PHYS-330: QFT I Problem Set 1 (due 10/4)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Using natural units. (8 points)

In this course, we will work in “natural” units, where h = kg =c= g =€y =1. As a
result, any physical quantity A has the same dimensions as (1eV)" for some n, which we
write as [[A] = n. For example, we have

[energy] = [momentum| = [mass| = [temperature] = 1 (1)
and
[length] = [time] = —1. (2)
These results immediately imply, e.g., [frequency] = 1, [speed] = 0, and [volume] = —3.

If the mass of a particle in natural units is m = 1eV, that means its mass in SI units is

leV

— = L8x10 B kg. (3)

m =

One physical interpretation is that a particle of this mass has rest energy 1eV.
a) Find the wavelength and period of a photon of energy 1eV in SI units.
b) Express the temperature "= 1€V in SI units.

If you commit the above results to memory, you should always be able to recover numeric
values in SI units. The other skill you need is going from SI units to natural units.

c) Find

d) Find

e) Find [¢], where ¢ is a real scalar field.
[

[G], where G is Newton’s constant.
[

n], [P], and [p], where n is number density, P is pressure, and p is mass density.

f) Find [¢], [4], [E] and [B], where q is electric charge, A is vector potential, and £ and
B are electric and magnetic fields.

Once you're comfortable with natural units, they’ll be an incredibly convenient tool for
making rough estimates. For example, the mass of the proton is m, ~ GeV, and every-
thing in nuclear physics is roughly governed by this scale. From this, we can immediately
conclude that the radius of the proton is roughly 7 ~ GeV ™!, in natural units.

g) Write down rough expressions for the density and electric field within a nucleus, and
the temperature above which nuclei melt into quark-gluon plasma, in natural units.

Technically, all of the estimates here will be a bit off, because some of these quantities
are actually determined by the pion mass m, ~ 107! GeV, as the pion governs the forces
between nucleons. For a more careful treatment, see Astronomical reach of fundamental
physics by Burrows and Ostriker.

2. The harmonic oscillator in quantum mechanics. (15 points)

This exercise reviews the quantum harmonic oscillator, which has Hamiltonian

P mwa?

H=- . 4
2m+ 2 ()




a) Write the Hamiltonian in terms of the ladder operators a and a', where

a:—(\/Mx+i\/%>. (5)

b) The normalized vacuum state |0) is defined to satisfy a|0) = 0. The number states
are then defined by af|n) = /n + 1|n + 1) for any integer n. Show that [a,a'] = 1,
and use this fact alone to show that the number states are properly normalized.

c) Calculate the expectation values of z, p, and the number operator N = a'a in the
number state |n).

d) Calculate the standard deviations Az, Ap and AN in the number state [n). For what
n is the Heisenberg uncertainty product Az Ap minimal?

e) Suppose the particle begins in the vacuum state |0), and at time t = 0, we apply
an impulse «. This can be modeled by a Hamiltonian term —axd(t), and the state
immediately after the impulse is

) = €']0). (6)
Show that |a) is an eigenvector of a, and find the eigenvalue.

f) Find the expectation values of x, p, and N, and their standard deviations, for all
t > 0. (Hint: after you find the answers for the initial state |«a), it is easiest to
generalize to arbitrary ¢ using Heisenberg picture.)

Your result in part (e) shows that |«) is a so-called coherent state. You might have
heard that they are important because they are the “most classical” states. A more
important reason is that they are the states you automatically get when you drive a
quantum system. As you can see from your results, in the limit of strong driving, Ax and
Ap become negligible compared to = and p, and we recover classical physics. Later we
will see how a similar result allows quantum fields to behave like classical fields.

3. The relativistic classical point particle. (12 points)

The spacetime trajectory of a relativistic point particle is (1) = (2°(7),x(7)), where
T is an arbitrary parameter. The corresponding action is proportional to the relativistic
“length” of the trajectory, where the relativistic line element is

ds* = n,, detdx” = dt* — da* — dy* — dz>. (7)

2 [ dxt dxv
S:—O{/PdSI—Oé/Tl dT nﬂyEdT (8)

where « is a constant, and 71 and 75 are the initial and final values of the parameter.

The action is therefore

a) The easiest way to understand the nonrelativistic limit |9;z'] < 1 is to set 7 = . By
demanding that the action reduces to that of a free nonrelativistic particle of mass m
(plus a constant), determine the value of the constant .



If we don’t just set 7 = t, there are four Euler-Lagrange equations and canonical momenta,

dpt 0L u oL
@ " on, VT dw, ) (9)

b) Find the Euler-Lagrange equations for a general parameter 7, then show that they
are equivalent to the conservation of the physical four-momentum of the particle.

c) A simple local, Lorentz invariant way to include a force on the particle is to add

T n
Sint = —q/ A, (z") dat = —q/ A, (at) —dr (10)
P dr

T1

to the action, where A*(z*) is a given four-vector field. Calculate p* and OL/dz*,
continuing to assume general 7.

d) Now set 7 to be the proper time s experienced by the particle (so that ds = d7) and
evaluate the Euler-Lagrange equations, simplifying as much as possible.

A warning: if you set T to proper time before doing part (c), and apply the Euler—Lagrange
equations anyway, you’ll get nonsense. The reason is that the derivation of the Euler—
Lagrange equation assumes all the variables z*(7) can be varied independently, but when
dr = ds we automatically have the constraint /7, (dz*/dr)(dz¥/dr) = 1. Lagrangians
with constraints are subtle and important, but beyond the scope of this course. For much
more about them, see Quantization of Gauge Systems by Henneaux and Teitelboim.

4. The complex scalar field. (5 points)

The Lagrangian density for a canonically normalized free real scalar field of mass m is

1 " 1 55
L= 5(0,0) (0"9) — 5m6?. (1)

Now consider a theory of two free real scalar fields ¢, and ¢, both with mass m.

a) Write their Lagrangian density in terms of the complex scalar field ® = (¢; +id3)/v/2
and its complex conjugate ®*.

Complex fields are always equivalent to a pair of equal mass real fields, and are useful
because such pairs occur frequently in nature, for reasons we’ll see later. (At low energies,
we actually don’t know of any complex scalar fields, but the electron is described by a
Dirac field, which is a complex fermion field built from two equal mass real fermion fields.)

Complex fields are convenient once you get to know them, but they come with an annoying
problem: it is not obvious how to vary the action with respect to ®, because any change
in ® also changes ®*. It turns out that you will always get the right results (i.e. results
that are equivalent to what you’d get working in terms of the two real fields) by treating
® and O* as if they were independent real fields, even though they clearly aren’t. (For an
explanation why, see page 56 of Sidney Coleman’s lecture notes.)

b) Compute the conjugate momenta IT and IT* of ® and ®*, and the Euler-Lagrange
equations for ® and ®*.

c) Show that the action is invariant under the transformation ® — e*®, for any real a.
What is the equivalent symmetry in terms of the real scalar fields ¢ and ¢57


https://arxiv.org/abs/1110.5013

PHYS-330: QFT I Solutions 1
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Using natural units. (8 points)

In this course, we will work in “natural” units, where h = kg =c= g =¢y =1. As a
result, any physical quantity .4 has the same dimensions as (1eV)" for some n, which we
write as [[A] = n. For example, we have

[energy] = [momentum| = [mass| = [temperature] = 1 (1)
and
[length| = [time] = —1. (2)
These results immediately imply, e.g., [frequency] = 1, [speed] = 0, and [volume] = —3.
If the mass of a particle in natural units is m = 1€V, that means its mass in SI units is

leV -~
m=—-=18x10 Fke. (3)

One physical interpretation is that a particle of this mass has rest energy 1eV.

a) Find the wavelength and period of a photon of energy 1eV in SI units.

Solution: Since E = fw, the period is

B 2mh B 15
Since A = T, the wavelength is
2mhe _6
A= v = 1.2 x 107" m. (S2)

b) Express the temperature 7' = 1€V in SI units.
Solution: Since energy has dimensions of kg7, the temperature is

leV
T = == = 12000K. (S3)
kp
This is the temperature where the typical thermal energy of a degree of freedom is ~ 1€V, which would
be sufficient to break apart molecules and ionize most atoms.

If you commit the above results to memory, you should always be able to recover numeric
values in SI units. The other skill you need is going from SI units to natural units.

c¢) Find [G], where G is Newton’s constant.

Solution: You can do this part, and all the parts below, by brute force. But it’s faster and more fun to
get the answers by thinking about equations you already know.

For example, the gravitational potential energy formula implies [E] = [GM?/R], so [G] = [R/M] = —2.
(In natural units, G ~ 1/M7 where My is the Planck mass.)

d) Find [n], [P], and [p|, where n is number density, P is pressure, and p is mass density.

Solution: Since n is a dimensionless number per volume, [n] = [1/volume] = 3. Noting that dU = P dV
for thermodynamic work, [P] = [energy /volume] = 4. Similarly, [p] = [mass/volume] = 4.

e) Find [¢], where ¢ is a real scalar field.



Solution: Note that the action S is the integral of a Lagrangian (with units of energy) over time, so
[S] = [energy - time] = 0. (S4)

In field theory, the action is the integral over 4-dimensional spacetime of a Lagrangian density £, which
implies [£] = 4. Examining the kinetic term, we have

[(0.0)%] = 4 (S5)
and we have [9,] = 1, which implies [¢] = 1.

f) Find [g], [4], [E] and [B], where ¢ is electric charge, A is vector potential, and E and
B are electric and magnetic fields.

Solution: In natural units, the force between charges is F' = ¢ /4nr?. Since [F] = [dp/dt] = 2, we con-
clude [q] = 0, i.e. charge is dimensionless. (In case you were wondering, the specific value of the electron
charge is about —0.3. This result is more commonly expressed in terms of the “fine structure constant”
o= 62/47T ~ 1/137, and later, the fact that o < 1 will tell us that electromagnetic interactions in QFT
can be treated in perturbation theory.)

For the vector potential, one could recall the Lorenz gauge equation of motion 92A* = J# where J* is
the current density. We have [9?] = 2 and [J] = [charge/volume] = 3, so we conclude [A] = 1.

The electric and magnetic fields are spatial or time derivatives of the vector potential, so [E] = [B] = 2.

Once you're comfortable with natural units, they’ll be an incredibly convenient tool for
making rough estimates. For example, the mass of the proton is m, ~ GeV, and every-
thing in nuclear physics is roughly governed by this scale. From this, we can immediately
conclude that the radius of the proton is roughly » ~ GeV ™!, in natural units.

g) Write down rough expressions for the density and electric field within a nucleus, and
the temperature above which nuclei melt into quark-gluon plasma, in natural units.

Solution: It's just p ~ GeV*, E ~ GeV?, and T' ~ GeV. These are all very rough estimates, dropping
dimensionless factors like & ~ 1/137 or dependence on the pion mass, but they're all within a few orders
of magnitude.

Technically, all of the estimates here will be a bit off, because some of these quantities
are actually determined by the pion mass m, ~ 107! GeV, as the pion governs the forces
between nucleons. For a more careful treatment, see Astronomical reach of fundamental
physics by Burrows and Ostriker.

2. The harmonic oscillator in quantum mechanics. (15 points)

This exercise reviews the quantum harmonic oscillator, which has Hamiltonian

2 2.9
P MW=
H=-—

2m+ 2

(4)

a) Write the Hamiltonian in terms of the ladder operators a and af, where

1 P
a=—|vmwz+1 . 5
V2 ( x/mw> )
Solution: Of course, we have
al = L Vmwx — i —2 (S6)
V2 o Ymw )

2



b)

c)

d)

Following the usual textbook steps, you should find
t 1
H=wlaa+ 3) (S7)

Equivalent forms, such as having afa 4 aa in parentheses, are also acceptable.

The normalized vacuum state |0) is defined to satisfy a|0) = 0. The number states
are then defined by af|n) = /n + 1|n + 1) for any integer n. Show that [a,a'] = 1,
and use this fact alone to show that the number states are properly normalized.

Solution: Using the fact that [z, p] = ¢, we have

1
[a,aT]fE \/mwari\/%,\/mwzfi\/% (S8)
1 , .
= 5 (o, —ip] + ip, 2]) = 1 (59)
as desired.
Now, by repeatedly using the definition of the number states, we have
n) = —— (a")"[0) (510)
V! '
Note that we have
[a, (a®)"] = n(ah)"~1. (S11)

The intuition is that to convert a(a™)™ into (a')"a, we need to move an a through an a' a total of n
times. For each move, we use the identity aa’ = afa + [a,a'] = a'a + 1, and therefore pick up a factor
of (a")"~1. The factor of n in the final result is because we need to do n such moves.

To check the normalization, we just compute

(nln) = - (0la"(a')"]0) (512)
= (0" a(a)"0) (s13)
= (0" ((a)"a + n(ah)" )0} (514)
= oy Ol ) o) (515)
=(n—1n—-1). (S16)

This shows that the norms of all the number states are equal, so they're all normalized because |0) is.

Calculate the expectation values of z, p, and the number operator N = afa in the
number state |n).

Solution: We can write x and p in terms of ladder operators as

x = ! (a' +a), p:i,/%(aT—a). (S17)
2mw 2

Then (n|z|n) has two terms, one proportional to (n|n+ 1) and the other proportional to (n|n— 1), which
both vanish. Thus, (n|z|n) =0, and by similar reasoning (n|p|n) = 0. As for the number operator,

(nNn) = (nlataln) = (n — 1}y/nv/aln — 1) = n. (318)

Calculate the standard deviations Az, Ap and AN in the number state |n). For what
n is the Heisenberg uncertainty product Ax Ap minimal?



Solution: For a given state, the standard deviation of any operator A is defined by

AA=/(A2%) — (A)? (S19)
where the expectation values are taken with respect to the state. Now first, we note that
(n|2?|n) = ﬁ<nl(a+cﬁ)(a+cﬁ)ln> (520
= ﬁ(nkﬂa—!—aawn} (S21)
= o (nt (0t 1) (522)
2n+1
_ sz . (523)

From this and the previous part, we conclude

2n+1

Ax = . S24
. 2mw (524)
A very similar computation for p gives
2 1
Ap = % ($25)

Clearly the Heisenberg uncertainty product is minimal for n = 0, in which case Ax Ap = 1/2, saturating
the uncertainty relation.

Finally, we have
(n|N?n) = n{n|N|n) = n? (526)
from which we conclude AN = 0, as expected.

e) Suppose the particle begins in the vacuum state |0), and at time t = 0, we apply
an impulse «. This can be modeled by a Hamiltonian term —axzd(t), and the state
immediately after the impulse is

o) = €"]0). (6)
Show that |a) is an eigenvector of a, and find the eigenvalue.
Solution: For simplicity, let's define 8 = «/v/2mw, so that

o) = etBlatal)|gy. (S27)
We'll show a direct solution. First, note that [a,a + a'] = 1. This implies that
[a, (a +a")"] = n(a + )" (528)
where the factor of n comes from commuting the a past each copy of a + af. Now we have
alo) :a;T(a—&—a) 0) (S29)
= > P (o (a+ )] + @t al)a) 0 (530)
n=0 ’
=SB e v a1y o) (s31)
— nl
— - (zﬁ)n t\yn—1
7;(n_1)!(a+a) 0) (S32)
X o \n+1
= @ r)u (a + a")"|0) (S33)
n=0 ’
— iBla) (834)



f)

where we Taylor expanded the exponential, used the definition of the commutator, used a|0) = 0 and
Eq. (S28)), and shifted the variable n. Thus, |a) is an eigenvector of a with eigenvalue i3 = ia/v/2mw.

Find the expectation values of x, p, and N, and their standard deviations, for all
t > 0. (Hint: after you find the answers for the initial state |«a), it is easiest to
generalize to arbitrary ¢ using Heisenberg picture.)

Solution: First, let's calculate the expectation values in the initial state |«). Since z commutes with

e*** we have

(a]z|a) = (0le™"“*2e'*|0) = (0]x|0) = 0. (S35)
Similarly, we have
2la) = (0]z3]0) = —— 536
(als?a) = (0}s2]0) = 5 — (536)
where we used Eq. (S24]). This gives a standard deviation
1
Ax = . (S37)
2mw
Next, for p it's useful to use the decomposition into ladder operators, as
(alala) = (alifla) =B,  (ala’|a) = (a]a))T|a) = —iB (S38)

where we used the result of part (e). We therefore have

(alpla) = iy |- (al(a" —a)la) = (<2i8)i\ [ == = a (S39)

which is unsurprising, as the state |«) as defined by exerting an impulse « on the ground state. Next,

W

m
(alr?lo) = ~ " (al(a" — a)’|a) (540)
= —%(a“a“ﬂ +aa — aa’ — a'a)|a) (S41)
= %( |(—ata’ — aa + 2aTa 4 1)|a) (S42)
- %(452 +1) (S43)
- % Tal (S44)
Therefore, the standard deviation is
Ap = % (S45)
which is unchanged from the ground state. Finally, for the number states,
2
(alNla) = (ala'ala) = 5 = 57— (546)
and
<a\N2\o¢> = <Oz|aTaaTa|a> (S47)
= 8%(afaal|a) (848)
— 8%(a)(1 + aa)a) (849)
L (850)
from which we conclude o
AN =3 = . S51
B T (S51)

You could also derive all of the above results using the Baker—Campbell-Hausdorff theorem, but such
machinery isn't necessary. We simply leaned on the result of part (e) to get all of the results, and the



solution to part (e) is effectively a proof of that theorem in the simple case we need.

Now let's consider how these expectation values and uncertainties evolve over time. The evolution of an
expectation value of any operator O is

(O)(t) = (W] O™ |y). (S52)

Since N commutes with H, this implies that N and AN just stay constant over time. As for x and p,
the easiest way is to compute the “Heisenberg” operators Oy (t) = e?#tQe~t The basic result is that
Heisenberg operators satisfy Hamilton's equations, which here imply

dpy 2 dey  pu
— = — = S53
a T T T (853)
The solution of this pair of equations is
pu(t) = pcoswt — mwa sin wt, xp(t) = xcoswt + L sinwt. (Sb4)

mw

This means the expectation values we're after follow immediately from those we already calculated. We
know that {«|x|a) = 0 and {(a|p|a) = «, from which we conclude

@
t) = — sinwt t) = t S55
(x)(¢) ——sinwt, (p)(t) = acosw (Sh5)
Similarly, we have
(%) (t) = (a|z? cos® wt + (zp+ pr) coswt sinwt + sin? wt |a) (S56)
m m2w?
2
9 9 sin” wt 9
= cos” wt{a|z®|a) + 2 (a]p?| ) (Sb7)
. 2
o sinwt 1
= S58
( mw ) * 2mw (558)
which implies that the position uncertainty does not change over time,
1
Az(t) = . (S59)
2mw

By an extremely similar computation, we find the momentum uncertainty doesn't change over time either,

Ap(t) = /”;w. (S60)

Your result in part (e) shows that |«) is a so-called coherent state. You might have
heard that they are important because they are the “most classical” states. A more
important reason is that they are the states you automatically get when you drive a
quantum system. As you can see from your results, in the limit of strong driving, Ax and
Ap become negligible compared to = and p, and we recover classical physics. Later we
will see how a similar result allows quantum fields to behave like classical fields.

3. The relativistic classical point particle. (12 points)

The spacetime trajectory of a relativistic point particle is z#(7) = (z%(7),x(7)), where
7 is an arbitrary parameter. The corresponding action is proportional to the relativistic
“length” of the trajectory, where the relativistic line element is

ds* = n,, detdx” = dt* — da* — dy* — dz°. (7)

2 dzH dxv
S =— ds = — AT A/ Nyw —— 8
a\/P i a/ﬂ Ty dr dr ()

6

The action is therefore




where « is a constant, and 7 and 7, are the initial and final values of the parameter.

a) The easiest way to understand the nonrelativistic limit |0;z°| < 1 is to set 7 = ¢. By
demanding that the action reduces to that of a free nonrelativistic particle of mass m
(plus a constant), determine the value of the constant .

Solution: Setting 7 = ¢, we have

m v
S = —a/dt n“udditddit = —a/dt\/l —v(t)? (S61)

where v(t) is the ordinary speed. In the nonrelativistic limit v < 1,

S~ —a/dt (1 _ § 4 0(04)> . (S62)

The first term is just an irrelevant constant, while the next gives a Lagrangian av?/2. On the other
hand, we know the Lagrangian for a free nonrelativistic particle is mv?/2, so we conclude o = m.

If we don’t just set 7 = t, there are four Euler-Lagrange equations and canonical momenta,

dp oL, 0L
dr ox,,’ P= ddx,/dr) (9)

b) Find the Euler-Lagrange equations for a general parameter 7, then show that they
are equivalent to the conservation of the physical four-momentum of the particle.

Solution: For simplicity, let a dot denote a derivative with respect to 7, so that

L = —my\/n,,iteY = —mV &2 (S63)
The canonical momenta are
OL m mat
P 22— 21 = — ,
Yo T e T e

The Lagrangian has no direct dependence on x*, so the Euler—Lagrange equations just state that p* is
conserved, dp* /dr = 0.

(S64)

This isn't the end of the problem, though; we still need to show how the canonical momentum p* is
related to physical four-momentum. One way to do this is to let 7 be the proper time s of the particle.
Then #2 = 1, and p* = —mdz* /ds-momentum. Alternatively, we can let 7 be the coordinate time ¢, in
which case p# = —m(dxz#/dt)/+/1 — v2. In both cases, it's clear that p* is the negative of the physical
four-momentum. (This negative sign is weird, but harmless, since the physical results are the same. It
occurs because we used a mostly negative metric, which will pay off later in the course.)

c) A simple local, Lorentz invariant way to include a force on the particle is to add
m dxz#
Sint = —q/ A, (") dat = —q/ Ay(ah) ——dr (10)
P 1 dr

to the action, where A*(z*) is a given four-vector field. Calculate p* and OL/dz*,
continuing to assume general 7.

Solution: There are a lot of u's floating around, so to avoid confusion, let's use the fact that we can
always rename a dummy index to rewrite the interaction as

Sint = —q/Ay(x”)j:” dr. (S65)



First, the canonical momenta are changed to

oL mat

ot 72

p" — A" (z"). (S66)

Next, the right-hand side of the Euler—Lagrange equations is now nontrivial,

oL
— = —g1¥YO" =
9z, qi’ o A, (z") (S67)

where the partial derivative on the right is with respect to z*.

A common issue with this part was mismatched indices (having i up on one side and down on the other
side), which can be avoided by taking care to make the index positions consistent at each step. Another
issue was duplicated indices (having more than two copies of u, which is meaningless), which can be
avoided by renaming dummy indices when required.

d) Now set 7 to be the proper time s experienced by the particle (so that ds = dr) and
evaluate the Euler-Lagrange equations, simplifying as much as possible.

Solution: From this point on, we'll leave the z* argument of the vector potential implicit. Specializing
the proper time, the canonical momenta are

pt = —mit — qA". (S68)
We therefore have dph dA
- = —mit — ¢ = —mat — qz¥ 0, A" (S69)
Equating this with Eq. gives
mit = —qi¥ (D, A" — 0" A,) = qir, (9" A” — 6" AM). (S70)

This is an acceptable final answer; the right-hand side can also be written as ¢, F*¥ where F is the
electromagnetic field strength tensor. If you treat A* as a vector potential and plug in the definitions of
the electric and magnetic fields, you'll recover the Lorentz force law.

A warning: if you set 7 to proper time before doing part (c), and apply the Euler—Lagrange
equations anyway, you’ll get nonsense. The reason is that the derivation of the Euler—
Lagrange equation assumes all the variables z*(7) can be varied independently, but when
dr = ds we automatically have the constraint /7, (dz*/dr)(dz¥/dr) = 1. Lagrangians
with constraints are subtle and important, but beyond the scope of this course. For much
more about them, see Quantization of Gauge Systems by Henneaux and Teitelboim.

4. The complex scalar field. (5 points)

The Lagrangian density for a canonically normalized free real scalar field of mass m is

1 i 1oy,
L= 5(0:0) (0"¢) — gm ¢ (11)

Now consider a theory of two free real scalar fields ¢; and ¢, both with mass m.

a) Write their Lagrangian density in terms of the complex scalar field ® = (¢; +id3)/v/2
and its complex conjugate ®*.

Solution: The mass terms involve ¢2 + ¢2, which clearly indicates the answer involves the complex norm
®*®. Treating the kinetic term the same way, and fixing the numeric constants, gives

L= (0,9%)(0"®) — m*®*d. (S71)



Complex fields are always equivalent to a pair of equal mass real fields, and are useful
because such pairs occur frequently in nature, for reasons we’ll see later. (At low energies,
we actually don’t know of any complex scalar fields, but the electron is described by a
Dirac field, which is a complex fermion field built from two equal mass real fermion fields.)

Complex fields are convenient once you get to know them, but they come with an annoying
problem: it is not obvious how to vary the action with respect to ®, because any change
in ® also changes ®*. It turns out that you will always get the right results (i.e. results
that are equivalent to what you’d get working in terms of the two real fields) by treating
® and ®* as if they were independent real fields, even though they clearly aren’t. (For an
explanation why, see page 56 of Sidney Coleman’s lecture notes.)

b) Compute the conjugate momenta IT and IT* of ® and ®*, and the Euler-Lagrange
equations for ® and ®*.

Solution: Note that the kinetic term contains <I>*<I> where a dot denotes a time derivative. Thus, the
canonical momenta are
I oc oL

=S =9 II'=_-=9. (S72)
0P 0o+
The Euler-Lagrange equations are
oL oL oL oL
O o(ord)  o® O o(ord*) 9B 0 (573)
from which we read off
(0% + m?)®* =0, (D> +m*)® =0 (S74)

which is just the Klein—Gordan equation.

c) Show that the action is invariant under the transformation ® — e'“®, for any real a.
What is the equivalent symmetry in terms of the real scalar fields ¢, and ¢»?

Solution: Each term in the Lagrangian has one power of ® and one power of ®*, and ®* — e~ '*®, so
the phase cancels out. In terms of the real scalar fields, an equivalent symmetry is a rotation,

@1 — Prcosa — ¢osina, Pa — P cOsa + ¢ Sin a. (S75)
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PHYS-330: QFT I Problem Set 2 (due 10/11)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Lorentz transformations. (10 points)

Lorentz transformations x# — x'# = A* z¥ are linear transformations that leave inner

products invariant, meaning that z*y, = 2'* y,, for any four-vectors x and y.

a) Show that this implies
Nw = npoApuAUy- (1>

b) All proper, orthochronous Lorentz transformations (i.e. all those which preserve the
orientation of space and the direction of time) can be decomposed into infinitesimal
Lorentz transformations. These take the form

ot — " =t 4 ewt x¥ (2)
where € is infinitesimal. Show that w,, = —w,,.

c) The elements of any infinitesimal Lorentz transformation w”, can be written as a 4 x 4
matrix, where 4 and v index the row and column, respectively. For an infinitesimal
rotation € = dfl about the z-axis, write out this matrix, and denote it by i.J3 for later.
What exponential of J3 corresponds to a finite rotation by an angle 67

d) Write down the matrix iK' corresponding to an infinitesimal boost by € = dv about
the z-axis. What exponential of K corresponds to a finite boost by a velocity v?

e) Defining J', J2, K%, and K? similarly, the generators obey commutation relations
[JE, J7) = iRk, [J, K9] = ik K", (K, K7 = —ie* " (3)

This is the Lie algebra of the Lorentz group. Physically, these results tells us that
infinitesimal rotations and boosts are vectors (i.e. angular velocity and velocity are
vectors), and that composing boosts can yield a rotation. Prove these results for the
cases (i,7) = (1,1) and (4,7) = (1,2). (The proofs for other cases are similar.)

2. Quantization of the complex scalar field. (30 points)

This will be an involved problem, but it will teach you everything there is to know about
free field mode expansions. (You don’t have to write every detail; when it’s clear other
computations will go the same way as one you just did, it’s fine to just say so and move
on.) In problem set 1 we considered a complex scalar field ® with Lagrangian density

L = (9,0%)(0"®) — m*®* P, (4)

and found the canonical fields ® and ®* and momenta IT and IT*. Letting wx = +/|k|? + m?,
introduce the following mode expansion for the canonical fields and momenta:

o) = [ gﬂ’;’g \/217k[a(k)eik'>‘+b*(k)eik-ﬂ, 5)
1

& (x) = / gﬁ’; o= [0 +af(1ge ], (6)

— &’k Wk ok x _ ot () e~ kX
H<X) = / (271.)3\/3 [b(k) (k) ] ’ (7)
IT*(x) = —i/ (6217:;3\/% [a(k)eik-x bT(k) —ik.x] 8)
1



We quantize the fields by imposing the canonical commutation relations
[@(x), TI(y)] = [@*(x), ITI"(y)] = i6® (x — ), (9)

with all other commutators between these fields vanishing. (Technically, we should write
Hermitian conjugates ®' and II' here, since ® and II are now operators, but we’ll continue
to use stars to emphasize the links between the classical and quantum theories.)

a) Show that the operators a(k), a(k), b(k) and b'(k) obey

[a(k), a'(p)] = [b(k),b'(p)] = (27)*0") (k — p), (10)

with all other commutators between these operators vanishing. This implies that we
have two sets of independent creation and annihilation operators for each k.

The vacuum state |0) is defined to be the unique state where a(k)|0) = b(k)|0) = 0
for all k. The states af(k)|0) and b(k)|0) each contain one particle, while the state
a'(ky)a'(ks)|0) contains two particles, and so on.

b) In problem set 1, you showed that the complex scalar field Lagrangian had the sym-
metry & — e*®, * — e d*. Compute the Noether current J* and conserved
charge @) associated with the symmetry.

c) Write ) in terms of the creation and annihilation operators. You should find the
result is indeterminate up to a constant; resolve this by defining the vacuum to have
zero charge, |0) = 0. What is the charge in the three other states mentioned above?

d) To check that this is the same symmetry operation that we started out with, we can
see how it acts on the operators of the theory. Quantum mechanically, symmetries
act on operators by conjugation, and we expect to have

e P(x) eQ = ¢ P(x), e9Q d*(x) e79 = o7 P*(x). (11)
Show that this implies the commutation relations

@ 2x)] =2(x), [ 2(x)]=-2(x) (12)
and show that these relations hold. Thus, ) generates phase rotations of the field.

e) Use Noether’s theorem to find the stress-energy tensor 7" and the associated con-
served total four-momentum P*.

f) Write the Hamiltonian H = P° and the spatial momenta P in terms of the creation
and annihilation operators, again defining the vacuum to have zero four-momentum.
What is the four-momentum in the three other states mentioned above?

g) By definition, the operator H generates time translations of the field — this is the con-
tent of the Schrodinger equation, i0;| V) = H|¥), which holds unchanged in quantum
field theory. As for the momenta P, we expect

P d(x)e P = d(x — a) (13)
for any vector a, with a similar result for all the other fields. Show that this implies
[P, ®(x)] = —id'®(x) (14)

2



and show that this relation holds. Thus, P generates spatial translations.

3. * Conserved currents of Lorentz transformations. (10 points)

This somewhat tricky problem combines the ideas of the first two. It is completely op-
tional: the problem set will be graded out of 40 points, so that you will receive up to
100% credit if you don’t do this problem, and up to 125% credit if you do.

Under a Lorentz transformation, a scalar field profile ¢ gets mapped to ¢', so that ¢'(z') =
¢(z). This implies that

¢'(x) = (A~ ). (15)
For an infinitesimal Lorentz transformation , this corresponds to
¢ (x) = ¢(x) — ew"x,0,0(x) (16)

to first order in €. Because an infinitesimal Lorentz transformation is parametrized by a
rank 2 tensor w"”, the corresponding Noether current will be a rank 3 tensor J#"? where
the first index is the usual index that comes from Noether’s theorem, and the last two
describe the Lorentz transformation. For simplicity, you can do the entire problem for a
real scalar field. (This corresponds to a complex scalar field with a(k) = b(k), which in
turn implies ® = ®* and II = II*.)

a) Show that for a scalar field,
JHP = gV THP — PTH (17)
where T"" is the stress-energy tensor. Let the associated conserved charges be M*”.

b) Since M* is antisymmetric, there are six independent conserved charges. The three
independent M% physically correspond to the angular momentum of the field. What
is the physical meaning of the other three conserved quantities M%7

c) Show that after normal ordering, the angular momentum is

MY = dgkg a(k)t [ & a'—k:"i a(k) (18)
(27) ok; Ok,

The form of this answer implies that the particles created and annihilated by scalar
fields do not carry any intrinsic angular momentum (i.e. spin).




PHYS-330: QFT I Solutions 2
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Lorentz transformations. (10 points)

Lorentz transformations z# — z'#* = A# z¥ are linear transformations that leave inner
14

1,

products invariant, meaning that z''y, = "y, for any four-vectors z and y.

a)

b)

d)

Show that this implies
Nw = npoApuAgy- (1>

Solution: Since the inner product stays the same, we have
N ay” = npea’’y’’ = Moo AP, A%t y". (S1)

In other words, we have
(M — npoAp;LAUu)zuyV =0. (52)

for any four-vectors  and y, which implies the quantity in parentheses vanishes. (Concretely, we could
take z# = 6 and y” = 0} to show the u = v = 0 component vanishes, and so on for all 16 pairs of
values.)

All proper, orthochronous Lorentz transformations (i.e. all those which preserve the
orientation of space and the direction of time) can be decomposed into infinitesimal
Lorentz transformations. These take the form

ot — " = ot 4 ewh ¥ (2)

where € is infinitesimal. Show that w,, = —w,,,.
Solution: Plugging A", = §¥ + ew”, into Eq. yields

Nuw = Npo (04,0, + €w”, 0y + €dpw?,) (S3)
where we dropped a term of order €2. Contracting the indices on the right-hand side,

Nuw = Mpw + €W,y + €1uew?, (54)
from which we conclude w,,, + w,, = 0, as desired.

The elements of any infinitesimal Lorentz transformation w*, can be written as a 4 x4
matrix, where 1 and v index the row and column, respectively. For an infinitesimal
rotation € = dfl about the z-axis, write out this matrix, and denote it by 7.J3 for later.
What exponential of J? corresponds to a finite rotation by an angle 7

Solution: An infinitesimal rotation keeps ¢ and z the same, and maps © — = + ey and y — y — ex, so
we can immediately write down

= (S5)

The appropriate matrix exponential is ¢’ The purpose of the factor of i in the definition is to ensure

J3 is a Hermitian matrix, in accordance with how it's treated in quantum mechanics.

Write down the matrix iK' corresponding to an infinitesimal boost by € = dv about
the z-axis. What exponential of K corresponds to a finite boost by a velocity v?



2.

Solution: An infinitesimal boost keeps y and z the same, and maps @ — = + €t and t — t + ez, so
1
1 1
iK™ = . (S6)

Note that this is not an antisymmetric matrix. The quantity that is antisymmetric is w,,,, with two
indices down, but raising an index to get w*, produces some signs. The appropriate exponential for a

. . . 1

finite boost is e?*¥
. 1

ewK )

, where o = tanh ™! v is the rapidity. (The most common mistake was instead writing

There's a minor subtlety: the usual taught form of the Lorentz transformation has «’ = v(x — vt), which
suggests the matrix should have minus signs. But in that form, we're keeping the situation the same, and
z' denotes the coordinate seen by an observer moving to the right. In this problem, we're considering
the case where there's just one observer but physical objects are boosted to the right. Nonetheless, if
you used the “passive” convention instead, it's no big deal since none of the other results in this problem
will be affected.

Note that the factor of i in the definition of K' is a common convention, but it implies K is not
Hermitian. This is also sensible, as K doesn’t actually correspond to a physical observable. At a deeper
level, it is related to the fact that non-compact non-Abelian Lie groups don't have finite-dimensional
unitary representations, which will be discussed in section.

Defining J*!, J2, K2, and K? similarly, the generators obey commutation relations
[J4, J7) = ie* J*, [J, K9] = iR K*, (K, K| = —ie* " (3)

This is the Lie algebra of the Lorentz group. Physically, these results tells us that
infinitesimal rotations and boosts are vectors (i.e. angular velocity and velocity are
vectors), and that composing boosts can yield a rotation. Prove these results for the
cases (i,7) = (1,1) and (4,7) = (1,2). (The proofs for other cases are similar.)

Solution: The full set of generators is, up to a factor of i,

-1

iJt = iJ? = iJ3 = (S7)

iK? = iK3 = (S8)
1

For the case (4,7) = (1,1), the first and third relations are clearly satisfied, because the right-hand side
is just zero, and [J!, K'] = 0 because these matrices are nonzero only in independent blocks. For the
case (i,j) = (1,2), we need to check [J1,J?] = iJ3, [J1, K?] =iK3, and [K!, K% = —iJ3, which is
straightforward to do manually.

Quantization of the complex scalar field. (30 points)

This will be an involved problem, but it will teach you everything there is to know about
free field mode expansions. (You don’t have to write every detail; when it’s clear other
computations will go the same way as one you just did, it’s fine to just say so and move
on.) In problem set 1 we considered a complex scalar field ® with Lagrangian density

L = (9,0*)(0"®) — m*®* P, (4)



and found the canonical fields ® and ®* and momenta IT and IT*. Letting wx = +/|k|? + m?,
introduce the following mode expansion for the canonical fields and momenta:

B(x) = / (g:;g \/217k[a(k)eik'x+bT(k)6_ik'x}, (5)
B (x) = / (gjr’;’g 21wk b(k)e™ + af (k)e ] (6)
10 = —i [ S0 [ 1096 —al e ] )
100 = i [ 5 [ [l — e ®)

We quantize the fields by imposing the canonical commutation relations

[@(x), 1(y)] = [@*(x), II"(y)] = 10" (x —y), (9)

with all other commutators between these fields vanishing. (Technically, we should write
Hermitian conjugates ® and IIf here, since ® and IT are now operators, but we’ll continue
to use stars to emphasize the links between the classical and quantum theories.)

a) Show that the operators a(k), a(k), b(k) and bf(k) obey

[a(k),a'(p)] = [b(k),b'(p)] = (27)*0") (k — p), (10)

with all other commutators between these operators vanishing. This implies that we
have two sets of independent creation and annihilation operators for each k.

Solution: In order to keep the expressions as simple as possible, we'll define

d3p
As a simple of this notation, we have
/ dxe P> = §(p), / dp P = b(x). (S10)

If you just remember that every momentum delta function comes with a slash, and every momentum
integral comes with a bar, all the factors of 27 will take care of themselves.

Now, we note that

/ dx %P (x) = ﬁ‘% [a(k)ei<k+k’>-x + bT(k)e*i(k/*k)x} (S11)
= \/% [a(k)§(k + k') + b (k)§ (k' — k)] (S12)
= (a1 +1/(10), (13)
By a similar argument, we have
[ e xtino) = |/ 10 ~ a1 1), (s14)



Combining these equations to solve for the creation and annihilation operators yields
dx

- vV 2wk ¢
dx
= e
RV4 2wk
dx ik-x * .
= Ne e [w @ (x) — iI1(x)], (S17)
dx

bi(k) = Voon X [ ®(x) — iT* (x)] . (S18)

Let's start by considering commutators involving a(k). We only have nonzero commutators between ®
and TI, and between ®* and IT*. This automatically implies that [a(k), a(p)] = [a(k), b (p)] = 0, leaving
just two to manually check. First, we have

B dx dy .
) V2w 2w,

dx dy kX =IPY (§(y — x)(wp — wi)) (S20)

- V2w \/2wp c

TIXeTIPX (4 — ) (S21)

a(k) ~kX [ B (x) 4 117 (x)], (S15)

b(k) X [0 ®* (x) 4 T1(x)] (S16)

a' (k)

[a(k), b(p)] TP [y (x) + il (x), wp @ (y) +ill(y)] (S19)

dx
N / \/2wkw/2wp c

— f(k +p) o2

V2w /2wp
where the final step follows from wy = w_k. Next, we have
dx dy
= e
V2w /2wy
dx dy
= e
\/2wk A /2wp

=0 (S22)

[a(k), a' (p)] THXPY [ ®(x) + 1 (x), wp @ (y) — ill(y)] (523)

THXPY (5(y — %) (wp + wi)) (S524)

—ik-x ip-x

eP™(wp + wk) (S25)

dx
- / \/2wk./2wp ¢

= f(k — p) Rk

\/me / 2wp

as desired. All of the other commutators can be derived similarly.

=§(k—p) (S26)

The vacuum state |0) is defined to be the unique state where a(k)|0) = b(k)|0) = 0
for all k. The states a'(k)|0) and b'(k)|0) each contain one particle, while the state
a'(ky)a'(ks)|0) contains two particles, and so on.

b) In problem set 1, you showed that the complex scalar field Lagrangian had the sym-
metry ® — e*®, &* — e~ ®*. Compute the Noether current J* and conserved
charge @) associated with the symmetry.

Solution: The infinitesimal transformation is §® = ¢® and §®* = —i®, so Noether's theorem gives
oL oL
b= —"§0 0P* 2
7 0.0 " b0, 520
=i((0"D*)D — (0" D)D"). (S28)

The charge is just the integral of the charge density,
Q=i [ dx((0°®*)® — (0°®)D*). (S29)

Of course, if we want to evaluate this in the canonically quantized theory, we should express it in terms
of the fields and canonical momenta, giving the final answer

Q=i [ dx(I(x)®(x) — II*(x) 3" (x)). (S30)



c)

d)

Write @) in terms of the creation and annihilation operators. You should find the
result is indeterminate up to a constant; resolve this by defining the vacuum to have
zero charge, |0) = 0. What is the charge in the three other states mentioned above?

Solution: The fundamental reason the answer will be undetermined up to a constant is that Noether's
theorem, which applies to classical fields, tells us , but not the order that II(x) and ®(x) are mul-
tiplied together. In the classical theory, that simply doesn't matter, but in the quantum theory it does
because the fields are noncommuting operators. So without further information, the “right” answer in the
quantum theory could contain II(x)®(x), or ®(x)II(x), or even a mixture like (II(x)®(x)+ @ (x)I1(x))/2.

This is called an ordering ambiguity, and in general there is no way to resolve it. (Ordering information
is intrinsically quantum; it simply doesn't exist in the classical theory!) But in simple cases like this, all
of the possible orderings give you the same operator @, just shifted by a constant. So we can fix the

ambiguity by demanding the reasonable assumption Q|0) = 0, which is known as normal ordering.

Anyway, let's not worry about this for now, and just directly evaluate the result. First,

[ axitipo = [ TR [ iaetx — ot ge ) a)e R x4 b0 R) (sa)

2
= [ 2 009a0¢) — af G907 (1)) +1)

+ (b(1)b (k') — af (k)a(K'))F(k — K')] (532)
= /%k (b(k)a(—k) — a' (k)bT(—k) + b(k)b' (k) — af (k)a(k)). (S33)

By a very similar computation, the second term is

/dx(—in*(x))@*(x) = /%‘ (—a(k)b(—k) + b(k)Ta(—k)" — a(k)a(k)" + b(k)Tb(k)). (S34)

The first term of (S33)) cancels with the first term of (S34)). To see this very explicitly:
/d’kb(k)a(—k) - /dk’a(k’)b(—k’) - /c‘lka(k)b(—k’) (S35)

where we changed the integration variable to k/ = —k, used the commutation relation, and then renamed
k' to k. Similarly, the second term of (S33) cancels with the second term of (S34). This leaves

Q= / %(b(k)bf(k) +b(k) (k) - al (K)a(k) — a(k)a(k)"). (S36)

At this point, we need to impose normal ordering. We will have Q|0) = 0 if all the annihilation operators
are on the right, so we move them to the right and throw out the constants this produces, giving

Q= / dk (bT(k)b(k) — a'(k)a(k)). (S37)

Evidently, the conserved charge is the number of type b particles minus the number of type a particles.
So the charges in the three states mentioned above are —1, 1, and —2, respectively.

To check that this is the same symmetry operation that we started out with, we can
see how it acts on the operators of the theory. Quantum mechanically, symmetries
act on operators by conjugation, and we expect to have

€99 B(x) Q= i P(x), €99 §* (x) e 7109 = 71 B*(x). (11)
Show that this implies the commutation relations

@ ¢(x)] = ¢(x),  [QP(x)]=—-P"(x) (12)



and show that these relations hold. Thus, ) generates phase rotations of the field.
Solution: Taking « infinitesimal, we have
(1+i0Q)®(x)(1 — iaQ) = (1 + ia)®(x) (S38)
and matching up the order o terms gives
QP —i9Q =id (S39)
which is precisely the desired result. The proof for ®* is similar.

To show the first commutation relation, we have

dk dk'
[ Ak

N vV 2wk/
dk

- vV ka

as desired. The proof of the other commutation relation is similar, but we don’t have to write it because
it follows immediately from the result we just proved. Taking the Hermitian conjugate of both sides,

(%) = [Q, (%)) = (QP(x) — 2(x)Q)T = ¢*(x)Q — QP*(x) = —[Q, D" (x)] (543)

which is the desired result. (Here we used the fact that @ is Hermitian.)

bt (K)b(k) — af (K)a(k), a(K)e™ > + bl (K )e =& *] (S40)

(16 (0)p(K), bT (&) e~ — [0 (K)a(K), a(K)]e™ ) (s41)

(b (k)e ™ + al (k)e™™) = ®(x) (S42)

e) Use Noether’s theorem to find the stress-energy tensor T+ and the associated con-

served total four-momentum P*.

Solution: Using the same procedure as in class, and suppressing x arguments, we have

= 9"P* 9D + 0"D VD" — " ((9,9)(0°®) — m?D* D). (S45)
The total energy is

PY = / dx T (S46)
= /dx °® 0" + 0°0*9°P — (0,%)(0°®) + m*P* (S47)
= /dxH* I+ (VO*) - (V) + m?d* . (S48)

The total momentum is
pt = / dx T (S49)
= / dx 9°®*9'® 4 9°D9' d* (S50)
= /dxnaicb +1I1* 9'®*. (S51)

f) Write the Hamiltonian H = P° and the spatial momenta P in terms of the creation

and annihilation operators, again defining the vacuum to have zero four-momentum.
What is the four-momentum in the three other states mentioned above?



Solution: Starting with the Hamiltonian, we have three terms:

/ dx TT°TT = — / el Y (1) — i () ) (b ) — af ()e %) (852)
[ax(vy  (v) = - [ SRDE 1000k — kal (%) - (Kl )e X = KB (1)) (359)
WKWk’

dxdkdk’ . . L -,
/ dxm?®*® = / ———— m2(b(k)e™* + al (k)e ™) (a(k)e™ * 4 bl (K )e~ k). (S54)
2, / WKWk’

When we do the dx integrations, each line gives four terms, along with appropriate delta functions,

/ dx TI*TI = % wi (—a(k)b(—k) + b (k)b(k) + a(k)a (k) — b' (k)a'(—k)) (S55)
/dx (VO*) - (V) :/%Mz(b(k)a(—k) +a'(k)a(k) + b(k)b' (k) + af (k)b (—k)) (S56)
/ dx M2 e D — / % m2(b(k)a(—k) + b(k)b (k) + a' (K)a(k) + a ()b (k). (S57)

Summing the terms, all the cross terms (those with one a and one b) cancel, and normal ordering leaves
dk

H = [ oo I+ m)a! (a(l) + B (k)b(k) (858)
k

= / dk wi(a' (k)a(k) + b' (k)b(k)) (S59)

This tells us that each one of the a-type and b-type particles has energy wy. Thankfully, the momentum
is a little easier to deal with. We have

!
/ IxTLO'D = —i / B[22 )™ — (e~ (@)™ + b1 (K)e ) (560)
kl

_ / dXdzkdk/\/ %k’i(z)(k)eik-x —al(k)e ) (—a(k)eM >+ (K)e HX)(361)
_ / % K (b(k)a(—k) + a' (k)a(k) + bl (K)b(k) + af (k)b' (k) (862)

The easy way to handle the other term in P? is to notice that when you conjugate this term, you almost
get the other term, but the operators are in the reverse order. But of course, we're going to fix the
ordering ambiguity with normal ordering later, so this doesn't matter. So we can treat the other term as

;
( / dxnai¢> = / %ki(af(—k)bf(k)+a(k)aT(k)+b(k)bT(k) + b(—k)a(k)) (S63)

By substituting k = —k’ and then renaming k’ back to k, the first and last terms here cancel with the
first and last terms of ((S62)). The second and third terms add, and normal ordering gives

pi— / dk K (af (K)a(k) + b (k)b(k)) (S64)

which tells us that a-type and b-type particles both carry momentum k. Therefore, the states mentioned
above have four-momentum (wy, k), (wk, k), and (wk, + wk,, k1 + k2).

g) By definition, the operator H generates time translations of the field — this is the con-
tent of the Schrodinger equation, i0;|V) = H|¥), which holds unchanged in quantum
field theory. As for the momenta P, we expect

P o(x)e P = d(x — a) (13)
for any vector a, with a similar result for all the other fields. Show that this implies

[P, ®(x)] = —id'®(x) (14)



and show that this relation holds. Thus, P generates spatial translations.
Solution: We again take infinitesimal a and expand, giving

(1+ia-P)®(x)(1 —ia-P)=o(x) —a- VO(x). (S65)
Equating the order a components and taking care to remember that 8 = —0; gives the desired result.

By the way, you might wonder why we're treating the Hamiltonian and momentum slightly differently.
The reason is that in this problem set, we're still working in Schrodinger picture, where the operators ®(x)
depend on space but not time. In Heisenberg picture, the Heisenberg equation of motion for operators
gives the analogous result [H, ®(x, t)] = —i0°®(x, t), so that in general we have [P, ®(z)] = —i0*®(x).

Now, evaluating the commutator, we have

ki

[P, ®(x)] = | dkdk' m[af(k)a(k) + b (K)b(K), a(k)e™ > + bt (K )e ™ %] (S66)
_ [ axax’ \/%W(k)a(k) 0T ()b(k), a(k)e™ * + bl (K )e % ] (S67)
_ / dk \/%(a(k)eik'x—bT(k)eik'x) (S68)
= —i0d’ \/%(a(k)eik'x + b (k)e”**) = —id'D(x). (S69)

3. * Conserved currents of Lorentz transformations. (10 points)

This somewhat tricky problem combines the ideas of the first two. It is completely op-
tional: the problem set will be graded out of 40 points, so that you will receive up to
100% credit if you don’t do this problem, and up to 125% credit if you do.

Under a Lorentz transformation, a scalar field profile ¢ gets mapped to ¢/, so that ¢'(z') =
¢(z). This implies that

¢'(z) = p(A" ). (15)
For an infinitesimal Lorentz transformation , this corresponds to
¢ (x) = p(x) — ewx,0,0(x) (16)

to first order in €. Because an infinitesimal Lorentz transformation is parametrized by a
rank 2 tensor w"”, the corresponding Noether current will be a rank 3 tensor J#*?, where
the first index is the usual index that comes from Noether’s theorem, and the last two
describe the Lorentz transformation. For simplicity, you can do the entire problem for a
real scalar field. (This corresponds to a complex scalar field with a(k) = b(k), which in
turn implies ® = ®* and II = I1*.)

a) Show that for a scalar field,
TP — VW — P TR (17)

where T is the stress-energy tensor. Let the associated conserved charges be M.

Solution: This is just like the derivation of the stress-energy tensor, except that the constant displacement
at is replaced with w"”x,,. Thus, the current for a given w is

1
JH = wz, T = iw,)V(T“px” — THY xP) (S70)
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where we used the antisymmetry of w in the second step. The general rank-three conserved tensor can
be found by “stripping off" the w,,, giving

JHYP = THP Y — THY P (ST1)
as desired.

b) Since M* is antisymmetric, there are six independent conserved charges. The three
independent M% physically correspond to the angular momentum of the field. What
is the physical meaning of the other three conserved quantities M%7

Solution: We have
MO = / dx JO = / dx T%20 — 7041, (S72)
The first term is just the total momentum P? times the time t. The second term is an integral of the

energy density times 2%, so it is proportional to the location of the “center of energy”,

_ Jax T00,% _ Jax T00,2

X& = =
where F is the total energy. Plugging in these definitions, we have
M% = P't - EX(g. (S74)
Since this is conserved, its time derivative vanishes, giving
Pt dXig
— = . S75
E dt (875)

In other words, the conservation of M% means that the center of energy moves at constant speed. This
is a very general principle in relativistic theories.

c) Show that after normal ordering, the angular momentum is

M = i / (g:; a(k)f (kﬂ%-kl a(z») a(k) (18)

The form of this answer implies that the particles created and annihilated by scalar
fields do not carry any intrinsic angular momentum (i.e. spin).

Solution: We have
M = / dx JO = / dx z'T% — gIT%, (S76)

The resulting integrals look very similar to those we already did in 2(f), but the factor of x complicates
things: it means we can no longer do the dx integral trivially. The trick is to convert the factor of z*
into a momentum derivative. From a starting point much like (S60)), we have

/ dxain 0=~ / k[ 21 — al (e )07 (afk)e >+ al (K)e ) (877
; / dxdkdk’ o K2k (a(k)e™ ™ — al (K)e ™ %) (—a(k)e™ ™ + al (K)e ™ *) (S78)
= —% / dxdkdk’ j—ik”(a(k)a e 4 ol (), e %)
x (—a(K)e™ * 4 af (K')e= ) (S79)
=—— / dkdk’ \/K k" ((a(k)a(k’) — a'(k)a' (K'))0k, #(k + k')
k)aT(k’) —a'(k)a(K))dy §(k — K)). (S80)



To evaluate the delta function, we need to integrate by parts, which causes the 0O,'s to hit the rest
of the integrand. Now, the 0y, can either act on ,/wy or the ladder operators. If it hits the \/wy, it
produces a factor of k? which makes the integrand proportional to kk’7. However, since M* involves
an antisymmetrization in ¢ and j, these terms don't contribute to the final answer. We only care about
the terms where J, acts on the ladder operators, giving

M = 5 [ ek (@1, a(k))a(—k) + (3.0l (19)a (k)
+ (&ﬂa(k))aT(k) - (8kiaf(k))a(k)) — (i ¢> jterm). (S81)
Let’s first show that the first term vanishes. For convenience we define

I = / dk k7 a(—k)0, a(k). (S82)

Integrating by parts again, we have

I =— / dk A, (K a(—k))a(k) (S83)
=— / dk 6" a(—k)a(k) + k7 (O, a(—k))a(k) (S84)
== / dk 6" a(—k)a(k) + k7 (O, a(k))a(—k) (S85)
=19 — / dk 6 a(—k)a(k) (S86)

where we did the usual k — —k trick in the third step. This shows that I*/ is proportional to §%.
Since the final answer M involves an antisymmetrization in 7 and j, this shows the first term does not
contribute to M*. Similarly, the second term doesn't contribute either.

You might be worried about what happens to the boundary terms when we integrate by parts. Usually,
we justify throwing away boundary terms by saying the integrand goes to zero at infinity. But here, it
doesn't: the integrand is always a nonzero operator, for any k. However, as the integrand goes to infinity,
we get creation and annihilation operators for extremely high momentum particles. These operators have
zero matrix elements if you sandwich them between any two physically accessible states, so they might
as well just be zero.

We are now left with the last two terms in (S81). Normal ordering now gives

M = % / dk k7 (a' (k) O, a(k) — (Or,a’ (k))a(k)) — (i < j term) (S87)
_ % / dk k9 (o' (K)Dp, a(k) + a' (k)Ok,a(k)) — (i < j term) (S88)
=i / dk a'(k)(k7 0, — k'O, )a(k) (S89)

where we integrated by parts again. This is the final result.

The only reason this result looks more complicated than our result for the spatial momentum is that
we expanded the field in plane wave modes, which are eigenfunctions of translations but not rotations.
Alternatively, we could have expanded the field in spherical waves (i.e. equal to a spherical Bessel function
in 7 times a spherical harmonic), in which case the angular momentum expansion looks simple and the
momentum expansion looks complicated. Plane waves are useful for describing the initial states in a
particle physics experiment, but spherical waves can be useful in other situations, such as the emission
of photons from a excited atom.
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PHYS-330: QFT 1 Problem Set 3 (due 10/18)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Locality in relativistic quantum field theory. (20 points)

The vacuum two-point correlation function of a real scalar field is

D(z —y) = (0o(2)6(y)|0). (1)

It only depends on the difference of positions z = x — y, by translational invariance, and
it quantifies correlations between the field values at x and y in the vacuum state.

a) Show that \
D(z) = / (;lT*; (2m)5(p* — m?) 0" 7 2)

where the Heaviside step function 6 is 1 if the argument is positive and 0 otherwise.

b) Show that if 2’ = A z¥ for a proper orthochronous Lorentz transformation A, then
D(Z') = D(z). (Hint: show that dp and §(p* —m?) 8(p°) are each Lorentz invariant.)

c) Show that for spacelike separation, 2 < 0, the correlation function is exponentially
decaying but nonzero. You can do this in two ways. First, you can show that

m

4724/ —22

where K is a modified Bessel function of the second kind. Alternatively, you may
numerically integrate D(z) and graph the result. In both cases you may use any books
or computer programs needed, such as Mathematica or Abramowitz and Stegun.

D(z) = Ki(V—2%m) (3)

A key requirement for a relativistic theory is that it is local, meaning that effects don’t
propagate faster than the speed of light. That means any change applied to the field at z
should only affect observable results at y if z and y aren’t spacelike separated, (y—x)? > 0.

You might thus be concerned about part (c), which implies a field in the vacuum “knows”
about the values of the field at spacelike separation. But there’s nothing wrong with this.
For example, to define a reference frame in special relativity, one synchronizes the clocks
by sending light pulses throughout all space. After synchronization, all the clocks “know”
about the values on the other clocks, even at spacelike separation. But that doesn’t mean
that changes propagate faster than light; it’s just a consequence of how we set up the
system. Similarly, ensuring a field is in the vacuum state requires absorbing all particles
throughout all space, and this process sets up correlations between field values.

To test if our theory is local, we must see whether changes in the state propagate faster
than light; that is the subject of the rest of the question.

d) One way to interact with a quantum field is to measure its value at a point, a process
which changes the state. From quantum mechanics, we know that measurements of
two operators O; and Oy do not affect each other if [0, Os] = 0. Show that

{0ll¢(2), o(y)]]0) = 0 (4)

for spacelike separation, (z — y)? < 0, as expected from locality.

1



e) Another way to interact with a field is to couple it to a classical source J(z), which
for a real scalar field corresponds to taking the Lagrangian

L= S(0,0)(@"6) — 5m*6 + 6(x)J(x). (5)

This is the scalar analogue of driving the electromagnetic field with a current J*(x).
For simplicity, we’ll treat ¢(z) as a classical field for now, though similar conclusions
will hold when it is a quantum field. Show that the classical equation of motion is

(00" +m?*) ¢(x) = J (x). (6)
f) Show that the equation of motion is solved by

ow) =i [ alyGla— ) @
where G is a Green’s function of the Klein—-Gordan operator, which means
(0,0" +m?) G(2) = —i 6W(2). (8)
The factors of —i here are purely conventional, and will simplify results later.
g) By taking Fourier transforms, we may heuristically write the Green’s function as
d*p ie P?
6= | Gy e .

which formally obeys Eq. (§]). However, this expression is not mathematically well-
defined because the integral blows up when p?> = m?2. To get a definite result, we must
add “7¢” terms to the denominator to keep it from vanishing. There are multiple ways
to do this, which physically corresponds to the fact that there are multiple possible
Green’s functions, depending on the field’s boundary conditions. Three key examples
are the retarded, advanced, and Feynman Green’s functions,

d*p ie iz
G = li 10
r(2) et (2m)2 (p° + i€)2 — |p|2 — m2 (10)
dp i e
G = li 11
R T e S e .
4 ;L —ip-z
Gr(z) = lim [ L2t (12)

e—ot | (2m)tp? —m? + e

where the limit notation means € approaches zero from the positive end. By using
the residue theorem to perform the integral over p°, show that

Gr(2) = 0(z")(D(2) — D(-2)) (13)
Ga(z) = 0(=2")(D(—2) — D(2)) (14)
Gr(z) = 0(2")D(2) + 0(—=") D(-2) (15)

h) The retarded Greens function applies when the field is zero before the source acts.
Show that Gr(x — y) vanishes for spacelike separation, as expected from locality.

2



i) The Feynman propagator will play a crucial role when we introduce Feynman dia-
grams because it is equal to (0|T'¢(x)o(y)|0). Does it vanish for spacelike separation?

2. Recovering classical field theory. (10 points)

If an operator O is time-independent in Schrodinger picture, then in Heisenberg picture,

dO(t)
dt
In quantum field theory, working in the Heisenberg picture allows fields to depend on
spacetime, making results look more Lorentz invariant. For example, we saw that in
Heisenberg picture, a real scalar field obeys the Klein-Gordan equation (92 + m?)¢ = 0.
Now consider the Lagrangian of Eq. (b)), which additionally includes a source term J(z).
In this case, the Hamiltonian is explicitly time-dependent,

= i[H(t), O(t)]. (16)

H(t) = Hy — / i 3(x, 1) (x, ) (17)

where Hj is the free Hamiltonian.

a) Show that in Heisenberg picture, the field ¢(z) obeys Eq. (6). (Thus, by the logic of
problem 1, expectation values of a quantum field ¢(x) respond locally to sources.)

With the source, quantum fields can evolve in time nontrivially. Suppose we start in the
vacuum state |0), and at time ¢t = 0 apply an impulse to the field via

J(x) = 6(t) j (x). (18)

This is the scalar analogue of suddenly turning an electric current on and off in electro-
magnetism. It is also closely related to the last half of problem 2 of problem set 1.

b) The impulse causes operators to instantaneously shift in value at ¢ = 0. Show that
¢(x,07) =6(x,07),  m(x,07) =7(x,07) +j(x). (19)
Here, 07 means a time right after ¢ = 0, and 0~ means a time right before, i.e.

FO) — F(07) = 1im / dfd—i“ dt (20)

e—0t

for any function of time.

c) Show that this is equivalent to the annihilation operators shifting by

a(p,07) = a(p,07) + i(p) (21)

1
\/ 2wp
where j is the Fourier transform of j.

d) Show that the field is in a coherent state after the impulse, in the sense that the state
is an eigenvector of a(p,0%). Then evaluate (0|a’(p,07)a(p,0")|0), which gives the
number of particles of momentum p produced, per unit volume of momentum space.

As you saw in problem set 1, coherent states of the quantum harmonic oscillator have the
same position and momentum uncertainties as the vacuum state. Similarly, in quantum

3



field theory, coherent states of the field have the same ¢ and 7 uncertainties as the
vacuum, while their expectation values behave classically. When the driving is strong,
the uncertainties become negligible compared to the expectation values, and the number
of particles becomes large so that we can no longer see their discreteness. We therefore
recover a classical field.

3. Practice with time-ordered exponentials. (10 points)

Suppose the Hamiltonian is H = Hy + H;,:, where Hy is a time-independent free Hamil-
tonian, and H;, is an interaction which could be time-dependent. In interaction picture,
operators evolve under the free Hamiltonian Hy alone, and the states are |¢(t));. Let’s
first review some results derived in lecture.

a) Show that
F00(1)), = Hua(D0(0),. 22)

where Hiy 1(t) is the interaction Hamiltonian in the interaction picture.

b) Show that if the interaction picture time evolution operator is defined as

W(tf»[ = U(tfvti)W(ti»[ (23)

for t; > ¢;, then it is given by Dyson’s formula,

Uty 1) = Texp (—z' /t 7t Him,f(t)) (24)

where T' denotes time ordering.
Now let’s do some concrete calculations with the time evolution operator.

c¢) Suppose the interaction is only turned on for two moments, i.e. it has the form
Hint,](t) :g(hl (5(t—t1> +h2 (S(t-tg)) (25)

Write out U(ty, ;) up to and including terms of order g, assuming t; < t; < to < t;.

d) Now consider a general Hjy ;(t) which is proportional to a coupling g. It is generally
true that U(ts, t2)U(te,t1) = Ults,t1). Explicitly show that this result is true, up to
and including terms of order g2, in the case t; < ty < ts.



PHYS-330: QFT I Solutions 3
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Locality in relativistic quantum field theory. (20 points)

The vacuum two-point correlation function of a real scalar field is

D(z —y) = (0g(2)o(y)|0). (1)

It only depends on the difference of positions z = x — y, by translational invariance, and
it quantifies correlations between the field values at x and y in the vacuum state.

a) Show that

D(:) = [ 5 mseE — ) o) )

where the Heaviside step function 6 is 1 if the argument is positive and 0 otherwise.

Solution: Using the same d and ¢ notation as in the solutions to the second problem set,

dp dq - o 0 _ ;. . (0]
0 0 _ ipX ,—iwp® 1y piwgy (() T 0 S1
(Olp(x)9(y)|0) N e VeV (Ola(q)a’ (p)|0) (S1)
= _ dpda eip'xe_iwpwoe_iq'yew"yo!5(13 -q) (52)

V 2wp \/2wq
_ / AP —iw, ipn (S3)

2wp
On the other hand, starting from the desired expression, we have

0

)= [ dpe / 9 (2m5(p2 — e (s4)

0
_/ e (55)
a 2wp ¢

which matches.

b) Show that if 2’ = A z¥ for a proper orthochronous Lorentz transformation A, then
D(2') = D(z). (Hint: show that d*p and §(p* —m?) 0(p°) are each Lorentz invariant.)

Solution: For D(z’), let's change the integration variable from p to p’* = A* p”. Then

4 ! ,
D) = [ b Cms® =m0 (56)
= [ G (msw? — e (s7)

which is precisely the same thing as D(z) provided that
d'p' 6(p? —m?)0(p"°) = d'pé(p* —m?) 0(p°). (S8)

Lorentz transformations always preserve inner products, p?> = p'2, so the two delta functions are the
same. Furthermore, for timelike momenta (which are the only ones that contribute to the integral, be-
cause of the presence of the delta functions), orthochronous Lorentz transformations always preserve the
sign of the time component, by definition. Physically this corresponds to the fact that you can’t boost a
particle from positive energy to negative energy, and you can check it by explicitly computing the effects
of Lorentz boosts. (Of course, Lorentz boosts certainly can change the sign of the time component of
spacelike vectors.)



The tricky part is to show that proper orthochronous Lorentz transformations preserve spacetime volume,
d*p’ = d*p. There are a few different ways to show this. The most formal way is to just compute the
Jacobian determinant. The Jacobian matrix for the transformations between the variables is just

op'H

o0 = A#, (S9)
and its determinant is 1
J= —ﬂewpgA“ﬂ,A”y/App/A"G,e“/”/p/"/ (S10)

as you can show by expanding out the definition of the determinant and using the antisymmetry of e.
On the other hand, we know the Levi—Civita symbol is an invariant tensor, so we just get

1
e at (s11)

Another method is to note that in terms of matrix multiplications, n = ATnA, which implies
detn = (det AT)(det n)(det A) (S12)

and therefore J = det A = £1. Since the proper orthochronous Lorentz transformations are connected
to the identity, we must have J = 1. Finally, you could just manually show that J = 1 when A* is a
rotation or a boost, i.e. by showing that the matrices

cosh~y sinh~y 1
sinh~y cosh~y o 1
1 ’ A, = cosf  sinf (513)

1 —sinf cos6

b
AV, =

have unit determinant. This is sufficient, since any proper orthochronous Lorentz transformation can be
built out of rotations and boosts.

Show that for spacelike separation, 22 < 0, the correlation function is exponentially
decaying but nonzero. You can do this in two ways. First, you can show that

m

4724/ —22

where K is a modified Bessel function of the second kind. Alternatively, you may
numerically integrate D(z) and graph the result. In both cases you may use any books
or computer programs needed, such as Mathematica or Abramowitz and Stegun.

D(z) = Ki(V—22m) (3)

Solution: By our result from part (b), we can choose a frame where z* = (0,z), and set up spherical
coordinates with the axis aligned with z. Defining r = v/—22 = |z| and p = |p|, we have

D(z) = [ T ip (S14)

pr

27
Lprcosé
@n)p / dp/ dcos@/ d(b > —|—m2 (S15)
SlIl

1
27'(' /p +m2 r (S 6)

At this point we can straightforwardly evaluate the integral numerically, e.g. in Mathematica.




Dz[r_, m_] := NIntegrate[p Sin[pr] / (rSqrt[p*2 +m72]),
{p, 0, Infinity}]

LogPlot[Dz[r, 1], {r, @, 5}, AxesLabel » {"mr", "D(z)"}]
D(z)

1000

100 |

10+

0.100 +

0.010 ¢

Alternatively, if we want to stay analytic to the end, a little more work is necessary. First, we replace the
integral with an equivalent complex integral over the entire real axis,

i e8] ipr

dp —L2<
8m2r —0o0 p vV p2 + m2 .
To evaluate the integral, we deform the contour so that it wraps around the vertical branch cut that

starts at p = im. Across this branch cut, the square root flips sign, so the contour integral going down
the left end of the branch cut is equal to the contour integral going up the right end, giving

D(z) = (S17)

1 o0 —xr

ze
D(z) = —— de —— 518
(2) = =, v s (S18)
where p = iz. Finally, looking up this integral in a book or Mathematica yields the final result,
D(z) = 2 K\ (mr). (S19)

42y

A key requirement for a relativistic theory is that it is local, meaning that effects don’t
propagate faster than the speed of light. That means any change applied to the field at z
should only affect observable results at y if z and y aren’t spacelike separated, (y—z)* > 0.

You might thus be concerned about part (c), which implies a field in the vacuum “knows”
about the values of the field at spacelike separation. But there’s nothing wrong with this.
For example, to define a reference frame in special relativity, one synchronizes the clocks
by sending light pulses throughout all space. After synchronization, all the clocks “know”
about the values on the other clocks, even at spacelike separation. But that doesn’t mean
that changes propagate faster than light; it’s just a consequence of how we set up the
system. Similarly, ensuring a field is in the vacuum state requires absorbing all particles
throughout all space, and this process sets up correlations between field values.

To test if our theory is local, we must see whether changes in the state propagate faster
than light; that is the subject of the rest of the question.

d) One way to interact with a quantum field is to measure its value at a point, a process
which changes the state. From quantum mechanics, we know that measurements of
two operators O; and Oy do not affect each other if [O1, Oy] = 0. Show that

(0ll¢(x), ¢()]]0) = 0 (4)
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for spacelike separation, (z — y)? < 0, as expected from locality.

Solution: We have
(0[[p(z), 6(y)]|0) = D(2) — D(—=2). (520)

On the other hand, when z is spacelike, it can always be transformed into —z by a Lorentz transformation.
(A simple way to see this is to note that both z and —z can be transformed into a standard four-vector
like (0,0,0,v/—22), by first boosting to get rid of the time component, and rotating to get the spatial
component pointing the right way.) Therefore, D(z) = D(—=z), so the commutator vanishes.

Note that when z is timelike, you can't Lorentz transform it into —z, so the argument that D(z) = D(—z)
fails. That makes sense because the commutator should be nonzero for timelike separations; if it was
zero for all separations, then the theory would be trivial, as no measurements would ever affect anything.

e) Another way to interact with a field is to couple it to a classical source J(z), which
for a real scalar field corresponds to taking the Lagrangian

£= 3(00)(0"6) — 31 + 9(a)J (0) )

This is the scalar analogue of driving the electromagnetic field with a current J*(z).
For simplicity, we'll treat ¢(z) as a classical field for now, though similar conclusions
will hold when it is a quantum field. Show that the classical equation of motion is

(0,0 +m?) d(z) = J(z). (6)

Solution: The Euler—Lagrange equations are

oL oL
O 5 0n0) 06 20

where we now have o o
= y Dt 2
Ou 90,9) 0,0" 9, 99 m°p+J (S22)

which together give the desired result.

f) Show that the equation of motion is solved by

ow) =i [ dyGla =)y )
where G is a Green’s function of the Klein—Gordan operator, which means
(0,0" +m*) G(z) = —i 6(4)(75). (8)

The factors of —¢ here are purely conventional, and will simplify results later.

Solution: We have

(0% + m?)(x) = i(0® +m?) / d'y Gz — y)J(y) (523)
iy / dty (—i6® (z — ))J (y) (S24)
- J(z) (525)

as desired. Note that there is no term from the derivatives acting on the current because the derivatives
are with respect to x, while J is a function of y.



g) By taking Fourier transforms, we may heuristically write the Green’s function as

G(z) = / (d_pﬂ 9)

27T)4 p2 —m2

which formally obeys Eq. . However, this expression is not mathematically well-
defined because the integral blows up when p?> = m?2. To get a definite result, we must
add “7¢” terms to the denominator to keep it from vanishing. There are multiple ways
to do this, which physically corresponds to the fact that there are multiple possible
Green’s functions, depending on the field’s boundary conditions. Three key examples
are the retarded, advanced, and Feynman Green’s functions,

d*p ie Pz
G = li 10
r(2) vt (2m)* (p° + i€)? — |p|? — m? (10)
d*p ie P
G = li 11
A(2) it 2m)* (p0 —ie)2 — [p|2 — m? (11)
d*p ie Pz

Gp(z) = lim

12
e—ot | (2m) p? —m? + ie (12)

where the limit notation means e approaches zero from the positive end. By using
the residue theorem to perform the integral over p®, show that

Gr(z) = 0(z")(D(2) — D(-2))
Ga(2) = 0(==")(D(=2) — D(2)) (
Gr(z) = 0(2")D(2) + 0(—2") D(-2) (

—~
—_ = =
Tt B~ W
~— — ~—

Solution: Applying partial fractions, we have

dBpdp® 1 1 1 i
— 4 - _ —ip-z 2
Gal2) =i | @’ 2w, [@prﬂ'e) Py i) (526)

which implies both poles are shifted below the real p° axis. Now we perform the integral over p°. When
29 > 0, the integrand is exponentially damped below the real p® axis, so it makes no difference if we
replace the contour over the real line with a closed contour which additionally includes a semicircle (of
infinite radius) below the real axis, as shown.

(") 2

~ -
~ -
--------

Figure 1: Contour for the retarded propagator for 2% > 0.

This closed contour integral can be calculated using the residue theorem. Each pole contributes —273
times its residue (where the minus sign is because the contour goes around the poles clockwise), giving

Pp [ 1 i 04 L i 04
— _ - —iwpz HIPpZ T jiwpz +ip-z 2
Grl2) / S [ e e (527)



h)

Reindexing p — —p in the second term gives

d3p 1 —iwpz'+ip-z iwpz’—ip-z
d3p 1 —ip-z p-z]
/ (27)7 2, e —e??] = D(z) — D(—2) (S29)

where here we are defining p = (wp, p). On the other hand, when 20 < 0, the integral is exponentially
damped above the real p® axis. We can thus close the contour above the real axis, and it encircles no
poles, so the integral vanishes. Thus,

Gr(z) = 0(2")(D(2) — D(~2)) (S30)
as desired. The proof for G 4(z) is extremely similar, but now with both poles above the real axis.

Finally, the Feynman propagator is

. d4p 1 ez

Grlz) = / (2m)* [(po — wp +i€)(p” + wp — ie)} o
- Ppdp® 1 1 - ! e e
B / (2m)* 2wy {(po —wp t+ie) (PO Fwp— iﬁ)} o

which has one pole above the real axis, and one pole below. In figure[2]we show the contours of integration

- ~

0 . . 0
z < 0/. Im(p°) . p
I" ~~~
L4 -~
4 -~
e —wp + i€ S
e o 0y *,
K Re(p”) .
L]
p — i€

Figure 2: Contour for the Feynman propagator.

for the p¥ integral. If 20 > 0 the dashed, orange line in fig. [2| represents a contour of a semi-circle with
infinite radius in the lower half of the complex plane and does not contribute to the integral. The integral
along the the real p° axis consequently yields minus one times the residue at p° = w, + ie and the
other residue does not contribute. Conversely, if 20 < 0, the purple dashed contour in the positive
imaginary half-plane contributes zero to the integral and the integral along the real axis yields the residue
at p° = —wp + ie. We thus conclude

4
Gr(z) = / (;iﬂ};42;[0(zo)eipz+0(zo)eipz] (S33)
= 0(z°)D(z) + 0(=2°)D(-2). (S34)

The retarded Greens function applies when the field is zero before the source acts.
Show that Gr(x — y) vanishes for spacelike separation, as expected from locality.

Solution: When 20 is negative, Gr(z) is just zero by the definition of the step function. When 2z°
is positive, Gr(z) is just the same thing as (0|[¢(x), ¢(y)]|0), which we showed was zero for spacelike
separation in part (d).

The Feynman propagator will play a crucial role when we introduce Feynman dia-
grams because it is equal to (0|7'¢(z)¢(y)|0). Does it vanish for spacelike separation?

6



Solution: It doesn't vanish for spacelike separation. For example, when 20 is positive, the Feynman
propagator is just D(z), and we already showed in part (c) that this can be nonzero for spacelike sepa-
rations. For this reason, the Feynman propagator has little use in classical field theory (which is why it
doesn’t show up in electromagnetism classes, while the retarded and advanced propagators do). But it
will be useful when we set up perturbation theory.

Some students tried to solve this problem by setting 2° = 0, but this is a bit tricky because the step
functions are discontinuous there. There's no need to do this, because we already showed that D(z) can
be nonzero for general spacelike separation, not just when 20 = 0.

2. Recovering classical field theory. (10 points)

If an operator O is time-independent in Schrodinger picture, then in Heisenberg picture,

do(t)
= = ilH(),0() (16)

In quantum field theory, working in the Heisenberg picture allows fields to depend on
spacetime, making results look more Lorentz invariant. For example, we saw that in
Heisenberg picture, a real scalar field obeys the Klein-Gordan equation (92 + m?)¢ = 0.
Now consider the Lagrangian of Eq. (b)), which additionally includes a source term J(z).
In this case, the Hamiltonian is explicitly time-dependent,

H(t) = Hy — / d*x ¢(x,t)J (x,t) (17)

where Hj is the free Hamiltonian.

a) Show that in Heisenberg picture, the field ¢(z) obeys Eq. (6). (Thus, by the logic of
problem 1, expectation values of a quantum field ¢(x) respond locally to sources.)

Solution: Note that the new term in the Hamiltonian commutes with ¢(y,t) for any y. Therefore, the
Heisenberg equation of motion for ¢ is exactly the same as before,

d(x) = m(x) (S35)

As for the canonical momentum, we have

i(z) = V2¢(x) — m*p(x) + i [ - / ’y ¢y, t)J (y, 1), m(x,t) (S36)
= V2¢(z) - m*¢(z) + (—i)(i) / Py 6®(y —x)J(y, 1) (S37)
= V2¢(z) — m2¢(x) + J(z). (S38)

Combining these two equations gives the result.

With the source, quantum fields can evolve in time nontrivially. Suppose we start in the
vacuum state |0), and at time ¢t = 0 apply an impulse to the field via

J (@) = 6(t) j(%)- (18)

This is the scalar analogue of suddenly turning an electric current on and off in electro-
magnetism. It is also closely related to the last half of problem 2 of problem set 1.

b) The impulse causes operators to instantaneously shift in value at t = 0. Show that
¢(x,07) = ¢(x,07),  w(x,07) =m(x,07) + j(x). (19)

7



Here, 0" means a time right after ¢ = 0, and 0~ means a time right before, i.e.

F07) = 0 = tim [ Py

t 20
e—=0t J_. dt ( )

for any function of time.

Solution: Integrating the Heisenberg equation of motion for an infinitesimal time centered at ¢ = 0,

B(x,0) — 6(x,07) = —i[ [y ot 0)it).00x 0)} 0, ($39)
On the other hand, we have
060 = w06.07) = =i [ @y 603.0)i(3).7(x.0)| (540)
— i [ @y isty - x)ily) (341)
: (542)

c) Show that this is equivalent to the annihilation operators shifting by

L=

0" 07) + 21
a(p,07) = a(p,07) \/mj(p) (21)
where j is the Fourier transform of j.
Solution: First, note that
i(p,0%) = al(p,07) - ——j* S43
a'(p,07) = a'(p,07) N (p) (543)
Furthermore, because j(x) is real, we have
- </ dXJ(x)e"""‘) - / dx j(x)e™> = j(~p). (844)
The change in the field operator is
- dk (ij(k) gex 157K _a )
0t) — 07) = vex — vex S45
Substituting k’ = —k in the second term and renaming k’ to k gives
o d (k) e (k)
0t) — 07) = X X)) =0. S46

On the other hand, we have

ik 4
m(x,0%) = 7(x,07) = —z/dk,/“k ( pitex _ Z0I7( >e‘““"> (547)
ka 2wy

/ dk zk x 7zk x) (848)
=5 [ a0+ 5 (-Ker (549)
- ) (550)

as desired.



d) Show that the field is in a coherent state after the impulse, in the sense that the state
is an eigenvector of a(p,0T). Then evaluate (0|af(p,0")a(p,0")|0), which gives the
number of particles of momentum p produced, per unit volume of momentum space.

Solution: Because we are in the vacuum state before the impulse, a(p,07)|0) = 0, we have
1
v/ 2wp

which implies the field is in a coherent state after the impulse. Then we have

a(p,07)[0) = 1(P)|0) (S51)

0! (.07t 090 = (0 =D RL LR g LRI (552

Incidentally, the fact that the field is in a coherent state implies that the number of particles in a given
range of momenta is Poisson distributed.

As you saw in problem set 1, coherent states of the quantum harmonic oscillator have the
same position and momentum uncertainties as the vacuum state. Similarly, in quantum
field theory, coherent states of the field have the same ¢ and 7 uncertainties as the
vacuum, while their expectation values behave classically. When the driving is strong,
the uncertainties become negligible compared to the expectation values, and the number
of particles becomes large so that we can no longer see their discreteness. We therefore
recover a classical field.

3. Practice with time-ordered exponentials. (10 points)

Suppose the Hamiltonian is H = Hy + Hiy, where Hy is a time-independent free Hamil-
tonian, and Hj, is an interaction which could be time-dependent. In interaction picture,
operators evolve under the free Hamiltonian Hj alone, and the states are |¢(¢));. Let’s
first review some results derived in lecture.

a) Show that
10 (t)); = Hine,1 ()9 (1)) - (22)

where Hiy r(t) is the interaction Hamiltonian in the interaction picture.

Solution: By definition, matrix elements of operators are the same in all pictures, so for any states |¢)
and |¢’), and any operator O, we have

1 O01O¢(0); = s(¥' (D)IOs|9(1)) - (553)
On the other hand, we know that
O;(t) = et Oge ot (S54)
so comparing the expressions gives
V(1)) = e (1))s. (555)

Applying i J; to both sides gives

PO (1)), = —Hoe o (1)) + e Dy (1) (556)
= —Hol(t)); + ¢ Hs (1) (557)
=~ Foe ot (1) + €0t Hge ol (1), (558)
= Hin 1 (O9(1) (559)

as desired.



b) Show that if the interaction picture time evolution operator is defined as

[(tr)) = Ulty, t)le(t), (23)

for ty > t;, then it is given by Dyson’s formula,

Ut t;) = Texp( /t;fdtﬂim,f(t)) (24)

where T" denotes time ordering.
Solution: Abbreviating Hine 1(t) as H(t), note that the time-ordered exponential is
oo (_Z)n tf tf tf
Uttt =Y S [t [t [T an T HG) - H @) (00)
n=0 : t; t; i

We can incorporate the effect of the time ordering by changing the integration bounds,

0 tf tn 2
Ulty,t; Z / dty, / dt,_; - / dty H(t,)H (t,_1)--- H(t1) (S61)
where the factor of 1/n! cancelled because the new integration region has 1/n! times the volume of the
original one. Now, part (a) tells us that we want to prove
Zatf (tf, ) H(tf)U(tf,ti). (862)

When we differentiating Eq. (S61)) with respect to ¢y, we only pick up one term from the upper bound
of the outer integral, giving

0y, U(tg, ;) H(tf)Z(—i)”fl/tfdtn_l'--/tbzdtl H(t, 1) H(ty). (S63)

i

Shifting the sum in n downward by one recovers U(ts,t;), as desired.

Now let’s do some concrete calculations with the time evolution operator.

c)

d)

Suppose the interaction is only turned on for two moments, i.e. it has the form
Hint,l(t) :g(h1 5(t—t1) —l—hg (S(t—tg)) (25)

Write out U(ty, ;) up to and including terms of order g, assuming t; < t; < to < t;.

Solution: We have .
f
/ dt Hine 1 () = g(hy + ha) (S64)
t

so the exponential without the time-ordering would be
2
1—ig(hy + ha) — %(h1 +h9)? 4+ 0(g°). (S65)

The time-ordering puts contributions that occur later on the left, which means all the ho terms are to
the left of the hy terms, giving

2
1—ig(hy + ha) — %(hi + 2hohy + h2) + O(g?). (S66)

Now consider a general Hiy 7(t) which is proportional to a coupling g. It is generally
true that U(ts, t2)U(te,t1) = Ul(ts,t1). Explicitly show that this result is true, up to
and including terms of order g2, in the case t; < ty < t3.

10



Solution: The desired right-hand side is

U(tg,tl)flfzg/ dt H(t fg/ dt/ dt' H(t)H(t') + O(g*). (S67)

On the left-hand side, expanding the product of the two terms gives
tg t3

_g/t dt/ dt’ H(t /dt/tdtH /tdt/dtH N+ 0(g%).  (S68)

Clearly, the constant and O(g) terms agree, so the tricky part is showing the equality of the O(g?) terms,

/tta dt/ttdt’H(t)H(t’) :/f dt/tta o HOHE)
+ /t ’ dt /t t dt' H(t)H(t') + /t - dt /t t dt H{t)H(t') (S69)

The left-hand side integrates over all t; < t’ < t < t3, and s is between ¢; and t3. All terms on the
right-hand side enforce ' < t. The second term includes the region where both ¢ and t’ are less than
to, the third term includes the regions where both are greater than ¢y, and the first term corresponds to
when t5 is between t and t'.

11



PHYS-330: QFT 1 Problem Set 4 (due 10/25)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Using Wick’s theorem. (7 points)

For both parts of this problem, you can use Wick’s theorem for two real scalar fields.

a) Show that T(¢(x1)p(x2)) and : ¢(x1)p(z2): both remain the same when z; and s
are exchanged. Using these results, explain why Dp(x; — 23) = Dp(x — 21).

b) Prove Wick’s theorem for a time ordered product of three scalar fields,

T((x1)d(z2)d(13)) = 1d(21)d(22)P(73): + @(21) Dp(22 — 3)
+ ¢(22) Dp (w3 — 11) + ¢(23) Dp (w1 — 32). (1)

2. Diagrams in ¢*® theory. (18 points)
Consider a real scalar field ¢ of mass m with a cubic self-interaction, so that

A
Lo=5(0,0)0"0) — 5m*, L= 56" &)

In this problem, you will draw some diagrams in this interacting theory and compute
some symmetry factors. As in lecture, |0) is the free vacuum, the interaction Hamiltonian
density is Hine = —Lin, and Hj is the interaction Hamiltonian in interaction picture.

a) Using Wick’s theorem, evaluate the vacuum correlation function

(0] T exp (—i / dt H[(t)) 0) (3)

up to and including terms of order 2. Your result should be an explicit expression
in terms of integrals of the position-space Feynman propagator. (You will run into
terms proportional to Dr(0), which is infinite. Don’t worry about this for now; we’ll
come back to this issue when we discuss renormalization.)

b) Draw all distinct diagrams that contribute to the vacuum correlation function at order
A3 and A*. For this part, you do not need to evaluate the diagrams or compute any
symmetry factors, but you should neatly display all of your diagrams in one box.

c) Now consider the two-point correlation function

o (¢1(1‘)¢I(?J) exp (—ifdt HI)) 0)

<Q|T (¢H($)¢H(y)) |Q> = <0|Texp (—ifdt H[) |0>

(4)

where ¢y and ¢; are Heisenberg and interaction picture fields. As discussed in class,
only connected diagrams contribute to the left-hand side, i.e. diagrams where all
fields are connected to at least one of the external points. Find all diagrams that
contribute up to and including order \*, along with their symmetry factors, which
you can compute with any method. Again, give your answer by drawing everything
neatly inside one box. (Hint: there are 13 fully connected diagrams, i.e. diagrams
where all fields are connected to both of the external points.)



3. Recovering nonrelativistic quantum mechanics. (15 points)

A free complex scalar field ® of mass m satisfies the Klein—Gordan equation, so its plane
wave modes e~ 7 satisfy w? = |k|? + m? This implies we have plane waves with both
positive and negative w, which is universal in relativistic theories. Upon quantization,
excitations of these modes correspond to matter and antimatter, with opposite charges.

The nonrelativistic limit is |k| < m, but since antimatter is inherently a feature of
relativistic theories, we should also throw away the negative w modes. To do this, take

®(r) = e " x(x)/V2m (5)

and assume |x| < my, so that only nonrelativistic positive w modes are excited. The
Vv 2m factor transfers us back to nonrelativistic normalization.

a) Simplify the complex scalar field action to
4 R 1 *
S=[dxz ix'x—=—VXx"Vx (6)
2m

by dropping a term that is small for || < my.

b) Find the Euler-Lagrange equations for x and x*, and the conserved current J# =
(p,J) corresponding to the symmetry x — e~y and x* — €“x*. (Be careful to
account for minus signs from the relativistic metric.)

For the relativistic complex scalar field, we had to canonically quantize ®, II, ®*, and
IT* as two pairs of phase space variables. But for this nonrelativistic field, the canonical
momentum for y is just ¢x*, so we only have one pair. This is because we threw away the
negative w solutions, and it implies the canonical commutation relations are

(%), x*(¥)] = 0P (x - y) (7)

with all other commutators vanishing. These can be satisfied with the mode expansion

x(x) = / (;i;))g a(p)e P>, x*(x) = / (;l;))g af(p)e™x. (8)

c) Show that [a(p),a’(q)] = (27)30®) (p—q). (Of course, the other commutators vanish.)
Then show that the single-particle states |x) = x*(x)|0) and |[p) = a'(p)|0) behave
like nonrelativistic position and momentum states, obeying

(ylx) =09y —x), (alp) = (27)°6P(a—p), (plx)=eP™. (9)
The factors of 27 are just due to our Fourier transform convention.

d) A general single-particle state takes the form

w(t) = [ Pxvx ) (10)
where 1(x,t) is the particle’s position-space wavefunction at time ¢. As always in

quantum theories, the state evolves over time as i ;1)) = H|y), where H is the
Hamiltonian. Write this equation as a partial differential equation involving ¥(x,t).

2



e) Take the term in the action you dropped in part (a) and simplify it by applying the
Euler-Lagrange equations you found in part (b). Find how the Hamiltonian in part
(d) changes when this term is added. What is its physical interpretation?

4. x The force between sources. (5 points)

In this optional problem, we’ll compute a directly measurable quantity with quantum
field theory, for the first time in this course. So far we have only learned to compute cor-
relation functions, which often do not have a direct physical interpretation. For example,
the vacuum correlation function Eq. can be used to find the energy of the interacting
vacuum relative to the free vacuum, but this isn’t directly measurable. (You can’t turn
off the interaction in real life.)

Instead, let’s again consider a free real scalar field with source J(x),

1 1
L= 5(0,0)(@"6) — 5m*6 + 6(x)J(x). (1)
If we change the vacuum by including a static source J(x), the resulting shift in vacuum

energy can be directly interpreted as the energy of the source, which is measurable.

a) Using Wick’s theorem, show that

1
(0| T exp (z’/d4x ¢(x)J(x)) |0) = exp (—5/(1495 d*y J(x)Dp(z — y)J(y)> . (12)
b) Now consider the case where two point sources are turned on for a long time 7',

J() = 9 £(1) (59 (x) + 09 (x — R)). f<t>={1 TTRSESTR g

0 otherwise

If you plug this into Eq. (12)), you'll get infinite terms involving Dy (0), reflecting the
fact that point sources have infinite energy. Discarding these terms so we can focus
on the sources’ interaction energy, evaluate Eq. assuming 7> R > 1/m.

c) Relate your answer to the interaction energy V(R) between the sources, and find it.
Is the force between them attractive or repulsive?



PHYS-330: QFT I Solutions 4
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Using Wick’s theorem. (7 points)

For both parts of this problem, you can use Wick’s theorem for two real scalar fields.

a) Show that T'(¢(z1)p(x2)) and : ¢(z1)P(x2) : both remain the same when z; and x9
are exchanged. Using these results, explain why Dp(x; — 23) = Dp(xe — 7).

Solution: For the time ordered product this is true by definition; it puts the later operator on the left
no matter what their original order was. As for the normal ordered product, we can split each field into
parts with only creation and annihilation operators,

o) = ¢ + 97, 0=¢;|0) = (0] (S1)
The normal ordered product is defined by

th1a: =613 + ¢ by + 0361 + ¢y by - (52)
Since [¢;", 0] = [¢;, ;] = 0, this expression is identical if we exchange x; and z. Finally, Wick’s

theorem tells us that the Feynman propagator is the difference of a time ordered product and a normal
ordered product, so it is also symmetric in its arguments.

b) Prove Wick’s theorem for a time ordered product of three scalar fields,

T(p(x1)9(x2)p(3)) = :@(w1)d(x2)P(23): + ¢(21) Dp (T2 — 73)
+ ¢(22) Dr (23 — x1) + ¢d(3) Dp (71 — 29). (1)

Solution: We simply work through the cases for the time ordering of x1, z2, and z3. By definition,

T(p(z1)d(22)9(23)) = pr1T{¢p2¢3} + 2T {13} + ¢3T{p192} - (S3)
t1>1t2,t3 to>1t1,t3 t3>ta,t
Now let's apply Wick's theorem to the last term,
0sT{d1d2}|, = (05 +63)(6/ 02 +6/6y +6761 +616, + Dr(xz—as))| .  (54)
A term is normal ordered if all the ¢.7's are to the left of all the ¢;'s, so
(0102030 = (93 +05)(D1 01 + 010y 9301+ dn)|
+ [Qb??’ ¢;]¢1 + [¢3_7 (Zs-li_]‘;s? ta>ts tl. (85)

We have therefore shown that

= (19102031 + ¢1]d3, b3 ] + d2[d5, &7 | + d3Dp(21 — 22))

t3>ta,t1
X 0(3:3 - :cg)@(zg - :z:(l)) (S6)

¢3T{p12}

When we add the other two terms, the first terms of each one combine to give :¢1¢2¢3: with no step
functions. In addition, pairs of commutator terms combine into Feynman propagators by

Dr(z,y) = 0(z° — ")~ (2), 67 (y)] + 0(y° — 2°)[6 (), 67 (2)]. (S7)

To see how this works, let's consider the terms that eventually combine to yield ¢(z3)Dp(x1 — 22),
®3 <DF(I1 — x2)0(t3 — t2)0(t3 — t1)

(6, 651000 — 2)0(t1 — t2) + (632 6710(t2 — 01)6(t2 — t3>). (s8)



The first term here is the desired term when t¢3 is the latest time. The second and third terms combine to
give the Feynman propagator for any ordering of ¢; and to, under the condition that t3 is not the latest.
So the sum is ¢(z3) Dp(z1 — x2), and the logic for the other terms is similar.

2. Diagrams in ¢® theory. (18 points)

Consider a real scalar field ¢ of mass m with a cubic self-interaction, so that

1 1 A
Lo=5(0u0)(@"9) = s’ Liw = 5 6" @)

In this problem, you will draw some diagrams in this interacting theory and compute
some symmetry factors. As in lecture, |0) is the free vacuum, the interaction Hamiltonian
density is Hiny = —Lint, and H7 is the interaction Hamiltonian in interaction picture.

a) Using Wick’s theorem, evaluate the vacuum correlation function

(0] T exp (—@' / dt Hl(t)> 10) (3)

up to and including terms of order A2. Your result should be an explicit expression
in terms of integrals of the position-space Feynman propagator. (You will run into
terms proportional to Dg(0), which is infinite. Don’t worry about this for now; we’ll
come back to this issue when we discuss renormalization.)

Solution: Let the desired correlation function be ¢y + Aci + A2ca + O(A3). Then

co=(0]0) =1 (S9)
and )
1= 07 [ ates@staon ) 10 -0 (510
because we have an odd number of copies of ¢. Finally,
@ = g (3) O ([aeasewewe@snomen ) b (s11)
= —% /d4x d*y [3-3-Dr(z — 2)Dp(z — y)Dr(y — y) + 3! - Dp(z — y)*] (S12)
= —/d4x dy <;DF(O)2DF(SC —y) + 1—12DF(3: — y)3) . (S13)

The terms in ¢o correspond to the diagrams shown below.

SR

b) Draw all distinct diagrams that contribute to the vacuum correlation function at order
A3 and \*. For this part, you do not need to evaluate the diagrams or compute any
symmetry factors, but you should neatly display all of your diagrams in one box.

Solution: There are no diagrams at any odd order. The 8 diagrams at order A\* are shown below.
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c) Now consider the two-point correlation function

(0T (¢r(a)¢r(y) exp (—i [ dt Hy)) |0)
(0|T exp (—i [ dt Hy) |0)

QT (¢n(x)on(y)) 1©2) = (4)

where ¢y and ¢; are Heisenberg and interaction picture fields. As discussed in class,
only connected diagrams contribute to the left-hand side, i.e. diagrams where all
fields are connected to at least one of the external points. Find all diagrams that
contribute up to and including order \*, along with their symmetry factors, which
you can compute with any method. Again, give your answer by drawing everything
neatly inside one box. (Hint: there are 13 fully connected diagrams, i.e. diagrams
where all fields are connected to both of the external points.)

Solution: Again, odd orders in A always yield correlation functions on the right-hand side with an odd
number of fields, which vanish since (0|¢|0) = 0. The fully connected diagrams that contribute at orders
A% A2, and A* are shown below, along with their symmetry factors.

20
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These symmetry factors can all be found with the rules discussed in class:

e 1/2 for every vertex connected to itself.

e 1/k! for k propagators connecting the same two vertices.



e 1/2 for two interchangeable vertices.
Of course, you can also compute them by hand if you want to make sure. (to do: also include the

four non-fully connected diagrams)

3. Recovering nonrelativistic quantum mechanics. (15 points)

A free complex scalar field ® of mass m satisfies the Klein—Gordan equation, so its plane
wave modes e~ P satisfy w? = |k|? + m?. This implies we have plane waves with both
positive and negative w, which is universal in relativistic theories. Upon quantization,
excitations of these modes correspond to matter and antimatter, with opposite charges.

The nonrelativistic limit is |k| < m, but since antimatter is inherently a feature of
relativistic theories, we should also throw away the negative w modes. To do this, take

O(r) = e " x(z)/V2m (5)

and assume || < my, so that only nonrelativistic positive w modes are excited. The
v/ 2m factor transfers us back to nonrelativistic normalization.

a) Simplify the complex scalar field action to
4 IR 1 *
S=[dxz |ixx —=—Vx"-Vyx (6)
2m

by dropping a term that is small for || < my.

Solution: The Lagrangian is

L= (0,0)(0"®)* —m*d*d (S14)
_ L —imt W tmt . x _ E *
=5 (Du(e™™X)) (0" (e x™)) 5 XX (S15)
__ b v 1 —imt imtxyy _ TV s
=5 VX VX' Zm(f?t(e X)) (0 (e X)) 5 XX (S16)

where we split the summation over p into a sum over 4 =% and the ;o = 0 term. The middle term is

%(Xﬂmx)(x +imx*) = T +2(Xx X*x) + 5 XX (S17)

Of these terms, the first is negligible in the nonrelativistic limit, and the last term cancels with the last
term of Eq. (S16). To get the second term in the desired form, we integrate the action by parts,

§/d4$ (X" = X"x) =%/d4x>< X- (S18)

b) Find the Euler-Lagrange equations for y and x*, and the conserved current J* =

(p,J) corresponding to the symmetry xy — ey and x* — e¢“x*. (Be careful to
account for minus signs from the relativistic metric.)

Solution: As usual, we treat x and x* as independent variables. For both parts of this question, we
need to compute the derivatives of £ with respect to d,,x and 9, x*. These are

Y oL 1. .

875( =5 o(Vyx) QmVX (519)
and oL or 1

I _ - Vy. 2

a0 ) o VX (520)



The Euler-Lagrange equation for x is
oL oL oL oL

ey =0+ V- . 521
ox ~ o0~ "ax TV ey 520
The left-hand side is zero, and plugging in the results for the right-hand side gives
. 1 s
= — *. 22
5% 2mV X (522)
Similarly, the Euler-Lagrange equation for x* is
oL oL oL
— =0=—+V: ———. 523
o~ Mo YAy 52
Now the left-hand side is nonzero, but the first term on the right-hand side is zero, giving
= V2 (S24)
iX=-5-VX.

As expected, the two Euler—Lagrange equations are conjugates of each other, and the equation of motion
for x is just the Schrodinger equation.

For infinitesimal «, the change in the fields is x = —iay and dx* = iax™, so Noether's theorem gives
oL oL

JH = —iyx +ix" . S25

200 "X 0] (529)

The density of the conserved charge is

oL oL

B O S26
p=—ixge tiX 5 = XX (526)
The current density is
oL oL i
R +ix ) am (xXVx* = x"Vx) (527)

These are the same form as the probability density and probability current in nonrelativistic quantum
mechanics. (But here they don’'t mean the same thing: we're still talking about classical field theory, not
quantum mechanics.)

For the relativistic complex scalar field, we had to canonically quantize ®, II, ®*, and
IT* as two pairs of phase space variables. But for this nonrelativistic field, the canonical
momentum for y is just ¢x*, so we only have one pair. This is because we threw away the
negative w solutions, and it implies the canonical commutation relations are

X(x), x*(y)] =P (x —y) (7)

with all other commutators vanishing. These can be satisfied with the mode expansion

x(x) = / (62[7?1;3 a(p)e "™, X' (x) = / (;iﬂl))?’ a'(p)e’®™. (8)

c) Show that [a(p),a’(q)] = (27)30®) (p—q). (Of course, the other commutators vanish.)
Then show that the single-particle states |x) = x*(x)|0) and |p) = af(p)|0) behave
like nonrelativistic position and momentum states, obeying

(ylx) =0 (y —x), (alp) = (2r)*0P(q—p), (p|x)=eP™ (9)

The factors of 27 are just due to our Fourier transform convention.



Solution: We use the same d and § notation as in the solutions to the second problem set. Inverting
the Fourier transform gives

ap) = [ dxx(x)e P ($28)

which implies
a(p).at@)] = [ dxdy [xx), " (1) P (329)
:/d —ipxgia (830)
=d#(p—q). (S31)

Now, we have
(y[x) = (O[x" (¥)x(x)[0) = d(y — x) (S32)

where we applied the commutation relation and used x*(y)|0) = 0. Next,

(alp) = (0]a(q)a’ (p)[0) = #(a —p) (S33)

where we applied the commutation relation and used a(q)|0) = 0. Finally,
(plx) = Ola(p) [ dqa(@)es7(0) = P (534
d) A general single-particle state takes the form

w(t) = [ Exuxii (10

where 1 (x,t) is the particle’s position-space wavefunction at time t. As always in
quantum theories, the state evolves over time as i ;1)) = H|¢), where H is the
Hamiltonian. Write this equation as a partial differential equation involving ¥(x,t).

Solution: First, we need to find the Hamiltonian. Applying the Legendre transform (or equivalently
considering the element 7% of the stress-energy tensor),

8£ 1

Therefore, in terms of creation and annihilation operators, the Hamiltonian is

H= i /dXVX* -Vx (S36)

— 5 [ x [ dpdaal ()™ (ip - (i) ala)e o (337)

— 5 [ x [dpda(p-@) eV dl p)aa) (538)

— 5y [ dppP al (pla(p). (539)

The Hamiltonian acts on position eigenstates as

Hx) = 5. [ dplpla'()a(p) [ daat(@e o (540)

— 5 [ vl )™ ) (s41)

= o [ apater o (542)

S} (543)



Finally, the time evolution equation is

. 1 1
/dxiw\x> :/dxqu|x> = —%/dwaQbQ = —%/dx(v%/)ﬂx) (544)
where we integrated by parts in the last step. Matching the coefficients of |x) gives
s V2

which is of course the nonrelativistic single-particle Schrodinger equation. Thus, our nonrelativistic quan-
tum scalar field theory contains single-particle nonrelativistic quantum mechanics. In addition, it naturally
contains states with arbitrarily many particles.

Notice that the single-particle quantum wavefunction 1 obeys the same equation of motion as the classical
field x, and both have a conserved current of the same form. This formal correspondence is a general
structural feature of quantum field theory, and one of the original clues used to construct it. It is also
the reason the pioneers of quantum field theory called it “second quantization,” under the mistaken
impression they were quantizing ¢ a second time rather than x for a first time.

e) Take the term in the action you dropped in part (a) and simplify it by applying the
Euler-Lagrange equations you found in part (b). Find how the Hamiltonian in part
(d) changes when this term is added. What is its physical interpretation?

Solution: We had dropped the term x*x/2m, and plugging in the Euler-Lagrange equations gives
1
LD —V**Viy. S46
gm3 X VX (546)
This contributes an additional term to the Hamiltonian,

1
HS - | dx V2x* V2x (S47)

and following the same steps as in part (d) yields

Ho— o / dp p|* ot (p)a(p). (S48)

This is simply the leading relativistic correction to the kinetic energy, which you often see, e.g. when
computing the fine structure of the hydrogen atom. Applying a similar (but more technically complex)
procedure to the Dirac equation, known as the Foldy—Wouthuysen transformation, one can derive the
fine structure corrections for the hydrogen atom. You can continue turning the crank to get relativistic
corrections at all orders.

4. % The force between sources. (5 points)

In this optional problem, we’ll compute a directly measurable quantity with quantum
field theory, for the first time in this course. So far we have only learned to compute cor-
relation functions, which often do not have a direct physical interpretation. For example,
the vacuum correlation function Eq. can be used to find the energy of the interacting
vacuum relative to the free vacuum, but this isn’t directly measurable. (You can’t turn
off the interaction in real life.)

Instead, let’s again consider a free real scalar field with source J(x),

L= (0,0)(0"6) — 56 + () (z). (1)

If we change the vacuum by including a static source J(z), the resulting shift in vacuum
energy can be directly interpreted as the energy of the source, which is measurable.

7



a)

b)

Using Wick’s theorem, show that

(0] T exp (z / ' ¢(x)J(x)) 10) = exp (—% / diz dby J(2) Dp(z — y)J(y)> a2

Solution: Again, odd-order terms vanish, so the left-hand side is

:2n,
There are (2n—1)(2n—3) - - - (3)(1) possible Wick contractions, all of which yield the same thing, giving
2 4., 74 "
; GEn=2 @ (/d xd*y J(x)Dp(x — y)J(y)) . (S50)
Simplifying the numeric factors gives
1 1 n
> (5 [ e roDee - i) (551)

which is indeed the Taylor series of the desired right-hand side.

Now consider the case where two point sources are turned on for a long time T,

1 —T/2<t<T/2

0 otherwise

J(@) =g f(t) (P(x) + 6P (x~R)),  f(t)= (13)
If you plug this into Eq. (12)), you'll get infinite terms involving Dy (0), reflecting the
fact that point sources have infinite energy. Discarding these terms so we can focus
on the sources’ interaction energy, evaluate Eq. assuming 7' > R > 1/m.
Solution: It's helpful to go to momentum space, where we get

exp <—;/d4xd4yj(x)J(y)/ (d4p i > (S52)

2m)4 p?2 —m? + ie

Taking only the two interaction terms and imposing the position-space delta functions gives

. dip e~ (@ =y")—ipR
exp <zg2 / da® dy® f(2°) f (y°) / (2m)r  p? —m? +ie

At this point, we can perform the temporal integrals; they are a representation of the delta function,

T/2 T/2 oo o
/ dxo/ dy® e @V = 27T §5(p°) (S54)
-T/2 ~T/2

(S53)

for large T, where the normalization can be found by integrating both sides against p°. We thus get
d3p efipR
. 2
exp | ig“T —_— S55
(7 | ot o (559
where we dropped the ie since the denominator won't vanish. This is a standard integral you can look
up or do with spherical coordinates and contour integration (we'll see it again later in the course), so

exp (z’ng 647 > . (S56)

wr

Relate your answer to the interaction energy V' (R) between the sources, and find it.
Is the force between them attractive or repulsive?

Solution: If the interaction energy is V, then the correlation function should be e=*V'7 reflecting the
change in energy of the vacuum. Comparing with above expression gives
2 —mr
g’e
V(r)=- . S57
(n=-2" (57)

The force falls off exponentially on the scale 1/m, and it is attractive. (Incidentally, since we just have
a free field theory and classical sources, we could have done this all much more easily in classical field
theory. But the approach we've just taken is much more powerful and general.)



PHYS-330: QFT I Problem Set 5 (due 11/1)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Mandelstam variables. (4 points)

Consider any 2 — 2 scattering process, where the two incoming particles have momenta
p1 and po, and the two outgoing particles have momenta ps and ps. By momentum
conservation, p; + ps = p3 + pa, and p? = m? where m; is the mass of particle i. In this
situation, it is often useful to work in terms of the Mandelstam variables

s=(p +p2)27 t=(m —p3)2, u=(p— p4)2- (1)

a) Show that s +t +u = m? + m3 + m3 + m3.

b) In the center of mass frame, the total energy is E., and the angle of p; to p3 is 6.
Write s, t, and u in terms of E., and 6, assuming all four particles are massless.

2. Scalar Yukawa amplitudes. (7 points)

Let ¢ be a real scalar field of mass M, and ¥ be a complex scalar field of mass m, with

Ling = —g V", (2)

The field ¥ can annihilate a particle, or create a particle with opposite U(1) charge;
these particles are conventionally called the ¢ and v*, respectively. Similarly, the field
¢ can create or annihilate a ¢ particle. (That is, particles are named after the field that
annihilates them.) As discussed in section, the Feynman rules are

where a dashed line stands for ¢ and a solid line stands for .

a) Assuming M > 2m, calculate the decay rate of a ¢ particle to leading order in g. (Start
from equation (4.86) of Peskin and Schroeder, and do the phase space integrals.)

b) Find the amplitude for 1 (p;)1*(pa) — ¥ (p3)Y*(ps) scattering to leading order in g,
in terms of Mandelstam variables.

c) Suppose the energies we can reach in an experiment are higher than m, but much
lower than M. In this case, we might not know that ¢ particles exist, since we can’t
produce them, so we would have to describe the scattering process in part (b) using
an “effective” field theory in terms of ¢ alone. Show that at leading order,

Ling = =AY (4)

will yield the same answer for part (b) for some value of A, and find that value in
terms of g and M. Assume all elements of the momenta p; are much less than M.

3. Solving a trivial theory. (4 points)

Consider a free real scalar field of mass m, but treat the mass term as the perturbation,

Lo= 2(0,6)0"0), L= —gm’" )



a) Write down the Feynman rules for this theory.

b) Evaluate the momentum-space propagator exactly, summing all of the (infinitely
many) connected Feynman diagrams.

4. Pion scattering in the linear sigma model. (25 points)
Consider a theory with N free real scalar fields ®;(x) of equal mass m,

N m?
i=1

This Lagrangian is symmetric under rotations of the scalar fields among themselves. We
can show this more clearly by defining an N-element vector ® with elements of ®;, so

2

Lo = %@@)? S X3 (1)

This is just shorthand for Eq. @ Note that the index on ®; is not a spatial index (such
as on ;). It is a “flavor” index, meaning it just identifies which field we're talking about.

a) We quantize the theory by imposing the equal time commutation relations

[ILi(x, 0), @5y, 0)] =iy 6P (x —y),  Ii(x) = 9,%i(x), (8)
with all other commutators vanishing. Show that the propagator is
—
(OIT{®i(2)®;(y) }|0) = Pi(x)®;(y) = 65 Dp(x — y). (9)
where 9;; is 1 if ¢ = 7, and 0 otherwise. The momentum space Feynman rule is
: ) 0ij
i =5 (10)

Cp2 —m?2 +ie
where the ¢ and j are flavor indices.
b) The linear sigma model additionally contains the interaction

A 2
Lin=—7 (@ @), (11)

which is also symmetric under rotations of ®. Show that this interaction corresponds
to the momentum space Feynman rule

i J
= —2(\ (5@'5]% + (Sik(sj'g + 5i£5jk:) . (12)
k 12

(Hint: consider the cases where all four fields have the same flavor, and when two
pairs of fields have the same flavor.)

c) Find the total cross section in the centre of mass frame for the processes
q)lq)g — (I)l(I)Q, @1@1 — @2@2, (I)lq)l — @1@1 (13)

to leading order in A, in terms of E.,. (Hint: start from equation (4.85) of Peskin
and Schroeder, and be careful with factors of 2.)

2



In the linear sigma model, the potential energy of a uniform classical field is

2

V(@):%¢-¢+%(¢>-<I>)2. (14)
When we quantize the harmonic oscillator, the usual definition of the creation and an-
nihilation operators in terms of x and p only makes sense if the potential’s minimum is
at x = 0. If the minimum is somewhere else, then many things go wrong. For instance,
al0) won’t be zero, and more generally a' and a won’t have simple commutation relations
with H, so won’t properly raise and lower the energy. Similarly, it only makes sense to
quantize fields in the usual way about minima of the potential V(®).

If m? > 0 and A > 0, there is a unique minimum of the potential at ® = 0, so our
treatment above makes sense. Now suppose that m? < 0 and X > 0.

d) Defining u?> = —m?, show that the minima of the potential are at
e
Pl ==/, 15
@] =uv= /2 (15

The quantum theory thus has multiple vacuum states, but all have nonvanishing (®).

By symmetry under rotations of ®, we can suppose without loss of generality that we are
in a vacuum state where (®y) = v, with all others vanishing. Define the new fields

o(x) = dn(z) — v, mi(z) = ®4(x), ie{l,2,...,N -1} (16)

which all have vanishing expectation values in this vacuum.

e) Show that in terms of these fields, the Lagrangian is

— (o) = N30 — 220" = Mot (0 - )0 — Apga(m - m)0? + C. (17)

and give expressions for my, Ar, A3, Mo, o1, Aoz and C in terms of p and A. We
see that o is massive, but we have N — 1 massless pion fields ;.

f) Write the momentum-space Feynman rules in terms of ;1 and A. Draw the pions with
a solid line and flavor index 7, and the o particle with a double solid line. (Hint: if
you’ve seen the pattern from the other Feynman rules in the problem set, it should
be possible to write down the answer with some thought, but no explicit calculation.
There is no Feynman rule corresponding to the constant C', which has no effect here.)

g) Compute the decay rate of a o particle to leading order in A, and give the correspond-
ing lifetime in seconds if A = 0.1, p = 10 GeV and N = 3.

h) Find the amplitude for m;(p1)m;(p2) — me(ps)me(ps) scattering to leading order in A,
in terms of Mandelstam variables. (Hint: there are four Feynman diagrams.)

i) Show that the amplitude in part (h) vanishes when all spatial momenta p; go to zero.



The theory above is an example of “spontaneous” symmetry breaking. The original the-
ory has an SO(N) rotational symmetry among the fields ®. After fixing a vacuum state,
we only have an SO(N — 1) rotational symmetry among the fields w. The symmetries
that rotate ®y into the m; are still there, but operating with them moves us between
different vacuum states; they tell us that the vacua all have the same energy. Thus, there
is no energy cost for shifting a pion field m; by a small constant, corresponding to the
fact that there is no mass term for the pion fields. This is an example of a Goldstone’s
theorem, which states that each spontaneously broken continuous symmetry corresponds
to a massless boson, called a Goldstone boson.

Pions are the lightest mesons, and mediate interactions between protons and neutrons.
The linear sigma model was a phenomenological model which, among other things, ex-
plained why the pion was so light. The complete picture we have today is that pions
are the Goldstone bosons corresponding to the spontaneous breaking of chiral symmetry,
a symmetry of quantum chromodynamics which appears for massless up and down quarks.

In reality, the up and down quarks have small masses. This additional, “explicit” breaking
of chiral symmetry explains why real pions have nonzero mass. In addition, the quarks
differ in electric charge, which explains why the pions have different masses.

j) We can see a similar phenomenon in the linear sigma model. Show that when we add
a small term a @ to the Lagrangian, the pion fields get a mass term m2 proportional
to a, and find this term. (Hint: to keep things from getting messy, work to lowest
order in a as much as possible.)

5. * A contrived calculation. (5 points)

This problem is optional. In scalar ¢* theory there is a diagram that contributes to the
vacuum correlation function at order A%, shaped like a cube. Find its symmetry factor.
(This is somewhat involved, and the heuristic rules given in lecture will not be enough.)



PHYS-330: QFT I Solutions 5
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Mandelstam variables. (4 points)

Consider any 2 — 2 scattering process, where the two incoming particles have momenta
p1 and po, and the two outgoing particles have momenta ps and ps. By momentum
conservation, p; + p2 = p3 + p4, and p? = m? where m; is the mass of particle 7. In this
situation, it is often useful to work in terms of the Mandelstam variables

s=(p +p2)2, t=(p —p3)2, u=(p1 — p4)2~ (1)

a) Show that s+t +u = m? + m3 + m3 + mj3.

Solution: Just directly using the definitions,

s+t+u=pi+2p-p2+ps+pl—2p1-ps+p3+pi—2p1patp; (s1)
=m?+m3+m2+mi+2p1-(p1+p2—p3—pa) (S2)
=mi +m3+m3+mj. (S3)

b) In the center of mass frame, the total energy is E.,, and the angle of p; to p3 is 6.
Write s, ¢, and u in terms of E, and 6, assuming all four particles are massless.

Solution: This is easiest if we use concrete coordinate expressions. Aligning the z-axis with py,

Ecm

Eem
9 (1703031)7 pIQL:

Py

where the spatial momenta are opposite because we're working in the center of mass frame, and equal
in magnitude to the energy because the particles are massless. After the scattering, we have

Eom : .
py = —5(1,0,sin6,cos6),  ply =

Eem
2

(1,0, —sin @, — cos 6). (S5)

At this point we can just compute the Mandelstam variables explicitly, giving

1 0 0
u=—FE% +2COS = —F2 cos? 7 (S6)

po e L7000 g o

cm? cm 2 cm 57

Note that they sum to zero, as expected from part (a).

2. Scalar Yukawa amplitudes. (7 points)

Let ¢ be a real scalar field of mass M, and v be a complex scalar field of mass m, with
Ling = —g ¢ Y. (2)

The field ¢ can annihilate a particle, or create a particle with opposite U(1) charge;
these particles are conventionally called the ¢ and ¥*, respectively. Similarly, the field
¢ can create or annihilate a ¢ particle. (That is, particles are named after the field that
annihilates them.) As discussed in section, the Feynman rules are

where a dashed line stands for ¢ and a solid line stands for ).



a) Assuming M > 2m, calculate the decay rate of a ¢ particle to leading order in g. (Start
from equation (4.86) of Peskin and Schroeder, and do the phase space integrals.)

Solution: The Feynman diagram is just one copy of the interaction vertex, so iM = —ig. Let the initial
momentum be k* = (M, 0) and the final momenta be p4 and p4. Then

d’p P2 oo vacay
QM/ (27)3 2B, (27)3 2B, |—igl” (2m)°6" (k — p1 — p2) (S7)
g9’ d*p1 *py (4)
= k_ -
327T2M B B (k= p1—p2) (S8)
2 3
9 d’p1
= M —-2F
327r2M E2 o ) (89)
|p1
=L [T B sar - 2m (510)
|P1|
SWM/ dE, — 2 §(M —2F) (S11)
e
= _ 2
T6n M 1—(2m/M)2. (S12)

b) Find the amplitude for 1 (p;)1*(pa) — ¥ (ps3)Y*(ps) scattering to leading order in g,
in terms of Mandelstam variables.

Solution: There are two Feynman diagrams, giving amplitude

iM= > < (S13)

7
S14
(p + p2)? M2—|—ze+(p1—p3)2—M2+ie> (514)

, i i
=— . S15
g (S—M2+’i€+t—M2+i€> (515)

c) Suppose the energies we can reach in an experiment are higher than m, but much
lower than M. In this case, we might not know that ¢ particles exist, since we can’t
produce them, so we would have to describe the scattering process in part (b) using
an “effective” field theory in terms of ) alone. Show that at leading order,

1nt - )\@/J ¢¢ 1/] (4)

will yield the same answer for part (b) for some value of A, and find that value in
terms of g and M. Assume all elements of the momenta p; are much less than M.

Solution: The Feynman rule for the interaction in the effective theory is just

= —4i). (S16)
The factor of 4 comes about because there are 2 ways to choose which copy of v contracts with what,
and similarly 2 ways for ¥*.
This is also the amplitude for the scattering process in the effective theory. On the other hand, we have

s,t < M, so the answer to part (b) becomes 2ig?/M?. Equating these results gives A\ = —g?/2M?2.
(The fact that A is suppressed by powers of M is a generic feature of effective field theory.)



3. Solving a trivial theory. (4 points)

Consider a free real scalar field of mass m, but treat the mass term as the perturbation,

1 1

‘CO = 5(8H¢) (au¢)7 ‘Cint = _§m2¢2' (5)

a) Write down the Feynman rules for this theory.

Solution: The Feynman rules are that the propagator is

i
© p? e (817)

and the interaction vertex is

—e— = —im?. (S18)

b) Evaluate the momentum-space propagator exactly, summing all of the (infinitely
many) connected Feynman diagrams.

Solution: The diagrams are

+ ° +—e——o— 1 ... (S19)
which correspond to
i i N i .9 N
- - —— (- - 520
p2+ie+p2+ie( o )p2+ie+p2—l—ie( o )p2+ie( s )p2+ie+ (820)
This is a geometric series where the ratio between terms is m?/(p? + ie), so the sum is
i 1 i
= . 521
PPiel - g p?om? e (S21)
Of course, this is just the familiar propagator for a free massive scalar field.
4. Pion scattering in the linear sigma model. (25 points)
Consider a theory with N free real scalar fields ®;(x) of equal mass m,
Mg m?
Lo=)_ SOuPi0 By — =P, (6)
=1

This Lagrangian is symmetric under rotations of the scalar fields among themselves. We
can show this more clearly by defining an N-element vector ® with elements of ®;, so
1 2
Lo=5(0,9) - %@ . ®. (7)

This is just shorthand for Eq. (). Note that the index on ®; is not a spatial index (such
as on ;). It is a “flavor” index, meaning it just identifies which field we're talking about.

a) We quantize the theory by imposing the equal time commutation relations
[1L(x. 0), ®(y, 0)] = i0;; 0% (x —y),  Ii(z) = 9,Py(2), (8)

with all other commutators vanishing. Show that the propagator is

OIT{®i(2)®;(y)}0) = Pi(x)®;(y) = di; Dr(x —y). (9)
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b)

where 9;; is 1 if ¢ = 7, and 0 otherwise. The momentum space Feynman rule is

, i 0
i == J (10)

p? —m? + e

where the ¢ and j are flavor indices.

Solution: The commutation relations imply that the mode expansion of the field ®; involves a set of
creation and annihilation operators aj(k) and a;(k), whose commutators vanish for ¢ # j. Therefore,
when i # j, the contraction of two fields vanishes because ®; and ®; automatically commute. When
1 = j, the derivation of the propagator is just the same as for a single real scalar field.

The linear sigma model additionally contains the interaction

A 2

Lin =5 (2-®) (11)

which is also symmetric under rotations of ®. Show that this interaction corresponds
to the momentum space Feynman rule

i J
= —2iX (0;50k0 + 0ir0je + Siedj,) - (12)
k 14

(Hint: consider the cases where all four fields have the same flavor, and when two
pairs of fields have the same flavor.)

Solution: Expanding out the interaction explicitly gives

2
Lint = —% (Z <I>Z-<I>i> = —2 Z ,0,0,0; = —2 Z Pt — g > el (S22)
7 7,7 7

1<j

The first term yields a vertex for four fields of the same flavor. Whenever we introduce a copy of this
vertex, we get a factor of 4! = 24 because of the ways to choose how to contract the copies of ®; with
other things, so the overall vertex factor is —6i\.

The second term yields a vertex for four fields where two pairs have the same flavor. These come with
an extra factor of 2 -2 = 4 because of the two copies of ®; and two copies of ®;, and thus the overall
vertex factor is —2i\.

Now let's check if this is compatible with the provided Feynman rule. When i = j = k = £, all the
Kronecker deltas are equal to 1, so we get —6i\. When i = j and k = /, but i # k, then only the first
Kronecker delta is equal to 1, and the others are equal to 0, so we get —2i ).

Find the total cross section in the centre of mass frame for the processes
q)lq)g — (131(1)2, @1@1 — @2@2, (I)lq)l — @1@1 (13)

to leading order in A, in terms of E.,. (Hint: start from equation (4.85) of Peskin
and Schroeder, and be careful with factors of 2.)

Solution: The Feynman diagrams for all three of these processes are just one copy of the interaction
vertex, and the amplitudes are just —2i\, —2iX, and —6i)\ respectively. Because all four masses are
identical, we may use equation (4.85), which states

do |M|?

dQ ~ 64n2E2" (523)
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The scattering is isotropic, so the angular integrals are trivial.

For the first process, the angular integral just gives a factor of 4w, so

AT A2 A2
B, Dy 5 B0y = - . s24
o(®1®y = 1%2) = T = g (524)

For the second process, the angular integral only gives a factor of 27 because the particles in the final
state are identical. (The state where the first @5 exits left and the second exits right is exactly the same
as the state where the first @5 exits right and the second exits left. So integrating over all possible
directions for the momentum of the first ®5 would be double counting.) Thus,

)\2
Finally, the last cross section is 9 times bigger, giving
(9,9 —><I><I>)—97)\2 (S26)
o(®1®1 1%1 _87TEc2m.
In the linear sigma model, the potential energy of a uniform classical field is
m? A
v<q>):7<1>-<1>+1(<1>-<1>)2. (14)

When we quantize the harmonic oscillator, the usual definition of the creation and an-
nihilation operators in terms of x and p only makes sense if the potential’s minimum is
at x = 0. If the minimum is somewhere else, then many things go wrong. For instance,
al0) won’t be zero, and more generally a' and @ won’t have simple commutation relations
with H, so won’t properly raise and lower the energy. Similarly, it only makes sense to
quantize fields in the usual way about minima of the potential V' (®).

If m> > 0 and A > 0, there is a unique minimum of the potential at ® = 0, so our
treatment above makes sense. Now suppose that m? < 0 and A > 0.

d) Defining y? = —m?, show that the minima of the potential are at

12
P|l=v=14/—. 15
@) ; (15)
The quantum theory thus has multiple vacuum states, but all have nonvanishing (®).
Solution: Setting dV/d|®| to zero gives m?|®| + \|®|> = 0, which yields the desired result.

By symmetry under rotations of ®, we can suppose without loss of generality that we are
in a vacuum state where (®x) = v, with all others vanishing. Define the new fields

o(x) = dy(x) — v, mi(z) = ®;(x), ie{l,2,...,N -1} (16)

which all have vanishing expectation values in this vacuum.

e) Show that in terms of these fields, the Lagrangian is

1 1 1
L= 5(8#77)2 + 5(8HU)2 — 577?2.0’2

A A
- %(7" ) = Ngp0° — %04 — Aot (T )0 — Apoa (7 - )0 + C. (17)



and give expressions for my, Ar, A3, Mo, Arol, Aro2 and C in terms of p and A. We
see that ¢ is massive, but we have N — 1 massless pion fields ;.

Solution: This is straightforward algebra, and the answers are

Me =V20, Mr=2X\ Ao =pVA, o=\ (S27)
and \ A
_ _A - _H

Aror=pVA, Arp =7, C R (S28)

f) Write the momentum-space Feynman rules in terms of p and A. Draw the pions with
a solid line and flavor index 7, and the o particle with a double solid line. (Hint: if
you've seen the pattern from the other Feynman rules in the problem set, it should
be possible to write down the answer with some thought, but no explicit calculation.
There is no Feynman rule corresponding to the constant C', which has no effect here.)

Solution: The propagators are

and the interaction vertices are
i J i J
= —24\ (03;0ke + 0irlje + 0300 1) = =21\ 03 (S30)

i
= —6i) = —2iuV A % = —6ipV\ (S31)
J

g) Compute the decay rate of a o particle to leading order in A, and give the correspond-
ing lifetime in seconds if A = 0.1, = 10 GeV and N = 3.

Solution: The amplitude to decay to a pair of some species of pion is iM = —2iu\/), so recycling the
result to problem 2(a) gives the decay rate

N —1 (2 p)? N —-1)\

Lo N-1@VW? (V- s32)
2 8mm,, 42T

where the factor of 1/2 accounts for the two identical particles in the final state, and N —1 is the number

of species of pion. Inverting this and converting back from natural units gives a lifetime 6 x 10724s.

h) Find the amplitude for m;(p1)m;(p2) — 7k (ps)me(pa) scattering to leading order in A,
in terms of Mandelstam variables. (Hint: there are four Feynman diagrams.)

Solution: The amplitude is

i ki koo k i J
TN -
J 14 J 14 J ¢ k ¢
_ (22,\5\#)2< 10;j0ke N 1 031050 n 0300k . ) 2N (813600 + SuSye + 0uedy)  (S34)

—m2 44 —m2 44 2
s—mg+1e  t—m5+ie  u—mg+ie

207 8,0k 2% 6;56 ¢ 2% 6;06 1,
050 Oi0i0 + 000k | - S35
s—2u%+ie t—2u2+ie u—2u2—|—ie+ 3Okt + Oik0je + 0itdjk (835)

= (—-2i)) (
(S36)



i) Show that the amplitude in part (h) vanishes when all spatial momenta p; go to zero.

Solution: In this limit, we have s = t = u = 0, so the denominators all become —2u%. Then each of
the first three diagrams cancels with one term from the last diagram.

This is another manifestation of Goldstone's theorem, discussed below. The general statement is that
in the effective theory of pions alone (i.e. without o), sometimes called the nonlinear sigma model, the
Lagrangian only depends on the spatial derivatives 0,7 of the pion field. Since acting with a derivative
on a field produces a factor of the particle momentum p#*, the Feynman rules for the interactions always
come with factors of momenta, so scattering amplitudes like the one we computed must vanish at zero
momentum.

The theory above is an example of “spontaneous” symmetry breaking. The original the-
ory has an SO(N) rotational symmetry among the fields ®. After fixing a vacuum state,
we only have an SO(N — 1) rotational symmetry among the fields w. The symmetries
that rotate ®y into the m; are still there, but operating with them moves us between
different vacuum states; they tell us that the vacua all have the same energy. Thus, there
is no energy cost for shifting a pion field m; by a small constant, corresponding to the
fact that there is no mass term for the pion fields. This is an example of a Goldstone’s
theorem, which states that each spontaneously broken continuous symmetry corresponds
to a massless boson, called a Goldstone boson.

Pions are the lightest mesons, and mediate interactions between protons and neutrons.
The linear sigma model was a phenomenological model which, among other things, ex-
plained why the pion was so light. The complete picture we have today is that pions
are the Goldstone bosons corresponding to the spontaneous breaking of chiral symmetry,
a symmetry of quantum chromodynamics which appears for massless up and down quarks.

In reality, the up and down quarks have small masses. This additional, “explicit” breaking
of chiral symmetry explains why real pions have nonzero mass. In addition, the quarks
differ in electric charge, which explains why the pions have different masses.

j) We can see a similar phenomenon in the linear sigma model. Show that when we add
a small term a @y to the Lagrangian, the pion fields get a mass term m? proportional
to a, and find this term. (Hint: to keep things from getting messy, work to lowest
order in a as much as possible.)

Solution: The potential now includes —a @, which tilts it in the ® direction. There is now a unique
vacuum state where only () = v is nonzero. Setting the derivative of the potential to zero gives

— v+ —a=0 (S37)

which rearranges to
M? =%+ . (S38)
v

To solve this at leading order in a, we replace the v on the right-hand side with the unperturbed
expectation value vy = /u2/A. Solving for v then yields

L ey
v = — _ =
X

To find the mass term for the pion, it's easiest to start with Eq. and do a second shift, defining

o7 + O(a?). (S39)
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The only term that will produce a pion mass term linear in a is — A1 (7 - 7)o, giving

o __oVA

LD —pV\(w-m) 512 2 ™. (541)

In other words, the pion mass is /av/A/ .

5. * A contrived calculation. (5 points)

This problem is optional. In scalar ¢* theory there is a diagram that contributes to the
vacuum correlation function at order A%, shaped like a cube. Find its symmetry factor.
(This is somewhat involved, and the heuristic rules given in lecture will not be enough.)

Solution: The most reliable way to do this is to simply count all the Wick contractions that yield a cube,
building up the diagram one vertex at a time.

e Consider what the three copies of ¢ in the first vertex can contract with. The first has 7 - 3 choices,
the second has 6 - 3 choices, and the third has 5 - 3 choices.

e Now consider the opposite corner of the cube. There are 4 choices for which remaining uncontracted
vertex is the opposite corner. Its three copies of ¢ have 3 -3, 2 -3, and 3 choices for contractions.

e Finally, we attach the two halves of the cube together. There are 6 ways of choosing which vertices
attach to which, and 25 choices for how ¢ fields are contracted to make the joining edges.

Therefore, the symmetry factor is

7-3.6-3-5-3-4-3-3.2-3-3-6-26 1
SNEINE “® (542)

This makes sense, as the symmetry group of the cube has 48 elements.



PHYS-330: QFT 1 Problem Set 6 (due 11/9)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. The Lorentz algebra. (10 points)

You previously showed the rotation and boost generators obey commutation relations
[J4, J7) = i F Ik, [J, K9] = iR K", (K, K7 = —ie* " (1)
These are Euclidean indices, which is why pairs of upstairs indices can be contracted.
a) Defining J. = (J' £ iK")/2, show that
i, =0,  [JL, 4] = et It (2)
so that the Lorentz algebra is just two copies of the algebra of the rotation group.

The commutation relations can be expressed more concisely if we collect all six generators
into the antisymmetric Lorentz tensor J*”, where

The commutation relations can then all be written together as
0 JO7) = (P T g ), g

By definition, a representation of the Lorentz algebra is a choice of J*” that satisfies these
commutation relations. The simplest example is the trivial representation J** = 0, which
describes the action of Lorentz transformations on scalars.

b) In the vector representation, each generator J" is a 4 x 4 matrix, with elements
(J*)ap = 1 (0505 — 0455)- (5)

This describes the action of Lorentz transformations on four-vectors V?, as you've
already seen. Starting from (), verify the generators satisfy the Lorentz algebra ().
(Hint: upper and lower indices should be contracted in pairs to perform matrix mul-
tiplication. For example, (JJ?),5 = (J),7(J*),5. If you get confused, start by
plugging in specific values for the indices and doing the sums explicitly.)

c) The gamma matrices are 4 x 4 matrices defined to satisfy
(A" =20 (6)
Show that
[V Y] = 2 (P — Py T P — TP, (7)

d) In the Dirac spinor representation, the generators are the 4 x 4 matrices

l

s
1

A7 (8)

This describes the action of Lorentz transformations on Dirac spinors. Show that
these generators satisfy the Lorentz algebra .

1



2. Properties of gamma matrices. (15 points)

In this problem, you should only use the defining property @ of the gamma matrices.
Below, 1, denotes a 4 x 4 identity matrix.

a) Show that contractions of gamma matrices satisfy

Yy, =414 (9)
YV Y = —27" (10)

VA A =40 1y (11)
VAP = =277 Py (12)

b) Show that the traces of products of gamma matrices obey
try* =0 (
tryty” = 4nt (
tr 'y P =0 (15
tr "y =4 (0" — 0" + " n”?). (

c) It will be useful to introduce the matrix v° = i7%y17?~y3. Show that

{(7*2"}=0 (17)
(7°)* = 14 (18)
try® =0 (19)
tr 5" =0 (20)
tr Yy Py yS = —4i PO (21)
3. Invariance of the Dirac Lagrangian. (15 points)
The Dirac Lagrangian is
L=V(i —mly)V (22)

where ¥ = ¥fy0 and @ = v*9,,. The four-component spinor V¥ is acted on by the gamma
matrices. In general, a Lorentz transformation A will change a spinor according to

U(x) = W'(2') =U(AN)Y(x) (23)
where U(A) is some 4 x 4 matrix, not necessarily unitary.

a) Show that the Dirac Lagrangian is invariant under Lorentz transformations if

U~H(A) =7 UM (M), U (ANU(A) = A 0" (24)

b) Show that for an infinitesimal Lorentz transformation A" = n* + w"” the above
relations are satisfied for

U(A) =1, — %WWSW, (25)

where S is the Lorentz generator defined by (8). (Hint: use y°9#~% = (4#)7, which
holds in every representation of the gamma matrices.)

2



c) A finite Lorentz transformation is given by exponentiating a generator,

U(A) = exp (—%wﬂvsuy> | (26)

Explicitly write down the 4 x 4 matrix U(A) for a rotation about the z-axis by an
angle 6, and a boost along the z axis with rapidity ¢. Use the Dirac representation
of the gamma matrices, as this will yield simple results in the nonrelativistic limit.

d) Show that the Dirac Lagrangian is invariant under ¥ — ¢~*“W_ and find the associated
conserved current Ji;. Then show explicitly that 9,.Ji; = 0 using the Dirac equation.

e) Show that when m = 0, the Dirac Lagrangian is also invariant under ¥ — e~ g,
and find the associated conserved current J%. What is 0,J% when m is nonzero?

4. % Spinors in three dimensions. (5 points)

In this course, we focus on spinors in four dimensions for good reason. In this optional
problem, you’ll see how the same mathematical structures appear in three dimensions.

a) Consider spinors in three spacetime dimensions. What are the smallest nonzero ma-
trices that can satisfy (6)? Write down three such matrices 7°, v, and 72 explicitly.

b) We define the spinor Lorentz generators by in any dimension. Since there are now
only two spatial dimensions, there is only one rotation generator S'?. What phase
does a spinor pick up after a 27 rotation?

c) How does the tensor product of two spinor representations decompose into irreducible
representations of the Lorentz group?

In two spatial dimensions there are exotic particles called anyons, which can pick up an
arbitrary phase after a 27 rotation. However, they can’t be described by the conventional
quantum fields covered in this course.



PHYS-330: QFT I Solutions 6
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. The Lorentz algebra. (10 points)

You previously showed the rotation and boost generators obey commutation relations
[JE, J7) = ie* Ik, [J¢, K9] = iR K", (K, K7 = —ie* ", (1)
These are Euclidean indices, which is why pairs of upstairs indices can be contracted.
a) Defining Ji = (J* 4+ iK*)/2, show that
i, =0,  [JL,JL) = i€t Tk, (2)

so that the Lorentz algebra is just two copies of the algebra of the rotation group.

Solution: In general, for any numbers a and b,

1 . . . . 1 . . . . . . ) .
1 [J' +iaK", J) +ibK7] = 1 ([J°, J7] +ia[K", J7] + ib[J*, K7] — ab[ K", K7]) (S1)
- ieij’“ ((1+ ab)J* +i(a+b)K*). (S2)
For a = —b =1 we find o
[JL,J2]=0 (S3)
as desired. For ¢ = b = £1 we find
(T4, T3] = ek gk (S4)

also as desired.

The commutation relations can be expressed more concisely if we collect all six generators
into the antisymmetric Lorentz tensor J*”, where

Jij — Eijkjk’ JOi — Kz (3)
The commutation relations can then all be written together as
[T, 0] = (P — T T ), (4)

By definition, a representation of the Lorentz algebra is a choice of J*” that satisfies these
commutation relations. The simplest example is the trivial representation J*” = 0, which
describes the action of Lorentz transformations on scalars.

b) In the vector representation, each generator J*” is a 4 x 4 matrix, with elements
(J*)ap = 1 (0505 — 0505)- (5)

This describes the action of Lorentz transformations on four-vectors V?, as you've
already seen. Starting from ([5), verify the generators satisfy the Lorentz algebra (4)).
(Hint: upper and lower indices should be contracted in pairs to perform matrix mul-
tiplication. For example, (J%J%),5 = (J%),7(J?®),5. If you get confused, start by
plugging in specific values for the indices and doing the sums explicitly.)

Solution: We just directly evaluate the commutator,

79, 9%y = 7 [ (8185 — 8504)(68205 — 670%) + 5435 — dgap)(ekey —aval)] . (35)



There are 8 terms in total, each of which has the form 7”7 times a product of four delta functions.
For each one, we can apply the identity 556577”‘5 = " to reduce the term to a product of two delta
functions times a metric tensor. Collecting the terms in four pairs yields the desired result.

This is tedious to write out. An easier way is to note that (S5|) is antisymmetric in 1z and v, and in p and
o, which means the result also has to be antisymmetric in these pairs of indices. In this way, you can

reduce the amount of algebra needed by a factor of 4, though you have to be a bit careful with signs.

c) The gamma matrices are 4 x 4 matrices defined to satisfy
(72" =20, (6)
Show that
[V P Y] = 2 (7P = Py T P — TP, (7)

Solution: We just directly use the definition of the commutator, and then use @ repeatedly to get the
two terms in the same form, picking up factors of the metric with each anticommutation:

Y AP = A APy = AP Ty (S6)
=T = AT = AP (S7)
=20 Py — APV T AP = PR (S8)
=20y = 2 Tty AP I TYY — AP = APy (89)
=200y = 2077y + 2Ty = P T (510)
= 20 Py = 2Tl 4 2P Ty — 2t P Y (S11)
= 2Py 4 2Ty Pyt = 2Py T — 2t P Y (S12)

Note that in the last step, we used the anticommutation relation on each of the middle two terms; the
factors of n¥?n** cancel between the two terms.

d) In the Dirac spinor representation, the generators are the 4 x 4 matrices
w _ tin v
S* =10 (8)

This describes the action of Lorentz transformations on Dirac spinors. Show that
these generators satisfy the Lorentz algebra .

Solution: Plugging in the definitions, we have

[SH, §P7] = —%[v“v” — YT = Y] (513)
- _% e e e A el L e Bl e AP M L Bl A P i (S14)
= —i[v”v”m”v"] (515)
- _% (NPT + 0 TPt — Py — TPy (516)

In the third step, we used the anticommutation relations on the last three terms, and in the fourth step
we used the result of part (c). To finish the problem, we note that

12 1 v 1 1% . 1% 174
Yyt = 5[7“# ]+§{7“,7 b= —=2iS" 4+t (S17)

Applying this to all four terms, the factors of the metric all cancel out, leaving the desired result

S, §P7) = in"PSHT + i 7 SPH — i SV g — i SPY. (S18)



2. Properties of gamma matrices. (15 points)

In this problem, you should only use the defining property @ of the gamma matrices.

Below, 1, denotes a 4 x 4 identity matrix.

a) Show that contractions of gamma matrices satisfy

Vi =414
VY = =297
VA A = 40" 1y
VA AN = =297

Solution: Since v* and ,, commute, we have

1 1
Yy = 5(7’% + 0" = 5{7“,w} =, =4

~~
Ne)

N

—_ =

= O
N NN

(519)

where the right-hand side has an implicit 4 x 4 spinor identity matrix. Now, the proofs of the other three
statements are very similar, but we use the defining anticommutation relation @ to get the v* and v,

next to each other, so we can use @ The results are:

Y Y = Y Yt — Yy
= 29", — 4"
= 27",

YA v = A AV Y = VY’

= 20771y = YV v 3+ s Y’
= 29777 = 297" + 47"
= 4nP¥.

YA YNy = 2 YA = A Ay
el 2 0 e e 1 ke e A S e e e i
= 2979"yP = 29P9Y 7 4 20 P — Ay Py
= 29797 = 299" = 297
=297{7",7"} = 29790 = 299"y = 2{", 917

= 297{7", 7} = 297"y = 29°4" 7 = 2{¥", "} + 29" °

= =27
b) Show that the traces of products of gamma matrices obey

tryt =0
tryfy” = 4nt
try#y"y? =0
tr Py =4 (0”7 = 0" + ).
Solution: We use the cyclic property of the trace,

trABC ... XYZ =trBC...XYZA

as well as the results we proved in part (a). For example, we have

1 1 1
t =" ,/AVV =1 7y/¢u — m
ry 1"{477’7} YL’Y’Y’Y} 21°’Y

(S35)



where we used @ the cyclic property of the trace, and . The only way this equation can be satisfied
is if try* = 0, as desired. A similar idea works for the trace of three gamma matrices,

1 1 1
7 e YT = — g tryPy iyt = — oty (S36)

1 g
tryfyy? = Lty "y e =

We can bring the right-hand side to the same form as the left-hand side using the anticommutation
relation,
1 B PV 1 1 v 1 p_1 T
*gtrvvv —5 77+ g tryy T = S trytyy (S37)
where the second step uses . We thus conclude tr'y“fy”vp = 0. One can generalize this argu-

ment to show that the trace of an odd number of gamma matrices always vanishes. (Of course, there
are multiple ways to show this; you could also have done it by inserting factors of (v°)? = 1, as in Peskin.)

Now let's consider the equations with an even number of gamma matrices. For two gamma matrices, we
can use the cyclic property of the trace to produce an anticommutator, giving

1
tryy” = 5t [y + "] = ] = 4™ (S38)

For four gamma matrices, we can use a similar idea, repeatedly using the anticommutation relations to
bring +* to the right and then moving it back to the left using the cyclic property of the trace,

tr APy = tr{yH, Y Iy — tr Ry Py e (S39)
= 80P — try {37 — try Pyt (S40)
=807 — 8Pyt +try {7} =ty Py (541)
=807 — 8PN + 8t TnfY — tr Ayt Pl (S42)

Adding try*~"~v”~° to both sides and dividing by two gives the result.

While these relations might seem random, there's a very simple way to summarize what they mean.
Consider an arbitrarily long product of arbitrary gamma matrices,

tr(v'v°7°7 %32t ). (S43)

The defining anticommutation relations tells us that we pick up a minus sign when we swap the order of
any two adjacent, distinct gamma matrices. So such a trace can always be rewritten in the form

£tr((70)" (7)™ ()" (v*)"™) (S44)

where ng through ns are nonnegative integers. The anticommutation relations also tell us that v°v° =1

and y!'y! =242 = 4343 = —1, which reduces the trace above (up to a sign) to

£tr((4%)"0 (7)™ ()2 (%) ™) (545)

where the m; are 0 or 1, depending on the parity of the n;. Looking back at what we've just proven,
says the trace of any single gamma matrix is zero, says the trace of the product of any two distinct
gamma matrices is zero, and and say the analogous results for three and four gamma matrices.
Therefore, the trace is automatically zero unless all of the m; are equal to zero. The punchline is
that the only way to get a nonzero trace is to multiply an even number of copies of each type of gamma
matrix.

c) It will be useful to introduce the matrix 7° = i4%y192y3. Show that

{(7*4"}=0 (17)

(7°)? = 14 (18)

try’ =0 (19)

tr 5" =0 (20)

tr AP APAT P = —4i PO (21)



Solution: We can check the first statement for each value of u. For example, for ;1 = 0 we have

0,1.2.3.0 0,01,2.3 (846)

{7°,7°} = i %90 + iy Py

The second term can be brought to the first term by performing three anticommutations, each of which flips
the sign. Thus, the sum of the two terms is zero. The logic for = 1,2, 3 is similar.

To prove the second statement, we note that

G Tt 0 G e e e e o (S47)
=772y (S48)
_ _72,}/372,}/3 (849)
= —y343 (S50)
=1 (S51)
where we just used the anticommutation relations, which imply 799% =1 and y!4! = 4292 = 343 = —1.
To prove the third statement, we can simply use ([16]),
15 = i try0y 23 = 4i(0 2 — 02013 4 n%12) = 0. ($52)

For the fourth statement, we can do some casework on the values of p and v. If 4 = v, then the v* and
+* multiply to give +1, leaving us with try® = 0. On the other hand, suppose y # v, then we can bring
the factors of v and ¥ within 7° to the left, by performing anticommutations. Multiplying them with v/~
yields 1 and leaves the trace of a product of two different gamma matrices, which is zero.

Finally, for the last statement, let’s first show that the left-hand side is totally antisymmetric in its four indices.
For the 1 and v indices, note that

tr Py 7Py = 2P tr Py yS =ty P = — tr PR (S53)

By similar reasoning, we get a sign flip when we exchange the v and p indices, and the p and ¢ indices, which
suffices to show that the left-hand side is antisymmetric in all four indices. Thus, it must be equal to Ae*¥P?
for some constant A. To find the constant, we just consider a special case,

tr 1091924347 = 4012 = A, (S54)

The left-hand side is just
—itr(y°)? = —4i (S55)

which yields the desired result.

3. Invariance of the Dirac Lagrangian. (15 points)

The Dirac Lagrangian is B
L =V(i} —ml,)¥ (22)

where ¥ = U110 and @ = 4#,. The four-component spinor ¥ is acted on by the gamma
matrices. In general, a Lorentz transformation A will change a spinor according to

U(z) — V() = U(A)U(z) (23)

where U(A) is some 4 x 4 matrix, not necessarily unitary.

a) Show that the Dirac Lagrangian is invariant under Lorentz transformations if

U™ (A) =7°UT(A)7°, U AU (A) = A" 5. (24)



Solution: From basic special relativity, we know that under a Lorentz transformation,

0 0 0
— = — = A\ .
Oz, - ox), Y Ozv (556)

ot — 't = A* Y

Now let's show that each term in the Dirac Lagrangian is invariant. The mass term is invariant because
O = 000 - U000 = 0T U 10w = 9w, (S57)

To show the kinetic term is invariant, note that

TPU — WU, A" " UT (S58)
= Uy OU Iy A" UG (S59)
= WA,y A", 0" T (S60)
= Un, 0"V (S61)
= UPU. (S62)

b) Show that for an infinitesimal Lorentz transformation A" = n** + w"” the above
relations are satisfied for

UA) =1, — %wws,“,, (25)

where S is the Lorentz generator defined by (8). (Hint: use y°7#~% = (4#)7, which
holds in every representation of the gamma matrices.)

Solution: Expanding out the definitions, we have

1
U=1+ g[’y“,’y”}ww (S63)
which implies
1
Ut =1 - o5l (364)
since we're considering infinitesimal translations. To prove the first result note that
1 v
YU =1+ 29°10) (") T w (S65)
1 17
= L+ 27" 0" " 1w (S66)
1
=1- 2" 7w (S67)
=U L (S68)

In the first step, we used the fact that [A, B]" =[BT, A'], in the second step we used ~f, = 4°7,7°, and
in the third step we used v°4° = 1.

For the second relation, note that

YulVor Yol = 4MppYo — MuoVp) + Vo Vol V- (569)
Next, ) .
’YILU - 7”(]— + §[7P770]Wp0) = U'-Yu + §(WHU’YU - WJMFYJ) = U,-YP« + w,U«(T,-yU' (870)
Finally, we find
Uﬁl’mU = Uﬁl(U% + wWuoV) = (M + W)V = Ay’ (S71)

as desired. Note that in the penultimate step, we dropped a term of order w? since the Lorentz transfor-
mation is infinitesimal.



c)

d)

A finite Lorentz transformation is given by exponentiating a generator,

U(A)::@q)(—%uw&gw). (26)

Explicitly write down the 4 x 4 matrix U(A) for a rotation about the z-axis by an
angle 6, and a boost along the z axis with rapidity ¢. Use the Dirac representation
of the gamma matrices, as this will yield simple results in the nonrelativistic limit.

3

Solution: For rotations around the z-axis by an angle § we have w?® = —w32 = @ and all other entries

zero. In the Dirac representation, we find

(2 1) (L ()23 ) e

Consequently,

U(A(a))zexp{f(%1 0 )}zcosi]l—i—isini(%l 0 ) (S73)

01 01

This makes sense, because it just says that both of the two-component spinors that make up a Dirac
spinor transform like spin 1/2 particles in ordinary quantum mechanics.

03

For boosts along the z direction we have w9 = —w3% = ¢ and all other entries zero, and

0 .31 _ 10 0 o3 _ 0 o3
Consequently,

U(A(9)) :exp{;) ( (33 003 )} :coshg]l—i— ( ;) 003 )sinh(g. (S75)

3

In other words, boosts mix the two two-component spinors, while keeping the spin state the same.

Show that the Dirac Lagrangian is invariant under ¥ — e~**¥, and find the associated
conserved current Ji;. Then show explicitly that d,J{; = 0 using the Dirac equation.
Solution: The Lagrangian is invariant because we also have ¥ — W, so the phases cancel out. Now,

to avoid confusion when applying Noether's theorem, let's explicitly write out the spinor indices. The
changes in the spinors are

(00), = —i¥,, (00), = (1), (S76)
and Noether's theorem states
oL oL =
h— = (§0), + ————(60),
V=500, 50,9, (877)

where there is an implicit sum over the spinor index a. (It ranges from 0 to 3, covering the four elements
of the spinor, but it is not a Lorentz index.) The second term is just zero, so we get

T = (U)o (~i0),. (S78)
We can rewrite this without explicit spinor indices as
J = Uy (S79)
where there are now implicit spinor matrix multiplications. To check this is conserved, note that
Il = (0, 0)Y" T + U9, ¥ = imU¥ — imP¥ = 0. (S80)

Show that when m = 0, the Dirac Lagrangian is also invariant under ¥ — e~
and find the associated conserved current J/. What is 0,J/; when m is nonzero?

7



Solution: Using the fact that ° anticommutes with all gamma matrices, we have
U =00 \I/Tem'f)'yo = \IITfyoe_i‘”E) = Jeion”, (S81)

Thus, the Lagrangian becomes
. 5 . 5
Ylemior’ ge=ior’y, (S82)

Moving the e—i7° past the @ flips the sign of the exponential, so we end up with a factor of eier’ g=iar’ =
1. Now, the changes in the spinors per «, for infinitesimal «, are

o0 = —in°U, 60 = —iWr® (S83)

which means the Noether current is -
Jh = UytyP . (S84)

For nonzero m, the divergence of the current is

Ol = (0,02 + UyH450, T (S85)
= (8 V)"0 — Uy 'y, W (S86)
= imUy° U + imUAy (S87)
= 2imU~° U, (S88)

4. x Spinors in three dimensions. (5 points)

In this course, we focus on spinors in four dimensions for good reason. In this optional

problem, you’ll see how the same mathematical structures appear in three dimensions.

a) Consider spinors in three spacetime dimensions. What are the smallest nonzero ma-
trices that can satisfy (@? Write down three such matrices 4%, 4!, and 72 explicitly.
Solution: The minimum size is 2 X 2, and one example set is

Y = o2, yt =iot, 72 =io? (S89)

where the o? are the Pauli matrices.

b) We define the spinor Lorentz generators by in any dimension. Since there are now
only two spatial dimensions, there is only one rotation generator S'2. What phase
does a spinor pick up after a 27 rotation?

Solution: We have

512 = i[ml,ia ] = 7(’2 . (S90)
Then a 27 rotation yields
exp (—mo?) = -1 (S91)

and therefore a phase of 7, just like in 4 dimensions.

c) How does the tensor product of two spinor representations decompose into irreducible
representations of the Lorentz group?

Solution: By the exact same logic as in 4 dimensions, we can extract a Lorentz scalar by 1), and a
Lorentz vector (which only has three components) by ¥y*1). Since spinors have 2 components, the tensor
product has 4 components, so this decomposition is complete: there isn’t anything else. For instance,
you might consider putting [y*,~"] in the middle, but in three dimensions the commutator of two gamma
matrices is just another gamma matrix, so you don't get anything new. Similarly, you can't use 7° to
get anything new, as its analogue here, iv°y1~2, is just proportional to the identity.

In two spatial dimensions there are exotic particles called anyons, which can pick up an
arbitrary phase after a 2w rotation. However, they can’t be described by the conventional
quantum fields covered in this course.



PHYS-330: QFT 1 Problem Set 7 (due 11/15)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Plane wave solutions of the Dirac equation. (10 points)

In the Weyl representation the gamma matrices are given by
H . .
7# = ( a?u O(-) ) ) ot = (]1270—1702703>7 ot = (127 _017 _027 _0—3)' (1)

Here, 1,, denotes an n x n identity matrix.
a) Show that (p-o)(p- ) = p?ls.

b) Show that the Dirac equation has positive-frequency plane wave solutions

() = us(p)e ", us(p) = <\/§_g§) (2)

where &, is a two-component spinor, i.e. a complex vector with two elements. (For-
mally, given a matrix A with a complete basis of eigenvectors, with eigenvalues \;, we
can define a matrix square root v/A to have the same eigenvectors, with eigenvalues
v A:. But the only thing you need to know to do this problem is vAvA = A)

c) Show that if we pick an orthonormal basis of two-component spinors & with s € {1, 2},
satisfying (&,)7¢, = d,5, then the Dirac spinors satisfy the orthogonality relations

we(p) us(p) = 2P0 0rs, W (p)us(p) = 2m 6y (3)

d) Similarly, the Dirac equation has negative-frequency plane wave solutions

o) = uer, o) = (V75 )

Show that these solve the Dirac equation, and satisfy the orthogonality relations

v (p) s () = 2p0 65, T ()05 (D) = —2m G, (5)

e) Show the completeness relations for the Dirac spinors,

2

> up)us(p) =p+mls, Y 0u(p)s(p) = p — mls. (6)

s=1

2. Useful spinor identities. (10 points)

a) Prove the Gordon identity,

0 (0 ) us(p) = 1, (1) (p'” R ‘p”)) us(p) )

2m 2m

where o = £[y# ~*]. (Hint: this can be done using only the Dirac equation and the
defining property of the gamma matrices.)

1



Combinations of gamma matrices can be used to produce a basis I'/ for the space of 4 x 4
matrices, where I ranges from 1 to 16. Concretely, we have

I = (i/2)[" 7]

¥ =11 7= iy™ 2 = (i/2)", 7]

r' =1, I =t ® = i’y I = (i/2)", 7]
1’\2 — 75 1’\5 — ,}/2 F9 — 2‘75,_>/2 F14 — (2/2)[,}/1’72]
% =" [ =iy’ I = (i/2)ly", 7]

I = (i/2)[y*, 7]

We define the matrices I similarly, but with lowered Lorentz indices; for example, ['* =

v = —v! = —T'". (This ensures the equations below won’t have annoying extra signs due
to the signs in the metric.) An inner product for 4 x 4 matrices can be defined by
tr(AB) = AaBua. (8)
ab

Under this inner product, the matrices given above are orthogonal, in the sense that
tr(DT7) = 4677 (9)

which implies they are linearly independent, and thus indeed form a basis. (You don’t
have to check @D, but it follows directly from the results you proved in problem set 6.)

b) Show the completeness relation for the I' matrices,
1 .
acOi = 5 > T, (10)
I

(Hint: it suffices to show that both sides give the same result when multiplied by a
general matrix M.4.)

c) Using (10, show the Fierz identity

. 1 o 3
DiTl =z Dt [FIFKFJFL] LK. (11)
KL

Contracting both sides of the Fierz identity with four spinors ,usts g yields
. 1 o .
(ﬂ1PIU2)<ﬂ3FJU4) = E Ztl“ [FIFKFJFL} (QIFLU4)(E3FKUQ). (12)
KL

In other words, the Fierz identity relates the product of a contraction of @ with uy and a
contraction of 43 and u4 (with arbitrary gamma matrices in the middle) to a combination
of contractions of u; with uy and @3 with us. This “Fierz transformation” rearranges how
the spinors are contracted with each other, which can be useful in calculations.

d) Find the Fierz transformations for (u;us)(ugus) and (19" us)(ts7y,uq) explicitly. (Your
final result should only contain the spinors and gamma matrices, not the I'’.)



3. Electromagnetism in relativistic notation. (20 points)

In electromagnetism, the Lagrangian is a function of the four-potential A* = (¢, A),

1
L= _ZF/WFW - JrA,, where Fy,, = 09,4, —9,A (13)

vy

and J* = (p,J) is a classical current density.

a) Show that if the current is conserved, 9,J* = 0, then the action remains the same
under the gauge symmetry A, — A, + 0,, for any smooth function .

b) Show that the Euler-Lagrange equation for A* is
O FH =J". (14)
c) Defining the electric and magnetic fields by E' = F© and ¢*B* = —F% show
that is equivalent to two of Maxwell’s equations.

d) The other two of Maxwell’s equations are
"0, F,, =0 (15)

which follows directly from the definition of F),,. Interestingly, all four of Maxwell’s
equations can be written as a single spinor equation. Show that the equation

fYV’Yp'VJaVFpU = 2’71/1]1/ (16)
contains both and . (This is just a mathematical trick with no physical
meaning, but it’s a nice application of the properties of gamma matrices.)

e) In the Lagrangian (13, we could have also included a term of the form e***7F,, F,,,
which is Lorentz invariant and gauge invariant. What is it in terms of E and B?
Show that this term is a total derivative, and thus does not contribute to the action.

For the rest of this problem suppose there is no current, J* = 0.
f) Construct the stress-energy tensor by directly applying Noether’s theorem.

g) The stress-energy tensor you found in part (e) is conserved, but neither symmetric
nor gauge invariant. However, we can define an “improved” stress-energy tensor,

TH = TH 4 9,(F" AY). (17)

Assuming the equations of motion hold, show that T is symmetric, gauge invari-
ant, conserved (0, 7" = 0), and traceless (1,, 7" = 0). Furthermore, show that it
contains the familiar electromagnetic energy and momentum densities,

T 1 m0i 7
7= _(BF+BP), T%=(ExBY. (18)

In general, the improved stress-energy tensor considered here is called the Belinfante
tensor; it is this stress-energy tensor that sources gravity in general relativity. We didn’t
see it earlier because the improvement terms are related to the spin angular momentum
of the field, which is zero for scalar fields.



4. x Chern—Simons theory. (5 points)

This optional problem presents a way to produce massive gauge fields.

a) The Proca Lagrangian for a massive vector field is

1 1
E = —Zl lu,/F'u'V -+ imQAMA'u. (19)

Find the equation of motion for A* and show that for m # 0, it implies
(O + mHA* =0,  9,A" =0. (20)
However, this action does not have a gauge symmetry.

b) On the other hand, in two spatial dimensions it is possible to have massive gauge
fields. We consider a Lagrangian with a “Chern—Simons” term,

1 o
L= 7 w4 Ze’“’pFw,Ap (21)
where all indices take the values 0, 1, and 2, and €°*? = 1. (This new term is a relative
of the term we considered in 3(e), but it is not a total derivative.) Show that the
action is gauge invariant, and find the Euler-Lagrange equation for A*.

¢) The Chern—Simons term is sometimes called a “topological” mass term, because it
doesn’t depend on the metric. Show that the equation of motion implies

(O* +m?)F* =0 (22)
for some m you should find. Thus the field is massive, yet still has a gauge symmetry.

Since there is no Chern—Simons term in three spatial dimensions, it has little role in parti-
cle physics, but it is important in the description of topological effects in two-dimensional
condensed matter systems.



PHYS-330: QFT I Solutions 7
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Plane wave solutions of the Dirac equation. (10 points)

In the Weyl representation the gamma matrices are given by
b 0 o b 1.2 3 T 1 2 3
"= oo ) ot = (1y,07,0%0°), ot =(1y,—0",—0°,—0°). (1)

Here, 1,, denotes an n x n identity matrix.
a) Show that (p-o)(p-a) = p?L,.

Solution: Inserting the definitions and suppressing the factors of the identity, the expression is
1 P
" —p-o)p"+p-0) = (") - 5p'p'{o", 0’} = (") — p* = p’ (S1)
as desired, where we used {o?, 07} = 26%.

b) Show that the Dirac equation has positive-frequency plane wave solutions

o) = we )= (YEIE) 2)

where £ is a two-component spinor, i.e. a complex vector with two elements. (For-
mally, given a matrix A with a complete basis of eigenvectors, with eigenvalues \;, we
can define a matrix square root v/A to have the same eigenvectors, with eigenvalues
v/ Ai. But the only thing you need to know to do this problem is vA+vA = A)

Solution: By the definition of the matrix square root and the result of part (a), we have
o-p=\o-p-\op, T:p=VG-p-\o-p, mly=\o-p-\o-p=+5-p-o-p (52

where we used p? = m?. To show the Dirac equation is satisfied, note that the derivative 9,, just pulls
down a factor of —ip*. Thus, it suffices to show that

(puy" — mlg)us(p) = 0. (S3)

To show this, we just plug in the definitions, giving

ot -t~ (s ") (58) o4

—mly +/p-oyp-0)&s
\/p o \/p ay/p-0 —mlz)és ) (85)

(U5
( —mly + /p21y) gs> (56)
0

Vp-o U\/>]12—m]12 )Es

where we used p? = m? in the last step.

c¢) Show that if we pick an orthonormal basis of two-component spinors {; with s € {1,2},
satisfying (&,)7¢, = d,, then the Dirac spinors satisfy the orthogonality relations

u(p)'us(p) = 2po brs, U (P)us(p) = 2m b, (3)



Solution: To take the Hermitian conjugate, note that (¢#)" = o*. Then we simply have

i _ (¢t eivep ). VP )
ul(p)ur(p) = ( Ely/op &V D) ( Nemtd
=& (p-o+p-0)& =2°¢e = 29,
The proof of the second orthogonality relation is similar:
0.0 0) = o0 ) = (v v ) ((VILE )
=261 (VP ovp-5) & = 2mele, = 2méy,.

d) Similarly, the Dirac equation has negative-frequency plane wave solutions

U(z) = vs(p)e®*,  wi(p) = (—%&) '

Show that these solve the Dirac equation, and satisfy the orthogonality relations

/Ur(p)T’US<p> = 2p0 57’87 /Dr(p)vs(p) — _2m 57-5.

(5)

Solution: The proof that these plane waves solve the Dirac equation is very similar to that of part (b),

except that now the derivative 9, pulls down a factor of ip*, so we want to show

(puy" + mly)vs(p) = 0.

This holds because
(Pu'y“ +mlg)vs(p) = (ﬁ%}ﬁ v .rgﬁ/gp . U) <—%25)
()
( VP a(mls — \/1072]12)53)
0.

VD 5(\/7¥]12 —mls)&s

The proofs of the orthogonality relations are very similar to part (c),

— = \/U'pgr
vlp)er(p) = (v —€lv D) ( /T Dk )
= fI (p * 0 +p : 6') g?' = 2p06257 = 2p057's

and
s (p)vr(p) = vs(P)V or(p) = — (&IVG P E\ap)- < ﬁvggg )
= =261 (Vp-ovp 0) & = —2mEl&, = —2mb,.,.

e) Show the completeness relations for the Dirac spinors,
Zus us ? + mly, ZUS Us ? mly.
Solution: This follows straightforwardly from plugging in the definitions,

p

zus(p)ﬂs(p) = i (\/\/2:22) Elvp-a &ypo) = < T,na p;) = puy* + mly.

(S12)

(S13)
(S14)

(S15)

(S16)

(S17)

(S18)

(S19)

(S20)

(S21)



ivs(p) ¥4 ( 22: ( %2) (=¢ivp-a &lypo) = <_.m pﬂ) =p " —mly.  (S22)

g —-m
s=1 p
In both cases we used the completeness relation for the two-component spinors, 23:1 ££0 = 1,.

2. Useful spinor identities. (10 points)

a) Prove the Gordon identity,

] e 7

where o = [y# ~*]. (Hint: this can be done using only the Dirac equation and the
defining property of the gamma matrices.)

Solution: It's easiest to start from the second term on the right-hand side. Note that

. (p) v, 7 1(p" = p)ous(p) = () (V' = "Y*) (" — p)rus(p) (523)
= a,(p)) 200" + )" = 20" +4"p)] us(p) (S24)
= 1, (p') (—4mA" + 2(p"" + p"))us(p) (525)

where we used the Dirac equation in the last step. Plugging this into the right hand side of (7))
gives the desired result.

Combinations of gamma matrices can be used to produce a basis I'/ for the space of 4 x 4
matrices, where I ranges from 1 to 16. Concretely, we have

= (i/2)[% ']

I?=4" I'7 = iy%° I'? = (i/2)[7°,~’]

=1, =4 * =iy I = (i/2)" 7]
[?=4° % =72 ¥ =iy’ I = (i/2)[y',7’]
FG — 73 FIO — i’7573 F15 — (i/Q)[’Yl,’Yg]

I = (i/2)[7*,~"]

We define the matrices I similarly, but with lowered Lorentz indices; for example, [ =
v = —v! = —T'". (This ensures the equations below won’t have annoying extra signs due
to the signs in the metric.) An inner product for 4 x 4 matrices can be defined by

B) =" AuwBu. (8)

Under this inner product, the matrices given above are orthogonal, in the sense that
tr(D1T7) = 4677 (9)

which implies they are linearly independent, and thus indeed form a basis. (You don’t
have to check @D, but it follows directly from the results you proved in problem set 6.)

b) Show the completeness relation for the I' matrices,

1 ~
SucOiy = 7 > ThIh, (10)
I



(Hint: it suffices to show that both sides give the same result when multiplied by a
general matrix M,4.)

Solution: We consider a general matrix M, where

Moy = Z mliTL,. (S26)
T
Multiplying both sides with M4, the left-hand side is just M, while the right-hand side is
1 -
i S TETLY m’Tl =Y Thm’ (') = Zr ymt = (S27)
I J 1J

Since the two sides match for any matrix M, the completeness relation holds.

c) Using ([10]), show the Fierz identity

s = Z tr [FIFKFJFL} LK. (11)
Solution: We note that
VAV FIfF h0aedfb0cgOnd (S28)
= Erefl—‘gh Z Fadrhef‘ﬁi]l—\g (829)
—Ztr [FIFKFJFL} LXK (S30)

where we applied the completeness relation twice, and then used the definition of the trace.

Contracting both sides of the Fierz identity with four spinors wy,ugptiz.tsg yields

(@ T ug) (@57 ua) Ztr [rerrJrL} (@ T Fug) (@30 ). (12)

In other words, the Fierz identity relates the product of a contraction of u; with us and a
contraction of u3 and uy (with arbitrary gamma matrices in the middle) to a combination
of contractions of u; with uy and @3 with us. This “Fierz transformation” rearranges how
the spinors are contracted with each other, which can be useful in calculations.

d) Find the Fierz transformations for (u;us)(tsus) and (179" us)(ts7y,u4) explicitly. (Your
final result should only contain the spinors and gamma matrices, not the I'.)

Solution: For the first case, we can apply the Fierz identity with T/ = I'/ = 1,. Then the right-hand
side becomes

= Ztr {I‘IFKI‘JFL} LK = Ztr {FKFL] L rx (S31)
= i S GKLTL K (832)

KL
= i > THEE. (S33)

K

Contracting both sides with the spinors, we conclude

1

(@1uz)(@sua) = 7 | (Grua)(dsuz) + (17" us) (U7 u2) + (U7 ug) Uz, u2) (S34)

— (U Y ug) (g yuu2) — é(ﬂl (Y Jua) (s, voluz) |- (S35)



Note that there is an extra factor of 1/2 in the final term to avoid double counting. This result is
admittedly rather complex, but it's indeed rearranged as desired.

For the second case, we take I'Y = v, and '/ = 4#. Computing the right-hand side requires some
casework, and use of the trace identities derived in problem set 6. The results are

fK = ].42 Ztr [’VM’YMFL] f{;‘ddd, = 1650b5ad7 (836)
L

K =q,: >t [y T TEs = —8%vaaVls (S37)
L

K = A5 Ztr [’ylﬁsvqu] TL vseb = —16Y50dY50b5 (S38)
L

K =iy, - Z tr [, 7° 7y T T2 (157 ) eb = 8(iv5 7w )ad (1757 )ebs (S39)

L
e = %Z[%w]t %tr [Vl 1 T T (;[vy,vp]> =0 (S40)
L C

Putting this all together yields

(1yuu2) (U3 us) = (1uq)(uzuz) — %(ﬂlww)(ﬁﬂﬂw) (S41)
— (7 ) (377 02) — 5 (17 1) (07 ), (542)

3. Electromagnetism in relativistic notation. (20 points)

In electromagnetism, the Lagrangian is a function of the four-potential A* = (¢, A),
1
L= _ZIFWFW - J'A,, where F,, =0,A, —0,A,, (13)

and J* = (p,J) is a classical current density.

a) Show that if the current is conserved, 0,J* = 0, then the action remains the same
under the gauge symmetry A, — A, + 0,c, for any smooth function .

Solution: The kinetic term is gauge invariant because F),,, is,
F,, =0,A, -0,A, — 0,A, + 0,0, — 0, A, — 0,000 = 0, A, — O, A,. (S43)
The interaction term is gauge invariant when the current is conserved because
JEA, — JFA, + TR0 = TV A, + 0, (JMa) (S44)
where the change is a total derivative term, which does not affect the action.

b) Show that the Euler-Lagrange equation for A* is
0 FH = J". (14)

Solution: The Euler-Lagrange equation is
oL oL
Oy = ——. S45
“8(8#14,,) 0A, (545)

The right-hand side is clearly —J". As for the left-hand side, we use the product rule, giving

oL 1 OF,
= po_ 77 P

5o, Ay = 2% (F 6(6HA1,)> (546)

= 50 (PP (318% — 6257)) (847)

_ —%aﬂ (F™ — pom (S48)

= g, (S49)



d)

This gives the desired result.

Defining the electric and magnetic fields by Ef = F and €*B* = —F%, show
that is equivalent to two of Maxwell’s equations.

Solution: First set v = 0. Since F%° = 0, we have 9;F© = J°, which in vector calculus notation is
Gauss's law, V - E = p. Next set v = j. Here we have

JI = 0yF% + 9;F7 = —EJ — 9;¢7* BF (S50)

which in vector calculus notation is )
J=-E+VxB (S51)

which is Ampere’s law.

The other two of Maxwell’s equations are
" 0,F,, =0 (15)
which follows directly from the definition of F},,. Interestingly, all four of Maxwell’s
equations can be written as a single spinor equation. Show that the equation
VAN O Fpe =277, (16)
contains both and . (This is just a mathematical trick with no physical

meaning, but it’s a nice application of the properties of gamma matrices.)

Solution: To recover , we want to get the current by itself on the right-hand side. Thus, multiply
both sides by v* and take the trace, giving

tr(v#y" P y7) 0, Fpy = 2tr(y#v")J, = 8J". (S52)

Simplifying the left-hand side, we have

tr(YHy Py )0y Fpe = 4" 07 — 0MP0"7 + M 0"P)0, F e (S53)
= 4(—0,F™ + 8,F"") (S54)
=89, F"" (S55)

where we used the fact that F' is antisymmetric, so n°?F,, = 0. Equating the two sides and renaming
the indices recovers ((14]).

To recover , we want to get a factor of €#*?? on the left-hand side. Therefore, multiply both sides
by v°v* and take the trace. By the results we've derived previously, the right-hand side vanishes and the
trace on the left-hand side is proportional to €#*??, as desired.

In the Lagrangian , we could have also included a term of the form e**?F), F,,,
which is Lorentz invariant and gauge invariant. What is it in terms of E and B?

Show that this term is a total derivative, and thus does not contribute to the action.

Solution: To write this term in terms of E and B, we just expand out the contractions. There are 24
terms, corresponding to the cases where u, v, p, and ¢ are all distinct. However, the antisymmetry of F'
means that groups of eight of them all give the same thing, e.g.

0123 1023 0132 1032
€ Iy Foz =€ IgFa3 = € Iy F3 = € T FgF3

= 0 FygFyy = €10 Fy3Fyg = €Y Fyp Fyy = €220 F3o Fig. (S56)

There are thus only three distinct terms to write down. Adjusting the index position for convenience,

equUFMVFpU —_ 8(60123F01F23 4 60213F02F13 + 60312F03F12) (857)
_ 8(_F01F23 + F02F13 _ F03F12) (858)
— 8(F10F23 4 F20F31 4 FSOFIQ) (859)
— 8(F10F23 + F20p31 + F30F12) (860)
= 8E-B. (S61)



Now, to show the term is a total derivative, we note that

P By Py = 07 [0,4,0, A — 0, A0, Ay — 0, A0 Ay + 0y A,y A, (S62)
= 46", A, 0,A, (S63)
= 4607 0,,(A,0,A,) — 4677 4,0,(0,A5) (S64)
=0, (477 A,0,A,) (S65)

which is a total derivative as desired. Note that the second and third steps in this derivation just follow
from the antisymmetry of e#*P9,

For the rest of this problem suppose there is no current, J* = 0.

f) Construct the stress-energy tensor by directly applying Noether’s theorem.
Solution: Applying Noether's theorem as usual, we have
oL

1
T = = YA, — VL = —FMI'A, + Y E,, FPO.
8(8HAP)8 P n L 9 P + 477 po (866)

g) The stress-energy tensor you found in part (e) is conserved, but neither symmetric
nor gauge invariant. However, we can define an “improved” stress-energy tensor,

A

T = T 4 9, (Fr°AY), (17)

Assuming the equations of motion hold, show that T s symmetric, gauge invari-
ant, conserved (0,7"" = 0), and traceless (7, 7" = 0). Furthermore, show that it
contains the familiar electromagnetic energy and momentum densities,

7 1 00 i
T — §(|Ey2 +1BJ?), T% = (E x B)". (18)

Solution: Adding on the new term gives
T = (9,F"*)A” + F'F," + in’“’Fp[,F”". (S67)
When the equations of motion hold, 9,F*? = 0, so we may simply drop the first term, giving
TH = —1,y FFPEY7 4 in“"Fng”" (S68)

where we cleaned up the indices a bit. In this form, the stress-energy tensor is clearly symmetric, and it
is gauge invariant because it is written in terms of the gauge invariant F alone. To show conservation,
it is easiest to note that

0,TH = 0,T"" + 0,0,(F"*A”) =0 (S69)

where the first term vanishes by Noether's theorem, and the second term vanishes by the antisymmetry
of F. Finally, to show tracelessness, we note that

N T" = =1 pe F'OFY7 + inﬂyn“”Fng”" = —F o F"" + F,o F* = 0. (S70)

Now let's consider the components. For the energy density, we have
T% = —5,, FOPF07 4 inOOFPUF"" (S71)
=FO'FO 4 F2?F% + F®F% 4 iFMF”" (S72)
= |EP? + %(F(HF01 + FooF%% 4 Fps FO3 4 F1oF'2 4+ Fys F2 4 Fy F3Y) (S73)
= [B + 5(~[B> + [BP) (574)
= J(BP + BP) (575)



as desired. For the momentum density, we have

T% = —,, FOPF'o = FO Y = ik Bk — (E x B)'. (S76)

In general, the improved stress-energy tensor considered here is called the Belinfante
tensor; it is this stress-energy tensor that sources gravity in general relativity. We didn’t
see it earlier because the improvement terms are related to the spin angular momentum
of the field, which is zero for scalar fields.

4. x Chern—Simons theory. (5 points)

This optional problem presents a way to produce massive gauge fields.
a) The Proca Lagrangian for a massive vector field is

1 1
L= -3 L P+ EmQAMA“. (19)

Find the equation of motion for A* and show that for m # 0, it implies
(0> +m*)A* =0,  9,A" =0. (20)

However, this action does not have a gauge symmetry.

Solution: The derivation of the equation of motion is similar to problem 3(b), but now a new term
appears on the right-hand side, giving

—0, " =m?A”. (ST7)
This is the equation of motion. Applying 0, to both sides yields
m?9,A” = 9,0, F" =0 (S78)

by the antisymmetry of F', which shows J,A4* = 0 when m is nonzero. Plugging this result back into
the original equation of motion gives

—0, (0" AY — OV AM) = —9*AY = mPA” (S79)
as desired.

b) On the other hand, in two spatial dimensions it is possible to have massive gauge
fields. We consider a Lagrangian with a “Chern—Simons” term,

1 o
L= 1 w4+ Ze‘“’pFWAp (21)
where all indices take the values 0, 1, and 2, and €°*? = 1. (This new term is a relative
of the term we considered in 3(e), but it is not a total derivative.) Show that the
action is gauge invariant, and find the Euler-Lagrange equation for A*.

Solution: The proof that the action is gauge invariant is similar to 3(e). Note that the change in the
Lagrangian under a gauge transformation is

5L = %e#"ﬂFWapa = %6“”’7(8“14”)3,)05 ~0, (%e”"pa@uAV) (S80)

which is a total derivative, as desired. As for the Euler-Lagrange equation, starting from our solution to
3(b), we pick up an extra term on both the left-hand and right-hand sides, giving

—0, F™ + %e#"PaHA,, = %WFW. (S81)



We can clean this up using the antisymmetry of € to give

17 & 14
Ol = S Eyp, (S82)

¢) The Chern—Simons term is sometimes called a “topological” mass term, because it
doesn’t depend on the metric. Show that the equation of motion implies

(O* +m?)F* =0 (22)

for some m you should find. Thus the field is massive, yet still has a gauge symmetry.

Solution: This is a bit fiddly. The idea is that we want to use the equation of motion twice. But in its
current form, we can’t really do much to it, because of the factor of € on the right-hand side which already
contracts with most of the indices. However, we can clear factors of € out of the way by contracting with
additional copies of €, and using

P epap = 0q0f — 0500, (S83)
To get started, we contract both sides of (S82) with €,ap, giving
em,go"'HF’“’ = Onga. (884)

Now we can apply 0” to both sides and use the equation of motion again, giving

2
€rapdP0, P = %%,FW. (S85)

To get rid of the €'s again, we contract both sides with €*°7, giving
°0,F" —9°9,F" = o?F7°, (S86)
Finally, to get the factor of % we want, we can apply Js to both sides, giving
9?0, F" = o205 F7° (S87)
where a term vanished due to the antisymmetry of F. Cleaning this up, we have

0= (8% + a2) (9, F*) = (8 + a?) (%e‘“’pFW,) (S88)

where we used the equation of motion a final time. Now we just clear away the factor of € by contracting
with €,43, which finally gives the result with m = a.

Since there is no Chern—Simons term in three spatial dimensions, it has little role in parti-
cle physics, but it is important in the description of topological effects in two-dimensional
condensed matter systems.



PHYS-330: QFT 1 Problem Set 8 (due 11/29)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Magnetic moments in quantum electrodynamics. (15 points)

The interaction Hamiltonian in quantum electrodynamics for a Dirac field of charge ¢ is
H; = q/d?’x VU A, (1)

To understand the physical meaning of this expression, we can evaluate its matrix elements
in states |p,s) = \/2E,al(p)|0) with a single fermion. We assume the electromagnetic
field is in a quantum state with negligible field uncertainty, so that its field operator A,
can be replaced with a time-independent classical expectation value Af}(x).

a) Show that the matrix elements of the Schrodinger picture Hamiltonian are
(. sIHI. ) = g [ a0 ) () A5) @)

when [/, s') # [p,s).

In nonrelativistic quantum mechanics, the single-particle states are |p, s). If the particle
has charge ¢’ and g-factor g, then its magnetic moment is p = (gq'/2m) S where S is the
spin. In terms of the particle’s position x, the Hamiltonian contains the terms

Hp = ¢ A%(x) — - B(x). 3)
To find the values of ¢’ and g, we equate matrix elements in the nonrelativistic limit,
(p, s|H lp', ') = 2m(p, s|H}"|p, s') when [p], [p] < m (4)

where the factor of 2m converts between relativistic and nonrelativistic normalization.
We could evaluate both sides for general Af}(x), but it is easier to consider two special
cases. In both cases it will be helpful to use the Gordon identity from set 7.

b) Evaluate both sides of in a static electric field, corresponding to general A%(x)
and A = 0. Show that they agree when ¢’ = ¢, as one would expect.

c) Show that if the fermion was a classical spinning ball with uniform mass and charge
density, then its g-factor would be 1. This strongly disagrees with the measured value.

d) Evaluate both sides of in a static magnetic field, corresponding to A° = 0 and
V x A = B(x), and infer the value of ¢g. (Hint: to relate spin in the Dirac theory
to spin in the nonrelativistic theory, recall that in the nonrelativistic theory, spinors
¢ have two components and the spin operator is S = /2. You already showed in
problem set 7 how the Dirac spinors us(p) are built from &. You will have to integrate
by parts, so assume A and B vanish at infinity.)

The agreement of this value you found in part (d) with the experimentally measured value
for the electron was one of the early triumphs of the Dirac equation.



2. Decays of the Higgs boson. (10 points)

The Standard Model contains three charged leptons, the electron e, muon u, and tau 7,
which are described by Dirac fields and differ only by their mass. It also contains a spinless
particle called the Higgs boson, described by a real scalar field h. The free Lagrangian is

Lo — %@h)(@ﬂh) _ %mi h2 Z By (id) — my) 0, (5)

where ¢ € {e, u, 7}, and the numeric values of the masses are
my = 125 GeV, me = 511keV, m, = 105.7MeV, m, = 1777TMeV.  (6)

The Higgs field couples to the charged leptons by a Yukawa coupling proportional to mass,

m; | =

Ling = — — hV,; 0, 7

-y )

Here, v is a constant associated with the breaking of electroweak symmetry, but for this

problem you will only need its value, v = 246 GeV. For this problem, all of your final
answers should be numeric, and given to at least two significant figures.

a) Compute the partial decay rate for a Higgs boson to an electron-positron pair 'y _, ¢+ .-
at leading non-vanishing order in perturbation theory, giving your answer in eV.
(Hint: sum over final spin states, and reuse results from problem set 5.)

b) Find the ratios I'y_,+,- /T rete- and Iy /T get e

c¢) Find the probability a Higgs boson decays to 7177, also known as the branching ratio

1—‘H%T‘*“r—
BRy yrtr- = =——F—. 8
= ZX FH*)X ( )
The denominator is the total decay rate of the Higgs boson, equal to 4.1 MeV. (To
check your answer, you can consult the so-called Yellow Report.)

The decay of Higgs bosons to taus was confirmed experimentally only recently [1,2], and
first evidence for the Higgs coupling to muons has been detected [3,4]. Establishing the
coupling of the Higgs to electrons remains a monumental experimental challenge.

3. Electron-positron annihilation to muons. (15 points)

One of the key successes of quantum electrodynamics is its description of particle creation
and annihilation processes at relativistic energies. In this exercise we will consider the
process ete” — putp~, where the electron and muon are Dirac fields of charge e, and
mass m,. and m, respectively.

a) Let the initial momenta be p”, and p”_ and the final momenta be pZ + and p . Find
the scattering matrix element M for this process, to leading nonvanishing order in e.

b) Let |M|? be the square of the matrix element, summed over final spin states and
averaged over initial spin states. Compute |M|? in terms of e, m,, m,, and the
Mandelstam variables s and ¢, where

s = <peJr +pe*)2a t= (pe* - p,uf)Qv U = (pe* - p/ﬁf)z' (9)


https://arxiv.org/abs/1610.07922
https://arxiv.org/abs/1708.00373
https://arxiv.org/abs/1811.08856
https://arxiv.org/abs/2009.04363
https://arxiv.org/abs/2007.07830

For the rest of this problem, we specialize to the center of mass frame.
c) Rewrite |[M|? in terms of e, m,, m,, s, and the angle 6 between p.- and p,,-.

d) Starting from equation (4.84) of Peskin and Schroeder, compute the differential cross
section do/dS) and the total cross section.

You can see section 5.1 of Peskin and Schroeder to get started or check your answer. But
note that the book neglects the mass of the electron, while here we account for it.

4. * Nonminimal couplings. (5 points)

In problem 1, you found the charge and g-factor for a Dirac fermion minimally coupled
to the electromagnetic field, i.e. via the simplest possible interaction . However, if the
fermion is composite, or interacts with heavier particles, we might need additional terms
to describe the coupling. For all parts of this problem, you should adopt the formalism
of problem 1 and work in the nonrelativistic limit. Detailed calculations are not needed;
qualitative final answers (with justification) are sufficient.

a) The g-factors of the proton and neutron are not given by the result you found in
problem 1. When the Dirac equation was invented, physicists explained this by adding
an additional term to H;, proportional to iW[y*,v*]¥ F,,. Show that the physical
effect of such a term is indeed to shift the magnetic dipole moment.

b) What is the physical effect of a term proportional to W[y*,7*]y°¥ F,,?

The above two are the only terms with dimension 5, and are therefore the simplest non-
minimal couplings one could consider. Next, let’s consider some dimension 6 terms.

c) What is the physical effect of a term proportional to U*W¥ 9" F, !
d) What is the physical effect of a term proportional to Wy#~>W 9" F,,?



PHYS-330: QFT I Solutions 8
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

1. Magnetic moments in quantum electrodynamics. (15 points)

The interaction Hamiltonian in quantum electrodynamics for a Dirac field of charge ¢ is
H] = q/d3l‘ ‘IJW”\I/A# (1)

To understand the physical meaning of this expression, we can evaluate its matrix elements
in states |p,s) = \/2E,al(p)|0) with a single fermion. We assume the electromagnetic
field is in a quantum state with negligible field uncertainty, so that its field operator A,
can be replaced with a time-independent classical expectation value Af}(x).

a) Show that the matrix elements of the Schrodinger picture Hamiltonian are
(. sIH. ) = [ doe @ () () A5 )

when [/, s') # [p,s).

Solution: Plugging in the Schrodinger picture mode expansion of the Dirac field, and using the abbre-
viated notation introduced in the solutions to problem set 2,

’on dq
<p,8Hzp,8>q;/ o, ﬁ\/m

x(0las (p) (af (@)™, (g) + br(@)e™ 5, (q)) A (ar (o)™ e (q) + b (a)e ™'Y *v,0(q') ) af, (9)10).
(S1)

Now let's think about the structure of this matrix element. We can only get nonzero contributions from
the terms af(q)a, (q') and br(q)bj,, (d’). On the other hand, the latter term yields

(0]as(p)br ()bl (a')al, (p')|0) = 6,50, F(p — P')F(a — ') (S2)

and therefore cannot contribute matrix elements with |p’, s’) # |p, s). Discarding this term, we're left
with

V2E,2E,
(p,s|Hilp',s") = q / dxdqdq’w —ia- q>xzur (q) Au, (¢')(0las(p)al (q)ar (q')al, (p')|0)

(S3)
—g dde'%Gi(pq/)'xzﬂs(p)Aur'(q/ﬂOar'( "Yal, (p')]0) (s4)
—q [ dx e () A (), ($5)
This is the desired result. Using the Gordon identity we find
sl ) = o [ e 0% ) (3], + i (0 ) e () AM)(56)

In nonrelativistic quantum mechanics, the single-particle states are |p, s). If the particle
has charge ¢’ and g-factor g, then its magnetic moment is p = (gq’/2m) S where S is the
spin. In terms of the particle’s position x, the Hamiltonian contains the terms

H}" = ¢'A’(x) — - B(x). (3)



To find the values of ¢’ and g, we equate matrix elements in the nonrelativistic limit,
(p, s|Hilp', ') = 2m(p, s|H;"|p’, s') when |pl, [p'| < m (4)

where the factor of 2m converts between relativistic and nonrelativistic normalization.
We could evaluate both sides for general Af}(x), but it is easier to consider two special
cases. In both cases it will be helpful to use the Gordon identity from set 7.

b) Evaluate both sides of in a static electric field, corresponding to general A%(x)
and A = 0. Show that they agree when ¢’ = ¢, as one would expect.

Solution: If we set A = 0, then the matrix element above reduces to
q —i(p—p’)x — . . .
(p,s|Hilp',s") = %/dx e PTPIXg (p) (ph + po + io0i (p" — p')) us (p) A% () (S7)

since ogg vanishes. In the nonrelativistic limit, pg,pj ~ m are much greater than p,p'!, so we may
simply drop the latter terms, giving

(p,s|Hilp,s') = g / dx e~ PP (pyu, (p) A% (x) (S8)
=2m by [ dxe {PPIXA0 (), (S9)

On the other hand, in nonrelativistic quantum mechanics we have

2m(p, s|g’ A°(R)[p’, s") = 2m q'8,5 (p|A° (%) D) (S10)
=2mq/'6se [ dydz (ply)(y|A°(X)|z)(z|p’) (S11)
=2m ('S | dydze Ve 75y — 2)A%(2) (S12)
=2mq' 0y /dy e iP=P)Y A0(y) (S13)
= 2m ¢Sy / dx e {P=P)x 40(x), (S14)

The two matrix elements match if ¢ = ¢/, as desired.

c) Show that if the fermion was a classical spinning ball with uniform mass and charge
density, then its g-factor would be 1. This strongly disagrees with the measured value.

Solution: For simplicity, let’s consider a thin ring of radius r, angular velocity w, mass m, and charge q.
Then the angular momentum is

S = mur = mwr? (S15)
and the magnetic moment is
_qur?
2

p=1IA= d (mr?)

C2m/w (816)

Therefore, the ring has ©/S = q/2m, corresponding to a g-factor of 1. Since a ball is just a superposition
of such rings, this shows that g = 1 for a ball, or more generally any spinning object with axial symmetry.

d) Evaluate both sides of in a static magnetic field, corresponding to A° = 0 and
V x A = B(x), and infer the value of ¢g. (Hint: to relate spin in the Dirac theory
to spin in the nonrelativistic theory, recall that in the nonrelativistic theory, spinors
& have two components and the spin operator is S = /2. You already showed in
problem set 7 how the Dirac spinors us(p) are built from &;. You will have to integrate
by parts, so assume A and B vanish at infinity.)



Solution: In this case, since A° vanishes, we have

o sH ) = o [ e O () (0 ik o (0 ) (A @). (L)

This might look more complicated than what we had before using the Gordon identity, but this form is
useful because it lets us isolate the physically distinct effects of different terms, and figure out which to
keep in the nonrelativistic limit. (Though of course you could also do the problem without using the
Gordon identity too.) Now, we need to choose which term to keep within the parentheses.

e The p; and p} terms are order mv.
e The term ;0(p® — p°) is not order m, since the m's cancel. Instead, it's order muv?.
e The term o;;(p” — p?) is order mu.

The second contribution is therefore negligible in the nonrelativistic limit. The first contribution is not
negligible, but it also has nothing to do with spin: it will just yield the p - A term in the nonrelativistic
Hamiltonian that physically corresponds to the magnetic force on a charged particle. (Considering it
won't tell us anything new, because we already know that ¢’ = g from part (b).) We therefore focus on
the third term, giving

(sl ) 2 51 [ e ) (0 7)) () A ) (518)
= o [ax e 2 — ) ) L ) ). (519)

To make further progress, we use the results we derived in the Weyl representation in problem set 7.
First, because we're only considering the leading term in the nonrelativistic limit, it suffices to expand
the spinor solutions to lowest order in m,

VP o@) <£>
ug(p) = _ ~\/m S20
0= (VEZe) ~ v (& (520
We can also explicitly evaluate the commutators. For example, we have
1.2 o’
b= (") (s21)
from which we conclude in general that
o (o
[y, ] = —2ie ( Jk) . (522)
Plugging these results in and simplifying, we find
(p,s|Hilp', s") O q/dx e IPTP)X(jy(pT — ) (gl obe, ) Al(a). (523)

To handle the p? — p'7, we write it as a derivative and integrate by parts, dropping a boundary term,

sl ) S q [ e (e 00%) (ot ) Al () (21)
Ly

= qf;fokfs//dxe_i(p_p/)'xeijkﬁin(x) (S25)

= —qtlore, / dx e~ {P=P)xpk (S26)

We can now compare this to the nonrelativistic result,
2m(p, s|(—p - B)[p',s') = —gq' €15"€u / dxe™ PPt (S27)

by the same logic as in part (b). Since ¢ = ¢ and S = 6/2, we conclude that g = 2.



The agreement of this value you found in part (d) with the experimentally measured value
for the electron was one of the early triumphs of the Dirac equation.

2. Decays of the Higgs boson. (10 points)

The Standard Model contains three charged leptons, the electron e, muon p, and tau 7,
which are described by Dirac fields and differ only by their mass. It also contains a spinless
particle called the Higgs boson, described by a real scalar field h. The free Lagrangian is

Lo — %@h)(aﬂh) _ %mi h2 4 Z By (id) — my) 0, (5)

where ¢ € {e, u, 7}, and the numeric values of the masses are
my, = 125 GeV, me = 511keV, m, = 105.7MeV, m, = 1777TMeV.  (6)

The Higgs field couples to the charged leptons by a Yukawa coupling proportional to mass,
m; | -

Ling = — N AAR 7

> 0

Here, v is a constant associated with the breaking of electroweak symmetry, but for this

problem you will only need its value, v = 246 GeV. For this problem, all of your final
answers should be numeric, and given to at least two significant figures.

a) Compute the partial decay rate for a Higgs boson to an electron-positron pair I'yy o+ -
at leading non-vanishing order in perturbation theory, giving your answer in eV.
(Hint: sum over final spin states, and reuse results from problem set 5.)

Solution: There is one Feynman diagram, giving matrix element

Mh~>6+e_ = (828)
Squaring the matrix element and summing over final spin states gives
_ 2 m2
|Mh—>e+e* ‘ = 726 Z Us (pe* )Ur (peJr)T}T (pe+)us (pe*) (829)
m?2
= s |, +mOp,. —m)] (S30)
2
Me 2
=2 (tr [p(,;@] —4me) (S31)
m? 9
=25 (2pe- - per — 2m¢) (832)
2
me
=2 (mj, — 4m?) . (S33)
In the last line we used the fact that
My = pj, = (P +pe+)” = 2mZ + 2per - pe-- (S34)
The decay width of a Higgs to leptons (11~ is defined by
1 d4pl— d4pl+
Dhosie- = T / W@W)&r(p?— - mlz)W(Qﬂ)6+(pl2+ —mj) (S35)
x (2m)* 6 (pn — pr- — P ) Mpyete | (S36)



By reusing results from problem set 5, we immediately find

1 - m2my, 3/2
Thor- = W‘/mi —Am2| My ete-|? = oo (1—4m2/mj;)”"" = 0.021eV. (S37)
h

b) Find the ratios FH*),LDL,LL* /]._‘H*)eJre* and I'y - /FHﬁeﬂf.
Solution: Note that since m., m,, and m, are all much less than mj,, we have

m%mh

82

for each charged lepton. That is, the decay rate is proportional to the mass squared, so the Higgs boson
is much more likely to decay to heavier leptons,

Fhosivi- = (S38)

[\

r o m I - :
IO g 310t 2T T g a0 (S39)

PH—>e+e_ m2 FH—>e+e_ mg

g

¢) Find the probability a Higgs boson decays to 7777, also known as the branching ratio

I‘HHT‘*“F—
BRy it = =——F—. 8
= ZX FH*)X ( )
The denominator is the total decay rate of the Higgs boson, equal to 4.1 MeV. (To
check your answer, you can consult the so-called Yellow Report.)

Solution: Plugging in the numbers gives BRy_,,+,—- = 6.3%. (The Yellow Report gives a slightly
different value because it accounts for higher-order corrections.)

The decay of Higgs bosons to taus was confirmed experimentally only recently [1,2], and
first evidence for the Higgs coupling to muons has been detected [3,4]. Establishing the
coupling of the Higgs to electrons remains a monumental experimental challenge.

3. Electron-positron annihilation to muons. (15 points)

One of the key successes of quantum electrodynamics is its description of particle creation
and annihilation processes at relativistic energies. In this exercise we will consider the
process e"e” — ptp~, where the electron and muon are Dirac fields of charge e, and
mass m. and m,, respectively.

a) Let the initial momenta be p!, and p/_ and the final momenta be pZ + and pf; . Find
the scattering matrix element M for this process, to leading nonvanishing order in e.

Solution: There is one relevant Feynman diagram, which gives

Pe-.s Putou
MeteSptp- = (540)
7 (S41)
ret et (842)
— — . —1 v _ . v
— ) et e) (s ) et (51)

b) Let |[M|? be the square of the matrix element, summed over final spin states and
averaged over initial spin states. Compute |M|? in terms of e, m., m,, and the
Mandelstam variables s and t, where

8= (per +pe-)?, t=(pe- — =)’ u=(pe- —pu+)>. (9)

5


https://arxiv.org/abs/1610.07922
https://arxiv.org/abs/1708.00373
https://arxiv.org/abs/1811.08856
https://arxiv.org/abs/2009.04363
https://arxiv.org/abs/2007.07830

Solution: Before starting, we note that the Mandelstam variables are simply related to inner products,

S
5 = mz T Pet *Pe— = My2 +p;1,+ *Pu-
and
t:mid‘_mi_pe* pyf_mg_kmi_pe* Pu+
uzmi—&—mi—pefmlﬁ mg"’—mi_pﬁr'pu*

Now, squaring, summing over final spins and averaging over initial spins yields

- el o, B
P = G S Bl sy Yo (i )
spins
X Uy (pe+ ) (’Yu)rsus (pe* )as’ (pe* )(’YV)S’T’UT’ (pe+ )
el

=37 tr [(}bu* +m )V (P, — mu)VV] tr [(pe, +me) (P — me)'yl,] .

ut

Both traces have the same form, and can be evaluated using the results from problem set 6,

tr [, + m)r(p, — m)n*| = trlp, v p,] - mP i)
= 4(ph'ps + Pivh — (p1-p2)n™) — dmPn
1N v, M1 s v
= 4(pips +pivy — 51™)
where in the last step we used (S44)). Inserting this result twice above, we have

112 464 o v 14 v S g S
|IM|* = = (pﬁpef +De-Per = 5 ) (pw,ﬂp/r,u + Pp- pyPut v — 577“”)

_ 4et

= —5 (87 = s+ p +Per De=) + 20er P ) Pe-  Pu-) + 2P+ - D= ) (P Pt)) -

52

(S44)

(S45)
(S46)

(S47)

(948)

(S49)
(S50)
(S51)

(852)

(S53)

We can then write the inner products in terms of s, ¢, and u using (S44) and (S45]). There are many

possible forms for the answer, since
s+t+u:2mg+2mi.
If we eliminate u, then we get
IM? = 2—624 (s + )%+ t* —4t(m? + m) + 2(mZ + m2)?] .
5

Alternatively, if we eliminate s inside the brackets, then we get

IMJ? = =5 [(u = 2(mg +m})* + (t = 2(mZ +m)* — 2(mZ +mp)*] .

For the rest of this problem, we specialize to the center of mass frame.

c) Rewrite |[M|? in terms of e, m,, m,, s, and the angle 6 between p.- and p,,-.

Solution: In the centre-of-mass frame we have
Ee = FEq+, E;L* = Epﬂr; Pe- = —Pet+;, Ppu— = —Pput

which implies that
s =4E2 =4E. .

2 _ 2 2 2 _ 2 2
Furthermore, we have EZ, = [p.«|° +m¢ and E. = |p,=|* +mj.

(S54)

(S55)

(S56)

(S57)

(S58)



Starting from (S55]), we need to eliminate t in favor of 6. Starting from the definition of ¢,
t=m?+m;, —2E,E,- +2|p.-||p,-| cos 0 (S59)
:%(ng—l—Qmi—s—l—mw/s—llmicosﬂ). (S60)
Plugging this into and simplifying gives

4(m? + mi)

S

IM]2=¢et |1+

+ (1 —4m?/s)(1 — 4mi/s) cos? 01 (S61)

Also note that solving (S60)) for cos 6 gives

—_m2 _m2 E
t—mg —my + 5

Vs —4m2, /s —4m?

d) Starting from equation (4.84) of Peskin and Schroeder, compute the differential cross
section do /dS) and the total cross section.

cosf =2 (562)

Solution: Equation (4.84) of Peskin and Schroeder is

do _ 1 [Py |
A2~ 2B, 2B+ [Ve- — Ver| (27)2 4Ecn

M2 (S63)

Our first task is to write the phase space factors in the same variables we've been using above. We note
that \/s = Eeyy = 2E,- = 2E,+ in the center of mass frame. Furthermore,

Voo —ver| = 2w, | = 2Pl _ g Fe —me = 2\/1—4m2/s (S64)
e — Ve c B B 2
and similarly
pu-| = % L —4m?/s. (S65)

Plugging these results in and simplifying gives

do 1y 4mﬁ/8\/\?t|2 (S66)
dQ  64m2s \JT—4mZ]s

To find the total cross section, we integrate over solid angle, noting that

27 T
/dQ = 4, /cos29d9:/ dd)/ df sin 6 cos® 0 = 4?”. (S67)
0 0
The final result is
et \/1—4m/s Am2 +m2) (1 —4m2/s)(1 - 4m3/s)
o= 1+ + (S68)
167TS,/]_—4mg/5 S 3
4 /1 —4m?2/s
¢ L (1+2m2/s)(1 +2m2/s). (S69)

- 127s /1 —4m2/s

As a check, we recover the expected result in the ultrarelativistic limit,

et dra?

127rs =~ 3s

~
~

(S70)

which matches the result in Peskin and Schroeder.



You can see section 5.1 of Peskin and Schroeder to get started or check your answer. But
note that the book neglects the mass of the electron, while here we account for it.

4. * Nonminimal couplings. (5 points)

In problem 1, you found the charge and g-factor for a Dirac fermion minimally coupled
to the electromagnetic field, i.e. via the simplest possible interaction . However, if the
fermion is composite, or interacts with heavier particles, we might need additional terms
to describe the coupling. For all parts of this problem, you should adopt the formalism
of problem 1 and work in the nonrelativistic limit. Detailed calculations are not needed;
qualitative final answers (with justification) are sufficient.

a)

b)

The g-factors of the proton and neutron are not given by the result you found in
problem 1. When the Dirac equation was invented, physicists explained this by adding
an additional term to H;, proportional to iW[y*,v]¥ F,,. Show that the physical
effect of such a term is indeed to shift the magnetic dipole moment.

Solution: If we follow the exact same logic as in problem 1, we'll end up with a term in (p, s|H|p’,s")
proportional to

/dxefi(pfp/)'xﬁs@)h“,v”]us'(p’)Fw(w)~ (S71)

In the presence of a uniform magnetic field, this becomes
/ dx ™ PP () [y 3 g () iy () o / dxe PPkl (572)
o d(p—p')el(o - By (S73)

which, as we already saw, is precisely what you would get from a magnetic dipole moment.

You might be concerned that this term also causes an interaction with electric fields, as it contains

/ dx e~ 2% ()19, iy (p') Foq (). (74)
However, we have ,
al=-2(" ) (575)

so that when we do the spinor contractions in the nonrelativistic limit, we get two terms that cancel in
the nonrelativistic limit. So the only effect of this term is a magnetic dipole moment.

What is the physical effect of a term proportional to W[y*,7*|y°¥ F,,?

Solution: By the same logic as before, we'll get a term in the matrix element like

/ dx e PP I%g ()i A TP () Ey () (576)

= (]12 12) (S77)

in the Weyl representation. Recall that both [y%,~7] and [y%,7°] have Pauli matrices on the diagonal, but
the latter has them with opposite signs. The presence of the v° essentially exchanges the two. It is now
the [y?,~°] that contribute in the nonrelativistic limit, giving a term proportional to §(p —p’)¢l (- E)¢,r.
Physically, this corresponds to giving the particle an electric dipole moment.

where

The presence of an electric dipole moment implies the violation of CP symmetry. Many past and ongoing
experiments search for the electric dipole moment of the electron, which could arise from physics beyond
the Standard Model, but so far none has been detected. The Standard Model generically predicts a



sizable electric dipole moment for the neutron, which should have been easily detected decades ago, but
mysteriously none has been found.

The above two are the only terms with dimension 5, and are therefore the simplest non-
minimal couplings one could consider. Next, let’s consider some dimension 6 terms.

)

d)

What is the physical effect of a term proportional to Uy*W¥ 9” F !

Solution: This is just like the coupling in problem 1, but we have replaced A, with 0" F,,, = —J,. In
the nonrelativistic limit, the leading effect is the one we found in problem 1(b), as this is the only one not
suppressed by powers of v. By the same logic, the result is a term in H? proportional to J%(x) = p(x),
where p is the external charge density. That is, it has no effect, regardless of the fields at the particle's
location, unless the particle is sitting right on top of some other charge.

This might seem rather mysterious, but it's perfectly comprehensible within classical electromagnetism.
Consider a tiny spherical capacitor with places of charge +¢. This charge configuration produces exactly
zero electromagnetic field everywhere outside it, which means that it does not interact with external
charges until they are right inside the capacitor, in which case they feel the potential inside.

If the particle already has a net charge, then superposing the above configuration spreads the charge
out in space. For this reason, this term is said to produce a “charge radius”. The charge radius is one
way to quantify the size of particles like the proton. (The “proton radius puzzle” is the fact that two
independent measurements of this quantity seemed to give different results.) When we say the electron
is a pointlike particle, we mean that it has no charge radius, as far as we've detected.

What is the physical effect of a term proportional to U#5W 9" F,,,?

Solution: In this case the leading term in the nonrelativistic limit is that of 1(d), but with B replaced
with J, corresponding to an interaction of the form S-J(x). In other words, we have an interaction with
currents directly on top of the particle.

To physically interpret this, imagine the particle is a tiny toroidal solenoid with its axis of symmetry
aligned with S. Such a configuration produces zero magnetic field outside itself, but the magnetic field
affects currents that pass right over the toroid. When the current flows parallel to S, it gets pushed
directly towards (or away from) the toroid's axis, while a current flowing perpendicular to S experiences
no net force; this therefore reproduces the S - J potential.

Depending on the field of physics, such a current configuration is called an anapole moment, or a
polar toroidal dipole moment. You have probably not seen such a thing in electromagnetism classes,
because it doesn't show up in the multipole expansion — it is a near field effect, not a far field effect. But
anapole moments are important observables in nuclear physics.

One can keep going. The anapole moment produces a localized parity-violating magnetic field, while the
so-called Schiff moment, also important in nuclear physics, produces a localized parity-violating electric
field. It corresponds to a term in H}" proportional to S - Vp.



PHYS-330: QFT 1 Problem Set 9 (due 12/8)
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

This problem set guides you through the calculation of loop diagrams and their application
to the renormalization of QED. Unlike previous problem sets, it is ordered sequentially:
each problem is easiest to approach after completing the previous problems. For reference,
you may find it useful to consult sections 6.3 and 7.5 of Peskin and Schroeder, but this
problem set is self-contained and its results are somewhat more general.

We will use dimensional regularization with d = 4 — 2e. To avoid confusion, we will
rename the ie in the Feynman propagator to ¢0 in this problem set.

1. ete™ — puTu~ at one loop. (8 points)
In the previous problem set, you considered the leading order (or “tree level”) contribution
to the scattering matrix element for ete™ — upu™,

e (p1,t') w (ps, )
p1+p
MLO — ! 2 (1)
et (pa, ) 1t (pa,t)

p1+ p2)2 + 120

= us(ps)(—ie7")vi(pa) ( Vs (p2) (—ier" Jup (p1) (2)

which is proportional to e?. The next-to-leading order contribution MN© is of order e,
and contains Feynman diagrams with one loop.

a) Draw all Feynman diagrams that contribute to MNO,

b) Write down MO using the Feynman rules. You don’t have to evaluate the loop
integrals; this is just to show you examples of their typical form.

2. Feynman parameters. (12 points)

As you saw in problem 1, loop integrals take a few generic forms. For simplicity, let’s
consider a scalar theory, which doesn’t have nontrivial factors in the numerator of the loop
integrand. Then some generic loop integrals are the “tadpole”, “bubble”, and “triangle”,

o [ A1
Ir(a;m®) = / ) (2 = m2)e (3)
o[ dk 1
1ot058) = | Gy G T o
d'k 1

IA(CLJ b7 C§p17p2) = /

(2m)® (E2)e((k + p1)?)*((k — p2)?)°
named after the kinds of Feynman diagrams in which they appear. Here we have sup-
pressed 0 terms, but you should keep in mind that they’re implicitly there, which will be
important in the last subpart. We regard a, b, and ¢ as general real exponents, though
in practice they will usually be positive integers. The dimension d is also a real parameter.



To compute the bubble and triangle integrals, it is helpful to introduce Feynman param-
eters, which combine the factors into the denominator into a power of a single quantity,
like the tadpole integral. We will first have to build up some mathematical machinery.

a) The gamma function is defined by

I'(z) = /0 N drx* e ™ (6)

and for positive integer n, satisfies I'(n) = (n — 1)!. Show that for real v,

1 _ 1 OO v—1_—zA
A”_F(V)/O drx’ e ", (7)

b) Show that for general v,

1 F n 1 Vz ZL . xl/z—l

=1

Here, the z; are called Feynman parameters. (Hint: you should not base your answer
on the derivation in Peskin and Schroeder, which only works for integer v. Instead,
start from the result you proved in part (a).)

c) Apply to Ig(a,b;p*) to get an integrand whose denominator contains a single
quantity raised to the a + b power.

d) Complete the evaluation of Ig(a,b;p?) by Wick rotating to Euclidean signature and
performing all the remaining integrals. As a hint, the Euclidean integration measure
is dlkp = |kp|?td|kg| dQq, where the surface area of a unit sphere in d dimensions is

(9)

As a second hint, you can use the result

['(a)l'(b) _ ! a—1 1
m_/o de x* (1 —2)"h (10)

To check your answer, if you set d = 4 — 2¢ then you should find

oy —p? —i0\ (1 =€)’ T(1 +¢)
Is(1, Lp7) = ( dn > (4m)2(1 — 26)el(1 — 26)° (11)

3. Passarino—Veltman reduction. (10 points)

More generally, loop integrands will have momenta and other factors in the numerator.
However, we can often use symmetry properties and a technique called Passarino—Veltman
reduction to reduce them to the simpler loop integrands considered in problem 2. For
example, consider the rank 2 tadpole integral

T N ik krkY
IF (a;m?) = / ) (k2 = o) (12)

2



Because the right-hand side is a Lorentz tensor, the left-hand side must be as well. As
there are no momenta in the integral, the only option is the metric, so we must have

IF (a;m?) = ' A (13)

for some Lorentz scalar A. Contracting both sides with the metric, we find

1 d?k k?
=3 | Gy (14

1 / dk (k? —m?) +m? (15)
S d) 2n) (k2 —m2)e
This is just two “scalar” tadpole integrals, as defined in , so we conclude
ynz
I¥ (a;m?) = y [I7(a — 1;m?) + m*Ip(a;m?)] . (16)

a) Apply the same reasoning to the rank 3 and rank 4 tadpole integrals,
dk  kMEVEP
I (a;m?) = 17
rw) / (2m)? (k2 — m2)e” o

dk  kMEVEPEC
vpo . 2\
IF*? (a;m?) = / ) (2 = m2)e (18)

b) Similarly, the rank 1 and 2 bubble integrals can be written as

7 C2) d'k K+ Y
W b2y dk Ktk o PP 'y’
1) = | Gy~ (7o) At BB 9

Express A, and Bj and C in terms of p? and the scalar bubble integral .

4. Self-energy corrections in QED. (10 points)

Loop corrections to the two-point correlation function play a key role in renormalization,
and are often referred to as self-energy corrections. The one-loop self-energy corrections
for the electron and photon in QED are given by the diagrams below.

Throughout this problem we will work in massless QED, m. = 0.

a) Using the Feynman rules, write down X(p?) and IT1*(p?). Since we are viewing these
quantities as corrections to the electron and photon propagators, you should not



include factors for the external legs, such as u,(p) or €, to get a scalar matrix element.
Instead, X should be a 4 x 4 spinor matrix and II* a rank 2 Lorentz tensor.

b) Evaluate the resulting loop integrals, expressing your final result in terms of p? and
e. (Hint: once you handle the gamma matrices, all of the integrals you get will be
ones evaluated earlier in the problem set.)

c) The Euler-Mascheroni constant is defined as
VE = —/ dx e *logx =~ 0.577. (21)
0

Show that
[(1—¢)=1+vyge+ O(). (22)

d) Using , expand your results from part (b), dropping terms that vanish as ¢ — 0.

5. * The scalar triangle integral. (5 points)

In this optional problem, we consider a somewhat more difficult loop integral.

a) Evaluate the scalar triangle integral I (a, b, ¢; p1, p2) when p? = p3 = 0, but for general
a, b, ¢, and d, and give your answer in terms of s = (p; + po)?.

b) It turns out there is a simple relation between the triangle and bubble integrals,
IA(LLLPlaPQ} :C]B(]-)l)(pl +p2)2) (23)
pi=p3=0

Find the coefficient C' in terms of d and s.



PHYS-330: QFT I Solutions 9
Stanford University, 2022 Bernhard Mistlberger, Kevin Zhou

This problem set guides you through the calculation of loop diagrams and their application
to the renormalization of QED. Unlike previous problem sets, it is ordered sequentially:
each problem is easiest to approach after completing the previous problems. For reference,
you may find it useful to consult sections 6.3 and 7.5 of Peskin and Schroeder, but this
problem set is self-contained and its results are somewhat more general.

We will use dimensional regularization with d = 4 — 2e. To avoid confusion, we will
rename the i€ in the Feynman propagator to ¢0 in this problem set.

1. ete™ — puTu~ at one loop. (8 points)
In the previous problem set, you considered the leading order (or “tree level”) contribution
to the scattering matrix element for ete™ — u™u™,

e~ (p1,t) B (p3,8)
p1+p
MLO — ! 2 (1)
6+ (p27 8/) /l’+ (p47 t)

— N
p1+ p2)? + 40

= Us(ps)(—iey”)vi(pa) ( Uy (p2) (=iey" Ju (p1) (2)

which is proportional to e?. The next-to-leading order contribution MN© is of order e,
and contains Feynman diagrams with one loop.

a) Draw all Feynman diagrams that contribute to MNO,

Solution: The matrix element at next-to-leading order (NLO) is given by

MN© = D) + Dy + D3 + Dy + D5 + Dg, (S1)
e (p1,t) '\/\/\/\/li/\/\/\, u” (ps, s) e~ (p1,t) u (ps,s)
k
D1 = k+p1 k+ps3 D2 = k+p k+pa (SQ)
NANNNN—— ktp *Pf’ji
e+(p2,s/) k+pi+p2 1% (p47t) €+(p2.,5/) ,u+(p4,t)
e (p1,t') 1 (ps3,s) e (p1,t) 1 (p3, )
D3 = D, = (S3)
8+(p275,) M+(p4,t) €+(p275,) /’L+(p47t)
e (p1,t) p (p3, ) e (p1,t) p (ps, )
k+p1 +p2 k+p1+p2
D5 = e D¢ = (S4)
Lo, e . T T .
e (pZ?S ) M (p47t) € (p275 ) 12 (p47t)



b) Write down MO using the Feynman rules. You don’t have to evaluate the loop
integrals; this is just to show you examples of their typical form.

Solution:
ddki _ . Z(k—i_ +ml1«) 7 —1 no
D, Z/Wus(m)(—l@’)’“)(kers)fg m§+i0(_167 >Ut(p4)k21i0
i Em) in,
X Ty (p2)(—iey )(k—|—p1)2—m§+i0(_w’y )Ut’(pl)(k+p1 T p2)2+i0 (55)
Ak _ ik+p+m,) —ilo
Do :/W%(m)(_lwu)(k—km)?t mi+io(_267 )Ut(p4)k21i0
) iR+, +me) - /)
X Tgr (p2)(—iey )(k+p1)2—m§+i0(_w’y )Ut’(pl)(k+p1 )2 +i0° (S6)
dk _ . *inpy *inap
D3 /(QW)dus(pS)(w’Y Jvt(pa) (ps + pa)? + 40 k2 4 i0
5 (pa)(icn?) (kz_(%p;) 5 +mnge+) —(—ie’) (k:(%p 1+) P +mrge_2 S(—ieyur(pr).  (ST)
A%k . R
Dy = / (%)d@sf(pz)(—wv“)“t'(pl)(pl —|—pZ)2 + 40 k2 Zio
Z’(}é+p3+m#) (i) Z(k*p4+TrLu) (—iey” )vi(pa). (S8)

X ﬂs(p3)(7i67p) (

k+p3)2—mi+i0 (k:—p4)2—mi+i0

d
Ds = / (‘;f)dus<p3><—iev">vt<p4>vs/<p2><—z'ev“>ut/<p1>

—Nup tr [(—ie’yp)i(k +me)(—iey?)i(k + PPt me)} —Mow S9
(p1 +p2)?+10 (k2 — m2 +40)(k + p1 + p2)2 — m2 + 40 (p1 +p2)2 +1i0 (89)
d
Di— [ (;ir’;dus<p3><—iev">vt<p4>vs/<p2><—z'ew>ut/<p1>
Lin, B [(ieritk 4 m)(—iey )ik p, g, )] 10

(p1 + p2)? + 140 (k2 —mZ, +1i0)(k + p1 + p2)? — mg, +10 (p1 +p2)? +1i0°

If you collect all factors of i, e and (—1), the common pre-factor is i®(—1)%e* = (47a)?.

2. Feynman parameters. (12 points)

As you saw in problem 1, loop integrals take a few generic forms. For simplicity, let’s
consider a scalar theory, which doesn’t have nontrivial factors in the numerator of the loop
integrand. Then some generic loop integrals are the “tadpole”, “bubble”, and “triangle”,

S 1
ITW’”‘/ (2m) (K2 — m?2)e )
S 1
IB(a’b’p)‘/ (2m)® (R2)*((k +p)2)? W
d’k 1

In(a,b,c;p1,p2) = / (2m) (k2)2((k + p1)2)°((k — pa)?)©



named after the kinds of Feynman diagrams in which they appear. Here we have sup-
pressed 70 terms, but you should keep in mind that they’re implicitly there, which will be
important in the last subpart. We regard a, b, and ¢ as general real exponents, though
in practice they will usually be positive integers. The dimension d is also a real parameter.

To compute the bubble and triangle integrals, it is helpful to introduce Feynman param-

eters, which combine the factors into the denominator into a power of a single quantity,
like the tadpole integral. We will first have to build up some mathematical machinery.

a) The gamma function is defined by

['(z) = /OOO drx* e ™ (6)

and for positive integer n, satisfies I'(n) = (n — 1)!. Show that for real v,

1 _ 1 > v—1_-—xA
A”_F(V)/O drx’ e ", (7)

b) Show that for general v,

! F "1 ?155%_1

=1

Here, the z; are called Feynman parameters. (Hint: you should not base your answer
on the derivation in Peskin and Schroeder, which only works for integer v. Instead,
start from the result you proved in part (a).)

Solution: Using the result of part (a) n times yields

1 — > i T A
e o Hd”“ | (51

=1

This is already pretty close to the desired answer, so we now introduce an identity

1—/Ooody5<y;mi> (S12)

which converts our result to

1 1 / - S A
n U, — n dy dl‘z y—- Zi)e Zi:l Tidi, (813)
Il A7 TLei D) H ( ; )

Let us rescale all the x; by y so they sum up to 1, as required in the final answer. The result is

1 n
T T / dy y>'= l”ldel oy - ny eV im T
[Tiz, A7
= H”ll"()/ dyy 1T Hdmi A <1 - Z%) eV in T
v;

i=1 0 i=1 i=1

_ ZH%/HdIZ 15(“2“) 1 (S14)

=1 [Zz 1-1'1 ’L]Z_ .

as desired, where we performed the y integral using .

3



c) Apply to Ig(a,b;p?) to get an integrand whose denominator contains a single
quantity raised to the a + b power.

Solution:
In(a,b;p?) = 52;?%2%J/<§i§dJéabdxlx?_ldexg_luﬂljsizéfi;5§;;“*b
d oo _ _
:E((Z);(l;))/ (gwl)fd 0 dxlx?_ldwg_l[k%l+i(21) +Ekpi2;2)$2]“+b
d oo
§8E£§/££LA d“ﬁA“x”b1w+w%m+;x1—mﬂ““ o

d) Complete the evaluation of Ig(a,b;p®) by Wick rotating to Euclidean signature and
performing all the remaining integrals. As a hint, the Euclidean integration measure
is d’kp = |kp|?d|kg| dQ4, where the surface area of a unit sphere in d dimensions is

(9)

As a second hint, you can use the result

['(a)I'(b)

Tath) = /0 drr* (1 —2)"h (10)

To check your answer, if you set d = 4 — 2¢ then you should find

_p? @'0)_6 (1 —€)’T(1+e)
(

I5(1,1;p%) = ( e 4m)2(1 — 2€)el'(1 — 2¢)

Solution: Next, we perform the linear shift & — k& — p(1 — 1) and find

L2y Ilatb) A’k [ @11 — )01 1
oot = sty [ o ), Aot e 610

Notice, that we dropped the "+:0" Feynman prescription from the integral at the very beginning. We
could have kept an infinitesimal mass term throughout. To track the infinitesimal imaginary part, we
can simply associate it with the momentum, p? + i0. Next, we perform a Wick rotation k° = ik% and

k=kg.
T(a+b) [d%kg [~ -1 b—1 1
Ig(a,b;p?) =i / / driz] (1 —a)
L(a)T'(b) J (2m)¢ Jo o ' [k + pPz1(1 — 24
(-1 Ta+b)

)]a+b

1

2@n) Tl /o d(k%)/de(k?E)a—l/o dx1m§*1(1—m1)b—1[k%7p2x1(17x1)]a+b

)
(=)D (T (ma—b—F) 0 [t _ . 4as
Tomr 2 TG 2 Qd/o dryz{™ (1 — z1)P? (7(172 +140)z1 (1 — 391))

i) (i) T (BT b= e e,
- 2(271)d T M /0 dayrp (1) P
i(—1)7+ (—(p® + iO))%’“’b F(a+b—2)T(%—a)T (£ -0)

(47)? NOROERCETED)
(S17)



Above we used the Euler S-function integral

['(a)T(b) _ ! a—1 -1
T(a+b) _/0 daa®™ (1 =)™ 51

3. Passarino—Veltman reduction. (10 points)

More generally, loop integrands will have momenta and other factors in the numerator.
However, we can often use symmetry properties and a technique called Passarino—Veltman
reduction to reduce them to the simpler loop integrands considered in problem 2. For
example, consider the rank 2 tadpole integral

T dk kHEY
IF(a;m”) = / o) (2 =) (12)

Because the right-hand side is a Lorentz tensor, the left-hand side must be as well. As
there are no momenta in the integral, the only option is the metric, so we must have

IE (a;m?) = ' A (13)

for some Lorentz scalar A. Contracting both sides with the metric, we find

1 [ d%k R
AZ&/@mum—mw (14

1 / dk (k* —m?) +m? (15)
S d) 2n) (k2 —m?)e
This is just two “scalar” tadpole integrals, as defined in , so we conclude
uv
IF (a;m?) = % [Ir(a — 1;m?) + m*Ir(a; m?)] . (16)

a) Apply the same reasoning to the rank 3 and rank 4 tadpole integrals,

Ak kMEVEP
v, o2\
I;“ p(avm )= / (2m)d (k2 — m2)a’ (17)

A%k kMkVkPKC
vpo . 2\
I (a;m®) = / ) (2 = m2)a (18)

Solution: Again, only combinations of the metric tensor are available to us. There is no combination of
metric tensors that would allow us to write down a tensor with 5 indices, so the first integral vanishes.
(Another way of seeing this is that the integrand is odd under the transformation & — —k and the
integral is consequently equal to minus itself and thus zero.)

The integrand with four Lorentz indices is symmetric under the exchange of any pair of indices, so we

must have
777 (a) = A" + Py + 0 7n"P). (S19)
Contracting with 7,,7,0 we find
12 s pe (@) = A(d® + 2d) (520)
d 2y2
@) (2 —m?)"

(S22)

A% (k% —m? + m?)?
/(27T)d (k? —m?)e

d?k 1 dok 29m2 Ak mA
- [t | Gt ey O



from which we conclude

LV 0 PO P VO Lo VP
I8P (a;m?) = T +;72 —f?d—i_ o (Ir(a—2; m?) 4+ 2m?Ir(a — 1;m?) + m*Ir(a; m2)) . (S24)

b) Similarly, the rank 1 and 2 bubble integrals can be written as

o[ dk K
1000 = [ e s

d'k a pp’ pp’
Ji= b-2:/ = n™ — A By. 19
5 (@0P) = | Bri e+ oy (" p2) LB 19)

Express A, and Bj and C in terms of p? and the scalar bubble integral .

= p'C.

Solution:

o B 1 d% 2kp
IB(a,b,p2)pu - pQC - 5/ (27T)d (kQ)a((k +p)2)b
_L/ Ak (k+p)* -k —p?
22 ) 2m)? (K2)e((k+p)?)°

1
=27 [Ig(a,b—1;p*) — Ip(a — 1,b;p%) — p*Ip(a, b;p)]. (S25)

I8 (a,b;p*) 0 = (d — 1)AL + By = Ip(a — 1,b).

v, PP 1 [ d% (2kp)?
IB (a7b7p ) pg - BII - 4p2 / (27T)d (k‘Q)“((k‘—l—p)g)b
_ 1 / d’k ((k+p)* — k> —p°)?
] 1

4dp 2m)d (k2)2((k +p)?)*
= 3 [T = 2.b50%) + In(a.b = 25) + (7P Ina.bip?)
—21Ig(a—1,b—1;p°) — 2p°Ip(a — 1,b;p%) — 2p*Ip(a,b— 1;p%)]
A = dil [Ip(a—1,b;p%) — By] . (S26)

4. Self-energy corrections in QED. (10 points)

Loop corrections to the two-point correlation function play a key role in renormalization,
and are often referred to as self-energy corrections. The one-loop self-energy corrections
for the electron and photon in QED are given by the diagrams below.

Throughout this problem we will work in massless QED, m, = 0.

a) Using the Feynman rules, write down X(p?) and II*(p?). Since we are viewing these
quantities as corrections to the electron and photon propagators, you should not
include factors for the external legs, such as u,(p) or €,, to get a scalar matrix element.
Instead, ¥ should be a 4 x 4 spinor matrix and II*” a rank 2 Lorentz tensor.

6



b)

Solution: Using the Feynman rules, we simply read off the answers,

07 = / (;lil)cd "% i%p;zﬁ o (e’ kj—gﬁiﬂo (827)
= e / (;ijrl;d (k2 +’Zg)((%(; f );j); +i0)° (528)
and
R
= ira [ <k2ti[20§2?k++¢;;: : i0) (530)

Evaluate the resulting loop integrals, expressing your final result in terms of p? and
e. (Hint: once you handle the gamma matrices, all of the integrals you get will be
ones evaluated earlier in the problem set.)

Solution: To compute ¥, we first note that v*(k + p)y, = (2 — d)(k + p). We then find that

E(p2) = _471—0‘(2 - d) [pIB(L 1) + 'VHIg(L 1)]
— —27a(2 — d)pIp(1, 1)

o 2 s —€ . _ _ 2
_a(—p —i0 pz(l e)I'(1 —€)°T(1 +€)' ($31)
™ 4 4(1 — 2¢)el’(1 — 2¢)
To compute IT#" we first compute the trace in the numerator.
tr [y (K + Py K] = AR E” + pk” + k" — ™ (K + k.p))
= 4(2k* k" + kY + kHp” — M (k;2 + % ((k; +p)? —k? —pz))) . (S32)
With this we find
2
I 2) = —16ma 215 (1,160) + 9T (1, 150) + 9 T (1155 + 1 1o(0. 1)
d—2 w  ProY
= —87Tap2d7 IIB(L 1;p?) (77‘ - pg)
2 —€ . 2 o _A\2 LV
__a(=p"—i0 ip?*(1 —e)I(1 — €)°T (1 +¢) oy P 127 . ($33)
T 4m (1 —2€)(3 —2¢)el’(1 — 2¢) P
The Euler—Mascheroni constant is defined as
o
VB = —/ dre “logx ~ 0.577. (21)
0
Show that
[(1—¢€) =1+ vyge+ O(). (22)
Solution: Using the definition,
I(1—¢)= / dex= e (S34)
0
= / dr e closee=® (S35)
0
= / dx (1 —elogz + O(e?))e™ " (S36)
0
=1+ yge+ O(e?) (S37)



as desired.

d) Using (22)), expand your results from part (b), dropping terms that vanish as € — 0.

Solution: Plugging in the above result and simplifying gives

= z% <_p1;i0> h WEp( +3 L O(e)> (S38)

20\ € v
y o (—p? —i0\ " w PP 1_5
) =i (L) e (e ) (g g o). (559

5. * The scalar triangle integral. (5 points)

and

In this optional problem, we consider a somewhat more difficult loop integral.

a) Evaluate the scalar triangle integral I (a, b, ¢; py, p2) when p? = p2 = 0, but for general
a, b, ¢, and d, and give your answer in terms of s = (p; + po)>.

Solution: Introducing s = (p; + p2)?, Feynman parameters and shifting the loop momentum &k —
k+ (1 — 21 — x9)pa — xap1 we find

Da+b+c) [ d¥% [* . o1 1
I b,c;s) = d d 1—x — .
7(0:6:6%) = RO / (2m)1 / maddear (1= = a) e
(S40)
Next, we perform the Wick rotation k° = ik%, and integrate out kg. We find
Fa+b+c—9) - o
Ip(a,b,c;s) = i(—1)2+bFend/2(—s — j0)~b= oty (275?df ¢ ? / d:cl/

Xz e, 7c+%71(1 — 7 — xg)faber%*l. (S41)

Next, we perform the transformation z2 = (1 — z1)x2 and subsequently integrate out the parameter
integrals over x; and x5. We find

4
2

a_b_c+%F(—a—b+%)F(—a—c—&—%)f‘(a—i—b—f—c—%).

Ir(a,b,¢;5) = i(4m)” T (—a—b—c+d)

(_1)a+b+c<_s _ 7;0)—
(S42)

b) It turns out there is a simple relation between the triangle and bubble integrals,
In(1,1,15p1, pa) = CIp(1,1; (p1 + p2)*). (23)
pi=p3=0
Find the coefficient C' in terms of d and s.

Solution: By comparing our previous results, we conclude

(S43)
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1. Field uncertainties. (10 points)

Quantum field theories have states with definite numbers of particles, in analogy with
the number states |n) of a quantum harmonic oscillator. However, there also exist states
with definite field profiles, in analogy with the position states |r). A general state is a
superposition of such field eigenstates, and thus can have an uncertain field value.

a) Consider a free real scalar field ¢ of mass m in the vacuum state. The variance of the
field value at x is

03 = (016(3)%]0) — ((0]6(x)(0))*. (1)
Show that this quantity is infinite.

b) There’s nothing wrong with the result in part (a), because in practice we can never
measure the field value at a point. We only measure “smeared” field values averaged
over some length scale a, such as

]_ 2/,2
0u(0) = - [ Pyoly)e )

Write O'ia (x) 1 the form of an integral over a single variable.

¢) The standard deviation of the smeared field is finite. Find expressions for aia(x) in
the limits a < 1/m and a > 1/m. (Hint: in each regime, your answer should have
the form aa” for some values of a and 3. If you're having trouble doing the final
integral in one of these cases, you can start from the result ffooo e dr = V)

d) Consider a cubical copper microwave cavity of volume V' = 1m3. The electric field
in the cavity does not have a definite value, due to the quantization of the electro-
magnetic field. Find a rough, order of magnitude estimate for the standard deviation
of the average electric field in the cavity in its ground state, and evaluate it in volts
per meter. (Hint: you will need to go from natural units back to SI units using
h=10"3Js, ¢c=3x10®m/s, and e = 1.6 x 10719 C.)

2. Forces on external currents. (5 points)

In problem set 7, you considered the “improved” electromagnetic stress-energy tensor,
. 1
™" = _npoF#pFVU + ZTIHVFPUFPU (3)

and showed that it was conserved, 6MT“” = 0, when no current was present.

a) When there is a nonzero current J* = (p, J), the stress-energy tensor defined in
has divergence 0,7"" = —K". Find K".

b) The vector K#* = (K° K) is the four-momentum delivered to the current by the field,
per unit space and unit time. Explicitly write K° and K in terms of p, J, E, and B.

3. Pseudoscalar and vector decays. (10 points)

In this problem we will consider decays of particles to pairs of electrons. As usual, the
electron is described by a Dirac field ¥ of mass m.. All decay rates should be computed
in the rest frame of the decaying particle, and you can reuse results from problem sets.



a) Consider a pseudoscalar particle, described by a real scalar field ¢ of mass M, where
M > 2m,. Write down the Feynman rule for the interaction

Liny = igp V0. (4)
Then find the decay rate for ¢ — ete™ to leading nontrivial order in g.

b) Now consider a vector particle, described by a massive vector field A, of mass M,
where M > 2m,.. Write down the Feynman rule for the interaction

Lii =g @7“14”\11. (5)

Then find the decay rate for A, — eTe™ to leading nontrivial order in g. (Hint: the
Feynman rule for an incoming massive vector is €,(p), where €, is its polarization.
The polarization satisfies € - € = —1 and p - € = 0, since 9,A* = 0. By rotational
symmetry, the decay rate doesn’t depend on the vector’s polarization, so you can
compute it by either averaging over possible polarizations using

> e(p, e (p, A) = i + 2L 6
e \p, )6 (p7 )_ 77 + M2 ( )
A

or by picking any specific polarization.)

4. Higgs boson production at a muon collider. (15 points)

The high energy physics community is currently debating how to best study the Higgs
boson with future particle accelerators. One idea is to build a machine that collides muons
and anti-muons at very high energies and produces Higgs bosons in their annihilation.

You should treat the muon, Higgs, and photon in the same way as in problem set 8, and
neglect any other particles or interactions. That is, consider the free Lagrangian

1 1 _ 1
Lo = 5(0h)° = Smi 1>+ V(i = m, )V — L F, (7)
with interactions m. _
Ling = ——L hUW — DAV, (8)
(

We first consider the case where a muon and anti-muon annihilate to produce a Higgs
boson, p*(p1)u (p2) = hipn).
a) Compute the scattering amplitude M,, j,—p, for this process at lowest nontrivial

order in perturbation theory, by explicitly using Wick’s theorem. Then show that
you get the same answer if you simply apply the Feynman rules, where the vertex is




The scattering cross section of particles a and b with masses m, and m; to produce N
final state particles is

dqz

a. = 2 — m2 6 0 —m,; )
Pa Pb—41 ---gN 2\/(2papb 4m2mb /H < (qz z) (qz )
x (2m)* 0 (o + b — @1 — -+ — qN) [ My pposgs |’ (10)

where | M., py—sa1 ..an|? 15 the modulus squared of the scattering amplitude, summed over
final state spins and averaged over initial state spins.

b) Compute |M,, p,—p,|? and write it in terms of the constants defined in (7)) and (g).

c¢) Using this result and ., compute the total cross section for this process. Your
result should contain distributions — what is their interpretation?

It is also possible to produce additional particles in the final state. For the rest of this
problem, we consider the process p*(p1) p~(p2) — v(ps3) h(pn) at leading nontrivial order
in perturbation theory.

d) Draw all the relevant Feynman diagrams and use the Feynman rules to write down
the corresponding amplitude M., p,—psp, -

e) Since a muon collider would operate at a center-of-mass energy much higher than the
muon mass, we can treat my, as a small quantity. Compute | My, p,—spsp, |> to leading
nontrivial order in m,,, and write it in terms of the Mandelstam invariants

s=(p1 +p2)2, t=(p —Ph)Q» u = (p1 —p3)2 (11)

and the constants defined in (7)) and (8). (Hint: your expression will contain a sum
over photon polarizations of the form

S et (pa, e (ps. N) (12)

)
which you can simply replace with —nt*.)

f) Using this result and (10)), compute the differential cross section do/dcos@ for this
process in the center-of-mass frame, where 6 is the angle between the three-momenta
of the muon and the photon. You may again work to leading nontrivial order in m,,.
Express your result in terms of s, #, and the constants defined in and .

5. x Kaluza—Klein theory. (5 points)

Some theories of physics beyond the Standard Model involve compactified extra space-
time dimensions. In this problem, you will see why this generically gives rise to many
new particles, and why the extra dimensions are hard to detect when they are very small.

Consider a massless real scalar field on a five-dimensional spacetime, where the extra
dimension is compactified on a circle of radius R. That is, points are labeled by (z,w)
where x = (t,z, vy, z) is the usual four-dimensional spacetime coordinate, and w € [0, 27 R],
with the points w = 0 and w = 27 R identified. The metric on this spacetime is still mostly
negative, so n°® = 1 with the other diagonal elements negative. The action is

5= / iy /0 ' dw%(ﬁMQﬁ(x,w))(aMgb(x,w)) (13)

4



where the index M ranges from 0 to 4.
a) Using Fourier series, the w-dependence of the field can be written as

o, w) = 3 6 () e (14)

n

where the sum is over integer n. What are the k,,, and how is ¢ related to ¢(~?

b) Plug this decomposition into the action and perform the w integral to yield an ordi-
nary four-dimensional action, written in terms of the fields ¢™(z) for n > 0. What
are the physical masses m,, of these fields? (Hint: you should rescale the fields to give
the kinetic terms the usual normalizations.)

Now consider the case of a massless vector field, which can be decomposed as
Au(w,w) =Y A (z)ekn. (15)
The action is the five-dimensional analogue of the usual electromagnetic action,

1 2R
S = —Z/d‘lx/o dw Fyyn FMY (16)

and we have the five-dimensional analogue of the usual gauge symmetry, Ay; — Ap+0ya.

c) Show that we can use a gauge transformation to set AE[Z) = 0 when n # 0, and explain
why this is not possible when n = 0.

d) Using this gauge, find all the resulting four-dimensional fields and their masses.
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1. Field uncertainties. (10 points)

Quantum field theories have states with definite numbers of particles, in analogy with
the number states |n) of a quantum harmonic oscillator. However, there also exist states
with definite field profiles, in analogy with the position states |x). A general state is a
superposition of such field eigenstates, and thus can have an uncertain field value.

a) Consider a free real scalar field ¢ of mass m in the vacuum state. The variance of the
field value at x is

= (0l6(x)%|0) — ({0[(x)[0))” . (1)
Show that this quantity is infinite.

Solution: The expectation value is
(0lp(x)[0) =0 (S1)

while the expectation value of the square is

(0l6(x)%0) = / dp dq W e
<ow ( < )P 4 g <p>e P) (a(Q)e™ 9 + af (q)e~*9) (52)

_ dp dq a oix(P—a)
- / T TE (O]a(p)a' () 10) (53)
_ dp dq P50 i (p—a)

/ ) % (2m)6 (p — q)e (S4)
_ dip 1
- [ aosarm (85)

L[ dgp| P (56)

212 Jo VPP +m?

which is infinite.

b) There’s nothing wrong with the result in part (a), because in practice we can never
measure the field value at a point. We only measure “smeared” field values averaged
over some length scale a, such as

1 Clx—v|2/a2
0u() = oy [ dyoty)e I )
Write aia (x) 1 the form of an integral over a single variable.

Solution: The expectation value still vanishes, but now we have

- _x—z|?
016a(%10) = 255 [ dydae™"F e =E 0o(y)o()0) ($7)
_ dp L iply—z) — oyl ezl
=5 K,i/dydz(2 )32E(ﬁ)e e o e a7 . (S8)
Next, we perform the shifts z — z + x and y — y + x. Then the integral
/dy ¢iP(¥) o~ /dy cilpllyl cos 0~ 25 (S9)
1 ly|2
— (2m) / Ayl | deoselylel=0e ($10)
-1
(47) : Ly
= d|Y||.Y|Sm(IY||P|)6 (S11)
e (S12)



Inserting this above, we find

dp 1 _Ipi2a?
2
a = . 1
Olu(x10) = [ 58 e (s13)
Simplifying, we thus conclude that
1 [~ Ip|? _IpI2a2
Uia’(x) = <0|¢a(x)2‘0> = A2 ~/O d|p| |p|2 +m26 S (814)

c) The standard deviation of the smeared field is finite. Find expressions for crfba(x) in

the limits « < 1/m and @ > 1/m. (Hint: in each regime, your answer should have
the form aa” for some values of a and 3. If you're having trouble doing the final
integral in one of these cases, you can start from the result ffooo e dr = NZD)

Solution: Changing to the variable ¢t = a|p|, we have

2 1 /OO dt 2 7% (815)
g = e .
09 4r2a? ) t2 + a?m?
Expanding around ma < 1, we find
1 o0 2 1
. 2 _ _t“ _
ml,(lzrgo Téa(x) = gr242 /0 dite Ar2q2° (516)

Expanding around ma > 1, we find

. s 1 / e 1
1/(2{3%0 76,9 T 4n2a3m 0 dite = = 473203 mA/2 (817)
d) Consider a cubical copper microwave cavity of volume V' = 1m?. The electric field

in the cavity does not have a definite value, due to the quantization of the electro-

magnetic field. Find a rough, order of magnitude estimate for the standard deviation
of the average electric field in the cavity in its ground state, and evaluate it in volts

per meter. (Hint: you will need to go from natural units back to SI units using
h=10"3Js, ¢c=3x 10®m/s, and e = 1.6 x 10712 C.)

Solution: In part (c), we showed that for a massless vector field, the standard deviation of the field
average over a region of size a is ¢ ~ 1/a. The same logic applies to a massless vector field A,,. The
electric field in the cavity is related to A, by one spatial or temporal derivative, which by dimensional
analysis also gives a factor of 1/a. Thus, we expect o ~ 1/a? ~ 1/V?/3. (We could also have jumped
directly to this result. We already know [E] = 2 from problem set 1, and part (c) tells us the answer is
neither zero nor infinity, so by dimensional analysis, 1/a? is the only possible answer.)

Going from natural units back to Sl units, we have
he
~— ~1077V/m. S18
OB~ 5 /m (S18)

This might be surprisingly large if you haven't seen it before, but it lines up with typical “quantum noise”
scales in precision electronics. Any answer within a few orders of magnitude of this is acceptable.

2. Forces on external currents. (5 points)

In problem set 7, you considered the “improved” electromagnetic stress-energy tensor,

. 1
T — _npoFﬂpFVo + ZT]MVFPUFPU (3)



and showed that it was conserved, 8MT‘“’ = 0, when no current was present.

a)

b)

3.

When there is a nonzero current J* = (p,J), the stress-energy tensor defined in ({3
has divergence 0,T"" = —K". Find K".

Solution: The only difference is that the equation of motion is now 9, F'* = J”. We already know
that when 0, F#*" = 0, the stress-energy is conserved, so to compute K we only need to consider what
terms appear which are proportional to J#. This can only occur when the derivative d,, hits the factor
of F'*P in the first term, so

8uj—’lw = Moo (OuF"P)F"7 = =10 JPF7 . (519)

Thus, the answer is K¥ = J,F"°.

You might be wondering why we are allowed to use the original expression for the stress-energy tensor,
as rerunning the Noether/Belinfante procedure will give additional terms when J#* is nonzero. The point
is that we're trying to find the change in the energy-momentum of the electromagnetic field alone, so we
shouldn't include those extra terms, which represent something like potential energy-momentum.

The vector K* = (K° K) is the four-momentum delivered to the current by the field,
per unit space and unit time. Explicitly write K° and K in terms of p, J, E, and B.

Solution: Expanding the components out, we have
K'= J,F" = J,F"° + J;F9 = JyE" — J;¢7*B*. (S20)
Noting that Jo = J = p and J; = —J*, we conclude
K=pE+JxB (S21)
which of course is just the continuous version of the Lorentz force law. Similarly, we have
K= J,F% = (=J)(-F°) =J-E (S22)

which is the rate at which the electric field does work on the charges.

Pseudoscalar and vector decays. (10 points)

In this problem we will consider decays of particles to pairs of electrons. As usual, the
electron is described by a Dirac field ¥ of mass m,.. All decay rates should be computed
in the rest frame of the decaying particle, and you can reuse results from problem sets.

a)

Consider a pseudoscalar particle, described by a real scalar field ¢ of mass M, where
M > 2m,. Write down the Feynman rule for the interaction

Line = 19 U~ V. (4)

Then find the decay rate for ¢ — ete™ to leading nontrivial order in g.

Solution: As usual, the Feynman rule comes from —iH;,; = iLint, S0 the vertex factor is —gy°. (This
looks unusual, but it's correct: there had to be an i in Li, to ensure the action is real when g is.) Then

M = —giir (p1)7°vs(p2). (523)
Squaring and summing over final spin states gives
IMP>=g>> ()7 vs ()0l (p2) (V)T (70) T (1) (S24)
= _92 tr((pl + m€)75(¢2 - me),y5) (825)
= g* tr((p, + ma2) (B, + me)r"7°) (S26)
=4g%(p1 - p2 +m?) (S27)
=2¢°M?>. (S28)



Plugging this into the decay rate result derived in problem set 5 gives

g2
I'=2-y/M?—4m2.
8

(S29)

b) Now consider a vector particle, described by a massive vector field A, of mass M,

where M > 2m,.. Write down the Feynman rule for the interaction

Eint = g\I]’}/NAu\I/

(5)

Then find the decay rate for A, — e*e™ to leading nontrivial order in g. (Hint: the
Feynman rule for an incoming massive vector is €,(p), where €, is its polarization.
The polarization satisfies € - € = —1 and p - e = 0, since 9,A* = 0. By rotational
symmetry, the decay rate doesn’t depend on the vector’s polarization, so you can

compute it by either averaging over possible polarizations using
S e (p N (p, A) = + BB
e \p, € D, - n M2
A
or by picking any specific polarization.)
Solution: The Feynman rule for the vertex is igy*, as in ordinary QED, so
M = igepiin(p1)7 vs(p2).

Summing over final spin states and averaging over the initial three spin states, we have

2

v PuPv _ _ v
M* = % (—mw +7 ) D (p1)y* s (p2)v2(p2)y ur (p1)-

Note that the p,p, terms won't contribute anything, as by the Dirac equation,

ﬂr(pl)ﬁvs(pﬂ = ar(pl)(ﬁl +¢2)08(p2) = Uy (p1)(me — me)vs(p2) = 0.

Thus, keeping just the metric term and rewriting the spinor sum as a trace,

e 9 g — )y
M| 3 Umx tf((]/jl +me)y (P2 me)y")

= = M (PYP5 + P5PY — (p1-p2 — mZ)n*")

2

8
= %(Pl -p2 + 2m§)

_ 49> M? |+ 2m?
3 M2 )

Plugging this into our decay rate result gives

2

po 9 (g 2me /MZ = dm?
+M2 —4mg.
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4. Higgs boson production at a muon collider. (15 points)

(6)

(S30)

(S31)

(S32)

(S33)

(S34)

(S35)

(S36)

(S37)

The high energy physics community is currently debating how to best study the Higgs
boson with future particle accelerators. One idea is to build a machine that collides muons
and anti-muons at very high energies and produces Higgs bosons in their annihilation.



You should treat the muon, Higgs, and photon in the same way as in problem set 8, and
neglect any other particles or interactions. That is, consider the free Lagrangian

1 1 - 1
Lo = 5(0,h)" = Smi b + V(i) — m, )V — L F, P (™)
with interactions m. B
Ling = ——L WU — DAV, (8)
v

We first consider the case where a muon and anti-muon annihilate to produce a Higgs
boson, 1" (p1)u~ (p2) = h(p).-

a) Compute the scattering amplitude M,, ,,—,, for this process at lowest nontrivial
order in perturbation theory, by explicitly using Wick’s theorem. Then show that
you get the same answer if you simply apply the Feynman rules, where the vertex is

1my,
9
; Q)
Solution: The initial and final states are
|t (pr. ), 1™ (p2, 1)) = V2E(p1)v/2E(p2)bl (p1)a] (p2) 0), (S38)
Ih) = \/2E(Gi)al (pn)|0). (839)

We can then compute for example the S-matrix element

G pr.s)o” o, )] [ daiLiell) = ¥ 0r.5). 7 (pa,)] [ dai™ @) Bi(o) i)l

—1

= \/8E(ph)E(p1)E(p2)(0\/d4xbs(p1)at(m)h(x)‘f’i(fv)‘l’i(w)aT(ph)|0>-

’ (S40)
We find for example for
h(z)a (p) = / : ;:)3 \/;EW [a(p)e"* + a' (p)e®*] a' (pn)
= aluhte) + [ Bl ol )l
= i) + [ G e (m) o G e
— a (o)) + Q;@h)e—w (841)

In our vacuum expectation value of (S40)), the creation operator of the scalar field then acts directly on
the vacuum state on the left and annihilates it and only the commutator term remains. Similarly, we find

ar(p2) Ui(z) = uﬁ@»% — Wi(@)ar ().
be(p1) () = @f(pnj;;) — i(2)ba(p). (542)



As
{bl(p1), W(2)} = {Wi(x),af (p2)} =0, (543)

only the anti-commutator terms survive. We find
G (0r.5)o (oo, )] [ il = =72 [ abae =m0 ()6 ()
= 2m)* W (py, — s )t S44
= (2m)*0"Y (pr, — p1 — p2)7; (p1) -0 u;(p2)- (S44)
The scattering matrix elements are defined by

Spi =67+ (2m)*(py — pi) M, (S45)
and we associate u}(pz) with an ingoing muon and @ (p1) with an ingoing anti-muon. We thus conclude
My = 0 (p1) (=172t (p2) (546)

which is clearly also what we get from the Feynman rules.

The scattering cross section of particles a and b with masses m, and m; to produce N
final state particles is

d* % 2 2 0 )
o = | | - —m;)0(q; —m;
Pa Pb—41 ---gN 2\/(2papb 4m mb/ < (qz z) (qz )

x (2m)*s¢ (pa 0 — @1 — = qN) Moy pysqy qn | (10)

where | M., py—sar ..an|? 15 the modulus squared of the scattering amplitude, summed over
final state spins and averaged over initial state spins.

b) Compute |M,, p,—p,|? and write it in terms of the constants defined in (7)) and (g).

Solution: Using the result of part (a), we have

Moy paspn|” = i > att(pa) (172 ) w3 (p)55 (1) (=72 ) (o) (S47)
= ZJZ tr[(p1 - mu)(}% +my,)] (S48)

422 [p pz} (849)

= ;:f; (mj, — 4m,). (S50)

The factor of 1/4 arises due to averaging over 2 spin states per initial state fermion.

c) Using this result and , compute the total cross section for this process. Your
result should contain distributions — what is their interpretation?

Solution: Introducing s = (p; + p2)?, we find

O i = W / A'pud(0 — )0 — )0+ 2~ 1) My [P (S51)
s —4m
———=0(s = mp)0(p] + 15 — mn)Mp, prsp, |* (S52)
s(s —4m2)
m? 4m?
= 2U2l 1- m{ 6(s — mi)e(p(l) + Py —mp). (S53)



The distributions forces the center-of-mass energy s to be exactly equal to the Higgs boson mass, which
makes sense by energy-momentum conservation. (There is something weird about this result, though:
in physics you can never have two things be exactly equal to each other, so this would suggest Higgs
bosons are never produced this way at all. The resolution is that all unstable particles actually have a
slightly indefinite mass (heuristically due to the energy-time uncertainty principle applied to their finite
decay time) so the delta function is replaced with a narrow peak.)

It is also possible to produce additional particles in the final state. For the rest of this
problem, we consider the process p*(p1) = (p2) — v(ps) h(pr) at leading nontrivial order
in perturbation theory.

d) Draw all the relevant Feynman diagrams and use the Feynman rules to write down
the corresponding amplitude M, p,—psp, -

Solution: There are two relevant diagrams:

h(py

1 (p2,t)

Dy =
u*(pr,s) /wpv
_ ,mu) i(pl—ph+mﬂ) -
= Us | /5 (— 3, \). S54
0on) (=37) Gpr i ez (e Vue(p)s V) (554)
1 (p2t) h(pn)
Dy =
u(p1,s) v(ps, A)

Z(p1 — p:& + m”)

= () (ier) OB oz (—2'7“) e (p2)eu(ps, \).- (S55)

The amplitude is Dy + Do. All other diagrams are suppressed by more powers of m, /v, or more powers
of e, or both.

e) Since a muon collider would operate at a center-of-mass energy much higher than the
muon mass, we can treat my, as a small quantity. Compute | My, p,—spsp, |> to leading
nontrivial order in m,,, and write it in terms of the Mandelstam invariants

§= (pl +P2)2’ t= (pl —ph)Q» U= (Pl —p3)2 (11)

and the constants defined in @ and . (Hint: your expression will contain a sum
over photon polarizations of the form

Z €u(p37 A)E*V<p37 )\) (12)
A
which you can simply replace with —n#*.)
Solution: First, we find the leading term in m,, for our diagrams:

—lemy, _

Dy = — =0, = P welp2)en(ps, ), (S56)
D2 = 725;71# Vs (pl)'}“u(ph —p2)ut(p2)€“(p37 )\) (857)



Since these quantities already have a factor of m, in front, and we only want the lowest order in
m,, we can set m, to zero when evaluating what's left. The Dirac equation for the spinors becomes
Us(p1)p, = 0 = p,us(p2), from which we find

iem

D]_ = ,Ut’u"ljs(pl)ph’y“‘Ut(pQ)eu(pS,)\)7 (858)
—tem

Dy = —— E04(p )V, ur(p2)en(ps, A). (559)

Next, we compute the terms in the square of the total amplitude,

1 ; e2m e2m e2m2u
_ L
4 Z DDy = _41)2t2 [11’13”4%?27 ?4] 202,52 [P p4p2p4 2t (560)
ERN
t_ de*my; e‘my 2
= Z DDy = tr[?l]ﬁﬂupgh "= NoT (p1p4)(p2ps) = o (mj, —t)(mj, — u). (S61)
ERPN
1 62 2 62m2 e2m?2t
T
137 DaDl =~ lp v 0" = s Gl PR = (S62)
RPN
Above, we used the identities
/y“p/yu = —2?7 (863)
Y pdr. = 4pg, (S64)
trlpd] = 4pq, (S65)
m? —t
bip4 = h2 ) (866)
m2 —u
D2ps = h2 ; (S67)
mi =s+t+u, (S68)
tr[p, g, B, p,] = 4 [2(p1pa) (p2pa) — (prp2)p3] = 2tu (S69)
several of which follow from neglecting m,,. After some algebra, we find
_ 1 212
A ; [DID{ +2Re (DlD;) + DQD;} = 2 (s m}). (S70)

f) Using this result and , compute the differential cross section do/dcos@ for this
process in the center-of-mass frame, where 6 is the angle between the three-momenta
of the muon and the photon. You may again work to leading nontrivial order in m,,.
Express your result in terms of s, #, and the constants defined in and .

Solution: Starting from (10), we have

1
T = gz [ A PA PG — mh )OS0, —ma)
x 69 (p1 + p2 = p3 = Pr) My pasps |- (S71)
We work in the center-of-mass frame where s = EZ,, and do the pj, integral, giving

1

Op1 pa—p3pn — W /d4p35(p§)5(E%M_2ECMpg_m%)9(pg)e(EC1W_pg_mh)|~A;lp1 p2—p3 Ph,‘2' (872)

We parametrize the ps integral by writing

oo d = |2 . R
Jatmiwd = [t UL [ acosodos(h - ) (573)
:71'/ dpgpg/dcosﬂ. (S74)
0



We can integrate over p§ using the remaining delta function,

1 1 m;
§(E¢n — 2Ecupl —mjp) = §(p3—s(Bom— 1) ). S75
(B oMPs —mp,) 2Ecar b3 2( oM EC’M) (S75)
Since we want a differential cross section, we simply drop the last integral over cosf. Using
t = (p2 —p3)* = —2pap3 = —Ecnups(1 — cosb) (S76)
u=(pr —p3)® = —2p1p3 = —Ecmp5(1 + cosb) (S77)
we find
dam P2—P3Ph __ S — mh |M |2 eQm/QL 52 + m;lz (878)
dcosf 3252 I PrPaTPaPR 8mv2s? (s —m3)(1 — cos? )’

5. * Kaluza—Klein theory. (5 points)

Some theories of physics beyond the Standard Model involve compactified extra space-
time dimensions. In this problem, you will see why this generically gives rise to many
new particles, and why the extra dimensions are hard to detect when they are very small.

Consider a massless real scalar field on a five-dimensional spacetime, where the extra
dimension is compactified on a circle of radius R. That is, points are labeled by (z,w)
where x = (¢, z, vy, z) is the usual four-dimensional spacetime coordinate, and w € [0, 27 R],
with the points w = 0 and w = 27 R identified. The metric on this spacetime is still mostly
negative, so n°® = 1 with the other diagonal elements negative. The action is

5= / d'z /0 ’ dw%(@qu(m,w))(@Mgb(a:,w)) (13)

where the index M ranges from 0 to 4.

a) Using Fourier series, the w-dependence of the field can be written as

= o (x)e (14)

where the sum is over integer n. What are the k,,, and how is ¢ related to ¢(=™?

Solution: Because the functlon is perlodlc in w with period 2w R, we must have k, = n/R. Since the
field is real, we must have (¢(™)* = p(—™)

b) Plug this decomposition into the action and perform the w integral to yield an ordi-
nary four-dimensional action, written in terms of the fields ¢™(z) for n > 0. What

are the physical masses m,, of these fields? (Hint: you should rescale the fields to give
the kinetic terms the usual normalizations.)

Solution: The result is

2R
S = /d4$2/ dw = 8M(¢(n) znw/R)aM(qb(n in w/R) (879)
QWR 1 inin’ ; o
/d4$ Z / 5 (a#(b(n)ap,gs(n ¢(n)¢(n ) eznw/Rezn w/R (880)
/ diz Z ( $(™) g’ ZI’; Z}Z H™ () ) 27RO, (S81)
2
/ d%Z < M grg—m) — Zng(”)(z)(”)) o R. (S82)

10



Pairing up terms with positive and negative n, we get

S =2nR / d'x %am@)a%(o) +y

n>0

b (n)?_TL2 (m))2] . 583
0,0 = 216 (553)

This is almost the action for a real scalar field and a bunch of complex scalar fields, but we need to
rescale to get the right kinetic terms. Defining (™) = v/27rR ¢(™), we conclude

1
S = /d4sc iaﬂcp(o)a”go(o) + Z

n n2 n
(Iamp( 12— le! )|2> (S84)
n>0

from which we see mg = 0 and m,, = n/R. We get an infinite tower of increasingly massive particles,
whose masses are very high if R is very small.
Now consider the case of a massless vector field, which can be decomposed as
An(w,w) =Y AL (x)eknv. (15)
n

The action is the five-dimensional analogue of the usual electromagnetic action,

1 2R
S=-7 / d*x / dw Fyjn FMY (16)
0

and we have the five-dimensional analogue of the usual gauge symmetry, Ay; — Ap+0n .

c) Show that we can use a gauge transformation to set AEL") = 0 when n # 0, and explain
why this is not possible when n = 0.

Solution: We can set Afln) = 0 for all n # 0 by taking

eiknw

a=-Y A7 () . (S85)
n#0 n

This doesn't work for n = 0 because it would result in division by zero. Or, in gratuitously fancy language,

Aflo) corresponds to the constant function on the circle, which has zero derivative, yet itself is not the
derivative of anything; such a function exists because of the nontrivial cohomology of the circle.

d) Using this gauge, find all the resulting four-dimensional fields and their masses.

Solution: Since we're going to have to rescale the fields later anyway, let's preemptively define

Ay (z,w) = \/QTFRZAL”)(.T)SM”IU, ¢ =V2rR ASLO). (S86)
The action becomes
2R 1 1
S = / d*z / dw (—FWF“” - FM4F“4> . (S87)
0 4 2
The first term is
2R
dw 1 . ’ ’
_ d4 - i(n+n )w/RF(n)F,u,V (n")
Sy / 1’/0 ol T;e (n (S88)
1 0" 1 n * v (n
= —Z/d‘lelS?,)F’ © _ §Z/d4x(F,§l,)) Frv (S89)
n>0

11



which is just the kinetic term for a real vector field AELO) and a tower of complex vector fields AEL”) for
n > 0. Next, the second term is

1 4 i dw (n) jinw/R 4 (n') jin'w/R
S = —§/d x/o R <au¢_ 284(‘4” € ) —ot¢ — ;8 (Ar e ) (590)

1 1 arht dw i(n+n’)w TLTL/ n n’
— [t to.g0n dh T (A An () 592
= [ d'w 50,00 0+ [ dlupr(AfD) AN, (892)
n>0

From this we conclude we have:

e One massless real scalar field ¢.

o One massless real vector field AELO).

o A tower of massive complex vector fields Afln) with masses n/R.

By the way, if you do the analogous calculation starting with a five-dimensional metric, the massless
degrees of freedom you'll get are a real scalar, a real vector, and a four-dimensional metric, suggesting a
unification between electromagnetism and gravity; that's why Einstein was a big fan of this theory.

12
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