ends of the rod are disks, each with one side perfectly mirror with 100% reflection and the other side with
100% absorbing. The disks are oriented so that light in the upper part of the rob (above the pivot) always strikes an
absorptive surface, while in the lower part, it strikes a reflective surface. Each of the disks have mass m and radius r.
Assume that the distance R from the pivot to the center of each disk satisfies R > 7.

EMFmInEREE » STEZEN—MZE 100% RNERE » S—M 100% KU - EZES EESF LS (1K
HLEF) SRR RIRKE - METE  ERFARSGHE - BTEENFRERN m o FEH r - RIFEHSE
ETRZFONIESR HER > o

The Poynting vector, which describes the energy flux density (i.e. the energy per unit area per unit time) is given by

HigEERERE (SR EESRUEIRNEEE) NIRES=XERTHES
- 1 - -
S=—(E XB),
llo( x)

where p is the vacuum permeability. The momentum density p carried by the EM wave is

Heppy REZEHMSER - HRIBETNERE P N

1

p==3

where c is the speed of light in vacuum.

Hep c REZEPHICE -

(a) [1] What are the frequency f, wavelength A, and magnetic field B (x,t) of the light?
() [11 FAIRR £~ A< A MR B (x, ¢) DRIRHA ?

(b) [1] What is the time-averaged Poynting vector of the incident light?

(b) [1] ABSFEROBT B AR ENIER E R4 ?

(c) [6] What is the total torque which is delivered by the light to the system of rod plus disks around the pivot point at a
given angle 6? What is the average torque over a full rotation of the rod?

(c) (6] EREAE 6 T » HEBFEZNHMK[RTINEZ R RN SHER Z D ? Hie—B N TFI9HER 2
b2
(d) [2] Find the average angular acceleration of the rod over a revolution.

(d) [2] KATHEFE—RBIRTFIAmNRE



4. [10 points] A vertical, insulated and sealed cylinder with a cross-sectional area

A, and an insulating piston of mass m inside, whose thickness is negligible A

compared with the length of the cylinder. At the beginning, the piston is fixed in the -
center of the cylinder, which divides the cylinder into two air chambers with the Z
same length [, as shown in the figure. Assume that the upper and lower gas [

chambers of the cylinder each contain n moles of monatomic ideal gas with
temperature Ty . In the following problems, it can be assumed that there is little
friction between the piston and the cylinder wall, and that [ is much larger than the
distance traveled by the piston (>> z). ~——

4.[10 2] A—EEEUNEZRERER > BEESR A REF—EE5mN
BHEE > HEENBERNRERL » AIBERAR © 156 » EEREER
ERFR - BERESRARERERS | BRE - NEFMT - SREENL
THREZSESBERERT, Mn EENERF5FIEERE - £ FMINEE

B AIMREEELERFE ZBNERNRD > B I EBRREEMBEERE (> 2) -

= —

(a) [4] Release the piston from rest at time t = 0 so that it can move freely up and down. Find the trajectory of the piston
z(t). You can neglect the friction between the piston and the cylinder in the part.

(a) [4] 7ERSE t = ORFIERF LLPIENUEE » (FHAEE A L TES) > HHEZERMI 2(t) - EXERD - IRAIAZ
BEEMSEL < (BRI -

(b) [2] How does the temperature of the upper and lower chambers in the cylinder change with the position of the piston,
z?

(b) [2] B L TMRZERRENCBEEUE 2 NEENME?

(c) [4] Although there is little friction between the piston and the cylinder, the piston will eventually come to rest after a
long time. Find the position of the piston, z¢, when it rests and the temperature, T¢, of the gas in the cylinder at that time. .
We can assume that the heat capacity of the cylinder and the piston is negligible, the temperature of the upper and lower
chambers will eventually come to the same because of the movement of the piston and all heat lost due to friction will
transfer into the internal energy of the gas.

(c) [4] BEREREROEZRNHEARD > BEB—RRF[E - BEEEEF UL TR - dREEREF LR
HUE z MEBEARENRE T ? BMRREFENEENASTEF 2B > BAREENEY > ELT
REREREEN N > MERTEEMMRKNAEREEH RN SERALE -

~End of Part 1 £-1 58 ~
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PRGN > 1B A EIEAR - W H AR EREAOR A S -

1. [10 points] Consider a satellite that has a shape of a plate of surface area A and thickness d <« V/A. The satellite
can convert solar energy into electrical energy and charge the onboard batteries making use of the temperature
difference. The solar energy flux density [solar power per unit area] at the position of the satellite is S and the
satellite is facing towards Sun. Assuming that the emissivity of both sides of the satellite is € and the temperatures
of the satellite on two sides are T; and T, respectively and ¢ is the Stefan-Boltzmann constant.

1.[10 53] FE— M N TE » HIPRARERN A AIEENd < VA BIER » TE A DUFI R 2R R PHAR
FALHRE - NEFRMTEE - NG TLEFTEA BRI B R % SR AL FRA KRR S - TLEIE
XPEARIH - BB DR ERR (NIRESR) Ne - TEMMENEE BN Ty M T, > o iZ Stefan-

Boltzmann &4 -

r, L
N a——
_S
—
\_

Surfacearea=A

(a) [2] What is the net heat flux [energy per second] absorbed by the bright side (the side facing towards Sun) of
the satellite?

(a) [2] PEAYZEE (HEDKIHA—@) B A EE [FPeE] 2%/ 7

(b) [1] What is the net heat flux [energy per second] released from the dark side of the satellite?
(b) [1] MBS ERRAY A P uaE [FeEE] 2%/ 7

(c) [1] What is value of the emissivity € to get the theoretically maximal charging power P, g, ?
(c) [1] FJ1SEEIE ERRTCHINR Prax FVASHR € (IEZEZ /D ?

(d) [3] Find a condition for the temperature T; in order to get the theoretically maximal charging power Py,

1
1
1

— o/ o——

provided by the satellite. Express the condition in term of the dimensionless variable x = UTT{L You don’t need to
solve the equation in this part.

(@) 3] KRBT, 00 » (73 TR ARG FRAFIE Prg, » FIERMBE x = 70 R {RIVE
% o IRFREXE S -

(e) [3] What is the theoretically maximal charging power Py, provided by the satellite? Calculate the numerical
value of %. Your answer should be correct to at least 2 significant figures.

() [3] TR FIHEBEHIFLI A TSR P 570 7+ 228 HYBE « (RY B2/ D RTIERS) 2 (1

Solution:
(a) .
01 = €A(S — oT{)




(b) ,
Q, = €dAT,
(c) The power is given by
P=Q1—Q2:€A(S—0Tf—JTf) 1)

For maximal power, the satellite should be a Carnot engine,

G _0
i T
€A(S — oTy!) €cATy
= =]
T, T,
S

ST =— T}

2 =g

Sub. Into eqtn (1),
S 4/3
P = €A(S — oT{ — oTy) = 6A<S—JT14 —o(——Tf) )
oT;
Obviously, we can get maximal power if € = 1.

4
(d) Define x = %, we have

1 1/3
AS o x1/

4
P 1—x\3 1— x)4/3
male_x_( >:1_x_¥

We can get max. power P if x satisfies the following equation:

1 4
d (Pmax) . 4(1-x)3 (1-x)3
dx\ AS ] 3 x1/3 3x4/3

(e) We can solve the equation numerically and we get:

x = 0.751
The corresponding value of power is
Pmax
— =0.077
AS

2. [10 points] Binary-sun solar system: Consider a binary pair of identical suns of mass M orbiting in the x — y
plane in an orbit centred at the origin. The gravitational constant is G. Now add a planet of mass m with an initial
condition on the z axis above the center of mass of the two suns and with a velocity along the z direction. By the
symmetry of the system, the small planet will remain on the z axis, suns will have equal z coordinates and the
center of mass of two suns will also remain on the z axis.

2.[10 ZIREXRPER : ZEWANELSY M NERKIE x — y FEAFURSAFONNEZT - HHESI
NEERN G - BERN—TRE m NTE » ERFEAUTHIKRERO LS z L EEXE 2z 5[
£ - BIRFRIXITRE - IMTEFRITE 2 L - WTKBAN z 245180 - HBRUO AR E 2 L -



z
‘ m: (0,0,u)

M:(RcosB,Rsind, Z)
M:(—Rcos@,—-Rsin8,) | ____. [ ] y

We use the Cartesian coordinates to describe the dynamics of the system: the coordinate of the planet (0,0, u), and
the coordinates of two suns are (+R cos 8,+R sin @, Z).

BARE R RSB R RN E + ITELIFA0,0,u) » TR ARA(+R cos0,+Rsin 6, Z) °

(a) [0.5] What is the total kinetic energy, T, of the system? Express the answer in terms of R, 8, Z, u and their time
derivative.

(a)[0.5] RANSEAEE T 2%V ?H R, 0,Z,u RENEBSHRTEE -

(b) [0.5] What is the total potential energy, V, of the system? Express the answer in terms of R, 8, Z, u and their
time derivative.

() [0.5] RAEMNEHBEEV 22V ?2H R 0,Z,u RENEBSHETREE -

(c) [0.5] What is the total linear momentum, P, of the system? Express the answer in terms of R, 8, Z, u and their
time derivative.

(©) [0.5] REMEEMHMEP 22V 2B R 0,Z,u RENBSEHRETRESE -

(d) [0.5] What is the total angular momentum, L, about the z axis of the system? Express the answer in terms of
R, 0, Z,u and their time derivative.

[0S RTFRFE - HNEAMEL @ZV?H R 0,Z,u RENBSHERER -

From now on, we introduce the dynamical variables q(t) = u — Z and the center of mass coordinate of the system

o) = mu+2Mz
m+2M
MIMEFIR » BAIBIANNELZZEq(t) = u — Z MBFBEOLER Q@) = "””ZMZ' o

2M

(e) [2] Find the equation of motion for q(t). Express your answer in terms of §, ¢, R and given physical parameters.

(e) [2] #tt q(t) WEBENATE ° A G, q, R AENMIESHRAMMNESR °

(f) [2] Find the equation of motion for R(t). Express your answer in terms of R, R, q, L and given physics
parameters.

(f) [2] K R(t) BEBEh 52 B R R, q, L MIAERMIESHTAMNEE -

(g) [2] In the limit of small planetary mass m << M we can ignore the effect of the planet on the motion of the suns.
Find the explicit solution for the motion of the suns R(t) for orbits with small eccentricity € < 1. Write your




solution as circular motion plus a term proportional to e, i.e. R(t) = Ry + €R;(t) where Ry, is the radius of the
circular orbit. You can assume the initial condition R(0) = Ry (1 + €).

(2 RIHEIMTERE m « M IRRT > BATRIAZ BT ES KFRZHAIEMN - X TIMROER € < 18I
& > EIKFREE) R(t) FIEINEE - FHRNBERSHERZHINLS € BREEFIRIL > BIR(t) = R, +
€R,(t) » HF Ry REIZMENFZ o IRA]MRIRFIBRM R(0) = Ro(1 +€) °

(h) [2] Obtain the equation of motion for q(t) in the limit m <« M. You can see that q(t) is a nonlinear oscillator
driven by a nonlinear force term.

(h) [2] 3K q(t) FEWBRM « MESRBENEE < IRATAE R q(t) B— T HIFEIEN DRI EL TR S8 ©

Solution:
(a) The total kinetic energy is

) ) L1
T = MR? + MZ? + MR?6% +§mu2

(b) The total potential energy is

(c) The total linear momentum is
P =mi+2MZ
(d) The total angular momentum is
L = 2MR?§
(e) We can rewrite u and Z in term of g and Q,

2M
m+ 2M

u=0Q+ q

The EOM for the planet is

2GMm

MU= "Rz + 23721

Since
2M

m+ 2M

q

u=0+ qg=>1i=

m+ 2M

2mM 2GMm
= = —
m+2M1” TRz + g2

. 2GMm
= Hq = (RZ + q2)3/2 q




where the reduced mass of the system u is defined by:

1

1 +1
w2 m

(f) The total energy can be rewritten as,

2R Rt -2

) ) N | GM? 2GMm
E=T+V:MR2+MZ2+MR292+§mu2—

2
E:MR2+M(Q—

2R /R2+q2

Mm . GM? 2GMm
—q2 + MR?6?% — —
m+

2M 2R JRP+q°

1 1 .. GM? 2GMm
E = MR? + E(m +2M)Q? + Euqz + MR?6? —

) +MR292+1 (.+ m ')2 GM? 2GMm
m+2m 7 2™+ ot

o1 :
E=MR2+§(m+2M)Q2+

2R /R2+q2

GM? 2GMm

2R /R2+q2

p? 2 2 1 .,  2GMm

- MR 4 R — e
2(m + 2M) 2R " aMrz " 2" T ey

2 2

:>E:MR2+P—+luq2+MR2( L )—
2(m+2M) 2 2MR?

=>FE

where the momentum and angular momentum

2M

, : . 2M : : :
p—mu+2MZ—m(Q+mq)+2M(Q—mq)—(m+2M)Q

L = 2MR?6
are conserved.
The constant energy gives
L oo amri+ SR Lkt g+ — M (2RR + +2q0) = 0
dt 2R?2 " 2MR3 (R? + qz);
(o =i+ ) g =
R 12 . GM? N 2GMmR
2MR3 ~ 2R2 (R? + qz)%
() In the limit >~ — 0,
- I?  GM? 2GMmR

—~ +——+
3 2 3
2MR® T 2R2 T py o3




2 .. i G 2GR
=>—R— +

. 2. I? G
3p3 2
M©2MPRET2RET s | oy

m
—~x—R——F—=+-—=0
%M M 2M3R3 = 2R?

The orbit, R(t) = Ry + €R,(t),

ZeR. L? (1 36R1)+ G (1 ZERI)_O
Mt 2M3R} R, 2R? Ry /

i G _a 2
=5 — =]
2M3R3 ~ 2R2 T ° T GM3

And
2€ .. 1> 3R, N G 2eR, <Ge>
FY L e = 1
M 2M3R3 Ry  2RZ R, 2R}
i GM R
= = — —
1 4R3 1

R A M t+¢
= =Acos| |—

! 4R}

The radial coordinate of the suns are

Ri(t)=Ry[ 1+ A GMt+¢ Ro| 1+ GMt
= € COS — = € COS —_—
! 0 4R} 0 4R}

(h) In the limit m < M, p = m and

3
, 2 3

2 T2
3 GM 3 2R} GM

R24+qg®)2=|R%|[1+4+€cos| |[—t + g ~(Ré+q>)z|1+ *—ecos| |[—5t

(R* +q°) 0 4R3 q (Ro +4°) R+ 2 e

1 3R} GM .
~ - ecos| [—
(R2 + qZ)% (R§ + q?)5/2 4R3

~

Finally, we obtain the EOM for q(t),

. 2GMm 6GMmR3e GM
mq + 39 — =< COS Wt =0
Rg+aD2  ((RE+q22) 0

The dynamics of this system given by the EOM for q(t) turns out to be complex and chaotic even in the limit m <«

M. If you want to learn more about the complex dynamic (chaos) of this system, you can search the “Slitnikov
Problem” in the internet.

3. [10 points] A massless rod can rotate without friction about the pivot point at its center. Light, propagating as a
plane wave, propagates from left to right, along the x axis. The electric field of the light is given by




3.[10 3] —IRFEFRERIFRIUGEPORIRMRITE RIS, - FEICKG x HMZERAERE - JEhY
FIZH A h

E(x,t) = Eyy cos(kx — wt)

where k = k% and Ej is a real number. The angle between the rod and J is denoted by 6.

Heh k= k% B E, A - 771 9 2 MAER 0 &% -

Cantered at the ends of the rod are disks, each with one side perfectly mirror with 100% reflection and the other
side with 100% absorbing. The disks are oriented so that light in the upper part of the rob (above the pivot) always
strikes an absorptive surface, while in the lower part, it strikes a reflective surface. Each of the disks have mass m
and radius r. Assume that the distance R from the pivot to the center of each disk satisfies R > 7.

EmiEERE - 8 TREEN—MZE 100% REEITERE > 5—M 100% RUT - BIZ/7 EEST L
B8 (RHL7) 89S RREIZIRIRE - METE > ERHEIRSE - 8TEENREI m > FE N -
BRI REI ST EZF/OREER HER > 1 e

The Poynting vector, which describes the energy flux density (i.e. the energy per unit area per unit time) is given by

Wi EBERE (ASRAUNEESRUERNEESE) NIFESEXEA TS
- 1 - —
S=—|(E XB),
Uo ( 8 )

where (i is the vacuum permeability. The momentum density p carried by the EM wave is

Hep py REZEHMSE - HRIEFNERE p N

where c is the speed of light in vacuum.

Hep c ERZEPHIEER ©

(a) [1] What are the frequency f, wavelength A, and magnetic field B (x, t) of the light?
(a) [1] FEAISTER £~ A< A AIREAS B (x, t) DRIZHA?

(b) [1] What is the time-averaged Poynting vector of the incident light?
(b) [1] ABIFEHIRT B IR ENSE R E 2T A ?

(c) [6] What is the total torque which is delivered by the light to the system of rod plus disks around the pivot point
at a given angle 68? What is the average torque over a full rotation of the rod?

(c) (6] EAEAE 6 T » NEFFESBMREIITINEZARNCHER S ? et —BT9HER

202

(d) [2] Find the average angular acceleration of the rod over a revolution.

(d) [2] KATHesE—EBRFI9AMERE -
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STy

Solution:
_© g c_m B o _Fog _
@f =, l—f— —and B(x, t) = —*2 cos (kx — wt)

b) E and B are perpendicular and in phase. The time average of cos? wt is l, so that
( perp p g >

_ E
 2cp

(s)

(c) The force exerted on the disk in the direction normal to its surface is given by the total momentum per second
transferred by the light in this direction. The momentum transferred per unit area per second is p,,c cos 8 =

pc cos? B, where p,, is the component of momentum density of the wave along the normal to the disk surface. The
total momentum transfer per second to the absorbing disk (i.e. the force) is then

S
Fups = (pc cos? 0)(nr?) = zm‘z cos? @ = Eimr? cos? 6

2¢%pg
For the reflecting surface, the corresponding total momentum transfer is twice as much,

Frep = mEénrz cos? @

(d) The torque is given by the sum of 7 X F. The net torque is

7= Eintr?R cos? 6z

2c?pq

Taking time average over one full rotation in 0,

() =

E?mtr?Rz
T, oMr°“RZ

(e) Since T = I where [ is the moment of inertia of the system about the pivot. In the limit R >> r, we have [ =
2mR? and




E3mr?

- 8mRc?u,

(0)

4. [10 points] A vertical, insulated and sealed cylinder with a cross-sectional area A, and an insulating piston of
mass m inside, whose thickness is negligible compared with the length of the cylinder. At the beginning, the piston
is fixed in the center of the cylinder, which divides the cylinder into two air chambers with the same length [, as
shown in the figure. Assume that the upper and lower gas chambers of the cylinder each contain n moles of
monatomic ideal gas with temperature T, . In the following problems, it can be assumed that there is little friction
between the piston and the cylinder wall, and that [ is much larger than the distance traveled by the piston (>> z).

4.0 ] A—EEEUNEBHERER > #EHES A ARE-HE5mNEHEE  HEETEFNK
EARLE > AIZRBR ARG o #EIAHT - BEEREEEBRBNTR > HEESRAMERERS | NRE > WEFAR
m e REFENLETMRESESERERT, n EENERFSFEERE - £ NINEES > AIURE]
ZHEFEZBNEZRNRD > B UERREEMBENRIER (> 2) °

A
—

———

(a) [4] Release the piston from rest at time t = 0 so that it can move freely up and down. Find the trajectory of the
piston z(t). You can neglect the friction between the piston and the cylinder in the part.

(a) [4] 7ER5ME ¢ = ORFIERRILPREIUEE - (EHAEE M L TES) » HWHIEENIIN 2(t) - EXE D » (RA]
NZRBEEENSELLZ BIAYEE -

(b) [2] How does the temperature of the upper and lower chambers in the cylinder change with the position of the
piston, z?

(b) (2] BEA L TARZEMEENCREEUE - NEEME?

(c) [4] Although there is little friction between the piston and the cylinder, the piston will eventually come to rest
after a long time. Find the position of the piston, z¢, when it rests and the temperature, T, of the gas in the cylinder

at that time. . We can assume that the heat capacity of the cylinder and the piston is negligible, the temperature of
the upper and lower chambers will eventually come to the same because of the movement of the piston and all heat
lost due to friction will transfer into the internal energy of the gas.

(o) [4] BEHREREBMNEZENBEARYD » BEB—RREM[E > BZEFEFILTR - AKEEREF
IERSEOE zr MNERFEAREBIVEE T ? HNRRESENEENRSEF BB  BEAREENE
2 FLETRERERRENR— > MEATEEMRKNAAERESHFECHSITNANEE -



Solution:
Cp

(a) The process is adiabatic and we have PVY = C where y = B 5
\%4

l+2z Py

v —

From the figure, we have

P1V1y — PZVZY — POV()y

ﬁpl(l+Z)y:P2(l_Z)y:P0ly

Newton’s 2™ law gives

z z 2P A
—POA(1+YT)+P0A(1—YT)—mg:— 3yz—mg=m2
: 2Py Ay
=7=— I

where w = ’%. The general solution of z(t) is:
g

z(t) = Acos(wt + @) — 2
From the initial conditions z(0) = z(0) = 0,

10



g
:>Acos¢—ﬁz0
—Awsing =0

= z(t) = —%(1 — cos wt)

(b)

:>T1:T0
1+7

-1 2

(c) At equilibrium z,, both chambers have the same temperature T and the pressure satisfies

(P, — P;)A=mg
R nRT nRT A=
(A(l Y zo) A(l— zo)) -

N 1 1 mg 1
l+2zy l—2z, nRT M

By energy conservation, we have
3 3
2 X (EnRTO) =2X (anT) + mgz,

mg
:>T:T0_ﬁ20 (2)

From equations (1) and (2), we can eliminate T and get

1 1 2z, mg mg

l+ZO_l—ZO__lz—z§_nRT:nR(TO_%ZO)

2nR mg
= l2 — 2 = — —_——=
Zp mg Zo( 0 3nRZO)
6nRT, 3
z8 — o glz =0

:>Z():(

3nRT, 3nRTy\* 312
)+ |G +F
S5mg S5mg 5

Since zy < 0, we get
11



B (BnRTO) (3nRT0)2 N 312
o= S5mg S5mg 5

2 2
Note: In the limit when (3:220) » 3L (i. e. o, l), we have

mg

B (3nRTO) . o 312( 5mg )2 1 (3nRT0) 3l2( 5mg )2 _ 31 5mg  mgl?
E 5mg 5 \3nRT,) |~ 2\5mg/ 5 \3nRT,/ =~ 103nRT,  2nRT,
This result is justified if
mgl? 2nRT, nRT,
1zl = 2« 1=« Ut
2nRT, mg mg
is valid at high temperature T, > TZ—“? and z < L.
And the temperature is
2 2 2 2,22
T—4T+ (To)+1(mgl) . 4+1 14 S(mgl) T 1_|_mgl
~ 50 5/ "15\nR/) ~ °\5'5 372\nR/ |~ °° 6n2R2T?

~End of Part 1 &-1 58 ~
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Problem 1: Vacuum bubbles (28 points)
B 1: ZZEE (28 47)

Is our vacuum stable? We don't know. It's possible that we do not live in the true vacuum. Rather, we live in a false vacuum
which can decay into true vacuum by emerging and expanding bubbles. To describe such a possibility, we will make use of a
space-time dependent "scalar field" ¢ (t, x, y, z), which takes a real value at every space-time point. (Similar to height on a map,
which takes a real value at every point on the x-y plane, while a scalar field takes a real value for any given t, x, y, z. Also, in a full
quantum theory, we have to distinguish operators and numbers, but here we will assume the scalar field only take real number
values.)

BNEZZREN ? ZNAFE. ETERMNHARERE—IMRENEESE (BEMN "K' ) E@. HA1T8E
ERE-NMRAEZE MERAEZTNBIERFAMEKNDERTIERS, ATHERXFTRE, HAPEER—MK
BTHZ=RE 89 ¢(txy2)  CEBMNERLR—XH. (XFLEBELNSE, £xy FANEIRL
B—X#. FIREHREES N x Y, 2SR/ M-I, B, AZBNEFERD RNBFRFEETEHN
X5, EXEHRMNMREIAEDHBENEE BT, )

. - . , 929 0% a%¢  0%¢  av(e) _ : ,
The scalar field satisfies the following equation of motion: — ——— 972 922 + Fral 0, where V(¢) is the potential

2
density of the field, and we will call it potential for short in this problem. The energy density of the scalar field is % (‘Z—f) +

(@) @) ) e

2 \dx dy
— = T 92 92 92 NY TSRy ay \o1— = — =
EGBEESTRTE - T -TE-Ti+ TR =0, RRV(ORGNBREE, BIOGEREAREHNHE. T8

1=
fommpra 1(99)° | 1(d9)? | 10dg)? | 1 de)?
megRERE; () +3(G) () G v
We consider the following potential: the false vacuum has field value ¢ = ¢, where V(¢,) = 0, and the true vacuum has field
value ¢ = ¢_, where V(¢_) is slightly negative. In the left panel of the following figure, we plot the shape of the potential. The
right panel is an example of the false and true vacuum in position space.

BMNEZRATHRE  BESMFEGBER ¢ = ¢, REV(,) =0 EEZMMFEGEERS = ¢, V(p-) B—1&
EoMRE. THE (£) EFfMNREERX, TE (A7) RUEZEHREZNEEEHN—M6T.

V($) >
§¢
Q
)
2 2 True vacuum
© HHEZT
False vacuum ¢ = ¢
P_ .o RE=
N\ b4 ¢ =y

In this problem, we will use natural units and set the speed of light in vacuum ¢ = 1 (by redefining the time unit as the time that
light traveled over unit length). In this unit, when an object is at rest, its energy equals its mass by the famous formula E =

mc? =m.

ABH, BMBEAERBUFEXESHNALE c =1 (REXNENEAAXFERBMKENNE) . EEREAH
B, YENRLIEEFTENRE XHEREBMARE =mc® =m,

A. DOMAIN WALL H5 &2

Before coming to the asymmetric potential which generates vacuum bubbles, let us consider a symmetric potential as follows:

ARNARENROBE AR CEMNE=EIAR, RMNEFEDT—IREEEE




Vb ()

¢- b+

Let's find a static solution which is homogeneous along the y and z directions, known as a domain wall. The potential of the
domain wall V(¢) = V(@) is illustrated above, with two minima V;,(¢,) = 0. The domain wall can be used as the local
approximation of the bubble wall.

BB —FE y Tz TEYTH BE R, CERBEBRINNFBE V() =Vh(P), ERERIMR/MEV(¢1) =
0, BEEETTINEAERER /Tl

Al. SIMPLIFY THE EQUATION OF MOTION £ &&=z A&

Given the static and homogeneity (independency of y and z) conditions, write down the simplified 2 point
Al equation of motion for ¢. 12)(?5} s
RIERES, MURIYY (RMRBiTy Mz 7im) B4, BHUERENENTE.
A2. THE DOMAIN WALL PROFILE B58¥ #7817 BUE 9 == a1 T 1k
do .
- Exprezz) -, Interms of Vp (). 3 points
IR 2L v, (¢) Tk K. 34
A3. THE DOMAIN WALL TENSION BEEEHyEK 11 (2)
The tension of the domain wall (energy density of the wall for unit area in the y and z directions) is ¢ =
s qf’_* F(P)de. Find £(¢) in terms of V, (¢). 2 points
BRI (MY, z TESAER L, BROEBTE) 2o =" f($)dp. HEf($)H 29
Vb () LK.

Note: to avoid propagation of possible errors, in the later part of the questions, please still use the domain wall tension o where
applicable, instead of using the integral expression that you obtain.

T ABREBAENEREE AXERENES T, HSAEBEEKAN, BNERTS o, MARXERKEMNIRDF

B. BUBBLE WALL ;f1

E-.ﬁ'.
8

If we only look at a small part, a bubble wall can be approximated as a domain wall. But globally, the bubble can be approximated
to be spherical with radius R. Let's assume that R is large enough, such that the thickness of the bubble wall is much smaller than
R (thin wall approximation). Inside and outside the bubble, ¢ — ¢, exponentially quickly.
!ZIJ%?ﬂiﬂ‘]ﬂE—i@i@%ﬂ’]—d\*ﬁﬁa\ﬁ’hﬁ, FAREE FRY—/NERT] R EESRIT L. ERBHK L, E=/EA IR ABKE

. BE¥RER, RRREBK, WEENEEZIT/NT R (E8ENL) . E/EENAMILEENIMNG, ¢ B8R
i’@ftﬁ;ﬁ%: b0

At the moment when a bubble is nucleated, the bubble is static, and the bubble nucleation and motion create negligible amount
of radiation or other dissipations.

AEZEESENNZ, EEHLEN. e NI ETRNENSECFERT U2,




B1. THE ENERGY ON THE BUBBLE WALL jE@EE Y REE (1)

At the momentum of bubble nucleation, calculate the energy E},, carried by the bubble wall using R and
B1 | the bubble tension g.

AR ENNZ, FHRMEBEKS o HERBENERE Ey. 9

B2. FALSE AND TRUE VACUA BEZ=MEHEZ

1 point

For a spherical bubble to appear, there must be an energy density difference between V(¢..). Thus, to
write down a potential to model bubble nucleation, we consider the potential V(¢) = V,(¢p) +
(¢ — ¢,). In the thin wall approximation, we are only interested in leading order results in € (the

b=
B2 lowest order in Taylor expan5|on which contains €). Calculate € using o and R.

ATILRERZBAEBEI, V(d,) E’JEMEM\JT & Fﬁu AT HESEBNFELEZT 29
HRRE, RINFERBEV (D) =Vo(d) +—- EMT, FANRABNE e T
frasy (BRRERITHEH e IRIRBY) - FIAHoFR 1‘I"§ €o

B3. BUBBLE MOTION 88 fYi= )

2 points

B3 At the moment of bubble nucleation, calculate the acceleration a of the bubble wall in terms of ¢ and R. 2 points
FHEZEE~ERNBE, FIH o MR IHTERENINEE a. 245

B4. BEYOND NEWTONIAN MECHANICS #B#k 44 1 =%

When the speed of the bubble wall is close to the speed of light, Newtonian mechanics breaks down and
special relativity should be used instead. In special relativity, the kinetic energy of a moving object is

Ex = (y —1)m, wherey = ﬁ Calculate the time needed from the nucleation of the bubble to that

the speed of the bubble wall to reach 0.6.
LESORNRERANE, FRNFREER, RINEREREINE, EURNRE, |,

B | EREEE N B = (v — Dm, Hehy = . WHARGRNFEHBREREAH 06T | 44
B,
dyx?-1 x

Hint: you may need the mathematical relation —— = .
dx x2-1

A ST KL A dvyx?-1 _  x
RN RUBERERFEXFR “dx =

C. NUCLEATION RATE OF THE BUBBLE 388 A9 /= 4 &

What's the probability for a bubble to appear? It can be shown that the nucleation rate I of the bubble, i.e., the probability for a
bubble to appear in unit volume and during unit time, can be written as I' = Ae~SE/", where A and & are constants, and Spisa
"Euclidean action", which can be calculated with the following procedure:

AR ENBER S ? TRUER, BB~ EET, RISAREREAARR, —MNEa~EMNlE, TUHET =
Ae~SE/h tE HAAFAZER, S:2— "RREAE W BHUTHSERITE

(1) We "rotate" our physical time ¢t to "Euclidean time" t = it (where i2 = —1).

(1) BYIERS () cHERE BRI AT ) = it (Eehi? = —1) .

(2) The real-time and imaginary time field configurations are related by ¢(t = 0,x,y,2z) = ¢(t = 0,x,y, 2).
(2) SEERA (B A1 H A I 2A A R (¢ = 0,x,y,2) = (T = 0,x,y,2) EKRER.

(3) Given the above time boundary condition, find a 4-dimensional rotational symmetric solution of the Euclidean equation of

_¢ _¢’ %¢ L 0%¢ _av(¢) _
motion + +ay 352 pra

() A DA ERRRSE, RARKEDHE TS+ 22+ T2+ 22— 2D o pymusiest AR,

az2 d¢




2
(4) Insert the solution to the Euclidean action S; = [ dt d3x [ (df) + %(%) +

1(ﬂ32+16@f
2 \dx 2 \dy

2
Let us do this calculation in this part. Note that a 4-dimensional unit ball with radius r has "volume" %r‘* and surface "area"

%(ﬂ)z + %(‘;—"’)2 + V(¢)] to find T

dy

dt a

(4) B HREIBENRKERES; = IMd3[(ﬂ-+ +ﬂ%f+ywﬂ%*En

2m2r3.

ERAFER— A P AV, R, RN CER 5D REERY 2nr,
C1. THE EUCLIDEAN EQUATION OF MOTION B K3z 5 75 72

Since we are to look for a 4-dimentional rotational symmetric solution of the Euclidean equation of motion, it is convenient to

use p = /T2 + x% + y2 + z2 as the variable for equation solving. Assuming that ¢ = ¢(p) only depends on p (i.e., 4-
(9) _
m;(p _
AT FRBHARNMELNAER, EHp =2 +x2+y2 + 2 EHBRAEMNE zttiﬂﬂﬁ % = ¢(p) RIKH:

p (XHEMARPFRENAN) | —BORREDHRTASHR IS+ £(0) 22 - LD — o,

2
dimensional rotational symmetric), the general Euclidean equation of motion can be written as M + f( )ﬂ -

Find the expression of f(p).

K)o

Hint: if the formal calculation needs too much calculus, you can consider an example: by tuning the form
of V(¢), one can obtain a solution ¢ = p2. Then f(p) can be solved by this example (and this form f(p) 2 points

Cl will apply for all forms of V(¢), not limited to this special form of solution). 24
R MRHTEENHEFTERSHIRD, RITNUEE— ATﬁ'J? DELIAR V() B, Al
FE—E G =p* XB, f(p) TRUMEMIFERLER (ZFEA f(p) WERAXEE V(P) B

B, MREBETXANERE)

C2. THE EUCLIDEAN ACTION BX R E &

Write the Euclidean action S;; as an integral of p fromp = 0to p — oo, 2 points

C2 | 3t p 9FRSY (Mo = 0FRE p > ) WS HEREMRAE S, 24

C3. QUALITATIVE INSPECTION E M 318 (4')

Before trying to solve the Euclidean equation of motion, let us first see how it behaves. If you are not familiar with this Euclidean
equation of motion, you can consider the following analogy: consider ¢ as the position of a particle, and p as an effective time
variable. In this case, answer the following questions (choose one from the options):

AR TEZR, BRMNEBBNENMR. IREAABZRRENTTE, RIYUMAINTELLRIER | 1€ ¢ KibR
—MRTME, o RIEABBATEXMITHERNELTE. EXFELT, MENTER (BIUEER)

What's the nature of f(p) %? IXTHRIZ f(p) % BMER 7
(A) friction (i.e. decelerate the particle) fE 1 (BRI FRIE) .
C3-1 (B) anti-friction (i.e. accelerate the particle) # /1 (BliLRIFH0E) 1 f;’;\m
(C) friction for % > 0 and anti-friction otherwise 7£ % >01ERTEEA, ENE#ES
(D) friction for % < 0 and anti-friction otherwise 7£ % <0BRTERN, FNEHEA
What's the force that drives the motion of the "particle" ¢?
W= T ¢ BT 2WA 7 1 point
C3-2 1 43
(A)V (B)=V (C)dV/d$ (D)—dV/dp




Where is the "starting point" of ¢ at p = 0? (Here § is extremely small but finite)

c1s | EP =0, ¢l RIARE FEWE? (HF S B ERIMIBRIK) 1 f%i\m

(A)p_—108) (B)p-  (O¢p_+]0()| (D) ¢, —|0(5)] (E)¢.  (F) ¢, +]0(5)]

Where is the "end point" of ¢ at p = 0?
Ep-oo, ¢ "RENE EWE? 1 point
C3-4 14>

(A)p_—108)| (B)p. (Q¢p_+1]0()] (D) P, —10(8)] (B¢,  (F) ¢, +1]0(5)

C4. THE BUBBLE NUCLEATION RATE & ifl = 4 3K

Express S in terms of R and o. 4 points

G4 |\ mRFoBSH S, 44

Problem 2: Lorentz reciprocity (32 points)
[ 2: B ZEZHM (32 )

Lorentz reciprocity is a fundamental principle in electromagnetism with important application in antenna design theory. It states
that the receiving and transmitting capabilities of an antenna are identical. On the other hand, reciprocity can be broken by using
magnetic materials under an external magnetic field with strong magneto-optical effect. The study of Lorentz reciprocity can be
extended to nearly zero frequency at magnetostatics, shown in the figure below, with two current coils and an arbitrary object
fixed in locations. When one current coil works in transmitting mode, another one works in receiving mode. If we model the two
current coils as magnetic dipole moments m; and m, at locations r; and r,, generating magnetic flux densities B, (r) and B, (1)
in transmitting mode, respectively. Then, the reciprocity relationship can be expressed as

m, - B,(r;) =m, - B(r;)
EBREZOGUERBHMFNEARE, ARLTERTEFEENA. ERERENERNAFENIZEEN. 5—7
H, TG T, FREERUARN NI IMEAE S . EREZESAMR T Y REE#SE, WTEMT,
ARTERAN—MEEEEMENYER. S BRAARELSERTEN, Z— P ERAEEIENXTE. BRK
WA BIRIRAME r Fr, EOEBRT m, Fm,, DHELFEXT~E#BZE B,(r) M1 B,(1). B4, &
BXEITURTA

m; - B,(r;) =m, - B,(r,)




m, atr, m; atr;

By(r2) B,(ry)
o—T1 e - o—TJ 1
Transmitting Receiving Receiving Transmitting

The magnetic field B(r) generated by a magnetic dipole m; located at r; is given by,

HRE 1 SROBABRT m; B 09837 B(r) TS,

Ho <3(T —r)(r—r) m; m; >

B(r) =— -
(M= =T LISrE

In this problem, we will first establish the reciprocity relationship and will investigate how it can be broken by imposing a constant
velocity on the object.

AR, BMEELEIEZXR, FHRNETBINYEEINEESEERITHE.

A. ESTABLISHING MAGNETOSTATIC RECIPROCITY AND NON-RECIPROCITY B~ 5B S MMIEF S M

For magnetostatics, we have vector potential A, magnetic flux density B, magnetic field strength H and impressed current density
J. These fields satisfy the Ampere’s law

VXH=]
with material response

VxA=B=uH
where u(r) is the isotropic magnetic permeability profile for the material, i.e. the object in the figure.

NFE%E, BINELAER A WERE B, WH8RE HMIMNIERERE ], XEGHERIETE
VxH=]
K TFURRNFRIER A

VxA=B=uH
Hep ur) EMRINERRMRSEN R, IR P,

We want to establish the reciprocity relationship for magnetostatics when we have a magnetic dipole moment m, at location r;
in one case and a magnetic dipole m, at r, in another case. The two dipoles generate magnetic fields B,(r) and B,(r),
respectively. The two cases, labeled by i = 1,2, have the current density J; = V X M; and magnetization M; = m;6(r — r;) for
the two dipoles.




HE—MIER TrbF—MEBIRT m I = £ R3S B,(DTES—MIER Tr B —MIBIRT m, 3= £ B,(r).
NFH =12 R3IOHMERT, BNFEREBEE], =V MAIHEBEM, =m;6(r —r). N TEMNEEEIEHUS
BMEZHKFR.

Here, we also give some formulas for these differential operators:
EXE, BMNE#—EXTHIETNLR

VxA=2(0,4, - 0,4,) + 9(0,A, — 0,A,) + 2(0,4, — 9,4,)
V-A=0,A,+0,4,+0,4,
V-(AXB)=(VxA)-B—A-VxB

[V-AdV =[A-da

[VxAdV =—-[Axda

[B-VxAdV =[A-VXBdV+ [AxB-da

and Kronecker delta function §(r) is defined by

_ (oo ifr=0
8(r) = {O otherwise

which satisfies [ §(r)dV = 1 when we integrate a volume V enclosing the origin. a is defined as the closed area enclosing volume
V.

LR EEREN—METRV #1750, Kronecker delta B E 6 (r) E&EA:

oo ifr=0

6 = {0 Btk L5
TEBE [ @)V = 1. a &S haEER v aH K.

Al. PROVING THE RECIPROCITY RELATIONSHIP JEEHE X &

Al Prove the reciprocity relationship m, - B,(r;) = m, - B;(r,). Hint: you may consider V- (H; X 4,). 3 points
EHESREm - By(r) =m, - Bi(ry). &7 {RITEE V- (H X 4y). 393

If the material conducts electricity with an electrical conductivity o, we have to add an additional term to the current density J
due to the free current through

J—-J+oE

in the Ampeére’s law stated previously. Suppose now we move the conductor by a constant velocity v. There will be a Lorentz
force on the free charges proportional to E + v X B. It further updates the additional term in the current density through

J—->J+0(E+vXB),
which may upset the reciprocity relationship.
WRVRNESR o S8, HTELHNBHER, RMNDAAELF LFERDEREE S RIN—DHIN
J—J+oE.

BIEMERNINETEE v 851 SE. BHBETEETFES E+v x BREEFIFEREZ N, X#E—SEHEAREE PR
IBUAEBIA R 5K R AT HE

J-J+o(E+vXxB).




A2. BREAKING RECIPROCITY RELATIONSHIP TR B 5 < &

Express the possibly non-zerom, - B,(r,;) —m, - B,(r,) as a volume integral in terms of the vector
A2 potentials A; and A, and the conductor velocity v.

B geIEZH m, - B,(r)) —m, - B1(r2)7=L€Tj]$E:I}E9%§%A1 EFDAZ AR SHRE Bv BEFRFR D,

3 points

390

You can complete part B and C without part A.
RETATFERE A BB RITES T 586 B #B43H0 € #B43.

B. MAGNETIC DIPOLES ON A MOVING PERFECT CONDUCTOR i=z1IEB S 1& F R {B1R F

In this part, we first obtain the magnetic field of a single magnetic dipole on a moving conductor, which is a perfect conductor (i.e.
the electrical conductivity o = o) here, occupying z < 0 and is moving with a velocity v in the positive x-direction. This is defined
as the laboratory frame, as shown in the figure below. The magnetic dipole, situated at (x, y, z) = (0,0, z,) on top of the conductor,
has a magnetic moment m = m,X + m,Z with zero component in the y-direction.

EX—ZNF, BIEeiBRamnStELI8N BN TFI#%E, XEREESNK (IBESE o =o), i <0 FHEIE
x AR EMURE viss), XFEEXALRELIRR, WTEMRR. MNTSERE (x,y,2) = (0,0,2z,) LHEBRFSH
m=mxX+m,2 fEyARLEEDE

Zo

Conducting Ob]'ec'; 5

In the moving frame at a velocity v = vX with respect to the laboratory frame, the object is simply a perfect conductor at rest,
giving us a convenience to find the magnetic fields generated by the magnetic dipole. The coordinates in the moving frame, denoted
as (x',y',z',t"), is transformed from the coordinates in the laboratory frame (x, y, z, t) through the Lorentz transformation:

ARNTIRELIRRNEE v = v BNLGFRES, DEIZ—NEILERSE, ﬁﬁﬂ%ﬁ@%&ﬂ%ﬁ&??
SIS BEHRRRPRLER, RTH &Y, 2, t), AKEELIRR(x,y, 2 t) PROLRBTEECETRERMK

x'=y(x-vt), y =y  z=z ct' = y(ct —vx/c)
wherey = 1/4/1 — v?/c? and c is the speed of light.
Hey =1/y1-v*/c?, c @HR

The magnetic and electric fields (B “and E’ ) in the moving frame are related to the fields (B and E) in the laboratory frame by the
Lorentz transformation,

Ba b ir R P REAMEY (B AE) SIRFLRETHG (BME) HX, THERELE

B, Be\ [ O E. E,
B, |=|vB, +C—2 E, |, E, |=(VE, |—vy B
B, YB, —Ey E, YE,

We further simplify the problem by removing the conductor at the moment.




BMNAABIBERSERHE— SRR,

B1. MAGNETIC FIELD OF A MOVING MAGNETIC DIPOLE IN FREESPACE B = 8 P iz 1B R F 7 Z

What is the magnetic field B'(x',y', z', t") from the dipole for an observer moving at velocity v with respect
to the laboratory frame? In this part, we only consider a magnetic dipole m = m,.X pointing in the x-
direction and there is no conductor below the dipole yet. Please express your answer in the coordinates
B1 of the moving frame. N
B AR TSR = AR R UE Ev B EENER 7% B' (Y, 7, t). HEX—oH, 39
BAREEER x TTENEBRTm = m 2 FEBRF THEXESE. BERABHLIFRNLER
FIRRINER.

Next, we introduce the perfect conductor below the dipole. The perfect metal has a planar interface at z = 0 while the dipole is
placed at a distance z, above the metal. The metal is being moved at a velocity v in the positive x-direction.

BETR, BAOEINBRT TANERSE. BERSHEE =0 fF-NFEFE, BRI TEELT 2 4. £EELE
x Jia EDURE v #5) .

3 point

B2. MAGNETIC FIELD OF A MAGNETIC DIPOLE ON A MOVING CONDUCTOR () izz51 S E#BR THN#%E (1)

Please express the magnetic field of the magnetic dipole m = m, X on top of a moving perfect conductor
(i.e B(x,y,0")) in terms of the laboratory frame coordinate. Please also verify the boundary condition of
the magnetic field in the moving frame at which the conductor at rest. Hint: adopt the method of images
and assume both electric and magnetic fields inside a perfect conductor is zero at a nearly-zero frequency. | 4 points
B2 | AR s SRR R REBD T OEESE ERIBRTmM = m, 2 WRIH(ED B(x,y,0M). EER | 44
MES A B LARR PRI R K. By XARRZE. BREERETMENTEXSHE
BRI H AT

B3. MAGNETIC FIELD OF A MAGNETIC DIPOLE ON A MOVING CONDUCTOR (2) izz51 Sk F# B R FH#%E (2)

What is the magnetic field from the magnetic dipole on top of a moving perfect conductor (i.e
B(x,y,0%)) in the laboratory frame if the magnetic dipole above the moving conductor is changed to
B3 m = m,Z, pointing in the positive z direction? 343
WMREHNSELETNEBRTFEAIM =m,2, {8EIE 2756, BATERE LR E SRR PEIBRT
EHPHNIEESHE ER#HE B(x,y,0%)) ?
Now, we consider the two situations: one with magnetic dipole moment m, at r; = (0,0,z,) and another magnetic dipole
moment m, atr, = (4,0, z,). When one of them is turned on, another one is turned off.

WA, BNEERBEMER | —FE = (0,0,2) LMHBRIE M, H—FE 1, = (6,0,2,) LHMHEBRIEmM,, HHF
— NI, A=K

3 points

VA
my =m,Z my; =m,z
|
/ ’
Zg
)Il > x
Conducting Objecg
14

10




Now, we define the two problems to solve next. For the first problem, suppose the two magnetic dipoles moments m; and m,
point in the z-direction with same size m,, as shown in the above figure. Dipole moment m, imposes a magnetic field of z-
component B,(8) on r, = (x,,0,2,) and dipole m, imposes magnetic field B,(—&) on r; = (x4, 0, z,) according to the same
function B,(x — x;). We then define a reciprocity figure-of-merit
_ Bz((s) - Bz(_a)
Bz((g) + Bz(_(s).

When R = 0, reciprocity is satisfied. Reciprocity is broken when R deviates from value zero.

WE, BMNEXETREBRAOBANER, N TE-NEE, REEDEERTm Fm,E4ERE 2 5@, K/)m, R,
W EEMR. BRT m, RIFRE B, (x —x) ¥ 2 D8 B,(6) WBIAMINE 1, = (x2,0,20) £, BT m, ¥ B,(-9)
Bﬁhu%u r1 = (xllOl ZO) _to AL J:?i?.ﬂ]/?EX_FL%IME

_ Bz((s) - Bz(_a)
B Bz((g) + Bz(_(s).

LR =0/, WEEHM. HREETEN, BEHMEITH.

For the second problem, suppose we change the pointing direction for m; to the positive x-direction with magnitude remaining
the same. The magnitude and direction of m, are not changed. In this case, the reciprocity merit is defined as R =

(312(6) - BZx(_(S))/(Blz((S) + BZX(_(S))-

NTFEZANERE, REBANE m IR ERHNIE x TEfANMRIFAE, m,IEMANAE, EXMERLT, BHI
BHEEXAR= (312(5) — By (=8))/(B12(8) + Box(=8)).

B4. RECIPROCITY MERIT FOR DIPOLES ON A PERFECT CONDUCTOR B S HMER FHESINE

Find the reciprocity merit R for the two defined problems about magnetic dipoles on the moving perfect
conductor. 3 points

B4 | R F R E B O S MR8 Sk L BT E S TER. 34

C. MAGNETIC DIPOLES ON A MOVING CONDUCTOR WITH FINITE CONDUCTIVITY EFERESENHEHSHE L

AR IB IR T

In this part, we move to a more realistic situation that the conductor is a metal. It has a large but finite conductivity o (in unit of
Q~1m™1), deviating from the perfect conductor condition. Current density in the conductor is given by J = ¢E. We also assume
that the current on the conductor surface is confined by a skin depth d of small thickness so that the electric and magnetic fields
cannot penetrate beyond the skin depth from the conductor surface. Then, the surface current density can be written as (od)E.
We further take the approximation that d is just a constant. We only consider the two dipoles pointing in the positive z-direction
with same size m,, in this part.

ARX—EH, BNEE—AFAXNERL NEESERERAEARMNESEK o (BN 07'm™) | mEEESHE
Fi. SEHHNBEREEH] =oE . BMNEREERRAESERAERRNERRE d WRE), BHMBUSIE
NS EEFEETERRE. RURARRBETUER ((DE. BTNHE—FRE d A—1EH. EIBIHNR
ZIEMMERTEIEEIE 2 7518, K/ m AR,

Again, we need to solve the magnetic field from only one dipole at (0,0, z,) first. In fact, the surface current profile generated on
the surface of conductor cannot be easily solved without adopting a numerical solver. Instead, we can approach the problem by
extending the method of image as an approximation. In this case, we would like to have a point-like multipolar source at the image

position (0,0, —z,) in order to give as closely as possible the same reflected field generated from the surface current. For the

(PN (PN

current case of m = m,2, we put an image magnetic dipole with given form of magnetic moment m, X + m, "2 and electric

11




moment p}(, ))7 at the same location (0,0, —z,). The mirrored magnetic dipole is now relaxed to have both magnetic and electric

components while neglecting the higher order multipoles. The size of these dipole moments are yet to be determined.

B RNBRERR (00.7) RRE—MBRTOUS. KL SHEREFENREVRIHTRAUERMHL
TAEBHRMY ., X2, RISREBETBEEREBRIANEE, EXMERT, RIIFEBESZE (0,0, -2) &
R ERE, R TR R R R A SR R 55 T LB m = m,2 IER, BAVESEEIER
FREF(00,—2) it EREHENFLL HEA mO2+m 2 BER Y. BREERTFIARNEEUE
HE, FNZBENSERT. XEBRBHANEHHEE.

C1. GENERALIZED METHOD OF IMAGES |~ X B & 7%

Find the magnetic field B'(x',y’, 0%) and electric field E'(x', ¥, 0%) on the conductor surface in the

@ @ ™ - .
moving frame. Express your answer in m,, m, °, m, - and p,,*. You can use either the moving frame or
laboratory frame coordinates. Do not need to solve the mirrored dipole moments yet. 5 points
*&ﬂ$ﬁ%#%$ﬁmwﬁy@azW)ﬁ%%EQJIWL ERAm,. m? . m” fp{” Rik 59
ROER. TUERBNLIRGE LR FLIFRIAFHER.
AN AHBERBRRIBRIE.

C2. FINDING THE MIRRORED DIPOLE MOMENTS i+ E &5 {E k4

Cl

Find m(r) (r) and p ) in response to a given m,. The mirror dipole gives the same reflected field
generated by the surface current on the conductor. As approximation, only apply the boundary condition
(in the moving frame) on the surface current along the y-direction, which is the dominant current than the
one along the x-direction. It may be useful to express the answers in term of the dimensionless parameter | 5 points
C2 = povyod > 1. 59
magmERREm . m) Mp)) . FGRERTALT SSHEREARASENERNRSS. %
AIE, EBNREG (ERLRREP) NAT Ry TEAREER, ZBRLEx TTEE
AEESHA. TINEERLENS K = .uov)/tfd » 1 RIEKEER,

C3. RECIPROCITY MERIT FOR DIPOLES ON A CONDUCTOR OF FINITE CONDUCTIVITY
ERBESESHELBRFNEZNE
Find the reciprocity merit R for the two identical dipoles m, displaced by § (with r; = (0,0,2,), r, =

C3 (6,0, zy))in the x-direction.
HHTE x J118 EAifES  (ry = (0,0,2)), 1, = (6,0,2,))) IR MERBIRF m, EHINNER,

3 point
343

~~ END of Paper 2 %5 2 5¢ ~~

12




Pan Pearl River Delta Physics Olympiad 2023

2023 FR K= K P EARYE R ILFEIE S
Sponsored by Institute for Advanced Study, HKUST
R YRS N AR X i ]

Simplified Chinese Part-2 (Total 2 Problems, 60 Points)
iR E-2 (GL2RE, 6043

(1:30 pm = 5:00 pm, 29 January 2023)

All final answers should be written in the answer sheet.

P iR & RE S EBE -

All detailed answers should be written in the answer book.

P S REE BB L.

There are 2 problems. Please answer each problem starting on a new page.
HH 28, 518, JURHF—HE.

Please answer on each page using a single column. Do not use two columns on a single page.

B AR I B —EFN 7 U . AN AT DLFE — D4R DOWCE 517 U L

Please answer on only one page of each sheet. Do not use both pages of the same sheet.

TR AT ES . A DURTUES .

Rough work can be written in the answer book. Please cross out the rough work after answering the questions. No
working sheets for rough work will be distributed.

R LS AEZ R B, FEE B LR B, AR R R

If the answer book is not enough for your work, you can raise your hand. Extra answer books will be provided. Your
name and examination number should be written on all answer books.

FIRHE AT ST, Py GRS MRS

At the end of the competition, please put the question paper and answer sheet inside the answer book. If you have
extra answer books, they should also be put inside the first answer book.

PUBREEIRINS , T 05 AN AR A 2 R FEL T, S A/ ) R ) B A B — A 2 AL L T




Problem 1: Vacuum bubbles (28 points)
[ 1: A= (28 43)

Is our vacuum stable? We don't know. It's possible that we do not live in the true vacuum. Rather, we live in a false vacuum
which can decay into true vacuum by emerging and expanding bubbles. To describe such a possibility, we will make use of a
space-time dependent "scalar field" ¢ (t, x, y, z), which takes a real value at every space-time point. (Similar to height on a map,
which takes a real value at every point on the x-y plane, while a scalar field takes a real value for any given ¢, x, y, z. Also, in a full
quantum theory, we have to distinguish operators and numbers, but here we will assume the scalar field only take real number
values.)

BNWEZZREND ? HNAME, FUERNHAREFTE— T RENEES (REM "B ) BE@. ®MNT8E
EEE—NMREZE, MBRESYMNEIBASENFEKNEEREHERS ., A7 HERXFTRE, HITBER MK
BTFR=RE REH otxyz)  EESMRZR LRI, (XEGHELNESE, £xy FENGIS
FER—AXEH. FAIREHREENt Y 2NE S FEBR—XE. 7%, EXBENEFERT, BRNFTELZEEFNEK
X5, EBXERMNBRETFEZNERENZS L BT, )

9%¢  9%¢  9%¢p  9%¢ , av(e)

The scalar field satisfies the following equation of motion: e a2 a7 a2 b

= 0, where V(¢) is the potential

2
density of the field, and we will call it potential for short in this problem. The energy density of the scalar field is % (%) +

(@) +E) @) v

— e oo g0 070 %0 020 0%¢ L aV(P) _ S AR RS ERE AR, AT
IREHHBEHNIE 5 - Mzaﬂ+d¢—0,H¢W@E%%wmﬁx,ﬁm&m%bﬁﬁgﬁﬁﬁmoﬁ

sz asmmpra L(40)? | 10ag\? | 10dg\? | 1(dg)?

EHNRERTEZ 2 (dt) +3 (dx) +3 (dy) +3 (dz) +V (D)o

We consider the following potential: the false vacuum has field value ¢ = ¢, where V(¢,) = 0, and the true vacuum has field
value ¢ = ¢_, where V(¢_) is slightly negative. In the left panel of the following figure, we plot the shape of the potential. The
right panel is an example of the false and true vacuum in position space.

BNFRATHRE  BEZMMrEHBEZ ¢ = ¢, HEV(P) =0 RRZMFEHRERS = ¢, V($-) BL—1
EEomMNE. TH () EFEMNREERX, TH (A) RNEZEPREZSMEEZHN—MT.

V()

True vacuum

! HEZD
False vacuum b =¢-
¢ " RE=

N\ b4 ¢ =y

In this problem, we will use natural units and set the speed of light in vacuum ¢ = 1 (by redefining the time unit as the time that
light traveled over unit length). In this unit, when an object is at rest, its energy equals its mass by the famous formula E =

mc? =m.

AEH, BOBEABRBNHEXESHNER =1 (REXNENEMANRFEBMKENNE) . EEREA
R, YENFELIEESTENRE XHEZFBEMNARXE =mc® =m,

A. DOMAIN WALL H5EE

Before coming to the asymmetric potential which generates vacuum bubbles, let us consider a symmetric potential as follows:

ABMNAREXNFRNBEUREERNESER, FANEZRM T —PIRAOFE



Vp ()

¢- b+

Let's find a static solution which is homogeneous along the y and z directions, known as a domain wall. The potential of the
domain wall V(¢) = V(@) is illustrated above, with two minima V;(¢,) = 0. The domain wall can be used as the local
approximation of the bubble wall.

BAEHR—FE y Mz TEHTHN "B . LREHBERIENHEE V(@) =Vh(d), ERTRIHNMEV(¢1) =
0, BEEET]INEA/EBEN BEL.

Al. SIMPLIFY THE EQUATION OF MOTION 1k &z sl 5 2

Given the static and homogeneity (independency of y and z) conditions, write down the simplified
Al equation of motion for ¢.

RIEFRS, MRS (RMRB Ty Mz 77m) BEKH SHokEENEmHE,

2 points

2493

d’¢ _ avp(9)

Solution: e " [Note, if the student did not convert d to d, we also consider it as correct. Also, since in Part A, V =V,

both are correct.]

A2. THE DOMAIN WALL PROFILE B5E¢ F {27 BERN =B &

Express % in terms of Vj, (¢).

A2 ad 3 points
iﬁ*EEﬁﬁ Vp () FTRIAH K, 3454
2 2
Solution: @ =2 _ dﬁd—x, thus li((ﬂ) ) =20 Since far away from the domain wall, we have boundary condition 2% -
dx do dx d¢ 2dx \\dx dx dx

2
0 and V, = 0, we have (%) = 2Vp.

A3. THE DOMAIN WALL TENSION B5EERYGK /7 (2')

The tension of the domain wall (energy density of the wall for unit area in the y and z directions) is 0 =

\a f¢_+ f(p)dep. Find f(¢) in terms of V(). 2 points
BRI (Y. z AEBAERL, BROEEHRE) 2o = [0 F(p)dp. HEf(H)F 29
Vp () FIEH K.

Note: to avoid propagation of possible errors, in the later part of the questions, please still use the domain wall tension o where
applicable, instead of using the integral expression that you obtain.

E o ABREBEENEREGE AAEEENES T, HABBEEKAN, BNERTS o, MARXERREMNIRDF

Solution: & = [, [£(22)" + Vp(9)| dx = [ 127 ()] L= = [ 12V, ()12

f(P) =2Vp(¢)



B. BUBBLE WALL @78 B

If we only look at a small part, a bubble wall can be approximated as a domain wall. But globally, the bubble can be
approximated to be spherical with radius R. Let's assume that R is large enough, such that the thickness of the bubble wall is
much smaller than R (thin wall approximation). Inside and outside the bubble, ¢ — ¢, exponentially quickly.

MRBNRELBEN—/NEARE, EE EN—/ MR DAREERIE M. EEEA L, A=EETRIEMARTY
B, BEF¥ER. RRREBK, EEENERTI/NT R (BEEN) . AREENARMEEENING, ¢ I5E5IR
e T ¢so

At the moment when a bubble is nucleated, the bubble is static, and the bubble nucleation and motion create negligible amount
of radiation or other dissipations.

AE=EEFENNZ, BEEFLEN. S ERNTETRESNSH EREET 2,

B1. THE ENERGY ON THE BUBBLE WALL ;a8 EEfYRE = (1)

At the momentum of bubble nucleation, calculate the energy E},, carried by the bubble wall using R and
B1 the bubble tension o.

EE=ESENNZ, FE R MEBENKN o HERBENEER Ey.

1 point

15

Solution: Ey, = 4mR?0.

B2. FALSE AND TRUE VACUA BEZSHMEES

For a spherical bubble to appear, there must be an energy density difference between V(¢..). Thus, to
write down a potential to model bubble nucleation, we consider the potential V(¢) = V,(¢) +
(¢ — ¢,). In the thin wall approximation, we are only interested in leading order results in € (the

b+ ¢-
B2 lowest order in Taylor expansion which contains €). Calculate € using ¢ and R.

ATILREARETBEEBHI, V(d,) E’\]EXTELIZ\ETT B. B, AT7THESEENTEIEES 29
BEetER, BRANZEBEV(P) =Vp(o )o TEFHEILMT, FAIRBENE e TK
B (BRRERATEH e (IRIRM) . %UFH cFRIHE e,

2 points

Solution:

The energy density inside the bubble is —€.
From energy conservation, Ey, = §7TR3€,
thus € = 22,

R

Note: though the introduction of the linear term modifies the minima of the potential a little, but the modification multiplying
the energy density will be O(e?) and thus neglected.

B3. BUBBLE MOTION 838 A9z &

B3 At the moment of bubble nucleation, calculate the acceleration a of the bubble wall in terms of ¢ and R. 2 points
AR ENBRE, FH o MR ITERBNINEE a. 293
Solution:

Consider bubble expansion R = R + 6R.

Since volume expands faster than surface, the energy obtained by the bubble wall from this expansion is §E, =
=m(R + 6R)*e — 47 (R + 6R)? = 4mRo R



Since the force F = 5:—:’ =ma = Eya (inthe unitc = 1)

SEw/SR _ 1

Acceleration a = b
Ew R

B4. BEYOND NEWTONIAN MECHANICS #B# &4 §f ;1 =

When the speed of the bubble wall is close to the speed of light, Newtonian mechanics breaks down and
special relativity should be used instead. In special relativity, the kinetic energy of a moving object is

Ex = (y — 1)m, wherey = J% Calculate the time needed from the nucleation of the bubble to that
the speed of the bubble wall to reach 0.6.

L ERNERREN R, FRNFABER, RNTZEAIUHANL. TRAMEE, |, o
B m s maE S B = (r — Dm, Sy = . WHEASANEEBEEHAT 06/ | 44
HENR(E.

. . . d
Hint: you may need the mathematical relation

X

x2-1 _
dx x2-1

_ T A A dVx?-1 x
RR  IRITRERERFRR — — = ==

Solution:

The rest + kinetic energy of the bubble is E, = ym = \/%41#20, where r = r(t) is the time-dependent radius of the bubble
-V

(to be distinguished from the initial radius of the bubble R.

1

V1-v2

4
4mrio = ;71'7‘36,

Thus, energy conservation at time t yields

. 1 r . dr _r?-R? . rdr
ie., =- ie,—= ,i.e., = dVr? — R? = dt.
dt T Jr2—R2

Given the initial condition 7(t = 0) = R, we have r? — R? = t2.

(Note, after a complicated calculation (it's more complicated if you use relativistic force), you get a surprisingly simple result. This
is not a coincidence. In fact, this is an analytical continuation of a Euclidean 4-sphere. We will see a little bit of this in Part C.)

—g9r__t _ —
—dt—m—0.6,t—0.75R.

C. NUCLEATION RATE OF THE BUBBLE 88 A9 /= &4 &

What's the probability for a bubble to appear? It can be shown that the nucleation rate I" of the bubble, i.e., the probability for a
bubble to appear in unit volume and during unit time, can be written as I' ~ Ae~SE/", where A and  are constants, and S is a
"Euclidean action", which can be calculated with the following procedure:

BESBAFENMERES D ? TRUER, JEBNFAEERT, BRARESEAER, —MNEEAERME, TTEAT =
Ae™e/" IHH, HPAMARER, S 22— RREAE  ANTSERITE !

(1) We "rotate" our physical time t to "Euclidean time" T = it (where i? = —1).
(1) 432 aTiE) t ek IR KATE) © = it (HAi2=-1) .
(2) The real-time and imaginary time field configurations are related by ¢p(t = 0,x,y,z) = ¢(t = 0,x,y, 2).

(2) SRERA [B) A0 R E A () 2R AL HR (¢ = 0,x,7,2) = (T = 0,x,y,2) BEKFER.



(3) Given the above time boundary condition, find a 4-dimensional rotational symmetric solution of the Euclidean equation of

e s e
motion tozt 372 t5,2 Frae 0.

(3) A% FRREARE M, HEIKKE ﬂHFa¢a¢+ Lo 0 _ W@ = 0 fy P AERERE X FREY R .

dy2 = 09z2
2 2 2
(4) Insert the solution to the Euclidean action S; = [ dt d3x [ (Zf) + %(%) +%(%) + %(%) + V(d))] tofind I'.

1 (d¢p)\2

(&) *3
2

Let us do this calculation in this part. Note that a 4-dimensional unit ball with radius r has "volume" %r‘* and surface "area"

2mer3

IEBMAEX—Bo P LR TTE, TR, mERN FR 52 —r . BREERA 223

(4) BB REHN &@%E&_fmds[gg4g@9%+

dx

H(%2)" + v skt T

dz

Cl. THE EUCLIDEAN EQUATION OF MOTION BX Kz &) A &

Since we are to look for a 4-dimentional rotational symmetric solution of the Euclidean equation of motion, it is convenient to

use p = /T2 + x2 + y2 + 22 as the variable for equation solving. Assuming that ¢ = ¢ (p) onIy depends on p (i.e., 4-

dimensional rotational symmetric), the general Euclidean equation of motion can be written as — + f(p ) d¢ d‘;ff) 0.

AT FHENHRONERNTER, EHp =2 +x2+y? +22 T’Ejjﬁﬂﬁzﬁ’]“’“ B ttiﬁt?ﬂ% 1E§zl§t¢> P (p) RIKRH

p (XHEMARDTENEN) , —RORKREAARTUEH L+ f(0) & - L8 =,

Find the expression of f(p).

K f(p)o

Hint: if the formal calculation needs too much calculus, you can consider an example: by tuning the form
of V(¢), one can obtain a solution ¢ = p2. Then f(p) can be solved by this example (and this form f(p) 2 points

Cl will apply for all forms of V (¢), not limited to this special form of solution). 29
?ET MEHATEETERTERZHIRY, RINEE—NGF  BILIEE V() R, N
SE MR =p?. B, f(p) TN 5<A1§J¥$ﬁﬁtﬂ§|€ (ZFEA f(p) XX AR V(e) #B
ﬁ%, MR T XNFRE) -
Solution:

Since the above equation is a general one, we can design a potential, such that the solution of the Euclidean equation is ¢ =
p? =12 +x% 4+ y? + z%. We have

¢ 3¢ 3¢ 9% _
92 9xz 9y 072

On the other hand, d—¢ =2, = 2p and
_0%¢ %9 02¢ %¢ d2¢ ¢
Then 2p X f(p) = 6,f(p) = 3/p.
C2. THE EUCLIDEAN ACTION RIK1EFH £
o Write the Euclidean action Si as an integral of p from p =0top — . 2 points
A3 p B9FRD (Mp = 07RE p > o0) HEREHEKKIEAE Sk 293

Solution: For 4-dimensional space, we have dtdxdydz = 2m?p3dp and



_ o 1(do 2
Sg =212 [ p (E(E) + V) dp.

C3. QUALITATIVE INSPECTION ‘&M F1E (4")

Before trying to solve the Euclidean equation of motion, let us first see how it behaves. If you are not familiar with this Euclidean
equation of motion, you can consider the following analogy: consider ¢ as the position of a particle, and p as an effective time
variable. In this case, answer the following questions (choose one from the options):

EMRRIZNTIEZR, RMNEEBNENNR. IRBEAABRIRESN TR, ROUMUAINTHILKIER 1€ ¢ KibH
—MUFHMNE, €p KILABEATEMMFNEINEERE, EXMERT, @MEUTED (BIUERED)

What's the nature of f(p) %? X THRIZ f(p) % B MR 7
(A) friction (i.e. decelerate the particle) fE /1 (BliL R FRE) '
C3-1 (B) anti-friction (i.e. accelerate the particle) # /1 (BliLRiFNiE) llpc/)l\nt
(C) friction for % > 0 and anti-friction otherwise 7£ % >01BERTEMEA, BN 7
(D) friction for % < 0 and anti-friction otherwise 7£ % <O0ERTEMEA, BUEHES
What's the force that drives the motion of the "particle" ¢?
WEFLF ¢ Tz BI T2 7 1 point
€32 14
(A\V (B)-V (C)dV/d¢ (D)—dV/d¢
Where is the "starting point" of ¢ at p = 0? (Here § is extremely small but finite)
s |TP=0. BB CEBEE AW (K5 R ERMEEREE) ! point
73
(Ao —10) (B¢ (¢ +10)] (D) p, —[0(5) ()¢,  (F) ¢, +10(5)]
Where is the "end point" of ¢ at p — 00?
TEp—ooo, ¢H RENE" HEWE? 1 point
C3-4 o
(Ao —10) (B¢ (¢ +10)| (D) p, —[0(5) ()¢,  (F) ¢, +10(5)]

Solution: 1. A; 2.C; 3.C;, 4.E

Note: For (C3-3) the solution is C instead of B. One can see it from two ways: First, consider x=y=z=0. In this case, p = 0 denotes
the bubble center after bubble nucleation. Then from continuity of ¢, the field value at the bubble center should have a slightly
(by an exponentially small margin) larger field value than ¢_. The second way is considering the effective particle and the friction
force. For (C3-4), at infinity, consider T — 0, then it corresponds to spatial infinity, thus ¢ = ¢, (spatial infinity makes it exact).

C4. THE BUBBLE NUCLEATION RATE 878 /= 4 3%

Express Sg in terms of R and o. 4 points

G4 HRfoSH S, 44

Solution:

. _ 2 [ 3 1 d¢ 2
For the integral Sy = 2m? [~ p (5(3) +V>dp

Note that at p — oo, the contribution vanishes. Thus, the integral breaks up to






Problem 2: (32 points)
[B18% 1: (32 43)

Lorentz reciprocity is a fundamental principle in electromagnetism with important application in antenna design theory. It states
that the receiving and transmitting capabilities of an antenna are identical. On the other hand, reciprocity can be broken by using
magnetic materials under an external magnetic field with strong magneto-optical effect. The study of Lorentz reciprocity can be
extended to nearly zero frequency at magnetostatics, shown in the figure below, with two current coils and an arbitrary object
fixed in locations. When one current coil works in transmitting mode, another one works in receiving mode. If we model the two
current coils as magnetic dipole moments m, and m, at locations r; and 1, generating magnetic flux densities B, (1) and B, (1)
in transmitting mode, respectively. Then, the reciprocity relationship can be expressed as

m, - B,(r;) =m, - B,(r;)
EBREZEHMRBRMFNEARE, ERLTERFEFEENA., EREEXRENERMNEASENIEEEN. 5—7
H, FEMNEHT, ERERRUOCRNMEEMRITT MR E S, BRZESNWRT MY REIR#S, WTEMR,
ARTERAMN—PEEERZRMMENYE. S— 1M BRRERNERTEN, Z— P ERAERBRATIE. WR*K
MR ERIRACE ry M, LOBBRF m m,, DHERFERNTERBBE B,(r) M B,(r). BA, &
BRI PURTA

m, - B,(r;) =m, - B(;)

myatrg m, atr,y
By(r2) B;(ry)
Transmitting Receiving Receiving Transmitting

The magnetic field B(r) generated by a magnetic dipole m; located at r; is given by,
TENE v BB m; FT= £ %5 B,(r) B TR%
Ho <3(T —r)(r—r) -m m; )

B.(r) = =2 _
i) = r—r F—r

In this problem, we will first establish the reciprocity relationship and will investigate how it can be broken by imposing a constant
velocity on the object.

AR, BMEEEBRIESHRR, FHRNETBEINYEENETEERITHE.

A. ESTABLISHING MAGNETOSTATIC RECIPROCITY AND NON-RECIPROCITY B8 B S HMET S M




For magnetostatics, we have vector potential A, magnetic flux density B, magnetic field strength H and impressed current density
J. These fields satisfy the Ampere’s law

VXH=]
with material response

VXA=B=uH
where u(r) is the isotropic magnetic permeability profile for the material, i.e. the object in the figure.

s, BINBREH A WREE B, #58E HRIIMIERTE ). XEGHEREER
VxH=]
FTYRRRBIFRIER A

VxA=B=uH
Hepur) EMRINERARMHSEN R, BIEPHYE.,

We want to establish the reciprocity relationship for magnetostatics when we have a magnetic dipole moment m; at location r;
in one case and a magnetic dipole m, at r, in another case. The two dipoles generate magnetic fields B;(r) and B,(r),
respectively. The two cases, labeled by i = 1,2, have the current density J; = V X M; and magnetization M; = m;6(r — r;) for
the two dipoles.

E—FPER TrifbE — MBI F m = £ #1H B, (N TTE S —MIEN Tr B — MBI T m, 3= £ 815 B, ().
ST =12 RIWAMERT, BONBLRRBE); = VX MMBARE M, = mo(r —r). NTERANBER 7 ##%
FMEHKRR.

Here, we also give some formulas for these differential operators:
R, BMNREE—EXTHRIEFHAR

VxA=2(0,4,—0,A,) + 9(0,A, — 0,A,) + 2(0,4, — 9,4,)
V-A=0,A,+0,4,+0,4,
V-(AXB)=(VxA)-B—A-VXB

[V-A4dV = [A-da

fVxAdV =—[Axda

[B-VxAdV =[A-VXBdV + [AXB-da

and Kronecker delta function §(r) is defined by

_ (oo ifr=0
8(r) = {0 otherwise

which satisfies [ §(1)dV = 1 when we integrate a volume V enclosing the origin. a is defined as the closed area enclosing volume
V.

LR EEREAM—METRV #1750, Kronecker delta B EL 6 (r) E&A:

o ifr=0

6@ ={y mupish
TEBE [6()dV = 1. a X hEEER VK.

Al. PROVING THE RECIPROCITY RELATIONSHIP JEBHE < &

Prove the reciprocity relationship m, - B,(r;) = m, - B, (). Hint: you may consider V- (H; X 4,). 3 points

Al ﬂEEHE%%%i m, - Bz(r1) =m, - B1(r2)o ?EZU_T . 'T;J_(E.]—[/X%ﬁg V- (Hl X AZ)O 3 ﬁ




If the material conducts electricity with an electrical conductivity o, we have to add an additional term to the current density J
due to the free current through

J—-J]+oE

in the Ampére’s law stated previously. Suppose now we move the conductor by a constant velocity v. There will be a Lorentz
force on the free charges proportional to E + v X B. It further updates the additional term in the current density through

J—-J+0(E+vXB),
which may upset the reciprocity relationship.
MRMEINB SR oG8, HTEIHNERBR, FRNBAAEL R RIEEEPAYEIREE J RIN—F HNT
J—>J+oE.

RERMEBRMNNETEE v TE. BREFTEBEFES E+v x BELLAIRERZE N, XH—SEHERBEPH
BN EREIA B SRR LA T 8E ¢




J—-J+0(E+vXB).

A2. BREAKING RECIPROCITY RELATIONSHIP TH B 5 xR

Express the possibly non-zerom, - B,(r,;) —m, - B, (1) as a volume integral in terms of the vector
A2 | potentials A; and A, and the conductor velocity v.

BT eEIEZH m, - B,(ry) —m, - B, () ®Rox ARBEREEA, MA, URSEEZv HEFRRRD.

3 points
35

You can complete part B and C without part A.
R INERE A SO IER T TR B #B2H0 C &,

B. MAGNETIC DIPOLES ON A MOVING PERFECT CONDUCTOR =R 8 S | B R (B4R F

In this part, we first obtain the magnetic field of a single magnetic dipole on a moving conductor, which is a perfect conductor (i.e.
the electrical conductivity o = o0) here, occupying z < 0 and is moving with a velocity v in the positive x-direction. This is defined
as the laboratory frame, as shown in the figure below. The magnetic dipole, situated at (x,y, z) = (0,0, z,) on top of the conductor,
has a magnetic moment m = m, X + m,Z with zero component in the y-direction.

EX—HDH, BINELEBRENSELEENHER TS, XERELSE RIBSE o=m), HiFz<0FBELE
x AR EMERE vizsl, XEEXALRELTR, WTEMR. MNTSEMEB (x,y,2) = (0,0,2,) L BRFEH
m=mxZX+m,2, HEyAhRLEENE.



m=m,X +m,Z

P
iV
i . —~

Conducting Object

In the moving frame at a velocity v = vX with respect to the laboratory frame, the object is simply a perfect conductor at rest,
giving us a convenience to find the magnetic fields generated by the magnetic dipole. The coordinates in the moving frame,
denoted as (x',y',z',t"), is transformed from the coordinates in the laboratory frame (x,y,zt) through the Lorentz
transformation:

ARNTRRELIRRNEE v = v BHNLIRRD, WERIR—HLENERSE, ERNESEBEERERT
FENES7 . BHERRPHLER, RTH &Y,z ), AEXERELIRR(x,y, 2, t) FRLRETE G TRERTIE

y

v
=

! !

x'=y(x—vt), y =y, z =z, ct' = y(ct —vx/c)
wherey = 1/4/1 — v?/c? and c is the speed of light.
Hpy =1/y1-v?/c?, c XK.

The magnetic and electric fields (B “and E' ) in the moving frame are related to the fields (B and E) in the laboratory frame by the
Lorentz transformation,

BN R PR TEY (B ME) SKRFALREFNG (BFE) 8X, THERELTHREAL:

By B, vy 0 E, E, 0
le/ = )/By + C_Z EZ , EJI, = ]/Ey —vy BZ
Bz, VBZ _Ey Eé yEz _By

We further simplify the problem by removing the conductor at the moment.
BMNAEBE SR SERH#— L E LA,

B1. MAGNETIC FIELD OF A MOVING MAGNETIC DIPOLE IN FREESPACE B H = [B| iz Z1 B R F O #L1Z

What is the magnetic field B'(x’,y’, z', t") from the dipole for an observer moving at velocity v with respect
to the laboratory frame? In this part, we only consider a magnetic dipole m = m, X pointing in the x-
direction and there is no conductor below the dipole yet. Please express your answer in the coordinates
B1 of the moving frame.

BEHEEXNTERFALRRINEEY BRI OUEENBRFES B (.Y, 2,t). EX—BAH, 39
BAMRFELERE x FTENEBR M =m, 2 FEERFTIAERIESE. FABHLIRRLER
FIRRIVE R,

3 point

Solution:

The B-field for a magnetic dipole m = m, X held at z,Z is

P —

Uo (3(r —2y2)(r — zy2) - m m
|T—202|5 r_202|3



Next, we introduce the perfect conductor below the dipole. The perfect metal has a planar interface at z = 0 while the dipole is
placed at a distance z, above the metal. The metal is being moved at a velocity v in the positive x-direction.

BTk, BABIABRT TANERSE. BEASAE =0 25— NFEFE, MERTATEELTT 20 4. £B#E
1E x 731 LR E v #af.

B2. MAGNETIC FIELD OF A MAGNETIC DIPOLE ON A MOVING CONDUCTOR (I) iz &4 E#BIR FH#%iE (1)

Please express the magnetic field of the magnetic dipole m = m, X on top of a moving perfect conductor

(i.e B(x,y,0%)) in terms of the laboratory frame coordinate. Please also verify the boundary condition of

the magnetic field in the moving frame at which the conductor at rest. Hint: adopt the method of images

and assume both electric and magnetic fields inside a perfect conductor is zero at a nearly-zero frequency. | 4 points
BERAXRELIRRRRES P NERSE L BBIRFm =m, L (#%FHRD B(x,y,0M). FIER | 44
MESER IE BN AR R R RIAIA A&, R’x - RARGRE. REEBEETNENTEXSHE
BHGHUHNE,




B3. MAGNETIC FIELD OF A MAGNETIC DIPOLE ON A MOVING CONDUCTOR (2) 51 S F #{BHR F M #s (2)

What is the magnetic field from the magnetic dipole on top of a moving perfect conductor (i.e
B(x,y,0%)) in the laboratory frame if the magnetic dipole above the moving conductor is changed to
m= rILEz“, pointing in the positive z direction? ~ 343
WRIZHHSE LT BRFEAM =m,2, $EEIE2z75E, BAFKE LR ELIRRFRBRT

R P IIEE S A (R B(x, y,0%)) ?

3 points




gx __ 3zppom, ;
By 2m(x2 4+ y2 + z2)5/2 0
zZ

In principle, the fields are transformed to the moving frame at which the boundary condition is verified, as we have done in part

B.2, but we have skipped here for brevity.

Now, we consider the two situations: one with magnetic dipole moment m, at r; = (0,0, z,) and another magnetic dipole
moment m, atr, = (6,0, z;). When one of them is turned on, another one is turned off.

W, BNFERAEMERL | —FZ r, = (0,0,2) LHHBRIE M, B—FZ 1, = (6,0,2,) LHHBRIEmM,, HHF
—MNTIE, A=K

my = mzé m, = mzﬁ
)

ol |
P =

Conducting Objec‘g
v

v
=

Now, we define the two problems to solve next. For the first problem, suppose the two magnetic dipoles moments m, and m,
point in the z-direction with same size m,, as shown in the above figure. Dipole moment m, imposes a magnetic field of z-
component B,(8) on r, = (x,,0,z,) and dipole m, imposes magnetic field B,(—8) on r; = (x;,0, z,) according to the same
function B, (x — x;). We then define a reciprocity figure-of-merit

_ Bz(a) - Bz(_6)
- Bz(a) + Bz(_6)'

When R = 0, reciprocity is satisfied. Reciprocity is broken when R deviates from value zero.

W, BMEXETREBROWNOR, NFE—NEE, REFDEBRTm m,Es5m 2 77, K/hm,8E,
W EEMR. BT m RIERE B, (x — x;) ¥ 2 38 B,(8) WBIHEMNE 7, = (x2,0,20) L, BIRT m, K#i7 B,(-9)
jjﬁj]uélj rl = (Xl, 0! ZO) —to %Eﬁ'fl\]EXﬁ%Iﬁﬁ

_ Bz(a) - Bz(_6)
- Bz(a) + Bz(_6)'

R =00, HEEHM. YRREEZEN, HEHMHITE.

For the second problem, suppose we change the pointing direction for m, to the positive x-direction with magnitude remaining
the same. The magnitude and direction of m, are not changed. In this case, the reciprocity merit is defined as R =

(B12(8) = Box (=8))/(B12(8) + B2 (=6)).

SEFE AT, BIRBRIVE m IR EBCHE x FETANMRERE, m, FEAMANRE, EXMERT, 5
EENXH R = (B1,(8) — Byx(—6))/(B1,(8) + By (—8))

B4. RECIPROCITY MERIT FOR DIPOLES ON A PERFECT CONDUCTOR B Sk FHMER FHESIHE



Find the reciprocity merit R for the two defined problems about magnetic dipoles on the moving perfect
B4 conductor. 3 points
KEXTFUERAN IRz sIEESE FRBRFNESINER. 39
Solution:

For the first case, the magnetic field from dipole 1 is

Hom xz _ Hom,
47|x|° 4 (x2 + 4z2)5/2

B,(x,0,z,) = — (—x* +82§)

which is even in x. Then, we have R = 0.

For the second case, the magnetic field from dipole 1 on dipole 2 is

§) = mx 6xZz,
Blz( ) (xz +4Z2)5/2
The magnetic field from dipole 2 on dipole 1 is
m 6x2
By(~8) = =22~ :

4w (x% + 422)5/2
with m, = m,.
They have the same values and hence R = 0.

In fact, for a moving perfect metal, although breaking the time-reversal symmetry, is still not able to generate the non-reciprocal
coupling. We need dissipation with a finite conductivity.

C. MAGNETIC DIPOLES ON A MOVING CONDUCTOR WITH FINITE CONDUCTIVITY EEEFRESXRNIEZSE &

AL BN T

In this part, we move to a more realistic situation that the conductor is a metal. It has a large but finite conductivity o (in unit of
Q~1m™1), deviating from the perfect conductor condition. Current density in the conductor is given by ] = oE. We also assume
that the current on the conductor surface is confined by a skin depth d of small thickness so that the electric and magnetic fields
cannot penetrate beyond the skin depth from the conductor surface. Then, the surface current density can be written as (6d)E.
We further take the approximation that d is just a constant. We only consider the two dipoles pointing in the positive z-direction
with same size m,, in this part.

EX—EHT, BNEE—AFEALNER, DLESHEERAEERNESE o (Bih o im™) | REEESHK
£, SEPHEREER] =oE A, BIMNFREERRESERAEER/\HHE Hk de,,.mjn B RS
HEMNSERETEBITERRTE. FAILRAERBETUSH (0d)E. FBNH—PBE d A—NEEK. EXIBDEAN
REEFMERFEIEEIE 2 756, K/ m, 48R

Again, we need to solve the magnetic field from only one dipole at (0,0, z,) first. In fact, the surface current profile generated on
the surface of conductor cannot be easily solved without adopting a numerical solver. Instead, we can approach the problem by
extending the method of image as an approximation. In this case, we would like to have a point-like multipolar source at the image

position (0,0, —z,) in order to give as closely as possible the same reflected field generated from the surface current. For the

(PN (P

current case of m = m,Z, we put an image magnetic dipole with given form of magnetic moment m,, X + m, 2 and electric

moment pj(,r)f/ at the same location (0,0, —z,). The mirrored magnetic dipole is now relaxed to have both magnetic and electric

components while neglecting the higher order multipoles. The size of these dipole moments are yet to be determined.



Bk, BOBEELRR (0,0,2) &RE-MERTFHHS. SFFL, SERAFLHREERAHARAKERBSEE
TRERRMBE, XE, RNSRBTBELGECRAXNEDE, EXMIERT, BIFBEBRLE (0,0, —2) &
BN EREIE, WERTHEMIREERNNREERAERNRET. STY m=m,2 HER, BEEEE
BFRBEEO00,-2) &, THELENTER B mP2+mI 2 . BEH PPy, FHBERTFANAERNEERAN
BAE, BNZRENESRT. XEBRENKINEGEHE.

C1. GENERALIZED METHOD OF IMAGES |~ X EH &5k

Find the magnetic field B'(x',y’,0%) and electric field E'(x', y',0*) on the conductor surface in the
moving f : ) @) ) : :

g frame. Express your answer in m,, m,.*, m, ° and p,, . You can use either the moving frame or
laboratory frame coordinates. Do not need to solve the mirrored dipole moments yet. 5 points
KBS LIRESHRANRGB (¢, 0%) FIBIZE («,y,0%). EAm,. m. m{” fpl” ik 55
ROBER. TINEBENLIRG LR FLIFRIEFHIER.
HANAFERBREERIE,




C2. FINDING THE MIRRORED DIPOLE MOMENTS i+ & $E & @k 4E

Find m,(cr), mgr) and pj(,r) in response to a given m,. The mirror dipole gives the same reflected field

generated by the surface current on the conductor. As approximation, only apply the boundary condition
(in the moving frame) on the surface current along the y-direction, which is the dominant current than the
one along the x-direction. It may be useful to express the answers in term of the dimensionless parameter | 5 points

K = pyvyod > 1. 54
i EmmFEmd . m{? #pl . BRERTAET SSERABHFENERNRH. £

HIEGL, BEELREN (EBRDLRET) SATAY FENREER, ZERLE x FEmSE

R TS, TUEERATEMNS K = yuyvyod > 1 RIAER,




C3. RECIPROCITY MERIT FOR DIPOLES ON A CONDUCTOR OF FINITE CONDUCTIVITY
ARBSESULBRFNEZNE
Find the reciprocity merit R for the two identical dipoles m, displaced by § (with r; = (0,0, 2,), 1, =

(6,0, zp))in the x-direction.

K X FEEMBES (r = (0,0,2), 1, = (5,0,2))) HENMERBHRT m, BEZHHNER.
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Please fill in your final answers to all problems on the answer sheet.
TBEEER HE E SRR AR -
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ELFREE TR » 15 A AR EIE AR - @ H AR RE 4R A U=l -

1. [10 points] We consider an inhomogeneous cylinder whose have are mode of two materials of
different densities. The cylinder has radius r and length L and its cross section is shown in Fig. 1a. The
bottom half made of a material whose density is 1 kg/m3 while the upper half is mode of a material
whose density is ¢ kg/m3, where c is a parameter 0 < ¢ < 1. In the problem, we can use the fact that

DensityZ2 /&
ckg/m3

for a half-cylinder of radius r, the center of mass (CM) is located at a distance of ;—; from the axis of

DensityZ /&

the half-cylinder, as shown in Fig. 1b. 1 kg/m®

L [10 53] EA T E— A IRIERE A - HA PR A FIEIAMEHARE « [JIFERRYEEN o
KENL - HBEIE la Fos o TR RN 1 kg/m® BIRFEHEIE - i1 2800 s
He kg/m® HIRFEIHIE » Hbc2— 280 0 <c <1 - R JfTTLFHZE—E
T2 WF—DHEH T LR - HUF (CMYf T L AR R AR — (IAE > A0
1b FR

(ai) [2] Compute the total mass M of the entire inhomogeneous cylinder, and the distance d between
the geometrical center and the center of mass of the entire cylinder. Express the answer is terms of
rL,c.

(aii) [2] Compute the moment of inertia I of the entire inhomogeneous cylinder with respect to its geometrical axis. Express the
answers in terms of r, L, c.

(b) [2] The geometrical axis of the cylinder is fixed in a horizontal position, but the cylinder is free to rotate without any friction
around the axis. If the cylinder oscillates around its stable equilibrium position with small amplitude, calculate the period of
oscillation of the cylinder. Express the answer in terms of M, I, r, d and the gravitational acceleration g.

Now we assume that the cylinder is completely free to move on a horizontal table under the gravity. We assume that the coefficient of
static friction between the cylinder and the table is infinite, such that the cylinder cannot slide. Suppose that at time t = 0, the
cylinder is in its equilibrium position with an initial angular velocity w,.

(ci) [2] If w, is sufficiently small, the cylinder will undergo a period motion around its stable equilibrium. What is the period of
oscillation if the amplitude of the oscillation is small? Express the answer in terms of M, I, 7, d, g.

(cii) [2] What is the minimum value of w, that allows the cylinder to roll forever in the same direction. Express the answer in terms of
M, I,r,d.

(ai) [2] HEENAEYEEFN EPTE M AL LSO RS d - Fr oL c fREE -
(ail) [2] HEEN ISR TH LA ARE - A r oL c REE -

(b) [2] LAY LA E S A KPALE - B S LA (F B HiEss - A EEEEE o AR AR A AR i E
PR - BRI > W RERE ARG S - M -1 or - d IEJTIEE g RonEE -

PAEBA MBI AREAAEE ST T 522 H st e /K PG B E) o BAMEOR ARG 2 (R VAR 2B U2 IR RHY - [NE
FREETEERED) © BIRAENZ t = 00 > FEREELTHPEUE - FRAVGRAEE o, ©

(ci) [2] 412R wo /)N > R S e P it T R liE) - RIRIEIR )N > IRZEEZ V2 M -1 1 - d - g
B

(cii) [2] LERFEA KL FE— T RREIE RN w EZ %/ ? M -1 o1 > d FoRES -

2. [10 points] A closed container is divided into three compartments, A, B, and C, by two partitions, D, and D,, as shown in Figure 3.
Each compartment is filled with the same monoatomic ideal gas with pressure P, volume V, and absolute temperature T as shown in
the figure. The mass of partition D; is m, which can slide freely without friction, while partition D, is fixed and has a small valve on
it. Now, the valve on partition D, is opened, allowing the gases in compartments B and C to mix and the entire system to reach
equilibrium while maintaining a constant temperature T,.

(a) [3] What are the pressures and volumes of the gases in compartments A, B, and C after the entire system reaches equilibrium?

(b) [3] How much total heat is absorbed by the gases in compartments B and C during the process of the entire system reaching
equilibrium?

(c) [4] Calculate the change in entropy AS of the entire system during the process of reaching equilibrium.
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3. [10 points] Trapped Ball ! 2 ]

A ball (modelled as a point charge of magnitude g > 0) of mass m is trapped in a spherical cavity of radius R carved from an infinite
grounded conductor. The charge is at a distance z from the center. In the problem, the gravity can be ignored.

(a) [2] Sketch the electric field lines inside the spherical cavity.

(b) [4] Find the electric force F(z) acting on the ball in terms of g, z and R.

(c) [4] If the ball is released at the center with a very small speed, find the speed of the ball v when
it is at a distance R /2 from the center of the conductor. Express the answer in terms of g, m, R.
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4. [10 points] In this question, all answers cannot be expressed in terms of any trigonometrical functions.

An ice hemisphere with radius R and refractive index n lies on a warm flat table and melts slowly. The rate of heat transfer from
the table to the ice is proportional to the area of contact between them. It is known that the ice hemisphere completely melts in
time T,,. Throughout the process, a laser beam incident on the ice from above. The beam is vertically incident at a distance of R /2
from the axis of symmetry (see figure).

Assume that the temperature of the ice and the surrounding atmosphere are 0°C and R =0
remains constant during the melting process. The laser beam does not transfer energy to 2

the ice. The melting water immediately flows off the table, and the ice does not move
along the table.

(a) [4] What is the position of the point on the table, x, = x(t = 0), where the beam hit at
time t = 07 Express the answer in terms of n and R.

(b) [3] What is the height of the ice z(t) as a function of time t? Express the answer in
terms of R and Tj,.

(c) [3] What is the position of the point on the table, x(t), where the beam hit for t > 0?
Express the answer in terms of n, R, T, and t.

4. 110 53] EEENERI > B SR A = A ROk -
NSRRI n KRR F— R BB E ST L - FBaE - TR
> I PR 2 A B BT IEE » EARACEBRAEI ] Ty S 2R (L - 185
TERR > SRR EITREEIK L - LT B T T RREEEES Y R )2 (B ASE (I
) -

AR A SRR R0°C » 3 BAER Lt bR - MOLdOR 2 kG
B - B{E THUKITEIREIE T R s TR -

(a) [4] 26 = OB + st p s T FA A xo = x(¢ = 0) AT ELEWNE 2 Fil n Al R T
b) [31 JKIARSE 2(6) {EST I ¢ RIS /0 2 Fil R I T, S5 -

O 31 HF £ 2 0 Seseab T 695 x(6) FIRCBTEWNE 2 Fin » R Tl ¢ 5% -

~End of Part 1 £-158 ~



Pan Pearl River Delta Physics Olympiad 2024
2024 SERIR=EA KPR KB BRI W5
Sponsored by Institute for Advanced Study, HKUST
BEBPERERST BB
Simplified Chinese Part-1 (Total 4 Problems, 40 Points) f&i{&fR&-1 (FL45E, 409
(9:30 am — 12:00 pm, 18" Feb 2024)

Please fill in your final answers to all problems on the answer sheet.

THEEPL HE E SRR EEE -

At the end of the competition, please submit the answer sheet only. Question papers and working sheets will not be collected.
EEFRAE AN - 1 A A Bl BRI - i H AR RS AR A = U E] -

1. [10 points] We consider an inhomogeneous cylinder whose have are mode of two materials of different densities. The
cylinder has radius r and length L and its cross section is shown in Fig. 1a. The bottom half made of a material whose density
is 1 kg/m3 while the upper half is mode of a material whose density is ¢ kg/m3, where c is a parameter 0 < ¢ < 1. In the
problem, we can use the fact that for a half-cylinder of radius r, the center of mass (CM) is located at a distance of :—; from the
axis of the half-cylinder, as shown in Fig. 1b.

L. [10 73] FA 1 E— MR SRR - E PR R BRI o BEIRAARETEEN o KL HAEE L
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Density &
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DensityZ£&
1kg/m3

(ai) [2] Compute the total mass M of the entire inhomogeneous cylinder, and the distance d between the geometrical center
and the center of mass of the entire cylinder. Express the answer is terms of r, L, c.

(aii) [2] Compute the moment of inertia I of the entire inhomogeneous cylinder with respect to its geometrical axis. Express
the answers in terms of r, L, c.

(b) [2] The geometrical axis of the cylinder is fixed in a horizontal position, but the cylinder is free to rotate without any
friction around the axis. If the cylinder oscillates around its stable equilibrium position with small amplitude, calculate the
period of oscillation of the cylinder. Express the answer in terms of M, I, r, d and the gravitational acceleration g.

Now we assume that the cylinder is completely free to move on a horizontal table under the gravity. We assume that the
coefficient of static friction between the cylinder and the table is infinite, such that the cylinder cannot slide. Suppose that at
time t = 0, the cylinder is in its equilibrium position with an initial angular velocity wy.

(ci) [2] If wy is sufficiently small, the cylinder will undergo a period motion around its stable equilibrium. What is the period
of oscillation if the amplitude of the oscillation is small? Express the answer in terms of M, 1,7, d, g.

(cii) [2] What is the minimum value of w,, that allows the cylinder to roll forever in the same direction. Express the answer in
terms of M, I, r,d.

(ai) [2] HEENAEYEREETETE M AL OSSR OZFEESd - fr oL c REE -
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Solution:
(ai)
nr2lL
M = 1+0)
2
mriL (i)
_"2 3" 3z° =ﬂ(1—6)
2
m"ZL(l_l_C) 3r\1+c¢

(aii) The moment of inertia of a cylinder of mass M and radius r is %M r?

1 (nr?L artl
== A+or:= (1+0)

2\ 2 4
(b) Newton’s 2™ law gives,

=16
The torque w.r.t. the geometrical axis is
T=—Mgdsin6
16 = —Mgdsin @
Mgd
= — sin@
I
=>T= 2m _ 2 !
w7 Mgd

(ci) We consider the equation of motion w.r.t. the contact point on the ground,
T=1.,0
Where the torque is the same as in part b,
T=—-Mgdsinf =~ —Mgdf

The moment of inertia w.r.t. the contact is given by
Ieon = Iem + M(T - d)z
I =1, + Md?
S lon=1+M((r—d)?>—d?) =1+ M(r?-2rd)

.. Mgd
>60=— g 0
ICOTL
The period
_ Ieon [+ M(r? —2rd)
T_Zn\/Mgd_zn\/ Mgd

You can see that as d — 0, the period T — oo which is expected.

(Method 2):
The Lagrangian is

1 i 1 5
LZT—Uzzlcong —EMgdH
The EOM is given by,

d oL aL—0=>I 6+ Mgdé =0

dta@ 66_ con g -

.. Mgd
>0 =- 0
Icon

_ Leon [+ M(r? —2rd)
:T—Zn\/MgdZH\/ Mgd

(cii) Since the cylinder can only roll without sliding, the total energy is conserved. In order to escape from the oscillation, the
cylinder must have enough kinetic energy to overcome the gravitational PE when its CM is directly above the geometrical axis.

1 1
EMUCZm + Elcmwg +Mg(r—d)=Mg(r+d)




1 1
= Eng(r —d)? + E(I — Md?*)w = 2Mgd

_ 4Mgd
T M@ —d)?+ ([ - Md?)

We can see that as d — 0, w, — 0. It implies that there is no stable equilibrium in this limit and the cylinder will move forever
given any infinitesimal initial push.

2. [10 points] A closed container is divided into three compartments, A, B, and C, by two partitions, D; and D,, as shown in
Figure 3. Each compartment is filled with the same monoatomic ideal gas with pressure P, volume V, and absolute temperature
T as shown in the figure. The mass of partition D; is m, which can slide freely without friction, while partition D, is fixed and
has a small valve on it. Now, the valve on partition D, is opened, allowing the gases in compartments B and C to mix and the
entire system to reach equilibrium while maintaining a constant temperature T,.

(a) [3] What are the pressures and volumes of the gases in compartments A, B, and C after the entire system reaches
equilibrium?

(b) [3] How much total heat is absorbed by the gases in compartments B and C during the process of the entire system reaching
equilibrium?

(c) [4] Calculate the change in entropy AS of the entire system during the process of reaching equilibrium.
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A B c
Xy Xy xg——
Py Py 2P,
Vo T Vo Vo
To To To
/ / Valve
Dy D, 5]
Solution:

(a) Let the initial number density of gas in compartment A, B and C be ny4, ng, n., After open the have in D, and
reach the equilibrium, the densities become nj, ng, n. respectively. In the final state, the pressure in all
compartments are p, and temperature T,. We have

piVy = nyRT,
PfVé = ngRT,
prC,‘ =n¢RT,

Add 3 equations together,
pr(Va + Vg + V) = 3Vypr = (ny + np + nc)RTy = (ny +ng + ne)RT,

1 1 4
=>pf=3—VO(TLA+TLB +nc)RTO=3_I/0(P0V0+P0V0+2P0V0)=§P0
For A, since n, = n,,

3
pfVs = yRTy = ,RT, =V, = ZVO

VC" = VO
3 5
Vé = 3VO - VO _ZVO = ZVO
(b) (Method 1) Since the entire system is maintained at the same temperature T,, we have
AQ, +AQpc =0

For compartment A, since the internal energy doesn’t change,



o o1 3
AQA = AW =S pAdVA = nARTof V_dVA =S POV0 an

Vo Vo YA
4
= AQBC = _AQA = POV() ll’l§ ~ (0.288 POVO

(Method 2) Since the gas is maintained at constant temperature T, the internal energy of the (ideal) gas doesn’t
change.
o o o N,kT, 4 4
AQ — deVB — f pAdVB - f —dVB - NAkTO 11’1— — POV0 11’1— = 0.288 POV0
VO VO VO ZVO - VB 3 3

(c) Notice that the gas flow between compartment B and C is irreversible therefore we can’t simply apply the
formula

dq
ds = —

(Method 1) One way we can do is to construct a reversible path which connect the initial state to the final state. We
imagine there is a partition between A+B and C which can move slowly. The gas in C can expand so that the
pressure decreases from 2P, to Pr. We would like to determine V; such that the

4 3
2POV0 = §P0V1 = Vl = EVO

P, 2P, Py Py Pr
TO TO TO TO TO

We can imagine there is a partition between A+B and C and move slowly,
aQ padv _ (Pc —Pap)dVe

AS = =< =
3T0 Ty Ty
= AS f%(zjvk 2Nk )dv 2Nk 7V°<1 1 )dv 2Nk<l 3 41 3) aNkIng = 270V, 2
= = = —— e = n-+In-| = n—— —In-
w \Voo 3=V ve W 3V-V/ ¢ 2 8 T, 8
0236P°V°
~ T

(Method 2) To get the entropy of BC, we apply the Sackur-Tetrode equation for the ideal gas,
8]

S = Nkl (4’""”)3/2 ol = weli (2”ka°) B N Z SR
"V 3Rz t3 VAT 2| = "NTET n
when T, is constant.

Initial entropy

PyV, 2P
S;=—2—22Inp 9 %1n2p,
TO 0
Final state:
4
AS =8y —§, =— In=P, + 2—lr1P0 +——1In2P, = —(—41r1—P0 +2InP, + 21n2P0)
T, 3 T, T, 3
PoVo PoVo

( —4] +21 2)—2—P°V°<1 9) 0.236 =2
T, \rtgTeme)=ampming) ¥ T,




3. [10 points] Trapped Ball
A ball (modelled as a point charge of magnitude g > 0) of mass m is trapped in a spherical cavity of radius R carved from an
infinite grounded conductor. The charge is at a distance z from the center. In the problem, the gravity can be ignored.

(a) [2] Sketch the electric field lines inside the spherical cavity.

(b) [4] Find the electric force F(z) acting on the ball in terms of q, z and R.

(c) [4] If the ball is released at the center with a very small speed, find the speed of the ball v when it is at a distance R /2 from
the center of the conductor. Express the answer in terms of g, m, R.
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Solution:

(a) Inside the conductor, the electric field is zero. Electric field lines should terminate perpendicular to the conductor. Due to
accumulation of surface charges on the wall of the cavity, the electric field strength on the ‘right hand side’ of the charge
should be stronger than that on the ‘left hand side’ and hence the density of electric field lines should be higher. Finally, note
that as the charge is positive, the electric field lines should point out from the charge. With these considerations in mind, we
have the electric field lines shown in Fig. (a):

Figure (a) Figure (b)

(b) To solve this problem, we apply the method of image charges, with an image charge of magnitude q' < 0 located at d from
the center of the spherical cavity as shown in Fig. (b). Consider the potential ¢, (6) at a point P on the wall:



1 q q )
+ = ¢p(6) = 0
4me, <\/z2 + R?2 —2zRcosf +d?+ R2 —2dR cos6 ¢»(9)

2 12

q _ q
~ 22+ R?—2zRcos0  d? + RZ— 2dRcos0
= q*(d? + R?) — q'*(z* + R*) + 2R(q'*z — dq?) cos § = 0
For this to be satisfied by all 8, we need

{ q%z—dq*>=0
q%(d® + R?) —q'*(z2 + R) =0
Solving gives
R? qRrR
d= - and q' =-——
This is the almost the same work we did when we solved the image charge problem for a charge outside a grounded
conducting sphere. This gives our force (attractive) to be
1 lqq'l 1 q°Rz

IFI = 4mey (d — 2)? - 4mey (R? — z2)?

(ci) By the work-energy theorem, the velocity at z = R is given by
R/2

%m(v2 —-0%) = j F(z)dz

0

2 R/2 qu R/2 7 qz 1/2 u 1 qz
v mjo (2) dz 2megm J,  (R* —z?)? ? 2meomR jo (1 —u?)? “ 12meo mR

4. [10 points] In this question, all answers cannot be expressed in terms of any trigonometrical functions.

An ice hemisphere with radius R and refractive index n lies on a warm flat table and melts slowly. The rate of heat transfer
from the table to the ice is proportional to the area of contact between them. It is known that the ice hemisphere
completely melts in time T,,. Throughout the process, a laser beam incident on the ice from above. The beam is vertically
incident at a distance of R/2 from the axis of symmetry (see figure).

Assume that the temperature of the ice and the surrounding atmosphere are 0°C and remains constant during the melting
process. The laser beam does not transfer energy to the ice. The melting water immediately flows off the table, and the ice
does not move along the table.

(a) [4] What is the position of the point on the table, x, = x(t = 0), where the beam hit at time t = 0? Express the answer
interms of nand R.

(b) [3] What is the height of the ice z(t) as a function of time t? Express the answer in terms of R and Tj,.

(c) [3] What is the position of the point on the table, x(t), where the beam hit for t > 07 Express the answer in terms of

n, R, Tyand t.
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t>0

N

R
a 0
Solution:

(a) Let's find the point on the table where the beam hits at the very first moment t = 0. Consider Figure 5, it is easy to find

that the angle of incidence of the beam on the hemisphere is @ = 30°, i.e. sina = %

According to Snell's law of refraction

. _sina_l=>t _ 1
Slnﬁ— n —% anﬂ—m

From the pink triangle with angle y in Figure 5 it is easy to find its horizontal leg @tan y, which means the point of

incidence of the beam on the table: it is located at a distance x,, from the center of hemisphere O:

R 3
X =E—7Rtany

. _ )= tana —tanf  V4n? — -3
any =tan(a - f " l1+tanatanf Vi2nZ—3+1

R<1 ViZnZ = —3) 2R
Xn = — - =
) ViZnz—3+1) Vi2nz—-3+1

(b) At time t, the base in contact with the table is a circle with radius r. Within a time interval dt, the amount of heat absorbed
is
dQ = Knr?dt
for some constant K. The volume of the ice melt is
dQ = Ldm = Lpnr?dz
Where L and p are the latent heat and density of the ice respectively. Therefore we have
Knr?dt = —Lpnr?dz

dz K tant
> —=——
T Ip is a constan
i.e. the melting uniformly reduces the thickness of the ice, we have
t
o=r(1-1)
7() T

(c) At the end, when the base of the ice has radius r < g, the beam will obviously hit the table vertically (i.e. x(t) = g). It

corresponds to the case when the thickness of the ice reduces to z(t) = ( 1- g) R. It will happen at the time t = g To-

Therefore, for t > gTo, we have x(t) = g

To get x(t) for t < gTo: we can consider the similar triangles.

f-n B
O V3 ot
2 x(t) R<T—T—O)
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Problem 1: Spatiotemporal varying electric permittivity (30 points)

[FJRH 1: B 2228 /e HL (30 47)

The discovery of gravitational waves initiated an era of gravitational wave astronomy. In addition to the ground-based
gravitational wave observatories, gravitational wave observatories based on laser interference between satellites are also
planned, for example, the Taiji and Tiangin programs in China and LISA in Europe. Here, we study a simplified version similar

to the Tiangin program.
SITTEENEIL » FFET 5IJIERICFERHL « Br TAEMi HEES [T RSCE » BRI @t TR Z AL P22
SRR AESE 2 T > Gl EERY AR AT~ REATR > FORONEY LISA © ZXH > AT EISIRERS [T
THE—AMEABRRA -

As illustrated in this figure, we consider three satellites surrounding the earth following circular orbits. They form an
equilateral triangle. They form an interferometry in the nearly vacuum environment near the earth. From the change of
interference patterns, the change of space distance is measured to detect gravitational waves. Here we will study the error
sources for Tiangin to reach its desired measurement precision.

A BEMEFTR - MR E SN =/PHN =B LR EAPEES) - (R EE R B2 R Ao +8
S o EIEEOEY SR - SRIEAIN 22 BE BRI (R E AL » PRS0 » ARRBURHE » 0 T AZIS R BRI
& FREEEAIRERI -

In this problem, we will use the physical constants and satellite parameters including:

FEAE R FH YR S 40 D EROR S B

Newton’s gravitational constant 4l 55 [ /147 G = 6.67 X 107 11m3/(kg s2)

Planck’s constant 3 EATEE % h = 6.626 X 10™3*m?kg/s

Vacuum Permeability ELZ5H4 52 uy = 1.257 X 1076 kg m s™2 A~2

The mass of the earth #ERFHE M = 5.97 x 10%* kg

The radius of the earth #7ER % r = 6.37 x 10°m

The distance from a satellite to the center of the earth L2 78 S50 AYFEES R = 108 m
The laser wavelength used by the satellite T2 2 G- 1 = 1064 nm

The size of the optical system of the satellite T EYFZERE D =0.1m



Part A: Gravitational fluctuations on the orbit of the satellite T2 #3& _FiY5 [ 73050

Al Here we only consider gravity from the earth and consider the earth as a homogeneous ideal ball. Give
the periodicity T of a satellite rotating around the earth. Please use second as the unit and give three
significant figures.

TEBFEHERT ] - HARMEKZ I SEEERAER T » SR LESHEREE I EI T » 15250 DA
PN SR EAREUE - WSS = A -

2 Points

24

A2 Since the shape and density of the earth is inhomogeneous, the satellite will feel an additional
acceleration da in addition to the uniform circular motion. To simplify the calculation, let us model the
inhomogeneity of the earth as follows: Consider an ideal ball with mass M — 2m. Two additional point
masses (each has mass m) are put to diametrically opposite points on the equator of the earth. Assume
that the satellite orbit and the earth are in the same plane, with angle 8 between them. Give the
precise formula to calculate da.

A2. T HERIPIR S BRI SSM - 2 TEF RS R E iz sh 2 MBI MR 6a - &
(BIFE  SHEERA RSB © BTE M — 2m AYBIAEER (K - HIRE W A ERCE s
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FHILZE Y Sa HUREA TR A -

2 Points

24

A3 Calculate all the possible periodicities for §a. Please use second as the unit and give three significant
figures. 2 Points
A3. 3K Sa [ [RIZLATA FTRE FEHARVEE - 154 ML ST Y AR EE - RIS = A 50 24}

? o

Ad In the R > r limit, give the leading order expression (the lowest nonzero order in the Taylor expansion 2 Points
of r/R) for da.

SKAER > r fRR T > a BYGEK Cifr/RI TR AR ARATIEZ T ) FIAFL - 27

A5 Estimate the typical value of §a (an error within two orders of magnitude will be considered as correct). 3 Points

1 Sa BYEAEHE (IREEPIABHZ N ETIIER) - 35

A6 In satellite experiments, we are interested in the gravitational waves with a particular periodicity (such
as periods between 1-1000 seconds). Thus, if the periodicity of the gravitational fluctuation is too long,
it will not interfere the gravitational wave measurement. Assume the satellite is co-rotating in the same
direction with the spinning direction of the earth. In the Taylor expansion of §a, calculate the
component with period closest to 1000s. Denote this component as §aqqo- Estimate the value of 3 Points
804000 / 6a for 8 = /3. (an error within two orders of magnitude will be considered as correct) 39
A6. FE TR SLES b > Bl IR E B (HIa0/E817 1-1000 #0) W5 (TGS - AL » 28
ABFERR TS [IEEEIHA YT 5 R M SR - & LB SHERE R JTRMHEE » 3K da HYZ)
JEE o R AT 1000s Y73 & Sago00 5 8a FIELHT Saqoeo / 6a o TELE HIZLED Sayeg0 / da 1
6 = n/3 INHYEUE - RAAEPI D E RN TN IEH -

Part B: Free electrons from the solar wind X JHX\F#Y E EHEEF

Consider the laser signal between the satellites. Although the space between satellites is close to the vacuum, but it is not
the absolute vacuum. In particular, solar wind will introduce free electrons. Let the number density of the free electrons be
N,, the electric charge of an electron be e > the electron mass be m,. And we ignore other media apart from these
electrons.

FERDEZEAEHUES - BATEZRAINEEZERRS » BEH-NEENNEZE < Fhl - KEX & REHE
¥ o WHHBEFIEELEN N, - BFHENe » HFTIEN m, » HRBE LR BIFRE BTSN BRI -



FPATLENIE T cos 0 » HEHHEBETHIER T > ER—INZEA TR H cos(8 + 66) » 3K 56
HYEE -

B1 Assume that the electrons move freely in the electric field produced by the laser. Calculate the
acceleration of the electron dv, /dt as a function of the electric field E produced by the laser. 1 Points
AR B R B H HEnh » KA dv, /dt S0 ERYH E Z [RIEYR 19
//%g\\ °
B2 Calculate the time dependence of the electric current, dJ/dt, from the free electrons. 2 Points
SKE H T RAY H R BAR RIS (L d) /dt - 29}
B3 Calculate the phase speed of the laser v, in the environment of the free electrons (since v, is very
close to the speed of light, the higher order difference between v, and the speed of light can be
ignored).
2 .
Hint: from the Maxwell equations, one can derive that ZTS — ¢2V2E + c? % =0. 3 goél;ts
B3. SKHUEAE H IS s v, (T v, BBRELE - v, SEEERIRYE M I LA
R )
_ 82E d
HET ¢ SR TR AL S — ?V2E + % g 2 = 0.
B4 Let N, = 10 cm™3. Calculate the phase error of the laser between two satellites. In other words, if
there were no free electrons, the laser waveform arrived at a satellite is cos 8. Now with free electrons,
the same wave form at the same moment changes into cos(6 + 68). Calculate the value of §6. 3 Points
W N =10 cm™3 > KN TUE Z[A] > B E 5 [REAVEOEAEAN R - B A BlHET 349>

Part C: Shot noise B 1=

Any precision measurements are limited by the uncertainty principle of quantum mechanics. Assume that every photon’s

arrival time at the detector can be considered as independent stochastic processes. Also, in actual experiments, phase error

of the laser is more important. But here for simplicity, here we only estimate photon number errors.
FIEETINE T #EZEETIIFHL) « TR Bt E T RN 2SR (R E iy
MM « 5551 » LB RS H S OB AL IR - (HER X EBA T EIER I - i F8RE -

WEIATEIROCRH=TERET - 55— T2 LHBDER LN o TEARLT - Both
ARE TN Pemic (EARIERRI ATV IER ) -

Cc1 During a certain period of time, the average photon number in the laser is N. In this case, the error in
the photon number measurement in the laseris AN = N, Find a. 1 Points
FLESIRIA - ot HEE N AT o BEEB0E AT EAIRES AN = N* - 3K 19
a o

c2 If we request that in one second, the relative error of photon number measurement is ATN <3x107°.
Calculate the minimal power of laser P, that the satellite should receive. (3 points) 3 Points
e . Ly — s e ‘g o ap AN _ . L I
EEORAE— IR - SETEUINERIMENHRZEN 7 < 3 X 107° > KT 2 BREIRTRD LR (ED) 39
ES Bec®

C3 Assume the laser arrived at a satellite is emitted from the other satellite from the three-satellite system.
Estimate: in an ideal case, what is the minimal emission power of laser P,,;; from the other satellite i

. . . . 3 Points

(can be considered to be correct if the order-of-magnitude is correct). 3 43




Problem 2: Metric-modified geodesic and heat conduction (30 points)

[B]/ 2: B EEIERNIANRAES

Solving physics, such as wave propagation, geodesics, and thermal conduction, on a curved surface in 3D requires a thorough
understanding of metrics and differential geometry. However, there can be significant simplifications for systems with spatial
symmetry or by adopting coordinate transformation. In this question, we will go through two problems for physics on a curved
surface. The first one is light propagating on a curved surface. Figure 1 (a) shows a circular cone with height 5 mm and a base
diameter of 2p, = 10 mm, joining to a flat surface. The flat surface has a circular hole of the same diameter so that as a whole,
there is only one single surface with the cone part indicating the 'curved space.' The entire surface, including the flat surface and
the cone, have a very thin surface so that light can be effectively confined on such a surface. We have assumed the cone is joint
smoothly to the flat surface. The second question, being illustrated later, is about steady-state thermal conduction on a
hemispherical surface.

F 3D i AR RYIEL R - ARARRE - ARG S B E BN LA RZIRER AR - 28000 > T EAZERN
PR 2R BER AR S S - AT DU T B E AL - XN R A PREHGE i Ay e Mg R -
MR CAERE 21 - B 1 (a) o 7 — &N S mm -~ [RE N 2p = 10 mm AYEHEA S — P ETHZERE -
PE EA—MEE ERERYIEFL - DUERE ERE— PR —AYRA > B For “HhET o B - SRS AE
& > HAEIEE SRR - e A IABH IREH X ARHIRRIALE » O TBORHER S ERIEPRERE - 55 MR AR
JETEH T AL - B R R ERESAVES: -

(a) (b)

A *
0" \ ‘}/ “
0’ “
0 .: “'
2p0 =10m . » \:
% “‘ OI :' \
$" ’0
y ”0’ 0“
T p_o y .....llll““
2
—x L
X

Po
2

Figure 1(a) depicts a curved surface created by connecting a circular cone to a flat surface with a hole of the same size as the

cone's base. In Figure 1(b), we present a top view of this surface. Light confined to such a surface originates on the flat surface at
the bottom, undergoes bending due to the cone, and exits in a different direction.

1(a)Er T HEREE— MR ER S [ HE AR B S [E R NAY I LAY B R EHEAR P E AT © B 1(b) 2% AR
o WEPRAHEX AR E_ERYE MR P _ER - RIESEARIY S o J51m o 22 DA ERY TR -

A. GEODESIC ON A ROTATIONAL SYMMETRIC CURVED SURFACE JE%5 N #k i E _E Ayl sth 2%
In mechanics, we are aware that when a system exhibits rotational symmetry, we can simplify the derivation of dynamics by
applying the conservation of angular momentum. For instance, we can employ the conservation of angular momentum to derive

Kepler's laws. In the current scenario, we consider a normalized angular momentum, denoted as L, which is defined as:

FEIIFF > Bl THIE LA BATEF RIS - ZATA LLGE s srEREH BRI - B0 - Sl TR PAE A A sh & <FE



KIESITEEEE - AEHAIEL o OB E NI EAvAEE - Il L HEXAT

dp ,do
L=2- px——p s

Here, p represents the projected position vector on the two-dimensional x-y plane, given by p = xX + yy = Xpcos ¢ +

yp sin ¢ , with the projected cone center as the origin. p is the magnitude of vector p and s is the arc length along the path of
Iight on the surface.

TEXE - p AR TIE 4 xy FH EAESEAIERE > Hp = x2 +y9 = Xpcos ¢ + Ppsin pZ5HH » Hp ik i
ﬁ@pm%gp%ﬁ$O&Emﬁﬁﬁi%%%&mﬁ%c

Given that the infinitesimal arc length on the cone satisfies ds? = dx? + dy? + dz? and z = z(p) is the
height at that point, prove the geodesic on the cone satisfies
BRI EAES NIKREds” = dx? +dy? +dz? » Hoiiz = 2(0)RIRATEINE » TSI

Ay | HE LA g 3 points

p9) = (et~ 12)
Instead of using arc length s to parametrize the geodesic, we have used ¢ for parametrization.
XE - JAIEHORSE LML - AR s -
A2 For a light starting on the flat surface with a perpendicular distance of p,/2 to the origin, what will be
minimal p the light can go. 2 points
T MPETERE S S E RN po/2 I ARDEL: > CREEIAN R/ N p &%/ ?
A3 What is the deflection angle y by comparing the entering and exit rays on the flat surface?
Hint: you may need to use fx\/% =tan"'vVx2—-1+¢

LB AP FAE AR » Ry - 7 points
HUR  RATAEBER [ o= =tan Va2~ 1+ ¢

B. HEAT CONDUCTION ON A SPHERICAL SURFACE (l) BRIEf_ LRSS (1)
A usual trick is to search for a coordinate transform from the curved surface (represented by the Cartesian coordinates (x, y, z))
to a 2-dimensional coordinates system X — Y plane so that the physics on the (X, Y) just looks like a flat plane. For a unit

spherical surface, such a map is the stereographic projection

—{EAHAVET TR T — AR - Rpdhe (HE %T£ﬁ&%@%T)W%@~4 e X — Y 2pbr b (EISAE
X =Y b BB G RE RS — P o YT ERAEKIE - R G R AT -

x y .
*,¥) = (=g, 757) = (peos g, psing)
Suppose now we consider heat conduction problem on such a spherical surface, i.e. a very thin shell of spherical surface. The
steady-state heat conduction has the temperature profile satisfying the Laplace equation
AR FEAE XA — BRI _EHVRVE SR - BI—NIRESEIVERIE R R - fSVE S BEA W A /712 (Laplace
equation) R E53 A ©

V2T(0,¢) =0

while temperature profile is independent of radial distance r in spherical coordinate (r, 8, ¢»). The spherical surface is at radius
r=1.
BB M SEREER r TR - XPEREHFENr=1-



Prove T satisfies Laplace equation on the (X,Y) coordinate:

EBA T £ (X, Y) 2841 B35 E Laplace J57%:
1 1,

Hint: For convenience, we are given the Laplacian in spherical and cylindrical coordinates as
N T IT{EREN, - FRAT TR AL T BERALARAIAE AL AR N HY Laplacian J7E25 -
In spherical coordinate (fEEK2LHR ) (7, 6, ¢):

Vif == 0.(r%0,.f) + =———=0,(sin 0 0, f +—62f
f r2 r( T) r2sin @ o(si of) r2sin2g ¢
cylindrical coordinate (fEAE2EFR ) (o, ¢, 2):

2 £ — 2 2

v f ——ap(p6p1)+—20¢1 +621

Bl 4 points

Now, the above figure gives the thin shell in the shape of lamp shade, which is in a hemi-spherical surface with a circular opening
at the top. The whole shape still has a rotational symmetry about the vertical z-axis. The bottom of the lamp shade is kept at

temperature T}, (at 6 = g for spherical polar coordinate) and the top is kept at temperature T, (at 6 = 6,).
AL > EESGH T —NER - BXTERIR - 2— 0 TEA — MR OREERE - BRI E A TR PR - XTE
Y IRRAERE T, (TEERAAHR Y 6 = 228 » TIEBIRFFAERRE T, (166 = 6, /8)

Solve the temperature profile, as a function of 8, with such rotational symmetry.

B2 | i B e s BRI 2 T(O) » (F 6 Bt - 4 points

C. HEAT CONDUCTION ON A SPHERICAL SURFACE (I1) BRTE]_LRYFRARE(N)

side view




Now, we consider the top opening is tilted about the y-axis in breaking rotational symmetry. Suppose the top opening is still
a circle on the spherical surface passing through (x,y,z) = (0,0,1) and (sin«, 0, cos ) as diameter and its normal is on
the x-z plane.

AT - A B IETIEH CIHESE y BERE - SR T HER WRRM:  BOBRE THES A e — a8 H (g y,2) =
(0,0,1) #1 (sina, 0, cos a) fENEFE » H HEIAREN T -z *FHE L -

Determine where the top opening is mapped on (X, Y) plane through the stereographic projection map.
AR F SR - B E THTES A CAE (X, Y) P AT & -

Hint: the answer is still a circle in X and Y coordinates.

PO | BEAE XY AR AR -

Solve the temperature profile T (X, Y) when the bottom opening is kept at temperature T}, and the top is

kept at temperature T;. You can leave your answer in terms of X and Y coordinates.

Hint: In the stereographic projected domain X-Y plane, Laplace equation is satisfied and you can further

use general method of image, like the one used in solving electrostatic problem by putting two point

2 charges on the X-axis with undetermined charges.

fRHURIE DAL T(X, Y)  REF OORFPRIET, - T COORFPRET, » AT X MY 48453k
IR EZE -

%T Laplace JTR2ATS#AT e AL TLARTLRZ G0 XY SPHHIE © R ] DASE FIAE e b vl [ RBRr A B 15

1525 > AE X Bl B RCE PR MErb E FELAET Y FEL A

Cl1 2 points

8 points
857
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Problem 1: Error estimates of a gravitational wave experiment (30 points)

E&R 1: 5| 1ENE R R EHTT (30 4)

The discovery of gravitational waves initiated an era of gravitational wave astronomy. In addition to the ground-based
gravitational wave observatories, gravitational wave observatories based on laser interference between satellites are also
planned, for example, the Taiji and Tiangin programs in China and LISA in Europe. Here, we study a simplified version similar

to the Tianqgin program.
SITRAEBL > FHIE T HIJIR RS B 7 B S [RRSC G » B » i TR Z [R5y 2E R
SRR AEER 2 H > Bl EE AR ~ RETH] > FOROMNEY LISA © X H > Fef 1 EIHUIRES [ TR RN
TRy —ME RS -

As illustrated in this figure, we consider three satellites surrounding the earth following circular orbits. They form an
equilateral triangle. They form an interferometry in the nearly vacuum environment near the earth. From the change of
interference patterns, the change of space distance is measured to detect gravitational waves. Here we will study the error
sources for Tiangin to reach its desired measurement precision.

A B EMEFTUR - MR E F i =/APn =F DR EAEZS) - EEKEERET B2 H oot 4
Y o IEDHOCHYFAAREEAL - SRRV 22 EER B (A HY AL » PRINS [F70% © ARG » 9 T RE]5 [ TR RN
[ » REFEAIRERR -

In this problem, we will use the physical constants and satellite parameters including:

FEARI R BV S E0R DR KA ST -

Newton’s gravitational constant 4=l 755 | JJH %1 G = 6.67 X 10711m3 /(kg s?)

Planck’s constant 3BT H 4T h = 6.626 X 1073*m?kg/s

Vacuum Permeability ELZEHE S8 uy = 1.257 X 107 kgm s~2 A~2

The mass of the earth MR &E M = 5.97 x 10%* kg

The radius of the earth HER 1% r = 6.37 X 10°m

The distance from a satellite to the center of the earth L 2B SH#L L EYEEES R = 108 m
The laser wavelength used by the satellite TLE2 {0 RE A2 = 1064 nm

The size of the optical system of the satellite TE Y FZGRKE D = 0.1m

Part A: Gravitational fluctuations on the orbit of the satellite TE #1386 F85 [ 73E5h

Al Here we only consider gravity from the earth and consider the earth as a homogeneous ideal ball. Give
the periodicity T of a satellite rotating around the earth. Please use second as the unit and give three 2 Points
significant figures. 245
FEAH RIS (17 > HARHBREI S ERRERARYIE L T SR DB S EREE SR EEI T - 1525 H L




Moy s Y BAREUE - AR = AR
A2 Since the shape and density of the earth is inhomogeneous, the satellite will feel an additional
acceleration da in addition to the uniform circular motion. To simplify the calculation, let us model the
inhomogeneity of the earth as follows: Consider an ideal ball with mass M — 2m. Two additional point
masses (each has mass m) are put to diametrically opposite points on the equator of the earth. Assume
that the satellite orbit and the earth are in the same plane, with angle 8 between them. Give the
precise formula to calculate da.
A2, T HEERTZ IR S SRR SME » 230 TR ERR SR IE 5 5 2 A MY MINEEE Sa - 1
(BIFE » FHERAY R SR © R8N M — 2m AYBRAEER(K - HARE W S CE AN 5 Point
T » S NFATE m o L LR SR ARSI R PEN - SPFESRERe - | T80
FHItZaH 6a AU TTRIAZ -
m
R
A3 Calculate all the possible periodicities for da. Please use second as the unit and give three significant
figures. 2 Points
A3. 3K Sa [R R 2 LFTA AT RE R EHEVEE - 1545 H DARD O S iy BREE - A S = A0 AL 2493
? °
A4 In the R > r limit, give the leading order expression (the lowest nonzero order in the Taylor expansion .
2 Points
of r/R) for da. 2 45
SKAE R > r fRIRTY » da YL Ohfr/REITZENEAHIRARAYIEER ) FKIXHK -
A5 Estimate the typical value of §a (an error within two orders of magnitude will be considered as correct). 3 Points
fliit da WYHALEHE CREERNERZ NI IER) - 3n
A6 In satellite experiments, we are interested in the gravitational waves with a particular periodicity (such
as periods between 1-1000 seconds). Thus, if the periodicity of the gravitational fluctuation is too long,
it will not interfere the gravitational wave measurement. Assume the satellite is co-rotating in the same
direction with the spinning direction of the earth. In the Taylor expansion of da, calculate the
component with period closest to 1000s. Denote this component as §a, 0. Estimate the value of 3 Points
8a4090 / 6a for 8 = /3. (an error within two orders of magnitude will be considered as correct) 34
A6. fE TR F o FA TR E (LA (FIaERAY 1-1000 7)) 895 [J1R(ES - Frll » &
ABFIHR SRS [JIEEh A NS DR SR8 - & DR SHERE R T EAEE - 5K da BYZEE)
[ B HAE 4T 1000s Y735 6ay000 5 6a FYEEH Saqggo / 6a ° IELEHIZEER] Sai000 / 6a H
6 = /3 ITAVEUE @ RSP DB PN AT IER -
A1l Solution:
v? _ GM GM
P

T = ? = 3.15 x 105s.

A2. Solution :
G(M-2m) Gm (R-rcos6) Gm (R+r cos )
8ax = R2 - 3 - g
(R241r2-2R71rcos8)2 (R24+r24+2Rrcosf)2
Gmrsinf Gmrsin @
da, = -

g 3
(R?2+12-2R7rcos6)z  (R?+r242Rrcosh)Z

A3. Solution:

Note that the above expression has a symmetry of cos 8 < — cos 6. Thusin 8, the period is 7 (i.e., 1/2 of the period of the

21 rotation). In time, there are two possibilities: the earth co-rotate or counter-rotate with the satellite. Note that the earth




period is a day = 86400s. Thus, the two possible periods are
# = 3.39 x 10* s (counterrotate), or 5.95 X 10* s (corotate).

+ 5
864007 3.147X10

A4: Solution:

Taylor-expand to second order (note that the first order in /R result cancels):

36mr2(1-3 cos? 6)
R* ’

da, =

__ 3Gmr?sin26

5ay - R4

A5: Solution:

There can be many reasonable ways to estimate. For example, one can consider the density difference between the rock

and the sea. Thus m can be estimated using

103kg m~3 X (average depth of the sea 3.5 x 103m) X (10% of the earth surface area ) ~ 1.8 x 102°. Thus, for a typical
value of 8, for which 2 — 8 cos? 8 doesn’t cancel to extremely small values,

da ~ 1072 m/s? (Note: the same order of magnitude can be obtained using precise modeling of the earth.
Answers ranging from 107 ~ 107! can be considered correct.

A6: Solution:

Considering that in the co-rotating case, the period of the system is 119098s. To extract the component with 1000s period,
Taylor-expand to the (cos 8)*2° term (note: there is no (cos 8)''° term. Expanding to (cos 8)*'8 is equally fine).
Then for n=120:

Note that the % (g + 1) (z +(n- 1)) almost cancels the 1/n! in the Taylor expansion (the difference is at the order v/n,
which is within the error allowance).

2"t R cos™
6611000 _ RZTL+2

oa oa

= 10—14—1

Note: taking n=118 the result is 107139, also considered correct. Also note that in reality (when we go beyond the current
toy model), the higher order multiples will dominate da; .

Part B: Free electrons from the solar wind XfHX\ B E FHEF

Consider the laser signal between the satellites. Although the space between satellites is close to the vacuum, but it is not
the absolute vacuum. In particular, solar wind will introduce free electrons. Let the number density of the free electrons be
N,, the electric charge of an electron be e > the electron mass be m,. And we ignore other media apart from these

electrons.

FELEZFEVEOLES - BANEZRIAVHRAEZERERS > (HIFARATAVEZ - FioiHl - KIEXEHREH®R



T o HHETHEEE N, - FTHEE e > T TEN m,

- HRig TR 2 mERE e DML ER IR -

B1 Assume that the electrons move freely in the electric field produced by the laser. Calculate the
acceleration of the electron dv, /dt as a function of the electric field E produced by the laser. 1 Points
WO £ HHEE) » SREFAYIIERE dv. /dt 538064/ E Z RIEY5% 143
//% o
B2 Calculate the time dependence of the current from the free electrons. 2 Points
K B HEL 7 SR A HU RS [ Y 22 AL ) /dt - 245y
B3 Calculate the phase speed of the laser v, in the environment of the free electrons (since v, is very
close to the speed of light, the higher order difference between v, and the speed of light can be
ignored).
2 .
Hint: from the Maxwell equations, one can derive that ZTE — c*V2E + ¢ y, % =0. 3 go/'QtS
. . \ \ . e . 7]
B3. JKBUCAE H T ISt HEE v, (FBT v, RBHEADER - v, SICEERINYEM T A] LA
R )
. 62
O ¢ TR IR I 52 — c2VPE + % o 2 = 0.
B4 Let N, = 10 cm™3. Calculate the phase error of the laser between two satellites. In other words, if
there were no free electrons, the laser waveform arrived at a satellite is cos 8. Now with free electrons,
the same wave form at the same moment changes into cos(8 + §0). Calculate the value of §6. 3 Points
W N, =10cm™ > SKINTE (A HEHBETS [RRIVEOLHEARZE - BERIESHEBHET 34
FEATENIEH cos 6 » HHHEHEFHVFENL T » EE—NZIFA TR/ cos( + 66) » K 56
FrYIE -
B1: Solution:
dve
dt
B2: Solution:
d] N,e?’E
—=_¢eN
dt ¢ e gt m,
B3: Solution:

B 1 9E
FromVxE——E,VXB—u0]+C—ZE,

92E
at2

It’s solution in frequency space is

N, e?

e
w? = c?k? + c?uy—=
me

Thus, the phase velocity

w Nge?
=2= |2 2 e o |c2 2
vp—z—\/c + ccUg —\/c + c2lg

mek?

Nee2A2

472 My

B4: Solution:

—c(1+—

—c2V2E+czu0%=O(Wherer(VxE)=V2E—V(V~E)=V2E)

The wave can be written as cos(kx — wt + 8), where 0 is the initial phase at the emitter t = 0, x = 0. The receiver has a

distance x = /3 R and the arrival time is t = /3 R/c.

UoNee?1?
812 me

With free electrons, k = %(1

) . Thus inserting x and ¢,




56 = —

Cc

w

x HoNe€®2? o mp . _HoNe€®A  mp 519 x 10-6

872 me 4T M,

Part C: Shot noise Bk

Any precision measurements are limited by the uncertainty principle of quantum mechanics. Assume that every photon’s

arrival time at the detector can be considered as independent stochastic processes. Also, in actual experiments, phase error

of the laser is more important. But here for simplicity, here we only estimate photon number errors.
FHEETIE T #EZEETHFHIGFL « W BEFSF - BothE e EEATRN ES AT (R 202 M A RE
WIEELE - 5590 » SRE R HAUHE S WO AR IR - (B X IR T RIERE I - (Uh e FERE -

Cc1 During a certain period of time, the average photon number in the laser is N. In this case, the error in
the photon number measurement in the laser is AN = N%. Find a. 1 Points
C1. FLERHFRIN » e/ E N DT o LB HEOE e A ErIRZS AN = N® - 3K 15
a o

c2 If we request that in one second, the relative error of photon number measurement is ATN <3x107°.
Calculate the minimal power of laser P, that the satellite should receive. (3 points) 3 Points
C2. EHRAE—FVRINIAIN - SEFEIMIRITHAGHERS & < 3x 1076 » R IEBRBIEOERE | 39
ES Pec ®

Cc3 Assume the laser arrived at a satellite is emitted from the other satellite from the three-satellite system.
Estimate: in an ideal case, what is the minimal emission power of laser P,,;; from the other satellite )
(can be considered to be correct if the order-of-magnitude is correct). 3 go/'QtS
WEA B EAECEH =T 2 RS T > 55— P TE EHEDEE AR « I HRERT - Bt 7
AR DI Pemic (EPIERHRTRIIER) -

C1: Solution : a = 1/2.

C2: Solution:
We thus need the minimal number of photon N = 1.11 x 10! per second.

The energy of each photonis E = hv = h% =1.87 x 10719

Thus the minimal power at reception is P.oc = 2 X 1078W.

C3: Solution 1: Using Gaussian laser beam and the formula

- (n D?
Pemit 4R A

)2 = 545x107°.

Thus, Popie ~ 3.67W

Solution 2: Estimation from the uncertainty principle

Within the satellite optics system diameter D, for each photon, the momentum uncertainty of the laser is Ap ~ h/D. Thus

the minimal spread angle is 1/D. Over a distance R, the minimal radius of the spot is A R/D. Considering the receiver radius

is at most D, too. Thus,

Prec ~
Pemit

2
%) ~8.83%x107°.

Ry

Thus, Popie ~ 2.26W




Problem 2: Metric-modified geodesic and heat conduction (30 points)

[F]/ 2: R EIERNNEAAMES

Solving physics, such as wave propagation, geodesics, and thermal conduction, on a curved surface in 3D requires a thorough
understanding of metrics and differential geometry. However, there can be significant simplifications for systems with spatial
symmetry or by adopting coordinate transformation. In this question, we will go through two problems for physics on a curved
surface. The first one is light propagating on a curved surface. Figure 1 (a) shows a circular cone with height 5 mm and a base
diameter of 2p, = 10 mm, joining to a flat surface. The flat surface has a circular hole of the same diameter so that as a whole,
there is only one single surface with the cone part indicating the 'curved space.' The entire surface, including the flat surface and
the cone, have a very thin surface so that light can be effectively confined on such a surface. We have assumed the cone is joint
smoothly to the flat surface. The second question, being illustrated later, is about steady-state thermal conduction on a
hemispherical surface.
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Figure 1(a) depicts a curved surface created by connecting a circular cone to a flat surface with a hole of the same size as the

cone's base. In Figure 1(b), we present a top view of this surface. Light confined to such a surface originates on the flat surface at
the bottom, undergoes bending due to the cone, and exits in a different direction.

1(a)ER T HEE RS — B 5 [ e (A T BT AR B/ N FLAY S T A R AR P SRR - B 1(b)2 % dh Ay
o MERRBIE ARy BB E WEREREY T E_ETFR - RIE ARG I51m - S DR ERY 5 i -

A. GEODESIC ON A ROTATIONAL SYMMETRIC CURVED SURFACE Jg %% Mo #k il T _E By i3 %

In mechanics, we are aware that when a system exhibits rotational symmetry, we can simplify the derivation of dynamics by
applying the conservation of angular momentum. For instance, we can employ the conservation of angular momentum to derive
Kepler's laws. In the current scenario, we consider a normalized angular momentum, denoted as L, which is defined as:
FENFF » B VRIE S ST B A TR RIERT - B T7] DABE R A sh &SP ER bRl o F1a0 - el TaT PAE A A sh & sriE
KHES TG EERE - AEUpTER T - JBOTFE— T —LAEE - dh L HENAT ¢

dp _ ,d¢

L=Z'pXE p%



Here, p represents the projected position vector on the two-dimensional x-y plane, given by p = xX + y9§ = Xp cos ¢ +
yp sin ¢ , with the projected cone center as the origin. p is the magnitude of vector p and s is the arc length along the path of

light on the surface.
FERXCH > p RETHE M xy ‘P ERIGEIERE > Hp =xX +y9 = Xpcosd + Jpsin g2t » HP AR LR
Moo pRREp AN o s BB FEAREEERYINE: -

Given that the infinitesimal arc length on the cone satisfies ds? = dx? + dy? + dz? and z = z(p) is the
height at that point, prove the geodesic on the cone satisfies
AR R EHITESS /NI Eds? = dx? + dy? + dz® » Hiz = z(p) /2% 509 - 1EIEHE

Al HEMA_ERIIN G g 3 points

p'(¢)?* = p*(p* —L?)

Instead of using arc length s to parametrize the geode5|c we have used ¢ for parametrization.

XH > BAVERARSELNH L > A EEAT s -

A2 For a light starting on the flat surface with a perpendicular distance of p,/2 to the origin, what will be
minimal p the light can go. 2 points
YT MF A EE S S EREES Y po/2 Y ASELL - BRE AN/ Np 2%/ ?

A3 What is the deflection angle y by comparing the entering and exit rays on the flat surface?

Hint: you may need to use fx\/% =tan"'Vx2—-1+¢
I EE BT yﬁ%@ﬂﬁ/\%ﬁ*ﬂﬁ%ﬁﬁ%fﬁ WEREAEy
PR IRATRERRZA [ \/—— tan"'vVx2—1+c

7 points

Al: Coordinates:

x=pcosp, y=psing, z=z(p)

dx dp ~do dy dp do
ﬁg—gcosqb—psmd)g, a—asm¢+pcos¢£

Along the light path, the arc length elapsed in a small section is governed by

ds? = dx* + dy* + dz?
= (cospdp — psinpdp)? + (sing dp + pcosp dp)? + z'(p)?(dp)?
= (1+2'(p)*)(dp)? + p*(d)?

Angular momentum:

Lo dp dx  ,d¢
=2 pxd——pcosd)— psmd)——p s

p ds\® 2 ()2 2 20 0/ ()2 2
=>L—2=(E) =(1+cot?0)p'(p)* +p*=csc?Bp'(p)*+p

02
= p'(¢p)? = sin? 4 p? <——1)

A2: The trajectory on the flat surface can be described by

where s, is a constant. Then the normalized angular momentum is



which is independent of s as expected on the flat surface before entering the cone. We recognize that L has also the meaning of

perpendicular distance of the entering ray. Then from A1,

, p
p(¢)220=>p2|LI=7°

A3: Solution: We consider that L is a constant of motion so that the entering and exit rays have the same perpendicular distance
|L]. We define 2¢), as the angle elapsed for the ray in the region of the cone and 28 = 2 cos™*(|L|/p,) as the angle elapsed for

the ray if it has not been deflected (see middle panel).

Flattened out Projection of 3D on x-y plane 3D
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To calculate ¢, we flatten out the cone to a flat surface. The cone becomes a sector of radius p,/ sin 6. The nearest projected

(Method 1)

distance |L| (in A2) now becomes |L|/ sin 6 (see left panel). Therefore, the elapsed angle subtends a distance on the edge of

cone as

20, LI
—_ oS —
sin @ Do

Back to the projected view (middle panel), we have the same distance £ = 2p,¢, so that we have obtained

1 ILI _ B
= — -1__ =
o sin @ €os po sin@

(Method 2) Alternatively, we can consider the ray has its p gradually decreasing when it enters the cone until the nearest

distance, |L| from A2, for the first half of the ray trajectory, we choose the negative square root from Al:

d
£= —sin6 p/(p/ILD? — 1

Now, we can integrate to get ¢,



— d —_— —
P =140 = "G5! Gy =1 sin 6
_tan”'y/pg/I2—-1 1 Ll

: = ——0s
sin8 sin @ Do

=L
1 dp/|L| | tan™'{p?/L? - 1r .
P=Po

After calculating ¢:
Then the deflection angle y is governed by

Sin

v =260~ B) =2(55-1)8.

Now, substituting values for our particular example, |L| = p,/2 and 8 = /4, we have

wl N

L
B = cos_llp—| = — = 60°.
0

y=(2- 1)2?” = 49.7°.

as the deflection angle.

Reference: The experiment and the flattened-out model are depicted in Phys. Rev. Appl. 11, 034072 (2019).



B. HEAT CONDUCTION ON A SPHERICAL SURFACE (I) 3kTE1_ERIFVES (1)
A usual trick is to search for a coordinate transform from the curved surface (represented by the Cartesian coordinates (x, y, z))
to a 2-dimensional coordinates system X — Y plane so that the physics on the (X,Y) just looks like a flat plane. For a unit

spherical surface, such a map is the stereographic projection

—{EH AR TR T AR - R (R REEAR(x, y,Z) PR ) MUNE— DA X - Y AR L (HSAE
X =Y AebR EHIYEE B SRR G — P o T DR LERIA - BRI E LA -

&, )_(z+1 Z_}:_l)=(pcosq,’),psin¢)

Suppose now we consider heat conduction problem on such a spherical surface, i.e. a very thin shell of spherical surface. The
steady-state heat conduction has the temperature profile satisfying the Laplace equation
PAEBA B AR — P BRI _EAVRVE SRR > BI— N EEEAVERI A - FSIAMEe S BA W e i il /77 (Laplace
equation)f R E 74 »

V2T(6,¢) =0
while temperature profile is independent of radial distance r in spherical coordinate (7, 8, ¢). The spherical surface is at radius
r=1.
AR SRR r T - XPERERFEE N r=1-

Prove T satisfies Laplace equation on the (X,Y) coordinate:

IEBA T £ (X, Y) 2445 L3 2 Laplace 7?&
—ap(pa T) + 6¢T 0

Hint: For convenience, we are given the Laplacian in spherlcal and cylindrical coordinates as

R T ITERRL - BT T ERIARRIAEALAR THY Laplacian T2 -

Bl In spherical coordinate (fﬂij;ﬁ?) (r,6,9): 4 points
Vif =— a (20.f) + = 1 506(sin00,f) + %agf
sin
cylindrical coordinate (T*EJ:’FTT) (p, P, z)
1 15 2
Solution:

For the stereographic projection, a 8 is mapped to a p and ¢ is unaltered, serving both the azimuthal coordinate for both the

spherical coordinate and the stereographic projected coordinate. Then,

_ sin @ _y 7]
p_c050+1_an5

op 1 0 . 0dp
:%—Esec > sme%—p

= sinf dg = pd,

For a r-independent T profile, it satisfies the Laplace equationatr = 1 as
1 1 ) ) )
S—ag(smeagr) P = 6¢ =0=sin0dy(sinf9yT) + 95T = 0.
which is now transformed to

pd,(pd,T) + 03T =0. =— a(paT)+ 05T =0



Now, the above figure gives the thin shell in the shape of lamp shade, which is in a hemi-spherical surface with a circular opening

at the top. The whole shape still has a rotational symmetry about the vertical z-axis. The bottom of the lamp shade is kept at
temperature T}, (at 6 = % for spherical polar coordinate) and the top is kept at temperature T, (at 8 = 6,).

WA - ERISGH T —1NE% - 2ITERIR > B2— 0 IEAE — MR CRVEEKE © BAEIRTIARA e PRME © ST
EEER R T, (TEERASHR T 6 = 220 » TIEMRFRHERRET, (160 = 6, 28) «

B2 Solve the temperature profile, as a function of 8, with such rotational symmetry. 4 points
ftt B R AR RIS 946 T(0) > 1E7 0 HIREY - P
Solution:

With rotational symmetric, T is independent of ¢:

Then

T=ahnp+p=(T,—T,)



C. HEAT CONDUCTION ON A SPHERICAL SURFACE (11) BRTE A T2 (1)

side view

Now, we consider the top opening is tilted about the y-axis in breaking rotational symmetry. Suppose the top opening is still
a circle on the spherical surface passing through (x,y,z) = (0,0,1) and (sina, 0, cos a) as diameter and its normal is on
the x-z plane.

BAE > FATHEINETF LI ESE y HiiR: - BER TR wiie » BORERETHE A L2 — N E - @il (o y,2) =
(0,0,1) fl (sina, 0, cos &) fENEFE » H HEIEMEAL T %z FHE b -

Determine where the top opening is mapped on (X, Y) plane through the stereographic projection map.
ARSI - WE TELH AR (X, Y) ~PE AT & -

Hint: the answer is still a circle in X and Y coordinates.

PR B EAE X ALY AR B

Solve the temperature profile T (X, Y) when the bottom opening is kept at temperature T, and the top is
kept at temperature T;. You can leave your answer in terms of X and Y coordinates.

Hint: In the stereographic projected domain X-Y plane, Laplace equation is satisfied and you can further
use general method of image, like the one used in solving electrostatic problem by putting two point

2 charges on the X-axis with undetermined charges. g
FRHDRE AR T(X,Y) « JREFF OREERET, » T CORFHRET, - ZATLUH X F1Y Aedrsk 7
REHEE -

F27r ¢ Laplace JTARATI 2R AL LAATERZIEHY XY S _E o IRF] LASE A e o [ R Y S e
{60 » AE X il BB PR M E FRLAET Y LT -

Cl 2 points

8 points

C1: The two points of a diameter:

(x,y,2) = (0,0,1) - (X,Y) = (0,0)
a
(x,y,2) = (sina,0,cosa) - (X,Y) = (tanE,O)
. 1 a . . 1 a .
Mapped circle has center (X,Y) = (Etan;, 0) with dlameterztan;, or written as

(X 1t a>2+-Y2-1t 22
2?:ln2 —4-611’12

C2:
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The Laplace equation is satisfied on the X-Y plane. T = T}, on the unit circle with center at origin. T = T; on a smaller circle

passing through origin and with center at (a = %tan%, 0).

Equivalently to our thermal conduction problem, we can treat T as an electrostatic potential also satisfying the Laplace equation.
Here, we adopt the general method of image to obtain T in (X, Y) space. Assume that we have two point charges on the X-axis
with undetermined charges at the moment. We let the distance between them is 24 and the middle of the two coordinates is at

X, on the X-axis. Then, the potential for such a system is

— X=X, +A)z2+7Y2 N
SO\ —x, Az +rz) T

An equipotential (same value of T') contour can be written as a circle with center on the X-axis:

(X_X°+A)2+Y2—K:<X (X +K+1 ))2+Y2— (K+1)2 1) 42
(Y —X,—A)?2+Y2 T K -1 S \\k -1

where K is an arbitrary number depending on the value of T. Now, we need the inner and outer circles in (X,Y) space map to

different equipotential lines. Then, we have following equations for the centres and radii,

K, +1 Ky + 1\? a?
Xotg —14=% <K1—1) T A
K,+1 K, + 1\? 1
Xot g, —74=0 <K2—1) 1=

Eliminating K; and K,, we have
(a—X,)? = A% + a?, Xt =4%+1,

in which X, and A can be solved as

P A_+\/1—4a2
°7 2a’ T 2a
We let
1+V1—4a? . 1-VI—4a?
s 2a > 1 = 2a 1

Then



We probe the ¢; and c, coefficients by

X—w?+v?
T=Clln<(X—y_1)2+Y2 +c,

X,Y)=(00,0)=>T,=4c;Inu+c,
XY)=01,0)=>T, =2¢Inu+c
T, —-T,

>0 =—=—
@ 2Inu

'CZ - ZTb _TL‘

X —pw?+v?

n<(X_H_1)2 + YZ) + ZTb _TL‘

p® — 2up cos ¢ + p°

2T, — T,
n<p2—2#‘1pc05¢>+u‘2)+ bt

tan? % —2u tangcos ¢ + u?

Therefore
T, — T
"
2Inu
_Tt_Tb
" 2lnu
_Tt_Tbl
~ 2lnu n
where,u=M a=1tan.

2a '’ 2 2

Alternative solution:

tan? g —2u~?t tan%cos ¢+ u?

+ ZTb _Tt

If you know conformal map which maps circle to circle and preserves Laplace equation, we can adopt a conformal map

(coordinate transformation) from (X, Y) to (u, v) so that the two circles are concentric.

Y
4

h

A%

AN

E=X+iY

A\ 4

@

w=1u-+iv

By writing complex & = X +iY and w = u + iv, we seek

_bS+c
Y d

w

A

which maps the unit circle to unit circle and the inner circle to another circle with common centeratw = 0

b+c —b+c
Tvd " Titxd
0+c 2ab+c

0+d  2a+d

By solving b, ¢ and d from the above, we obtain the conformal map as



Ve

or
_Kr=9
pé—1

We choose the first solution which maps the inner circle to a circle with radius less than one, just for convenience. The radius of

the inner circle is now mapped to a circle with radius [(0 — 1) /(u — 0)| = ™ < 1.

From previous experience in B2 in solving ¢-independent Laplace equation, we have

T=(T,— Tb) Tt Ty
|uf -
21nu‘1
T,—T, |§—u!
= 2T, — T
2Inp—?t ol =1

=Tt_Tbn §—u
2Inp 1§ —pt
T, =T, [ (X—p?+Y?

= 2T, — T,
2Inpu <(X—/,t‘1)2+Y2 tely =1

+ ZTb _Tt
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