APHOII 2001 Theoretical Question 1

[Solution] Theoretical Question 1

When will the Moon become a Synchronous Satellite?

(1) The total orbital angular momentum Z = L 2 of the Earth-Moon system with
respect to C can be calculated as follows.
Since all angular momenta are along the z-direction, only the z-component of
each angular momentum will be calculated. The distance between the center of
mass C and the center of the Earth O is

M . °
ry = 30y es106m=0.735R,
M+ Mg, 1+(597/7.35)

The angular speed of the Moon's revolution 1is
2r
W, =
27.322x 86400
The orbital angular momentum of the Moon about C is

=2.6617x107° rad /s (1a)

Ly =M(r, _rCM)za)O
=7.35%(385-4.68)> x2.6617x10%* =2.83x10** kg-m* /s
The angular speed of the Moon's spinning or rotational motion is
Q, =w, =2.6617x107° rad /s

The spin angular momentum of the Moon is

Sy = 2MR§4_QM :§><7.35><(1.74)2 x2.6617x10%

u=3
=2.37x10"kg-m* /s =8.40x107°¢ ,,
This is much smaller than the Moon's orbital angular momentum and can therefore

be neglected.
The orbital angular momentum of the Farth about C is

M
Up = Mpréy@,=——1{
Mg

:%x2.83x1034 =3.48x10% kg-m?* /s

The angular speed of the Earth's spinning motion is
P
23.933x3600

The moment of inertia of the Earth about its axis of rotation is

I =§MER§ =0.4x5.97%x(6.37)* x10°® =9.69x10°” km-m* /s  (1b)

=7.2926%x10"> rad /s

The spin angular momentum of the Earth is

S =%MER,§QE =7.07x10% kg-m* /s =203 0,
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[Solution] (continued) Theoretical Question 1

When will the Moon become a Synchronous Satellite?

Thus, the fotal angular momentum of the Earth-Moon system L is given by
L=+l +S+Sy)
= (2.83+0.0348 +0.707 + 0.0000237) x 10** )
=3.57x10°* kg-m* /s

Notethat L= (£, +/  +Sg).

(2) According to Newton's form for Kepler's third law of planetary motions, the
angular speed @ of the revolution of the Moon about the Earth is related to the
Earth-Moon distance » by

0’r’ =G(M g + M) (3)
Therefore, the orbital angular momentum of the Earth-Moon system with respect
to Cis

M. M 2
0= (MM 2 - My (— Gy 4)
M+ M oM+ Mpg)
M. r Mr
ote: (,, =M(—LE—Vw, (=M. (———)*® sothat (=0, +/(,,.
(N M (M+ME) E E(M+ME) Ly

When the angular speed of the Earth's rotation is equal to the angular speed wof the
orbiting Moon, the total angular momentum of the Earth-Moon system is, with the

spin angular momentum of the Moon neglected, given by

G2 1/3 2 2
O+l +8,)=MM{———3"* + =M, Rlo
(Cy +Lp+Sp) E{(M+ME)w} s Me R

= 735%5.97x (00:726X066.726 1175 1030 | g 69510

(5.97+0.0735)® (52)
=3.96x107 0™ +9.69x10> " 0 =3.57x10**

The last equality follows from conservation of total angular momentum and Eq.(2).
For an initial estimate of @, the spin angular momentum of the Earth may be
neglected in Eq.(52a) to give

0=0 = (%)3 =1.36x107° rad/s (first iteration)
An improved estimate may be obtained by using the above estimated value , to
compute the spin angular momentum of the Earth and use Eq.(5a) again to solve

for w. The result is
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[Solution] (continued) Theoretical Question 1

When will the Moon become a Synchronous Satellite?

w=0,= (%)3 =1.35%x107% rad/s (second iteration) (5b)

Further iterations of the same procedure lead to the same value just given. Thus,

the period of rotation of the Earth will be
_ 2 _ 6.2832

Tf_ - -6
(op 1.35x107° x 86400

=539 days

(3) Since the total torque I'is proportional tol/7°, we conclude

r° T = constant (6)
F, (x<0)
Fig.le ' > Moon
;o O
-\
F. (x>0) Earth

Let the current values of » and I be, respectively, r, andI,. From Eq.(6),
we then have

r=>2)r, (7)
r
The torque I"'is equal to the rate of change of spin angular momentum /€2 of the
Earth so that
I—=T (8)

By Newton's law of action and reaction or by the law of conservation of the total
angular momentum, — I is equal to the rate of change of the total orbital angular
momentum ¢ of the Earth-Moon system so that

drl
= =-I 9)
But according to Eq.(3), we have
0’r’ =G(M g + M)
and Eq.(4) may be written as
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MM
EZ( E )a)r2 :MME( G )1/2 rl/Z
My+M My +M
(10)

GZ
= MM, ( Y313
Mg,+M
This implies

Ay G L _dr

dt Mo +M 272 dr
Z—lMM( G’ )3 ! d_a):_

37 P M+ M @ dr

The value of I, can be determined from Eq. (11a) as follows:

darl 1 G dr
_Fo = (—)0 =—MM; —(—)0
dt 2 (Mg +M)r, dt

66.7x107* _ 3.8x107°
(0.0735+5.97)x(3.85) 3.65x8.64

(11a)

=%><7.35><5.97><1046 \/ (13)

=4.5x10" N-m
Starting with Eq.(11a) in the following form

dv 1 G*? 1 dw .
— == MMy( )P =D
dt 3 (M, +M)  @*? dt r

we may use Eq.(3) to express 7 in terms of wand obtain the following equations:

lMME( G* )1/3(d_60): (r)° Iy '6/3

3 (Mg +M)" “dt” {G(M,+ M)}

[Solution] (continued) Theoretical Question 1
When will the Moon become a Synchronous Satellite?

do _ 3(r0)6F0 — 0'%"% = b'3
dt  GM M{G(M+ M)}

where the constant b stands for the expression in the square brackets. The last

equation leads to the solution
@)~ =20, -0)

where 7, is the length of time needed for the angular speed of the rotation of the

Earth to be equal to that of the Moon's revolution about the Earth.
Using the values of @  and @, obtained in Egs.(1a) and (5b) and the value of

I, inEq.(13), we have
-3 GM M{G(M +M)}"

- =3.4x107%
13b 13(r,)° (=T,
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-3 _ _ - -

=3.4x10"x(0.254—0.014376)
=8.1x10" seconds

=2.6x10" years



