Cong thic trong hé toa do cong

1 Hé toa do cau

He toa do cau (spherical coordinate) 13 mot hé toa do cong
(curvelinear coordinate) thudng dugdc st dung dé biéu dién vi
trf trén mot mat cau. Dat ¢ 1a géc phuong vi trén mit phang
xy so véi truc = v6i 0 < ¢ < 27 (dat la A khi sit dung nhu
kinh do), 6 1a géc ta (véi 0 = & — 6 v6i ¢ la vi do) so vdi
truc duong z véi 0 < 6 < 7, va r la khodng cach (ban kinh)
tit mot diém dén gbc toa do. Day la quy chuan dugce sit dung
rong rai trong Vat ly. Tiéu chuan duge stt dung trong Toan
hoc ¢6 0 va ¢ ¢6 vai trd bi ddo ngugc.

Toa do cau (r,0,¢) lien hé vdi toa do Descartes (z,y, 2)
nhu sau

Véi r € [0,00),¢ € [0,27), va 6 € [0, 7] va ham tan ngugc
phai dugc dinh nghia phit hgp dé dua ra ding dau cia (z, ).
Theo hé toa do Descartes

Z = rcos¢sinf (4)
y =rsin¢gsind (5)
z =rcosf (6)
Vi phan doan
ds = dri 4 rd68 + r|sin 0|d¢e (7)

Vi phan dién tich mit (huéng theo )
da = r?|sin §|dfd¢ (8)
Vi phan thé tich
dV = 7?|sin 0|dfdpdr (9)

Dinh thic Jacobian
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Vector toa do
7 Ccos ¢ sin 0
r= |rsin¢sind (11)
rcosf
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do do6 vector don vi

dr cos ¢ sin 6
= g: = |sin¢sinf (12)
|| cos
R dr —sin ¢
&= if = | cos¢ (13)
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. dr cos ¢ cos b
6= gf = |sin¢cosf (14)
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Céac dao ham ctia vector don vi theo toa do
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Gradient 1a
0A 0A 0A -
A= gy 72 24
v or " * rd * r|sin9|8¢¢ (24)
Divergence 1a
O(r?F,)  O(sin0Fy) 0Fy
-F = 2
v r20r r|sinf|00  r|sinf|0¢ (25)
Curl la
1 I(sinblFy) OFy|. 1[ 0F.  0(rFy)
~ |rsind| 00 09 Ty | sin §]0¢ or
1 6(ng) 8FT ~
r [ or o0 0] ¢
(26)
Laplacian vo huéng la
0%A 20A 0%A cos#0A  9%A
2A = 2
v or? + ror + 72 sin 020¢2 + 72 sin 000 + 72062 (27)
Dao ham thai gian ctia vector toa do
[cos ¢ sin @7 — r sin ¢ sin Hgﬁ_ -+ 7 COS ¢ cos Gé
T = |sin ¢ sin 67 + r cos ¢ sin O¢p + 7 sin ¢ cos 60
L cos 01 — rsin 66
[cos ¢ sin @ —sing| cospcost|
= |singsinf | 7+ r|sinf| | cos¢ | ¢+ |singcosf | 0
cosf 0 —sinf

= i + |rsin0|¢¢ + r66

(28)



Tit d6 téc do bing Vector toa do Descartes trong hé toa do tru

) - S - 7 cos f
v=r| = \/r2+r281n 0¢? + 1202 (29) r= |rsing (43)
. z
Gia toc
. o T . . ..~ Céac vector don vi
¥ = (# — r6° — rsin® 0¢°)7 + (2sin Opr + 2r cos 60 + rsin O¢)p
. . ) Lo\ dr cosd
+ (270 4+ rf — rsin 6 cos 6¢~)0 F= g: — lsing (44)
(30) &+ | 0
Dao ham thoi gian cta vector don vi dr —<iné
. e 6= ‘;2 = | cosf (45)
T = |sinf|p¢p + 06 (31) |36 ] 0
& = —¢(sin 0% + cos 00) (32) L de 8 6)
2 . . n T |dr T
0 = —07 + cos 09 (33) & 1
Dao ham cia cac vector don vi theo toa do
2 Heé toa do tru o )
or
or
— =0 48
20 (48)
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— = 49
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00
— = —7 51
50 = " (51)
x 00
Hé toa do tru la sut tong quat héa heé toa do tru 2 chiéu sang z
3 chiéu bing cach chong them mot truc chiéu cao (z). Dang e
tiéc, c6 da dang ky hiéu st dung cho hai hé toa do nay. r hoiic or (53)
p dudc st dung cho toa do ban kinh va ¢ hoéc 0 cho toa do )
goc phuong vi. Trong tai liéu nay ta st dung (r, 0, z). 9z -0 (54)
Theo toa do Descartes (x,y, 2) o
0z
r =22 + ¢ (34) o 0 (55)
0 — tan— (g) (35) Cé6 thé thay toan bo dao ham toa do ciia 2 vi dao ham cac
o z vector don vi theo toa do z déu bing 0.
o (36) Gradient trong hé toa do tru
véir € [0,00), 0 € [0,27), z € (—00,00) va ham sin nguge VA= %,,ﬂ + %é %2 (56)
phai duge chon phit hgp dé tinh dén dau ctia (z,v). or rof 0z
Theo z,y va z Tich ¢6 hudng cia cac truc toa do
z =rcosf (37) .
TXx0=2z (57)
y =rsinf (38)
2=z (39) 0xz=r (58)
Vi phan doan
X R R ExiP=0 (59)
ds = drt +rdf6 + dzz (40) )
Van toc trong hé toa do tru
Vi phan thé tich o8 07 — 1 sin 00
dV = rdrdédz (41) r = |[sinfr —&—.r cos 00| =it +rb0 + 3 (60)
z
Dinh thic Jacobian Do d6 téc do I
o do6 toc do 1a
oz, y, = :
’ a(r,0,z) (42) v =8 =72 41202 + 22 (61)




Gia t6c trong hé toa do tru
= (i — r6?) + (270 4+ 10)0 + 32
Dao ham theo thsi gian ctia cac vector don vi
_ — sin 09 -
= cosff | =00
0
R — cos 9(?
0= |—sin6o
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Divergence trong hé toa do tru
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Laplacian trong hé toa do tru
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