
PHYS-330: QFT I
Stanford University, 2022

Problem Set 1 (due 10/4)
Bernhard Mistlberger, Kevin Zhou

1. Using natural units. (8 points)
In this course, we will work in “natural” units, where ~ = kB = c = µ0 = ε0 = 1. As a
result, any physical quantity A has the same dimensions as (1 eV)n for some n, which we
write as [A] = n. For example, we have

[energy] = [momentum] = [mass] = [temperature] = 1 (1)

and
[length] = [time] = −1. (2)

These results immediately imply, e.g., [frequency] = 1, [speed] = 0, and [volume] = −3.

If the mass of a particle in natural units is m = 1 eV, that means its mass in SI units is

m =
1 eV

c2
= 1.8× 10−36 kg. (3)

One physical interpretation is that a particle of this mass has rest energy 1 eV.

a) Find the wavelength and period of a photon of energy 1 eV in SI units.

b) Express the temperature T = 1 eV in SI units.

If you commit the above results to memory, you should always be able to recover numeric
values in SI units. The other skill you need is going from SI units to natural units.

c) Find [G], where G is Newton’s constant.

d) Find [n], [P ], and [ρ], where n is number density, P is pressure, and ρ is mass density.

e) Find [φ], where φ is a real scalar field.

f) Find [q], [A], [E] and [B], where q is electric charge, A is vector potential, and E and
B are electric and magnetic fields.

Once you’re comfortable with natural units, they’ll be an incredibly convenient tool for
making rough estimates. For example, the mass of the proton is mp ∼ GeV, and every-
thing in nuclear physics is roughly governed by this scale. From this, we can immediately
conclude that the radius of the proton is roughly r ∼ GeV−1, in natural units.

g) Write down rough expressions for the density and electric field within a nucleus, and
the temperature above which nuclei melt into quark-gluon plasma, in natural units.

Technically, all of the estimates here will be a bit off, because some of these quantities
are actually determined by the pion mass mπ ∼ 10−1 GeV, as the pion governs the forces
between nucleons. For a more careful treatment, see Astronomical reach of fundamental
physics by Burrows and Ostriker.

2. The harmonic oscillator in quantum mechanics. (15 points)
This exercise reviews the quantum harmonic oscillator, which has Hamiltonian

H =
p2

2m
+
mω2x2

2
. (4)
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a) Write the Hamiltonian in terms of the ladder operators a and a†, where

a =
1√
2

(√
mω x+ i

p√
mω

)
. (5)

b) The normalized vacuum state |0〉 is defined to satisfy a|0〉 = 0. The number states
are then defined by a†|n〉 =

√
n+ 1 |n + 1〉 for any integer n. Show that [a, a†] = 1,

and use this fact alone to show that the number states are properly normalized.

c) Calculate the expectation values of x, p, and the number operator N = a†a in the
number state |n〉.

d) Calculate the standard deviations ∆x, ∆p and ∆N in the number state |n〉. For what
n is the Heisenberg uncertainty product ∆x∆p minimal?

e) Suppose the particle begins in the vacuum state |0〉, and at time t = 0, we apply
an impulse α. This can be modeled by a Hamiltonian term −αxδ(t), and the state
immediately after the impulse is

|α〉 = eiαx|0〉. (6)

Show that |α〉 is an eigenvector of a, and find the eigenvalue.

f) Find the expectation values of x, p, and N , and their standard deviations, for all
t > 0. (Hint: after you find the answers for the initial state |α〉, it is easiest to
generalize to arbitrary t using Heisenberg picture.)

Your result in part (e) shows that |α〉 is a so-called coherent state. You might have
heard that they are important because they are the “most classical” states. A more
important reason is that they are the states you automatically get when you drive a
quantum system. As you can see from your results, in the limit of strong driving, ∆x and
∆p become negligible compared to x and p, and we recover classical physics. Later we
will see how a similar result allows quantum fields to behave like classical fields.

3. The relativistic classical point particle. (12 points)
The spacetime trajectory of a relativistic point particle is xµ(τ) = (x0(τ),x(τ)), where
τ is an arbitrary parameter. The corresponding action is proportional to the relativistic
“length” of the trajectory, where the relativistic line element is

ds2 = ηµν dx
µdxν = dt2 − dx2 − dy2 − dz2. (7)

The action is therefore

S = −α
∫
P
ds = −α

∫ τ2

τ1

dτ

√
ηµν

dxµ

dτ

dxν

dτ
(8)

where α is a constant, and τ1 and τ2 are the initial and final values of the parameter.

a) The easiest way to understand the nonrelativistic limit |∂txi| � 1 is to set τ = t. By
demanding that the action reduces to that of a free nonrelativistic particle of mass m
(plus a constant), determine the value of the constant α.
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If we don’t just set τ = t, there are four Euler–Lagrange equations and canonical momenta,

dpµ

dτ
=

∂L

∂xµ
, pµ =

∂L

∂(dxµ/dτ)
. (9)

b) Find the Euler–Lagrange equations for a general parameter τ , then show that they
are equivalent to the conservation of the physical four-momentum of the particle.

c) A simple local, Lorentz invariant way to include a force on the particle is to add

Sint = −q
∫
P
Aµ(xµ) dxµ = −q

∫ τ2

τ1

Aµ(xµ)
dxµ

dτ
dτ (10)

to the action, where Aµ(xµ) is a given four-vector field. Calculate pµ and ∂L/∂xµ,
continuing to assume general τ .

d) Now set τ to be the proper time s experienced by the particle (so that ds = dτ) and
evaluate the Euler–Lagrange equations, simplifying as much as possible.

A warning: if you set τ to proper time before doing part (c), and apply the Euler–Lagrange
equations anyway, you’ll get nonsense. The reason is that the derivation of the Euler–
Lagrange equation assumes all the variables xµ(τ) can be varied independently, but when
dτ = ds we automatically have the constraint

√
ηµν(dxµ/dτ)(dxν/dτ) = 1. Lagrangians

with constraints are subtle and important, but beyond the scope of this course. For much
more about them, see Quantization of Gauge Systems by Henneaux and Teitelboim.

4. The complex scalar field. (5 points)
The Lagrangian density for a canonically normalized free real scalar field of mass m is

L =
1

2
(∂µφ) (∂µφ)− 1

2
m2φ2. (11)

Now consider a theory of two free real scalar fields φ1 and φ2, both with mass m.

a) Write their Lagrangian density in terms of the complex scalar field Φ = (φ1+ iφ2)/
√

2
and its complex conjugate Φ∗.

Complex fields are always equivalent to a pair of equal mass real fields, and are useful
because such pairs occur frequently in nature, for reasons we’ll see later. (At low energies,
we actually don’t know of any complex scalar fields, but the electron is described by a
Dirac field, which is a complex fermion field built from two equal mass real fermion fields.)

Complex fields are convenient once you get to know them, but they come with an annoying
problem: it is not obvious how to vary the action with respect to Φ, because any change
in Φ also changes Φ∗. It turns out that you will always get the right results (i.e. results
that are equivalent to what you’d get working in terms of the two real fields) by treating
Φ and Φ∗ as if they were independent real fields, even though they clearly aren’t. (For an
explanation why, see page 56 of Sidney Coleman’s lecture notes.)

b) Compute the conjugate momenta Π and Π∗ of Φ and Φ∗, and the Euler–Lagrange
equations for Φ and Φ∗.

c) Show that the action is invariant under the transformation Φ→ eiαΦ, for any real α.
What is the equivalent symmetry in terms of the real scalar fields φ1 and φ2?
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Solutions 1
Bernhard Mistlberger, Kevin Zhou

1. Using natural units. (8 points)
In this course, we will work in “natural” units, where ℏ = kB = c = µ0 = ϵ0 = 1. As a
result, any physical quantity A has the same dimensions as (1 eV)n for some n, which we
write as [A] = n. For example, we have

[energy] = [momentum] = [mass] = [temperature] = 1 (1)

and
[length] = [time] = −1. (2)

These results immediately imply, e.g., [frequency] = 1, [speed] = 0, and [volume] = −3.

If the mass of a particle in natural units is m = 1 eV, that means its mass in SI units is

m =
1 eV

c2
= 1.8× 10−36 kg. (3)

One physical interpretation is that a particle of this mass has rest energy 1 eV.

a) Find the wavelength and period of a photon of energy 1 eV in SI units.

Solution: Since E = ℏω, the period is

T =
2πℏ
1 eV

= 4× 10−15 s. (S1)

Since λ = cT , the wavelength is

λ =
2πℏc
1 eV

= 1.2× 10−6 m. (S2)

b) Express the temperature T = 1 eV in SI units.

Solution: Since energy has dimensions of kBT , the temperature is

T =
1eV

kB
= 12000K. (S3)

This is the temperature where the typical thermal energy of a degree of freedom is ∼ 1 eV, which would
be sufficient to break apart molecules and ionize most atoms.

If you commit the above results to memory, you should always be able to recover numeric
values in SI units. The other skill you need is going from SI units to natural units.

c) Find [G], where G is Newton’s constant.

Solution: You can do this part, and all the parts below, by brute force. But it’s faster and more fun to
get the answers by thinking about equations you already know.

For example, the gravitational potential energy formula implies [E] = [GM2/R], so [G] = [R/M ] = −2.
(In natural units, G ∼ 1/M2

pl where Mpl is the Planck mass.)

d) Find [n], [P ], and [ρ], where n is number density, P is pressure, and ρ is mass density.

Solution: Since n is a dimensionless number per volume, [n] = [1/volume] = 3. Noting that dU = P dV
for thermodynamic work, [P ] = [energy/volume] = 4. Similarly, [ρ] = [mass/volume] = 4.

e) Find [ϕ], where ϕ is a real scalar field.
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Solution: Note that the action S is the integral of a Lagrangian (with units of energy) over time, so

[S] = [energy · time] = 0. (S4)

In field theory, the action is the integral over 4-dimensional spacetime of a Lagrangian density L, which
implies [L] = 4. Examining the kinetic term, we have

[(∂µϕ)
2] = 4 (S5)

and we have [∂µ] = 1, which implies [ϕ] = 1.

f) Find [q], [A], [E] and [B], where q is electric charge, A is vector potential, and E and
B are electric and magnetic fields.

Solution: In natural units, the force between charges is F = q2/4πr2. Since [F ] = [dp/dt] = 2, we con-
clude [q] = 0, i.e. charge is dimensionless. (In case you were wondering, the specific value of the electron
charge is about −0.3. This result is more commonly expressed in terms of the “fine structure constant”
α = e2/4π ≈ 1/137, and later, the fact that α≪ 1 will tell us that electromagnetic interactions in QFT
can be treated in perturbation theory.)

For the vector potential, one could recall the Lorenz gauge equation of motion ∂2Aµ = Jµ where Jµ is
the current density. We have [∂2] = 2 and [J ] = [charge/volume] = 3, so we conclude [A] = 1.

The electric and magnetic fields are spatial or time derivatives of the vector potential, so [E] = [B] = 2.

Once you’re comfortable with natural units, they’ll be an incredibly convenient tool for
making rough estimates. For example, the mass of the proton is mp ∼ GeV, and every-
thing in nuclear physics is roughly governed by this scale. From this, we can immediately
conclude that the radius of the proton is roughly r ∼ GeV−1, in natural units.

g) Write down rough expressions for the density and electric field within a nucleus, and
the temperature above which nuclei melt into quark-gluon plasma, in natural units.

Solution: It’s just ρ ∼ GeV4, E ∼ GeV2, and T ∼ GeV. These are all very rough estimates, dropping
dimensionless factors like α ∼ 1/137 or dependence on the pion mass, but they’re all within a few orders
of magnitude.

Technically, all of the estimates here will be a bit off, because some of these quantities
are actually determined by the pion mass mπ ∼ 10−1GeV, as the pion governs the forces
between nucleons. For a more careful treatment, see Astronomical reach of fundamental
physics by Burrows and Ostriker.

2. The harmonic oscillator in quantum mechanics. (15 points)
This exercise reviews the quantum harmonic oscillator, which has Hamiltonian

H =
p2

2m
+

mω2x2

2
. (4)

a) Write the Hamiltonian in terms of the ladder operators a and a†, where

a =
1√
2

(√
mω x+ i

p√
mω

)
. (5)

Solution: Of course, we have

a† =
1√
2

(√
mω x− i

p√
mω

)
. (S6)
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Following the usual textbook steps, you should find

H = ω

(
a†a+

1

2

)
. (S7)

Equivalent forms, such as having a†a+ aa† in parentheses, are also acceptable.

b) The normalized vacuum state |0⟩ is defined to satisfy a|0⟩ = 0. The number states
are then defined by a†|n⟩ =

√
n+ 1 |n + 1⟩ for any integer n. Show that [a, a†] = 1,

and use this fact alone to show that the number states are properly normalized.

Solution: Using the fact that [x, p] = i, we have

[a, a†] =
1

2

[√
mω x+ i

p√
mω

,
√
mω x− i

p√
mω

]
(S8)

=
1

2
([x,−ip] + [ip, x]) = 1 (S9)

as desired.

Now, by repeatedly using the definition of the number states, we have

|n⟩ = 1√
n!

(a†)n|0⟩. (S10)

Note that we have
[a, (a†)n] = n(a†)n−1. (S11)

The intuition is that to convert a(a†)n into (a†)na, we need to move an a through an a† a total of n
times. For each move, we use the identity aa† = a†a+ [a, a†] = a†a+ 1, and therefore pick up a factor
of (a†)n−1. The factor of n in the final result is because we need to do n such moves.

To check the normalization, we just compute

⟨n|n⟩ = 1

n!
⟨0|an(a†)n|0⟩ (S12)

=
1

n!
⟨0|an−1 a(a†)n|0⟩ (S13)

=
1

n!
⟨0|an−1 ((a†)na+ n(a†)n−1)|0⟩ (S14)

=
1

(n− 1)!
⟨0|an−1(a†)n−1|0⟩ (S15)

= ⟨n− 1|n− 1⟩. (S16)

This shows that the norms of all the number states are equal, so they’re all normalized because |0⟩ is.

c) Calculate the expectation values of x, p, and the number operator N = a†a in the
number state |n⟩.
Solution: We can write x and p in terms of ladder operators as

x =
1√
2mω

(a† + a), p = i

√
mω

2
(a† − a). (S17)

Then ⟨n|x|n⟩ has two terms, one proportional to ⟨n|n+1⟩ and the other proportional to ⟨n|n−1⟩, which
both vanish. Thus, ⟨n|x|n⟩ = 0, and by similar reasoning ⟨n|p|n⟩ = 0. As for the number operator,

⟨n|N |n⟩ = ⟨n|a†a|n⟩ = ⟨n− 1|
√
n
√
n|n− 1⟩ = n. (S18)

d) Calculate the standard deviations ∆x, ∆p and ∆N in the number state |n⟩. For what
n is the Heisenberg uncertainty product ∆x∆p minimal?
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Solution: For a given state, the standard deviation of any operator A is defined by

∆A =
√

⟨A2⟩ − ⟨A⟩2 (S19)

where the expectation values are taken with respect to the state. Now first, we note that

⟨n|x2|n⟩ = 1

2mω
⟨n|(a+ a†)(a+ a†)|n⟩ (S20)

=
1

2mω
⟨n|a†a+ aa†|n⟩ (S21)

=
1

2mω
(n+ (n+ 1)) (S22)

=
2n+ 1

2mω
. (S23)

From this and the previous part, we conclude

∆x =

√
2n+ 1

2mω
. (S24)

A very similar computation for p gives

∆p =

√
mω (2n+ 1)

2
. (S25)

Clearly the Heisenberg uncertainty product is minimal for n = 0, in which case ∆x∆p = 1/2, saturating
the uncertainty relation.

Finally, we have
⟨n|N2|n⟩ = n⟨n|N |n⟩ = n2 (S26)

from which we conclude ∆N = 0, as expected.

e) Suppose the particle begins in the vacuum state |0⟩, and at time t = 0, we apply
an impulse α. This can be modeled by a Hamiltonian term −αxδ(t), and the state
immediately after the impulse is

|α⟩ = eiαx|0⟩. (6)

Show that |α⟩ is an eigenvector of a, and find the eigenvalue.

Solution: For simplicity, let’s define β = α/
√
2mω, so that

|α⟩ = eiβ(a+a†)|0⟩. (S27)

We’ll show a direct solution. First, note that [a, a+ a†] = 1. This implies that

[a, (a+ a†)n] = n(a+ a†)n−1 (S28)

where the factor of n comes from commuting the a past each copy of a+ a†. Now we have

a|α⟩ = a

∞∑
n=0

(iβ)n

n!
(a+ a†)n|0⟩ (S29)

=

∞∑
n=0

(iβ)n

n!

(
[a, (a+ a†)n] + (a+ a†)na

)
|0⟩ (S30)

=

∞∑
n=0

(iβ)n

n!

(
n(a+ a†)n−1

)
|0⟩ (S31)

=

∞∑
n=0

(iβ)n

(n− 1)!
(a+ a†)n−1|0⟩ (S32)

=

∞∑
n=0

(iβ)n+1

n!
(a+ a†)n|0⟩ (S33)

= iβ|α⟩ (S34)

4



where we Taylor expanded the exponential, used the definition of the commutator, used a|0⟩ = 0 and
Eq. (S28), and shifted the variable n. Thus, |α⟩ is an eigenvector of a with eigenvalue iβ = iα/

√
2mω.

f) Find the expectation values of x, p, and N , and their standard deviations, for all
t > 0. (Hint: after you find the answers for the initial state |α⟩, it is easiest to
generalize to arbitrary t using Heisenberg picture.)

Solution: First, let’s calculate the expectation values in the initial state |α⟩. Since x commutes with
eiαx, we have

⟨α|x|α⟩ = ⟨0|e−iαxxeiαx|0⟩ = ⟨0|x|0⟩ = 0. (S35)

Similarly, we have

⟨α|x2|α⟩ = ⟨0|x2|0⟩ = 1

2mω
(S36)

where we used Eq. (S24). This gives a standard deviation

∆x =
1√
2mω

. (S37)

Next, for p it’s useful to use the decomposition into ladder operators, as

⟨α|a|α⟩ = ⟨α|iβ|α⟩ = iβ, ⟨α|a†|α⟩ = (a|α⟩)†|α⟩ = −iβ (S38)

where we used the result of part (e). We therefore have

⟨α|p|α⟩ = i

√
mω

2
⟨α|(a† − a)|α⟩ = (−2iβ) i

√
mω

2
= α (S39)

which is unsurprising, as the state |α⟩ as defined by exerting an impulse α on the ground state. Next,

⟨α|p2|α⟩ = −mω
2

⟨α|(a† − a)2|α⟩ (S40)

= −mω
2

⟨α|(a†a† + aa− aa† − a†a)|α⟩ (S41)

=
mω

2
⟨α|(−a†a† − aa+ 2a†a+ 1)|α⟩ (S42)

=
mω

2
(4β2 + 1) (S43)

=
mω

2
+ α2. (S44)

Therefore, the standard deviation is

∆p =

√
mω

2
(S45)

which is unchanged from the ground state. Finally, for the number states,

⟨α|N |α⟩ = ⟨α|a†a|α⟩ = β2 =
α2

2mω
(S46)

and

⟨α|N2|α⟩ = ⟨α|a†aa†a|α⟩ (S47)

= β2⟨α|aa†|α⟩ (S48)

= β2⟨α|(1 + a†a)|α⟩ (S49)

= β2 + β4 (S50)

from which we conclude
∆N = β =

α√
2mω

. (S51)

You could also derive all of the above results using the Baker–Campbell–Hausdorff theorem, but such
machinery isn’t necessary. We simply leaned on the result of part (e) to get all of the results, and the
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solution to part (e) is effectively a proof of that theorem in the simple case we need.

Now let’s consider how these expectation values and uncertainties evolve over time. The evolution of an
expectation value of any operator O is

⟨O⟩(t) = ⟨ψ|eiHtOe−iHt|ψ⟩. (S52)

Since N commutes with H, this implies that N and ∆N just stay constant over time. As for x and p,
the easiest way is to compute the “Heisenberg” operators OH(t) = eiHtOe−iHt. The basic result is that
Heisenberg operators satisfy Hamilton’s equations, which here imply

dpH
dt

= −mω2xH ,
dxH
dt

=
pH
m
. (S53)

The solution of this pair of equations is

pH(t) = p cosωt−mωx sinωt, xH(t) = x cosωt+
p

mω
sinωt. (S54)

This means the expectation values we’re after follow immediately from those we already calculated. We
know that ⟨α|x|α⟩ = 0 and ⟨α|p|α⟩ = α, from which we conclude

⟨x⟩(t) = α

mω
sinωt, ⟨p⟩(t) = α cosωt (S55)

Similarly, we have

⟨x2⟩(t) = ⟨α|x2 cos2 ωt+ (xp+ px)

mω
cosωt sinωt+

p2

m2ω2
sin2 ωt |α⟩ (S56)

= cos2 ωt⟨α|x2|α⟩+ sin2 ωt

m2ω2
⟨α|p2|α⟩ (S57)

=

(
α sinωt

mω

)2

+
1

2mω
(S58)

which implies that the position uncertainty does not change over time,

∆x(t) =
1√
2mω

. (S59)

By an extremely similar computation, we find the momentum uncertainty doesn’t change over time either,

∆p(t) =

√
mω

2
. (S60)

Your result in part (e) shows that |α⟩ is a so-called coherent state. You might have
heard that they are important because they are the “most classical” states. A more
important reason is that they are the states you automatically get when you drive a
quantum system. As you can see from your results, in the limit of strong driving, ∆x and
∆p become negligible compared to x and p, and we recover classical physics. Later we
will see how a similar result allows quantum fields to behave like classical fields.

3. The relativistic classical point particle. (12 points)
The spacetime trajectory of a relativistic point particle is xµ(τ) = (x0(τ),x(τ)), where
τ is an arbitrary parameter. The corresponding action is proportional to the relativistic
“length” of the trajectory, where the relativistic line element is

ds2 = ηµν dx
µdxν = dt2 − dx2 − dy2 − dz2. (7)

The action is therefore

S = −α

∫
P
ds = −α

∫ τ2

τ1

dτ

√
ηµν

dxµ

dτ

dxν

dτ
(8)
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where α is a constant, and τ1 and τ2 are the initial and final values of the parameter.

a) The easiest way to understand the nonrelativistic limit |∂txi| ≪ 1 is to set τ = t. By
demanding that the action reduces to that of a free nonrelativistic particle of mass m
(plus a constant), determine the value of the constant α.

Solution: Setting τ = t, we have

S = −α
∫
dt

√
ηµν

dxµ

dt

dxν

dt
= −α

∫
dt

√
1− v(t)2 (S61)

where v(t) is the ordinary speed. In the nonrelativistic limit v ≪ 1,

S ≈ −α
∫
dt

(
1− v2

2
+O(v4)

)
. (S62)

The first term is just an irrelevant constant, while the next gives a Lagrangian αv2/2. On the other
hand, we know the Lagrangian for a free nonrelativistic particle is mv2/2, so we conclude α = m.

If we don’t just set τ = t, there are four Euler–Lagrange equations and canonical momenta,

dpµ

dτ
=

∂L

∂xµ

, pµ =
∂L

∂(dxµ/dτ)
. (9)

b) Find the Euler–Lagrange equations for a general parameter τ , then show that they
are equivalent to the conservation of the physical four-momentum of the particle.

Solution: For simplicity, let a dot denote a derivative with respect to τ , so that

L = −m
√
ηµν ẋµẋν = −m

√
ẋ2. (S63)

The canonical momenta are

pµ =
∂L

∂ẋµ
= − m

2
√
ẋ2

(2ẋµ) = −mẋ
µ

√
ẋ2
. (S64)

The Lagrangian has no direct dependence on xµ, so the Euler–Lagrange equations just state that pµ is
conserved, dpµ/dτ = 0.

This isn’t the end of the problem, though; we still need to show how the canonical momentum pµ is
related to physical four-momentum. One way to do this is to let τ be the proper time s of the particle.
Then ẋ2 = 1, and pµ = −mdxµ/ds-momentum. Alternatively, we can let τ be the coordinate time t, in
which case pµ = −m(dxµ/dt)/

√
1− v2. In both cases, it’s clear that pµ is the negative of the physical

four-momentum. (This negative sign is weird, but harmless, since the physical results are the same. It
occurs because we used a mostly negative metric, which will pay off later in the course.)

c) A simple local, Lorentz invariant way to include a force on the particle is to add

Sint = −q

∫
P
Aµ(x

µ) dxµ = −q

∫ τ2

τ1

Aµ(x
µ)

dxµ

dτ
dτ (10)

to the action, where Aµ(xµ) is a given four-vector field. Calculate pµ and ∂L/∂xµ,
continuing to assume general τ .

Solution: There are a lot of µ’s floating around, so to avoid confusion, let’s use the fact that we can
always rename a dummy index to rewrite the interaction as

Sint = −q
∫
Aν(x

µ)ẋν dτ. (S65)
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First, the canonical momenta are changed to

pµ =
∂L

∂ẋµ
= −mẋ

µ

√
ẋ2

− qAµ(xµ). (S66)

Next, the right-hand side of the Euler–Lagrange equations is now nontrivial,

∂L

∂xµ
= −q ẋν∂µAν(x

µ) (S67)

where the partial derivative on the right is with respect to xµ.

A common issue with this part was mismatched indices (having µ up on one side and down on the other
side), which can be avoided by taking care to make the index positions consistent at each step. Another
issue was duplicated indices (having more than two copies of µ, which is meaningless), which can be
avoided by renaming dummy indices when required.

d) Now set τ to be the proper time s experienced by the particle (so that ds = dτ) and
evaluate the Euler–Lagrange equations, simplifying as much as possible.

Solution: From this point on, we’ll leave the xµ argument of the vector potential implicit. Specializing
the proper time, the canonical momenta are

pµ = −mẋµ − qAµ. (S68)

We therefore have
dpµ

ds
= −mẍµ − q

dAµ

ds
= −mẍµ − qẋν∂νA

µ. (S69)

Equating this with Eq. (S67) gives

mẍµ = −qẋν (∂νAµ − ∂µAν) = qẋν(∂
µAν − ∂νAµ). (S70)

This is an acceptable final answer; the right-hand side can also be written as qẋνF
µν where F is the

electromagnetic field strength tensor. If you treat Aµ as a vector potential and plug in the definitions of
the electric and magnetic fields, you’ll recover the Lorentz force law.

A warning: if you set τ to proper time before doing part (c), and apply the Euler–Lagrange
equations anyway, you’ll get nonsense. The reason is that the derivation of the Euler–
Lagrange equation assumes all the variables xµ(τ) can be varied independently, but when
dτ = ds we automatically have the constraint

√
ηµν(dxµ/dτ)(dxν/dτ) = 1. Lagrangians

with constraints are subtle and important, but beyond the scope of this course. For much
more about them, see Quantization of Gauge Systems by Henneaux and Teitelboim.

4. The complex scalar field. (5 points)
The Lagrangian density for a canonically normalized free real scalar field of mass m is

L =
1

2
(∂µϕ) (∂

µϕ)− 1

2
m2ϕ2. (11)

Now consider a theory of two free real scalar fields ϕ1 and ϕ2, both with mass m.

a) Write their Lagrangian density in terms of the complex scalar field Φ = (ϕ1+ iϕ2)/
√
2

and its complex conjugate Φ∗.

Solution: The mass terms involve ϕ21+ϕ
2
2, which clearly indicates the answer involves the complex norm

Φ∗Φ. Treating the kinetic term the same way, and fixing the numeric constants, gives

L = (∂µΦ
∗)(∂µΦ)−m2Φ∗Φ. (S71)
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Complex fields are always equivalent to a pair of equal mass real fields, and are useful
because such pairs occur frequently in nature, for reasons we’ll see later. (At low energies,
we actually don’t know of any complex scalar fields, but the electron is described by a
Dirac field, which is a complex fermion field built from two equal mass real fermion fields.)

Complex fields are convenient once you get to know them, but they come with an annoying
problem: it is not obvious how to vary the action with respect to Φ, because any change
in Φ also changes Φ∗. It turns out that you will always get the right results (i.e. results
that are equivalent to what you’d get working in terms of the two real fields) by treating
Φ and Φ∗ as if they were independent real fields, even though they clearly aren’t. (For an
explanation why, see page 56 of Sidney Coleman’s lecture notes.)

b) Compute the conjugate momenta Π and Π∗ of Φ and Φ∗, and the Euler–Lagrange
equations for Φ and Φ∗.

Solution: Note that the kinetic term contains Φ̇∗Φ̇, where a dot denotes a time derivative. Thus, the
canonical momenta are

Π =
∂L
∂Φ̇

= Φ̇∗, Π∗ =
∂L
∂Φ̇∗

= Φ̇. (S72)

The Euler–Lagrange equations are

∂µ
∂L

∂(∂µΦ)
− ∂L
∂Φ

= 0, ∂µ
∂L

∂(∂µΦ∗)
− ∂L
∂Φ∗ = 0 (S73)

from which we read off
(∂2 +m2)Φ∗ = 0, (∂2 +m2)Φ = 0 (S74)

which is just the Klein–Gordan equation.

c) Show that the action is invariant under the transformation Φ → eiαΦ, for any real α.
What is the equivalent symmetry in terms of the real scalar fields ϕ1 and ϕ2?

Solution: Each term in the Lagrangian has one power of Φ and one power of Φ∗, and Φ∗ → e−iαΦ, so
the phase cancels out. In terms of the real scalar fields, an equivalent symmetry is a rotation,

ϕ1 → ϕ1 cosα− ϕ2 sinα, ϕ2 → ϕ2 cosα+ ϕ1 sinα. (S75)

9
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PHYS-330: QFT I
Stanford University, 2022

Problem Set 2 (due 10/11)
Bernhard Mistlberger, Kevin Zhou

1. Lorentz transformations. (10 points)
Lorentz transformations xµ → x′µ = Λµ

νx
ν are linear transformations that leave inner

products invariant, meaning that xµyµ = x′µy′µ for any four-vectors x and y.

a) Show that this implies
ηµν = ηρσΛρ

µΛσ
ν . (1)

b) All proper, orthochronous Lorentz transformations (i.e. all those which preserve the
orientation of space and the direction of time) can be decomposed into infinitesimal
Lorentz transformations. These take the form

xµ → x′µ = xµ + ε ωµνx
ν (2)

where ε is infinitesimal. Show that ωµν = −ωνµ.

c) The elements of any infinitesimal Lorentz transformation ωµν can be written as a 4×4
matrix, where µ and ν index the row and column, respectively. For an infinitesimal
rotation ε = dθ about the z-axis, write out this matrix, and denote it by iJ3 for later.
What exponential of J3 corresponds to a finite rotation by an angle θ?

d) Write down the matrix iK1 corresponding to an infinitesimal boost by ε = dv about
the x-axis. What exponential of K1 corresponds to a finite boost by a velocity v?

e) Defining J1, J2, K2, and K3 similarly, the generators obey commutation relations

[J i, J j] = iεijkJk, [J i, Kj] = iεijkKk, [Ki, Kj] = −iεijkJk. (3)

This is the Lie algebra of the Lorentz group. Physically, these results tells us that
infinitesimal rotations and boosts are vectors (i.e. angular velocity and velocity are
vectors), and that composing boosts can yield a rotation. Prove these results for the
cases (i, j) = (1, 1) and (i, j) = (1, 2). (The proofs for other cases are similar.)

2. Quantization of the complex scalar field. (30 points)
This will be an involved problem, but it will teach you everything there is to know about
free field mode expansions. (You don’t have to write every detail; when it’s clear other
computations will go the same way as one you just did, it’s fine to just say so and move
on.) In problem set 1 we considered a complex scalar field Φ with Lagrangian density

L = (∂µΦ∗)(∂µΦ)−m2Φ∗Φ, (4)

and found the canonical fields Φ and Φ∗ and momenta Π and Π∗. Letting ωk =
√
|k|2 +m2,

introduce the following mode expansion for the canonical fields and momenta:

Φ(x) =

∫
d3k

(2π)3
1√
2ωk

[
a(k)eik·x + b†(k)e−ik·x

]
, (5)

Φ∗(x) =

∫
d3k

(2π)3
1√
2ωk

[
b(k)eik·x + a†(k)e−ik·x

]
, (6)

Π(x) = −i
∫

d3k

(2π)3

√
ωk

2

[
b(k)eik·x − a†(k)e−ik·x

]
, (7)

Π∗(x) = −i
∫

d3k

(2π)3

√
ωk

2

[
a(k)eik·x − b†(k)e−ik·x

]
. (8)
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We quantize the fields by imposing the canonical commutation relations

[Φ(x),Π(y)] = [Φ∗(x),Π∗(y)] = iδ(3)(x− y), (9)

with all other commutators between these fields vanishing. (Technically, we should write
Hermitian conjugates Φ† and Π† here, since Φ and Π are now operators, but we’ll continue
to use stars to emphasize the links between the classical and quantum theories.)

a) Show that the operators a(k), a†(k), b(k) and b†(k) obey[
a(k), a†(p)

]
=
[
b(k), b†(p)

]
= (2π)3δ(3)(k− p), (10)

with all other commutators between these operators vanishing. This implies that we
have two sets of independent creation and annihilation operators for each k.

The vacuum state |0〉 is defined to be the unique state where a(k)|0〉 = b(k)|0〉 = 0
for all k. The states a†(k)|0〉 and b†(k)|0〉 each contain one particle, while the state
a†(k1)a

†(k2)|0〉 contains two particles, and so on.

b) In problem set 1, you showed that the complex scalar field Lagrangian had the sym-
metry Φ → eiαΦ, Φ∗ → e−iαΦ∗. Compute the Noether current Jµ and conserved
charge Q associated with the symmetry.

c) Write Q in terms of the creation and annihilation operators. You should find the
result is indeterminate up to a constant; resolve this by defining the vacuum to have
zero charge, Q|0〉 = 0. What is the charge in the three other states mentioned above?

d) To check that this is the same symmetry operation that we started out with, we can
see how it acts on the operators of the theory. Quantum mechanically, symmetries
act on operators by conjugation, and we expect to have

eiαQ Φ(x) e−iαQ = eiα Φ(x), eiαQ Φ∗(x) e−iαQ = e−iα Φ∗(x). (11)

Show that this implies the commutation relations

[Q,Φ(x)] = Φ(x), [Q,Φ∗(x)] = −Φ∗(x) (12)

and show that these relations hold. Thus, Q generates phase rotations of the field.

e) Use Noether’s theorem to find the stress-energy tensor T µν and the associated con-
served total four-momentum P µ.

f) Write the Hamiltonian H = P 0 and the spatial momenta P in terms of the creation
and annihilation operators, again defining the vacuum to have zero four-momentum.
What is the four-momentum in the three other states mentioned above?

g) By definition, the operator H generates time translations of the field – this is the con-
tent of the Schrodinger equation, i∂t|Ψ〉 = H|Ψ〉, which holds unchanged in quantum
field theory. As for the momenta P, we expect

eia·P Φ(x) e−ia·P = Φ(x− a) (13)

for any vector a, with a similar result for all the other fields. Show that this implies

[P i,Φ(x)] = −i∂iΦ(x) (14)
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and show that this relation holds. Thus, P generates spatial translations.

3. ? Conserved currents of Lorentz transformations. (10 points)
This somewhat tricky problem combines the ideas of the first two. It is completely op-
tional: the problem set will be graded out of 40 points, so that you will receive up to
100% credit if you don’t do this problem, and up to 125% credit if you do.

Under a Lorentz transformation, a scalar field profile φ gets mapped to φ′, so that φ′(x′) =
φ(x). This implies that

φ′(x) = φ(Λ−1x). (15)

For an infinitesimal Lorentz transformation (2), this corresponds to

φ′(x) = φ(x)− ε ωµνxν∂µφ(x) (16)

to first order in ε. Because an infinitesimal Lorentz transformation is parametrized by a
rank 2 tensor ωµν , the corresponding Noether current will be a rank 3 tensor Jµνρ, where
the first index is the usual index that comes from Noether’s theorem, and the last two
describe the Lorentz transformation. For simplicity, you can do the entire problem for a
real scalar field. (This corresponds to a complex scalar field with a(k) = b(k), which in
turn implies Φ = Φ∗ and Π = Π∗.)

a) Show that for a scalar field,

Jµνρ = xνT µρ − xρT µν (17)

where T µν is the stress-energy tensor. Let the associated conserved charges be Mµν .

b) Since Mµν is antisymmetric, there are six independent conserved charges. The three
independent M ij physically correspond to the angular momentum of the field. What
is the physical meaning of the other three conserved quantities M0i?

c) Show that after normal ordering, the angular momentum is

M ij = i

∫
d3k

(2π)3
a(k)†

(
kj

∂

∂ki
− ki ∂

∂kj

)
a(k) (18)

The form of this answer implies that the particles created and annihilated by scalar
fields do not carry any intrinsic angular momentum (i.e. spin).
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PHYS-330: QFT I
Stanford University, 2022

Solutions 2
Bernhard Mistlberger, Kevin Zhou

1. Lorentz transformations. (10 points)
Lorentz transformations xµ → x′µ = Λµ

νx
ν are linear transformations that leave inner

products invariant, meaning that xµyµ = x′µy′µ for any four-vectors x and y.

a) Show that this implies
ηµν = ηρσΛ

ρ
µΛ

σ
ν . (1)

Solution: Since the inner product stays the same, we have

ηµνx
µyν = ηρσx

′ρy′
σ
= ηρσΛ

ρ
µΛ

σ
νx

µyν . (S1)

In other words, we have
(ηµν − ηρσΛ

ρ
µΛ

σ
ν)x

µyν = 0. (S2)

for any four-vectors x and y, which implies the quantity in parentheses vanishes. (Concretely, we could
take xµ = δµ0 and yν = δν0 to show the µ = ν = 0 component vanishes, and so on for all 16 pairs of
values.)

b) All proper, orthochronous Lorentz transformations (i.e. all those which preserve the
orientation of space and the direction of time) can be decomposed into infinitesimal
Lorentz transformations. These take the form

xµ → x′µ = xµ + ϵ ωµ
νx

ν (2)

where ϵ is infinitesimal. Show that ωµν = −ωνµ.

Solution: Plugging Λµ
ν = δµν + ϵ ωµ

ν into Eq. (1) yields

ηµν = ηρσ(δ
ρ
µδ

σ
ν + ϵ ωρ

µδ
σ
ν + ϵ δρµω

σ
ν) (S3)

where we dropped a term of order ϵ2. Contracting the indices on the right-hand side,

ηµν = ηµν + ϵ ωρ
µηρν + ϵ ηµσω

σ
ν (S4)

from which we conclude ωνµ + ωµν = 0, as desired.

c) The elements of any infinitesimal Lorentz transformation ωµ
ν can be written as a 4×4

matrix, where µ and ν index the row and column, respectively. For an infinitesimal
rotation ϵ = dθ about the z-axis, write out this matrix, and denote it by iJ3 for later.
What exponential of J3 corresponds to a finite rotation by an angle θ?

Solution: An infinitesimal rotation keeps t and z the same, and maps x → x+ ϵy and y → y − ϵx, so
we can immediately write down

iJ3 =

 1
−1

 . (S5)

The appropriate matrix exponential is eiθJ
3

. The purpose of the factor of i in the definition is to ensure
J3 is a Hermitian matrix, in accordance with how it’s treated in quantum mechanics.

d) Write down the matrix iK1 corresponding to an infinitesimal boost by ϵ = dv about
the x-axis. What exponential of K1 corresponds to a finite boost by a velocity v?
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Solution: An infinitesimal boost keeps y and z the same, and maps x → x+ ϵt and t → t+ ϵx, so

iK1 =


1

1

 . (S6)

Note that this is not an antisymmetric matrix. The quantity that is antisymmetric is ωµν , with two
indices down, but raising an index to get ωµ

ν produces some signs. The appropriate exponential for a

finite boost is eiαK
1

, where α = tanh−1 v is the rapidity. (The most common mistake was instead writing

eivK
1

.)

There’s a minor subtlety: the usual taught form of the Lorentz transformation has x′ = γ(x− vt), which
suggests the matrix should have minus signs. But in that form, we’re keeping the situation the same, and
x′ denotes the coordinate seen by an observer moving to the right. In this problem, we’re considering
the case where there’s just one observer but physical objects are boosted to the right. Nonetheless, if
you used the “passive” convention instead, it’s no big deal since none of the other results in this problem
will be affected.

Note that the factor of i in the definition of K1 is a common convention, but it implies K1 is not
Hermitian. This is also sensible, as K1 doesn’t actually correspond to a physical observable. At a deeper
level, it is related to the fact that non-compact non-Abelian Lie groups don’t have finite-dimensional
unitary representations, which will be discussed in section.

e) Defining J1, J2, K2, and K3 similarly, the generators obey commutation relations

[J i, J j] = iϵijkJk, [J i, Kj] = iϵijkKk, [Ki, Kj] = −iϵijkJk. (3)

This is the Lie algebra of the Lorentz group. Physically, these results tells us that
infinitesimal rotations and boosts are vectors (i.e. angular velocity and velocity are
vectors), and that composing boosts can yield a rotation. Prove these results for the
cases (i, j) = (1, 1) and (i, j) = (1, 2). (The proofs for other cases are similar.)

Solution: The full set of generators is, up to a factor of i,

iJ1 =

 1
−1

 iJ2 =

 −1

1

 iJ3 =

 1
−1

 (S7)

iK1 =


1

1

 iK2 =


1

1

 iK3 =


1

1

 (S8)

For the case (i, j) = (1, 1), the first and third relations are clearly satisfied, because the right-hand side
is just zero, and [J1,K1] = 0 because these matrices are nonzero only in independent blocks. For the
case (i, j) = (1, 2), we need to check [J1, J2] = iJ3, [J1,K2] = iK3, and [K1,K2] = −iJ3, which is
straightforward to do manually.

2. Quantization of the complex scalar field. (30 points)
This will be an involved problem, but it will teach you everything there is to know about
free field mode expansions. (You don’t have to write every detail; when it’s clear other
computations will go the same way as one you just did, it’s fine to just say so and move
on.) In problem set 1 we considered a complex scalar field Φ with Lagrangian density

L = (∂µΦ
∗)(∂µΦ)−m2Φ∗Φ, (4)
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and found the canonical fields Φ and Φ∗ and momenta Π and Π∗. Letting ωk =
√

|k|2 +m2,
introduce the following mode expansion for the canonical fields and momenta:

Φ(x) =

∫
d3k

(2π)3
1√
2ωk

[
a(k)eik·x + b†(k)e−ik·x] , (5)

Φ∗(x) =

∫
d3k

(2π)3
1√
2ωk

[
b(k)eik·x + a†(k)e−ik·x] , (6)

Π(x) = −i

∫
d3k

(2π)3

√
ωk

2

[
b(k)eik·x − a†(k)e−ik·x] , (7)

Π∗(x) = −i

∫
d3k

(2π)3

√
ωk

2

[
a(k)eik·x − b†(k)e−ik·x] . (8)

We quantize the fields by imposing the canonical commutation relations

[Φ(x),Π(y)] = [Φ∗(x),Π∗(y)] = iδ(3)(x− y), (9)

with all other commutators between these fields vanishing. (Technically, we should write
Hermitian conjugates Φ† and Π† here, since Φ and Π are now operators, but we’ll continue
to use stars to emphasize the links between the classical and quantum theories.)

a) Show that the operators a(k), a†(k), b(k) and b†(k) obey[
a(k), a†(p)

]
=

[
b(k), b†(p)

]
= (2π)3δ(3)(k− p), (10)

with all other commutators between these operators vanishing. This implies that we
have two sets of independent creation and annihilation operators for each k.

Solution: In order to keep the expressions as simple as possible, we’ll define

dx = d3x, d̄p =
d3p

(2π)3
, /δ(p) = (2π)3δ(3)(p). (S9)

As a simple of this notation, we have∫
dx e−ip·x = /δ(p),

∫
d̄p eip·x = δ(x). (S10)

If you just remember that every momentum delta function comes with a slash, and every momentum
integral comes with a bar, all the factors of 2π will take care of themselves.

Now, we note that∫
dx eik·xΦ(x) =

∫
dx d̄k′
√
2ωk′

[
a(k)ei(k+k′)·x + b†(k)e−i(k′−k)x

]
(S11)

=

∫
d̄k′

√
2ωk′

[
a(k)/δ(k+ k′) + b†(k)/δ(k′ − k)

]
(S12)

=
1√
2ωk

(a(−k) + b†(k)). (S13)

By a similar argument, we have∫
dx eik·x(iΠ(x)) =

√
ωk

2
(b(−k)− a†(k)). (S14)
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Combining these equations to solve for the creation and annihilation operators yields

a(k) =

∫
dx√
2ωk

e−ik·x [ωkΦ(x) + iΠ∗(x)] , (S15)

b(k) =

∫
dx√
2ωk

e−ik·x [ωkΦ
∗(x) + iΠ(x)] , (S16)

a†(k) =

∫
dx√
2ωk

eik·x [ωkΦ
∗(x)− iΠ(x)] , (S17)

b†(k) =

∫
dx√
2ωk

eik·x [ωkΦ(x)− iΠ∗(x)] . (S18)

Let’s start by considering commutators involving a(k). We only have nonzero commutators between Φ
and Π, and between Φ∗ and Π∗. This automatically implies that [a(k), a(p)] = [a(k), b†(p)] = 0, leaving
just two to manually check. First, we have

[a(k), b(p)] =

∫
dx√
2ωk

dy√
2ωp

e−ik·xe−ip·y[ωkΦ(x) + iΠ∗(x), ωpΦ
∗(y) + iΠ(y)] (S19)

=

∫
dx√
2ωk

dy√
2ωp

e−ik·xe−ip·y(δ(y − x)(ωp − ωk)) (S20)

=

∫
dx√

2ωk

√
2ωp

e−ik·xe−ip·x(ωp − ωk) (S21)

= /δ(k+ p)
ωp − ωk√
2ωk

√
2ωp

= 0 (S22)

where the final step follows from ωk = ω−k. Next, we have

[a(k), a†(p)] =

∫
dx√
2ωk

dy√
2ωp

e−ik·xeip·y[ωkΦ(x) + iΠ∗(x), ωpΦ
∗(y)− iΠ(y)] (S23)

=

∫
dx√
2ωk

dy√
2ωp

e−ik·xeip·y(δ(y − x)(ωp + ωk)) (S24)

=

∫
dx√

2ωk

√
2ωp

e−ik·xeip·x(ωp + ωk) (S25)

= /δ(k− p)
ωp + ωk√
2ωk

√
2ωp

= /δ(k− p) (S26)

as desired. All of the other commutators can be derived similarly.

The vacuum state |0⟩ is defined to be the unique state where a(k)|0⟩ = b(k)|0⟩ = 0
for all k. The states a†(k)|0⟩ and b†(k)|0⟩ each contain one particle, while the state
a†(k1)a

†(k2)|0⟩ contains two particles, and so on.

b) In problem set 1, you showed that the complex scalar field Lagrangian had the sym-
metry Φ → eiαΦ, Φ∗ → e−iαΦ∗. Compute the Noether current Jµ and conserved
charge Q associated with the symmetry.

Solution: The infinitesimal transformation is δΦ = iΦ and δΦ∗ = −iΦ, so Noether’s theorem gives

Jµ =
∂L

∂(∂µΦ)
δΦ+

∂L
∂(∂µΦ∗)

δΦ∗ (S27)

= i((∂µΦ∗)Φ− (∂µΦ)Φ∗). (S28)

The charge is just the integral of the charge density,

Q = i

∫
dx ((∂0Φ∗)Φ− (∂0Φ)Φ∗). (S29)

Of course, if we want to evaluate this in the canonically quantized theory, we should express it in terms
of the fields and canonical momenta, giving the final answer

Q = i

∫
dx (Π(x)Φ(x)−Π∗(x)Φ∗(x)). (S30)
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c) Write Q in terms of the creation and annihilation operators. You should find the
result is indeterminate up to a constant; resolve this by defining the vacuum to have
zero charge, Q|0⟩ = 0. What is the charge in the three other states mentioned above?

Solution: The fundamental reason the answer will be undetermined up to a constant is that Noether’s
theorem, which applies to classical fields, tells us (S30), but not the order that Π(x) and Φ(x) are mul-
tiplied together. In the classical theory, that simply doesn’t matter, but in the quantum theory it does
because the fields are noncommuting operators. So without further information, the “right” answer in the
quantum theory could contain Π(x)Φ(x), or Φ(x)Π(x), or even a mixture like (Π(x)Φ(x)+Φ(x)Π(x))/2.

This is called an ordering ambiguity, and in general there is no way to resolve it. (Ordering information
is intrinsically quantum; it simply doesn’t exist in the classical theory!) But in simple cases like this, all
of the possible orderings give you the same operator Q, just shifted by a constant. So we can fix the
ambiguity by demanding the reasonable assumption Q|0⟩ = 0, which is known as normal ordering.

Anyway, let’s not worry about this for now, and just directly evaluate the result. First,∫
dx iΠ(x)Φ(x) =

∫
dxd̄kd̄k′

2

√
ωk

ωk′
(b(k)eik·x − a†(k)e−ik·x)(a(k′)eik

′·x + b†(k′)e−ik′·x) (S31)

=

∫
d̄kd̄k′

2

√
ωk

ωk′

[
(b(k)a(k′)− a†(k)b†(k′))/δ(k+ k′)

+ (b(k)b†(k′)− a†(k)a(k′))/δ(k− k′)
]

(S32)

=

∫
d̄k

2
(b(k)a(−k)− a†(k)b†(−k) + b(k)b†(k)− a†(k)a(k)). (S33)

By a very similar computation, the second term is∫
dx (−iΠ∗(x))Φ∗(x) =

∫
d̄k

2
(−a(k)b(−k) + b(k)†a(−k)† − a(k)a(k)† + b(k)†b(k)). (S34)

The first term of (S33) cancels with the first term of (S34). To see this very explicitly:∫
d̄k b(k)a(−k) =

∫
d̄k′ a(k′)b(−k′) =

∫
d̄k a(k)b(−k′) (S35)

where we changed the integration variable to k′ = −k, used the commutation relation, and then renamed
k′ to k. Similarly, the second term of (S33) cancels with the second term of (S34). This leaves

Q =

∫
d̄k

2
(b(k)b†(k) + b(k)†b(k)− a†(k)a(k)− a(k)a(k)†). (S36)

At this point, we need to impose normal ordering. We will have Q|0⟩ = 0 if all the annihilation operators
are on the right, so we move them to the right and throw out the constants this produces, giving

Q =

∫
d̄k (b†(k)b(k)− a†(k)a(k)). (S37)

Evidently, the conserved charge is the number of type b particles minus the number of type a particles.
So the charges in the three states mentioned above are −1, 1, and −2, respectively.

d) To check that this is the same symmetry operation that we started out with, we can
see how it acts on the operators of the theory. Quantum mechanically, symmetries
act on operators by conjugation, and we expect to have

eiαQ Φ(x) e−iαQ = eiα Φ(x), eiαQ Φ∗(x) e−iαQ = e−iα Φ∗(x). (11)

Show that this implies the commutation relations

[Q,Φ(x)] = Φ(x), [Q,Φ∗(x)] = −Φ∗(x) (12)
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and show that these relations hold. Thus, Q generates phase rotations of the field.

Solution: Taking α infinitesimal, we have

(1 + iαQ)Φ(x)(1− iαQ) = (1 + iα)Φ(x) (S38)

and matching up the order α terms gives

iQΦ− iΦQ = iΦ (S39)

which is precisely the desired result. The proof for Φ∗ is similar.

To show the first commutation relation, we have

[Q,Φ(x)] =

∫
d̄k d̄k′
√
2ωk′

[b†(k)b(k)− a†(k)a(k), a(k′)eik
′·x + b†(k′)e−ik′·x] (S40)

=

∫
d̄k d̄k′
√
2ωk′

(
[b†(k)b(k), b†(k′)]e−ik′·x − [a†(k)a(k), a(k′)]eik

′·x
)

(S41)

=

∫
d̄k√
2ωk

(
b†(k)e−ik·x + a†(k)eik·x

)
= Φ(x) (S42)

as desired. The proof of the other commutation relation is similar, but we don’t have to write it because
it follows immediately from the result we just proved. Taking the Hermitian conjugate of both sides,

Φ∗(x) = [Q,Φ(x)]† = (QΦ(x)− Φ(x)Q)† = Φ∗(x)Q−QΦ∗(x) = −[Q,Φ∗(x)] (S43)

which is the desired result. (Here we used the fact that Q is Hermitian.)

e) Use Noether’s theorem to find the stress-energy tensor T µν and the associated con-
served total four-momentum P µ.

Solution: Using the same procedure as in class, and suppressing x arguments, we have

Tµν =
∂L

∂(∂µΦ)
∂νΦ+

∂L
∂(∂µΦ∗)

∂νΦ∗ − ηµνL (S44)

= ∂µΦ∗ ∂νΦ+ ∂µΦ ∂νΦ∗ − ηµν
(
(∂ρΦ

∗)(∂ρΦ)−m2Φ∗Φ
)
. (S45)

The total energy is

P 0 =

∫
dxT 00 (S46)

=

∫
dx ∂0Φ∂0Φ∗ + ∂0Φ∗∂0Φ− (∂ρΦ

∗)(∂ρΦ) +m2Φ∗Φ (S47)

=

∫
dxΠ∗ Π+ (∇Φ∗) · (∇Φ) +m2Φ∗Φ. (S48)

The total momentum is

P i =

∫
dxT 0i (S49)

=

∫
dx ∂0Φ∗∂iΦ+ ∂0Φ∂iΦ∗ (S50)

=

∫
dxΠ ∂iΦ+Π∗ ∂iΦ∗. (S51)

f) Write the Hamiltonian H = P 0 and the spatial momenta P in terms of the creation
and annihilation operators, again defining the vacuum to have zero four-momentum.
What is the four-momentum in the three other states mentioned above?
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Solution: Starting with the Hamiltonian, we have three terms:∫
dxΠ∗Π = −

∫
dxd̄kd̄k′

√
ωkωk′

2
(a(k)eik·x − b†(k)e−ik·x)(b(k′)eik

′·x − a†(k′)e−ik′·x) (S52)∫
dx(∇Φ∗) · (∇Φ) = −

∫
dxd̄kd̄k′

2
√
ωkωk′

(kb(k)eik·x − ka†(k)e−ik·x) · (k′a(k′)eik
′·x − k′b†(k′)e−ik′·x) (S53)∫

dxm2Φ∗Φ =

∫
dxd̄kd̄k′

2
√
ωkωk′

m2(b(k)eik·x + a†(k)e−ik·x)(a(k′)eik
′·x + b†(k′)e−ik′·x). (S54)

When we do the dx integrations, each line gives four terms, along with appropriate delta functions,∫
dxΠ∗Π =

∫
d̄k

2ωk
ω2
k(−a(k)b(−k) + b†(k)b(k) + a(k)a†(k)− b†(k)a†(−k)) (S55)∫

dx (∇Φ∗) · (∇Φ) =

∫
d̄k

2ωk
|k|2(b(k)a(−k) + a†(k)a(k) + b(k)b†(k) + a†(k)b†(−k)) (S56)∫

dxm2Φ∗Φ =

∫
d̄k

2ωk
m2(b(k)a(−k) + b(k)b†(k) + a†(k)a(k) + a†(k)b†(−k)). (S57)

Summing the terms, all the cross terms (those with one a and one b) cancel, and normal ordering leaves

H =

∫
d̄k

2ωk
(ω2

k + |k|2 +m2)(a†(k)a(k) + b†(k)b(k)) (S58)

=

∫
d̄kωk(a

†(k)a(k) + b†(k)b(k)) (S59)

This tells us that each one of the a-type and b-type particles has energy ωk. Thankfully, the momentum
is a little easier to deal with. We have∫

dxΠ ∂iΦ = −i

∫
dxd̄kd̄k′

2

√
ωk

ωk′
(b(k)eik·x − a†(k)e−ik·x)∂i(a(k′)eik

′·x + b†(k′)e−ik′·x) (S60)

=

∫
dxd̄kd̄k′

2

√
ωk

ωk′
k′i(b(k)eik·x − a†(k)e−ik·x)(−a(k′)eik

′·x + b†(k′)e−ik′·x) (S61)

=

∫
d̄k

2
ki(b(k)a(−k) + a†(k)a(k) + b†(k)b(k) + a†(k)b†(−k)) (S62)

The easy way to handle the other term in P i is to notice that when you conjugate this term, you almost
get the other term, but the operators are in the reverse order. But of course, we’re going to fix the
ordering ambiguity with normal ordering later, so this doesn’t matter. So we can treat the other term as(∫

dxΠ ∂iΦ

)†

=

∫
d̄k

2
ki(a†(−k)b†(k) + a(k)a†(k) + b(k)b†(k) + b(−k)a(k)) (S63)

By substituting k = −k′ and then renaming k′ back to k, the first and last terms here cancel with the
first and last terms of (S62). The second and third terms add, and normal ordering gives

P i =

∫
d̄k ki(a†(k)a(k) + b†(k)b(k)) (S64)

which tells us that a-type and b-type particles both carry momentum k. Therefore, the states mentioned
above have four-momentum (ωk,k), (ωk,k), and (ωk1

+ ωk2
,k1 + k2).

g) By definition, the operator H generates time translations of the field – this is the con-
tent of the Schrodinger equation, i∂t|Ψ⟩ = H|Ψ⟩, which holds unchanged in quantum
field theory. As for the momenta P, we expect

eia·P Φ(x) e−ia·P = Φ(x− a) (13)

for any vector a, with a similar result for all the other fields. Show that this implies

[P i,Φ(x)] = −i∂iΦ(x) (14)
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and show that this relation holds. Thus, P generates spatial translations.

Solution: We again take infinitesimal a and expand, giving

(1 + ia ·P)Φ(x)(1− ia ·P) = Φ(x)− a · ∇Φ(x). (S65)

Equating the order a components and taking care to remember that ∂i = −∂i gives the desired result.

By the way, you might wonder why we’re treating the Hamiltonian and momentum slightly differently.
The reason is that in this problem set, we’re still working in Schrodinger picture, where the operators Φ(x)
depend on space but not time. In Heisenberg picture, the Heisenberg equation of motion for operators
gives the analogous result [H,Φ(x, t)] = −i∂0Φ(x, t), so that in general we have [Pµ,Φ(x)] = −i∂µΦ(x).

Now, evaluating the commutator, we have

[P i,Φ(x)] =

∫
d̄kd̄k′ ki√

2ωk′
[a†(k)a(k) + b†(k)b(k), a(k′)eik

′·x + b†(k′)e−ik′·x] (S66)

=

∫
d̄kd̄k′ ki√

2ωk′
[a†(k)a(k) + b†(k)b(k), a(k′)eik

′·x + b†(k′)e−ik′·x] (S67)

=

∫
d̄k

ki√
2ωk

(a(k)eik·x − b†(k)e−ik·x) (S68)

= −i∂i

∫
d̄k√
2ωk

(a(k)eik·x + b†(k)e−ik·x) = −i∂iΦ(x). (S69)

3. ⋆ Conserved currents of Lorentz transformations. (10 points)
This somewhat tricky problem combines the ideas of the first two. It is completely op-
tional: the problem set will be graded out of 40 points, so that you will receive up to
100% credit if you don’t do this problem, and up to 125% credit if you do.

Under a Lorentz transformation, a scalar field profile ϕ gets mapped to ϕ′, so that ϕ′(x′) =
ϕ(x). This implies that

ϕ′(x) = ϕ(Λ−1x). (15)

For an infinitesimal Lorentz transformation (2), this corresponds to

ϕ′(x) = ϕ(x)− ϵ ωµνxν∂µϕ(x) (16)

to first order in ϵ. Because an infinitesimal Lorentz transformation is parametrized by a
rank 2 tensor ωµν , the corresponding Noether current will be a rank 3 tensor Jµνρ, where
the first index is the usual index that comes from Noether’s theorem, and the last two
describe the Lorentz transformation. For simplicity, you can do the entire problem for a
real scalar field. (This corresponds to a complex scalar field with a(k) = b(k), which in
turn implies Φ = Φ∗ and Π = Π∗.)

a) Show that for a scalar field,

Jµνρ = xνT µρ − xρT µν (17)

where T µν is the stress-energy tensor. Let the associated conserved charges be Mµν .

Solution: This is just like the derivation of the stress-energy tensor, except that the constant displacement
aµ is replaced with ωµνxν . Thus, the current for a given ω is

Jµ = ωρνxνT
µ
ρ =

1

2
ωρν(T

µρxν − Tµνxρ) (S70)
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where we used the antisymmetry of ω in the second step. The general rank-three conserved tensor can
be found by “stripping off” the ωρν , giving

Jµνρ = Tµρxν − Tµνxρ (S71)

as desired.

b) Since Mµν is antisymmetric, there are six independent conserved charges. The three
independent M ij physically correspond to the angular momentum of the field. What
is the physical meaning of the other three conserved quantities M0i?

Solution: We have

M0i =

∫
dx J00i =

∫
dxT 0ix0 − T 00xi. (S72)

The first term is just the total momentum P i times the time t. The second term is an integral of the
energy density times xi, so it is proportional to the location of the “center of energy”,

Xi
CE =

∫
dxT 00xi∫
dxT 00

=

∫
dxT 00xi

E
(S73)

where E is the total energy. Plugging in these definitions, we have

M0i = P it− EXi
CE. (S74)

Since this is conserved, its time derivative vanishes, giving

P i

E
=

dXi
CE

dt
. (S75)

In other words, the conservation of M0i means that the center of energy moves at constant speed. This
is a very general principle in relativistic theories.

c) Show that after normal ordering, the angular momentum is

M ij = i

∫
d3k

(2π)3
a(k)†

(
kj ∂

∂ki
− ki ∂

∂kj

)
a(k) (18)

The form of this answer implies that the particles created and annihilated by scalar
fields do not carry any intrinsic angular momentum (i.e. spin).

Solution: We have

M ij =

∫
dx J0ij =

∫
dxxiT 0j − xjT 0i. (S76)

The resulting integrals look very similar to those we already did in 2(f), but the factor of xi complicates
things: it means we can no longer do the dx integral trivially. The trick is to convert the factor of xi

into a momentum derivative. From a starting point much like (S60), we have∫
dxxiπ ∂jϕ = − i

2

∫
dxd̄kd̄k′

√
ωk

ωk′
xi(a(k)eik·x − a†(k)e−ik·x)∂j(a(k′)eik

′·x + a†(k′)e−ik′·x) (S77)

=
1

2

∫
dxd̄kd̄k′

√
ωk

ωk′
xik′j(a(k)eik·x − a†(k)e−ik·x)(−a(k′)eik

′·x + a†(k′)e−ik′·x) (S78)

= − i

2

∫
dxd̄kd̄k′

√
ωk

ωk′
k′j(a(k)∂kie

ik·x + a†(k)∂kie
−ik·x)

× (−a(k′)eik
′·x + a†(k′)e−ik′·x) (S79)

= − i

2

∫
d̄kd̄k′

√
ωk

ωk′
k′j

(
(a(k)a(k′)− a†(k)a†(k′))∂ki

/δ(k+ k′)

+ (a(k)a†(k′)− a†(k)a(k′))∂ki
/δ(k− k′)

)
. (S80)
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To evaluate the delta function, we need to integrate by parts, which causes the ∂ki ’s to hit the rest
of the integrand. Now, the ∂ki can either act on

√
ωk or the ladder operators. If it hits the

√
ωk, it

produces a factor of ki which makes the integrand proportional to kik′j . However, since M ij involves
an antisymmetrization in i and j, these terms don’t contribute to the final answer. We only care about
the terms where ∂ki

acts on the ladder operators, giving

M ij =
i

2

∫
d̄k kj(−(∂ki

a(k))a(−k) + (∂ki
a†(k))a†(−k)

+ (∂kia(k))a
†(k)− (∂kia

†(k))a(k))− (i ↔ j term). (S81)

Let’s first show that the first term vanishes. For convenience we define

Iij =

∫
dk kja(−k)∂kia(k). (S82)

Integrating by parts again, we have

Iij = −
∫

dk ∂ki(k
ja(−k))a(k) (S83)

= −
∫

dk δija(−k)a(k) + kj(∂ki
a(−k))a(k) (S84)

= −
∫

dk δija(−k)a(k) + kj(∂kia(k))a(−k) (S85)

= −Iij −
∫

dk δija(−k)a(k) (S86)

where we did the usual k → −k trick in the third step. This shows that Iij is proportional to δij .
Since the final answer M ij involves an antisymmetrization in i and j, this shows the first term does not
contribute to M ij . Similarly, the second term doesn’t contribute either.

You might be worried about what happens to the boundary terms when we integrate by parts. Usually,
we justify throwing away boundary terms by saying the integrand goes to zero at infinity. But here, it
doesn’t: the integrand is always a nonzero operator, for any k. However, as the integrand goes to infinity,
we get creation and annihilation operators for extremely high momentum particles. These operators have
zero matrix elements if you sandwich them between any two physically accessible states, so they might
as well just be zero.

We are now left with the last two terms in (S81). Normal ordering now gives

M ij =
i

2

∫
d̄k kj(a†(k)∂kia(k)− (∂kia

†(k))a(k))− (i ↔ j term) (S87)

=
i

2

∫
d̄k kj(a†(k)∂ki

a(k) + a†(k)∂ki
a(k))− (i ↔ j term) (S88)

= i

∫
d̄k a†(k)(kj∂ki − ki∂kj )a(k) (S89)

where we integrated by parts again. This is the final result.

The only reason this result looks more complicated than our result for the spatial momentum is that
we expanded the field in plane wave modes, which are eigenfunctions of translations but not rotations.
Alternatively, we could have expanded the field in spherical waves (i.e. equal to a spherical Bessel function
in r times a spherical harmonic), in which case the angular momentum expansion looks simple and the
momentum expansion looks complicated. Plane waves are useful for describing the initial states in a
particle physics experiment, but spherical waves can be useful in other situations, such as the emission
of photons from a excited atom.
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PHYS-330: QFT I
Stanford University, 2022

Problem Set 3 (due 10/18)
Bernhard Mistlberger, Kevin Zhou

1. Locality in relativistic quantum field theory. (20 points)
The vacuum two-point correlation function of a real scalar field is

D(x− y) = 〈0|φ(x)φ(y)|0〉. (1)

It only depends on the difference of positions z = x− y, by translational invariance, and
it quantifies correlations between the field values at x and y in the vacuum state.

a) Show that

D(z) =

∫
d4p

(2π)4
(2π)δ(p2 −m2) θ(p0) e−ip·z (2)

where the Heaviside step function θ is 1 if the argument is positive and 0 otherwise.

b) Show that if z′µ = Λµ
νz

ν for a proper orthochronous Lorentz transformation Λ, then
D(z′) = D(z). (Hint: show that d4p and δ(p2−m2) θ(p0) are each Lorentz invariant.)

c) Show that for spacelike separation, z2 < 0, the correlation function is exponentially
decaying but nonzero. You can do this in two ways. First, you can show that

D(z) =
m

4π2
√
−z2

K1(
√
−z2m) (3)

where K1 is a modified Bessel function of the second kind. Alternatively, you may
numerically integrate D(z) and graph the result. In both cases you may use any books
or computer programs needed, such as Mathematica or Abramowitz and Stegun.

A key requirement for a relativistic theory is that it is local, meaning that effects don’t
propagate faster than the speed of light. That means any change applied to the field at x
should only affect observable results at y if x and y aren’t spacelike separated, (y−x)2 ≥ 0.

You might thus be concerned about part (c), which implies a field in the vacuum “knows”
about the values of the field at spacelike separation. But there’s nothing wrong with this.
For example, to define a reference frame in special relativity, one synchronizes the clocks
by sending light pulses throughout all space. After synchronization, all the clocks “know”
about the values on the other clocks, even at spacelike separation. But that doesn’t mean
that changes propagate faster than light; it’s just a consequence of how we set up the
system. Similarly, ensuring a field is in the vacuum state requires absorbing all particles
throughout all space, and this process sets up correlations between field values.

To test if our theory is local, we must see whether changes in the state propagate faster
than light; that is the subject of the rest of the question.

d) One way to interact with a quantum field is to measure its value at a point, a process
which changes the state. From quantum mechanics, we know that measurements of
two operators O1 and O2 do not affect each other if [O1,O2] = 0. Show that

〈0|[φ(x), φ(y)]|0〉 = 0 (4)

for spacelike separation, (x− y)2 < 0, as expected from locality.
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e) Another way to interact with a field is to couple it to a classical source J(x), which
for a real scalar field corresponds to taking the Lagrangian

L =
1

2
(∂µφ)(∂µφ)− 1

2
m2φ2 + φ(x)J(x). (5)

This is the scalar analogue of driving the electromagnetic field with a current Jµ(x).
For simplicity, we’ll treat φ(x) as a classical field for now, though similar conclusions
will hold when it is a quantum field. Show that the classical equation of motion is

(∂µ∂
µ +m2)φ(x) = J(x). (6)

f) Show that the equation of motion is solved by

φ(x) = i

∫
d4y G(x− y)J(y) (7)

where G is a Green’s function of the Klein–Gordan operator, which means

(∂µ∂
µ +m2)G(z) = −i δ(4)(z). (8)

The factors of −i here are purely conventional, and will simplify results later.

g) By taking Fourier transforms, we may heuristically write the Green’s function as

G(z) =

∫
d4p

(2π)4
i e−ip·z

p2 −m2
(9)

which formally obeys Eq. (8). However, this expression is not mathematically well-
defined because the integral blows up when p2 = m2. To get a definite result, we must
add “iε” terms to the denominator to keep it from vanishing. There are multiple ways
to do this, which physically corresponds to the fact that there are multiple possible
Green’s functions, depending on the field’s boundary conditions. Three key examples
are the retarded, advanced, and Feynman Green’s functions,

GR(z) = lim
ε→0+

∫
d4p

(2π)4
i e−ip·z

(p0 + iε)2 − |p|2 −m2
(10)

GA(z) = lim
ε→0+

∫
d4p

(2π)4
i e−ip·z

(p0 − iε)2 − |p|2 −m2
(11)

GF (z) = lim
ε→0+

∫
d4p

(2π)4
i e−ip·z

p2 −m2 + iε
(12)

where the limit notation means ε approaches zero from the positive end. By using
the residue theorem to perform the integral over p0, show that

GR(z) = θ(z0)(D(z)−D(−z)) (13)

GA(z) = θ(−z0)(D(−z)−D(z)) (14)

GF (z) = θ(z0)D(z) + θ(−z0)D(−z) (15)

h) The retarded Greens function applies when the field is zero before the source acts.
Show that GR(x− y) vanishes for spacelike separation, as expected from locality.
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i) The Feynman propagator will play a crucial role when we introduce Feynman dia-
grams because it is equal to 〈0|Tφ(x)φ(y)|0〉. Does it vanish for spacelike separation?

2. Recovering classical field theory. (10 points)
If an operator O is time-independent in Schrodinger picture, then in Heisenberg picture,

dO(t)

dt
= i [H(t),O(t)]. (16)

In quantum field theory, working in the Heisenberg picture allows fields to depend on
spacetime, making results look more Lorentz invariant. For example, we saw that in
Heisenberg picture, a real scalar field obeys the Klein–Gordan equation (∂2 + m2)φ = 0.
Now consider the Lagrangian of Eq. (5), which additionally includes a source term J(x).
In this case, the Hamiltonian is explicitly time-dependent,

H(t) = H0 −
∫
d3xφ(x, t)J(x, t) (17)

where H0 is the free Hamiltonian.

a) Show that in Heisenberg picture, the field φ(x) obeys Eq. (6). (Thus, by the logic of
problem 1, expectation values of a quantum field φ(x) respond locally to sources.)

With the source, quantum fields can evolve in time nontrivially. Suppose we start in the
vacuum state |0〉, and at time t = 0 apply an impulse to the field via

J(x) = δ(t) j(x). (18)

This is the scalar analogue of suddenly turning an electric current on and off in electro-
magnetism. It is also closely related to the last half of problem 2 of problem set 1.

b) The impulse causes operators to instantaneously shift in value at t = 0. Show that

φ(x, 0+) = φ(x, 0−), π(x, 0+) = π(x, 0−) + j(x). (19)

Here, 0+ means a time right after t = 0, and 0− means a time right before, i.e.

f(0+)− f(0−) = lim
ε→0+

∫ ε

−ε

df(t)

dt
dt (20)

for any function of time.

c) Show that this is equivalent to the annihilation operators shifting by

a(p, 0+) = a(p, 0−) +
i√
2ωp

j̃(p) (21)

where j̃ is the Fourier transform of j.

d) Show that the field is in a coherent state after the impulse, in the sense that the state
is an eigenvector of a(p, 0+). Then evaluate 〈0|a†(p, 0+)a(p, 0+)|0〉, which gives the
number of particles of momentum p produced, per unit volume of momentum space.

As you saw in problem set 1, coherent states of the quantum harmonic oscillator have the
same position and momentum uncertainties as the vacuum state. Similarly, in quantum
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field theory, coherent states of the field have the same φ and π uncertainties as the
vacuum, while their expectation values behave classically. When the driving is strong,
the uncertainties become negligible compared to the expectation values, and the number
of particles becomes large so that we can no longer see their discreteness. We therefore
recover a classical field.

3. Practice with time-ordered exponentials. (10 points)
Suppose the Hamiltonian is H = H0 + Hint, where H0 is a time-independent free Hamil-
tonian, and Hint is an interaction which could be time-dependent. In interaction picture,
operators evolve under the free Hamiltonian H0 alone, and the states are |ψ(t)〉I . Let’s
first review some results derived in lecture.

a) Show that
i ∂t|ψ(t)〉I = Hint,I(t)|ψ(t)〉I . (22)

where Hint,I(t) is the interaction Hamiltonian in the interaction picture.

b) Show that if the interaction picture time evolution operator is defined as

|ψ(tf )〉I = U(tf , ti)|ψ(ti)〉I (23)

for tf > ti, then it is given by Dyson’s formula,

U(tf , ti) = T exp

(
−i
∫ tf

ti

dtHint,I(t)

)
(24)

where T denotes time ordering.

Now let’s do some concrete calculations with the time evolution operator.

c) Suppose the interaction is only turned on for two moments, i.e. it has the form

Hint,I(t) = g (h1 δ(t− t1) + h2 δ(t− t2)). (25)

Write out U(tf , ti) up to and including terms of order g2, assuming ti < t1 < t2 < tf .

d) Now consider a general Hint,I(t) which is proportional to a coupling g. It is generally
true that U(t3, t2)U(t2, t1) = U(t3, t1). Explicitly show that this result is true, up to
and including terms of order g2, in the case t1 < t2 < t3.
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PHYS-330: QFT I
Stanford University, 2022

Solutions 3
Bernhard Mistlberger, Kevin Zhou

1. Locality in relativistic quantum field theory. (20 points)
The vacuum two-point correlation function of a real scalar field is

D(x− y) = ⟨0|ϕ(x)ϕ(y)|0⟩. (1)

It only depends on the difference of positions z = x− y, by translational invariance, and
it quantifies correlations between the field values at x and y in the vacuum state.

a) Show that

D(z) =

∫
d4p

(2π)4
(2π)δ(p2 −m2) θ(p0) e−ip·z (2)

where the Heaviside step function θ is 1 if the argument is positive and 0 otherwise.

Solution: Using the same d̄ and /δ notation as in the solutions to the second problem set,

⟨0|ϕ(x)ϕ(y)|0⟩ =

∫
d̄p d̄q√

2ωp

√
2ωq

eip·xe−iωpx
0

e−iq·yeiωqy
0⟨0|a(q)a†(p)|0⟩ (S1)

=

∫
d̄p d̄q√

2ωp

√
2ωq

eip·xe−iωpx
0

e−iq·yeiωqy
0
/δ(p− q) (S2)

=

∫
d̄p

2ωp
e−iωpz

0

eip·z. (S3)

On the other hand, starting from the desired expression, we have

D(z) =

∫
d̄p eip·z

∫ ∞

0

dp0

2π
(2π)δ(p2 −m2)e−ip0z0

(S4)

=

∫
d̄p

2ωp
e−iωpz

0

eip·z (S5)

which matches.

b) Show that if z′µ = Λµ
νz

ν for a proper orthochronous Lorentz transformation Λ, then
D(z′) = D(z). (Hint: show that d4p and δ(p2−m2) θ(p0) are each Lorentz invariant.)

Solution: For D(z′), let’s change the integration variable from p to p′µ = Λµ
νp

ν . Then

D(z′) =

∫
d4p′

(2π)4
(2π)δ(p′2 −m2)θ(p′0)e−ip′·z′

(S6)

=

∫
d4p′

(2π)4
(2π)δ(p′2 −m2)θ(p′0)e−ip·z (S7)

which is precisely the same thing as D(z) provided that

d4p′ δ(p′2 −m2) θ(p′0) = d4p δ(p2 −m2) θ(p0). (S8)

Lorentz transformations always preserve inner products, p2 = p′2, so the two delta functions are the
same. Furthermore, for timelike momenta (which are the only ones that contribute to the integral, be-
cause of the presence of the delta functions), orthochronous Lorentz transformations always preserve the
sign of the time component, by definition. Physically this corresponds to the fact that you can’t boost a
particle from positive energy to negative energy, and you can check it by explicitly computing the effects
of Lorentz boosts. (Of course, Lorentz boosts certainly can change the sign of the time component of
spacelike vectors.)
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The tricky part is to show that proper orthochronous Lorentz transformations preserve spacetime volume,
d4p′ = d4p. There are a few different ways to show this. The most formal way is to just compute the
Jacobian determinant. The Jacobian matrix for the transformations between the variables is just

∂p′µ

∂pν
= Λµ

ν (S9)

and its determinant is

J = − 1

24
ϵµνρσΛ

µ
µ′Λ

ν
ν′Λ

ρ
ρ′Λ

σ
σ′ϵµ

′ν′ρ′σ′
(S10)

as you can show by expanding out the definition of the determinant and using the antisymmetry of ϵ.
On the other hand, we know the Levi–Civita symbol is an invariant tensor, so we just get

J = − 1

24
ϵµνρσϵ

µνρσ = 1. (S11)

Another method is to note that in terms of matrix multiplications, η = ΛT ηΛ, which implies

det η = (detΛT )(det η)(detΛ) (S12)

and therefore J = detΛ = ±1. Since the proper orthochronous Lorentz transformations are connected
to the identity, we must have J = 1. Finally, you could just manually show that J = 1 when Λµ

ν is a
rotation or a boost, i.e. by showing that the matrices

Λµ
ν =


cosh γ sinh γ
sinh γ cosh γ

1
1

 , Λµ
ν =


1

1
cos θ sin θ
− sin θ cos θ

 (S13)

have unit determinant. This is sufficient, since any proper orthochronous Lorentz transformation can be
built out of rotations and boosts.

c) Show that for spacelike separation, z2 < 0, the correlation function is exponentially
decaying but nonzero. You can do this in two ways. First, you can show that

D(z) =
m

4π2
√
−z2

K1(
√
−z2m) (3)

where K1 is a modified Bessel function of the second kind. Alternatively, you may
numerically integrate D(z) and graph the result. In both cases you may use any books
or computer programs needed, such as Mathematica or Abramowitz and Stegun.

Solution: By our result from part (b), we can choose a frame where zµ = (0, z), and set up spherical
coordinates with the axis aligned with z. Defining r =

√
−z2 = |z| and p = |p|, we have

D(z) =

∫
d̄p

2ωp
eip·z (S14)

=
1

(2π)3

∫ ∞

0

dp

∫ 1

−1

d cos θ

∫ 2π

0

dϕ
p2

2
√
p2 +m2

eipr cos θ (S15)

=
1

(2π)2

∫ ∞

0

dp
p√

p2 +m2

sin(pr)

r
. (S16)

At this point we can straightforwardly evaluate the integral numerically, e.g. in Mathematica.
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Alternatively, if we want to stay analytic to the end, a little more work is necessary. First, we replace the
integral with an equivalent complex integral over the entire real axis,

D(z) = − i

8π2r

∫ ∞

−∞
dp

p eipr√
p2 +m2

. (S17)

To evaluate the integral, we deform the contour so that it wraps around the vertical branch cut that
starts at p = im. Across this branch cut, the square root flips sign, so the contour integral going down
the left end of the branch cut is equal to the contour integral going up the right end, giving

D(z) =
1

4π2r

∫ ∞

m

dx
x e−xr

√
x2 −m2

(S18)

where p = ix. Finally, looking up this integral in a book or Mathematica yields the final result,

D(z) =
m

4π2r
K1(mr). (S19)

A key requirement for a relativistic theory is that it is local, meaning that effects don’t
propagate faster than the speed of light. That means any change applied to the field at x
should only affect observable results at y if x and y aren’t spacelike separated, (y−x)2 ≥ 0.

You might thus be concerned about part (c), which implies a field in the vacuum “knows”
about the values of the field at spacelike separation. But there’s nothing wrong with this.
For example, to define a reference frame in special relativity, one synchronizes the clocks
by sending light pulses throughout all space. After synchronization, all the clocks “know”
about the values on the other clocks, even at spacelike separation. But that doesn’t mean
that changes propagate faster than light; it’s just a consequence of how we set up the
system. Similarly, ensuring a field is in the vacuum state requires absorbing all particles
throughout all space, and this process sets up correlations between field values.

To test if our theory is local, we must see whether changes in the state propagate faster
than light; that is the subject of the rest of the question.

d) One way to interact with a quantum field is to measure its value at a point, a process
which changes the state. From quantum mechanics, we know that measurements of
two operators O1 and O2 do not affect each other if [O1,O2] = 0. Show that

⟨0|[ϕ(x), ϕ(y)]|0⟩ = 0 (4)
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for spacelike separation, (x− y)2 < 0, as expected from locality.

Solution: We have
⟨0|[ϕ(x), ϕ(y)]|0⟩ = D(z)−D(−z). (S20)

On the other hand, when z is spacelike, it can always be transformed into −z by a Lorentz transformation.
(A simple way to see this is to note that both z and −z can be transformed into a standard four-vector
like (0, 0, 0,

√
−z2), by first boosting to get rid of the time component, and rotating to get the spatial

component pointing the right way.) Therefore, D(z) = D(−z), so the commutator vanishes.

Note that when z is timelike, you can’t Lorentz transform it into −z, so the argument thatD(z) = D(−z)
fails. That makes sense because the commutator should be nonzero for timelike separations; if it was
zero for all separations, then the theory would be trivial, as no measurements would ever affect anything.

e) Another way to interact with a field is to couple it to a classical source J(x), which
for a real scalar field corresponds to taking the Lagrangian

L =
1

2
(∂µϕ)(∂

µϕ)− 1

2
m2ϕ2 + ϕ(x)J(x). (5)

This is the scalar analogue of driving the electromagnetic field with a current Jµ(x).
For simplicity, we’ll treat ϕ(x) as a classical field for now, though similar conclusions
will hold when it is a quantum field. Show that the classical equation of motion is

(∂µ∂
µ +m2)ϕ(x) = J(x). (6)

Solution: The Euler–Lagrange equations are

∂µ
∂L

∂(∂µϕ)
− ∂L
∂ϕ

= 0 (S21)

where we now have

∂µ
∂L

∂(∂µϕ)
= ∂µ∂

µϕ,
∂L
∂ϕ

= −m2ϕ+ J (S22)

which together give the desired result.

f) Show that the equation of motion is solved by

ϕ(x) = i

∫
d4y G(x− y)J(y) (7)

where G is a Green’s function of the Klein–Gordan operator, which means

(∂µ∂
µ +m2)G(z) = −i δ(4)(z). (8)

The factors of −i here are purely conventional, and will simplify results later.

Solution: We have

(∂2 +m2)ϕ(x) = i(∂2 +m2)

∫
d4y G(x− y)J(y) (S23)

= i

∫
d4y (−iδ(4)(x− y))J(y) (S24)

= J(x) (S25)

as desired. Note that there is no term from the derivatives acting on the current because the derivatives
are with respect to x, while J is a function of y.
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g) By taking Fourier transforms, we may heuristically write the Green’s function as

G(z) =

∫
d4p

(2π)4
i e−ip·z

p2 −m2
(9)

which formally obeys Eq. (8). However, this expression is not mathematically well-
defined because the integral blows up when p2 = m2. To get a definite result, we must
add “iϵ” terms to the denominator to keep it from vanishing. There are multiple ways
to do this, which physically corresponds to the fact that there are multiple possible
Green’s functions, depending on the field’s boundary conditions. Three key examples
are the retarded, advanced, and Feynman Green’s functions,

GR(z) = lim
ϵ→0+

∫
d4p

(2π)4
i e−ip·z

(p0 + iϵ)2 − |p|2 −m2
(10)

GA(z) = lim
ϵ→0+

∫
d4p

(2π)4
i e−ip·z

(p0 − iϵ)2 − |p|2 −m2
(11)

GF (z) = lim
ϵ→0+

∫
d4p

(2π)4
i e−ip·z

p2 −m2 + iϵ
(12)

where the limit notation means ϵ approaches zero from the positive end. By using
the residue theorem to perform the integral over p0, show that

GR(z) = θ(z0)(D(z)−D(−z)) (13)

GA(z) = θ(−z0)(D(−z)−D(z)) (14)

GF (z) = θ(z0)D(z) + θ(−z0)D(−z) (15)

Solution: Applying partial fractions, we have

GR(z) = i

∫
d3p dp0

(2π)4
1

2ωp

[
1

(p0 − ωp + iϵ)
− 1

(p0 + ωp + iϵ)

]
e−ip·z (S26)

which implies both poles are shifted below the real p0 axis. Now we perform the integral over p0. When
z0 > 0, the integrand is exponentially damped below the real p0 axis, so it makes no difference if we
replace the contour over the real line with a closed contour which additionally includes a semicircle (of
infinite radius) below the real axis, as shown.
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Figure 1: Contour for the retarded propagator for z0 > 0.

This closed contour integral can be calculated using the residue theorem. Each pole contributes −2πi
times its residue (where the minus sign is because the contour goes around the poles clockwise), giving

GR(z) =

∫
d3p

(2π)3

[
1

2ωp
e−iωpz

0+ip·z − 1

2ωp
eiωpz

0+ip·z
]

(S27)
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Reindexing p → −p in the second term gives

GR(z) =

∫
d3p

(2π)3
1

2ωp

[
e−iωpz

0+ip·z − eiωpz
0−ip·z

]
(S28)

=

∫
d3p

(2π)3
1

2ωp

[
e−ip·z − eip·z

]
= D(z)−D(−z) (S29)

where here we are defining p = (ωp,p). On the other hand, when z0 < 0, the integral is exponentially
damped above the real p0 axis. We can thus close the contour above the real axis, and it encircles no
poles, so the integral vanishes. Thus,

GR(z) = θ(z0)(D(z)−D(−z)) (S30)

as desired. The proof for GA(z) is extremely similar, but now with both poles above the real axis.

Finally, the Feynman propagator is

GF (z) = i

∫
d4p

(2π)4

[
1

(p0 − ωp + iϵ)(p0 + ωp − iϵ)

]
e−ip·z (S31)

= i

∫
d3pdp0

(2π)4
1

2ωp

[
1

(p0 − ωp + iϵ)
− 1

(p0 + ωp − iϵ)

]
e−ip·z (S32)

which has one pole above the real axis, and one pole below. In figure 2 we show the contours of integration
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z0 < 0

Figure 2: Contour for the Feynman propagator.

for the p0 integral. If z0 > 0 the dashed, orange line in fig. 2 represents a contour of a semi-circle with
infinite radius in the lower half of the complex plane and does not contribute to the integral. The integral
along the the real p0 axis consequently yields minus one times the residue at p0 = ωp + iϵ and the
other residue does not contribute. Conversely, if z0 < 0, the purple dashed contour in the positive
imaginary half-plane contributes zero to the integral and the integral along the real axis yields the residue
at p0 = −ωp + iϵ. We thus conclude

GF (z) =

∫
d4p

(2π)4
1

2ωp

[
θ(z0)e−ipz + θ(−z0)eipz

]
(S33)

= θ(z0)D(z) + θ(−z0)D(−z). (S34)

h) The retarded Greens function applies when the field is zero before the source acts.
Show that GR(x− y) vanishes for spacelike separation, as expected from locality.

Solution: When z0 is negative, GR(z) is just zero by the definition of the step function. When z0

is positive, GR(z) is just the same thing as ⟨0|[ϕ(x), ϕ(y)]|0⟩, which we showed was zero for spacelike
separation in part (d).

i) The Feynman propagator will play a crucial role when we introduce Feynman dia-
grams because it is equal to ⟨0|Tϕ(x)ϕ(y)|0⟩. Does it vanish for spacelike separation?
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Solution: It doesn’t vanish for spacelike separation. For example, when z0 is positive, the Feynman
propagator is just D(z), and we already showed in part (c) that this can be nonzero for spacelike sepa-
rations. For this reason, the Feynman propagator has little use in classical field theory (which is why it
doesn’t show up in electromagnetism classes, while the retarded and advanced propagators do). But it
will be useful when we set up perturbation theory.

Some students tried to solve this problem by setting z0 = 0, but this is a bit tricky because the step
functions are discontinuous there. There’s no need to do this, because we already showed that D(z) can
be nonzero for general spacelike separation, not just when z0 = 0.

2. Recovering classical field theory. (10 points)
If an operator O is time-independent in Schrodinger picture, then in Heisenberg picture,

dO(t)

dt
= i [H(t),O(t)]. (16)

In quantum field theory, working in the Heisenberg picture allows fields to depend on
spacetime, making results look more Lorentz invariant. For example, we saw that in
Heisenberg picture, a real scalar field obeys the Klein–Gordan equation (∂2 +m2)ϕ = 0.
Now consider the Lagrangian of Eq. (5), which additionally includes a source term J(x).
In this case, the Hamiltonian is explicitly time-dependent,

H(t) = H0 −
∫
d3xϕ(x, t)J(x, t) (17)

where H0 is the free Hamiltonian.

a) Show that in Heisenberg picture, the field ϕ(x) obeys Eq. (6). (Thus, by the logic of
problem 1, expectation values of a quantum field ϕ(x) respond locally to sources.)

Solution: Note that the new term in the Hamiltonian commutes with ϕ(y, t) for any y. Therefore, the
Heisenberg equation of motion for ϕ is exactly the same as before,

ϕ̇(x) = π(x) (S35)

As for the canonical momentum, we have

π̇(x) = ∇2ϕ(x)−m2ϕ(x) + i

[
−

∫
d3y ϕ(y, t)J(y, t), π(x, t)

]
(S36)

= ∇2ϕ(x)−m2ϕ(x) + (−i)(i)
∫
d3y δ(3)(y − x)J(y, t) (S37)

= ∇2ϕ(x)−m2ϕ(x) + J(x). (S38)

Combining these two equations gives the result.

With the source, quantum fields can evolve in time nontrivially. Suppose we start in the
vacuum state |0⟩, and at time t = 0 apply an impulse to the field via

J(x) = δ(t) j(x). (18)

This is the scalar analogue of suddenly turning an electric current on and off in electro-
magnetism. It is also closely related to the last half of problem 2 of problem set 1.

b) The impulse causes operators to instantaneously shift in value at t = 0. Show that

ϕ(x, 0+) = ϕ(x, 0−), π(x, 0+) = π(x, 0−) + j(x). (19)
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Here, 0+ means a time right after t = 0, and 0− means a time right before, i.e.

f(0+)− f(0−) = lim
ϵ→0+

∫ ϵ

−ϵ

df(t)

dt
dt (20)

for any function of time.

Solution: Integrating the Heisenberg equation of motion for an infinitesimal time centered at t = 0,

ϕ(x, 0+)− ϕ(x, 0−) = −i
[ ∫

d3y ϕ(y, 0)j(y), ϕ(x, 0)

]
= 0. (S39)

On the other hand, we have

π(x, 0+)− π(x, 0−) = −i
[ ∫

d3y ϕ(y, 0)j(y), π(x, 0)

]
(S40)

= −i
∫
d3y iδ(y − x)j(y) (S41)

= j(x). (S42)

c) Show that this is equivalent to the annihilation operators shifting by

a(p, 0+) = a(p, 0−) +
i√
2ωp

j̃(p) (21)

where j̃ is the Fourier transform of j.

Solution: First, note that

a†(p, 0+) = a†(p, 0−)− i√
2ωp

j̃∗(p) (S43)

Furthermore, because j(x) is real, we have

j̃∗(p) =

(∫
dx j(x)e−ip·x

)∗

=

∫
dx j(x)eip·x = j̃(−p). (S44)

The change in the field operator is

ϕ(x, 0+)− ϕ(x, 0−) =

∫
d̄k√
2ωk

(
i j̃(k)√
2ωk

eik·x − i j̃∗(k)√
2ωk

e−ik·x
)
. (S45)

Substituting k′ = −k in the second term and renaming k′ to k gives

ϕ(x, 0+)− ϕ(x, 0−) = i

∫
d̄k√
2ωk

(
j̃(k)√
2ωk

eik·x − j̃∗(−k)√
2ωk

eik·x
)

= 0. (S46)

On the other hand, we have

π(x, 0+)− π(x, 0−) = −i
∫
d̄k

√
ωk

2

(
i j̃(k)√
2ωk

eik·x − −i j̃∗(k)√
2ωk

e−ik·x
)

(S47)

=
1

2

∫
d̄k

(
j̃(k)eik·x + j̃∗(k)e−ik·x) (S48)

=
1

2

∫
d̄k (j̃(k) + j̃∗(−k))eik·x (S49)

= j(x) (S50)

as desired.
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d) Show that the field is in a coherent state after the impulse, in the sense that the state
is an eigenvector of a(p, 0+). Then evaluate ⟨0|a†(p, 0+)a(p, 0+)|0⟩, which gives the
number of particles of momentum p produced, per unit volume of momentum space.

Solution: Because we are in the vacuum state before the impulse, a(p, 0−)|0⟩ = 0, we have

a(p, 0+)|0⟩ = i√
2ωp

j̃(p)|0⟩ (S51)

which implies the field is in a coherent state after the impulse. Then we have

⟨0|a†(p, 0+)a(p, 0+)|0⟩ = ⟨0| (−i) j̃
∗(p)√

2ωp

i j̃(p)√
2ωp

|0⟩ = |j̃(p)|2
2ωp

. (S52)

Incidentally, the fact that the field is in a coherent state implies that the number of particles in a given
range of momenta is Poisson distributed.

As you saw in problem set 1, coherent states of the quantum harmonic oscillator have the
same position and momentum uncertainties as the vacuum state. Similarly, in quantum
field theory, coherent states of the field have the same ϕ and π uncertainties as the
vacuum, while their expectation values behave classically. When the driving is strong,
the uncertainties become negligible compared to the expectation values, and the number
of particles becomes large so that we can no longer see their discreteness. We therefore
recover a classical field.

3. Practice with time-ordered exponentials. (10 points)
Suppose the Hamiltonian is H = H0 +Hint, where H0 is a time-independent free Hamil-
tonian, and Hint is an interaction which could be time-dependent. In interaction picture,
operators evolve under the free Hamiltonian H0 alone, and the states are |ψ(t)⟩I . Let’s
first review some results derived in lecture.

a) Show that
i ∂t|ψ(t)⟩I = Hint,I(t)|ψ(t)⟩I . (22)

where Hint,I(t) is the interaction Hamiltonian in the interaction picture.

Solution: By definition, matrix elements of operators are the same in all pictures, so for any states |ψ⟩
and |ψ′⟩, and any operator O, we have

I⟨ψ′(t)|OI(t)|ψ(t)⟩I = S⟨ψ′(t)|OS |ψ(t)⟩S . (S53)

On the other hand, we know that

OI(t) = eiH0tOSe
−iH0t (S54)

so comparing the expressions gives

|ψ(t)⟩I = eiH0t|ψ(t)⟩S . (S55)

Applying i ∂t to both sides gives

i ∂t|ψ(t)⟩I = −H0e
iH0t|ψ(t)⟩S + ieiH0t∂t|ψ(t)⟩S (S56)

= −H0|ψ(t)⟩I + eiH0tHS |ψ(t)⟩S (S57)

= −eiH0tH0e
−iH0t|ψ(t)⟩I + eiH0tHSe

−iH0t|ψ(t)⟩I (S58)

= Hint,I(t)|ψ(t)⟩I (S59)

as desired.

9



b) Show that if the interaction picture time evolution operator is defined as

|ψ(tf )⟩I = U(tf , ti)|ψ(ti)⟩I (23)

for tf > ti, then it is given by Dyson’s formula,

U(tf , ti) = T exp

(
−i

∫ tf

ti

dtHint,I(t)

)
(24)

where T denotes time ordering.

Solution: Abbreviating Hint,I(t) as H(t), note that the time-ordered exponential is

U(tf , ti) =

∞∑
n=0

(−i)n
n!

∫ tf

ti

dtn

∫ tf

ti

dtn−1 · · ·
∫ tf

ti

dt1 T (H(tn)H(tn−1) · · ·H(t1)). (S60)

We can incorporate the effect of the time ordering by changing the integration bounds,

U(tf , ti) =

∞∑
n=0

(−i)n
∫ tf

ti

dtn

∫ tn

ti

dtn−1 · · ·
∫ t2

ti

dt1H(tn)H(tn−1) · · ·H(t1) (S61)

where the factor of 1/n! cancelled because the new integration region has 1/n! times the volume of the
original one. Now, part (a) tells us that we want to prove

i∂tfU(tf , ti) = H(tf )U(tf , ti). (S62)

When we differentiating Eq. (S61) with respect to tf , we only pick up one term from the upper bound
of the outer integral, giving

i∂tfU(tf , ti) = H(tf )

∞∑
n=1

(−i)n−1

∫ tf

ti

dtn−1 · · ·
∫ t2

ti

dt1H(tn−1) · · ·H(t1). (S63)

Shifting the sum in n downward by one recovers U(tf , ti), as desired.

Now let’s do some concrete calculations with the time evolution operator.

c) Suppose the interaction is only turned on for two moments, i.e. it has the form

Hint,I(t) = g (h1 δ(t− t1) + h2 δ(t− t2)). (25)

Write out U(tf , ti) up to and including terms of order g2, assuming ti < t1 < t2 < tf .

Solution: We have ∫ tf

ti

dtHint,I(t) = g(h1 + h2) (S64)

so the exponential without the time-ordering would be

1− ig(h1 + h2)−
g2

2
(h1 + h2)

2 +O(g3). (S65)

The time-ordering puts contributions that occur later on the left, which means all the h2 terms are to
the left of the h1 terms, giving

1− ig(h1 + h2)−
g2

2
(h21 + 2h2h1 + h22) +O(g3). (S66)

d) Now consider a general Hint,I(t) which is proportional to a coupling g. It is generally
true that U(t3, t2)U(t2, t1) = U(t3, t1). Explicitly show that this result is true, up to
and including terms of order g2, in the case t1 < t2 < t3.
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Solution: The desired right-hand side is

U(t3, t1) = 1− ig

∫ t3

t1

dtH(t)− g2
∫ t3

t1

dt

∫ t

t1

dt′H(t)H(t′) +O(g3). (S67)

On the left-hand side, expanding the product of the two terms gives

U(t3, t2)U(t2, t1) = 1− ig

∫ t2

t1

dtH(t)− ig

∫ t3

t2

dtH(t)

− g2
∫ t2

t1

dt

∫ t3

t2

dt′H(t)H(t′)− g2
∫ t2

t1

dt

∫ t

t1

dt′H(t)H(t′)− g2
∫ t3

t2

dt

∫ t

t2

dt′H(t)H(t′) +O(g3). (S68)

Clearly, the constant and O(g) terms agree, so the tricky part is showing the equality of the O(g2) terms,∫ t3

t1

dt

∫ t

t1

dt′H(t)H(t′) =

∫ t2

t1

dt

∫ t3

t2

dt′H(t)H(t′)

+

∫ t2

t1

dt

∫ t

t1

dt′H(t)H(t′) +

∫ t3

t2

dt

∫ t

t2

dt′H(t)H(t′) (S69)

The left-hand side integrates over all t1 < t′ < t < t3, and t2 is between t1 and t3. All terms on the
right-hand side enforce t′ < t. The second term includes the region where both t and t′ are less than
t2, the third term includes the regions where both are greater than t2, and the first term corresponds to
when t2 is between t and t′.
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PHYS-330: QFT I
Stanford University, 2022

Problem Set 4 (due 10/25)
Bernhard Mistlberger, Kevin Zhou

1. Using Wick’s theorem. (7 points)
For both parts of this problem, you can use Wick’s theorem for two real scalar fields.

a) Show that T (φ(x1)φ(x2)) and : φ(x1)φ(x2) : both remain the same when x1 and x2
are exchanged. Using these results, explain why DF (x1 − x2) = DF (x2 − x1).

b) Prove Wick’s theorem for a time ordered product of three scalar fields,

T (φ(x1)φ(x2)φ(x3)) = :φ(x1)φ(x2)φ(x3) : + φ(x1)DF (x2 − x3)
+ φ(x2)DF (x3 − x1) + φ(x3)DF (x1 − x2). (1)

2. Diagrams in φ3 theory. (18 points)
Consider a real scalar field φ of mass m with a cubic self-interaction, so that

L0 =
1

2
(∂µφ)(∂µφ)− 1

2
m2φ2, Lint =

λ

3!
φ3. (2)

In this problem, you will draw some diagrams in this interacting theory and compute
some symmetry factors. As in lecture, |0〉 is the free vacuum, the interaction Hamiltonian
density is Hint = −Lint, and HI is the interaction Hamiltonian in interaction picture.

a) Using Wick’s theorem, evaluate the vacuum correlation function

〈0|T exp

(
−i
∫
dtHI(t)

)
|0〉 (3)

up to and including terms of order λ2. Your result should be an explicit expression
in terms of integrals of the position-space Feynman propagator. (You will run into
terms proportional to DF (0), which is infinite. Don’t worry about this for now; we’ll
come back to this issue when we discuss renormalization.)

b) Draw all distinct diagrams that contribute to the vacuum correlation function at order
λ3 and λ4. For this part, you do not need to evaluate the diagrams or compute any
symmetry factors, but you should neatly display all of your diagrams in one box.

c) Now consider the two-point correlation function

〈Ω|T (φH(x)φH(y)) |Ω〉 =
〈0|T

(
φI(x)φI(y) exp

(
−i
∫
dtHI

))
|0〉

〈0|T exp
(
−i
∫
dtHI

)
|0〉

(4)

where φH and φI are Heisenberg and interaction picture fields. As discussed in class,
only connected diagrams contribute to the left-hand side, i.e. diagrams where all
fields are connected to at least one of the external points. Find all diagrams that
contribute up to and including order λ4, along with their symmetry factors, which
you can compute with any method. Again, give your answer by drawing everything
neatly inside one box. (Hint: there are 13 fully connected diagrams, i.e. diagrams
where all fields are connected to both of the external points.)
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3. Recovering nonrelativistic quantum mechanics. (15 points)
A free complex scalar field Φ of mass m satisfies the Klein–Gordan equation, so its plane
wave modes e−ip·x satisfy ω2 = |k|2 + m2. This implies we have plane waves with both
positive and negative ω, which is universal in relativistic theories. Upon quantization,
excitations of these modes correspond to matter and antimatter, with opposite charges.

The nonrelativistic limit is |k| � m, but since antimatter is inherently a feature of
relativistic theories, we should also throw away the negative ω modes. To do this, take

Φ(x) = e−imt χ(x)/
√

2m (5)

and assume |χ̇| � mχ, so that only nonrelativistic positive ω modes are excited. The√
2m factor transfers us back to nonrelativistic normalization.

a) Simplify the complex scalar field action to

S =

∫
d4x

(
iχ∗χ̇− 1

2m
∇χ∗ · ∇χ

)
(6)

by dropping a term that is small for |χ̇| � mχ.

b) Find the Euler–Lagrange equations for χ and χ∗, and the conserved current Jµ =
(ρ,J) corresponding to the symmetry χ → e−iαχ and χ∗ → eiαχ∗. (Be careful to
account for minus signs from the relativistic metric.)

For the relativistic complex scalar field, we had to canonically quantize Φ, Π, Φ∗, and
Π∗ as two pairs of phase space variables. But for this nonrelativistic field, the canonical
momentum for χ is just iχ∗, so we only have one pair. This is because we threw away the
negative ω solutions, and it implies the canonical commutation relations are

[χ(x), χ∗(y)] = δ(3)(x− y) (7)

with all other commutators vanishing. These can be satisfied with the mode expansion

χ(x) =

∫
d3p

(2π)3
a(p)e−ip·x, χ∗(x) =

∫
d3p

(2π)3
a†(p)eip·x. (8)

c) Show that [a(p), a†(q)] = (2π)3δ(3)(p−q). (Of course, the other commutators vanish.)
Then show that the single-particle states |x〉 = χ∗(x)|0〉 and |p〉 = a†(p)|0〉 behave
like nonrelativistic position and momentum states, obeying

〈y|x〉 = δ(3)(y − x), 〈q|p〉 = (2π)3δ(3)(q− p), 〈p|x〉 = eip·x. (9)

The factors of 2π are just due to our Fourier transform convention.

d) A general single-particle state takes the form

|ψ(t)〉 =

∫
d3xψ(x, t)|x〉 (10)

where ψ(x, t) is the particle’s position-space wavefunction at time t. As always in
quantum theories, the state evolves over time as i ∂t|ψ〉 = H|ψ〉, where H is the
Hamiltonian. Write this equation as a partial differential equation involving ψ(x, t).
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e) Take the term in the action you dropped in part (a) and simplify it by applying the
Euler–Lagrange equations you found in part (b). Find how the Hamiltonian in part
(d) changes when this term is added. What is its physical interpretation?

4. ? The force between sources. (5 points)
In this optional problem, we’ll compute a directly measurable quantity with quantum
field theory, for the first time in this course. So far we have only learned to compute cor-
relation functions, which often do not have a direct physical interpretation. For example,
the vacuum correlation function Eq. (3) can be used to find the energy of the interacting
vacuum relative to the free vacuum, but this isn’t directly measurable. (You can’t turn
off the interaction in real life.)

Instead, let’s again consider a free real scalar field with source J(x),

L =
1

2
(∂µφ)(∂µφ)− 1

2
m2φ2 + φ(x)J(x). (11)

If we change the vacuum by including a static source J(x), the resulting shift in vacuum
energy can be directly interpreted as the energy of the source, which is measurable.

a) Using Wick’s theorem, show that

〈0|T exp

(
i

∫
d4xφ(x)J(x)

)
|0〉 = exp

(
−1

2

∫
d4x d4y J(x)DF (x− y)J(y)

)
. (12)

b) Now consider the case where two point sources are turned on for a long time T ,

J(x) = g f(t) (δ(3)(x) + δ(3)(x−R)), f(t) =

{
1 −T/2 < t < T/2

0 otherwise
. (13)

If you plug this into Eq. (12), you’ll get infinite terms involving DF (0), reflecting the
fact that point sources have infinite energy. Discarding these terms so we can focus
on the sources’ interaction energy, evaluate Eq. (12) assuming T � R� 1/m.

c) Relate your answer to the interaction energy V (R) between the sources, and find it.
Is the force between them attractive or repulsive?

3



PHYS-330: QFT I
Stanford University, 2022

Solutions 4
Bernhard Mistlberger, Kevin Zhou

1. Using Wick’s theorem. (7 points)
For both parts of this problem, you can use Wick’s theorem for two real scalar fields.

a) Show that T (ϕ(x1)ϕ(x2)) and : ϕ(x1)ϕ(x2) : both remain the same when x1 and x2
are exchanged. Using these results, explain why DF (x1 − x2) = DF (x2 − x1).

Solution: For the time ordered product this is true by definition; it puts the later operator on the left
no matter what their original order was. As for the normal ordered product, we can split each field into
parts with only creation and annihilation operators,

ϕ(xi) = ϕ+i + ϕ−i , 0 = ϕ−i |0⟩ = ⟨0|ϕ+i . (S1)

The normal ordered product is defined by

:ϕ1ϕ2 : = ϕ+1 ϕ
+
2 + ϕ+1 ϕ

−
2 + ϕ+2 ϕ

−
1 + ϕ−1 ϕ

−
2 . (S2)

Since [ϕ+i , ϕ
+
j ] = [ϕ−i , ϕ

−
j ] = 0, this expression is identical if we exchange x1 and x2. Finally, Wick’s

theorem tells us that the Feynman propagator is the difference of a time ordered product and a normal
ordered product, so it is also symmetric in its arguments.

b) Prove Wick’s theorem for a time ordered product of three scalar fields,

T (ϕ(x1)ϕ(x2)ϕ(x3)) = :ϕ(x1)ϕ(x2)ϕ(x3) : + ϕ(x1)DF (x2 − x3)

+ ϕ(x2)DF (x3 − x1) + ϕ(x3)DF (x1 − x2). (1)

Solution: We simply work through the cases for the time ordering of x1, x2, and x3. By definition,

T (ϕ(x1)ϕ(x2)ϕ(x3)) = ϕ1T{ϕ2ϕ3}
∣∣∣
t1>t2,t3

+ ϕ2T{ϕ1ϕ3}
∣∣∣
t2>t1,t3

+ ϕ3T{ϕ1ϕ2}
∣∣∣
t3>t2,t1

. (S3)

Now let’s apply Wick’s theorem to the last term,

ϕ3T{ϕ1ϕ2}
∣∣∣
t3>t2,t1

= (ϕ+3 + ϕ−3 )(ϕ
+
1 ϕ

+
2 + ϕ+1 ϕ

−
2 + ϕ+2 ϕ

−
1 + ϕ−1 ϕ

−
2 +DF (x2 − x3))

∣∣∣
t3>t2,t1

. (S4)

A term is normal ordered if all the ϕ+i ’s are to the left of all the ϕ−i ’s, so

:ϕ1ϕ2ϕ3 : = (ϕ+3 + ϕ−3 )(ϕ
+
1 ϕ

+
2 + ϕ+1 ϕ

−
2 + ϕ+2 ϕ

−
1 + ϕ−1 ϕ

−
2 )
∣∣∣
t3>t2,t1

+ [ϕ−3 , ϕ
+
2 ]ϕ1 + [ϕ−3 , ϕ

+
1 ]ϕ2

∣∣∣
t3>t2,t1

. (S5)

We have therefore shown that

ϕ3T{ϕ1ϕ2}
∣∣∣
t3>t2,t1

=
(
:ϕ1ϕ2ϕ3 : + ϕ1[ϕ

−
3 , ϕ

+
2 ] + ϕ2[ϕ

−
3 , ϕ

+
1 ] + ϕ3DF (x1 − x2)

)
× θ(x03 − x02)θ(x

0
3 − x01). (S6)

When we add the other two terms, the first terms of each one combine to give :ϕ1ϕ2ϕ3 : with no step
functions. In addition, pairs of commutator terms combine into Feynman propagators by

DF (x, y) = θ(x0 − y0)[ϕ−(x), ϕ+(y)] + θ(y0 − x0)[ϕ−(y), ϕ+(x)]. (S7)

To see how this works, let’s consider the terms that eventually combine to yield ϕ(x3)DF (x1 − x2),

ϕ3

(
DF (x1 − x2)θ(t3 − t2)θ(t3 − t1)

+ [ϕ−1 , ϕ
+
2 ]θ(t1 − t3)θ(t1 − t2) + [ϕ−2 , ϕ

+
1 ]θ(t2 − t1)θ(t2 − t3)

)
. (S8)

1



The first term here is the desired term when t3 is the latest time. The second and third terms combine to
give the Feynman propagator for any ordering of t1 and t2, under the condition that t3 is not the latest.
So the sum is ϕ(x3)DF (x1 − x2), and the logic for the other terms is similar.

2. Diagrams in ϕ3 theory. (18 points)
Consider a real scalar field ϕ of mass m with a cubic self-interaction, so that

L0 =
1

2
(∂µϕ)(∂

µϕ)− 1

2
m2ϕ2, Lint =

λ

3!
ϕ3. (2)

In this problem, you will draw some diagrams in this interacting theory and compute
some symmetry factors. As in lecture, |0⟩ is the free vacuum, the interaction Hamiltonian
density is Hint = −Lint, and HI is the interaction Hamiltonian in interaction picture.

a) Using Wick’s theorem, evaluate the vacuum correlation function

⟨0|T exp

(
−i
∫
dtHI(t)

)
|0⟩ (3)

up to and including terms of order λ2. Your result should be an explicit expression
in terms of integrals of the position-space Feynman propagator. (You will run into
terms proportional to DF (0), which is infinite. Don’t worry about this for now; we’ll
come back to this issue when we discuss renormalization.)

Solution: Let the desired correlation function be c0 + λc1 + λ2c2 +O(λ3). Then

c0 = ⟨0|0⟩ = 1 (S9)

and

c1 =
i

3!
⟨0|T

(∫
d4xϕ(x)ϕ(x)ϕ(x)

)
|0⟩ = 0 (S10)

because we have an odd number of copies of ϕ. Finally,

c2 =
1

2!

(
i

3!

)2

⟨0|T
(∫

d4x d4y ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y)

)
|0⟩ (S11)

= − 1

72

∫
d4x d4y

[
3 · 3 ·DF (x− x)DF (x− y)DF (y − y) + 3! ·DF (x− y)3

]
(S12)

= −
∫
d4x d4y

(
1

8
DF (0)

2DF (x− y) +
1

12
DF (x− y)3

)
. (S13)

The terms in c2 correspond to the diagrams shown below.

b) Draw all distinct diagrams that contribute to the vacuum correlation function at order
λ3 and λ4. For this part, you do not need to evaluate the diagrams or compute any
symmetry factors, but you should neatly display all of your diagrams in one box.

Solution: There are no diagrams at any odd order. The 8 diagrams at order λ4 are shown below.
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c) Now consider the two-point correlation function

⟨Ω|T (ϕH(x)ϕH(y)) |Ω⟩ =
⟨0|T

(
ϕI(x)ϕI(y) exp

(
−i
∫
dtHI

))
|0⟩

⟨0|T exp
(
−i
∫
dtHI

)
|0⟩

(4)

where ϕH and ϕI are Heisenberg and interaction picture fields. As discussed in class,
only connected diagrams contribute to the left-hand side, i.e. diagrams where all
fields are connected to at least one of the external points. Find all diagrams that
contribute up to and including order λ4, along with their symmetry factors, which
you can compute with any method. Again, give your answer by drawing everything
neatly inside one box. (Hint: there are 13 fully connected diagrams, i.e. diagrams
where all fields are connected to both of the external points.)

Solution: Again, odd orders in λ always yield correlation functions on the right-hand side with an odd
number of fields, which vanish since ⟨0|ϕ|0⟩ = 0. The fully connected diagrams that contribute at orders
λ0, λ2, and λ4 are shown below, along with their symmetry factors.
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These symmetry factors can all be found with the rules discussed in class:

• 1/2 for every vertex connected to itself.

• 1/k! for k propagators connecting the same two vertices.
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• 1/2 for two interchangeable vertices.

Of course, you can also compute them by hand if you want to make sure. (to do: also include the
four non-fully connected diagrams)

3. Recovering nonrelativistic quantum mechanics. (15 points)
A free complex scalar field Φ of mass m satisfies the Klein–Gordan equation, so its plane
wave modes e−ip·x satisfy ω2 = |k|2 + m2. This implies we have plane waves with both
positive and negative ω, which is universal in relativistic theories. Upon quantization,
excitations of these modes correspond to matter and antimatter, with opposite charges.

The nonrelativistic limit is |k| ≪ m, but since antimatter is inherently a feature of
relativistic theories, we should also throw away the negative ω modes. To do this, take

Φ(x) = e−imt χ(x)/
√
2m (5)

and assume |χ̇| ≪ mχ, so that only nonrelativistic positive ω modes are excited. The√
2m factor transfers us back to nonrelativistic normalization.

a) Simplify the complex scalar field action to

S =

∫
d4x

(
iχ∗χ̇− 1

2m
∇χ∗ · ∇χ

)
(6)

by dropping a term that is small for |χ̇| ≪ mχ.

Solution: The Lagrangian is

L = (∂µΦ)(∂
µΦ)∗ −m2Φ∗Φ (S14)

=
1

2m
(∂µ(e

−imtχ))(∂µ(eimtχ∗))− m

2
χ∗χ (S15)

= − 1

2m
∇χ · ∇χ∗ +

1

2m
(∂t(e

−imtχ))(∂t(e
imtχ∗))− m

2
χ∗χ (S16)

where we split the summation over µ into a sum over µ = i and the µ = 0 term. The middle term is

1

2m
(χ̇− imχ)(χ̇∗ + imχ∗) =

χ̇∗χ̇

2m
+
i

2
(χ̇χ∗ − χ̇∗χ) +

m

2
χ∗χ. (S17)

Of these terms, the first is negligible in the nonrelativistic limit, and the last term cancels with the last
term of Eq. (S16). To get the second term in the desired form, we integrate the action by parts,

i

2

∫
d4x (χ̇χ∗ − χ̇∗χ) = i

∫
d4xχ∗χ̇. (S18)

b) Find the Euler–Lagrange equations for χ and χ∗, and the conserved current Jµ =
(ρ,J) corresponding to the symmetry χ → e−iαχ and χ∗ → eiαχ∗. (Be careful to
account for minus signs from the relativistic metric.)

Solution: As usual, we treat χ and χ∗ as independent variables. For both parts of this question, we
need to compute the derivatives of L with respect to ∂µχ and ∂µχ

∗. These are

∂L
∂χ̇

= iχ∗,
∂L

∂(∇χ)
= − 1

2m
∇χ∗ (S19)

and
∂L
∂χ̇∗ = 0,

∂L
∂(∇χ∗)

= − 1

2m
∇χ. (S20)
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The Euler–Lagrange equation for χ is

∂L
∂χ

= ∂µ
∂L

∂(∂µχ)
= ∂t

∂L
∂χ̇

+∇ · ∂L
∂(∇χ)

. (S21)

The left-hand side is zero, and plugging in the results for the right-hand side gives

iχ̇∗ =
1

2m
∇2χ∗. (S22)

Similarly, the Euler–Lagrange equation for χ∗ is

∂L
∂χ∗ = ∂t

∂L
∂χ̇∗ +∇ · ∂L

∂(∇χ∗)
. (S23)

Now the left-hand side is nonzero, but the first term on the right-hand side is zero, giving

iχ̇ = − 1

2m
∇2χ. (S24)

As expected, the two Euler–Lagrange equations are conjugates of each other, and the equation of motion
for χ is just the Schrodinger equation.

For infinitesimal α, the change in the fields is δχ = −iαχ and δχ∗ = iαχ∗, so Noether’s theorem gives

Jµ = −iχ ∂L
∂(∂µχ)

+ iχ∗ ∂L
∂(∂µχ∗)

. (S25)

The density of the conserved charge is

ρ = −iχ∂L
∂χ̇

+ iχ∗ ∂L
∂χ̇∗ = χ∗χ. (S26)

The current density is

J = −iχ ∂L
∂(∇χ)

+ iχ∗ ∂L
∂(∇χ∗)

=
i

2m
(χ∇χ∗ − χ∗∇χ). (S27)

These are the same form as the probability density and probability current in nonrelativistic quantum
mechanics. (But here they don’t mean the same thing: we’re still talking about classical field theory, not
quantum mechanics.)

For the relativistic complex scalar field, we had to canonically quantize Φ, Π, Φ∗, and
Π∗ as two pairs of phase space variables. But for this nonrelativistic field, the canonical
momentum for χ is just iχ∗, so we only have one pair. This is because we threw away the
negative ω solutions, and it implies the canonical commutation relations are

[χ(x), χ∗(y)] = δ(3)(x− y) (7)

with all other commutators vanishing. These can be satisfied with the mode expansion

χ(x) =

∫
d3p

(2π)3
a(p)e−ip·x, χ∗(x) =

∫
d3p

(2π)3
a†(p)eip·x. (8)

c) Show that [a(p), a†(q)] = (2π)3δ(3)(p−q). (Of course, the other commutators vanish.)
Then show that the single-particle states |x⟩ = χ∗(x)|0⟩ and |p⟩ = a†(p)|0⟩ behave
like nonrelativistic position and momentum states, obeying

⟨y|x⟩ = δ(3)(y − x), ⟨q|p⟩ = (2π)3δ(3)(q− p), ⟨p|x⟩ = eip·x. (9)

The factors of 2π are just due to our Fourier transform convention.
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Solution: We use the same d̄ and /δ notation as in the solutions to the second problem set. Inverting
the Fourier transform gives

a(p) =

∫
dxχ(x)e−ip·x (S28)

which implies

[a(p), a†(q)] =

∫
dx dy [χ(x), χ∗(y)] e−ip·xeiq·y (S29)

=

∫
dx e−ip·xeiq·x (S30)

= /δ(p− q). (S31)

Now, we have
⟨y|x⟩ = ⟨0|χ∗(y)χ(x)|0⟩ = δ(y − x) (S32)

where we applied the commutation relation and used χ∗(y)|0⟩ = 0. Next,

⟨q|p⟩ = ⟨0|a(q)a†(p)|0⟩ = /δ(q− p) (S33)

where we applied the commutation relation and used a(q)|0⟩ = 0. Finally,

⟨p|x⟩ = ⟨0|a(p)
∫
d̄q a†(q)eiq·x|0⟩ = eip·x (S34)

d) A general single-particle state takes the form

|ψ(t)⟩ =
∫
d3xψ(x, t)|x⟩ (10)

where ψ(x, t) is the particle’s position-space wavefunction at time t. As always in
quantum theories, the state evolves over time as i ∂t|ψ⟩ = H|ψ⟩, where H is the
Hamiltonian. Write this equation as a partial differential equation involving ψ(x, t).

Solution: First, we need to find the Hamiltonian. Applying the Legendre transform (or equivalently
considering the element T 00 of the stress-energy tensor),

H = χ̇
∂L
∂χ̇

− L =
1

2m
∇χ∗ · ∇χ. (S35)

Therefore, in terms of creation and annihilation operators, the Hamiltonian is

H =
1

2m

∫
dx∇χ∗ · ∇χ (S36)

=
1

2m

∫
dx

∫
d̄p d̄q a†(p)eip·x (ip · (−iq)) a(q)e−iq·x (S37)

=
1

2m

∫
dx

∫
d̄p d̄q (p · q) ei(p−q)·x a†(p)a(q) (S38)

=
1

2m

∫
d̄p |p|2 a†(p)a(p). (S39)

The Hamiltonian acts on position eigenstates as

H|x⟩ = 1

2m

∫
d̄p |p|2 a†(p)a(p)

∫
d̄q a†(q)eiq·x|0⟩ (S40)

=
1

2m

∫
d̄p |p|2 a†(p)eip·x|0⟩ (S41)

= −∇2

2m

∫
d̄p a†(p)eip·x|0⟩ (S42)

= −∇2

2m
|x⟩. (S43)
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Finally, the time evolution equation is∫
dx iψ̇ |x⟩ =

∫
dxψH|x⟩ = − 1

2m

∫
dxψ∇2|x⟩ = − 1

2m

∫
dx (∇2ψ)|x⟩ (S44)

where we integrated by parts in the last step. Matching the coefficients of |x⟩ gives

iψ̇ = −∇2ψ

2m
(S45)

which is of course the nonrelativistic single-particle Schrodinger equation. Thus, our nonrelativistic quan-
tum scalar field theory contains single-particle nonrelativistic quantum mechanics. In addition, it naturally
contains states with arbitrarily many particles.

Notice that the single-particle quantum wavefunction ψ obeys the same equation of motion as the classical
field χ, and both have a conserved current of the same form. This formal correspondence is a general
structural feature of quantum field theory, and one of the original clues used to construct it. It is also
the reason the pioneers of quantum field theory called it “second quantization,” under the mistaken
impression they were quantizing ψ a second time rather than χ for a first time.

e) Take the term in the action you dropped in part (a) and simplify it by applying the
Euler–Lagrange equations you found in part (b). Find how the Hamiltonian in part
(d) changes when this term is added. What is its physical interpretation?

Solution: We had dropped the term χ̇∗χ̇/2m, and plugging in the Euler–Lagrange equations gives

L ⊃ 1

8m3
∇2χ∗ ∇2χ. (S46)

This contributes an additional term to the Hamiltonian,

H ⊃ − 1

8m3

∫
dx∇2χ∗ ∇2χ (S47)

and following the same steps as in part (d) yields

H ⊃ − 1

8m3

∫
d̄p |p|4 a†(p)a(p). (S48)

This is simply the leading relativistic correction to the kinetic energy, which you often see, e.g. when
computing the fine structure of the hydrogen atom. Applying a similar (but more technically complex)
procedure to the Dirac equation, known as the Foldy—Wouthuysen transformation, one can derive the
fine structure corrections for the hydrogen atom. You can continue turning the crank to get relativistic
corrections at all orders.

4. ⋆ The force between sources. (5 points)
In this optional problem, we’ll compute a directly measurable quantity with quantum
field theory, for the first time in this course. So far we have only learned to compute cor-
relation functions, which often do not have a direct physical interpretation. For example,
the vacuum correlation function Eq. (3) can be used to find the energy of the interacting
vacuum relative to the free vacuum, but this isn’t directly measurable. (You can’t turn
off the interaction in real life.)

Instead, let’s again consider a free real scalar field with source J(x),

L =
1

2
(∂µϕ)(∂

µϕ)− 1

2
m2ϕ2 + ϕ(x)J(x). (11)

If we change the vacuum by including a static source J(x), the resulting shift in vacuum
energy can be directly interpreted as the energy of the source, which is measurable.
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a) Using Wick’s theorem, show that

⟨0|T exp

(
i

∫
d4xϕ(x)J(x)

)
|0⟩ = exp

(
−1

2

∫
d4x d4y J(x)DF (x− y)J(y)

)
. (12)

Solution: Again, odd-order terms vanish, so the left-hand side is∑
n

i2n

(2n)!

∫
d4x1 · · · d4x2n J(x1) · · · J(x2n)⟨0|Tϕ(x1) · · ·ϕ(x2n)|0⟩. (S49)

There are (2n−1)(2n−3) · · · (3)(1) possible Wick contractions, all of which yield the same thing, giving∑
n

i2n

(2n)(2n− 2) · · · (2)

(∫
d4x d4y J(x)DF (x− y)J(y)

)n

. (S50)

Simplifying the numeric factors gives∑
n

1

n!

(
−1

2

∫
d4x d4y J(x)DF (x− y)J(y)

)n

(S51)

which is indeed the Taylor series of the desired right-hand side.

b) Now consider the case where two point sources are turned on for a long time T ,

J(x) = g f(t) (δ(3)(x) + δ(3)(x−R)), f(t) =

{
1 −T/2 < t < T/2

0 otherwise
. (13)

If you plug this into Eq. (12), you’ll get infinite terms involving DF (0), reflecting the
fact that point sources have infinite energy. Discarding these terms so we can focus
on the sources’ interaction energy, evaluate Eq. (12) assuming T ≫ R ≫ 1/m.
Solution: It’s helpful to go to momentum space, where we get

exp

(
− i

2

∫
d4x d4y J(x)J(y)

∫
d4p

(2π)4
e−ip·(x−y)

p2 −m2 + iϵ

)
. (S52)

Taking only the two interaction terms and imposing the position-space delta functions gives

exp

(
−ig2

∫
dx0 dy0 f(x0)f(y0)

∫
d4p

(2π)4
e−ip0(x0−y0)e−ip·R

p2 −m2 + iϵ

)
. (S53)

At this point, we can perform the temporal integrals; they are a representation of the delta function,∫ T/2

−T/2

dx0
∫ T/2

−T/2

dy0 e−ip0(x0−y0) = 2πT δ(p0) (S54)

for large T , where the normalization can be found by integrating both sides against p0. We thus get

exp

(
ig2T

∫
d3p

(2π)3
e−ip·R

|p|2 +m2

)
(S55)

where we dropped the iϵ since the denominator won’t vanish. This is a standard integral you can look
up or do with spherical coordinates and contour integration (we’ll see it again later in the course), so

exp

(
ig2T

e−mr

4πr

)
. (S56)

c) Relate your answer to the interaction energy V (R) between the sources, and find it.
Is the force between them attractive or repulsive?
Solution: If the interaction energy is V , then the correlation function should be e−iV T , reflecting the
change in energy of the vacuum. Comparing with above expression gives

V (r) = −g
2e−mr

4πr
. (S57)

The force falls off exponentially on the scale 1/m, and it is attractive. (Incidentally, since we just have
a free field theory and classical sources, we could have done this all much more easily in classical field
theory. But the approach we’ve just taken is much more powerful and general.)
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PHYS-330: QFT I
Stanford University, 2022

Problem Set 5 (due 11/1)
Bernhard Mistlberger, Kevin Zhou

1. Mandelstam variables. (4 points)
Consider any 2 → 2 scattering process, where the two incoming particles have momenta
p1 and p2, and the two outgoing particles have momenta p3 and p4. By momentum
conservation, p1 + p2 = p3 + p4, and p2i = m2

i where mi is the mass of particle i. In this
situation, it is often useful to work in terms of the Mandelstam variables

s = (p1 + p2)
2, t = (p1 − p3)2, u = (p1 − p4)2. (1)

a) Show that s+ t+ u = m2
1 +m2

2 +m2
3 +m2

4.

b) In the center of mass frame, the total energy is Ecm and the angle of p1 to p3 is θ.
Write s, t, and u in terms of Ecm and θ, assuming all four particles are massless.

2. Scalar Yukawa amplitudes. (7 points)
Let φ be a real scalar field of mass M , and ψ be a complex scalar field of mass m, with

Lint = −g ψ∗ψφ. (2)

The field ψ can annihilate a particle, or create a particle with opposite U(1) charge;
these particles are conventionally called the ψ and ψ∗, respectively. Similarly, the field
φ can create or annihilate a φ particle. (That is, particles are named after the field that
annihilates them.) As discussed in section, the Feynman rules are

=
i

p2 −M2 + iε
=

i

p2 −m2 + iε
= −ig (3)

where a dashed line stands for φ and a solid line stands for ψ.

a) AssumingM > 2m, calculate the decay rate of a φ particle to leading order in g. (Start
from equation (4.86) of Peskin and Schroeder, and do the phase space integrals.)

b) Find the amplitude for ψ(p1)ψ
∗(p2) → ψ(p3)ψ

∗(p4) scattering to leading order in g,
in terms of Mandelstam variables.

c) Suppose the energies we can reach in an experiment are higher than m, but much
lower than M . In this case, we might not know that φ particles exist, since we can’t
produce them, so we would have to describe the scattering process in part (b) using
an “effective” field theory in terms of ψ alone. Show that at leading order,

Lint = −λψ∗ψψ∗ψ (4)

will yield the same answer for part (b) for some value of λ, and find that value in
terms of g and M . Assume all elements of the momenta pi are much less than M .

3. Solving a trivial theory. (4 points)
Consider a free real scalar field of mass m, but treat the mass term as the perturbation,

L0 =
1

2
(∂µφ)(∂µφ), Lint = −1

2
m2φ2. (5)
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a) Write down the Feynman rules for this theory.

b) Evaluate the momentum-space propagator exactly, summing all of the (infinitely
many) connected Feynman diagrams.

4. Pion scattering in the linear sigma model. (25 points)
Consider a theory with N free real scalar fields Φi(x) of equal mass m,

L0 =
N∑
i=1

1

2
∂µΦi∂

µΦi −
m2

2
ΦiΦi. (6)

This Lagrangian is symmetric under rotations of the scalar fields among themselves. We
can show this more clearly by defining an N -element vector Φ with elements of Φi, so

L0 =
1

2
(∂µΦ)2 − m2

2
Φ ·Φ. (7)

This is just shorthand for Eq. (6). Note that the index on Φi is not a spatial index (such
as on ∂i). It is a “flavor” index, meaning it just identifies which field we’re talking about.

a) We quantize the theory by imposing the equal time commutation relations

[Πi(x, 0),Φj(y, 0)] = iδij δ
(3)(x− y), Πi(x) = ∂tΦi(x), (8)

with all other commutators vanishing. Show that the propagator is

〈0|T{Φi(x)Φj(y)}|0〉 = Φi(x)Φj(y) = δij DF (x− y). (9)

where δij is 1 if i = j, and 0 otherwise. The momentum space Feynman rule is

i j =
i δij

p2 −m2 + iε
(10)

where the i and j are flavor indices.

b) The linear sigma model additionally contains the interaction

Lint = −λ
4

(Φ ·Φ)2 . (11)

which is also symmetric under rotations of Φ. Show that this interaction corresponds
to the momentum space Feynman rule

i j

k `

= −2iλ (δijδk` + δikδj` + δi`δjk) . (12)

(Hint: consider the cases where all four fields have the same flavor, and when two
pairs of fields have the same flavor.)

c) Find the total cross section in the centre of mass frame for the processes

Φ1Φ2 → Φ1Φ2, Φ1Φ1 → Φ2Φ2, Φ1Φ1 → Φ1Φ1 (13)

to leading order in λ, in terms of Ecm. (Hint: start from equation (4.85) of Peskin
and Schroeder, and be careful with factors of 2.)
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In the linear sigma model, the potential energy of a uniform classical field is

V (Φ) =
m2

2
Φ ·Φ +

λ

4
(Φ ·Φ)2 . (14)

When we quantize the harmonic oscillator, the usual definition of the creation and an-
nihilation operators in terms of x and p only makes sense if the potential’s minimum is
at x = 0. If the minimum is somewhere else, then many things go wrong. For instance,
a|0〉 won’t be zero, and more generally a† and a won’t have simple commutation relations
with H, so won’t properly raise and lower the energy. Similarly, it only makes sense to
quantize fields in the usual way about minima of the potential V (Φ).

If m2 > 0 and λ > 0, there is a unique minimum of the potential at Φ = 0, so our
treatment above makes sense. Now suppose that m2 < 0 and λ > 0.

d) Defining µ2 = −m2, show that the minima of the potential are at

|Φ| = v =

√
µ2

λ
. (15)

The quantum theory thus has multiple vacuum states, but all have nonvanishing 〈Φ〉.

By symmetry under rotations of Φ, we can suppose without loss of generality that we are
in a vacuum state where 〈ΦN〉 = v, with all others vanishing. Define the new fields

σ(x) = ΦN(x)− v, πi(x) = Φi(x), i ∈ {1, 2, . . . , N − 1} (16)

which all have vanishing expectation values in this vacuum.

e) Show that in terms of these fields, the Lagrangian is

L =
1

2
(∂µπ)2 +

1

2
(∂µσ)2 − 1

2
m2
σσ

2

− λ4π
4

(π · π)2 − λ3σσ3 − λ4σ
4
σ4 − λπσ1(π · π)σ − λπσ2(π · π)σ2 + C. (17)

and give expressions for mσ, λ4π, λ3σ, λ4σ, λπσ1, λπσ2 and C in terms of µ and λ. We
see that σ is massive, but we have N − 1 massless pion fields πi.

f) Write the momentum-space Feynman rules in terms of µ and λ. Draw the pions with
a solid line and flavor index i, and the σ particle with a double solid line. (Hint: if
you’ve seen the pattern from the other Feynman rules in the problem set, it should
be possible to write down the answer with some thought, but no explicit calculation.
There is no Feynman rule corresponding to the constant C, which has no effect here.)

g) Compute the decay rate of a σ particle to leading order in λ, and give the correspond-
ing lifetime in seconds if λ = 0.1, µ = 10 GeV and N = 3.

h) Find the amplitude for πi(p1)πj(p2) → πk(p3)π`(p4) scattering to leading order in λ,
in terms of Mandelstam variables. (Hint: there are four Feynman diagrams.)

i) Show that the amplitude in part (h) vanishes when all spatial momenta pi go to zero.

3



The theory above is an example of “spontaneous” symmetry breaking. The original the-
ory has an SO(N) rotational symmetry among the fields Φ. After fixing a vacuum state,
we only have an SO(N − 1) rotational symmetry among the fields π. The symmetries
that rotate ΦN into the πi are still there, but operating with them moves us between
different vacuum states; they tell us that the vacua all have the same energy. Thus, there
is no energy cost for shifting a pion field πi by a small constant, corresponding to the
fact that there is no mass term for the pion fields. This is an example of a Goldstone’s
theorem, which states that each spontaneously broken continuous symmetry corresponds
to a massless boson, called a Goldstone boson.

Pions are the lightest mesons, and mediate interactions between protons and neutrons.
The linear sigma model was a phenomenological model which, among other things, ex-
plained why the pion was so light. The complete picture we have today is that pions
are the Goldstone bosons corresponding to the spontaneous breaking of chiral symmetry,
a symmetry of quantum chromodynamics which appears for massless up and down quarks.

In reality, the up and down quarks have small masses. This additional, “explicit” breaking
of chiral symmetry explains why real pions have nonzero mass. In addition, the quarks
differ in electric charge, which explains why the pions have different masses.

j) We can see a similar phenomenon in the linear sigma model. Show that when we add
a small term aΦN to the Lagrangian, the pion fields get a mass term m2

π proportional
to a, and find this term. (Hint: to keep things from getting messy, work to lowest
order in a as much as possible.)

5. ? A contrived calculation. (5 points)
This problem is optional. In scalar φ3 theory there is a diagram that contributes to the
vacuum correlation function at order λ8, shaped like a cube. Find its symmetry factor.
(This is somewhat involved, and the heuristic rules given in lecture will not be enough.)
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PHYS-330: QFT I
Stanford University, 2022

Solutions 5
Bernhard Mistlberger, Kevin Zhou

1. Mandelstam variables. (4 points)
Consider any 2 → 2 scattering process, where the two incoming particles have momenta
p1 and p2, and the two outgoing particles have momenta p3 and p4. By momentum
conservation, p1 + p2 = p3 + p4, and p

2
i = m2

i where mi is the mass of particle i. In this
situation, it is often useful to work in terms of the Mandelstam variables

s = (p1 + p2)
2, t = (p1 − p3)

2, u = (p1 − p4)
2. (1)

a) Show that s+ t+ u = m2
1 +m2

2 +m2
3 +m2

4.

Solution: Just directly using the definitions,

s+ t+ u = p21 + 2p1 · p2 + p22 + p21 − 2p1 · p3 + p23 + p41 − 2p1 · p4 + p24 (S1)

= m2
1 +m2

2 +m2
3 +m2

4 + 2p1 · (p1 + p2 − p3 − p4) (S2)

= m2
1 +m2

2 +m2
3 +m2

4. (S3)

b) In the center of mass frame, the total energy is Ecm and the angle of p1 to p3 is θ.
Write s, t, and u in terms of Ecm and θ, assuming all four particles are massless.

Solution: This is easiest if we use concrete coordinate expressions. Aligning the z-axis with p1,

pµ1 =
Ecm

2
(1, 0, 0, 1), pµ2 =

Ecm

2
(1, 0, 0,−1) (S4)

where the spatial momenta are opposite because we’re working in the center of mass frame, and equal
in magnitude to the energy because the particles are massless. After the scattering, we have

pµ3 =
Ecm

2
(1, 0, sin θ, cos θ), pµ4 =

Ecm

2
(1, 0,− sin θ,− cos θ). (S5)

At this point we can just compute the Mandelstam variables explicitly, giving

s = E2
cm, t = −E2

cm

1− cos θ

2
= −E2

cm sin2
θ

2
, u = −E2

cm

1 + cos θ

2
= −E2

cm cos2
θ

2
. (S6)

Note that they sum to zero, as expected from part (a).

2. Scalar Yukawa amplitudes. (7 points)
Let ϕ be a real scalar field of mass M , and ψ be a complex scalar field of mass m, with

Lint = −g ψ∗ψϕ. (2)

The field ψ can annihilate a particle, or create a particle with opposite U(1) charge;
these particles are conventionally called the ψ and ψ∗, respectively. Similarly, the field
ϕ can create or annihilate a ϕ particle. (That is, particles are named after the field that
annihilates them.) As discussed in section, the Feynman rules are

=
i

p2 −M2 + iϵ
=

i

p2 −m2 + iϵ
= −ig (3)

where a dashed line stands for ϕ and a solid line stands for ψ.
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a) AssumingM > 2m, calculate the decay rate of a ϕ particle to leading order in g. (Start
from equation (4.86) of Peskin and Schroeder, and do the phase space integrals.)

Solution: The Feynman diagram is just one copy of the interaction vertex, so iM = −ig. Let the initial
momentum be kµ = (M,0) and the final momenta be pµ1 and pµ2 . Then

Γ =
1

2M

∫
d3p1

(2π)3 2E1

d3p2

(2π)3 2E2
|−ig|2 (2π)4δ(4)(k − p1 − p2) (S7)

=
g2

32π2M

∫
d3p1

E1

d3p2

E2
δ(4)(k − p1 − p2) (S8)

=
g2

32π2M

∫
d3p1

E2
1

δ(M − 2E1) (S9)

=
g2

8πM

∫ ∞

0

d|p1|
|p1|2

E2
1

δ(M − 2E1) (S10)

=
g2

8πM

∫ ∞

m

dE1
|p1|
E1

δ(M − 2E1) (S11)

=
g2

16πM

√
1− (2m/M)2. (S12)

b) Find the amplitude for ψ(p1)ψ
∗(p2) → ψ(p3)ψ

∗(p4) scattering to leading order in g,
in terms of Mandelstam variables.

Solution: There are two Feynman diagrams, giving amplitude

iM = + (S13)

= (−ig)2
(

i

(p1 + p2)2 −M2 + iϵ
+

i

(p1 − p3)2 −M2 + iϵ

)
(S14)

= −g2
(

i

s−M2 + iϵ
+

i

t−M2 + iϵ

)
. (S15)

c) Suppose the energies we can reach in an experiment are higher than m, but much
lower than M . In this case, we might not know that ϕ particles exist, since we can’t
produce them, so we would have to describe the scattering process in part (b) using
an “effective” field theory in terms of ψ alone. Show that at leading order,

Lint = −λψ∗ψψ∗ψ (4)

will yield the same answer for part (b) for some value of λ, and find that value in
terms of g and M . Assume all elements of the momenta pi are much less than M .

Solution: The Feynman rule for the interaction in the effective theory is just

= −4iλ. (S16)

The factor of 4 comes about because there are 2 ways to choose which copy of ψ contracts with what,
and similarly 2 ways for ψ∗.

This is also the amplitude for the scattering process in the effective theory. On the other hand, we have
s, t ≪ M , so the answer to part (b) becomes 2ig2/M2. Equating these results gives λ = −g2/2M2.
(The fact that λ is suppressed by powers of M is a generic feature of effective field theory.)
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3. Solving a trivial theory. (4 points)
Consider a free real scalar field of mass m, but treat the mass term as the perturbation,

L0 =
1

2
(∂µϕ)(∂

µϕ), Lint = −1

2
m2ϕ2. (5)

a) Write down the Feynman rules for this theory.

Solution: The Feynman rules are that the propagator is

=
i

p2 + iϵ
(S17)

and the interaction vertex is
= −im2. (S18)

b) Evaluate the momentum-space propagator exactly, summing all of the (infinitely
many) connected Feynman diagrams.

Solution: The diagrams are

+ + + . . . (S19)

which correspond to

i

p2 + iϵ
+

i

p2 + iϵ
(−im2)

i

p2 + iϵ
+

i

p2 + iϵ
(−im2)

i

p2 + iϵ
(−im2)

i

p2 + iϵ
+ . . . . (S20)

This is a geometric series where the ratio between terms is m2/(p2 + iϵ), so the sum is

i

p2 + iϵ

1

1− m2

p2+iϵ

=
i

p2 −m2 + iϵ
. (S21)

Of course, this is just the familiar propagator for a free massive scalar field.

4. Pion scattering in the linear sigma model. (25 points)
Consider a theory with N free real scalar fields Φi(x) of equal mass m,

L0 =
N∑
i=1

1

2
∂µΦi∂

µΦi −
m2

2
ΦiΦi. (6)

This Lagrangian is symmetric under rotations of the scalar fields among themselves. We
can show this more clearly by defining an N -element vector Φ with elements of Φi, so

L0 =
1

2
(∂µΦ)2 − m2

2
Φ ·Φ. (7)

This is just shorthand for Eq. (6). Note that the index on Φi is not a spatial index (such
as on ∂i). It is a “flavor” index, meaning it just identifies which field we’re talking about.

a) We quantize the theory by imposing the equal time commutation relations

[Πi(x, 0),Φj(y, 0)] = iδij δ
(3)(x− y), Πi(x) = ∂tΦi(x), (8)

with all other commutators vanishing. Show that the propagator is

⟨0|T{Φi(x)Φj(y)}|0⟩ = Φi(x)Φj(y) = δij DF (x− y). (9)
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where δij is 1 if i = j, and 0 otherwise. The momentum space Feynman rule is

i j =
i δij

p2 −m2 + iϵ
(10)

where the i and j are flavor indices.

Solution: The commutation relations imply that the mode expansion of the field Φi involves a set of
creation and annihilation operators a†i (k) and ai(k), whose commutators vanish for i ̸= j. Therefore,
when i ̸= j, the contraction of two fields vanishes because Φ+

i and Φ−
j automatically commute. When

i = j, the derivation of the propagator is just the same as for a single real scalar field.

b) The linear sigma model additionally contains the interaction

Lint = −λ
4
(Φ ·Φ)2 . (11)

which is also symmetric under rotations of Φ. Show that this interaction corresponds
to the momentum space Feynman rule

i j

k ℓ

= −2iλ (δijδkℓ + δikδjℓ + δiℓδjk) . (12)

(Hint: consider the cases where all four fields have the same flavor, and when two
pairs of fields have the same flavor.)

Solution: Expanding out the interaction explicitly gives

Lint = −λ
4

(∑
i

ΦiΦi

)2

= −λ
4

∑
i,j

ΦiΦiΦjΦj = −λ
4

∑
i

Φ4
i −

λ

2

∑
i<j

Φ2
iΦ

2
j . (S22)

The first term yields a vertex for four fields of the same flavor. Whenever we introduce a copy of this
vertex, we get a factor of 4! = 24 because of the ways to choose how to contract the copies of Φi with
other things, so the overall vertex factor is −6iλ.

The second term yields a vertex for four fields where two pairs have the same flavor. These come with
an extra factor of 2 · 2 = 4 because of the two copies of Φi and two copies of Φj , and thus the overall
vertex factor is −2iλ.

Now let’s check if this is compatible with the provided Feynman rule. When i = j = k = ℓ, all the
Kronecker deltas are equal to 1, so we get −6iλ. When i = j and k = ℓ, but i ̸= k, then only the first
Kronecker delta is equal to 1, and the others are equal to 0, so we get −2iλ.

c) Find the total cross section in the centre of mass frame for the processes

Φ1Φ2 → Φ1Φ2, Φ1Φ1 → Φ2Φ2, Φ1Φ1 → Φ1Φ1 (13)

to leading order in λ, in terms of Ecm. (Hint: start from equation (4.85) of Peskin
and Schroeder, and be careful with factors of 2.)

Solution: The Feynman diagrams for all three of these processes are just one copy of the interaction
vertex, and the amplitudes are just −2iλ, −2iλ, and −6iλ respectively. Because all four masses are
identical, we may use equation (4.85), which states

dσ

dΩ
=

|M|2

64π2E2
cm

. (S23)
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The scattering is isotropic, so the angular integrals are trivial.

For the first process, the angular integral just gives a factor of 4π, so

σ(Φ1Φ2 → Φ1Φ2) =
4πλ2

16π2E2
cm

=
λ2

4πE2
cm

. (S24)

For the second process, the angular integral only gives a factor of 2π because the particles in the final
state are identical. (The state where the first Φ2 exits left and the second exits right is exactly the same
as the state where the first Φ2 exits right and the second exits left. So integrating over all possible
directions for the momentum of the first Φ2 would be double counting.) Thus,

σ(Φ1Φ1 → Φ2Φ2) =
λ2

8πE2
cm

. (S25)

Finally, the last cross section is 9 times bigger, giving

σ(Φ1Φ1 → Φ1Φ1) =
9λ2

8πE2
cm

. (S26)

In the linear sigma model, the potential energy of a uniform classical field is

V (Φ) =
m2

2
Φ ·Φ+

λ

4
(Φ ·Φ)2 . (14)

When we quantize the harmonic oscillator, the usual definition of the creation and an-
nihilation operators in terms of x and p only makes sense if the potential’s minimum is
at x = 0. If the minimum is somewhere else, then many things go wrong. For instance,
a|0⟩ won’t be zero, and more generally a† and a won’t have simple commutation relations
with H, so won’t properly raise and lower the energy. Similarly, it only makes sense to
quantize fields in the usual way about minima of the potential V (Φ).

If m2 > 0 and λ > 0, there is a unique minimum of the potential at Φ = 0, so our
treatment above makes sense. Now suppose that m2 < 0 and λ > 0.

d) Defining µ2 = −m2, show that the minima of the potential are at

|Φ| = v =

√
µ2

λ
. (15)

The quantum theory thus has multiple vacuum states, but all have nonvanishing ⟨Φ⟩.
Solution: Setting dV/d|Φ| to zero gives m2|Φ|+ λ|Φ|3 = 0, which yields the desired result.

By symmetry under rotations of Φ, we can suppose without loss of generality that we are
in a vacuum state where ⟨ΦN⟩ = v, with all others vanishing. Define the new fields

σ(x) = ΦN(x)− v, πi(x) = Φi(x), i ∈ {1, 2, . . . , N − 1} (16)

which all have vanishing expectation values in this vacuum.

e) Show that in terms of these fields, the Lagrangian is

L =
1

2
(∂µπ)

2 +
1

2
(∂µσ)

2 − 1

2
m2

σσ
2

− λ4π
4

(π · π)2 − λ3σσ
3 − λ4σ

4
σ4 − λπσ1(π · π)σ − λπσ2(π · π)σ2 + C. (17)
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and give expressions for mσ, λ4π, λ3σ, λ4σ, λπσ1, λπσ2 and C in terms of µ and λ. We
see that σ is massive, but we have N − 1 massless pion fields πi.

Solution: This is straightforward algebra, and the answers are

mσ =
√
2µ, λ4π = λ, λ3σ = µ

√
λ, λ4σ = λ (S27)

and

λπσ1 = µ
√
λ, λπσ2 =

λ

2
, C = −µ

4

4λ
. (S28)

f) Write the momentum-space Feynman rules in terms of µ and λ. Draw the pions with
a solid line and flavor index i, and the σ particle with a double solid line. (Hint: if
you’ve seen the pattern from the other Feynman rules in the problem set, it should
be possible to write down the answer with some thought, but no explicit calculation.
There is no Feynman rule corresponding to the constant C, which has no effect here.)

Solution: The propagators are

i j =
i δij
p2 + iϵ

=
i

p2 −m2
σ + iϵ

(S29)

and the interaction vertices are

i j

k ℓ

= −2iλ (δijδkℓ + δikδjℓ + δiℓδjk)

i j

= −2iλ δij (S30)

= −6iλ

i

j

= −2iµ
√
λ δij = −6iµ

√
λ (S31)

g) Compute the decay rate of a σ particle to leading order in λ, and give the correspond-
ing lifetime in seconds if λ = 0.1, µ = 10 GeV and N = 3.

Solution: The amplitude to decay to a pair of some species of pion is iM = −2iµ
√
λ, so recycling the

result to problem 2(a) gives the decay rate

Γ =
N − 1

2

(2
√
λµ)2

8πmσ
=

(N − 1)λµ

4
√
2π

. (S32)

where the factor of 1/2 accounts for the two identical particles in the final state, and N−1 is the number
of species of pion. Inverting this and converting back from natural units gives a lifetime 6× 10−24 s.

h) Find the amplitude for πi(p1)πj(p2) → πk(p3)πℓ(p4) scattering to leading order in λ,
in terms of Mandelstam variables. (Hint: there are four Feynman diagrams.)

Solution: The amplitude is

iM =

i

j

k

ℓ

+

i

j

k

ℓ

+

i

j

k

ℓ

+

i j

k ℓ

(S33)

= (−2i
√
λµ)2

(
i δijδkℓ

s−m2
σ + iϵ

+
i δikδjℓ

t−m2
σ + iϵ

+
i δiℓδjk

u−m2
σ + iϵ

)
− 2iλ (δijδkℓ + δikδjℓ + δiℓδjk) (S34)

= (−2iλ)

(
2µ2 δijδkℓ
s− 2µ2 + iϵ

+
2µ2 δikδjℓ
t− 2µ2 + iϵ

+
2µ2 δiℓδjk
u− 2µ2 + iϵ

+ δijδkℓ + δikδjℓ + δiℓδjk

)
. (S35)

(S36)
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i) Show that the amplitude in part (h) vanishes when all spatial momenta pi go to zero.

Solution: In this limit, we have s = t = u = 0, so the denominators all become −2µ2. Then each of
the first three diagrams cancels with one term from the last diagram.

This is another manifestation of Goldstone’s theorem, discussed below. The general statement is that
in the effective theory of pions alone (i.e. without σ), sometimes called the nonlinear sigma model, the
Lagrangian only depends on the spatial derivatives ∂µπ of the pion field. Since acting with a derivative
on a field produces a factor of the particle momentum pµ, the Feynman rules for the interactions always
come with factors of momenta, so scattering amplitudes like the one we computed must vanish at zero
momentum.

The theory above is an example of “spontaneous” symmetry breaking. The original the-
ory has an SO(N) rotational symmetry among the fields Φ. After fixing a vacuum state,
we only have an SO(N − 1) rotational symmetry among the fields π. The symmetries
that rotate ΦN into the πi are still there, but operating with them moves us between
different vacuum states; they tell us that the vacua all have the same energy. Thus, there
is no energy cost for shifting a pion field πi by a small constant, corresponding to the
fact that there is no mass term for the pion fields. This is an example of a Goldstone’s
theorem, which states that each spontaneously broken continuous symmetry corresponds
to a massless boson, called a Goldstone boson.

Pions are the lightest mesons, and mediate interactions between protons and neutrons.
The linear sigma model was a phenomenological model which, among other things, ex-
plained why the pion was so light. The complete picture we have today is that pions
are the Goldstone bosons corresponding to the spontaneous breaking of chiral symmetry,
a symmetry of quantum chromodynamics which appears for massless up and down quarks.

In reality, the up and down quarks have small masses. This additional, “explicit” breaking
of chiral symmetry explains why real pions have nonzero mass. In addition, the quarks
differ in electric charge, which explains why the pions have different masses.

j) We can see a similar phenomenon in the linear sigma model. Show that when we add
a small term aΦN to the Lagrangian, the pion fields get a mass term m2

π proportional
to a, and find this term. (Hint: to keep things from getting messy, work to lowest
order in a as much as possible.)

Solution: The potential now includes −aΦN , which tilts it in the ΦN direction. There is now a unique
vacuum state where only ⟨ΦN ⟩ = v is nonzero. Setting the derivative of the potential to zero gives

−µ2v + λv3 − a = 0 (S37)

which rearranges to

λv2 = µ2 +
a

v
. (S38)

To solve this at leading order in a, we replace the v on the right-hand side with the unperturbed
expectation value v0 =

√
µ2/λ. Solving for v then yields

v =

√
µ2

λ
+

a

µ
√
λ
= v0 +

a

2µ2
+O(a2). (S39)

To find the mass term for the pion, it’s easiest to start with Eq. (17) and do a second shift, defining

σ′ = σ − a

2µ2
. (S40)
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The only term that will produce a pion mass term linear in a is −λπσ1(π · π)σ, giving

L ⊃ −µ
√
λ (π · π) a

2µ2
= −a

√
λ

2µ
π · π. (S41)

In other words, the pion mass is
√
a
√
λ/µ.

5. ⋆ A contrived calculation. (5 points)
This problem is optional. In scalar ϕ3 theory there is a diagram that contributes to the
vacuum correlation function at order λ8, shaped like a cube. Find its symmetry factor.
(This is somewhat involved, and the heuristic rules given in lecture will not be enough.)

Solution: The most reliable way to do this is to simply count all the Wick contractions that yield a cube,
building up the diagram one vertex at a time.

• Consider what the three copies of ϕ in the first vertex can contract with. The first has 7 · 3 choices,
the second has 6 · 3 choices, and the third has 5 · 3 choices.

• Now consider the opposite corner of the cube. There are 4 choices for which remaining uncontracted
vertex is the opposite corner. Its three copies of ϕ have 3 · 3, 2 · 3, and 3 choices for contractions.

• Finally, we attach the two halves of the cube together. There are 6 ways of choosing which vertices
attach to which, and 26 choices for how ϕ fields are contracted to make the joining edges.

Therefore, the symmetry factor is

7 · 3 · 6 · 3 · 5 · 3 · 4 · 3 · 3 · 2 · 3 · 3 · 6 · 26

8! · (3!)8
=

1

48
. (S42)

This makes sense, as the symmetry group of the cube has 48 elements.
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PHYS-330: QFT I
Stanford University, 2022

Problem Set 6 (due 11/9)
Bernhard Mistlberger, Kevin Zhou

1. The Lorentz algebra. (10 points)
You previously showed the rotation and boost generators obey commutation relations

[J i, J j] = iεijkJk, [J i, Kj] = iεijkKk, [Ki, Kj] = −iεijkJk. (1)

These are Euclidean indices, which is why pairs of upstairs indices can be contracted.

a) Defining J i± = (J i ± iKi)/2, show that

[J i+, J
j
−] = 0, [J i±, J

j
±] = iεijkJk±, (2)

so that the Lorentz algebra is just two copies of the algebra of the rotation group.

The commutation relations can be expressed more concisely if we collect all six generators
into the antisymmetric Lorentz tensor Jµν , where

J ij = εijkJk, J0i = Ki (3)

The commutation relations (1) can then all be written together as

[Jµν , Jρσ] = i (ηνρJµσ − ηµρJνσ − ηνσJµρ + ηµσJνρ). (4)

By definition, a representation of the Lorentz algebra is a choice of Jµν that satisfies these
commutation relations. The simplest example is the trivial representation Jµν = 0, which
describes the action of Lorentz transformations on scalars.

b) In the vector representation, each generator Jµν is a 4× 4 matrix, with elements

(Jµν)αβ = i (δµαδ
ν
β − δναδ

µ
β). (5)

This describes the action of Lorentz transformations on four-vectors V β, as you’ve
already seen. Starting from (5), verify the generators satisfy the Lorentz algebra (4).
(Hint: upper and lower indices should be contracted in pairs to perform matrix mul-
tiplication. For example, (J01J23)αβ = (J01) γ

α (J23)γβ. If you get confused, start by
plugging in specific values for the indices and doing the sums explicitly.)

c) The gamma matrices are 4× 4 matrices defined to satisfy

{γµ, γν} = 2 ηµν . (6)

Show that

[γµγν , γργσ] = 2 (ηνργµγσ − ηµργνγσ + ηνσγργµ − ηµσγργν). (7)

d) In the Dirac spinor representation, the generators are the 4× 4 matrices

Sµν =
i

4
[γµ, γν ]. (8)

This describes the action of Lorentz transformations on Dirac spinors. Show that
these generators satisfy the Lorentz algebra (4).
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2. Properties of gamma matrices. (15 points)
In this problem, you should only use the defining property (6) of the gamma matrices.
Below, 14 denotes a 4× 4 identity matrix.

a) Show that contractions of gamma matrices satisfy

γµγµ = 414 (9)

γµγνγµ = −2 γν (10)

γµγνγργµ = 4 ηνρ 14 (11)

γµγνγργσγµ = −2 γσγργν (12)

b) Show that the traces of products of gamma matrices obey

tr γµ = 0 (13)

tr γµγν = 4 ηµν (14)

tr γµγνγρ = 0 (15)

tr γµγνγργσ = 4 (ηµνηρσ − ηµρηνσ + ηµσηνρ). (16)

c) It will be useful to introduce the matrix γ5 = iγ0γ1γ2γ3. Show that

{γ5, γµ} = 0 (17)

(γ5)2 = 14 (18)

tr γ5 = 0 (19)

tr γµγνγ5 = 0 (20)

tr γµγνγργσγ5 = −4i εµνρσ. (21)

3. Invariance of the Dirac Lagrangian. (15 points)
The Dirac Lagrangian is

L = Ψ̄(i/∂ −m14)Ψ (22)

where Ψ̄ = Ψ†γ0 and /∂ = γµ∂µ. The four-component spinor Ψ is acted on by the gamma
matrices. In general, a Lorentz transformation Λ will change a spinor according to

Ψ(x)→ Ψ′(x′) = U(Λ)Ψ(x) (23)

where U(Λ) is some 4× 4 matrix, not necessarily unitary.

a) Show that the Dirac Lagrangian is invariant under Lorentz transformations if

U−1(Λ) = γ0U †(Λ)γ0, U−1(Λ)γµU(Λ) = Λµ
νγ

ν . (24)

b) Show that for an infinitesimal Lorentz transformation Λµν = ηµν + ωµν the above
relations are satisfied for

U(Λ) = 14 −
i

2
ωµνSµν , (25)

where Sµν is the Lorentz generator defined by (8). (Hint: use γ0γµγ0 = (γµ)†, which
holds in every representation of the gamma matrices.)
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c) A finite Lorentz transformation is given by exponentiating a generator,

U(Λ) = exp

(
− i

2
ωµνSµν

)
. (26)

Explicitly write down the 4 × 4 matrix U(Λ) for a rotation about the x-axis by an
angle θ, and a boost along the z axis with rapidity φ. Use the Dirac representation
of the gamma matrices, as this will yield simple results in the nonrelativistic limit.

d) Show that the Dirac Lagrangian is invariant under Ψ→ e−iαΨ, and find the associated
conserved current JµV . Then show explicitly that ∂µJ

µ
V = 0 using the Dirac equation.

e) Show that when m = 0, the Dirac Lagrangian is also invariant under Ψ → e−iαγ
5
Ψ,

and find the associated conserved current JµA. What is ∂µJ
µ
A when m is nonzero?

4. ? Spinors in three dimensions. (5 points)
In this course, we focus on spinors in four dimensions for good reason. In this optional
problem, you’ll see how the same mathematical structures appear in three dimensions.

a) Consider spinors in three spacetime dimensions. What are the smallest nonzero ma-
trices that can satisfy (6)? Write down three such matrices γ0, γ1, and γ2 explicitly.

b) We define the spinor Lorentz generators by (8) in any dimension. Since there are now
only two spatial dimensions, there is only one rotation generator S12. What phase
does a spinor pick up after a 2π rotation?

c) How does the tensor product of two spinor representations decompose into irreducible
representations of the Lorentz group?

In two spatial dimensions there are exotic particles called anyons, which can pick up an
arbitrary phase after a 2π rotation. However, they can’t be described by the conventional
quantum fields covered in this course.
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PHYS-330: QFT I
Stanford University, 2022

Solutions 6
Bernhard Mistlberger, Kevin Zhou

1. The Lorentz algebra. (10 points)
You previously showed the rotation and boost generators obey commutation relations

[J i, J j] = iϵijkJk, [J i, Kj] = iϵijkKk, [Ki, Kj] = −iϵijkJk. (1)

These are Euclidean indices, which is why pairs of upstairs indices can be contracted.

a) Defining J i
± = (J i ± iKi)/2, show that

[J i
+, J

j
−] = 0, [J i

±, J
j
±] = iϵijkJk

±, (2)

so that the Lorentz algebra is just two copies of the algebra of the rotation group.

Solution: In general, for any numbers a and b,

1

4

[
J i + iaKi, Jj + ibKj

]
=

1

4

(
[J i, Jj ] + ia[Ki, Jj ] + ib[J i,Kj ]− ab[Ki,Kj ]

)
(S1)

=
i

4
ϵijk

(
(1 + ab)Jk + i(a+ b)Kk

)
. (S2)

For a = −b = 1 we find
[J i

+, J
j
−] = 0 (S3)

as desired. For a = b = ±1 we find

[J i
±, J

j
±] = iϵijkJk

± (S4)

also as desired.

The commutation relations can be expressed more concisely if we collect all six generators
into the antisymmetric Lorentz tensor Jµν , where

J ij = ϵijkJk, J0i = Ki (3)

The commutation relations (1) can then all be written together as

[Jµν , Jρσ] = i (ηνρJµσ − ηµρJνσ − ηνσJµρ + ηµσJνρ). (4)

By definition, a representation of the Lorentz algebra is a choice of Jµν that satisfies these
commutation relations. The simplest example is the trivial representation Jµν = 0, which
describes the action of Lorentz transformations on scalars.

b) In the vector representation, each generator Jµν is a 4× 4 matrix, with elements

(Jµν)αβ = i (δµαδ
ν
β − δναδ

µ
β). (5)

This describes the action of Lorentz transformations on four-vectors V β, as you’ve
already seen. Starting from (5), verify the generators satisfy the Lorentz algebra (4).
(Hint: upper and lower indices should be contracted in pairs to perform matrix mul-
tiplication. For example, (J01J23)αβ = (J01) γ

α (J23)γβ. If you get confused, start by
plugging in specific values for the indices and doing the sums explicitly.)

Solution: We just directly evaluate the commutator,

[Jµν , Jρσ]αδ = ηβγ
[
−(δµαδ

ν
β − δναδ

µ
β )(δ

ρ
γδ

σ
δ − δσγ δ

ρ
δ ) + δραδ

σ
β − δσαδ

ρ
β)(δ

µ
γ δ

ν
δ − δνγδ

µ
δ )
]
. (S5)

1



There are 8 terms in total, each of which has the form ηβγ times a product of four delta functions.
For each one, we can apply the identity δµαδ

ν
βη

αβ = ηµν to reduce the term to a product of two delta
functions times a metric tensor. Collecting the terms in four pairs yields the desired result.

This is tedious to write out. An easier way is to note that (S5) is antisymmetric in µ and ν, and in ρ and
σ, which means the result also has to be antisymmetric in these pairs of indices. In this way, you can
reduce the amount of algebra needed by a factor of 4, though you have to be a bit careful with signs.

c) The gamma matrices are 4× 4 matrices defined to satisfy

{γµ, γν} = 2 ηµν . (6)

Show that

[γµγν , γργσ] = 2 (ηνργµγσ − ηµργνγσ + ηνσγργµ − ηµσγργν). (7)

Solution: We just directly use the definition of the commutator, and then use (6) repeatedly to get the
two terms in the same form, picking up factors of the metric with each anticommutation:

[γµγν , γργσ] = γµγνγργσ − γργσγµγν (S6)

= γµ{γν , γρ}γσ − γµγργνγσ − γργσγµγν (S7)

= 2ηνργµγσ − γµγρ{γν , γσ}+ γµγργσγν − γργσγµγν (S8)

= 2ηνργµγσ − 2ηνσγµγρ + {γµ, γρ}γσγν − γργµγσγν − γργσγµγν (S9)

= 2ηνργµγσ − 2ηνσγµγρ + 2ηµργσγν − γρ{γµ, γσ}γν (S10)

= 2ηνργµγσ − 2ηνσγµγρ + 2ηµργσγν − 2ηµσγρ γν (S11)

= 2ηνργµγσ + 2ηνσγργµ − 2ηµργνγσ − 2ηµσγρ γν . (S12)

Note that in the last step, we used the anticommutation relation on each of the middle two terms; the
factors of ηνσηµρ cancel between the two terms.

d) In the Dirac spinor representation, the generators are the 4× 4 matrices

Sµν =
i

4
[γµ, γν ]. (8)

This describes the action of Lorentz transformations on Dirac spinors. Show that
these generators satisfy the Lorentz algebra (4).

Solution: Plugging in the definitions, we have

[Sµν , Sρσ] = − 1

16
[γµγν − γνγµ, γργσ − γσγρ] (S13)

= − 1

16
([γµγν , γργσ]− [γνγµ, γργσ]− [γµγν , γσγρ] + [γνγµ, γσγρ]) (S14)

= −1

4
[γµγν , γργσ] (S15)

= −1

2
(ηνργµγσ + ηνσγργµ − ηµργνγσ − ηµσγργν) . (S16)

In the third step, we used the anticommutation relations on the last three terms, and in the fourth step
we used the result of part (c). To finish the problem, we note that

γµγν =
1

2
[γµ, γν ] +

1

2
{γµ, γν} = −2iSµν + ηµν . (S17)

Applying this to all four terms, the factors of the metric all cancel out, leaving the desired result

[Sµν , Sρσ] = iηνρSµσ + iηνσSρµ − iηµρSνσ − iηµσSρν . (S18)
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2. Properties of gamma matrices. (15 points)
In this problem, you should only use the defining property (6) of the gamma matrices.
Below, 14 denotes a 4× 4 identity matrix.

a) Show that contractions of gamma matrices satisfy

γµγµ = 414 (9)

γµγνγµ = −2 γν (10)

γµγνγργµ = 4 ηνρ 14 (11)

γµγνγργσγµ = −2 γσγργν (12)

Solution: Since γµ and γµ commute, we have

γµγµ =
1

2
(γµγµ + γµγ

µ) =
1

2
{γµ, γµ} = ηµµ = 4 (S19)

where the right-hand side has an implicit 4× 4 spinor identity matrix. Now, the proofs of the other three
statements are very similar, but we use the defining anticommutation relation (6) to get the γµ and γµ
next to each other, so we can use (9). The results are:

γµγνγµ = γµ{γν , γµ} − γµγµγ
ν (S20)

= 2γµηνµ − 4γν (S21)

= −2γν . (S22)

γµγνγργµ = γµγν{γρ, γµ} − γµγνγµγ
ρ (S23)

= 2ηρµγ
µγν − γµ{γν , γµ}γρ + γµγµ, γ

νγρ (S24)

= 2γργν − 2γνγρ + 4γνγρ (S25)

= 4ηρν . (S26)

γµγνγργσγµ = 2ησµγ
µγνγρ − γµγνγργµγ

σ (S27)

= 2γσγνγρ − 2ηρµγ
µγνγσ + γµγνγµγ

ργσ (S28)

= 2γσγνγρ − 2γργνγσ + 2ηνµγ
µγργσ − γµγµγ

νγργσ (S29)

= 2γσγνγρ − 2γργνγσ − 2γνγργσ (S30)

= 2γσ{γν , γρ} − 2γσγργν − 2γργνγσ − 2{γν , γρ}γσ (S31)

= 2γσ{γν , γρ} − 2γσγργν − 2γργνγσ − 2{γν , γρ}γσ + 2γργνγσ (S32)

= −2γσγργν (S33)

b) Show that the traces of products of gamma matrices obey

tr γµ = 0 (13)

tr γµγν = 4 ηµν (14)

tr γµγνγρ = 0 (15)

tr γµγνγργσ = 4 (ηµνηρσ − ηµρηνσ + ηµσηνρ). (16)

Solution: We use the cyclic property of the trace,

trABC . . .XY Z = trBC . . .XY ZA (S34)

as well as the results we proved in part (a). For example, we have

tr γµ = tr

[
1

4
γµγνγν

]
= tr

[
1

4
γνγ

µγν
]
= −1

2
tr γµ (S35)

3



where we used (9), the cyclic property of the trace, and (10). The only way this equation can be satisfied
is if tr γµ = 0, as desired. A similar idea works for the trace of three gamma matrices,

tr γµγνγρ =
1

4
tr γµγνγργσγσ =

1

4
tr γσγ

µγνγργσ = −1

2
tr γργνγµ = −1

2
tr γµγργν . (S36)

We can bring the right-hand side to the same form as the left-hand side using the anticommutation
relation,

−1

2
tr γµγργν = −1

2
tr γµ{γρ, γν}+ 1

2
tr γµγνγρ =

1

2
tr γµγνγρ (S37)

where the second step uses (13). We thus conclude tr γµγνγρ = 0. One can generalize this argu-
ment to show that the trace of an odd number of gamma matrices always vanishes. (Of course, there
are multiple ways to show this; you could also have done it by inserting factors of (γ5)2 = 1, as in Peskin.)

Now let’s consider the equations with an even number of gamma matrices. For two gamma matrices, we
can use the cyclic property of the trace to produce an anticommutator, giving

tr γµγν =
1

2
tr [γµγν + γνγµ] = tr[ηµν ] = 4ηµν . (S38)

For four gamma matrices, we can use a similar idea, repeatedly using the anticommutation relations to
bring γµ to the right and then moving it back to the left using the cyclic property of the trace,

tr γµγνγργσ = tr{γµ, γν}γργσ − tr γνγµγργσ (S39)

= 8ηµνηρσ − tr γν{γµ, γρ}γσ − tr γνγργµγσ (S40)

= 8ηµνηρσ − 8ηµρηνσ + tr γνγρ{γµ, γσ} − tr γµγνγργσ (S41)

= 8ηµνηρσ − 8ηµρηνσ + 8ηµσηρν − tr γµγνγργσ. (S42)

Adding tr γµγνγργσ to both sides and dividing by two gives the result.

While these relations might seem random, there’s a very simple way to summarize what they mean.
Consider an arbitrarily long product of arbitrary gamma matrices,

tr(γ1γ3γ0γ0γ2γ3γ2γ1 · · · ). (S43)

The defining anticommutation relations tells us that we pick up a minus sign when we swap the order of
any two adjacent, distinct gamma matrices. So such a trace can always be rewritten in the form

± tr((γ0)n0(γ1)n1(γ2)n2(γ3)n3) (S44)

where n0 through n3 are nonnegative integers. The anticommutation relations also tell us that γ0γ0 = 1
and γ1γ1 = γ2γ2 = γ3γ3 = −1, which reduces the trace above (up to a sign) to

± tr((γ0)m0(γ1)m1(γ2)m2(γ3)m3) (S45)

where the mi are 0 or 1, depending on the parity of the ni. Looking back at what we’ve just proven, (13)
says the trace of any single gamma matrix is zero, (14) says the trace of the product of any two distinct
gamma matrices is zero, and (15) and (16) say the analogous results for three and four gamma matrices.
Therefore, the trace (S45) is automatically zero unless all of the mi are equal to zero. The punchline is
that the only way to get a nonzero trace is to multiply an even number of copies of each type of gamma
matrix.

c) It will be useful to introduce the matrix γ5 = iγ0γ1γ2γ3. Show that

{γ5, γµ} = 0 (17)

(γ5)2 = 14 (18)

tr γ5 = 0 (19)

tr γµγνγ5 = 0 (20)

tr γµγνγργσγ5 = −4i ϵµνρσ. (21)
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Solution: We can check the first statement for each value of µ. For example, for µ = 0 we have

{γ5, γ0} = iγ0γ1γ2γ3γ0 + iγ0γ0γ1γ2γ3 (S46)

The second term can be brought to the first term by performing three anticommutations, each of which flips
the sign. Thus, the sum of the two terms is zero. The logic for µ = 1, 2, 3 is similar.

To prove the second statement, we note that

(γ5)2 = −γ0γ1γ2γ3γ0γ1γ2γ3 (S47)

= γ1γ2γ3γ1γ2γ3 (S48)

= −γ2γ3γ2γ3 (S49)

= −γ3γ3 (S50)

= 1 (S51)

where we just used the anticommutation relations, which imply γ0γ0 = 1 and γ1γ1 = γ2γ2 = γ3γ3 = −1.

To prove the third statement, we can simply use (16),

tr γ5 = i tr γ0γ1γ2γ3 = 4i(η01η23 − η02η13 + η03η12) = 0. (S52)

For the fourth statement, we can do some casework on the values of µ and ν. If µ = ν, then the γµ and
γν multiply to give ±1, leaving us with tr γ5 = 0. On the other hand, suppose µ ̸= ν, then we can bring
the factors of γµ and γν within γ5 to the left, by performing anticommutations. Multiplying them with γµγν

yields ±1 and leaves the trace of a product of two different gamma matrices, which is zero.

Finally, for the last statement, let’s first show that the left-hand side is totally antisymmetric in its four indices.
For the µ and ν indices, note that

tr γµγνγργσγ5 = 2ηµν tr γργσγ5 − tr γνγµγργσγ5 = − tr γνγµγργσγ5. (S53)

By similar reasoning, we get a sign flip when we exchange the ν and ρ indices, and the ρ and σ indices, which
suffices to show that the left-hand side is antisymmetric in all four indices. Thus, it must be equal to Aϵµνρσ

for some constant A. To find the constant, we just consider a special case,

tr γ0γ1γ2γ3γ5 = Aϵ0123 = A. (S54)

The left-hand side is just
−i tr(γ5)2 = −4i (S55)

which yields the desired result.

3. Invariance of the Dirac Lagrangian. (15 points)
The Dirac Lagrangian is

L = Ψ̄(i/∂ −m14)Ψ (22)

where Ψ̄ = Ψ†γ0 and /∂ = γµ∂µ. The four-component spinor Ψ is acted on by the gamma
matrices. In general, a Lorentz transformation Λ will change a spinor according to

Ψ(x) → Ψ′(x′) = U(Λ)Ψ(x) (23)

where U(Λ) is some 4× 4 matrix, not necessarily unitary.

a) Show that the Dirac Lagrangian is invariant under Lorentz transformations if

U−1(Λ) = γ0U †(Λ)γ0, U−1(Λ)γµU(Λ) = Λµ
νγ

ν . (24)
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Solution: From basic special relativity, we know that under a Lorentz transformation,

xµ → x′µ = Λµ
νx

ν ,
∂

∂xµ
→ ∂

∂x′µ
= Λµ

ν

∂

∂xν
. (S56)

Now let’s show that each term in the Dirac Lagrangian is invariant. The mass term is invariant because

Ψ̄Ψ = Ψ†γ0Ψ → Ψ†U†γ0UΨ = Ψ†γ0U−1UΨ = Ψ̄Ψ. (S57)

To show the kinetic term is invariant, note that

Ψ̄/∂Ψ → Ψ†U†γ0γµΛ
µ
ν∂

νUΨ (S58)

= Ψ†γ0U−1γµΛ
µ
νU∂

νΨ (S59)

= Ψ̄Λµργ
ρΛµ

ν∂
νΨ (S60)

= Ψ̄ηνργ
ρ∂νΨ (S61)

= Ψ̄/∂Ψ. (S62)

b) Show that for an infinitesimal Lorentz transformation Λµν = ηµν + ωµν the above
relations are satisfied for

U(Λ) = 14 −
i

2
ωµνSµν , (25)

where Sµν is the Lorentz generator defined by (8). (Hint: use γ0γµγ0 = (γµ)†, which
holds in every representation of the gamma matrices.)

Solution: Expanding out the definitions, we have

U = 1+
1

8
[γµ, γν ]ωµν (S63)

which implies

U−1 = 1− 1

8
[γµ, γν ]ωµν (S64)

since we’re considering infinitesimal translations. To prove the first result note that

γ0U†γ0 = 1+
1

8
γ0[(γν)†, (γµ)†]γ0 ωµν (S65)

= 1+
1

8
γ0[γ0γνγ0, γ0γµγ0]γ0 ωµν (S66)

= 1− 1

8
[γµ, γν ]ωµν (S67)

= U−1. (S68)

In the first step, we used the fact that [A,B]† = [B†, A†], in the second step we used γ†µ = γ0γµγ
0, and

in the third step we used γ0γ0 = 1.

For the second relation, note that

γµ[γρ, γσ] = 4(ηµργσ − ηµσγρ) + [γρ, γσ]γµ. (S69)

Next,

γµU = γµ(1+
1

8
[γρ, γσ]ω

ρσ) = Uγµ +
1

2
(ωµσγσ − ωσµγσ) = Uγµ + ωµσγσ. (S70)

Finally, we find

U−1γµU = U−1(Uγµ + ωµσγ
σ) = (ηµν + ωµν)γ

ν = Λµνγ
ν (S71)

as desired. Note that in the penultimate step, we dropped a term of order ω2 since the Lorentz transfor-
mation is infinitesimal.
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c) A finite Lorentz transformation is given by exponentiating a generator,

U(Λ) = exp

(
− i

2
ωµνSµν

)
. (26)

Explicitly write down the 4 × 4 matrix U(Λ) for a rotation about the x-axis by an
angle θ, and a boost along the z axis with rapidity ϕ. Use the Dirac representation
of the gamma matrices, as this will yield simple results in the nonrelativistic limit.

Solution: For rotations around the x-axis by an angle θ we have ω23 = −ω32 = θ and all other entries
zero. In the Dirac representation, we find

[γ2, γ3] =

[(
0 σ2

−σ2 0

)
,

(
0 σ2

−σ2 0

)]
= −

(
[σ2, σ3] 0

0 [σ2, σ3]

)
= 2i

(
σ1 0
0 σ1

)
(S72)

Consequently,

U(Λ(θ)) = exp

{
iθ

2

(
σ1 0
0 σ1

)}
= cos

θ

2
1+ i sin

θ

2

(
σ1 0
0 σ1

)
. (S73)

This makes sense, because it just says that both of the two-component spinors that make up a Dirac
spinor transform like spin 1/2 particles in ordinary quantum mechanics.

For boosts along the z direction we have ω03 = −ω30 = ϕ and all other entries zero, and

[γ0, γ3] =

[(
1 0
0 −1

)
,

(
0 σ3

−σ3 0

)]
= 2

(
0 σ3
σ3 0

)
. (S74)

Consequently,

U(Λ(ϕ)) = exp

{
ϕ

2

(
0 σ3
σ3 0

)}
= cosh

ϕ

2
1+

(
0 σ3
σ3 0

)
sinh

ϕ

2
. (S75)

In other words, boosts mix the two two-component spinors, while keeping the spin state the same.

d) Show that the Dirac Lagrangian is invariant under Ψ → e−iαΨ, and find the associated
conserved current Jµ

V . Then show explicitly that ∂µJ
µ
V = 0 using the Dirac equation.

Solution: The Lagrangian is invariant because we also have Ψ̄ → eiαΨ̄, so the phases cancel out. Now,
to avoid confusion when applying Noether’s theorem, let’s explicitly write out the spinor indices. The
changes in the spinors are

(δΨ)a = −iΨa, (δΨ̄)a = (iΨ̄)a (S76)

and Noether’s theorem states

Jµ
V =

∂L
∂(∂µΨ)a

(δΨ)a +
∂L

∂(∂µΨ̄)a
(δΨ̄)a (S77)

where there is an implicit sum over the spinor index a. (It ranges from 0 to 3, covering the four elements
of the spinor, but it is not a Lorentz index.) The second term is just zero, so we get

Jµ
V = (iΨ̄γµ)a(−iΨ)a. (S78)

We can rewrite this without explicit spinor indices as

Jµ
V = Ψ̄γµΨ (S79)

where there are now implicit spinor matrix multiplications. To check this is conserved, note that

∂µJ
µ
V = (∂µΨ̄)γµΨ+ Ψ̄γµ∂µΨ = imΨ̄Ψ− imΨ̄Ψ = 0. (S80)

e) Show that when m = 0, the Dirac Lagrangian is also invariant under Ψ → e−iαγ5
Ψ,

and find the associated conserved current Jµ
A. What is ∂µJ

µ
A when m is nonzero?
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Solution: Using the fact that γ5 anticommutes with all gamma matrices, we have

Ψ̄ = Ψ†γ0 → Ψ†eiαγ
5

γ0 = Ψ†γ0e−iαγ5

= Ψ̄e−iαγ5

. (S81)

Thus, the Lagrangian becomes

Ψ†e−iαγ5
/∂e−iαγ5

Ψ. (S82)

Moving the e−iαγ5

past the /∂ flips the sign of the exponential, so we end up with a factor of eiαγ
5

e−iαγ5

=
1. Now, the changes in the spinors per α, for infinitesimal α, are

δΨ = −iγ5Ψ, δΨ̄ = −iΨ̄γ5 (S83)

which means the Noether current is
Jµ
A = Ψ̄γµγ5Ψ. (S84)

For nonzero m, the divergence of the current is

∂µJ
µ
A = (∂µΨ̄)γµγ5Ψ+ Ψ̄γµγ5∂µΨ (S85)

= (∂µΨ̄)γµγ5Ψ− Ψ̄γ5γµ∂µΨ (S86)

= imΨ̄γ5Ψ+ imΨ̄γ5Ψ (S87)

= 2imΨ̄γ5Ψ. (S88)

4. ⋆ Spinors in three dimensions. (5 points)
In this course, we focus on spinors in four dimensions for good reason. In this optional
problem, you’ll see how the same mathematical structures appear in three dimensions.

a) Consider spinors in three spacetime dimensions. What are the smallest nonzero ma-
trices that can satisfy (6)? Write down three such matrices γ0, γ1, and γ2 explicitly.

Solution: The minimum size is 2× 2, and one example set is

γ0 = σ2, γ1 = iσ1, γ2 = iσ3 (S89)

where the σi are the Pauli matrices.

b) We define the spinor Lorentz generators by (8) in any dimension. Since there are now
only two spatial dimensions, there is only one rotation generator S12. What phase
does a spinor pick up after a 2π rotation?

Solution: We have

S12 =
i

4
[iσ1, iσ3] = −σ

2

2
. (S90)

Then a 2π rotation yields
exp

(
−πσ2

)
= −I (S91)

and therefore a phase of π, just like in 4 dimensions.

c) How does the tensor product of two spinor representations decompose into irreducible
representations of the Lorentz group?

Solution: By the exact same logic as in 4 dimensions, we can extract a Lorentz scalar by ψ̄ψ, and a
Lorentz vector (which only has three components) by ψ̄γµψ. Since spinors have 2 components, the tensor
product has 4 components, so this decomposition is complete: there isn’t anything else. For instance,
you might consider putting [γµ, γν ] in the middle, but in three dimensions the commutator of two gamma
matrices is just another gamma matrix, so you don’t get anything new. Similarly, you can’t use γ5 to
get anything new, as its analogue here, iγ0γ1γ2, is just proportional to the identity.

In two spatial dimensions there are exotic particles called anyons, which can pick up an
arbitrary phase after a 2π rotation. However, they can’t be described by the conventional
quantum fields covered in this course.
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PHYS-330: QFT I
Stanford University, 2022

Problem Set 7 (due 11/15)
Bernhard Mistlberger, Kevin Zhou

1. Plane wave solutions of the Dirac equation. (10 points)
In the Weyl representation the gamma matrices are given by

γµ =

(
0 σµ

σ̄µ 0

)
, σµ = (12, σ

1, σ2, σ3), σ̄µ = (12,−σ1,−σ2,−σ3). (1)

Here, 1n denotes an n× n identity matrix.

a) Show that (p · σ)(p · σ̄) = p212.

b) Show that the Dirac equation has positive-frequency plane wave solutions

ψ(x) = us(p)e
−ip·x, us(p) =

(√
p · σ ξs√
p · σ̄ ξs

)
(2)

where ξs is a two-component spinor, i.e. a complex vector with two elements. (For-
mally, given a matrix A with a complete basis of eigenvectors, with eigenvalues λi, we
can define a matrix square root

√
A to have the same eigenvectors, with eigenvalues√

λi. But the only thing you need to know to do this problem is
√
A
√
A = A.)

c) Show that if we pick an orthonormal basis of two-component spinors ξs with s ∈ {1, 2},
satisfying (ξr)

†ξs = δrs, then the Dirac spinors satisfy the orthogonality relations

ur(p)
†us(p) = 2p0 δrs, ūr(p)us(p) = 2mδrs. (3)

d) Similarly, the Dirac equation has negative-frequency plane wave solutions

ψ(x) = vs(p)e
ip·x, vs(p) =

( √
p · σ ξs

−
√
p · σ̄ ξs

)
. (4)

Show that these solve the Dirac equation, and satisfy the orthogonality relations

vr(p)
†vs(p) = 2p0 δrs, v̄r(p)vs(p) = −2mδrs. (5)

e) Show the completeness relations for the Dirac spinors,

2∑
s=1

us(p)ūs(p) = /p+m14,

2∑
s=1

vs(p)v̄s(p) = /p−m14. (6)

2. Useful spinor identities. (10 points)

a) Prove the Gordon identity,

ūr(p
′)γµus(p) = ūr(p

′)

(
p′µ + pµ

2m
+
iσµν(p′ν − pν)

2m

)
us(p) (7)

where σµν = i
2
[γµ, γν ]. (Hint: this can be done using only the Dirac equation and the

defining property of the gamma matrices.)

1



Combinations of gamma matrices can be used to produce a basis ΓI for the space of 4× 4
matrices, where I ranges from 1 to 16. Concretely, we have

Γ11 = (i/2)[γ0, γ1]

Γ3 = γ0 Γ7 = iγ5γ0 Γ12 = (i/2)[γ0, γ2]

Γ1 = 14 Γ4 = γ1 Γ8 = iγ5γ1 Γ13 = (i/2)[γ0, γ3]

Γ2 = γ5 Γ5 = γ2 Γ9 = iγ5γ2 Γ14 = (i/2)[γ1, γ2]

Γ6 = γ3 Γ10 = iγ5γ3 Γ15 = (i/2)[γ1, γ3]

Γ16 = (i/2)[γ2, γ3]

We define the matrices Γ̃I similarly, but with lowered Lorentz indices; for example, Γ̃4 =
γ1 = −γ1 = −Γ4. (This ensures the equations below won’t have annoying extra signs due
to the signs in the metric.) An inner product for 4× 4 matrices can be defined by

tr(AB) =
∑
ab

AabBba. (8)

Under this inner product, the matrices given above are orthogonal, in the sense that

tr(Γ̃IΓJ) = 4δIJ (9)

which implies they are linearly independent, and thus indeed form a basis. (You don’t
have to check (9), but it follows directly from the results you proved in problem set 6.)

b) Show the completeness relation for the Γ matrices,

δacδdb =
1

4

∑
I

Γ̃IdcΓ
I
ab. (10)

(Hint: it suffices to show that both sides give the same result when multiplied by a
general matrix Mcd.)

c) Using (10), show the Fierz identity

Γ̃IabΓ
J
cd =

1

16

∑
KL

tr
[
Γ̃I Γ̃KΓJΓL

]
Γ̃LadΓ

K
cb. (11)

Contracting both sides of the Fierz identity with four spinors ū1au2bū3cu4d yields

(ū1Γ̃
Iu2)(ū3Γ

Ju4) =
1

16

∑
KL

tr
[
Γ̃I Γ̃KΓJΓL

]
(ū1Γ̃

Lu4)(ū3Γ
Ku2). (12)

In other words, the Fierz identity relates the product of a contraction of ū1 with u2 and a
contraction of ū3 and u4 (with arbitrary gamma matrices in the middle) to a combination
of contractions of ū1 with u4 and ū3 with u2. This “Fierz transformation” rearranges how
the spinors are contracted with each other, which can be useful in calculations.

d) Find the Fierz transformations for (ū1u2)(ū3u4) and (ū1γ
µu2)(ū3γµu4) explicitly. (Your

final result should only contain the spinors and gamma matrices, not the ΓI .)

2



3. Electromagnetism in relativistic notation. (20 points)
In electromagnetism, the Lagrangian is a function of the four-potential Aµ = (φ,A),

L = −1

4
FµνF

µν − JµAµ , where Fµν = ∂µAν − ∂νAµ , (13)

and Jµ = (ρ,J) is a classical current density.

a) Show that if the current is conserved, ∂µJ
µ = 0, then the action remains the same

under the gauge symmetry Aµ → Aµ + ∂µα, for any smooth function α.

b) Show that the Euler–Lagrange equation for Aµ is

∂µF
µν = Jν . (14)

c) Defining the electric and magnetic fields by Ei = F i0 and εijkBk = −F ij, show
that (14) is equivalent to two of Maxwell’s equations.

d) The other two of Maxwell’s equations are

εµνρσ∂µFνρ = 0 (15)

which follows directly from the definition of Fµν . Interestingly, all four of Maxwell’s
equations can be written as a single spinor equation. Show that the equation

γνγργσ∂νFρσ = 2γνJν (16)

contains both (14) and (15). (This is just a mathematical trick with no physical
meaning, but it’s a nice application of the properties of gamma matrices.)

e) In the Lagrangian (13), we could have also included a term of the form εµνρσFµνFρσ,
which is Lorentz invariant and gauge invariant. What is it in terms of E and B?
Show that this term is a total derivative, and thus does not contribute to the action.

For the rest of this problem suppose there is no current, Jµ = 0.

f) Construct the stress-energy tensor by directly applying Noether’s theorem.

g) The stress-energy tensor you found in part (e) is conserved, but neither symmetric
nor gauge invariant. However, we can define an “improved” stress-energy tensor,

T̂ µν = T µν + ∂ρ(F
µρAν). (17)

Assuming the equations of motion hold, show that T̂ µν is symmetric, gauge invari-
ant, conserved (∂µT̂

µν = 0), and traceless (ηµνT̂
µν = 0). Furthermore, show that it

contains the familiar electromagnetic energy and momentum densities,

T̂ 00 =
1

2
(|E|2 + |B|2) , T̂ 0i = (E×B)i. (18)

In general, the improved stress-energy tensor considered here is called the Belinfante
tensor; it is this stress-energy tensor that sources gravity in general relativity. We didn’t
see it earlier because the improvement terms are related to the spin angular momentum
of the field, which is zero for scalar fields.

3



4. ? Chern–Simons theory. (5 points)
This optional problem presents a way to produce massive gauge fields.

a) The Proca Lagrangian for a massive vector field is

L = −1

4
FµνF

µν +
1

2
m2AµA

µ. (19)

Find the equation of motion for Aµ and show that for m 6= 0, it implies

(∂2 +m2)Aµ = 0, ∂µA
µ = 0. (20)

However, this action does not have a gauge symmetry.

b) On the other hand, in two spatial dimensions it is possible to have massive gauge
fields. We consider a Lagrangian with a “Chern–Simons” term,

L = −1

4
FµνF

µν +
α

4
εµνρFµνAρ (21)

where all indices take the values 0, 1, and 2, and ε012 = 1. (This new term is a relative
of the term we considered in 3(e), but it is not a total derivative.) Show that the
action is gauge invariant, and find the Euler–Lagrange equation for Aµ.

c) The Chern–Simons term is sometimes called a “topological” mass term, because it
doesn’t depend on the metric. Show that the equation of motion implies

(∂2 +m2)F µν = 0 (22)

for some m you should find. Thus the field is massive, yet still has a gauge symmetry.

Since there is no Chern–Simons term in three spatial dimensions, it has little role in parti-
cle physics, but it is important in the description of topological effects in two-dimensional
condensed matter systems.
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PHYS-330: QFT I
Stanford University, 2022

Solutions 7
Bernhard Mistlberger, Kevin Zhou

1. Plane wave solutions of the Dirac equation. (10 points)
In the Weyl representation the gamma matrices are given by

γµ =

(
0 σµ

σ̄µ 0

)
, σµ = (12, σ

1, σ2, σ3), σ̄µ = (12,−σ1,−σ2,−σ3). (1)

Here, 1n denotes an n× n identity matrix.

a) Show that (p · σ)(p · σ̄) = p212.

Solution: Inserting the definitions and suppressing the factors of the identity, the expression is

(p0 − p · σ)(p0 + p · σ) = (p0)2 − 1

2
pipj{σi, σj} = (p0)2 − |p|2 = p2 (S1)

as desired, where we used {σi, σj} = 2δij .

b) Show that the Dirac equation has positive-frequency plane wave solutions

ψ(x) = us(p)e
−ip·x, us(p) =

(√
p · σ ξs√
p · σ̄ ξs

)
(2)

where ξs is a two-component spinor, i.e. a complex vector with two elements. (For-
mally, given a matrix A with a complete basis of eigenvectors, with eigenvalues λi, we
can define a matrix square root

√
A to have the same eigenvectors, with eigenvalues√

λi. But the only thing you need to know to do this problem is
√
A
√
A = A.)

Solution: By the definition of the matrix square root and the result of part (a), we have

σ · p =
√
σ · p · √σ · p, σ̄ · p =

√
σ̄ · p ·

√
σ̄ · p, m12 =

√
σ · p ·

√
σ̄ · p =

√
σ̄ · p · √σ · p (S2)

where we used p2 = m2. To show the Dirac equation is satisfied, note that the derivative ∂µ just pulls
down a factor of −ipµ. Thus, it suffices to show that

(pµγ
µ −m14)us(p) = 0. (S3)

To show this, we just plug in the definitions, giving

(pµγ
µ −m14)us(p) =

(
−m12

√
p · σ√p · σ√

p · σ̄
√
p · σ̄ −m12

)(√
p · σ ξs√
p · σ̄ ξs

)
(S4)

=

(√
p · σ(−m12 +

√
p · σ

√
p · σ̄)ξs√

p · σ̄(
√
p · σ̄√p · σ −m12)ξs

)
(S5)

=

(√
p · σ(−m12 +

√
p212)ξs√

p · σ̄(
√

p212 −m12)ξs

)
(S6)

= 0 (S7)

where we used p2 = m2 in the last step.

c) Show that if we pick an orthonormal basis of two-component spinors ξs with s ∈ {1, 2},
satisfying (ξr)

†ξs = δrs, then the Dirac spinors satisfy the orthogonality relations

ur(p)
†us(p) = 2p0 δrs, ūr(p)us(p) = 2mδrs. (3)

1



Solution: To take the Hermitian conjugate, note that (σµ)† = σµ. Then we simply have

u†
s(p)ur(p) =

(
ξ†s
√
σ · p ξ†s

√
σ̄ · p

)
·
( √

σ · p ξr√
σ̄ · p ξr

)
(S8)

= ξ†s (p · σ + p · σ̄) ξr = 2p0ξ†sξr = 2p0δrs. (S9)

The proof of the second orthogonality relation is similar:

ūs(p)ur(p) = u†
s(p)γ

0ur(p) =
(
ξ†s
√
σ̄ · p ξ†s

√
σ · p

)
·
( √

σ · p ξr√
σ̄ · p ξr

)
(S10)

= 2ξ†s
(√

p · σ
√
p · σ̄

)
ξr = 2mξ†sξr = 2mδrs. (S11)

d) Similarly, the Dirac equation has negative-frequency plane wave solutions

ψ(x) = vs(p)e
ip·x, vs(p) =

( √
p · σ ξs

−
√
p · σ̄ ξs

)
. (4)

Show that these solve the Dirac equation, and satisfy the orthogonality relations

vr(p)
†vs(p) = 2p0 δrs, v̄r(p)vs(p) = −2mδrs. (5)

Solution: The proof that these plane waves solve the Dirac equation is very similar to that of part (b),
except that now the derivative ∂µ pulls down a factor of ipµ, so we want to show

(pµγ
µ +m14)vs(p) = 0. (S12)

This holds because

(pµγ
µ +m14)vs(p) =

(
m12

√
p · σ√p · σ√

p · σ̄
√
p · σ̄ m12

)( √
p · σ ξs

−
√
p · σ̄ ξs

)
(S13)

=

(√
p · σ(m12 −

√
p · σ

√
p · σ̄)ξs√

p · σ̄(
√
p · σ̄√p · σ −m12)ξs

)
(S14)

=

(√
p · σ(m12 −

√
p212)ξs√

p · σ̄(
√
p212 −m12)ξs

)
(S15)

= 0. (S16)

The proofs of the orthogonality relations are very similar to part (c),

v†s(p)vr(p) =
(
ξ†s
√
σ · p −ξ†s

√
σ̄ · p

)
·
( √

σ · p ξr
−
√
σ̄ · p ξr

)
(S17)

= ξ†s (p · σ + p · σ̄) ξr = 2p0ξ†sξr = 2p0δrs (S18)

and

v̄s(p)vr(p) = vs(p)γ
0vr(p) = −

(
ξ†s
√
σ̄ · p ξ†s

√
σ · p

)
·
( √

σ · p ξr√
σ̄ · p ξr

)
(S19)

= −2ξ†s
(√

p · σ
√
p · σ̄

)
ξr = −2mξ†sξr = −2mδrs. (S20)

e) Show the completeness relations for the Dirac spinors,

2∑
s=1

us(p)ūs(p) = /p+m14,
2∑

s=1

vs(p)v̄s(p) = /p−m14. (6)

Solution: This follows straightforwardly from plugging in the definitions,

2∑
s=1

us(p)ūs(p) =

2∑
s=1

(√
p · σ ξs√
p · σ̄ ξs

)(
ξ†s
√
p · σ̄ ξ†s

√
p · σ

)
=

(
m p · σ
p · σ̄ m

)
= pµγ

µ +m14. (S21)
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2∑
s=1

vs(p)v̄s(p) =

2∑
s=1

( √
p · σ ξs

−
√
p · σ̄ ξs

)(
−ξ†s

√
p · σ̄ ξ†s

√
p · σ

)
=

(
−m p · σ
p · σ̄ −m

)
= pµγ

µ −m14. (S22)

In both cases we used the completeness relation for the two-component spinors,
∑2

s=1 ξsξ
†
s = 12.

2. Useful spinor identities. (10 points)

a) Prove the Gordon identity,

ūr(p
′)γµus(p) = ūr(p

′)

(
p′µ + pµ

2m
+
iσµν(p′ν − pν)

2m

)
us(p) (7)

where σµν = i
2
[γµ, γν ]. (Hint: this can be done using only the Dirac equation and the

defining property of the gamma matrices.)

Solution: It’s easiest to start from the second term on the right-hand side. Note that

ūr(p
′)[γµ, γν ](p′ − p)νus(p) = ūr(p

′)(γµγν − γνγµ)(p′ − p)νus(p) (S23)

= ūr(p
′)
[
2(p′ + p)µ − 2(/p

′γµ + γµ
/p)
]
us(p) (S24)

= ūr(p
′)(−4mγµ + 2(p′µ + pµ))us(p) (S25)

where we used the Dirac equation (S3) in the last step. Plugging this into the right hand side of (7)
gives the desired result.

Combinations of gamma matrices can be used to produce a basis ΓI for the space of 4× 4
matrices, where I ranges from 1 to 16. Concretely, we have

Γ11 = (i/2)[γ0, γ1]

Γ3 = γ0 Γ7 = iγ5γ0 Γ12 = (i/2)[γ0, γ2]

Γ1 = 14 Γ4 = γ1 Γ8 = iγ5γ1 Γ13 = (i/2)[γ0, γ3]

Γ2 = γ5 Γ5 = γ2 Γ9 = iγ5γ2 Γ14 = (i/2)[γ1, γ2]

Γ6 = γ3 Γ10 = iγ5γ3 Γ15 = (i/2)[γ1, γ3]

Γ16 = (i/2)[γ2, γ3]

We define the matrices Γ̃I similarly, but with lowered Lorentz indices; for example, Γ̃4 =
γ1 = −γ1 = −Γ4. (This ensures the equations below won’t have annoying extra signs due
to the signs in the metric.) An inner product for 4× 4 matrices can be defined by

tr(AB) =
∑
ab

AabBba. (8)

Under this inner product, the matrices given above are orthogonal, in the sense that

tr(Γ̃IΓJ) = 4δIJ (9)

which implies they are linearly independent, and thus indeed form a basis. (You don’t
have to check (9), but it follows directly from the results you proved in problem set 6.)

b) Show the completeness relation for the Γ matrices,

δacδdb =
1

4

∑
I

Γ̃I
dcΓ

I
ab. (10)

3



(Hint: it suffices to show that both sides give the same result when multiplied by a
general matrix Mcd.)

Solution: We consider a general matrix M , where

Mcd =
∑
I

mIΓI
cd. (S26)

Multiplying both sides with Mcd, the left-hand side is just Mab, while the right-hand side is

1

4

∑
I

Γ̃I
dcΓ

I
ab

∑
J

mJΓJ
cd =

∑
IJ

ΓI
abm

J tr(Γ̃IΓJ) =
∑
I

ΓI
abm

I = Mab. (S27)

Since the two sides match for any matrix M , the completeness relation holds.

c) Using (10), show the Fierz identity

Γ̃I
abΓ

J
cd =

1

16

∑
KL

tr
[
Γ̃I Γ̃KΓJΓL

]
Γ̃L
adΓ

K
cb. (11)

Solution: We note that

Γ̃I
abΓ

J
cd = Γ̃I

efΓ
J
ghδaeδfbδcgδhd (S28)

=
1

16
Γ̃I
efΓ

J
gh

∑
KL

Γ̃L
adΓ

L
heΓ̃

K
fgΓ

K
cb (S29)

=
1

16

∑
KL

tr
[
Γ̃I Γ̃KΓJΓL

]
Γ̃L
adΓ

K
cb. (S30)

where we applied the completeness relation twice, and then used the definition of the trace.

Contracting both sides of the Fierz identity with four spinors ū1au2bū3cu4d yields

(ū1Γ̃
Iu2)(ū3Γ

Ju4) =
1

16

∑
KL

tr
[
Γ̃I Γ̃KΓJΓL

]
(ū1Γ̃

Lu4)(ū3Γ
Ku2). (12)

In other words, the Fierz identity relates the product of a contraction of ū1 with u2 and a
contraction of ū3 and u4 (with arbitrary gamma matrices in the middle) to a combination
of contractions of ū1 with u4 and ū3 with u2. This “Fierz transformation” rearranges how
the spinors are contracted with each other, which can be useful in calculations.

d) Find the Fierz transformations for (ū1u2)(ū3u4) and (ū1γ
µu2)(ū3γµu4) explicitly. (Your

final result should only contain the spinors and gamma matrices, not the ΓI .)

Solution: For the first case, we can apply the Fierz identity with Γ̃I = ΓJ = 14. Then the right-hand
side becomes

1

16

∑
KL

tr
[
Γ̃I Γ̃KΓJΓL

]
Γ̃L
adΓ

K
cb =

1

16

∑
KL

tr
[
Γ̃KΓL

]
Γ̃L
adΓ

K
cb (S31)

=
1

4

∑
KL

δKLΓ̃L
adΓ

K
cb (S32)

=
1

4

∑
K

Γ̃K
adΓ

K
cb. (S33)

Contracting both sides with the spinors, we conclude

(ū1u2)(ū3u4) =
1

4

[
(ū1u4)(ū3u2) + (ū1γ

5u4)(ū3γ
5u2) + (ū1γ

µu4)(ū3γµu2) (S34)

− (ū1γ
5γµu4)(ū3γ

5γµu2)−
1

8
(ū1[γ

µ, γν ]u4)(ū3[γµ, γν ]u2)

]
. (S35)
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Note that there is an extra factor of 1/2 in the final term to avoid double counting. This result is
admittedly rather complex, but it’s indeed rearranged as desired.

For the second case, we take Γ̃I = γµ and ΓJ = γµ. Computing the right-hand side requires some
casework, and use of the trace identities derived in problem set 6. The results are

Γ̃K = 14:
∑
L

tr
[
γµγ

µΓL
]
Γ̃L
adδcb = 16δcbδad, (S36)

Γ̃K = γν :
∑
L

tr
[
γµγνγ

µΓL
]
Γ̃L
adγ

ν
cb = −8γνadγ

ν
cb, (S37)

Γ̃K = γ5:
∑
L

tr
[
γµγ

5γµΓL
]
Γ̃L
adγ5cb = −16γ5adγ5cb, (S38)

Γ̃K = iγ5γν : −
∑
L

tr
[
γµγ

5γνγ
µΓL

]
Γ̃L
ad(γ5γ

ν)cb = 8(iγ5γν)ad(iγ5γ
ν)cb, (S39)

Γ̃K =
i

2

∑
L

[γν , γρ]:
i

2
tr
[
γµ[γν , γρ]γ

µΓL
]
Γ̃L
ad

(
i

2
[γν , γρ]

)
cb

= 0. (S40)

Putting this all together yields

(ū1γµu2)(ū3γ
µu4) = (ū1u4)(ū3u2)−

1

2
(ū1γµu4)(ū3γ

µu2) (S41)

− (ū1γ
5u4)(ū3γ

5u2)−
1

2
(ū1γ

5γµu4)(ū3γ
5γµu2). (S42)

3. Electromagnetism in relativistic notation. (20 points)
In electromagnetism, the Lagrangian is a function of the four-potential Aµ = (ϕ,A),

L = −1

4
FµνF

µν − JµAµ , where Fµν = ∂µAν − ∂νAµ , (13)

and Jµ = (ρ,J) is a classical current density.

a) Show that if the current is conserved, ∂µJ
µ = 0, then the action remains the same

under the gauge symmetry Aµ → Aµ + ∂µα, for any smooth function α.

Solution: The kinetic term is gauge invariant because Fµν is,

Fµν = ∂µAν − ∂νAµ → ∂µAν + ∂ν∂µα− ∂νAµ − ∂ν∂µα = ∂µAν − ∂νAµ. (S43)

The interaction term is gauge invariant when the current is conserved because

JµAµ → JµAµ + Jµ∂µα = JµAµ + ∂µ(J
µα) (S44)

where the change is a total derivative term, which does not affect the action.

b) Show that the Euler–Lagrange equation for Aµ is

∂µF
µν = Jν . (14)

Solution: The Euler–Lagrange equation is

∂µ
∂L

∂(∂µAν)
=

∂L
∂Aν

. (S45)

The right-hand side is clearly −Jν . As for the left-hand side, we use the product rule, giving

∂µ
∂L

∂(∂µAν)
= −1

2
∂µ

(
F ρσ ∂Fρσ

∂(∂µAν)

)
(S46)

= −1

2
∂µ

(
F ρσ(δµρ δ

ν
σ − δµσδ

ν
ρ )
)

(S47)

= −1

2
∂µ (F

µν − F νµ) (S48)

= −∂µF
µν . (S49)
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This gives the desired result.

c) Defining the electric and magnetic fields by Ei = F i0 and ϵijkBk = −F ij, show
that (14) is equivalent to two of Maxwell’s equations.

Solution: First set ν = 0. Since F 00 = 0, we have ∂iF
i0 = J0, which in vector calculus notation is

Gauss’s law, ∇ ·E = ρ. Next set ν = j. Here we have

Jj = ∂0F
0j + ∂iF

ij = −Ėj − ∂iϵ
ijkBk (S50)

which in vector calculus notation is
J = −Ė+∇×B (S51)

which is Ampere’s law.

d) The other two of Maxwell’s equations are

ϵµνρσ∂µFνρ = 0 (15)

which follows directly from the definition of Fµν . Interestingly, all four of Maxwell’s
equations can be written as a single spinor equation. Show that the equation

γνγργσ∂νFρσ = 2γνJν (16)

contains both (14) and (15). (This is just a mathematical trick with no physical
meaning, but it’s a nice application of the properties of gamma matrices.)

Solution: To recover (14), we want to get the current by itself on the right-hand side. Thus, multiply
both sides by γµ and take the trace, giving

tr(γµγνγργσ)∂νFρσ = 2 tr(γµγν)Jν = 8Jµ. (S52)

Simplifying the left-hand side, we have

tr(γµγνγργσ)∂νFρσ = 4(ηµνηρσ − ηµρηνσ + ηµσηνρ)∂νFρσ (S53)

= 4(−∂νF
µν + ∂νF

νµ) (S54)

= 8 ∂νF
νµ (S55)

where we used the fact that F is antisymmetric, so ηρσFρσ = 0. Equating the two sides and renaming
the indices recovers (14).

To recover (15), we want to get a factor of ϵµνρσ on the left-hand side. Therefore, multiply both sides
by γ5γµ and take the trace. By the results we’ve derived previously, the right-hand side vanishes and the
trace on the left-hand side is proportional to ϵµνρσ, as desired.

e) In the Lagrangian (13), we could have also included a term of the form ϵµνρσFµνFρσ,
which is Lorentz invariant and gauge invariant. What is it in terms of E and B?
Show that this term is a total derivative, and thus does not contribute to the action.

Solution: To write this term in terms of E and B, we just expand out the contractions. There are 24
terms, corresponding to the cases where µ, ν, ρ, and σ are all distinct. However, the antisymmetry of F
means that groups of eight of them all give the same thing, e.g.

ϵ0123F01F23 = ϵ1023F10F23 = ϵ0132F01F32 = ϵ1032F10F32

= ϵ2301F23F01 = ϵ2310F23F10 = ϵ3201F32F01 = ϵ3210F32F10. (S56)

There are thus only three distinct terms to write down. Adjusting the index position for convenience,

ϵµνρσFµνFρσ = 8(ϵ0123F
01F 23 + ϵ0213F

02F 13 + ϵ0312F
03F 12) (S57)

= 8(−F 01F 23 + F 02F 13 − F 03F 12) (S58)

= 8(F 10F 23 + F 20F 31 + F 30F 12) (S59)

= 8(F 10F 23 + F 20F 31 + F 30F 12) (S60)

= −8E ·B. (S61)
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Now, to show the term is a total derivative, we note that

ϵµνρσFµνFρσ = ϵµνρσ [∂µAν∂ρAσ − ∂νAµ∂ρAσ − ∂µAν∂σAρ + ∂νAµ∂σAρ] (S62)

= 4ϵµνρσ∂µAν∂ρAσ (S63)

= 4ϵµνρσ∂µ(Aν∂ρAσ)− 4ϵµνρσAν∂µ(∂ρAσ) (S64)

= ∂µ (4ϵ
µνρσAν∂ρAσ) (S65)

which is a total derivative as desired. Note that the second and third steps in this derivation just follow
from the antisymmetry of ϵµνρσ.

For the rest of this problem suppose there is no current, Jµ = 0.

f) Construct the stress-energy tensor by directly applying Noether’s theorem.

Solution: Applying Noether’s theorem as usual, we have

Tµν =
∂L

∂(∂µAρ)
∂νAρ − ηµνL = −Fµρ∂νAρ +

1

4
ηµνFρσF

ρσ. (S66)

g) The stress-energy tensor you found in part (e) is conserved, but neither symmetric
nor gauge invariant. However, we can define an “improved” stress-energy tensor,

T̂ µν = T µν + ∂ρ(F
µρAν). (17)

Assuming the equations of motion hold, show that T̂ µν is symmetric, gauge invari-
ant, conserved (∂µT̂

µν = 0), and traceless (ηµνT̂
µν = 0). Furthermore, show that it

contains the familiar electromagnetic energy and momentum densities,

T̂ 00 =
1

2
(|E|2 + |B|2) , T̂ 0i = (E×B)i. (18)

Solution: Adding on the new term gives

T̂µν = (∂ρF
µρ)Aν + FµρF ν

ρ +
1

4
ηµνFρσF

ρσ. (S67)

When the equations of motion hold, ∂ρF
µρ = 0, so we may simply drop the first term, giving

T̂µν = −ηρσF
µρF νσ +

1

4
ηµνFρσF

ρσ (S68)

where we cleaned up the indices a bit. In this form, the stress-energy tensor is clearly symmetric, and it
is gauge invariant because it is written in terms of the gauge invariant F alone. To show conservation,
it is easiest to note that

∂µT̂
µν = ∂µT

µν + ∂µ∂ρ(F
µρAν) = 0 (S69)

where the first term vanishes by Noether’s theorem, and the second term vanishes by the antisymmetry
of F . Finally, to show tracelessness, we note that

ηµν T̂
µν = −ηµνηρσF

µρF νσ +
1

4
ηµνη

µνFρσF
ρσ = −FνσF

νσ + FρσF
ρσ = 0. (S70)

Now let’s consider the components. For the energy density, we have

T̂ 00 = −ηρσF
0ρF 0σ +

1

4
η00FρσF

ρσ (S71)

= F 01F 01 + F 02F 02 + F 03F 03 +
1

4
FρσF

ρσ (S72)

= |E|2 + 1

2
(F01F

01 + F02F
02 + F03F

03 + F12F
12 + F23F

23 + F31F
31) (S73)

= |E|2 + 1

2
(−|E|2 + |B|2) (S74)

=
1

2
(|E|2 + |B|2) (S75)
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as desired. For the momentum density, we have

T̂ 0i = −ηρσF
0ρF iσ = F 0jF ij = EjϵijkBk = (E×B)i. (S76)

In general, the improved stress-energy tensor considered here is called the Belinfante
tensor; it is this stress-energy tensor that sources gravity in general relativity. We didn’t
see it earlier because the improvement terms are related to the spin angular momentum
of the field, which is zero for scalar fields.

4. ⋆ Chern–Simons theory. (5 points)
This optional problem presents a way to produce massive gauge fields.

a) The Proca Lagrangian for a massive vector field is

L = −1

4
FµνF

µν +
1

2
m2AµA

µ. (19)

Find the equation of motion for Aµ and show that for m ̸= 0, it implies

(∂2 +m2)Aµ = 0, ∂µA
µ = 0. (20)

However, this action does not have a gauge symmetry.

Solution: The derivation of the equation of motion is similar to problem 3(b), but now a new term
appears on the right-hand side, giving

−∂µF
µν = m2Aν . (S77)

This is the equation of motion. Applying ∂ν to both sides yields

m2∂νA
ν = −∂ν∂µF

µν = 0 (S78)

by the antisymmetry of F , which shows ∂µA
µ = 0 when m is nonzero. Plugging this result back into

the original equation of motion gives

−∂µ(∂
µAν − ∂νAµ) = −∂2Aν = m2Aν (S79)

as desired.

b) On the other hand, in two spatial dimensions it is possible to have massive gauge
fields. We consider a Lagrangian with a “Chern–Simons” term,

L = −1

4
FµνF

µν +
α

4
ϵµνρFµνAρ (21)

where all indices take the values 0, 1, and 2, and ϵ012 = 1. (This new term is a relative
of the term we considered in 3(e), but it is not a total derivative.) Show that the
action is gauge invariant, and find the Euler–Lagrange equation for Aµ.

Solution: The proof that the action is gauge invariant is similar to 3(e). Note that the change in the
Lagrangian under a gauge transformation is

δL =
α

4
ϵµνρFµν∂ρα =

α

2
ϵµνρ(∂µAν)∂ρα = ∂ρ

(α
2
ϵµνρα∂µAν

)
(S80)

which is a total derivative, as desired. As for the Euler–Lagrange equation, starting from our solution to
3(b), we pick up an extra term on both the left-hand and right-hand sides, giving

−∂µF
µν +

α

2
ϵµνρ∂µAρ =

α

4
ϵµρνFµρ. (S81)
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We can clean this up using the antisymmetry of ϵ to give

∂µF
µν =

α

2
ϵµνρFµρ. (S82)

c) The Chern–Simons term is sometimes called a “topological” mass term, because it
doesn’t depend on the metric. Show that the equation of motion implies

(∂2 +m2)F µν = 0 (22)

for some m you should find. Thus the field is massive, yet still has a gauge symmetry.

Solution: This is a bit fiddly. The idea is that we want to use the equation of motion twice. But in its
current form, we can’t really do much to it, because of the factor of ϵ on the right-hand side which already
contracts with most of the indices. However, we can clear factors of ϵ out of the way by contracting with
additional copies of ϵ, and using

ϵµνρϵµαβ = δναδ
ρ
β − δνβδ

ρ
α. (S83)

To get started, we contract both sides of (S82) with ϵναβ , giving

ϵναβ∂µF
µν = αFβα. (S84)

Now we can apply ∂β to both sides and use the equation of motion again, giving

ϵναβ∂
β∂µF

µν =
α2

2
ϵµανF

µν . (S85)

To get rid of the ϵ’s again, we contract both sides with ϵαδσ, giving

∂δ∂µF
µσ − ∂σ∂µF

µδ = α2Fσδ. (S86)

Finally, to get the factor of ∂2 we want, we can apply ∂δ to both sides, giving

∂2∂µF
µσ = α2∂δF

σδ (S87)

where a term vanished due to the antisymmetry of F . Cleaning this up, we have

0 = (∂2 + α2)(∂µF
µν) = (∂2 + α2)

(α
2
ϵµνρFµρ

)
(S88)

where we used the equation of motion a final time. Now we just clear away the factor of ϵ by contracting
with ϵναβ , which finally gives the result with m = α.

Since there is no Chern–Simons term in three spatial dimensions, it has little role in parti-
cle physics, but it is important in the description of topological effects in two-dimensional
condensed matter systems.
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PHYS-330: QFT I
Stanford University, 2022

Problem Set 8 (due 11/29)
Bernhard Mistlberger, Kevin Zhou

1. Magnetic moments in quantum electrodynamics. (15 points)
The interaction Hamiltonian in quantum electrodynamics for a Dirac field of charge q is

HI = q

∫
d3x Ψ̄γµΨAµ. (1)

To understand the physical meaning of this expression, we can evaluate its matrix elements
in states |p, s〉 =

√
2Ep a

†
s(p)|0〉 with a single fermion. We assume the electromagnetic

field is in a quantum state with negligible field uncertainty, so that its field operator Aµ
can be replaced with a time-independent classical expectation value Acl

µ (x).

a) Show that the matrix elements of the Schrodinger picture Hamiltonian are

〈p, s|HI |p′, s′〉 = q

∫
d3x e−i(p−p

′)·xūs(p)γ
µus′(p

′)Acl
µ (x) (2)

when |p′, s′〉 6= |p, s〉.

In nonrelativistic quantum mechanics, the single-particle states are |p, s〉. If the particle
has charge q′ and g-factor g, then its magnetic moment is µ = (gq′/2m)S where S is the
spin. In terms of the particle’s position x, the Hamiltonian contains the terms

Hnr
I = q′A0(x)− µ ·B(x). (3)

To find the values of q′ and g, we equate matrix elements in the nonrelativistic limit,

〈p, s|HI |p′, s′〉 = 2m〈p, s|Hnr
I |p′, s′〉 when |p|, |p′| � m (4)

where the factor of 2m converts between relativistic and nonrelativistic normalization.
We could evaluate both sides for general Acl

µ (x), but it is easier to consider two special
cases. In both cases it will be helpful to use the Gordon identity from set 7.

b) Evaluate both sides of (4) in a static electric field, corresponding to general A0(x)
and A = 0. Show that they agree when q′ = q, as one would expect.

c) Show that if the fermion was a classical spinning ball with uniform mass and charge
density, then its g-factor would be 1. This strongly disagrees with the measured value.

d) Evaluate both sides of (4) in a static magnetic field, corresponding to A0 = 0 and
∇ × A = B(x), and infer the value of g. (Hint: to relate spin in the Dirac theory
to spin in the nonrelativistic theory, recall that in the nonrelativistic theory, spinors
ξs have two components and the spin operator is S = σ/2. You already showed in
problem set 7 how the Dirac spinors us(p) are built from ξs. You will have to integrate
by parts, so assume A and B vanish at infinity.)

The agreement of this value you found in part (d) with the experimentally measured value
for the electron was one of the early triumphs of the Dirac equation.
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2. Decays of the Higgs boson. (10 points)
The Standard Model contains three charged leptons, the electron e, muon µ, and tau τ ,
which are described by Dirac fields and differ only by their mass. It also contains a spinless
particle called the Higgs boson, described by a real scalar field h. The free Lagrangian is

L0 =
1

2
(∂µh)(∂µh)− 1

2
m2
h h

2 +
∑
i

Ψ̄i(i/∂ −mi)Ψi (5)

where i ∈ {e, µ, τ}, and the numeric values of the masses are

mh = 125 GeV, me = 511 keV, mµ = 105.7 MeV, mτ = 1777 MeV. (6)

The Higgs field couples to the charged leptons by a Yukawa coupling proportional to mass,

Lint = −
∑
i

mi

v
hΨ̄iΨi (7)

Here, v is a constant associated with the breaking of electroweak symmetry, but for this
problem you will only need its value, v = 246 GeV. For this problem, all of your final
answers should be numeric, and given to at least two significant figures.

a) Compute the partial decay rate for a Higgs boson to an electron-positron pair ΓH→e+e−
at leading non-vanishing order in perturbation theory, giving your answer in eV.
(Hint: sum over final spin states, and reuse results from problem set 5.)

b) Find the ratios ΓH→µ+µ−/ΓH→e+e− and ΓH→τ+τ−/ΓH→e+e− .

c) Find the probability a Higgs boson decays to τ+τ−, also known as the branching ratio

BRH→τ+τ− =
ΓH→τ+τ−∑
X ΓH→X

. (8)

The denominator is the total decay rate of the Higgs boson, equal to 4.1 MeV. (To
check your answer, you can consult the so-called Yellow Report.)

The decay of Higgs bosons to taus was confirmed experimentally only recently [1,2], and
first evidence for the Higgs coupling to muons has been detected [3,4]. Establishing the
coupling of the Higgs to electrons remains a monumental experimental challenge.

3. Electron-positron annihilation to muons. (15 points)
One of the key successes of quantum electrodynamics is its description of particle creation
and annihilation processes at relativistic energies. In this exercise we will consider the
process e+e− → µ+µ−, where the electron and muon are Dirac fields of charge e, and
mass me and mµ respectively.

a) Let the initial momenta be pµe+ and pµe− and the final momenta be pµµ+ and pµµ− . Find
the scattering matrix elementM for this process, to leading nonvanishing order in e.

b) Let |M̄|2 be the square of the matrix element, summed over final spin states and
averaged over initial spin states. Compute |M̄|2 in terms of e, me, mµ, and the
Mandelstam variables s and t, where

s = (pe+ + pe−)2, t = (pe− − pµ−)2, u = (pe− − pµ+)2. (9)

2
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For the rest of this problem, we specialize to the center of mass frame.

c) Rewrite |M̄|2 in terms of e, me, mµ, s, and the angle θ between pe− and pµ− .

d) Starting from equation (4.84) of Peskin and Schroeder, compute the differential cross
section dσ/dΩ and the total cross section.

You can see section 5.1 of Peskin and Schroeder to get started or check your answer. But
note that the book neglects the mass of the electron, while here we account for it.

4. ? Nonminimal couplings. (5 points)
In problem 1, you found the charge and g-factor for a Dirac fermion minimally coupled
to the electromagnetic field, i.e. via the simplest possible interaction (1). However, if the
fermion is composite, or interacts with heavier particles, we might need additional terms
to describe the coupling. For all parts of this problem, you should adopt the formalism
of problem 1 and work in the nonrelativistic limit. Detailed calculations are not needed;
qualitative final answers (with justification) are sufficient.

a) The g-factors of the proton and neutron are not given by the result you found in
problem 1. When the Dirac equation was invented, physicists explained this by adding
an additional term to HI , proportional to iΨ̄[γµ, γν ]ΨFµν . Show that the physical
effect of such a term is indeed to shift the magnetic dipole moment.

b) What is the physical effect of a term proportional to Ψ̄[γµ, γν ]γ5ΨFµν?

The above two are the only terms with dimension 5, and are therefore the simplest non-
minimal couplings one could consider. Next, let’s consider some dimension 6 terms.

c) What is the physical effect of a term proportional to Ψ̄γµΨ ∂νFµν?

d) What is the physical effect of a term proportional to Ψ̄γµγ5Ψ ∂νFµν?
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PHYS-330: QFT I
Stanford University, 2022

Solutions 8
Bernhard Mistlberger, Kevin Zhou

1. Magnetic moments in quantum electrodynamics. (15 points)
The interaction Hamiltonian in quantum electrodynamics for a Dirac field of charge q is

HI = q

∫
d3x Ψ̄γµΨAµ. (1)

To understand the physical meaning of this expression, we can evaluate its matrix elements
in states |p, s⟩ =

√
2Ep a

†
s(p)|0⟩ with a single fermion. We assume the electromagnetic

field is in a quantum state with negligible field uncertainty, so that its field operator Aµ

can be replaced with a time-independent classical expectation value Acl
µ (x).

a) Show that the matrix elements of the Schrodinger picture Hamiltonian are

⟨p, s|HI |p′, s′⟩ = q

∫
d3x e−i(p−p′)·xūs(p)γ

µus′(p
′)Acl

µ (x) (2)

when |p′, s′⟩ ≠ |p, s⟩.
Solution: Plugging in the Schrodinger picture mode expansion of the Dirac field, and using the abbre-
viated notation introduced in the solutions to problem set 2,

⟨p, s|HI |p′, s′⟩ = q
∑
r,r′

∫
dx

d̄q√
2Eq

d̄q′√
2Eq′

√
2Ep2Ep′

×⟨0|as(p)
(
a†r(q)e

−iq·xūr(q) + br(q)e
iq·xv̄r(q)

)
/A
(
ar′(q

′)eiq
′·xur′(q) + b†r′(q

′)e−iq′·xvr′(q
′)
)
a†s′(p

′)|0⟩.
(S1)

Now let’s think about the structure of this matrix element. We can only get nonzero contributions from
the terms a†r(q)ar′(q

′) and br(q)b
†
r′(q

′). On the other hand, the latter term yields

⟨0|as(p)br(q)b†r′(q
′)a†s′(p

′)|0⟩ = δss′δrr′/δ(p− p′)/δ(q− q′) (S2)

and therefore cannot contribute matrix elements with |p′, s′⟩ ≠ |p, s⟩. Discarding this term, we’re left
with

⟨p, s|HI |p′, s′⟩ = q

∫
dxd̄qd̄q′

√
2Ep2Ep′√
2Eq2Eq′

e−i(q−q′)·x
∑
r,r′

ūr(q) /Aur′(q
′)⟨0|as(p)a†r(q)ar′(q′)a†s′(p

′)|0⟩

(S3)

= q

∫
dxd̄q′

√
2Ep′√
2Eq′

e−i(p−q′)·x
∑
r′

ūs(p) /Aur′(q
′)⟨0|ar′(q′)a†s′(p

′)|0⟩ (S4)

= q

∫
dx e−i(p−p′)·xūs(p) /Aus′(p

′). (S5)

This is the desired result. Using the Gordon identity we find

⟨p, s|HI |p′, s′⟩ =
q

2m

∫
dx e−i(p−p′)·xūs(p)

(
p′µ + pµ + iσµν(p

′ν − pν)
)
us′(p

′)Aµ(x) (S6)

In nonrelativistic quantum mechanics, the single-particle states are |p, s⟩. If the particle
has charge q′ and g-factor g, then its magnetic moment is µ = (gq′/2m)S where S is the
spin. In terms of the particle’s position x, the Hamiltonian contains the terms

Hnr
I = q′A0(x)− µ ·B(x). (3)
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To find the values of q′ and g, we equate matrix elements in the nonrelativistic limit,

⟨p, s|HI |p′, s′⟩ = 2m⟨p, s|Hnr
I |p′, s′⟩ when |p|, |p′| ≪ m (4)

where the factor of 2m converts between relativistic and nonrelativistic normalization.
We could evaluate both sides for general Acl

µ (x), but it is easier to consider two special
cases. In both cases it will be helpful to use the Gordon identity from set 7.

b) Evaluate both sides of (4) in a static electric field, corresponding to general A0(x)
and A = 0. Show that they agree when q′ = q, as one would expect.

Solution: If we set A = 0, then the matrix element above reduces to

⟨p, s|HI |p′, s′⟩ =
q

2m

∫
dx e−i(p−p′)·xūs(p)

(
p′0 + p0 + iσ0i(p

′i − pi)
)
us′(p

′)A0(x) (S7)

since σ00 vanishes. In the nonrelativistic limit, p0, p
′
0 ≈ m are much greater than pi, p′i, so we may

simply drop the latter terms, giving

⟨p, s|HI |p′, s′⟩ = q

∫
dx e−i(p−p′)·xūs(p)us′(p

′)A0(x) (S8)

= 2mqδss′

∫
dx e−i(p−p′)·xA0(x). (S9)

On the other hand, in nonrelativistic quantum mechanics we have

2m⟨p, s|q′A0(x̂)|p′, s′⟩ = 2mq′δss′⟨p|A0(x̂)|p′⟩ (S10)

= 2mq′δss′

∫
dydz ⟨p|y⟩⟨y|A0(x̂)|z⟩⟨z|p′⟩ (S11)

= 2mq′δss′

∫
dydz e−ip·yeip

′·zδ(y − z)A0(z) (S12)

= 2mq′δss′

∫
dy e−i(p−p′)·yA0(y) (S13)

= 2mq′δss′

∫
dx e−i(p−p′)·xA0(x). (S14)

The two matrix elements match if q = q′, as desired.

c) Show that if the fermion was a classical spinning ball with uniform mass and charge
density, then its g-factor would be 1. This strongly disagrees with the measured value.

Solution: For simplicity, let’s consider a thin ring of radius r, angular velocity ω, mass m, and charge q.
Then the angular momentum is

S = mvr = mωr2 (S15)

and the magnetic moment is

µ = IA =
q

2π/ω
(πr2) =

qωr2

2
(S16)

Therefore, the ring has µ/S = q/2m, corresponding to a g-factor of 1. Since a ball is just a superposition
of such rings, this shows that g = 1 for a ball, or more generally any spinning object with axial symmetry.

d) Evaluate both sides of (4) in a static magnetic field, corresponding to A0 = 0 and
∇ × A = B(x), and infer the value of g. (Hint: to relate spin in the Dirac theory
to spin in the nonrelativistic theory, recall that in the nonrelativistic theory, spinors
ξs have two components and the spin operator is S = σ/2. You already showed in
problem set 7 how the Dirac spinors us(p) are built from ξs. You will have to integrate
by parts, so assume A and B vanish at infinity.)
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Solution: In this case, since A0 vanishes, we have

⟨p, s|HI |p′, s′⟩ =
q

2m

∫
dx e−i(p−p′)·xūs(p) (p

′
i + pi + iσiν(p

′ν − pν))us′(p
′)Ai(x). (S17)

This might look more complicated than what we had before using the Gordon identity, but this form is
useful because it lets us isolate the physically distinct effects of different terms, and figure out which to
keep in the nonrelativistic limit. (Though of course you could also do the problem without using the
Gordon identity too.) Now, we need to choose which term to keep within the parentheses.

• The pi and p′i terms are order mv.

• The term σi0(p
′0 − p0) is not order m, since the m’s cancel. Instead, it’s order mv2.

• The term σij(p
′j − pj) is order mv.

The second contribution is therefore negligible in the nonrelativistic limit. The first contribution is not
negligible, but it also has nothing to do with spin: it will just yield the p ·A term in the nonrelativistic
Hamiltonian that physically corresponds to the magnetic force on a charged particle. (Considering it
won’t tell us anything new, because we already know that q′ = q from part (b).) We therefore focus on
the third term, giving

⟨p, s|HI |p′, s′⟩ ⊃
q

2m

∫
dx e−i(p−p′)·xūs(p)

(
iσij(p

′j − pj)
)
us′(p

′)Ai(x) (S18)

=
q

2m

∫
dx e−i(p−p′)·x(pj − p′j)(ūs(p)

[γi, γj ]

2
us′(p

′))Ai(x). (S19)

To make further progress, we use the results we derived in the Weyl representation in problem set 7.
First, because we’re only considering the leading term in the nonrelativistic limit, it suffices to expand
the spinor solutions to lowest order in m,

us(p) =

(√
p · σ ξs√
p · σ̄ ξs

)
≈

√
m

(
ξs
ξs

)
(S20)

We can also explicitly evaluate the commutators. For example, we have

[γ1, γ2] = −2i

(
σ3

σ3

)
(S21)

from which we conclude in general that

[γi, γj ] = −2iϵijk
(
σk

σk

)
. (S22)

Plugging these results in and simplifying, we find

⟨p, s|HI |p′, s′⟩ ⊃ q

∫
dx e−i(p−p′)·x(−i)(pj − p′j) (ϵijkξ†sσ

kξs′)A
i(x). (S23)

To handle the pj − p′j , we write it as a derivative and integrate by parts, dropping a boundary term,

⟨p, s|HI |p′, s′⟩ ⊃ q

∫
dx

∂

∂xj

(
e−i(p−p′)·x

)
(ϵijkξ†sσ

kξs′)A
i(x) (S24)

= q ξ†sσ
kξs′

∫
dx e−i(p−p′)·xϵijk∂jAi(x) (S25)

= −q ξ†sσ
kξs′

∫
dx e−i(p−p′)·xBk. (S26)

We can now compare this to the nonrelativistic result,

2m⟨p, s|(−µ ·B)|p′, s′⟩ = −gq′ ξ†sS
kξs′

∫
dx e−i(p−p′)·xBk (S27)

by the same logic as in part (b). Since q′ = q and S = σ/2, we conclude that g = 2.
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The agreement of this value you found in part (d) with the experimentally measured value
for the electron was one of the early triumphs of the Dirac equation.

2. Decays of the Higgs boson. (10 points)
The Standard Model contains three charged leptons, the electron e, muon µ, and tau τ ,
which are described by Dirac fields and differ only by their mass. It also contains a spinless
particle called the Higgs boson, described by a real scalar field h. The free Lagrangian is

L0 =
1

2
(∂µh)(∂

µh)− 1

2
m2

h h
2 +

∑
i

Ψ̄i(i/∂ −mi)Ψi (5)

where i ∈ {e, µ, τ}, and the numeric values of the masses are

mh = 125GeV, me = 511 keV, mµ = 105.7MeV, mτ = 1777MeV. (6)

The Higgs field couples to the charged leptons by a Yukawa coupling proportional to mass,

Lint = −
∑
i

mi

v
hΨ̄iΨi (7)

Here, v is a constant associated with the breaking of electroweak symmetry, but for this
problem you will only need its value, v = 246GeV. For this problem, all of your final
answers should be numeric, and given to at least two significant figures.

a) Compute the partial decay rate for a Higgs boson to an electron-positron pair ΓH→e+e−

at leading non-vanishing order in perturbation theory, giving your answer in eV.
(Hint: sum over final spin states, and reuse results from problem set 5.)

Solution: There is one Feynman diagram, giving matrix element

Mh→e+e− =
<latexit sha1_base64="xxJg5fTqVacfrBry1jnOHtJpe0s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRH/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFVyo3Y</latexit>ph

<latexit sha1_base64="wXxB21KYz0kEQo+JHGjWRCjX0Nc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaWDbbSbt0kyy7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvkIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6iRVDBssEYlqB1Sj4DE2DDcC21IhjQKBrWB0O/VbT6g0T+IHM5boR3QQ85AzaqzUkr0MH88nvVLZrbgzkGXi5aQMOeq90le3n7A0wtgwQbXueK40fkaV4UzgpNhNNUrKRnSAHUtjGqH2s9m5E3JqlT4JE2UrNmSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPeCxTgzGbLwpTQUxCpr+TPlfIjBhbQpni9lbChlRRZmxCRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm+OdF6cd+dj3rri5DNH8AfO5w8244+A</latexit>pe�

<latexit sha1_base64="rPaxHytJIEqUeICAcRggNNr6DpI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0sWy2k3bpJll2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZeIAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmqGDZYIhLVDqhGwWNsGG4EtqVCGgUCW8Hoduq3nlBpnsQPZizRj+gg5iFn1FipJXsZPp5PeqWyW3FnIMvEy0kZctR7pa9uP2FphLFhgmrd8Vxp/Iwqw5nASbGbapSUjegAO5bGNELtZ7NzJ+TUKn0SJspWbMhM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWf8VimBmM2XxSmgpiETH8nfa6QGTG2hDLF7a2EDamizNiEijYEb/HlZdK8qHiXlep9tVy7yeMowDGcwBl4cAU1uIM6NIDBCJ7hFd4c6bw4787HvHXFyWeO4A+czx8z2Y9+</latexit>pe+

<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s

<latexit sha1_base64="dNaRbtHUcByh+nWByrC7ShFQ0BQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4A+M/w==</latexit>r

= ūs(pe−)
(
−i

me

v

)
vr(pe+). (S28)

Squaring the matrix element and summing over final spin states gives

|M̄h→e+e− |2 =
m2

e

v2

∑
r,s

ūs(pe−)vr(pe+)v̄r(pe+)us(pe−) (S29)

=
m2

e

v2
tr
[
(/pe− +me)(/pe+ −me)

]
(S30)

=
m2

e

v2

(
tr
[
/pe−/pe+

]
− 4m2

e

)
(S31)

= 2
m2

e

v2
(
2pe− · pe+ − 2m2

e

)
(S32)

= 2
m2

e

v2
(
m2

h − 4m2
e

)
. (S33)

In the last line we used the fact that

m2
h = p2h = (pe− + pe+)

2 = 2m2
e + 2pe+ · pe− . (S34)

The decay width of a Higgs to leptons l+l− is defined by

Γh→l+l− =
1

2mh

∫
d4pl−

(2π)4
(2π)δ+(p

2
l− −m2

l )
d4pl+

(2π)4
(2π)δ+(p

2
l+ −m2

l ) (S35)

× (2π)4δ(4)(ph − pl− − pl+)|M̄h→e+e− |2. (S36)
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By reusing results from problem set 5, we immediately find

Γh→l+l− =
1

16πm2
h

√
m2

h − 4m2
e|M̄h→e+e− |2 =

m2
emh

8πv2
(
1− 4m2

e/m
2
h

)3/2
= 0.021eV. (S37)

b) Find the ratios ΓH→µ+µ−/ΓH→e+e− and ΓH→τ+τ−/ΓH→e+e− .

Solution: Note that since me, mµ, and mτ are all much less than mh, we have

Γh→l+l− ≈ m2
lmh

8πv2
(S38)

for each charged lepton. That is, the decay rate is proportional to the mass squared, so the Higgs boson
is much more likely to decay to heavier leptons,

ΓH→µ+µ−

ΓH→e+e−
≈

m2
µ

m2
e

= 4.3× 104,
ΓH→τ+τ−

ΓH→e+e−
≈ m2

τ

m2
e

= 1.2× 107. (S39)

c) Find the probability a Higgs boson decays to τ+τ−, also known as the branching ratio

BRH→τ+τ− =
ΓH→τ+τ−∑

X ΓH→X

. (8)

The denominator is the total decay rate of the Higgs boson, equal to 4.1MeV. (To
check your answer, you can consult the so-called Yellow Report.)

Solution: Plugging in the numbers gives BRH→τ+τ− = 6.3%. (The Yellow Report gives a slightly
different value because it accounts for higher-order corrections.)

The decay of Higgs bosons to taus was confirmed experimentally only recently [1,2], and
first evidence for the Higgs coupling to muons has been detected [3,4]. Establishing the
coupling of the Higgs to electrons remains a monumental experimental challenge.

3. Electron-positron annihilation to muons. (15 points)
One of the key successes of quantum electrodynamics is its description of particle creation
and annihilation processes at relativistic energies. In this exercise we will consider the
process e+e− → µ+µ−, where the electron and muon are Dirac fields of charge e, and
mass me and mµ respectively.

a) Let the initial momenta be pµe+ and pµe− and the final momenta be pµµ+ and pµµ− . Find
the scattering matrix element M for this process, to leading nonvanishing order in e.

Solution: There is one relevant Feynman diagram, which gives

Me+e−→µ+µ− =

<latexit sha1_base64="d1BR46/Za9R1SauxFPE0I218dgk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8aNiVoB6DXjxGMA9J1jA76SRDZnaXmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uIBZcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJYlhjkYhUM6AaBQ+xZrgR2IwVUhkIbATDm4nfeEKleRTem1GMvqT9kPc4o8ZKD3Enxcez8anuFIpuyZ2CLBIvI0XIUO0UvtrdiCUSQ8ME1brlubHxU6oMZwLH+XaiMaZsSPvYsjSkErWfTg8ek2OrdEkvUrZCQ6bq74mUSq1HMrCdkpqBnvcm4n9eKzG9Kz/lYZwYDNlsUS8RxERk8j3pcoXMiJEllClubyVsQBVlxmaUtyF48y8vkvp5ybsole/Kxcp1FkcODuEITsCDS6jALVShBgwkPMMrvDnKeXHenY9Z65KTzRzAHzifP3dqkDM=</latexit>pe� , s
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pµ� , t
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(S40)

(S41)

(S42)

= ūt(p
−
µ )(−ieγµ

tu)vu(pµ+)

(
−iηµν

(pe+ + pe−)2

)
v̄r(pe+)(−ieγν

rs)us(pe−). (S43)

b) Let |M̄|2 be the square of the matrix element, summed over final spin states and
averaged over initial spin states. Compute |M̄|2 in terms of e, me, mµ, and the
Mandelstam variables s and t, where

s = (pe+ + pe−)
2, t = (pe− − pµ−)2, u = (pe− − pµ+)2. (9)
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Solution: Before starting, we note that the Mandelstam variables are simply related to inner products,

s

2
= m2

e + pe+ · pe− = mµ2 + pµ+ · pµ− (S44)

and

t = m2
e +m2

µ − pe− · pµ− = m2
e +m2

µ − pe+ · pµ+ (S45)

u = m2
e +m2

µ − pe− · pµ+ = m2
e +m2

µ − pe+ · pµ− (S46)

Now, squaring, summing over final spins and averaging over initial spins yields

|M̄|2 =
e4

s2
1

4

∑
spins

ūt(p
−
µ )γ

µ
tuvu(pµ+)v̄u′(p+µ )γ

ν
u′t′ut′(pµ−)

× v̄r(pe+)(γµ)rsus(pe−)ūs′(pe−)(γν)s′r′vr′(pe+) (S47)

=
e4

s2
1

4
tr
[
(/pµ− +mµ)γ

µ(/pµ+ −mµ)γ
ν
]
tr
[
(/pe− +me)γµ(/pe+ −me)γν

]
. (S48)

Both traces have the same form, and can be evaluated using the results from problem set 6,

tr
[
(/p1 +m)γµ(/p2 −m)γν

]
= tr[/p1γ

µ
/p2γ

ν ]−m2 tr[γµγν ] (S49)

= 4(pµ1p
ν
2 + pν1p

µ
2 − (p1 · p2)ηµν)− 4m2ηµν (S50)

= 4(pµ1p
ν
2 + pν1p

µ
2 − s

2
ηµν) (S51)

where in the last step we used (S44). Inserting this result twice above, we have

|M̄|2 =
4e4

s2

(
pµe+p

ν
e− + pµe−p

ν
e+ − s

2
ηµν

)(
pµ+,µpµ−,ν + pµ−,µpµ+,ν − s

2
ηµν

)
(S52)

=
4e4

s2
(
s2 − s(pµ+ · pµ− + pe+ · pe−) + 2(pe+ · pµ+)(pe− · pµ−) + 2(pe+ · pµ−)(pe− · pµ+)

)
. (S53)

We can then write the inner products in terms of s, t, and u using (S44) and (S45). There are many
possible forms for the answer, since

s+ t+ u = 2m2
e + 2m2

µ. (S54)

If we eliminate u, then we get

|M̄|2 =
2e4

s2
[
(s+ t)2 + t2 − 4t(m2

e +m2
µ) + 2(m2

e +m2
µ)

2
]
. (S55)

Alternatively, if we eliminate s inside the brackets, then we get

|M̄|2 =
2e4

s2
[
(u− 2(m2

e +m2
µ))

2 + (t− 2(m2
e +m2

µ))
2 − 2(m2

e +m2
µ)

2
]
. (S56)

For the rest of this problem, we specialize to the center of mass frame.

c) Rewrite |M̄|2 in terms of e, me, mµ, s, and the angle θ between pe− and pµ− .

Solution: In the centre-of-mass frame we have

Ee− = Ee+ , Eµ− = Eµ+ , pe− = −pe+ , pµ− = −pµ+ (S57)

which implies that
s = 4E2

e− = 4E2
µ− . (S58)

Furthermore, we have E2
e± = |pe± |2 +m2

e and E2
µ± = |pµ± |2 +m2

µ.
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Starting from (S55), we need to eliminate t in favor of θ. Starting from the definition of t,

t = m2
e +m2

µ − 2Ee−Eµ− + 2|pe− ||pµ− | cos θ (S59)

=
1

2

(
2m2

e + 2m2
µ − s+

√
s− 4m2

e

√
s− 4m2

µ cos θ
)
. (S60)

Plugging this into (S55) and simplifying gives

|M̄|2 = e4

[
1 +

4(m2
e +m2

µ)

s
+ (1− 4m2

e/s)(1− 4m2
µ/s) cos

2 θ

]
(S61)

Also note that solving (S60) for cos θ gives

cos θ = 2
t−m2

e −m2
µ + s

2√
s− 4m2

e

√
s− 4m2

µ

. (S62)

d) Starting from equation (4.84) of Peskin and Schroeder, compute the differential cross
section dσ/dΩ and the total cross section.

Solution: Equation (4.84) of Peskin and Schroeder is

dσ

dΩ
=

1

2Ee− 2Ee+ |ve− − ve+ |
|pµ− |

(2π)2 4Ecm
|M̄|2. (S63)

Our first task is to write the phase space factors in the same variables we’ve been using above. We note
that

√
s = Ecm = 2Ee− = 2Ee+ in the center of mass frame. Furthermore,

|ve− − ve+ | = 2|ve− | = 2
|pe− |
Ee−

= 2

√
E2

e− −m2
e−

Ee−
= 2

√
1− 4m2

e/s (S64)

and similarly

|pµ− | =
√
s

2

√
1− 4m2

µ/s. (S65)

Plugging these results in and simplifying gives

dσ

dΩ
=

1

64π2s

√
1− 4m2

µ/s√
1− 4m2

e/s
|M̄|2. (S66)

To find the total cross section, we integrate over solid angle, noting that∫
dΩ = 4π,

∫
cos2 θ dΩ =

∫ 2π

0

dϕ

∫ π

0

dθ sin θ cos2 θ =
4π

3
. (S67)

The final result is

σ =
e4

16πs

√
1− 4m2

µ/s√
1− 4m2

e/s

[
1 +

4(m2
e +m2

µ)

s
+

(1− 4m2
e/s)(1− 4m2

µ/s)

3

]
(S68)

=
e4

12πs

√
1− 4m2

µ/s√
1− 4m2

e/s
(1 + 2m2

e/s)(1 + 2m2
µ/s). (S69)

As a check, we recover the expected result in the ultrarelativistic limit,

σ ≈ e4

12πs
=

4πα2

3s
(S70)

which matches the result in Peskin and Schroeder.
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You can see section 5.1 of Peskin and Schroeder to get started or check your answer. But
note that the book neglects the mass of the electron, while here we account for it.

4. ⋆ Nonminimal couplings. (5 points)
In problem 1, you found the charge and g-factor for a Dirac fermion minimally coupled
to the electromagnetic field, i.e. via the simplest possible interaction (1). However, if the
fermion is composite, or interacts with heavier particles, we might need additional terms
to describe the coupling. For all parts of this problem, you should adopt the formalism
of problem 1 and work in the nonrelativistic limit. Detailed calculations are not needed;
qualitative final answers (with justification) are sufficient.

a) The g-factors of the proton and neutron are not given by the result you found in
problem 1. When the Dirac equation was invented, physicists explained this by adding
an additional term to HI , proportional to iΨ̄[γµ, γν ]ΨFµν . Show that the physical
effect of such a term is indeed to shift the magnetic dipole moment.

Solution: If we follow the exact same logic as in problem 1, we’ll end up with a term in ⟨p, s|HI |p′, s′⟩
proportional to ∫

dx e−i(p−p′)·xūs(p)[γ
µ, γν ]us′(p

′)Fµν(x). (S71)

In the presence of a uniform magnetic field, this becomes∫
dx e−i(p−p′)·xūs(p)[γ

i, γj ]us′(p
′)Fij(x) ∝

∫
dx e−i(p−p′)·xϵijkξ†sσ

kξs′Fij (S72)

∝ /δ(p− p′)ξ†s(σ ·B)ξs′ (S73)

which, as we already saw, is precisely what you would get from a magnetic dipole moment.

You might be concerned that this term also causes an interaction with electric fields, as it contains∫
dx e−i(p−p′)·xūs(p)[γ

0, γi]us′(p
′)F0i(x). (S74)

However, we have

[γ0, γi] = −2

(
σi

−σi

)
(S75)

so that when we do the spinor contractions in the nonrelativistic limit, we get two terms that cancel in
the nonrelativistic limit. So the only effect of this term is a magnetic dipole moment.

b) What is the physical effect of a term proportional to Ψ̄[γµ, γν ]γ5ΨFµν?

Solution: By the same logic as before, we’ll get a term in the matrix element like∫
dx e−i(p−p′)·xūs(p)[γ

µ, γν ]γ5us′(p
′)Fµν(x) (S76)

where

γ5 =

(
−12

12

)
(S77)

in the Weyl representation. Recall that both [γi, γj ] and [γi, γ0] have Pauli matrices on the diagonal, but
the latter has them with opposite signs. The presence of the γ5 essentially exchanges the two. It is now
the [γi, γ0] that contribute in the nonrelativistic limit, giving a term proportional to /δ(p−p′)ξ†s(σ ·E)ξs′ .
Physically, this corresponds to giving the particle an electric dipole moment.

The presence of an electric dipole moment implies the violation of CP symmetry. Many past and ongoing
experiments search for the electric dipole moment of the electron, which could arise from physics beyond
the Standard Model, but so far none has been detected. The Standard Model generically predicts a
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sizable electric dipole moment for the neutron, which should have been easily detected decades ago, but
mysteriously none has been found.

The above two are the only terms with dimension 5, and are therefore the simplest non-
minimal couplings one could consider. Next, let’s consider some dimension 6 terms.

c) What is the physical effect of a term proportional to Ψ̄γµΨ ∂νFµν?

Solution: This is just like the coupling in problem 1, but we have replaced Aµ with ∂νFµν = −Jµ. In
the nonrelativistic limit, the leading effect is the one we found in problem 1(b), as this is the only one not
suppressed by powers of v. By the same logic, the result is a term in Hnr

I proportional to J0(x) = ρ(x),
where ρ is the external charge density. That is, it has no effect, regardless of the fields at the particle’s
location, unless the particle is sitting right on top of some other charge.

This might seem rather mysterious, but it’s perfectly comprehensible within classical electromagnetism.
Consider a tiny spherical capacitor with places of charge ±q. This charge configuration produces exactly
zero electromagnetic field everywhere outside it, which means that it does not interact with external
charges until they are right inside the capacitor, in which case they feel the potential inside.

If the particle already has a net charge, then superposing the above configuration spreads the charge
out in space. For this reason, this term is said to produce a “charge radius”. The charge radius is one
way to quantify the size of particles like the proton. (The “proton radius puzzle” is the fact that two
independent measurements of this quantity seemed to give different results.) When we say the electron
is a pointlike particle, we mean that it has no charge radius, as far as we’ve detected.

d) What is the physical effect of a term proportional to Ψ̄γµγ5Ψ ∂νFµν?

Solution: In this case the leading term in the nonrelativistic limit is that of 1(d), but with B replaced
with J, corresponding to an interaction of the form S ·J(x). In other words, we have an interaction with
currents directly on top of the particle.

To physically interpret this, imagine the particle is a tiny toroidal solenoid with its axis of symmetry
aligned with S. Such a configuration produces zero magnetic field outside itself, but the magnetic field
affects currents that pass right over the toroid. When the current flows parallel to S, it gets pushed
directly towards (or away from) the toroid’s axis, while a current flowing perpendicular to S experiences
no net force; this therefore reproduces the S · J potential.

Depending on the field of physics, such a current configuration is called an anapole moment, or a
polar toroidal dipole moment. You have probably not seen such a thing in electromagnetism classes,
because it doesn’t show up in the multipole expansion – it is a near field effect, not a far field effect. But
anapole moments are important observables in nuclear physics.

One can keep going. The anapole moment produces a localized parity-violating magnetic field, while the
so-called Schiff moment, also important in nuclear physics, produces a localized parity-violating electric
field. It corresponds to a term in Hnr

I proportional to S · ∇ρ.
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PHYS-330: QFT I
Stanford University, 2022

Problem Set 9 (due 12/8)
Bernhard Mistlberger, Kevin Zhou

This problem set guides you through the calculation of loop diagrams and their application
to the renormalization of QED. Unlike previous problem sets, it is ordered sequentially:
each problem is easiest to approach after completing the previous problems. For reference,
you may find it useful to consult sections 6.3 and 7.5 of Peskin and Schroeder, but this
problem set is self-contained and its results are somewhat more general.

We will use dimensional regularization with d = 4 − 2ε. To avoid confusion, we will
rename the iε in the Feynman propagator to i0 in this problem set.

1. e+e− → µ+µ− at one loop. (8 points)
In the previous problem set, you considered the leading order (or “tree level”) contribution
to the scattering matrix element for e+e− → µ+µ−,

MLO =

<latexit sha1_base64="QhC5fnvr4hKK11n5dSdYhhPaXlY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinosevFYwX5Am4bNdtIu3STL7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8zmjUtn2t5FbWV1b38hvFra2d3b3zOJ+U8aJINAgMYtF28cSGI2goahi0OYCcOgzaPmjm6nfegAhaRzdqzEHN8SDiAaUYKUlzyxC76zMPedU9bpc0BBOPLNkV+wZrGXiZKSEMtQ986vbj0kSQqQIw1J2HJsrN8VCUcJgUugmEjgmIzyAjqYRDkG66ez0iXWslb4VxEJXpKyZ+nsixaGU49DXnSFWQ7noTcX/vE6igis3pRFPFERkvihImKVia5qD1acCiGJjTTARVN9qkSEWmCidVkGH4Cy+vEya5xXnolK9q5Zq11kceXSIjlAZOegS1dAtqqMGIugRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wfR1pMW</latexit>

e�(p1, t
0)

<latexit sha1_base64="dZ4UJJ+u0Bzd6zyBL3iQ0Ji9hLE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopSkFPVY9OKxgv2ANg2b7aRdukmW3Y1SYn+KFw+KePWXePPfuG1z0OqDgcd7M8zM8zmjUtn2l5FbWV1b38hvFra2d3b3zOJ+S8aJINAkMYtFx8cSGI2gqahi0OECcOgzaPvj65nfvgchaRzdqQkHN8TDiAaUYKUlzyxC/7TMveqZ7Pe4oCGceGbJrthzWH+Jk5ESytDwzM/eICZJCJEiDEvZdWyu3BQLRQmDaaGXSOCYjPEQuppGOATppvPTp9axVgZWEAtdkbLm6s+JFIdSTkJfd4ZYjeSyNxP/87qJCi7dlEY8URCRxaIgYZaKrVkO1oAKIIpNNMFEUH2rRUZYYKJ0WgUdgrP88l/Sqlac80rttlaqX2Vx5NEhOkJl5KALVEc3qIGaiKAH9IRe0KvxaDwbb8b7ojVnZDMH6BeMj2/OtJMU</latexit>

e+(p2, s
0)

<latexit sha1_base64="yNeowRHQ3GyELz8zFbGuqTUDR08=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyWz03p91iya/4U8BlEsxJCcxR7xa/wl6KLSfCYIa07gS+NFGGlKGYkXEhtJpIhIeoTzqOCsSJjrLpzWN44pQeTFLlShg4VX9PZIhrPeKx6+TIDPSiNxH/8zrWJNdRRoW0hgg8W5RYBk0KJwHAHlUEGzZyBGFF3a0QD5BC2LiYCi6EYPHlZdK8qASXlep9tVS7mceRB0fgGJRBAK5ADdyBOmgADCR4Bq/gzbPei/fufcxac9585hD8gff5A4fKkLY=</latexit>

µ+(p4, t)

<latexit sha1_base64="ptyD9f5LS/3ZuIb5OwmIr0ae7Mo=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DKjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6HVAxcO59zLvffEklFtfP/Lyy0tr6yu5dcLG5tb2zvF3b2mTq3CpIFTlqp2jDRhVJCGoYaRtlQE8ZiRVjy8mfitR6I0TcW9GUkScdQXNKEYGSeFIbcPp2XZPT/Rx91iya/4U8C/JJiTEpij3i1+hr0UW06EwQxp3Ql8aaIMKUMxI+NCaDWRCA9Rn3QcFYgTHWXTm8fwyCk9mKTKlTBwqv6cyBDXesRj18mRGehFbyL+53WsSa6ijAppDRF4tiixDJoUTgKAPaoINmzkCMKKulshHiCFsHExFVwIweLLf0nzrBJcVKp31VLteh5HHhyAQ1AGAbgENXAL6qABMJDgCbyAV896z96b9z5rzXnzmX3wC97HN4fUkLY=</latexit>

µ�(p3, s)

<latexit sha1_base64="fnzbHGPXS7I4AvqvtWqIVfkHvUg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEMpuKdVj0YvHCvYD2mXJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpJFaFtkvBE9UKsKWeCtg0znPakojgOOe2Gk7u5332iSrNEPJqppH6MR4JFjGBjpa4MvCsZ1IJyxa26C6B14uWkAjlaQflrMExIGlNhCMda9z1XGj/DyjDC6aw0SDWVmEzwiPYtFTim2s8W587QhVWGKEqULWHQQv09keFY62kc2s4Ym7Fe9ebif14/NdGNnzEhU0MFWS6KUo5Mgua/oyFTlBg+tQQTxeytiIyxwsTYhEo2BG/15XXSqVW9RrX+UK80b/M4inAG53AJHlxDE+6hBW0gMIFneIU3RzovzrvzsWwtOPnMKfyB8/kDYqiO9Q==</latexit>

p1 + p2

(1)

= ūs(p3)(−ieγν)vt(p4)
−iηµν

(p1 + p2)2 + i0
v̄s′(p2)(−ieγµ)ut′(p1) (2)

which is proportional to e2. The next-to-leading order contribution MNLO is of order e4,
and contains Feynman diagrams with one loop.

a) Draw all Feynman diagrams that contribute to MNLO.

b) Write down MNLO using the Feynman rules. You don’t have to evaluate the loop
integrals; this is just to show you examples of their typical form.

2. Feynman parameters. (12 points)
As you saw in problem 1, loop integrals take a few generic forms. For simplicity, let’s
consider a scalar theory, which doesn’t have nontrivial factors in the numerator of the loop
integrand. Then some generic loop integrals are the “tadpole”, “bubble”, and “triangle”,

IT (a;m2) =

∫
ddk

(2π)d
1

(k2 −m2)a
(3)

IB(a, b; p2) =

∫
ddk

(2π)d
1

(k2)a((k + p)2)b
(4)

I4(a, b, c; p1, p2) =

∫
ddk

(2π)d
1

(k2)a((k + p1)2)b((k − p2)2)c
(5)

named after the kinds of Feynman diagrams in which they appear. Here we have sup-
pressed i0 terms, but you should keep in mind that they’re implicitly there, which will be
important in the last subpart. We regard a, b, and c as general real exponents, though
in practice they will usually be positive integers. The dimension d is also a real parameter.
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To compute the bubble and triangle integrals, it is helpful to introduce Feynman param-
eters, which combine the factors into the denominator into a power of a single quantity,
like the tadpole integral. We will first have to build up some mathematical machinery.

a) The gamma function is defined by

Γ(z) =

∫ ∞
0

dx xz−1e−x (6)

and for positive integer n, satisfies Γ(n) = (n− 1)!. Show that for real ν,

1

Aν
=

1

Γ(ν)

∫ ∞
0

dx xν−1e−xA. (7)

b) Show that for general νi,

1∏n
i=1A

νi
i

=
Γ (
∑n

i=1 νi)∏n
i=1 Γ(νi)

∫ 1

0

(
n∏
i=1

dxi

)
δ

(
1−

n∑
i=1

xi

) ∏n
i=1 x

νi−1
i

[
∑n

i=1 xiAi]
∑n

i=1 νi
. (8)

Here, the xi are called Feynman parameters. (Hint: you should not base your answer
on the derivation in Peskin and Schroeder, which only works for integer ν. Instead,
start from the result you proved in part (a).)

c) Apply (8) to IB(a, b; p2) to get an integrand whose denominator contains a single
quantity raised to the a+ b power.

d) Complete the evaluation of IB(a, b; p2) by Wick rotating to Euclidean signature and
performing all the remaining integrals. As a hint, the Euclidean integration measure
is ddkE = |kE|d−1d|kE| dΩd, where the surface area of a unit sphere in d dimensions is

Ωd =
2π

d
2

Γ
(
d
2

) . (9)

As a second hint, you can use the result

Γ(a)Γ(b)

Γ(a+ b)
=

∫ 1

0

dx xa−1(1− x)b−1. (10)

To check your answer, if you set d = 4− 2ε then you should find

IB(1, 1; p2) =

(
−p2 − i0

4π

)−ε
iΓ(1− ε)2Γ(1 + ε)

(4π)2(1− 2ε)εΓ(1− 2ε)
. (11)

3. Passarino–Veltman reduction. (10 points)
More generally, loop integrands will have momenta and other factors in the numerator.
However, we can often use symmetry properties and a technique called Passarino–Veltman
reduction to reduce them to the simpler loop integrands considered in problem 2. For
example, consider the rank 2 tadpole integral

IµνT (a;m2) =

∫
ddk

(2π)d
kµkν

(k2 −m2)a
. (12)
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Because the right-hand side is a Lorentz tensor, the left-hand side must be as well. As
there are no momenta in the integral, the only option is the metric, so we must have

IµνT (a;m2) = ηµνA (13)

for some Lorentz scalar A. Contracting both sides with the metric, we find

A =
1

d

∫
ddk

(2π)d
k2

(k2 −m2)a
(14)

=
1

d

∫
ddk

(2π)d
(k2 −m2) +m2

(k2 −m2)a
. (15)

This is just two “scalar” tadpole integrals, as defined in (3), so we conclude

IµνT (a;m2) =
ηµν

d

[
IT (a− 1;m2) +m2IT (a;m2)

]
. (16)

a) Apply the same reasoning to the rank 3 and rank 4 tadpole integrals,

IµνρT (a;m2) =

∫
ddk

(2π)d
kµkνkρ

(k2 −m2)a
, (17)

IµνρσT (a;m2) =

∫
ddk

(2π)d
kµkνkρkσ

(k2 −m2)a
. (18)

b) Similarly, the rank 1 and 2 bubble integrals can be written as

IµB(a, b; p2) =

∫
ddk

(2π)d
kµ

(k2)a((k + p)2)b
= pµC.

IµνB (a, b; p2) =

∫
ddk

(2π)d
kµkν

(k2)a((k + p)2)b
=

(
ηµν − pµpν

p2

)
A⊥ +

pµpν

p2
B||. (19)

Express A⊥ and B|| and C in terms of p2 and the scalar bubble integral (4).

4. Self-energy corrections in QED. (10 points)
Loop corrections to the two-point correlation function play a key role in renormalization,
and are often referred to as self-energy corrections. The one-loop self-energy corrections
for the electron and photon in QED are given by the diagrams below.

Σ(p2) = <latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p <latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="2LtOBqH3/JIq9DFTOHuwwZnFxFA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD6PzpFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w8LSI2n</latexit>

k + p

Πµν(p2) =

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p <latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="2LtOBqH3/JIq9DFTOHuwwZnFxFA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD6PzpFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w8LSI2n</latexit>

k + p

<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ <latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
(20)

Throughout this problem we will work in massless QED, me = 0.

a) Using the Feynman rules, write down Σ(p2) and Πµν(p2). Since we are viewing these
quantities as corrections to the electron and photon propagators, you should not
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include factors for the external legs, such as us(p) or εµ, to get a scalar matrix element.
Instead, Σ should be a 4× 4 spinor matrix and Πµν a rank 2 Lorentz tensor.

b) Evaluate the resulting loop integrals, expressing your final result in terms of p2 and
ε. (Hint: once you handle the gamma matrices, all of the integrals you get will be
ones evaluated earlier in the problem set.)

c) The Euler–Mascheroni constant is defined as

γE = −
∫ ∞
0

dx e−x log x ≈ 0.577. (21)

Show that
Γ(1− ε) = 1 + γEε+O(ε2). (22)

d) Using (22), expand your results from part (b), dropping terms that vanish as ε→ 0.

5. ? The scalar triangle integral. (5 points)
In this optional problem, we consider a somewhat more difficult loop integral.

a) Evaluate the scalar triangle integral I4(a, b, c; p1, p2) when p21 = p22 = 0, but for general
a, b, c, and d, and give your answer in terms of s = (p1 + p2)

2.

b) It turns out there is a simple relation between the triangle and bubble integrals,

I4(1, 1, 1; p1, p2)

∣∣∣∣
p21=p

2
2=0

= CIB(1, 1; (p1 + p2)
2). (23)

Find the coefficient C in terms of d and s.
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PHYS-330: QFT I
Stanford University, 2022

Solutions 9
Bernhard Mistlberger, Kevin Zhou

This problem set guides you through the calculation of loop diagrams and their application
to the renormalization of QED. Unlike previous problem sets, it is ordered sequentially:
each problem is easiest to approach after completing the previous problems. For reference,
you may find it useful to consult sections 6.3 and 7.5 of Peskin and Schroeder, but this
problem set is self-contained and its results are somewhat more general.

We will use dimensional regularization with d = 4 − 2ϵ. To avoid confusion, we will
rename the iϵ in the Feynman propagator to i0 in this problem set.

1. e+e− → µ+µ− at one loop. (8 points)
In the previous problem set, you considered the leading order (or “tree level”) contribution
to the scattering matrix element for e+e− → µ+µ−,

MLO =

<latexit sha1_base64="QhC5fnvr4hKK11n5dSdYhhPaXlY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinosevFYwX5Am4bNdtIu3STL7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8zmjUtn2t5FbWV1b38hvFra2d3b3zOJ+U8aJINAgMYtF28cSGI2goahi0OYCcOgzaPmjm6nfegAhaRzdqzEHN8SDiAaUYKUlzyxC76zMPedU9bpc0BBOPLNkV+wZrGXiZKSEMtQ986vbj0kSQqQIw1J2HJsrN8VCUcJgUugmEjgmIzyAjqYRDkG66ez0iXWslb4VxEJXpKyZ+nsixaGU49DXnSFWQ7noTcX/vE6igis3pRFPFERkvihImKVia5qD1acCiGJjTTARVN9qkSEWmCidVkGH4Cy+vEya5xXnolK9q5Zq11kceXSIjlAZOegS1dAtqqMGIugRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wfR1pMW</latexit>

e�(p1, t
0)

<latexit sha1_base64="dZ4UJJ+u0Bzd6zyBL3iQ0Ji9hLE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopSkFPVY9OKxgv2ANg2b7aRdukmW3Y1SYn+KFw+KePWXePPfuG1z0OqDgcd7M8zM8zmjUtn2l5FbWV1b38hvFra2d3b3zOJ+S8aJINAkMYtFx8cSGI2gqahi0OECcOgzaPvj65nfvgchaRzdqQkHN8TDiAaUYKUlzyxC/7TMveqZ7Pe4oCGceGbJrthzWH+Jk5ESytDwzM/eICZJCJEiDEvZdWyu3BQLRQmDaaGXSOCYjPEQuppGOATppvPTp9axVgZWEAtdkbLm6s+JFIdSTkJfd4ZYjeSyNxP/87qJCi7dlEY8URCRxaIgYZaKrVkO1oAKIIpNNMFEUH2rRUZYYKJ0WgUdgrP88l/Sqlac80rttlaqX2Vx5NEhOkJl5KALVEc3qIGaiKAH9IRe0KvxaDwbb8b7ojVnZDMH6BeMj2/OtJMU</latexit>

e+(p2, s
0)

<latexit sha1_base64="yNeowRHQ3GyELz8zFbGuqTUDR08=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyWz03p91iya/4U8BlEsxJCcxR7xa/wl6KLSfCYIa07gS+NFGGlKGYkXEhtJpIhIeoTzqOCsSJjrLpzWN44pQeTFLlShg4VX9PZIhrPeKx6+TIDPSiNxH/8zrWJNdRRoW0hgg8W5RYBk0KJwHAHlUEGzZyBGFF3a0QD5BC2LiYCi6EYPHlZdK8qASXlep9tVS7mceRB0fgGJRBAK5ADdyBOmgADCR4Bq/gzbPei/fufcxac9585hD8gff5A4fKkLY=</latexit>

µ+(p4, t)

<latexit sha1_base64="ptyD9f5LS/3ZuIb5OwmIr0ae7Mo=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DKjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6HVAxcO59zLvffEklFtfP/Lyy0tr6yu5dcLG5tb2zvF3b2mTq3CpIFTlqp2jDRhVJCGoYaRtlQE8ZiRVjy8mfitR6I0TcW9GUkScdQXNKEYGSeFIbcPp2XZPT/Rx91iya/4U8C/JJiTEpij3i1+hr0UW06EwQxp3Ql8aaIMKUMxI+NCaDWRCA9Rn3QcFYgTHWXTm8fwyCk9mKTKlTBwqv6cyBDXesRj18mRGehFbyL+53WsSa6ijAppDRF4tiixDJoUTgKAPaoINmzkCMKKulshHiCFsHExFVwIweLLf0nzrBJcVKp31VLteh5HHhyAQ1AGAbgENXAL6qABMJDgCbyAV896z96b9z5rzXnzmX3wC97HN4fUkLY=</latexit>

µ�(p3, s)

<latexit sha1_base64="fnzbHGPXS7I4AvqvtWqIVfkHvUg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEMpuKdVj0YvHCvYD2mXJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpJFaFtkvBE9UKsKWeCtg0znPakojgOOe2Gk7u5332iSrNEPJqppH6MR4JFjGBjpa4MvCsZ1IJyxa26C6B14uWkAjlaQflrMExIGlNhCMda9z1XGj/DyjDC6aw0SDWVmEzwiPYtFTim2s8W587QhVWGKEqULWHQQv09keFY62kc2s4Ym7Fe9ebif14/NdGNnzEhU0MFWS6KUo5Mgua/oyFTlBg+tQQTxeytiIyxwsTYhEo2BG/15XXSqVW9RrX+UK80b/M4inAG53AJHlxDE+6hBW0gMIFneIU3RzovzrvzsWwtOPnMKfyB8/kDYqiO9Q==</latexit>

p1 + p2

(1)

= ūs(p3)(−ieγν)vt(p4)
−iηµν

(p1 + p2)2 + i0
v̄s′(p2)(−ieγµ)ut′(p1) (2)

which is proportional to e2. The next-to-leading order contribution MNLO is of order e4,
and contains Feynman diagrams with one loop.

a) Draw all Feynman diagrams that contribute to MNLO.

Solution: The matrix element at next-to-leading order (NLO) is given by

MNLO = D1 +D2 +D3 +D4 +D5 +D6, (S1)

D1 =

<latexit sha1_base64="QhC5fnvr4hKK11n5dSdYhhPaXlY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinosevFYwX5Am4bNdtIu3STL7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8zmjUtn2t5FbWV1b38hvFra2d3b3zOJ+U8aJINAgMYtF28cSGI2goahi0OYCcOgzaPmjm6nfegAhaRzdqzEHN8SDiAaUYKUlzyxC76zMPedU9bpc0BBOPLNkV+wZrGXiZKSEMtQ986vbj0kSQqQIw1J2HJsrN8VCUcJgUugmEjgmIzyAjqYRDkG66ez0iXWslb4VxEJXpKyZ+nsixaGU49DXnSFWQ7noTcX/vE6igis3pRFPFERkvihImKVia5qD1acCiGJjTTARVN9qkSEWmCidVkGH4Cy+vEya5xXnolK9q5Zq11kceXSIjlAZOegS1dAtqqMGIugRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wfR1pMW</latexit>

e�(p1, t
0)

<latexit sha1_base64="dZ4UJJ+u0Bzd6zyBL3iQ0Ji9hLE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopSkFPVY9OKxgv2ANg2b7aRdukmW3Y1SYn+KFw+KePWXePPfuG1z0OqDgcd7M8zM8zmjUtn2l5FbWV1b38hvFra2d3b3zOJ+S8aJINAkMYtFx8cSGI2gqahi0OECcOgzaPvj65nfvgchaRzdqQkHN8TDiAaUYKUlzyxC/7TMveqZ7Pe4oCGceGbJrthzWH+Jk5ESytDwzM/eICZJCJEiDEvZdWyu3BQLRQmDaaGXSOCYjPEQuppGOATppvPTp9axVgZWEAtdkbLm6s+JFIdSTkJfd4ZYjeSyNxP/87qJCi7dlEY8URCRxaIgYZaKrVkO1oAKIIpNNMFEUH2rRUZYYKJ0WgUdgrP88l/Sqlac80rttlaqX2Vx5NEhOkJl5KALVEc3qIGaiKAH9IRe0KvxaDwbb8b7ojVnZDMH6BeMj2/OtJMU</latexit>

e+(p2, s
0)

<latexit sha1_base64="yNeowRHQ3GyELz8zFbGuqTUDR08=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyWz03p91iya/4U8BlEsxJCcxR7xa/wl6KLSfCYIa07gS+NFGGlKGYkXEhtJpIhIeoTzqOCsSJjrLpzWN44pQeTFLlShg4VX9PZIhrPeKx6+TIDPSiNxH/8zrWJNdRRoW0hgg8W5RYBk0KJwHAHlUEGzZyBGFF3a0QD5BC2LiYCi6EYPHlZdK8qASXlep9tVS7mceRB0fgGJRBAK5ADdyBOmgADCR4Bq/gzbPei/fufcxac9585hD8gff5A4fKkLY=</latexit>

µ+(p4, t)

<latexit sha1_base64="ptyD9f5LS/3ZuIb5OwmIr0ae7Mo=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DKjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6HVAxcO59zLvffEklFtfP/Lyy0tr6yu5dcLG5tb2zvF3b2mTq3CpIFTlqp2jDRhVJCGoYaRtlQE8ZiRVjy8mfitR6I0TcW9GUkScdQXNKEYGSeFIbcPp2XZPT/Rx91iya/4U8C/JJiTEpij3i1+hr0UW06EwQxp3Ql8aaIMKUMxI+NCaDWRCA9Rn3QcFYgTHWXTm8fwyCk9mKTKlTBwqv6cyBDXesRj18mRGehFbyL+53WsSa6ijAppDRF4tiixDJoUTgKAPaoINmzkCMKKulshHiCFsHExFVwIweLLf0nzrBJcVKp31VLteh5HHhyAQ1AGAbgENXAL6qABMJDgCbyAV896z96b9z5rzXnzmX3wC97HN4fUkLY=</latexit>

µ�(p3, s)
<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="z37B205RjEywFOvEDxhQQIe2JyQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYNpCW8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzbjPYhnrdkANl0JxHwVK3k40p1EgeSsY38381hPXRsTqEScJ70V0qEQoGEUr+eOLpO/1yxW36s5BVomXkwrkaPTLX91BzNKIK2SSGtPx3AR7GdUomOTTUjc1PKFsTIe8Y6miETe9bH7slJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif95nRTDm14mVJIiV2yxKEwlwZjMPicDoTlDObGEMi3srYSNqKYMbT4lG4K3/PIqaV5Wvatq7aFWqd/mcRThBE7hHDy4hjrcQwN8YCDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ADHUjks=</latexit>

k + p1

<latexit sha1_base64="94XnnnIqfNJ8IBAFHUlYXRotbYE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMpuKeqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpcfJRTzwbNUG5YpbdTOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfZgfP0JlVhiiMlC1pUKb+nkix0HoqAtspsBnrZW8u/uf1EhNe+ymTcWKoJItFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HJhuAtv7xK2rWqd1mt39crjZs8jiKcwCmcgwdX0IA7aEILCAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/lHaPnw==</latexit>

k + p1 + p2

<latexit sha1_base64="Lr0ruuJ9XWYIT8gjQZjwrgoZ03Q=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkm0qMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhQyeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+Hwbuo3n1BpnshHM0oxiGlf8ogzaqzkD8/T7mW3VHYr7gxkmXg5KUOOerf01eklLItRGiao1m3PTU0wpspwJnBS7GQaU8qGtI9tSyWNUQfj2bETcmqVHokSZUsaMlN/T4xprPUoDm1nTM1AL3pT8T+vnZnoJhhzmWYGJZsvijJBTEKmn5MeV8iMGFlCmeL2VsIGVFFmbD5FG4K3+PIyaVxUvKtK9aFart3mcRTgGE7gDDy4hhrcQx18YMDhGV7hzZHOi/PufMxbV5x85gj+wPn8ATTcjk0=</latexit>

k + p3 D2 =

<latexit sha1_base64="QhC5fnvr4hKK11n5dSdYhhPaXlY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinosevFYwX5Am4bNdtIu3STL7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8zmjUtn2t5FbWV1b38hvFra2d3b3zOJ+U8aJINAgMYtF28cSGI2goahi0OYCcOgzaPmjm6nfegAhaRzdqzEHN8SDiAaUYKUlzyxC76zMPedU9bpc0BBOPLNkV+wZrGXiZKSEMtQ986vbj0kSQqQIw1J2HJsrN8VCUcJgUugmEjgmIzyAjqYRDkG66ez0iXWslb4VxEJXpKyZ+nsixaGU49DXnSFWQ7noTcX/vE6igis3pRFPFERkvihImKVia5qD1acCiGJjTTARVN9qkSEWmCidVkGH4Cy+vEya5xXnolK9q5Zq11kceXSIjlAZOegS1dAtqqMGIugRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wfR1pMW</latexit>

e�(p1, t
0)

<latexit sha1_base64="dZ4UJJ+u0Bzd6zyBL3iQ0Ji9hLE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopSkFPVY9OKxgv2ANg2b7aRdukmW3Y1SYn+KFw+KePWXePPfuG1z0OqDgcd7M8zM8zmjUtn2l5FbWV1b38hvFra2d3b3zOJ+S8aJINAkMYtFx8cSGI2gqahi0OECcOgzaPvj65nfvgchaRzdqQkHN8TDiAaUYKUlzyxC/7TMveqZ7Pe4oCGceGbJrthzWH+Jk5ESytDwzM/eICZJCJEiDEvZdWyu3BQLRQmDaaGXSOCYjPEQuppGOATppvPTp9axVgZWEAtdkbLm6s+JFIdSTkJfd4ZYjeSyNxP/87qJCi7dlEY8URCRxaIgYZaKrVkO1oAKIIpNNMFEUH2rRUZYYKJ0WgUdgrP88l/Sqlac80rttlaqX2Vx5NEhOkJl5KALVEc3qIGaiKAH9IRe0KvxaDwbb8b7ojVnZDMH6BeMj2/OtJMU</latexit>

e+(p2, s
0)

<latexit sha1_base64="yNeowRHQ3GyELz8zFbGuqTUDR08=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyWz03p91iya/4U8BlEsxJCcxR7xa/wl6KLSfCYIa07gS+NFGGlKGYkXEhtJpIhIeoTzqOCsSJjrLpzWN44pQeTFLlShg4VX9PZIhrPeKx6+TIDPSiNxH/8zrWJNdRRoW0hgg8W5RYBk0KJwHAHlUEGzZyBGFF3a0QD5BC2LiYCi6EYPHlZdK8qASXlep9tVS7mceRB0fgGJRBAK5ADdyBOmgADCR4Bq/gzbPei/fufcxac9585hD8gff5A4fKkLY=</latexit>

µ+(p4, t)

<latexit sha1_base64="ptyD9f5LS/3ZuIb5OwmIr0ae7Mo=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DKjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6HVAxcO59zLvffEklFtfP/Lyy0tr6yu5dcLG5tb2zvF3b2mTq3CpIFTlqp2jDRhVJCGoYaRtlQE8ZiRVjy8mfitR6I0TcW9GUkScdQXNKEYGSeFIbcPp2XZPT/Rx91iya/4U8C/JJiTEpij3i1+hr0UW06EwQxp3Ql8aaIMKUMxI+NCaDWRCA9Rn3QcFYgTHWXTm8fwyCk9mKTKlTBwqv6cyBDXesRj18mRGehFbyL+53WsSa6ijAppDRF4tiixDJoUTgKAPaoINmzkCMKKulshHiCFsHExFVwIweLLf0nzrBJcVKp31VLteh5HHhyAQ1AGAbgENXAL6qABMJDgCbyAV896z96b9z5rzXnzmX3wC97HN4fUkLY=</latexit>

µ�(p3, s)
<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k
<latexit sha1_base64="z37B205RjEywFOvEDxhQQIe2JyQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYNpCW8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzbjPYhnrdkANl0JxHwVK3k40p1EgeSsY38381hPXRsTqEScJ70V0qEQoGEUr+eOLpO/1yxW36s5BVomXkwrkaPTLX91BzNKIK2SSGtPx3AR7GdUomOTTUjc1PKFsTIe8Y6miETe9bH7slJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif95nRTDm14mVJIiV2yxKEwlwZjMPicDoTlDObGEMi3srYSNqKYMbT4lG4K3/PIqaV5Wvatq7aFWqd/mcRThBE7hHDy4hjrcQwN8YCDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ADHUjks=</latexit>

k + p1

<latexit sha1_base64="94XnnnIqfNJ8IBAFHUlYXRotbYE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMpuKeqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpcfJRTzwbNUG5YpbdTOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfZgfP0JlVhiiMlC1pUKb+nkix0HoqAtspsBnrZW8u/uf1EhNe+ymTcWKoJItFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HJhuAtv7xK2rWqd1mt39crjZs8jiKcwCmcgwdX0IA7aEILCAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/lHaPnw==</latexit>

k + p1 + p2

<latexit sha1_base64="ezkMeN/lkrqRep/ECn3EHIzXXLA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYNpCW8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzbjPYhnrdkANl0JxHwVK3k40p1EgeSsY38381hPXRsTqEScJ70V0qEQoGEUr+eOLpF/rlytu1Z2DrBIvJxXI0eiXv7qDmKURV8gkNabjuQn2MqpRMMmnpW5qeELZmA55x1JFI2562fzYKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zOimGN71MqCRFrthiUZhKgjGZfU4GQnOGcmIJZVrYWwkbUU0Z2nxKNgRv+eVV0ryselfV2kOtUr/N4yjCCZzCOXhwDXW4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8ATZgjk4=</latexit>

k + p4 (S2)

D3 =

<latexit sha1_base64="QhC5fnvr4hKK11n5dSdYhhPaXlY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinosevFYwX5Am4bNdtIu3STL7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8zmjUtn2t5FbWV1b38hvFra2d3b3zOJ+U8aJINAgMYtF28cSGI2goahi0OYCcOgzaPmjm6nfegAhaRzdqzEHN8SDiAaUYKUlzyxC76zMPedU9bpc0BBOPLNkV+wZrGXiZKSEMtQ986vbj0kSQqQIw1J2HJsrN8VCUcJgUugmEjgmIzyAjqYRDkG66ez0iXWslb4VxEJXpKyZ+nsixaGU49DXnSFWQ7noTcX/vE6igis3pRFPFERkvihImKVia5qD1acCiGJjTTARVN9qkSEWmCidVkGH4Cy+vEya5xXnolK9q5Zq11kceXSIjlAZOegS1dAtqqMGIugRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wfR1pMW</latexit>

e�(p1, t
0)

<latexit sha1_base64="dZ4UJJ+u0Bzd6zyBL3iQ0Ji9hLE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopSkFPVY9OKxgv2ANg2b7aRdukmW3Y1SYn+KFw+KePWXePPfuG1z0OqDgcd7M8zM8zmjUtn2l5FbWV1b38hvFra2d3b3zOJ+S8aJINAkMYtFx8cSGI2gqahi0OECcOgzaPvj65nfvgchaRzdqQkHN8TDiAaUYKUlzyxC/7TMveqZ7Pe4oCGceGbJrthzWH+Jk5ESytDwzM/eICZJCJEiDEvZdWyu3BQLRQmDaaGXSOCYjPEQuppGOATppvPTp9axVgZWEAtdkbLm6s+JFIdSTkJfd4ZYjeSyNxP/87qJCi7dlEY8URCRxaIgYZaKrVkO1oAKIIpNNMFEUH2rRUZYYKJ0WgUdgrP88l/Sqlac80rttlaqX2Vx5NEhOkJl5KALVEc3qIGaiKAH9IRe0KvxaDwbb8b7ojVnZDMH6BeMj2/OtJMU</latexit>

e+(p2, s
0)

<latexit sha1_base64="yNeowRHQ3GyELz8zFbGuqTUDR08=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyWz03p91iya/4U8BlEsxJCcxR7xa/wl6KLSfCYIa07gS+NFGGlKGYkXEhtJpIhIeoTzqOCsSJjrLpzWN44pQeTFLlShg4VX9PZIhrPeKx6+TIDPSiNxH/8zrWJNdRRoW0hgg8W5RYBk0KJwHAHlUEGzZyBGFF3a0QD5BC2LiYCi6EYPHlZdK8qASXlep9tVS7mceRB0fgGJRBAK5ADdyBOmgADCR4Bq/gzbPei/fufcxac9585hD8gff5A4fKkLY=</latexit>

µ+(p4, t)

<latexit sha1_base64="ptyD9f5LS/3ZuIb5OwmIr0ae7Mo=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DKjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6HVAxcO59zLvffEklFtfP/Lyy0tr6yu5dcLG5tb2zvF3b2mTq3CpIFTlqp2jDRhVJCGoYaRtlQE8ZiRVjy8mfitR6I0TcW9GUkScdQXNKEYGSeFIbcPp2XZPT/Rx91iya/4U8C/JJiTEpij3i1+hr0UW06EwQxp3Ql8aaIMKUMxI+NCaDWRCA9Rn3QcFYgTHWXTm8fwyCk9mKTKlTBwqv6cyBDXesRj18mRGehFbyL+53WsSa6ijAppDRF4tiixDJoUTgKAPaoINmzkCMKKulshHiCFsHExFVwIweLLf0nzrBJcVKp31VLteh5HHhyAQ1AGAbgENXAL6qABMJDgCbyAV896z96b9z5rzXnzmX3wC97HN4fUkLY=</latexit>

µ�(p3, s)

<latexit sha1_base64="fnzbHGPXS7I4AvqvtWqIVfkHvUg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEMpuKdVj0YvHCvYD2mXJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpJFaFtkvBE9UKsKWeCtg0znPakojgOOe2Gk7u5332iSrNEPJqppH6MR4JFjGBjpa4MvCsZ1IJyxa26C6B14uWkAjlaQflrMExIGlNhCMda9z1XGj/DyjDC6aw0SDWVmEzwiPYtFTim2s8W587QhVWGKEqULWHQQv09keFY62kc2s4Ym7Fe9ebif14/NdGNnzEhU0MFWS6KUo5Mgua/oyFTlBg+tQQTxeytiIyxwsTYhEo2BG/15XXSqVW9RrX+UK80b/M4inAG53AJHlxDE+6hBW0gMIFneIU3RzovzrvzsWwtOPnMKfyB8/kDYqiO9Q==</latexit>

p1 + p2
<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="z37B205RjEywFOvEDxhQQIe2JyQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYNpCW8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzbjPYhnrdkANl0JxHwVK3k40p1EgeSsY38381hPXRsTqEScJ70V0qEQoGEUr+eOLpO/1yxW36s5BVomXkwrkaPTLX91BzNKIK2SSGtPx3AR7GdUomOTTUjc1PKFsTIe8Y6miETe9bH7slJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif95nRTDm14mVJIiV2yxKEwlwZjMPicDoTlDObGEMi3srYSNqKYMbT4lG4K3/PIqaV5Wvatq7aFWqd/mcRThBE7hHDy4hjrcQwN8YCDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ADHUjks=</latexit>

k + p1

<latexit sha1_base64="T5dk7y+/K0+tEXNJpF7UkdPz3/w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSSlqMeiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O2vrG5tb24Wd4u7e/sFh6ei4aZJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHdzO/9cS1EYl6xHHKg5gOlIgEo2glf3SZ9qq9UtmtuHOQVeLlpAw5Gr3SV7efsCzmCpmkxnQ8N8VgQjUKJvm02M0MTykb0QHvWKpozE0wmR87JedW6ZMo0bYUkrn6e2JCY2PGcWg7Y4pDs+zNxP+8TobRTTARKs2QK7ZYFGWSYEJmn5O+0JyhHFtCmRb2VsKGVFOGNp+iDcFbfnmVNKsV76pSe6iV67d5HAU4hTO4AA+uoQ730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ADZmjk4=</latexit>

k � p2

D4 =

<latexit sha1_base64="QhC5fnvr4hKK11n5dSdYhhPaXlY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinosevFYwX5Am4bNdtIu3STL7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8zmjUtn2t5FbWV1b38hvFra2d3b3zOJ+U8aJINAgMYtF28cSGI2goahi0OYCcOgzaPmjm6nfegAhaRzdqzEHN8SDiAaUYKUlzyxC76zMPedU9bpc0BBOPLNkV+wZrGXiZKSEMtQ986vbj0kSQqQIw1J2HJsrN8VCUcJgUugmEjgmIzyAjqYRDkG66ez0iXWslb4VxEJXpKyZ+nsixaGU49DXnSFWQ7noTcX/vE6igis3pRFPFERkvihImKVia5qD1acCiGJjTTARVN9qkSEWmCidVkGH4Cy+vEya5xXnolK9q5Zq11kceXSIjlAZOegS1dAtqqMGIugRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wfR1pMW</latexit>

e�(p1, t
0)

<latexit sha1_base64="dZ4UJJ+u0Bzd6zyBL3iQ0Ji9hLE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopSkFPVY9OKxgv2ANg2b7aRdukmW3Y1SYn+KFw+KePWXePPfuG1z0OqDgcd7M8zM8zmjUtn2l5FbWV1b38hvFra2d3b3zOJ+S8aJINAkMYtFx8cSGI2gqahi0OECcOgzaPvj65nfvgchaRzdqQkHN8TDiAaUYKUlzyxC/7TMveqZ7Pe4oCGceGbJrthzWH+Jk5ESytDwzM/eICZJCJEiDEvZdWyu3BQLRQmDaaGXSOCYjPEQuppGOATppvPTp9axVgZWEAtdkbLm6s+JFIdSTkJfd4ZYjeSyNxP/87qJCi7dlEY8URCRxaIgYZaKrVkO1oAKIIpNNMFEUH2rRUZYYKJ0WgUdgrP88l/Sqlac80rttlaqX2Vx5NEhOkJl5KALVEc3qIGaiKAH9IRe0KvxaDwbb8b7ojVnZDMH6BeMj2/OtJMU</latexit>

e+(p2, s
0)

<latexit sha1_base64="yNeowRHQ3GyELz8zFbGuqTUDR08=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyWz03p91iya/4U8BlEsxJCcxR7xa/wl6KLSfCYIa07gS+NFGGlKGYkXEhtJpIhIeoTzqOCsSJjrLpzWN44pQeTFLlShg4VX9PZIhrPeKx6+TIDPSiNxH/8zrWJNdRRoW0hgg8W5RYBk0KJwHAHlUEGzZyBGFF3a0QD5BC2LiYCi6EYPHlZdK8qASXlep9tVS7mceRB0fgGJRBAK5ADdyBOmgADCR4Bq/gzbPei/fufcxac9585hD8gff5A4fKkLY=</latexit>

µ+(p4, t)

<latexit sha1_base64="ptyD9f5LS/3ZuIb5OwmIr0ae7Mo=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DKjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6HVAxcO59zLvffEklFtfP/Lyy0tr6yu5dcLG5tb2zvF3b2mTq3CpIFTlqp2jDRhVJCGoYaRtlQE8ZiRVjy8mfitR6I0TcW9GUkScdQXNKEYGSeFIbcPp2XZPT/Rx91iya/4U8C/JJiTEpij3i1+hr0UW06EwQxp3Ql8aaIMKUMxI+NCaDWRCA9Rn3QcFYgTHWXTm8fwyCk9mKTKlTBwqv6cyBDXesRj18mRGehFbyL+53WsSa6ijAppDRF4tiixDJoUTgKAPaoINmzkCMKKulshHiCFsHExFVwIweLLf0nzrBJcVKp31VLteh5HHhyAQ1AGAbgENXAL6qABMJDgCbyAV896z96b9z5rzXnzmX3wC97HN4fUkLY=</latexit>

µ�(p3, s)

<latexit sha1_base64="fnzbHGPXS7I4AvqvtWqIVfkHvUg=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBEMpuKdVj0YvHCvYD2mXJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpJFaFtkvBE9UKsKWeCtg0znPakojgOOe2Gk7u5332iSrNEPJqppH6MR4JFjGBjpa4MvCsZ1IJyxa26C6B14uWkAjlaQflrMExIGlNhCMda9z1XGj/DyjDC6aw0SDWVmEzwiPYtFTim2s8W587QhVWGKEqULWHQQv09keFY62kc2s4Ym7Fe9ebif14/NdGNnzEhU0MFWS6KUo5Mgua/oyFTlBg+tQQTxeytiIyxwsTYhEo2BG/15XXSqVW9RrX+UK80b/M4inAG53AJHlxDE+6hBW0gMIFneIU3RzovzrvzsWwtOPnMKfyB8/kDYqiO9Q==</latexit>

p1 + p2
<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="Lr0ruuJ9XWYIT8gjQZjwrgoZ03Q=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkm0qMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhQyeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+Hwbuo3n1BpnshHM0oxiGlf8ogzaqzkD8/T7mW3VHYr7gxkmXg5KUOOerf01eklLItRGiao1m3PTU0wpspwJnBS7GQaU8qGtI9tSyWNUQfj2bETcmqVHokSZUsaMlN/T4xprPUoDm1nTM1AL3pT8T+vnZnoJhhzmWYGJZsvijJBTEKmn5MeV8iMGFlCmeL2VsIGVFFmbD5FG4K3+PIyaVxUvKtK9aFart3mcRTgGE7gDDy4hhrcQx18YMDhGV7hzZHOi/PufMxbV5x85gj+wPn8ATTcjk0=</latexit>

k + p3

<latexit sha1_base64="24PzGj4IwlwTOplVf6d0gXRgfWk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWMG2hLWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR08SpZtxnsYx1O6CGS6G4jwIlbyea0yiQvBWM72Z+64lrI2L1iJOE9yI6VCIUjKKV/PFF0q/1yxW36s5BVomXkwrkaPTLX91BzNKIK2SSGtPx3AR7GdUomOTTUjc1PKFsTIe8Y6miETe9bH7slJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif95nRTDm14mVJIiV2yxKEwlwZjMPicDoTlDObGEMi3srYSNqKYMbT4lG4K3/PIqaV5Wvatq7aFWqd/mcRThBE7hHDy4hjrcQwN8YCDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ADlujlA=</latexit>

k � p4

(S3)

D5 =

<latexit sha1_base64="QhC5fnvr4hKK11n5dSdYhhPaXlY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinosevFYwX5Am4bNdtIu3STL7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8zmjUtn2t5FbWV1b38hvFra2d3b3zOJ+U8aJINAgMYtF28cSGI2goahi0OYCcOgzaPmjm6nfegAhaRzdqzEHN8SDiAaUYKUlzyxC76zMPedU9bpc0BBOPLNkV+wZrGXiZKSEMtQ986vbj0kSQqQIw1J2HJsrN8VCUcJgUugmEjgmIzyAjqYRDkG66ez0iXWslb4VxEJXpKyZ+nsixaGU49DXnSFWQ7noTcX/vE6igis3pRFPFERkvihImKVia5qD1acCiGJjTTARVN9qkSEWmCidVkGH4Cy+vEya5xXnolK9q5Zq11kceXSIjlAZOegS1dAtqqMGIugRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wfR1pMW</latexit>

e�(p1, t
0)

<latexit sha1_base64="dZ4UJJ+u0Bzd6zyBL3iQ0Ji9hLE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopSkFPVY9OKxgv2ANg2b7aRdukmW3Y1SYn+KFw+KePWXePPfuG1z0OqDgcd7M8zM8zmjUtn2l5FbWV1b38hvFra2d3b3zOJ+S8aJINAkMYtFx8cSGI2gqahi0OECcOgzaPvj65nfvgchaRzdqQkHN8TDiAaUYKUlzyxC/7TMveqZ7Pe4oCGceGbJrthzWH+Jk5ESytDwzM/eICZJCJEiDEvZdWyu3BQLRQmDaaGXSOCYjPEQuppGOATppvPTp9axVgZWEAtdkbLm6s+JFIdSTkJfd4ZYjeSyNxP/87qJCi7dlEY8URCRxaIgYZaKrVkO1oAKIIpNNMFEUH2rRUZYYKJ0WgUdgrP88l/Sqlac80rttlaqX2Vx5NEhOkJl5KALVEc3qIGaiKAH9IRe0KvxaDwbb8b7ojVnZDMH6BeMj2/OtJMU</latexit>

e+(p2, s
0)

<latexit sha1_base64="yNeowRHQ3GyELz8zFbGuqTUDR08=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyWz03p91iya/4U8BlEsxJCcxR7xa/wl6KLSfCYIa07gS+NFGGlKGYkXEhtJpIhIeoTzqOCsSJjrLpzWN44pQeTFLlShg4VX9PZIhrPeKx6+TIDPSiNxH/8zrWJNdRRoW0hgg8W5RYBk0KJwHAHlUEGzZyBGFF3a0QD5BC2LiYCi6EYPHlZdK8qASXlep9tVS7mceRB0fgGJRBAK5ADdyBOmgADCR4Bq/gzbPei/fufcxac9585hD8gff5A4fKkLY=</latexit>

µ+(p4, t)

<latexit sha1_base64="ptyD9f5LS/3ZuIb5OwmIr0ae7Mo=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DKjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6HVAxcO59zLvffEklFtfP/Lyy0tr6yu5dcLG5tb2zvF3b2mTq3CpIFTlqp2jDRhVJCGoYaRtlQE8ZiRVjy8mfitR6I0TcW9GUkScdQXNKEYGSeFIbcPp2XZPT/Rx91iya/4U8C/JJiTEpij3i1+hr0UW06EwQxp3Ql8aaIMKUMxI+NCaDWRCA9Rn3QcFYgTHWXTm8fwyCk9mKTKlTBwqv6cyBDXesRj18mRGehFbyL+53WsSa6ijAppDRF4tiixDJoUTgKAPaoINmzkCMKKulshHiCFsHExFVwIweLLf0nzrBJcVKp31VLteh5HHhyAQ1AGAbgENXAL6qABMJDgCbyAV896z96b9z5rzXnzmX3wC97HN4fUkLY=</latexit>

µ�(p3, s)

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="94XnnnIqfNJ8IBAFHUlYXRotbYE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMpuKeqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpcfJRTzwbNUG5YpbdTOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfZgfP0JlVhiiMlC1pUKb+nkix0HoqAtspsBnrZW8u/uf1EhNe+ymTcWKoJItFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HJhuAtv7xK2rWqd1mt39crjZs8jiKcwCmcgwdX0IA7aEILCAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/lHaPnw==</latexit>

k + p1 + p2

<latexit sha1_base64="Jp5UgPuOmCF8eEkiT7qhSXQUDcQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpbhJ2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4dua3n1BpHkePZpKgL+kw4iFn1FjpQfaxX664VXcOskq8nFQgR6Nf/uoNYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nj91Ss6sMiBhrGxFhszV3xMZlVpPZGA7JTUjvezNxP+8bmrCaz/jUZIajNhiUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0ysjdI=</latexit>me D6 =

<latexit sha1_base64="QhC5fnvr4hKK11n5dSdYhhPaXlY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinosevFYwX5Am4bNdtIu3STL7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM8zmjUtn2t5FbWV1b38hvFra2d3b3zOJ+U8aJINAgMYtF28cSGI2goahi0OYCcOgzaPmjm6nfegAhaRzdqzEHN8SDiAaUYKUlzyxC76zMPedU9bpc0BBOPLNkV+wZrGXiZKSEMtQ986vbj0kSQqQIw1J2HJsrN8VCUcJgUugmEjgmIzyAjqYRDkG66ez0iXWslb4VxEJXpKyZ+nsixaGU49DXnSFWQ7noTcX/vE6igis3pRFPFERkvihImKVia5qD1acCiGJjTTARVN9qkSEWmCidVkGH4Cy+vEya5xXnolK9q5Zq11kceXSIjlAZOegS1dAtqqMGIugRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wfR1pMW</latexit>

e�(p1, t
0)

<latexit sha1_base64="dZ4UJJ+u0Bzd6zyBL3iQ0Ji9hLE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopSkFPVY9OKxgv2ANg2b7aRdukmW3Y1SYn+KFw+KePWXePPfuG1z0OqDgcd7M8zM8zmjUtn2l5FbWV1b38hvFra2d3b3zOJ+S8aJINAkMYtFx8cSGI2gqahi0OECcOgzaPvj65nfvgchaRzdqQkHN8TDiAaUYKUlzyxC/7TMveqZ7Pe4oCGceGbJrthzWH+Jk5ESytDwzM/eICZJCJEiDEvZdWyu3BQLRQmDaaGXSOCYjPEQuppGOATppvPTp9axVgZWEAtdkbLm6s+JFIdSTkJfd4ZYjeSyNxP/87qJCi7dlEY8URCRxaIgYZaKrVkO1oAKIIpNNMFEUH2rRUZYYKJ0WgUdgrP88l/Sqlac80rttlaqX2Vx5NEhOkJl5KALVEc3qIGaiKAH9IRe0KvxaDwbb8b7ojVnZDMH6BeMj2/OtJMU</latexit>

e+(p2, s
0)

<latexit sha1_base64="yNeowRHQ3GyELz8zFbGuqTUDR08=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyWz03p91iya/4U8BlEsxJCcxR7xa/wl6KLSfCYIa07gS+NFGGlKGYkXEhtJpIhIeoTzqOCsSJjrLpzWN44pQeTFLlShg4VX9PZIhrPeKx6+TIDPSiNxH/8zrWJNdRRoW0hgg8W5RYBk0KJwHAHlUEGzZyBGFF3a0QD5BC2LiYCi6EYPHlZdK8qASXlep9tVS7mceRB0fgGJRBAK5ADdyBOmgADCR4Bq/gzbPei/fufcxac9585hD8gff5A4fKkLY=</latexit>

µ+(p4, t)

<latexit sha1_base64="ptyD9f5LS/3ZuIb5OwmIr0ae7Mo=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DKjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6HVAxcO59zLvffEklFtfP/Lyy0tr6yu5dcLG5tb2zvF3b2mTq3CpIFTlqp2jDRhVJCGoYaRtlQE8ZiRVjy8mfitR6I0TcW9GUkScdQXNKEYGSeFIbcPp2XZPT/Rx91iya/4U8C/JJiTEpij3i1+hr0UW06EwQxp3Ql8aaIMKUMxI+NCaDWRCA9Rn3QcFYgTHWXTm8fwyCk9mKTKlTBwqv6cyBDXesRj18mRGehFbyL+53WsSa6ijAppDRF4tiixDJoUTgKAPaoINmzkCMKKulshHiCFsHExFVwIweLLf0nzrBJcVKp31VLteh5HHhyAQ1AGAbgENXAL6qABMJDgCbyAV896z96b9z5rzXnzmX3wC97HN4fUkLY=</latexit>

µ�(p3, s)

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="94XnnnIqfNJ8IBAFHUlYXRotbYE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMpuKeqx6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpcfJRTzwbNUG5YpbdTOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfZgfP0JlVhiiMlC1pUKb+nkix0HoqAtspsBnrZW8u/uf1EhNe+ymTcWKoJItFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HJhuAtv7xK2rWqd1mt39crjZs8jiKcwCmcgwdX0IA7aEILCAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/lHaPnw==</latexit>

k + p1 + p2

<latexit sha1_base64="AlDcG/2B3xzjP3hYB9IeHqp4ljQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R3CSQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmltfWNzq7xd2dnd2z+oHh61dGoVoSFJeao6MdaUM0lDwwynnUxRLGJO2/H4bua3n6jSLJWPZpLRSOChZAkj2DgpFP2esP1qza/7c6BVEhSkBgWa/epXb5ASK6g0hGOtu4GfmSjHyjDC6bTSs5pmmIzxkHYdlVhQHeXzY6fozCkDlKTKlTRorv6eyLHQeiJi1ymwGellbyb+53WtSW6inMnMGirJYlFiOTIpmn2OBkxRYvjEEUwUc7ciMsIKE+PyqbgQguWXV0nroh5c1S8fLmuN2yKOMpzAKZxDANfQgHtoQggEGDzDK7x50nvx3r2PRWvJK2aO4Q+8zx/iLo6/</latexit>mµ (S4)

1



b) Write down MNLO using the Feynman rules. You don’t have to evaluate the loop
integrals; this is just to show you examples of their typical form.

Solution:

D1 =

∫
ddk

(2π)d
ūs(p3)(−ieγµ)

i(/k + /p3 +mµ)

(k + p3)2 −m2
µ + i0

(−ieγν)vt(p4)
−iηµσ
k2 + i0

× v̄s′(p2)(−ieγρ)
i(/k + /p1 +me)

(k + p1)2 −m2
e + i0

(−ieγσ)ut′(p1)
−iηνρ

(k + p1 + p2)2 + i0
. (S5)

D2 =

∫
ddk

(2π)d
ūs(p3)(−ieγµ)

i(/k + /p4 +mµ)

(k + p4)2 −m2
µ + i0

(−ieγν)vt(p4)
−iηµσ
k2 + i0

× v̄s′(p2)(−ieγσ)
i(/k + /p1 +me)

(k + p1)2 −m2
e + i0

(−ieγρ)ut′(p1)
−iηνρ

(k + p1 + p2)2 + i0
. (S6)

D3 =

∫
ddk

(2π)d
ūs(p3)(−ieγµ)vt(p4)

−iηµν
(p3 + p4)2 + i0

−iησρ
k2 + i0

× v̄s′(p2)(−ieγρ)
i(/k − /p2 +me)

(k − p2)2 −m2
e + i0

(−ieγν)
i(/k + /p1 +me)

(k + p1)2 −m2
e + i0

(−ieγσ)ut′(p1). (S7)

D4 =

∫
ddk

(2π)d
v̄s′(p2)(−ieγµ)ut′(p1)

−iηµν
(p1 + p2)2 + i0

−iησρ
k2 + i0

× ūs(p3)(−ieγρ)
i(/k + /p3 +mµ)

(k + p3)2 −m2
µ + i0

(−ieγν)
i(/k − /p4 +mµ)

(k − p4)2 −m2
µ + i0

(−ieγσ)vt(p4). (S8)

D5 =

∫
ddk

(2π)d
ūs(p3)(−ieγν)vt(p4)v̄s′(p2)(−ieγµ)ut′(p1)

× −iηµρ
(p1 + p2)2 + i0

tr
[
(−ieγρ)i(/k +me)(−ieγσ)i(/k + /p1 + /p2 +me)

]
(k2 −m2

e + i0)(k + p1 + p2)2 −m2
e + i0

−iησν
(p1 + p2)2 + i0

. (S9)

D6 =

∫
ddk

(2π)d
ūs(p3)(−ieγν)vt(p4)v̄s′(p2)(−ieγµ)ut′(p1)

× −iηµρ
(p1 + p2)2 + i0

tr
[
(−ieγρ)i(/k +mµ)(−ieγσ)i(/k + /p1 + /p2 +mµ)

]
(k2 −m2

µ + i0)(k + p1 + p2)2 −m2
µ + i0

−iησν
(p1 + p2)2 + i0

. (S10)

If you collect all factors of i, e and (−1), the common pre-factor is i8(−1)6e4 = (4πα)2.

2. Feynman parameters. (12 points)
As you saw in problem 1, loop integrals take a few generic forms. For simplicity, let’s
consider a scalar theory, which doesn’t have nontrivial factors in the numerator of the loop
integrand. Then some generic loop integrals are the “tadpole”, “bubble”, and “triangle”,

IT (a;m
2) =

∫
ddk

(2π)d
1

(k2 −m2)a
(3)

IB(a, b; p
2) =

∫
ddk

(2π)d
1

(k2)a((k + p)2)b
(4)

I△(a, b, c; p1, p2) =

∫
ddk

(2π)d
1

(k2)a((k + p1)2)b((k − p2)2)c
(5)
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named after the kinds of Feynman diagrams in which they appear. Here we have sup-
pressed i0 terms, but you should keep in mind that they’re implicitly there, which will be
important in the last subpart. We regard a, b, and c as general real exponents, though
in practice they will usually be positive integers. The dimension d is also a real parameter.

To compute the bubble and triangle integrals, it is helpful to introduce Feynman param-
eters, which combine the factors into the denominator into a power of a single quantity,
like the tadpole integral. We will first have to build up some mathematical machinery.

a) The gamma function is defined by

Γ(z) =

∫ ∞

0

dx xz−1e−x (6)

and for positive integer n, satisfies Γ(n) = (n− 1)!. Show that for real ν,

1

Aν
=

1

Γ(ν)

∫ ∞

0

dx xν−1e−xA. (7)

b) Show that for general νi,

1∏n
i=1A

νi
i

=
Γ (
∑n

i=1 νi)∏n
i=1 Γ(νi)

∫ 1

0

(
n∏

i=1

dxi

)
δ

(
1−

n∑
i=1

xi

) ∏n
i=1 x

νi−1
i

[
∑n

i=1 xiAi]
∑n

i=1 νi
. (8)

Here, the xi are called Feynman parameters. (Hint: you should not base your answer
on the derivation in Peskin and Schroeder, which only works for integer ν. Instead,
start from the result you proved in part (a).)

Solution: Using the result of part (a) n times yields

1∏n
i=1 A

νi
i

=
1∏n

i=1 Γ(νi)

∫ ∞

0

n∏
i=1

dxi x
νi−1
i e−

∑n
i=1 xiAi . (S11)

This is already pretty close to the desired answer, so we now introduce an identity

1 =

∫ ∞

0

dy δ

(
y −

n∑
i=1

xi

)
(S12)

which converts our result to

1∏n
i=1 A

νi
i

=
1∏n

i=1 Γ(νi)

∫ ∞

0

dy

n∏
i=1

dxi x
νi−1
i δ

(
y −

n∑
i=1

xi

)
e−

∑n
i=1 xiAi . (S13)

Let us rescale all the xi by y so they sum up to 1, as required in the final answer. The result is

1∏n
i=1 A

νi
i

=
1∏n

i=1 Γ(νi)

∫ ∞

0

dy y
∑n

i=1 νi

n∏
i=1

dxi x
νi−1
i δ

(
y − y

n∑
i=1

xi

)
e−y

∑n
i=1 xiAi

=
1∏n

i=1 Γ(νi)

∫ ∞

0

dy y−1+
∑n

i=1 νi

n∏
i=1

dxi x
νi−1
i δ

(
1−

n∑
i=1

xi

)
e−y

∑n
i=1 xiAi

=
Γ(
∑n

i=1 νi)∏n
i=1 Γ(νi)

∫ 1

0

n∏
i=1

dxi x
νi−1
i δ

(
1−

n∑
i=1

xi

)
1

[
∑n

i=1 xiAi]
∑n

i=1 νi
(S14)

as desired, where we performed the y integral using (7).
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c) Apply (8) to IB(a, b; p
2) to get an integrand whose denominator contains a single

quantity raised to the a+ b power.

Solution:

IB(a, b; p
2) =

Γ(a+ b)

Γ(a)Γ(b)

∫
ddk

(2π)d

∫ ∞

0

dx1x
a−1
1 dx2x

b−1
2

δ(1− x1 − x2)

[k2x1 + (k + p)2x2]
a+b

=
Γ(a+ b)

Γ(a)Γ(b)

∫
ddk

(2π)d

∫ ∞

0

dx1x
a−1
1 dx2x

b−1
2

δ(1− x1 − x2)

[k2(x1 + x2) + (2kp+ p2)x2]
a+b

=
Γ(a+ b)

Γ(a)Γ(b)

∫
ddk

(2π)d

∫ ∞

0

dx1x
a−1
1 (1− x1)

b−1 1

[k2 + (2kp+ p2)(1− x1)]
a+b

. (S15)

d) Complete the evaluation of IB(a, b; p
2) by Wick rotating to Euclidean signature and

performing all the remaining integrals. As a hint, the Euclidean integration measure
is ddkE = |kE|d−1d|kE| dΩd, where the surface area of a unit sphere in d dimensions is

Ωd =
2π

d
2

Γ
(
d
2

) . (9)

As a second hint, you can use the result

Γ(a)Γ(b)

Γ(a+ b)
=

∫ 1

0

dx xa−1(1− x)b−1. (10)

To check your answer, if you set d = 4− 2ϵ then you should find

IB(1, 1; p
2) =

(−p2 − i0

4π

)−ϵ
iΓ(1− ϵ)2Γ(1 + ϵ)

(4π)2(1− 2ϵ)ϵΓ(1− 2ϵ)
. (11)

Solution: Next, we perform the linear shift k → k − p(1− x1) and find

IB(a, b; p
2) =

Γ(a+ b)

Γ(a)Γ(b)

∫
ddk

(2π)d

∫ ∞

0

dx1x
a−1
1 (1− x1)

b−1 1

[k2 + p2x1(1− x1)]
a+b

. (S16)

Notice, that we dropped the ”+i0” Feynman prescription from the integral at the very beginning. We
could have kept an infinitesimal mass term throughout. To track the infinitesimal imaginary part, we
can simply associate it with the momentum, p2 + i0. Next, we perform a Wick rotation k0 = ik0E and

k⃗ = k⃗E .

IB(a, b; p
2) = i

Γ(a+ b)

Γ(a)Γ(b)

∫
ddkE
(2π)d

∫ ∞

0

dx1x
a−1
1 (1− x1)

b−1 1

[−k2E + p2x1(1− x1)]
a+b

=
i(−1)a+b

2(2π)d
Γ(a+ b)

Γ(a)Γ(b)

∫ ∞

0

d(k2E)

∫
dΩd(k

2
E)

d
2−1

∫ ∞

0

dx1x
a−1
1 (1− x1)

b−1 1

[k2E − p2x1(1− x1)]
a+b

=
i(−1)a+b

2(2π)d
Γ
(
d
2

)
Γ
(
−a− b− d

2

)
Γ(a)Γ(b)

Ωd

∫ 1

0

dx1x
a−1
1 (1− x1)

b−1
(
−(p2 + i0)x1(1− x1)

) d
2−a−b

=
i(−1)a+b

(
−(p2 + i0)

) d
2−a−b

2(2π)d
Γ
(
d
2

)
Γ
(
a+ b− d

2

)
Γ(a)Γ(b)

Ωd

∫ 1

0

dx1x
d
2−b−1
1 (1− x1)

d
2−a−1

=
i(−1)a+b

(
−(p2 + i0)

) d
2−a−b

(4π)
d
2

Γ
(
a+ b− d

2

)
Γ(a)Γ(b)

Γ
(
d
2 − a

)
Γ
(
d
2 − b

)
Γ(d− a− b)

.

(S17)
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Above we used the Euler β-function integral

Γ(a)Γ(b)

Γ(a+ b)
=

∫ 1

0

dxxa−1(1− x)b−1. (S18)

3. Passarino–Veltman reduction. (10 points)
More generally, loop integrands will have momenta and other factors in the numerator.
However, we can often use symmetry properties and a technique called Passarino–Veltman
reduction to reduce them to the simpler loop integrands considered in problem 2. For
example, consider the rank 2 tadpole integral

IµνT (a;m2) =

∫
ddk

(2π)d
kµkν

(k2 −m2)a
. (12)

Because the right-hand side is a Lorentz tensor, the left-hand side must be as well. As
there are no momenta in the integral, the only option is the metric, so we must have

IµνT (a;m2) = ηµνA (13)

for some Lorentz scalar A. Contracting both sides with the metric, we find

A =
1

d

∫
ddk

(2π)d
k2

(k2 −m2)a
(14)

=
1

d

∫
ddk

(2π)d
(k2 −m2) +m2

(k2 −m2)a
. (15)

This is just two “scalar” tadpole integrals, as defined in (3), so we conclude

IµνT (a;m2) =
ηµν

d

[
IT (a− 1;m2) +m2IT (a;m

2)
]
. (16)

a) Apply the same reasoning to the rank 3 and rank 4 tadpole integrals,

IµνρT (a;m2) =

∫
ddk

(2π)d
kµkνkρ

(k2 −m2)a
, (17)

IµνρσT (a;m2) =

∫
ddk

(2π)d
kµkνkρkσ

(k2 −m2)a
. (18)

Solution: Again, only combinations of the metric tensor are available to us. There is no combination of
metric tensors that would allow us to write down a tensor with 5 indices, so the first integral vanishes.
(Another way of seeing this is that the integrand is odd under the transformation k → −k and the
integral is consequently equal to minus itself and thus zero.)

The integrand with four Lorentz indices is symmetric under the exchange of any pair of indices, so we
must have

IµνρσT (a) = A (ηµνηρσ + ηµρηνσ + ηµσηνρ) . (S19)

Contracting with ηµνηρσ we find

IµνρσT ηµνηρσ(a) = A(d2 + 2d) (S20)

=

∫
ddk

(2π)d
(k2)2

(k2 −m2)a
(S21)

=

∫
ddk

(2π)d
(k2 −m2 +m2)2

(k2 −m2)a
(S22)

=

∫
ddk

(2π)d
1

(k2 −m2)a−2
+

∫
ddk

(2π)d
2m2

(k2 −m2)a−1
+

∫
ddk

(2π)d
m4

(k2 −m2)a
(S23)
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from which we conclude

IµνρσT (a;m2) =
ηµνηρσ + ηµρηνσ + ηµσηνρ

d2 + 2d

(
IT (a− 2;m2) + 2m2IT (a− 1;m2) +m4IT (a;m

2)
)
. (S24)

b) Similarly, the rank 1 and 2 bubble integrals can be written as

IµB(a, b; p
2) =

∫
ddk

(2π)d
kµ

(k2)a((k + p)2)b
= pµC.

IµνB (a, b; p2) =

∫
ddk

(2π)d
kµkν

(k2)a((k + p)2)b
=

(
ηµν − pµpν

p2

)
A⊥ +

pµpν

p2
B||. (19)

Express A⊥ and B|| and C in terms of p2 and the scalar bubble integral (4).

Solution:

IµB(a, b; p
2)pµ = p2C =

1

2

∫
ddk

(2π)d
2kp

(k2)a((k + p)2)b

C =
1

2p2

∫
ddk

(2π)d
(k + p)2 − k2 − p2

(k2)a((k + p)2)b

=
1

2p2
[
IB(a, b− 1; p2)− IB(a− 1, b; p2)− p2IB(a, b; p

2)
]
. (S25)

IµνB (a, b; p2)ηµν = (d− 1)A⊥ +B|| = IB(a− 1, b).

IµνB (a, b; p2)
pµpν

p2
= B|| =

1

4p2

∫
ddk

(2π)d
(2kp)2

(k2)a((k + p)2)b

=
1

4p2

∫
ddk

(2π)d
((k + p)2 − k2 − p2)2

(k2)a((k + p)2)b

=
1

4p2
[
IB(a− 2, b; p2) + IB(a, b− 2; p2) + (p2)2IB(a, b; p

2)

− 2 IB(a− 1, b− 1; p2)− 2p2IB(a− 1, b; p2)− 2p2IB(a, b− 1; p2)
]

A⊥ =
1

d− 1

[
IB(a− 1, b; p2)−B||

]
. (S26)

4. Self-energy corrections in QED. (10 points)
Loop corrections to the two-point correlation function play a key role in renormalization,
and are often referred to as self-energy corrections. The one-loop self-energy corrections
for the electron and photon in QED are given by the diagrams below.

Σ(p2) = <latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p <latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="2LtOBqH3/JIq9DFTOHuwwZnFxFA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD6PzpFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w8LSI2n</latexit>

k + p

Πµν(p2) =
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<latexit sha1_base64="22ayNhSfxXcShAAyfExNzJXubLY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1XOM+A==</latexit>

k

<latexit sha1_base64="2LtOBqH3/JIq9DFTOHuwwZnFxFA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD6PzpFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w8LSI2n</latexit>

k + p
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(20)

Throughout this problem we will work in massless QED, me = 0.

a) Using the Feynman rules, write down Σ(p2) and Πµν(p2). Since we are viewing these
quantities as corrections to the electron and photon propagators, you should not
include factors for the external legs, such as us(p) or ϵµ, to get a scalar matrix element.
Instead, Σ should be a 4× 4 spinor matrix and Πµν a rank 2 Lorentz tensor.
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Solution: Using the Feynman rules, we simply read off the answers,

Σ(p2) =

∫
ddk

(2π)d
(−ie)γµ

i(/k + /p)

(k + p)2 + i0
(−ie)γν −igµν

k2 + i0
(S27)

= −4πα

∫
ddk

(2π)d
γµ(/k + /p)γµ

(k2 + i0)((k + p)2 + i0)
. (S28)

and

Πµν(p2) = −
∫

ddk

(2π)d
tr
[
(−ieγµ)i(/k + /p)(−ieγν)i/k

]
(k2 + i0)((k + p)2 + i0)

(S29)

= −4πα

∫
ddk

(2π)d
tr
[
γµ(/k + /p)γν/k

]
(k2 + i0)((k + p)2 + i0)

. (S30)

b) Evaluate the resulting loop integrals, expressing your final result in terms of p2 and
ϵ. (Hint: once you handle the gamma matrices, all of the integrals you get will be
ones evaluated earlier in the problem set.)

Solution: To compute Σ, we first note that γµ(/k + /p)γµ = (2− d)(/k + /p). We then find that

Σ(p2) = −4πα(2− d)
[
/pIB(1, 1) + γµI

µ
B(1, 1)

]
= −2πα(2− d)/pIB(1, 1)

=
α

π

(−p2 − i0

4π

)−ϵ

/p
i(1− ϵ)Γ(1− ϵ)2Γ(1 + ϵ)

4(1− 2ϵ)ϵΓ(1− 2ϵ)
. (S31)

To compute Πµν we first compute the trace in the numerator.

tr
[
γµ(/k + /p)γ

ν/k
]
= 4(2kµkν + pµkν + kµpν − ηµν(k2 + k.p))

= 4(2kµkν + pµkν + kµpν − ηµν
(
k2 +

1

2

(
(k + p)2 − k2 − p2)

))
. (S32)

With this we find

Πµν(p2) = −16πα

[
2IµνB (1, 1; p2) + pµIνB(1, 1; p

2) + pνIµB(1, 1; p
2) + ηµν

p2

2
IB(1, 1; p

2)

]
= −8παp2

d− 2

d− 1
IB(1, 1; p

2)

(
ηµν − pµpν

p2

)
= −α

π

(−p2 − i0

4π

)−ϵ
ip2(1− ϵ)Γ(1− ϵ)2Γ(1 + ϵ)

(1− 2ϵ)(3− 2ϵ)ϵΓ(1− 2ϵ)

(
ηµν − pµpν

p2

)
. (S33)

c) The Euler–Mascheroni constant is defined as

γE = −
∫ ∞

0

dx e−x log x ≈ 0.577. (21)

Show that
Γ(1− ϵ) = 1 + γEϵ+O(ϵ2). (22)

Solution: Using the definition,

Γ(1− ϵ) =

∫ ∞

0

dxx−ϵe−x (S34)

=

∫ ∞

0

dx e−ϵ log xe−x (S35)

=

∫ ∞

0

dx (1− ϵ log x+O(ϵ2))e−x (S36)

= 1 + γEϵ+O(ϵ2) (S37)
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as desired.

d) Using (22), expand your results from part (b), dropping terms that vanish as ϵ → 0.

Solution: Plugging in the above result and simplifying gives

Σ = i
α

π

(−p2 − i0

4π

)−ϵ

e−ϵγE/p

(
1

4ϵ
+

1

4
+O(ϵ)

)
(S38)

and

Πµν(p2) = i
α

π

(−p2 − i0

4π

)−ϵ

e−ϵγE

(
ηµν − pµpν

p2

)(
− 1

3ϵ
− 5

9
+O(ϵ)

)
. (S39)

5. ⋆ The scalar triangle integral. (5 points)
In this optional problem, we consider a somewhat more difficult loop integral.

a) Evaluate the scalar triangle integral I△(a, b, c; p1, p2) when p21 = p22 = 0, but for general
a, b, c, and d, and give your answer in terms of s = (p1 + p2)

2.

Solution: Introducing s = (p1 + p2)
2, Feynman parameters and shifting the loop momentum k →

k + (1− x1 − x2)p2 − x2p1 we find

IT (a, b, c; s) =
Γ(a+ b+ c)

Γ(a)Γ(b)Γ(c)

∫
ddk

(2π)d

∫ 1

0

dx1x
a−1
1 dx2x

b−1
2 (1− x1 − x2)

c−1 1

[k2 + sx2(1− x1 − x2)]a+b+c
.

(S40)
Next, we perform the Wick rotation k0 = ik0E and integrate out kE . We find

IT (a, b, c; s) = i(−1)a+b+cπd/2(−s− i0)−a−b−c+ d
2
Γ
(
a+ b+ c− d

2

)
(2π)dΓ(a)Γ(b)Γ(c)

∫ 1

0

dx1

∫ 1−x1

0

dx2

× xa−1
1 x

−a−c+ d
2−1

2 (1− x1 − x2)
−a−b+ d

2−1. (S41)

Next, we perform the transformation x2 = (1 − x1)x2 and subsequently integrate out the parameter
integrals over x1 and x2. We find

IT (a, b, c; s) = i(4π)−
d
2 (−1)a+b+c(−s− i0)−a−b−c+ d

2
Γ
(
−a− b+ d

2

)
Γ
(
−a− c+ d

2

)
Γ
(
a+ b+ c− d

2

)
Γ(b)Γ(c)Γ(−a− b− c+ d)

.

(S42)

b) It turns out there is a simple relation between the triangle and bubble integrals,

I△(1, 1, 1; p1, p2)

∣∣∣∣
p21=p22=0

= CIB(1, 1; (p1 + p2)
2). (23)

Find the coefficient C in terms of d and s.

Solution: By comparing our previous results, we conclude

C = −2(d− 3)

(d− 4)s
. (S43)
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1. Field uncertainties. (10 points)
Quantum field theories have states with definite numbers of particles, in analogy with
the number states |n〉 of a quantum harmonic oscillator. However, there also exist states
with definite field profiles, in analogy with the position states |x〉. A general state is a
superposition of such field eigenstates, and thus can have an uncertain field value.

a) Consider a free real scalar field φ of mass m in the vacuum state. The variance of the
field value at x is

σ2
φ(x) = 〈0|φ(x)2|0〉 − (〈0|φ(x)|0〉)2 . (1)

Show that this quantity is infinite.

b) There’s nothing wrong with the result in part (a), because in practice we can never
measure the field value at a point. We only measure “smeared” field values averaged
over some length scale a, such as

φa(x) =
1

a3π3/2

∫
d3y φ(y)e−|x−y|

2/a2 . (2)

Write σ2
φa(x)

in the form of an integral over a single variable.

c) The standard deviation of the smeared field is finite. Find expressions for σ2
φa(x)

in

the limits a � 1/m and a � 1/m. (Hint: in each regime, your answer should have
the form α aβ for some values of α and β. If you’re having trouble doing the final
integral in one of these cases, you can start from the result

∫∞
−∞ e

−x2 dx =
√
π.)

d) Consider a cubical copper microwave cavity of volume V = 1 m3. The electric field
in the cavity does not have a definite value, due to the quantization of the electro-
magnetic field. Find a rough, order of magnitude estimate for the standard deviation
of the average electric field in the cavity in its ground state, and evaluate it in volts
per meter. (Hint: you will need to go from natural units back to SI units using
~ = 10−34 J s, c = 3× 108 m/s, and e = 1.6× 10−19 C.)

2. Forces on external currents. (5 points)
In problem set 7, you considered the “improved” electromagnetic stress-energy tensor,

T̂ µν = −ηρσF µρF νσ +
1

4
ηµνFρσF

ρσ (3)

and showed that it was conserved, ∂µT̂
µν = 0, when no current was present.

a) When there is a nonzero current Jµ = (ρ,J), the stress-energy tensor defined in (3)
has divergence ∂µT̂

µν = −Kν . Find Kν .

b) The vector Kµ = (K0,K) is the four-momentum delivered to the current by the field,
per unit space and unit time. Explicitly write K0 and K in terms of ρ, J, E, and B.

3. Pseudoscalar and vector decays. (10 points)
In this problem we will consider decays of particles to pairs of electrons. As usual, the
electron is described by a Dirac field Ψ of mass me. All decay rates should be computed
in the rest frame of the decaying particle, and you can reuse results from problem sets.
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a) Consider a pseudoscalar particle, described by a real scalar field φ of mass M , where
M > 2me. Write down the Feynman rule for the interaction

Lint = igφ Ψ̄γ5Ψ. (4)

Then find the decay rate for φ→ e+e− to leading nontrivial order in g.

b) Now consider a vector particle, described by a massive vector field Aµ of mass M ,
where M > 2me. Write down the Feynman rule for the interaction

Lint = g Ψ̄γµAµΨ. (5)

Then find the decay rate for Aµ → e+e− to leading nontrivial order in g. (Hint: the
Feynman rule for an incoming massive vector is εµ(p), where εµ is its polarization.
The polarization satisfies ε · ε = −1 and p · ε = 0, since ∂µA

µ = 0. By rotational
symmetry, the decay rate doesn’t depend on the vector’s polarization, so you can
compute it by either averaging over possible polarizations using∑

λ

εµ(p, λ)ε∗ν(p, λ) = −ηµν +
pµpν

M2
(6)

or by picking any specific polarization.)

4. Higgs boson production at a muon collider. (15 points)
The high energy physics community is currently debating how to best study the Higgs
boson with future particle accelerators. One idea is to build a machine that collides muons
and anti-muons at very high energies and produces Higgs bosons in their annihilation.

You should treat the muon, Higgs, and photon in the same way as in problem set 8, and
neglect any other particles or interactions. That is, consider the free Lagrangian

L0 =
1

2
(∂µh)2 − 1

2
m2
h h

2 + Ψ̄(i/∂ −mµ)Ψ− 1

4
FµνF

µν (7)

with interactions
Lint = −mµ

v
hΨ̄Ψ− eΨ̄ /AΨ. (8)

We first consider the case where a muon and anti-muon annihilate to produce a Higgs
boson, µ+(p1)µ

−(p2)→ h(ph).

a) Compute the scattering amplitude Mp1 p2→ph for this process at lowest nontrivial
order in perturbation theory, by explicitly using Wick’s theorem. Then show that
you get the same answer if you simply apply the Feynman rules, where the vertex is

<latexit sha1_base64="f5pWRfWNtcSMrAXnosxytPP0gaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xSLCQEWys1I6qySA6H5Qrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n82ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/9jIkkNVSQxaIw5chINHsdDZmixPCJJZgoZm9FJMIKE2MDKtkQvOWXV0n7ouZd1ur39UrjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz/g2o6v</latexit>

h(ph)

<latexit sha1_base64="A91KwWkSK+ntbIj18J8jVnDr2aw=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyG5zr026x5Ff8KeAyCeakBOaod4tfYS/FlhNhMENadwJfmihDylDMyLgQWk0kwkPUJx1HBeJER9n05jE8cUoPJqlyJQycqr8nMsS1HvHYdXJkBnrRm4j/eR1rkusoo0JaQwSeLUosgyaFkwBgjyqCDRs5grCi7laIB0ghbFxMBRdCsPjyMmleVILLSvW+WqrdzOPIgyNwDMogAFegBu5AHTQABhI8g1fw5lnvxXv3PmatOW8+cwj+wPv8AYGwkLI=</latexit>

µ+(p1, s)

<latexit sha1_base64="edszNSddpTFLNQRcykqPP0j12F4=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DJTirosunFZwT6gM5ZMmmlDk0zIQyhDf8ONC0Xc+jPu/BvTx0KrBy4czrmXe++JJaPa+P6Xl1tZXVvfyG8WtrZ3dveK+wctnVqFSROnLFWdGGnCqCBNQw0jHakI4jEj7Xh0M/Xbj0Rpmop7M5Yk4mggaEIxMk4KQ24fzsuyVz0zp71iya/4M8C/JFiQElig0St+hv0UW06EwQxp3Q18aaIMKUMxI5NCaDWRCI/QgHQdFYgTHWWzmyfwxCl9mKTKlTBwpv6cyBDXesxj18mRGeplbyr+53WtSa6ijAppDRF4viixDJoUTgOAfaoINmzsCMKKulshHiKFsHExFVwIwfLLf0mrWgkuKrW7Wql+vYgjD47AMSiDAFyCOrgFDdAEGEjwBF7Aq2e9Z+/Ne5+35rzFzCH4Be/jG4fSkLY=</latexit>

µ�(p2, t)

= −imµ

v
. (9)

3



The scattering cross section of particles a and b with masses ma and mb to produce N
final state particles is

σpa pb→q1 ...qN =
1

2
√

(2papb)2 − 4m2
am

2
b

∫ N∏
i=1

(
d4qi

(2π)4
(2π)δ(q2i −m2

i )θ(q
0
i −mi)

)
× (2π)4δ(4)(pa + pb − q1 − · · · − qN)|M̄pa pb→q1 ...qN |2 (10)

where |M̄pa pb→q1 ...qN |2 is the modulus squared of the scattering amplitude, summed over
final state spins and averaged over initial state spins.

b) Compute |M̄p1 p2→ph|2 and write it in terms of the constants defined in (7) and (8).

c) Using this result and (10), compute the total cross section for this process. Your
result should contain distributions – what is their interpretation?

It is also possible to produce additional particles in the final state. For the rest of this
problem, we consider the process µ+(p1)µ

−(p2)→ γ(p3)h(ph) at leading nontrivial order
in perturbation theory.

d) Draw all the relevant Feynman diagrams and use the Feynman rules to write down
the corresponding amplitude Mp1p2→p3ph .

e) Since a muon collider would operate at a center-of-mass energy much higher than the
muon mass, we can treat mµ as a small quantity. Compute |M̄p1 p2→p3 ph|2 to leading
nontrivial order in mµ, and write it in terms of the Mandelstam invariants

s = (p1 + p2)
2, t = (p1 − ph)2, u = (p1 − p3)2 (11)

and the constants defined in (7) and (8). (Hint: your expression will contain a sum
over photon polarizations of the form∑

λ

εµ(p3, λ)ε∗ν(p3, λ) (12)

which you can simply replace with −ηµν .)
f) Using this result and (10), compute the differential cross section dσ/d cos θ for this

process in the center-of-mass frame, where θ is the angle between the three-momenta
of the muon and the photon. You may again work to leading nontrivial order in mµ.
Express your result in terms of s, θ, and the constants defined in (7) and (8).

5. ? Kaluza–Klein theory. (5 points)
Some theories of physics beyond the Standard Model involve compactified extra space-
time dimensions. In this problem, you will see why this generically gives rise to many
new particles, and why the extra dimensions are hard to detect when they are very small.

Consider a massless real scalar field on a five-dimensional spacetime, where the extra
dimension is compactified on a circle of radius R. That is, points are labeled by (x,w)
where x = (t, x, y, z) is the usual four-dimensional spacetime coordinate, and w ∈ [0, 2πR],
with the points w = 0 and w = 2πR identified. The metric on this spacetime is still mostly
negative, so η00 = 1 with the other diagonal elements negative. The action is

S =

∫
d4x

∫ 2πR

0

dw
1

2
(∂Mφ(x,w))(∂Mφ(x,w)) (13)
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where the index M ranges from 0 to 4.

a) Using Fourier series, the w-dependence of the field can be written as

φ(x,w) =
∑
n

φ(n)(x) eiknw (14)

where the sum is over integer n. What are the kn, and how is φ(n) related to φ(−n)?

b) Plug this decomposition into the action and perform the w integral to yield an ordi-
nary four-dimensional action, written in terms of the fields φ(n)(x) for n ≥ 0. What
are the physical masses mn of these fields? (Hint: you should rescale the fields to give
the kinetic terms the usual normalizations.)

Now consider the case of a massless vector field, which can be decomposed as

AM(x,w) =
∑
n

A
(n)
M (x)eiknw. (15)

The action is the five-dimensional analogue of the usual electromagnetic action,

S = −1

4

∫
d4x

∫ 2πR

0

dw FMNF
MN (16)

and we have the five-dimensional analogue of the usual gauge symmetry, AM → AM+∂Mα.

c) Show that we can use a gauge transformation to set A
(n)
4 = 0 when n 6= 0, and explain

why this is not possible when n = 0.

d) Using this gauge, find all the resulting four-dimensional fields and their masses.
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course. Good luck!

Not only God knows, I know, and by the end of the semester, you will know.
— Sidney Coleman, in a Harvard QFT I lecture
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1. Field uncertainties. (10 points)
Quantum field theories have states with definite numbers of particles, in analogy with
the number states |n〉 of a quantum harmonic oscillator. However, there also exist states
with definite field profiles, in analogy with the position states |x〉. A general state is a
superposition of such field eigenstates, and thus can have an uncertain field value.

a) Consider a free real scalar field φ of mass m in the vacuum state. The variance of the
field value at x is

σ2
φ(x) = 〈0|φ(x)2|0〉 − (〈0|φ(x)|0〉)2 . (1)

Show that this quantity is infinite.

Solution: The expectation value is
〈0|φ(x)|0〉 = 0 (S1)

while the expectation value of the square is

〈0|φ(x)2|0〉 =

∫
dp

(2π)3
dq

(2π)3
1√

2E(p)
√

2E(q)

× 〈0|
(
a(p)eix·p + a†(p)e−ix·p

) (
a(q)eix·q + a†(q)e−ix·q

)
(S2)

=

∫
dp

(2π)3
dq

(2π)3
1√

2E(p)
√

2E(q)
〈0|a(p)a†(q)eix·(p−q)|0〉 (S3)

=

∫
dp

(2π)3
dq

(2π)3
1√

2E(p)
√

2E(q)
(2π)3δ(3)(p− q)eix·(p−q) (S4)

=

∫
dp

(2π)3
1

2E(p)
(S5)

=
1

2π2

∫ ∞
0

d|p| |p|2√
|p|2 +m2

(S6)

which is infinite.

b) There’s nothing wrong with the result in part (a), because in practice we can never
measure the field value at a point. We only measure “smeared” field values averaged
over some length scale a, such as

φa(x) =
1

a3π3/2

∫
d3y φ(y)e−|x−y|

2/a2 . (2)

Write σ2
φa(x)

in the form of an integral over a single variable.

Solution: The expectation value still vanishes, but now we have

〈0|φa(x)2|0〉 =
1

a6π3

∫
dydz e−

|x−y|2

a2 e−
|x−z|2

a2 〈0|φ(y)φ(z)|0〉 (S7)

=
1

a6π3

∫
dydz

dp

(2π)3
1

2E(~p)
eip(y−z)e−

|x−y|2

a2 e−
|x−z|2

a2 . (S8)

Next, we perform the shifts z→ z + x and y→ y + x. Then the integral∫
dy eip(y)e−

|y|2

a2 =

∫
dy ei|p||y| cos θe−

|y|2

a2 (S9)

= (2π)

∫ ∞
0

d|y||y|2
∫ 1

−1
d cos θ|y|ei|p| cos θe−

|y|2

a2 (S10)

=
(4π)

|p|

∫ ∞
0

d|y||y| sin(|y||p|)e−
|y|2

a2 (S11)

= a3π3/2e−
|p|2a2

4 . (S12)
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Inserting this above, we find

〈0|φa(x)2|0〉 =

∫
dp

(2π)3
1

2E(~p)
e−
|p|2a2

2 . (S13)

Simplifying, we thus conclude that

σ2
φa(x)

= 〈0|φa(x)2|0〉 =
1

4π2

∫ ∞
0

d|p| |p|2√
|p|2 +m2

e−
|p|2a2

2 . (S14)

c) The standard deviation of the smeared field is finite. Find expressions for σ2
φa(x)

in

the limits a � 1/m and a � 1/m. (Hint: in each regime, your answer should have
the form α aβ for some values of α and β. If you’re having trouble doing the final
integral in one of these cases, you can start from the result

∫∞
−∞ e

−x2 dx =
√
π.)

Solution: Changing to the variable t = a|p|, we have

σ2
φa(x)

=
1

4π2a2

∫ ∞
0

dt
t2√

t2 + a2m2
e−

t2

2 . (S15)

Expanding around ma� 1, we find

lim
ma→0

σ2
φa(x)

=
1

4π2a2

∫ ∞
0

dt te−
t2

2 =
1

4π2a2
. (S16)

Expanding around ma� 1, we find

lim
1/(ma)→0

σ2
φa(x)

=
1

4π2a3m

∫ ∞
0

dt t2e−
t2

2 =
1

4π3/2a3m
√

2
. (S17)

d) Consider a cubical copper microwave cavity of volume V = 1 m3. The electric field
in the cavity does not have a definite value, due to the quantization of the electro-
magnetic field. Find a rough, order of magnitude estimate for the standard deviation
of the average electric field in the cavity in its ground state, and evaluate it in volts
per meter. (Hint: you will need to go from natural units back to SI units using
~ = 10−34 J s, c = 3× 108 m/s, and e = 1.6× 10−19 C.)

Solution: In part (c), we showed that for a massless vector field, the standard deviation of the field
average over a region of size a is σ ∼ 1/a. The same logic applies to a massless vector field Aµ. The
electric field in the cavity is related to Aµ by one spatial or temporal derivative, which by dimensional
analysis also gives a factor of 1/a. Thus, we expect σE ∼ 1/a2 ∼ 1/V 2/3. (We could also have jumped
directly to this result. We already know [E] = 2 from problem set 1, and part (c) tells us the answer is
neither zero nor infinity, so by dimensional analysis, 1/a2 is the only possible answer.)

Going from natural units back to SI units, we have

σE ∼
~c
ea2
∼ 10−7 V/m. (S18)

This might be surprisingly large if you haven’t seen it before, but it lines up with typical “quantum noise”
scales in precision electronics. Any answer within a few orders of magnitude of this is acceptable.

2. Forces on external currents. (5 points)
In problem set 7, you considered the “improved” electromagnetic stress-energy tensor,

T̂ µν = −ηρσF µρF νσ +
1

4
ηµνFρσF

ρσ (3)
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and showed that it was conserved, ∂µT̂
µν = 0, when no current was present.

a) When there is a nonzero current Jµ = (ρ,J), the stress-energy tensor defined in (3)
has divergence ∂µT̂

µν = −Kν . Find Kν .

Solution: The only difference is that the equation of motion is now ∂µF
µν = Jν . We already know

that when ∂µF
µν = 0, the stress-energy is conserved, so to compute Kν we only need to consider what

terms appear which are proportional to Jµ. This can only occur when the derivative ∂µ hits the factor
of Fµρ in the first term, so

∂µT̂
µν = −ηρσ(∂µF

µρ)F νσ = −ηρσJρF νσ. (S19)

Thus, the answer is Kν = JσF
νσ.

You might be wondering why we are allowed to use the original expression for the stress-energy tensor,
as rerunning the Noether/Belinfante procedure will give additional terms when Jµ is nonzero. The point
is that we’re trying to find the change in the energy-momentum of the electromagnetic field alone, so we
shouldn’t include those extra terms, which represent something like potential energy-momentum.

b) The vector Kµ = (K0,K) is the four-momentum delivered to the current by the field,
per unit space and unit time. Explicitly write K0 and K in terms of ρ, J, E, and B.

Solution: Expanding the components out, we have

Ki = JσF
iσ = J0F

i0 + JjF
ij = J0E

i − JjεijkBk. (S20)

Noting that J0 = J0 = ρ and Ji = −J i, we conclude

K = ρE + J×B (S21)

which of course is just the continuous version of the Lorentz force law. Similarly, we have

K0 = JiF
0i = (−J i)(−F i0) = J ·E (S22)

which is the rate at which the electric field does work on the charges.

3. Pseudoscalar and vector decays. (10 points)
In this problem we will consider decays of particles to pairs of electrons. As usual, the
electron is described by a Dirac field Ψ of mass me. All decay rates should be computed
in the rest frame of the decaying particle, and you can reuse results from problem sets.

a) Consider a pseudoscalar particle, described by a real scalar field φ of mass M , where
M > 2me. Write down the Feynman rule for the interaction

Lint = igφ Ψ̄γ5Ψ. (4)

Then find the decay rate for φ→ e+e− to leading nontrivial order in g.

Solution: As usual, the Feynman rule comes from −iHint = iLint, so the vertex factor is −gγ5. (This
looks unusual, but it’s correct: there had to be an i in Lint to ensure the action is real when g is.) Then

M = −gūr(p1)γ5vs(p2). (S23)

Squaring and summing over final spin states gives

|M̄|2 = g2
∑
r,s

ūr(p1)γ5vs(p2)v†s(p2)(γ5)†(γ0)†ur(p1) (S24)

= −g2 tr((/p1 +me)γ
5(/p2 −me)γ

5) (S25)

= g2 tr((/p1 +m2)(/p2 +me)γ
5γ5) (S26)

= 4g2(p1 · p2 +m2
e) (S27)

= 2g2M2. (S28)
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Plugging this into the decay rate result derived in problem set 5 gives

Γ =
g2

8π

√
M2 − 4m2

e. (S29)

b) Now consider a vector particle, described by a massive vector field Aµ of mass M ,
where M > 2me. Write down the Feynman rule for the interaction

Lint = g Ψ̄γµAµΨ. (5)

Then find the decay rate for Aµ → e+e− to leading nontrivial order in g. (Hint: the
Feynman rule for an incoming massive vector is εµ(p), where εµ is its polarization.
The polarization satisfies ε · ε = −1 and p · ε = 0, since ∂µA

µ = 0. By rotational
symmetry, the decay rate doesn’t depend on the vector’s polarization, so you can
compute it by either averaging over possible polarizations using∑

λ

εµ(p, λ)ε∗ν(p, λ) = −ηµν +
pµpν

M2
(6)

or by picking any specific polarization.)

Solution: The Feynman rule for the vertex is igγµ, as in ordinary QED, so

M = igελµūr(p1)γµvs(p2). (S30)

Summing over final spin states and averaging over the initial three spin states, we have

|M̄|2 =
g2

3

(
−ηµν +

pµpν
M2

)∑
rs

ūr(p1)γµvs(p2)v̄2(p2)γνur(p1). (S31)

Note that the pµpν terms won’t contribute anything, as by the Dirac equation,

ūr(p1)/pvs(p2) = ūr(p1)(/p1 + /p2)vs(p2) = ūr(p1)(me −me)vs(p2) = 0. (S32)

Thus, keeping just the metric term and rewriting the spinor sum as a trace,

|M̄|2 = −g
2

3
ηµν tr((/p1 +me)γ

µ(/p2 −me)γ
ν) (S33)

= −4g2

3
ηµν(pµ1p

ν
2 + pµ2p

ν
1 − (p1 · p2 −m2

e)η
µν) (S34)

=
8g2

3
(p1 · p2 + 2m2

e) (S35)

=
4g2M2

3

(
1 +

2m2
e

M2

)
. (S36)

Plugging this into our decay rate result gives

Γ =
g2

12π

(
1 +

2m2
e

M2

)√
M2 − 4m2

e. (S37)

4. Higgs boson production at a muon collider. (15 points)
The high energy physics community is currently debating how to best study the Higgs
boson with future particle accelerators. One idea is to build a machine that collides muons
and anti-muons at very high energies and produces Higgs bosons in their annihilation.
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You should treat the muon, Higgs, and photon in the same way as in problem set 8, and
neglect any other particles or interactions. That is, consider the free Lagrangian

L0 =
1

2
(∂µh)2 − 1

2
m2
h h

2 + Ψ̄(i/∂ −mµ)Ψ− 1

4
FµνF

µν (7)

with interactions
Lint = −mµ

v
hΨ̄Ψ− eΨ̄ /AΨ. (8)

We first consider the case where a muon and anti-muon annihilate to produce a Higgs
boson, µ+(p1)µ

−(p2)→ h(ph).

a) Compute the scattering amplitude Mp1 p2→ph for this process at lowest nontrivial
order in perturbation theory, by explicitly using Wick’s theorem. Then show that
you get the same answer if you simply apply the Feynman rules, where the vertex is

<latexit sha1_base64="f5pWRfWNtcSMrAXnosxytPP0gaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xSLCQEWys1I6qySA6H5Qrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n82ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/9jIkkNVSQxaIw5chINHsdDZmixPCJJZgoZm9FJMIKE2MDKtkQvOWXV0n7ouZd1ur39UrjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz/g2o6v</latexit>

h(ph)

<latexit sha1_base64="A91KwWkSK+ntbIj18J8jVnDr2aw=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyG5zr026x5Ff8KeAyCeakBOaod4tfYS/FlhNhMENadwJfmihDylDMyLgQWk0kwkPUJx1HBeJER9n05jE8cUoPJqlyJQycqr8nMsS1HvHYdXJkBnrRm4j/eR1rkusoo0JaQwSeLUosgyaFkwBgjyqCDRs5grCi7laIB0ghbFxMBRdCsPjyMmleVILLSvW+WqrdzOPIgyNwDMogAFegBu5AHTQABhI8g1fw5lnvxXv3PmatOW8+cwj+wPv8AYGwkLI=</latexit>

µ+(p1, s)

<latexit sha1_base64="edszNSddpTFLNQRcykqPP0j12F4=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DJTirosunFZwT6gM5ZMmmlDk0zIQyhDf8ONC0Xc+jPu/BvTx0KrBy4czrmXe++JJaPa+P6Xl1tZXVvfyG8WtrZ3dveK+wctnVqFSROnLFWdGGnCqCBNQw0jHakI4jEj7Xh0M/Xbj0Rpmop7M5Yk4mggaEIxMk4KQ24fzsuyVz0zp71iya/4M8C/JFiQElig0St+hv0UW06EwQxp3Q18aaIMKUMxI5NCaDWRCI/QgHQdFYgTHWWzmyfwxCl9mKTKlTBwpv6cyBDXesxj18mRGeplbyr+53WtSa6ijAppDRF4viixDJoUTgOAfaoINmzsCMKKulshHiKFsHExFVwIwfLLf0mrWgkuKrW7Wql+vYgjD47AMSiDAFyCOrgFDdAEGEjwBF7Aq2e9Z+/Ne5+35rzFzCH4Be/jG4fSkLY=</latexit>

µ�(p2, t)

= −imµ

v
. (9)

Solution: The initial and final states are

|µ+(p1, s), µ
−(p2, t)〉 =

√
2E(~p1)

√
2E(~p2)b†s(p1)a†t(p2)|0〉, (S38)

|h〉 =
√

2E( ~ph)a†(ph)|0〉. (S39)

We can then compute for example the S-matrix element

〈µ+(p1, s), µ
−(p2, t)|

∫
d4xiLint|h〉 = 〈µ+(p1, s), µ

−(p2, t)|
∫
d4xi

mh

v
h(x)Ψ̄i(x)Ψi(x)|h〉

=
−imµ

v

√
8E(ph)E(p1)E(p2)〈0|

∫
d4xbs(p1)at(p2)h(x)Ψ̄i(x)Ψi(x)a†(ph)|0〉.

(S40)

We find for example for

h(x)a†(ph) =

∫
dp

(2π)3
1√

2E(p)

[
a(p)e−ipx + a†(p)eipx

]
a†(ph)

= a†(ph)h(x) +

∫
dp

(2π)3
1√

2E(p)
[a(p), a†(ph)]e−ipx

= a†(ph)h(x) +

∫
dp

(2π)3
1√

2E(p)
(2π)3δ(3)(~p− ~ph)e−ipx

= a†(ph)h(x) +
1√

2E(ph)
e−iphx (S41)

In our vacuum expectation value of (S40), the creation operator of the scalar field then acts directly on
the vacuum state on the left and annihilates it and only the commutator term remains. Similarly, we find

at(p2)Ψi(x) = uti(p2)
eip2x√
2E(p2)

−Ψi(x)at(p2).

bs(p1)Ψ̄i(x) = v̄si (p1)
eip1x√
2E(p1)

− Ψ̄i(x)bs(p1). (S42)
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As
{b†s(p1),Ψ(x)} = {Ψ̄i(x), a†t(p2)} = 0, (S43)

only the anti-commutator terms survive. We find

〈µ+(p1, s), µ
−(p2, t)|

∫
d4xiLint|h〉 = − imµ

v

∫
d4xe−ix(ph−p1−p2)v̄si (p1)δiju

t
j(p2)

= (2π)4δ(4)(ph − p1 − p2)v̄si (p1)

(
− imµ

v
δij

)
utj(p2). (S44)

The scattering matrix elements are defined by

Sfi = δfi + (2π)4δ(pf − pi)M, (S45)

and we associate uti(p2) with an ingoing muon and v̄sj (p1) with an ingoing anti-muon. We thus conclude

Mp1 p2→ph = v̄si (p1)
(
−imµ

v

)
uti(p2) (S46)

which is clearly also what we get from the Feynman rules.

The scattering cross section of particles a and b with masses ma and mb to produce N
final state particles is

σpa pb→q1 ...qN =
1

2
√

(2papb)2 − 4m2
am

2
b

∫ N∏
i=1

(
d4qi

(2π)4
(2π)δ(q2i −m2

i )θ(q
0
i −mi)

)
× (2π)4δ(4)(pa + pb − q1 − · · · − qN)|M̄pa pb→q1 ...qN |2 (10)

where |M̄pa pb→q1 ...qN |2 is the modulus squared of the scattering amplitude, summed over
final state spins and averaged over initial state spins.

b) Compute |M̄p1 p2→ph|2 and write it in terms of the constants defined in (7) and (8).

Solution: Using the result of part (a), we have

|M̄p1 p2→ph |2 =
1

4

∑
s,t

ūti(p2)
(
i
mµ

v

)
vsi (p1)v̄sj (p1)

(
−imµ

v

)
utj(p2) (S47)

=
m2
µ

4v2
tr[(/p1 −mµ)(/p2 +mµ)] (S48)

=
m2
µ

4v2
tr[/p1/p2]− 4m2

µ (S49)

=
m2
µ

2v2
(m2

h − 4m2
µ). (S50)

The factor of 1/4 arises due to averaging over 2 spin states per initial state fermion.

c) Using this result and (10), compute the total cross section for this process. Your
result should contain distributions – what is their interpretation?

Solution: Introducing s = (p1 + p2)2, we find

σp1 p2→ph =
π√

s(s− 4m2
µ)

∫
d4phδ(p

2
h −m2

h)θ(p0h −mh)δ(4)(p1 + p2 − ph)|M̄p1 p2→ph |2 (S51)

=
π√

s(s− 4m2
µ)
δ(s−m2

h)θ(p01 + p02 −mh)|M̄p1 p2→ph |2 (S52)

=
πm2

µ

2v2

√
1−

4m2
µ

m2
h

δ(s−m2
h)θ(p01 + p02 −mh). (S53)
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The distributions forces the center-of-mass energy s to be exactly equal to the Higgs boson mass, which
makes sense by energy-momentum conservation. (There is something weird about this result, though:
in physics you can never have two things be exactly equal to each other, so this would suggest Higgs
bosons are never produced this way at all. The resolution is that all unstable particles actually have a
slightly indefinite mass (heuristically due to the energy-time uncertainty principle applied to their finite
decay time) so the delta function is replaced with a narrow peak.)

It is also possible to produce additional particles in the final state. For the rest of this
problem, we consider the process µ+(p1)µ

−(p2)→ γ(p3)h(ph) at leading nontrivial order
in perturbation theory.

d) Draw all the relevant Feynman diagrams and use the Feynman rules to write down
the corresponding amplitude Mp1p2→p3ph .

Solution: There are two relevant diagrams:

D1 =

<latexit sha1_base64="f5pWRfWNtcSMrAXnosxytPP0gaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xSLCQEWys1I6qySA6H5Qrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n82ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/9jIkkNVSQxaIw5chINHsdDZmixPCJJZgoZm9FJMIKE2MDKtkQvOWXV0n7ouZd1ur39UrjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz/g2o6v</latexit>

h(ph)

<latexit sha1_base64="A91KwWkSK+ntbIj18J8jVnDr2aw=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyG5zr026x5Ff8KeAyCeakBOaod4tfYS/FlhNhMENadwJfmihDylDMyLgQWk0kwkPUJx1HBeJER9n05jE8cUoPJqlyJQycqr8nMsS1HvHYdXJkBnrRm4j/eR1rkusoo0JaQwSeLUosgyaFkwBgjyqCDRs5grCi7laIB0ghbFxMBRdCsPjyMmleVILLSvW+WqrdzOPIgyNwDMogAFegBu5AHTQABhI8g1fw5lnvxXv3PmatOW8+cwj+wPv8AYGwkLI=</latexit>

µ+(p1, s)

<latexit sha1_base64="edszNSddpTFLNQRcykqPP0j12F4=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DJTirosunFZwT6gM5ZMmmlDk0zIQyhDf8ONC0Xc+jPu/BvTx0KrBy4czrmXe++JJaPa+P6Xl1tZXVvfyG8WtrZ3dveK+wctnVqFSROnLFWdGGnCqCBNQw0jHakI4jEj7Xh0M/Xbj0Rpmop7M5Yk4mggaEIxMk4KQ24fzsuyVz0zp71iya/4M8C/JFiQElig0St+hv0UW06EwQxp3Q18aaIMKUMxI5NCaDWRCI/QgHQdFYgTHWWzmyfwxCl9mKTKlTBwpv6cyBDXesxj18mRGeplbyr+53WtSa6ijAppDRF4viixDJoUTgOAfaoINmzsCMKKulshHiKFsHExFVwIwfLLf0mrWgkuKrW7Wql+vYgjD47AMSiDAFyCOrgFDdAEGEjwBF7Aq2e9Z+/Ne5+35rzFzCH4Be/jG4fSkLY=</latexit>

µ�(p2, t)

<latexit sha1_base64="Nque+Dio5/lhkDMGYyKS5QaME8I=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAgVpCRa1GXRjcsK9gFNCDeTSTt0JgkzEyGE+ituXCji1g9x5984fSy09cDA4Zx7uHdOkDIqlW1/Gyura+sbm6Wt8vbO7t6+eXDYkUkmMGnjhCWiF4AkjMakrahipJcKAjxgpBuMbid+95EISZP4QeUp8TgMYhpRDEpLvllxB8A51FL/4sxlOhfCqW9W7bo9hbVMnDmpojlavvnlhgnOOIkVZiBl37FT5RUgFMWMjMtuJkkKeAQD0tc0Bk6kV0yPH1snWgmtKBH6xcqaqr8TBXApcx7oSQ5qKBe9ifif189UdO0VNE4zRWI8WxRlzFKJNWnCCqkgWLFcE8CC6lstPAQBWOm+yroEZ/HLy6RzXncu6437RrV5M6+jhI7QMaohB12hJrpDLdRGGOXoGb2iN+PJeDHejY/Z6Ioxz1TQHxifP4WLlA0=</latexit>

�(p3, �)

= v̄s(p1)
(
−imµ

v

) i(/p1 − /ph +mµ)

(p1 − ph)2 −m2
µ

(−ieγµ)ut(p2)εµ(p3, λ). (S54)

D2 =

<latexit sha1_base64="f5pWRfWNtcSMrAXnosxytPP0gaw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xSLCQEWys1I6qySA6H5Qrbs2dA60SLycVyNEclL/6Q0nSmApDONa657mJ8TOsDCOcTkv9VNMEkzEe0Z6lAsdU+9n82ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxifSyNxP/83qpCa/9jIkkNVSQxaIw5chINHsdDZmixPCJJZgoZm9FJMIKE2MDKtkQvOWXV0n7ouZd1ur39UrjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz/g2o6v</latexit>

h(ph)

<latexit sha1_base64="A91KwWkSK+ntbIj18J8jVnDr2aw=">AAAB83icbVDLSgMxFM3UV62vqks3wSJUlDIjRV0W3bisYB/QGUsmzbShSSbkIZShv+HGhSJu/Rl3/o3pY6GtBy4czrmXe++JJaPa+P63l1tZXVvfyG8WtrZ3dveK+wdNnVqFSQOnLFXtGGnCqCANQw0jbakI4jEjrXh4O/FbT0RpmooHM5Ik4qgvaEIxMk4KQ24fz8qyG5zr026x5Ff8KeAyCeakBOaod4tfYS/FlhNhMENadwJfmihDylDMyLgQWk0kwkPUJx1HBeJER9n05jE8cUoPJqlyJQycqr8nMsS1HvHYdXJkBnrRm4j/eR1rkusoo0JaQwSeLUosgyaFkwBgjyqCDRs5grCi7laIB0ghbFxMBRdCsPjyMmleVILLSvW+WqrdzOPIgyNwDMogAFegBu5AHTQABhI8g1fw5lnvxXv3PmatOW8+cwj+wPv8AYGwkLI=</latexit>

µ+(p1, s)

<latexit sha1_base64="edszNSddpTFLNQRcykqPP0j12F4=">AAAB83icbVDLSgMxFM3UV62vqks3wSJU0DJTirosunFZwT6gM5ZMmmlDk0zIQyhDf8ONC0Xc+jPu/BvTx0KrBy4czrmXe++JJaPa+P6Xl1tZXVvfyG8WtrZ3dveK+wctnVqFSROnLFWdGGnCqCBNQw0jHakI4jEj7Xh0M/Xbj0Rpmop7M5Yk4mggaEIxMk4KQ24fzsuyVz0zp71iya/4M8C/JFiQElig0St+hv0UW06EwQxp3Q18aaIMKUMxI5NCaDWRCI/QgHQdFYgTHWWzmyfwxCl9mKTKlTBwpv6cyBDXesxj18mRGeplbyr+53WtSa6ijAppDRF4viixDJoUTgOAfaoINmzsCMKKulshHiKFsHExFVwIwfLLf0mrWgkuKrW7Wql+vYgjD47AMSiDAFyCOrgFDdAEGEjwBF7Aq2e9Z+/Ne5+35rzFzCH4Be/jG4fSkLY=</latexit>

µ�(p2, t)

<latexit sha1_base64="Nque+Dio5/lhkDMGYyKS5QaME8I=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAgVpCRa1GXRjcsK9gFNCDeTSTt0JgkzEyGE+ituXCji1g9x5984fSy09cDA4Zx7uHdOkDIqlW1/Gyura+sbm6Wt8vbO7t6+eXDYkUkmMGnjhCWiF4AkjMakrahipJcKAjxgpBuMbid+95EISZP4QeUp8TgMYhpRDEpLvllxB8A51FL/4sxlOhfCqW9W7bo9hbVMnDmpojlavvnlhgnOOIkVZiBl37FT5RUgFMWMjMtuJkkKeAQD0tc0Bk6kV0yPH1snWgmtKBH6xcqaqr8TBXApcx7oSQ5qKBe9ifif189UdO0VNE4zRWI8WxRlzFKJNWnCCqkgWLFcE8CC6lstPAQBWOm+yroEZ/HLy6RzXncu6437RrV5M6+jhI7QMaohB12hJrpDLdRGGOXoGb2iN+PJeDHejY/Z6Ioxz1TQHxifP4WLlA0=</latexit>

�(p3, �)

= v̄s(p1)(−ieγµ)
i(/p1 − /p3 +mµ)

(p1 − p3)2 −m2
µ

(
−imµ

v

)
ut(p2)εµ(p3, λ). (S55)

The amplitude is D1 +D2. All other diagrams are suppressed by more powers of mµ/v, or more powers
of e, or both.

e) Since a muon collider would operate at a center-of-mass energy much higher than the
muon mass, we can treat mµ as a small quantity. Compute |M̄p1 p2→p3 ph|2 to leading
nontrivial order in mµ, and write it in terms of the Mandelstam invariants

s = (p1 + p2)
2, t = (p1 − ph)2, u = (p1 − p3)2 (11)

and the constants defined in (7) and (8). (Hint: your expression will contain a sum
over photon polarizations of the form∑

λ

εµ(p3, λ)ε∗ν(p3, λ) (12)

which you can simply replace with −ηµν .)
Solution: First, we find the leading term in mµ for our diagrams:

D1 =
−iemµ

vt
v̄s(p1)(/p1 − /ph)γµut(p2)εµ(p3, λ), (S56)

D2 =
−iemµ

vu
v̄s(p1)γµ(/ph − /p2)ut(p2)εµ(p3, λ). (S57)
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Since these quantities already have a factor of mµ in front, and we only want the lowest order in
mµ, we can set mµ to zero when evaluating what’s left. The Dirac equation for the spinors becomes
v̄s(p1)/p1 = 0 = /p2ut(p2), from which we find

D1 =
iemµ

vt
v̄s(p1)/phγ

µut(p2)εµ(p3, λ), (S58)

D2 =
−iemµ

vu
v̄s(p1)γµ/phut(p2)εµ(p3, λ). (S59)

Next, we compute the terms in the square of the total amplitude,

1

4

∑
s,t,λ

D1D
†
1 = −

e2m2
µ

4v2t2
tr[/p1/p4γµ/p2γ

µ
/p4] =

e2m2
µ

2v2t2
tr[/p1/p4/p2/p4] =

e2m2
µu

v2t
. (S60)

1

4

∑
s,t,λ

D1D
†
2 =

e2m2
µ

4v2tu
tr[/p1/p4γµ/p2/p4γ

µ] =
4e2m2

µ

v2tu
(p1p4)(p2p4) =

e2m2
µ

v2tu
(m2

h − t)(m2
h − u). (S61)

1

4

∑
s,t,λ

D2D
†
2 = −

e2m2
µ

4v2u2
tr[/p1γµ/p4/p2/p4γ

µ] =
e2m2

µ

2v2u2
tr[/p1/p4/p2/p4] =

e2m2
µt

v2u
. (S62)

Above, we used the identities

γµ/pγµ = −2/p, (S63)

γµ/p/qγµ = 4pq, (S64)

tr[/p/q] = 4pq, (S65)

p1p4 =
m2
h − t
2

, (S66)

p2p4 =
m2
h − u
2

, (S67)

m2
h = s+ t+ u, (S68)

tr[/p1/p4/p2/p4] = 4
[
2(p1p4)(p2p4)− (p1p2)p24

]
= 2tu (S69)

several of which follow from neglecting mµ. After some algebra, we find

|M̄p1 p2→p3 ph |2 =
1

4

∑
s,t,λ

[
D1D

†
1 + 2 Re

(
D1D

†
2

)
+D2D

†
2

]
=
e2m2

µ

v2tu

(
s2 +m4

h

)
. (S70)

f) Using this result and (10), compute the differential cross section dσ/d cos θ for this
process in the center-of-mass frame, where θ is the angle between the three-momenta
of the muon and the photon. You may again work to leading nontrivial order in mµ.
Express your result in terms of s, θ, and the constants defined in (7) and (8).

Solution: Starting from (10), we have

σp1 p2→p3 ph =
1

2(2π)2s

∫
d4p3d

4phδ(p
2
3)δ(p2h −m2

h)θ(p03)θ(p0h −mh)

× δ(4)(p1 + p2 − p3 − ph)|M̄p1 p2→p3 ph |2. (S71)

We work in the center-of-mass frame where s = E2
CM and do the ph integral, giving

σp1 p2→p3 ph =
1

2(2π)2s

∫
d4p3δ(p

2
3)δ(E2

CM−2ECMp
0
3−m2

h)θ(p03)θ(ECM−p03−mh)|M̄p1 p2→p3 ph |2. (S72)

We parametrize the p3 integral by writing∫
d4p3δ(p

2
3) =

∫ ∞
0

dp03
d|~p3|2

2
|~p3|

∫
d cos θ dφ δ((p03)2 − |~p3|2) (S73)

= π

∫ ∞
0

dp03 p
0
3

∫
d cos θ. (S74)
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We can integrate over p03 using the remaining delta function,

δ(E2
CM − 2ECMp

0
3 −m2

h) =
1

2ECM
δ

(
p03 −

1

2
(ECM −

m2
h

ECM
)

)
. (S75)

Since we want a differential cross section, we simply drop the last integral over cos θ. Using

t = (p2 − p3)2 = −2p2p3 = −ECMp03(1− cos θ) (S76)

u = (p1 − p3)2 = −2p1p3 = −ECMp03(1 + cos θ) (S77)

we find

dσp1 p2→p3 ph
d cos θ

=
s−m2

h

32s2π
|M̄p1 p2→p3 ph |2 =

e2m2
µ

8πv2s2
s2 +m4

h

(s−m2
h)(1− cos2 θ)

. (S78)

5. ? Kaluza–Klein theory. (5 points)
Some theories of physics beyond the Standard Model involve compactified extra space-
time dimensions. In this problem, you will see why this generically gives rise to many
new particles, and why the extra dimensions are hard to detect when they are very small.

Consider a massless real scalar field on a five-dimensional spacetime, where the extra
dimension is compactified on a circle of radius R. That is, points are labeled by (x,w)
where x = (t, x, y, z) is the usual four-dimensional spacetime coordinate, and w ∈ [0, 2πR],
with the points w = 0 and w = 2πR identified. The metric on this spacetime is still mostly
negative, so η00 = 1 with the other diagonal elements negative. The action is

S =

∫
d4x

∫ 2πR

0

dw
1

2
(∂Mφ(x,w))(∂Mφ(x,w)) (13)

where the index M ranges from 0 to 4.

a) Using Fourier series, the w-dependence of the field can be written as

φ(x,w) =
∑
n

φ(n)(x) eiknw (14)

where the sum is over integer n. What are the kn, and how is φ(n) related to φ(−n)?

Solution: Because the function is periodic in w with period 2πR, we must have kn = n/R. Since the
field is real, we must have (φ(n))∗ = φ(−n).

b) Plug this decomposition into the action and perform the w integral to yield an ordi-
nary four-dimensional action, written in terms of the fields φ(n)(x) for n ≥ 0. What
are the physical masses mn of these fields? (Hint: you should rescale the fields to give
the kinetic terms the usual normalizations.)

Solution: The result is

S =

∫
d4x

∑
n,n′

∫ 2πR

0

dw
1

2
∂M (φ(n)einw/R)∂M (φ(n

′)ein
′w/R) (S79)

=

∫
d4x

∑
n,n′

∫ 2πR

0

dw
1

2

(
∂µφ

(n)∂µφ(n
′) − in

R

in′

R
φ(n)φ(n

′)

)
einw/Rein

′w/R (S80)

=

∫
d4x

∑
n,n′

1

2

(
∂µφ

(n)∂µφ(n
′) − in

R

in′

R
φ(n)φ(n

′)

)
2πRδn,−n′ (S81)

=

∫
d4x

∑
n

1

2

(
∂µφ

(n)∂µφ(−n) − n2

R2
φ(n)φ(−n)

)
2πR. (S82)
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Pairing up terms with positive and negative n, we get

S = 2πR

∫
d4x

1

2
∂µφ

(0)∂µφ(0) +
∑
n>0

(
|∂µφ(n)|2 −

n2

R2
|φ(n)|2

)
. (S83)

This is almost the action for a real scalar field and a bunch of complex scalar fields, but we need to
rescale to get the right kinetic terms. Defining ϕ(n) =

√
2πRφ(n), we conclude

S =

∫
d4x

1

2
∂µϕ

(0)∂µϕ(0) +
∑
n>0

(
|∂µϕ(n)|2 − n2

R2
|ϕ(n)|2

)
(S84)

from which we see m0 = 0 and mn = n/R. We get an infinite tower of increasingly massive particles,
whose masses are very high if R is very small.

Now consider the case of a massless vector field, which can be decomposed as

AM(x,w) =
∑
n

A
(n)
M (x)eiknw. (15)

The action is the five-dimensional analogue of the usual electromagnetic action,

S = −1

4

∫
d4x

∫ 2πR

0

dw FMNF
MN (16)

and we have the five-dimensional analogue of the usual gauge symmetry, AM → AM+∂Mα.

c) Show that we can use a gauge transformation to set A
(n)
4 = 0 when n 6= 0, and explain

why this is not possible when n = 0.

Solution: We can set A
(n)
4 = 0 for all n 6= 0 by taking

α = −
∑
n6=0

A
(n)
M (x)

eiknw

ikn
. (S85)

This doesn’t work for n = 0 because it would result in division by zero. Or, in gratuitously fancy language,

A
(0)
4 corresponds to the constant function on the circle, which has zero derivative, yet itself is not the

derivative of anything; such a function exists because of the nontrivial cohomology of the circle.

d) Using this gauge, find all the resulting four-dimensional fields and their masses.

Solution: Since we’re going to have to rescale the fields later anyway, let’s preemptively define

Aµ(x,w) =
√

2πR
∑
n

A(n)
µ (x)eiknw, φ =

√
2πRA

(0)
4 . (S86)

The action becomes

S =

∫
d4x

∫ 2πR

0

dw

(
−1

4
FµνF

µν − 1

2
Fµ4F

µ4

)
. (S87)

The first term is

S1 =

∫
d4x

∫ 2πR

0

dw

2πR

−1

4

∑
n,n′

ei(n+n
′)w/RF (n)

µν F
µν (n′)

 (S88)

= −1

4

∫
d4xF (0)

µν F
µν (0) − 1

2

∑
n>0

∫
d4x (F (n)

µν )∗Fµν (n) (S89)
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which is just the kinetic term for a real vector field A
(0)
µ and a tower of complex vector fields A

(n)
µ for

n > 0. Next, the second term is

S = −1

2

∫
d4x

∫ 2πR

0

dw

2πR

(
∂µφ−

∑
n

∂4(A(n)
µ einw/R)

)(
−∂µφ−

∑
n′

∂4(Aµ (n′)ein
′w/R)

)
(S90)

=

∫
d4x

1

2
∂µφ∂

µφ− 1

2

∫
d4x

∫ 2πR

0

dw

2πR

∑
n,n′

ei(n+n
′)w/Rnn

′

R2
A(n)
µ Aµ (n′) (S91)

=

∫
d4x

1

2
∂µφ∂

µφ+
∑
n>0

∫
d4x

n2

R2
(A(n)

µ )∗Aµ (n). (S92)

From this we conclude we have:

• One massless real scalar field φ.

• One massless real vector field A
(0)
µ .

• A tower of massive complex vector fields A
(n)
µ with masses n/R.

By the way, if you do the analogous calculation starting with a five-dimensional metric, the massless
degrees of freedom you’ll get are a real scalar, a real vector, and a four-dimensional metric, suggesting a
unification between electromagnetism and gravity; that’s why Einstein was a big fan of this theory.
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